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2 ON THE SOLVABILITY OF NONLINEAR SPDES

1. INTRODUCTION

The aim of this paper is to prove the unique solvability of the fol-
lowing one-dimensional nonlinear stochastic partial differential equa-
tions(SPDEs):

du = [a(t,z,u)u" + f(t,z)] dt + [o"(t)u’ + g"(t, 2)] dwF, u(0,-) = uy,
(1.1)

du = [a(t, z,u)u" + f(t,2)]dt + g*(t, z) dwf, u(0,-) =ug,  (1.2)

under suitable conditions on a, o, f, ¢* and wuy.

There are not so many works on the solvability of nonlinear SPDEs
except some special classes of nonlinear SPDEs.

In [8],[9], Krylov developed an L,-theory of SPDEs including some
nonlinear equations. The main assumption (Assumption 4.6 in [9]) was
that the nonlinear terms are strictly subordinated to the linear main
operators. Our equation (1.1) does not fall into this class because we
have a nonlinearity in the main operator.

There are some other interesting classes of nonlinear SPDEs. Among
others are semilinear equations and nonlinear equations of monotone
type.

Semilinear equations have been extensively studied mostly using
semigroup theory. They are evolution equations defined on some Hilbert
spaces:

du = [Au+ F(t,u)| dt + B(t,u) dW (t), (1.3)

where A is the infinitesimal generator of a strongly continuous semi-
group S(t) and W (t) is a Hilbert space-valued Wiener process. Under
some conditions on nonlinear operators F' and B like (local) Lipshitz-
ness or dissipativeness, one obtains the solvability of (1.3). The idea is
to convert (1.3) into an integral equation using S(t) and then employ
the fixed point type argument. We refer the readers to Da Prato-
Zabczyk [7].

The theory for the nonlinear equations of monotone type has been
developed by many mathematicians using the variational approach,
Bensoussan-Temam [3],[4] (via time discretisation), Pardoux [16],[17],
Krylov-Rozovskii [13], Ahmed [1] (via Galerkin approximation), Ben-
soussan (2| (via splitting up method). One tries to approximate the
given nonlinear infinite-dimensional equations by a sequence of “solv-
able” ones. One then makes use of the monotonicity of the nonlinear
operators to pass to the limit.

We note that (1.1) is not included in neither of these two theories.



ON THE SOLVABILITY OF NONLINEAR SPDES 3

We also mention recent two papers which consider equations similar
to ours. Dalecky and Goncharuk [5] studied abstract quasilinear SPDEs
which includes the following equation (in a very simplified form) as an
example:

ou

5 =o'+ [ oot 09
D

where £(t,y) is a space-time white noise and D is a smooth bounded

domain. But it is assumed that a(¢, -) does not depend on the pointwise

value of the solution u, but it is a functional of u. Da Prato and Tubaro

[6] considered the following equation as an application of their theory:

du = a(t, z,u)u” dt + [b(t, z)u’ + h(t, x)u] dw;. (1.5)

Under rather strong regularity assumptions on b and h, they proved
that (1.5) has a unique solution. The key idea was to transform the
stochastic PDE (1.5) to a deterministic equation for almost all w € 2
using the stochastic characteristic method (see [18],[19] and references
therein for this method). This allows them to use the Hélder space the-
ory for linear PDEs with nonsmooth coefficients and nonlinear PDEs.

We also apply this transformation technique to reduce (1.1) to (1.2)
(if o*’s also depend on w, this transformation does not work in our
approach). But note that after this reduction, we still have a stochas-
tic PDE. Using the idea in [11], one can further transform (1.2) to a
completely deterministic problem in the spirit of [6]. But this process
requires a very strong regularity assumption on g. Thus we do not
make this transformation, which is the main difference between our
work and [6]. Then the Holder space theory is not available for (1.2).
This is the main difficulty in getting the solvability of nonlinear SPDEs
like (1.2) in our approach. We first work in some stochastic Sobolev
space setting which is available for us by the work of Krylov [8], [9],
and then apply the embedding theorems for these spaces to control the
Holder norms of the solution and its derivatives.

Now we briefly describe our method and the organization of this
paper.

Our approach heavily depends on Krylov’s L,-theory [8],[9]. Thus in
Section 2, we briefly summarize some of the notations, definitions and
theorems of this theory. In particular, the solvability of linear equations
in 3 (7)-spaces and the embedding theorems for these spaces enable
us to prove in Section 3 the “local existence” of (1.2) by adapting the
method of continuity argument for nonlinear PDEs (see §1.1 of [10])
to our stochastic PDE. In Section 4, we first prove the uniqueness of
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the solution of (1.2). Then we show that the a priori estimate for one-
dimensional SPDEs with discontinuous coefficients established in [20]
along with the local solvability and the uniqueness yields the main re-
sult of this paper, the unique solvability of (1.2). The unique solvability
of (1.1) follows from this. In many places, we introduce a sequence of
stopping times, which turns out to be a very useful technical tool.

Finally, we remark that we could consider slightly more general equa-
tions, for example, we can add lower order terms in (1.1), and get the
same result under slightly weaker conditions. But we didn’t do this
since we tried to present the main idea as free of extra technical details
as possible. We also think that one can get the unique solvability of
(1.1) with o* = o*(¢,z) by a perturbation argument under some rel-
atively mild assumption on the regularity of o*’s. We will make this
generalization elsewhere.

2. NOTATION AND PRELIMINARY RESULTS

Here we present some of the notations, definitions and theorems of
Krylov [8],[9]. We formulate them in a convenient form for our purpose.
We also state an a priori estimate for one-dimensional SPDEs with
discontinuous coefficients which is used in Section 4.

Let R! be 1-dimensional Euclidean space, T a fixed positive number,
(Q, F, P) a complete probability space, ({F;},t > 0) be an increasing
filtration of o-fields F; C F containing all P-null subsets of €2, and P
the predictable o-field generated by {F;}. Let {wf;k = 1,2,---} be
independent one-dimensional F;-adapted Wiener processes defined on
(Q, F, P). For the above standard terminologies, we refer the readers
to [12].

Let D be the set of real-valued Schwartz distributions defined on
Cg°(RY). For given p € [2,00) and nonnegative real number n, define
the space H' = H)'(R") (called the space of Bessel potentials or the
Sobolev space with fractional derivatives) as the space of all generalized
functions u such that (1 — A)"?u € L, = L,(R'). For u € H? and
¢ € Cy° by definition

(1,6) = (1 AY2u, (1 - 8)™2)
= [ 10— A - oo Y

For u € H;j one introduces the norm

I flnpr=1 (1= 2)"2u ||y,
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where || - [, is the norm in L,. It is known that H}' is a Banach space
with the norm || - ||, and the set C¢° is dense in H}'.

Recall that for integers n > 0 the space H;j coincides with the
Sobolev space W' = W'(R').

We apply the same definitions to ly-valued functions g, where [ is
the set of all real-valued sequences g = {g*;k = 1,2,---} with the
norm defined by |g]7, := >, |¢"|*. Specifically,

g =1 lgles lps 11 9 llnp=1 [(1 = 2)*2gli, |l -
Finally, for stopping times 7 < T, we denote (0,7] = {(w,t): 0 <t <

7(w)} and
HY (1) == Ly ((0, 7], P; Hp), HI(7,13) := L,((0, 7], P; Hy (R, I2)).

If n = 0, we use L instead of H°. The norms in these spaces are defined
in an obvious way.
For n € R and

(f,9) € Fp(r) =H)(1) x HI* (7, 1),
set

(s 9) gy =l F Ny + 119 gty -
Every stopping time 7 appearing in this paper satisfies 7 < T a.s.

Definition 2.1. For a D-valued function u € H}(7), we write u €
Hy(7) if w” € Hp7?(7) and there exists (f,g) € F,'~*(7) such that for
any ¢ € C§°, with probability 1 the equality

t o ot

: — . , k(o . k

(u(t, ), ¢) = (u(0, )’¢)+/O (f(s,:), @) dSJr;/O (g°(s, "), &) dwy
(2.2)

holds for all ¢ < 7 and u(0,-) € L,($, Fo: Hp*/?). We also define
p()() Hn()m{uu(7):0}7

I o=l o g + 1 (F.0) oy +(E 1[0, ) )1

(2.3)

Definition 2.2. For u € H;(7), if (2.2) holds, we write f = Du,
g = Su and we also write

u(t) = u(0) + /Ot Du(s) ds + /Ot Sku(s) dw®,

du = fdt + g"duwf, t <7
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We always understand equation like (1.1) in the sense of Definition
2.2, which means that we look for a function u € H;(7) such that

Du = a(t, z,u)u” + f, S*u = o™ (t)u' + g".

Lemma 2.3. The spaces Hjy (1) and Hj o(7) are Banach spaces with
norm (2.3). In addition for u € Hy(7)

lu g < N(T) | w g ),
Esup [ u(t, ) [n-2,< N(T) | v 55,

Proof. See Theorem 2.7 of [9]. O

Lemma 2.4. If u; € Hy(T) and || u; |3 )< K, where K is a finite
constant, then there exists a subsequence j' and a function u € ’H;L(T)
such that

(i) wjr, ujr(0,-), Duj, and Suj converge weakly to u, u(0,-), Du, and
Su in HX(T'), Ly(S, Hy 2Py, HY=2(T'), and Hy~(T,ly) respectively;

(i) | w3y < K;

(iii) for any ¢ € C§° and any t € [0,T] we have (¢, u;(t,-)) —
(¢, u(t,-)) weakly in L,(Q).

Proof. See Theorem 2.11 of [9]. O
On [0, 7], consider the following equation
du = [a(t, z)u" +b(t,x)u’ + c(t,z)u + f(t,x)]dt + ¢"(t, x)dw!, (2.4)

where a,b,c, f are real-valued and g is a ls-valued function defined
for w € Q,t >0,z € R We consider this equation in the sense of
Definition 2.2.

We make the following assumptions.

Assumption 2.1 (uniform ellipticity). For any w € 2, ¢ > 0, z €
R!, we have

A <a(w,t,x) <A,

where A and A are fixed positive constants.

Assumption 2.2 (uniform continuity of a). For any € > 0, there
exists a k. > 0 such that

la(t,z) — a(t,y)| < e

whenever |z — y| < k., w € Q, t > 0.

Assumption 2.3. a,b,c are P x B(R!)-measurable functions and
for any w € Q, t > 0, we have a(t,-),b(t,-), c(t,-) € C"(R!).

f(t,z), g(t,z) are predictable as functions taking values in H}' and
H} (R, ), respectively.
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Assumption 2.4. For any t > 0,w € (),
[at,-) [len + 100 ) llon + 1 et ) llon< K, (f(50),9(50)) € F(T).
Theorem 2.5. Let Assumptions 2.1-2.4 be satisfied and let
ug € Ly(Q, Fo; HIH2727),

Then the Cauchy problem for equation (2.4) on [0, 7] with the initial
condition u(0,-) = uo has a unique solution uw € Hp**(r). For this
solution, we have

Il gy < NEI(F9) llzpn) (B o 402/, 7

where the constant N depends only on n,\, A\, K, T and the function
Ke.

Proof. See Theorem 4.1 of [9]. O

Theorem 2.6. (Embedding theorem)
Ifp>2,1/2> 3> a>1/p, then for any function u € H3 (1), we
have u € C*7V?((0,7], H*=?F) (a.s.) and for any t,s < T

E | u(t,-) = uls,) In_25,< N(B,p, D)t = sI 7" || w |3,

. P
E H u(t? ) Hca Yp([0,r],HY ™ 2,8) (B?O‘ b, ) H u H n(r)
Proof. See Theorem 6.2 of [9]. O

As a final preliminary result, we state a theorem recently established
by the author [20]. In this theorem, we assume that a is P x B(R')-
measurable and satisfies A <a < A.

Theorem 2.7. There exists a py = po(A\, A) > 2 such that if p € [2,po)
and if (f,g) € Fp(T), up € Ly(2, fo,Hg) then there exists a unique
solution u € H.(7) of

du = [a(t,z)u" + f(t,2)]dt + g*(t, z) dwf, u(0,-) = up. (2.5)
Moreover, u satisfies

Lz < N A AT (S 9) Iz +(B o [5,)7}. (2.6)
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3. “LOCAL” SOLVABILITY AND REGULARITY

We consider the following 1-dimensional nonlinear SPDE:
du = [a(t,z,u)u"(t,2) + f(t, )] dt + g"(t, 2) dwf, u(0,-) = ug. (3.1)

We make the following assumptions:
Assumption 3.1 (uniform ellipticity). For any w € Q,t € [0,T],z €
R!, and u € R, we have

A <a(w, t,xz,u) <A,

where A and A are fixed positive constants.
Assumption 3.2. ¢ > 2 and 0 < v < 1 are numbers satisfying the
conditions:

1/2>83>a>1/qgand v > 28+ 1/q,

for some « and (.

Assumption 3.3. For any w € (), a is Holder continuous in ¢,
continuously differentiable in x and twice continuously differentiable in
u. Moreover,

laCs ;) lov-2o-17a + || alt, - w) flor + | alt, ) [|e2< K,

where K7 is independent of w, ¢, x, u.
Assumption 3.4. Fix p € (2,py), where py is from Theorem 2.7.
The initial condition ug is a function in Ly (€, Fo; H))NLy(Q, F; HZ ™)
and the functions f(t,x), g(t, z) are predictable as functions taking val-
ues in L, N HY and H,(R',ly) N H;™ (R, Iy), respectively. Moreover,

max(|| (f,9) |z, (f,9) H]-'qV(T)) < K.

Theorem 3.1. (“Local existence” for (3.1))

Let Assumptions 3.1-3.4 be satisfied. Then there exists a stopping
time 7 < T and v € H2(7) such that ET > 0 and u is a solution of
(3.1) in [0, 7.

Proof. For simplicity of presentation, we assume that uwg = 0. The
general case is treated in a similar way.

Step 1 Consider

du = [pu” + (1 — p)a(t, z, u)u” + fldt + g*dwf, u(0) =0.  (3.2)
If 4 = 1, there exists a unique solution uy € H2(T) N H(T) by
Theorem 2.5. Moreover by Theorem 2.5, 2.6 and Assumption 3.3,

E t . q 1 < N )\,A,T q2 v
H U/l( 5 ) HCO‘_E([O,T],H,?'W_W) ( ) H U1 HHq+ (T) (33)

< N()\,A7T) H (f, g) quy(T)g N()\,A’T’ KQ)
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Let M be a positive number. By (3.3), Assumption 3.2 and Sobolev
1
embedding H§+”_25 C C?T7274 there exists a positive constant v

and a stopping time 7 < 7' such that

H Ul(') ) HCW’Q'*'QW([O,Tl]XRl)g M.
Notice that we can take 7 as close to T' as we wish by taking larger
M. Define
D(0) :={w e H2 (1) : || (w—ur)(w,,") [[evar2v(o,m)xrr) < 6 a.s.}
and then consider the following problem with respect to function v with
zero initial condition, where w is a given function from ®(¢) and p is
a number in [0, 1].
dv = [p" + (1 — p){a(t, z,u)v"” + au(t, x,u1)ujv}
+ (1 - M){a(t7 T, w)w” - a(t7 T, ul)w” - au(t7 T, ul)ulllw} + f] dt
+ gF dw?.
(3.4)
If we define a(t,z) := p+ (1 — p)a(t,z,ui(t, x)), c(t,z) = (1 —
1) au(t, T, ui(t, ) ui (2, x); =01 =p{alt,z,w)w" — alt,z, u)w" —
au(t, z,up)ufw} + f and g* := g*, then, it is easy to check that a, ¢, f
and ¢F satisfy Assumption 2.1-2.4 with n = 0. For example, we show
that a, (-, -, w)ufw € Ly(m):
By Lemma 4.2(i) of [9], it suffices to check that ] € L,(7) and
au(-,-,u1)w € C° Now by our assumption, both inclusions are obvi-
ous.

Thus, by Theorem 2.5, (3.4) or
dv = [a(t, z)v" + &t x)v + f(t,z)] dt + gF(t, ) dw?
has a unique solution v € H2 ;(11) in [0, 7).
In this way, we can define an operator
U, ®(0) = Hoo(r1), ¥u(w) =v.

We claim that for some § > 0 and all ;4 which are sufficiently close
to 1, ¥, is a contraction mapping from ®(§) into ®(d) in the metric

SUP,cq || (W —W)(w, -, -) levat2r(o,m)xmY)-
Now note that

d(v —u1) = [p(v —w)" + (1 — p)alt,z,w) (v—w)”

+ (1 — p)ay(t, z,u)uf(v —ur) + (1 — p){at, z, w)w" — a(t, z, ur)w”

— ay(t, z, ur)ufw + ay(t, z, ur)ufur b + (1 — p){a(t, z, ur)u] — ui'}] dt.
(3.5)

For fixed w, (3.5) is a uniformly parabolic equation
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in [0,71(w)] x R!. By Assumption 3.2 and the definition of ®(d),
a(t,z,u1),ay(ur),a(t,z,w), w”, u] and their products which appear
n (3.5) are Holder continuous in (¢, x). Thus by Theorem 5.1 of [15]
p320, v —u; € C'Y22([0, 71 (w)] x RY) and for a constant N =
NN, T, M, Ky),

H V— U HC'Y’2+2'Y([O,71]><R1)

<N || aly - whw” = ale, - un)w” — ay (-, - un)ulw (3.6)
+ au('7 ) ul)ulllul HC'Y’2'Y([O,T1]XR1) .

+ N1 —p) || a(, - un)uy — v [[eves(o,m)xrr) -
Now we show that
| a(e, - w)w” —a(-, - u)w” — au(-, -, ur)ufw
4 @y (-5 5 un)uiun ([ ez (o, xr1) < X(0)9,

where x(9) depends only on d§, K1, A\, A, T and x(d) N\, 0 as § N\, 0.
Indeed, by the fundamental theorem of calculus,

a(t, z, w)w" — a(t, z,u))w” — a,(t, z, ur)ufw + a,(t, z, ur)uiuy

= a(t, z,w)w” —a(t, z, u)u] —a(t, z,ur)(w—u1)" —a,(t, z, u)u] (w—
w) = { [ at,z,0w+ (1 —0)w) df}(w — wi)" + {f) au(t,z,0w+ (1 -
0)u )(Hw”—l—(l 9) 1) do} (w—uq)—a(t, z,ur)(w—u1)"—ay(t, z,ur)u] (w—
Ul).

We can further transform the above equation to get

i {alt, =, Bwt-(1— O)u)—a(t, z, w)} db] (w—u,) U {au(t, z, fw+
(1= 6)u) (B + (1 - B)u]) — au(t, o, )} dB)(w — u).

After this transformation one can easily see that our claim follows
from Assumption 3.2 and the definition of ®(J).

Thus, by first taking ¢ sufficiently small and then choosing u close
to 1 according to ¢ , we can make

H V— U HCW72+27([0,71]><R1)< d.

This shows that ¥, : ®(6) — ®(d). Now we proceed to show the

contraction.
If we let v = ¥, ,w, v = ¥, ,w for w,w € ®(J),

d(v =) = [p(v = 0)" + (1 = pa(t, z, u1)(v — V)
+ (1 — wau(t,z,u1)(v —0) + (1 — p){a(t, z, w)w" — a(t, z, w)w"

—a(t,z,ur)(w" —@0") — au(t, z,ur)ui(w — w)}] dt.

"

(3.7)
By the same argument as above, one can show that

| v =0 [leveraro,m)xr)) S NX(6) || w — @ [|crzrar(jo,m)xr1) -
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Now by reducing ¢ and also p according to the new ¢ if necessary,
we can make ¥, : ®(0) — ®(d) and Nx(d) < 1/2. We fix 6 and
corresponding p. We denote such a p by pp.

We have just finished the proof of the claim. It implies that there
exists a u,, € ®(4) such that ¥, (u,,) = u,, (this statement requires
a proof because we didn’t show that ¥, is a contraction in the metric
of 7’[127(7'1)). Indeed, if we define a sequence uj; € ®(d) inductively by
u), = uy and uitt = W, (u ) for n > 0, then {u] } is a Cauchy

Ko
sequence in the metrlc SUP,,cq H up —up HCW 24+2y(0,m] xk1)- By Arzela-

Ascoli theorem, there exists a function w,, = wu,,(w,t,x) such that

up (W, ) = uuo(w, -, +) in say, C%% and || uy, HC'y,2+2'y([O’7.1]XR1)< 00.

For any ¢ € C§°, (w,t) € (0, 7],

[ e o) ds
!/Al (Y (5, 2)(2) + (1~ po)als, @, us(s, 2)) (w5, 2) b (z)

(1= po)au(s, z,ur(s, z)) ui (s, 2)uy, (5, 2) ()
+ (1 — po){a(s, @, up, ) ()" — als, @, ua)(ug,)" — au(s, @, ur)uyug, }o(z)

+ f(s,x)o(z)| deds + / / (s, 7)p(z) drdw.
RL
(3.8)

Now by passing to the limit in this equation, we get after some
cancellations,

[ unlt.2)o@)da
=A/%m#mwmm+u—mwwm%w@m%@mw@

+ f(s,x)o(x)] dxds + / / (s, z)p(z) dedw?.
¢ (3.9)
Therefore, u,,, is a solution of
du = [pou” + (1 — po)a(t, z,uu,)u” + f]dt + g" dw? (3.10)

in [0, 7] in the sense of distribution (see Definition 3.6 of [9]). But
since o + (1 — po)a(t, z,u,,) satisfies Assumption 2.1-2.4 with n = 0,
there exists a unique ’Hi(ﬁ)—solution uy,, of the above equation.

Then u,, — u,, satisfies

d(uuo - 2AI:MO) = [MO (uuo - auo)” + (1 - Mo)a(t’ T, uuo)(uuo - 2AI:MO)”] dt?
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(uuo o 27“0)(0) =0
in the sense of distribution. But since for fixed w, u,, is Hélder contin-
uous in (¢, x) by the embedding theorem, u,, — @, is bounded. Then
by the uniqueness of parabolic PDE, u,, = u,, a.s. and u,, is indeed a
H2(71)-solution of (3.10), which is equivalent to W, (t,,) = t,. This
finishes Step 1.

Step 2 Now we take u,, instead of u; and proceed as before. That
is, as a next step, we want to show that we can solve (3.2) for p €
[2p0 — 1, o] starting from pp. To do this, we have to make sure that
all the constants we claimed “under control” (e.g. M) are independent
of this inductive step. Since we don’t know || wu, ||cv.2+2v(jo,r)xrty< M
(we fixed M in Step 1), we are forced to choose another stopping time
Ty < 71 such that

H uuo('? ) HC’Y’2+2’Y([O,7'2]XR1)< M. (3.11)
By the construction in Step 1, u,, € ®(J) and
H u#o('? ) HC%Q‘*‘QW([O,H]XRl)g M+ as.

So we see that we can indeed choose a nonzero stopping time m < 7y
such that (3.11) is satisfied.
We define

B(8) :={w € H2o(72) <[l (0 — upe) (W, ) lovae2s((o,m)xrr) < 6 a.s.}.

Then everything in Step 1 goes through with almost no change. After
getting 7 and ugy,—1, if 2140 — 1 > 0, we repeat the argument to get 73
and us3,,—2. In this way, we arrive at ¢ = 0 in a finite number of steps.

Now the theorem is proved.
O

Theorem 3.2. Suppose Assumptions 3.1-3.4 are satisfied. Let u €
H2(7) be a solution of (8.1) in [0,7]. Then the following hold:

(i) There exists an increasing sequence of subsets 0, of Q such that
Q. 1.

(i) For each m, there ezists a vy, € HL(T) N HZ(T) such that
IQm’Um = IQmU m Hi(T)

(1) v, satisfies

max (|| vm 2z | vm a2 () < N(m),
where N(m) = N(m,\,\,T,p, K1, K5).
Proof. By Theorem 2.7,
| 4z < N AT, p, Ko).
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Then, by Theorem 2.6, u satisfies

E H U’(t? ) H < N()‘?A7T7p7 K27a7/8)~

P
Co1/p((0,r],Hy ")

Since 2 —26 > 1 and 1/p < 1/2, H27* C C/2 by the Sobolev embed-
ding theorem. Thus, we conclude that

E |l ut, ) e smor.cnm< NOWA T, p, Ko 0, 5). (3.12)

Now by the Chebychev inequality and (3.12),
Plw e Q| ut,) |

Comv/n(o,crm> K

- AP -
< ka H U’(t7 ) HCa—l/p([O’T]’Cl/2)< kp-
Therefore, if we define
Qp = {w € ) H U(t, ) Hca—l/p([o’,r]’cl/2)< ]{3},

thenﬁ;TQaSk%oo.
We consider the following equation for v:

dv = [a(t, z, Igu)v” + fldt + g" dw?, v(0) = uy. (3.13)

It is easy to see that one can apply Theorem 2.5 (n=0) to the above
equation and we obtain a unique solution vy, € Hi(T)m,HE (7). Moreover

H {)79 H'Hg(’r)g N(k7 )‘7A7T7 KI’K2)- (314)

Now we claim that 94(w, -, -) = u(w, -, -) for almost all w € Q. Indeed,
U — u € H o(7) satisfies
d(Uk — u) = [a(t,z, Iu)0" — alt, v, u)u"]dt

= I@;a(t, T, u) (6;: _ u)//dt + Iﬁi [a(t, z, 0)%// _ a(t, - U)U”]dt.

For fixed w € Q, Or — u € H)?(1(w)) is a generalized solution of
a uniformly elliptic parabolic PDE with Hélder continuous coefficient.
Since the initial condition is zero, our claim follows from the uniqueness
of the solution.
We apply Theorem 2.6 once more to v;. Then by (3.14), we get

E | 0(t,-) I, 1 ([0,7], H;*) < N(k, A\ A T, Ky, Ka).

(o

But since Hg_% C 0?7 and 2 — 20— % > 1 by Assumption 3.2, we
have for some v > 0

E H @(t? ) H%’w([@ﬂpr)g N(k? AAT, Ky, KQ)' (3'15)
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By Chebychev inequality and (3.15),
N(k)

Plw e Q| vkt ) "%’w([o,T],cl+w)> 1} < 1

We define
Qs 1= {w € Q|| Tlt, ) o o.m,00m < 1}
Recall that vg(w, -, ) = u(w, -, -) for almost all w € Q. Thus,

P{w € Q[ u(t,) [levo,m,c1em< 1}
> P{w e vk(w, . ) = u(w, . ) and H ’Jk(t, ) HCW([O’T]’CHw)g l}

. . N
S 1o P - P > 1— Y N

kP la
Note that we can make kﬁp + ngk) as small as we like by taking large
enough k£ and [. We first take large enough k£ and fix. Then choose
sufficiently large [ according to k. ;From the above construction, we
see that if we define

Qm = A{w € Q[ ult, ) llevor o< U(m)},

for some increasing sequence [(m), then €2, 1 €.
Now consider the following equation for v:

dv = [a(t, z, I, u)v" + f]dt + gF dwf, v(0) = u,. (3.16)
.From the definition of €2,,,, we see that the above equation satisfies the

assumptions of Theorem 2.5 with n = 0 and n = v. Thus, there exists
a unique solution v, € H(7) N HZ(7) of (3.16) and vy, satisfies

max(|| vm [[4z(r); | vm llgz4v () < N(m, A A, p, T, Ky, Ks).

One can also show that v, (w, -, ) = u(w, -, ) for almost all w € Q,, by
arguing as before. The theorem is proved. O

4. UNIQUENESS AND “GLOBAL” SOLVABILITY
Throughout this section, Assumptions 3.1-3.4 are in force.
Lemma 4.1. Let uy and us be two solutions of
du = [a(t, z,w)u" + f]dt + g* dwl, u(0) = ug (4.1)

m 7-[127(7') for some stopping time 7. Suppose also that there are two
stopping times 1, T2 < T such that uy = us as functions in ’Hi(ﬁ) and
7-[127(7'2). Then u1 = us as functions in 7—[127(7'1 V ).

Proof. This is obvious. O
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Theorem 4.2. (Uniqueness)
Let uy, us be two solutions of (4.1) in 7‘[127(7') for some stopping time
7. Then u; = uy in 7-[127(7').

Proof. 1t suffices to show that there exists a sequence of stopping times
T, such that 7,, T 7 a.s. and u; = us as functions in 7‘[127(7'”).
Define

on(w) = nf{0 <t < 7(w) + max [l uil, ) [lca-arma2 o, x> Nt
Since by Theorem 2.6,
E H U/z( ) HCa b ([0,7], H2 2,8) (B’Oé b, ) H U; H%%(T)’
and 2 —23 —1/p >1/2, 0, T 7 a.s. as n — o0.
Then, for a.e. (w,s) € (0,0,], a(s,z,uw;) = a(s,z,u;(w,s,z)) =:
a(w, s, x) satisfies Assumptions 2.1-2.4 with n = 0. By applying Theo-
rem 2.5, we conclude that u; € ’Hg(an) for each n.

We again use the embedding theorem and repeat the above argu-

ment:
Since H272¢ C 2720714,

E U; (S e 1 < N y O ?T U; q2 .
H ( ) Hca 1/q([0 n] Cg 2ﬁ_§) (/6 p ) H H’Hq(o—n)

This implies that if we define

oe() = Inf{0 < £ < 00(w) 2 ma || wa(, ) [lgmvma-s- /a0 > K},

then o, 1 0, a.s. as k — oco. For (w,s) € (0,0.k], @ now satisfies
Assumptions 2.1-2.4 with n = v. Thus u; € H3+V(O'nk) for each n, k.
We repeat the whole process one more time. If we define

Unkl( ) mf{O O'nk( ) 52211?2( H Ui(-, ) HCO‘_%’H"_M_%([O,t]xR1)> l}?

then opp T oni a.s. as [ — oo. Recall that 24+ v — 26 — 1/q > 2.
For each n, k, [, the function u; — us satisfies the following equation in
7-1,2+”(0'nkl):

d(ur — ug) = [a(t, z,u1)uf — a(t, z, uz)ug| dt
Yd
= [/ —{a(t,x, Ous + (1 — O)us) (Bui + (1 — O)uy)} db)] dt

The last term is equal to | {fo (t,x,0u; + (1 — Q)ug) df}(ur — ug)”
—i—{fo au(Our + (1 — 0)uz)(0uf + (1 — 0)uf) df}(uy — ug)| dt.

But by the definition of o,

fo (t,z,0u; + (1 — O)uy) df and fol ay(Our + (1 — 0)ug)(Ouf + (1 —
0)u )d9 satlsfy Assumptions 2.1-2.4 for n = 0. Hence by the unique
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solvability, u; = us as functions in ’Hg(o—nkl) and so as functions in
,H;%(O'nkl)-
Now we define a new sequence of stopping times as follows:
Tp 1= SUP 7,
i<n
where {7;} is a rearrangement of {04, }. Clearly, 7,, 1 7 and by Lemma
4.1, u; = ug as functions in Hi(Tn). The theorem is proved. O

Lemma 4.3. Suppose that there are two stopping times T, To such
that uy € H2(11) and uy € H(12) are solutions of (4.1) in [0, 7] and
0, o], respectively.

Then there exist a solution u € H2 (11 V 12) of (4.1) in [0,71V 7).

Z[] J 1 1 iI 1 < 7] J
/u’(, 7t).’L') - { ( »r ) ~ ( )

ug(w, t,z) if t < m(w).

By Theorem 4.2, u; = us € 7-1,127(7'1 A Ty), so u is well-defined. It is
clear that u is a solution in the sense of distribution. Thus it suffices
to show that U E 7—[2(7'1 vV 7'2) For that, we check:

T1VT2 T1
Ef ) 1l2, E(fy" Tt -) Iz, dt) Ir>r,
+E(fy H ( ) 12,5 ) ri<r \H u1 [l s £z ra)-
Thus, u € HX(r V 7'2). Similarly, one can show that (a(t,z,u)u” +
f,9) € Fp(11 V 73). The lemma is proved. O

We present the main theorem of this paper.

Theorem 4.4. (Unique solvability)
There exists a unique solution u € H2(T) of (3.1) and u satisfies

lw llszry< N || (F,9) 5@ +N(E || uo 5,)"7,
where N = N(\, A, p, T).

Proof. We only need to prove the existence. The uniqueness and the
estimate follow from Theorem 4.2 and Theorem 2.7.

Step 1 Let II := {nonzero stopping time 7 : there exists a solution

in #2(7) of (3.1) in [0, 7]}. Then by Theorem 3.1, II is nonempty.
Observe that if 7, € II, then 7 V 7 € II.

Now let 7 :=\/_ ;7. We claim that 7 € II:

First we show that 7 is a stopping time. Let r := sup,.{E 7}. Since
0 <7 <171, ris a finite number. And there exists a sequence 7, € Il
such that E'7, — r as n — oco. By the above observation, without loss
of generality, we may assume that 7,, 1. Define 7" :=lim,, oo 7. 7 < T
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is a stopping time and by the Monotone convergence theorem E 7' = r.
Clearly 7" < 7 a.s. But 7 > T a.s., for otherwise there exists a 7 € II
such that E7 > E 7’/ = r. This is a contradiction to the definition of
supremum. Thus, 7/ = 7 a.s. and T is a stopping time.

Now we identify 7/ and 7. If we let u,, be the corresponding solution
to 7,, then by the uniqueness,

Uy, = Uy, 1IN ’H;(Tn A Tp) = H;(Tn/\m). (4.3)
We extend u,, such that u,, = 0 between 7,, and 7. Then by Theorem
2.7,
| un 22 =l tn [z < N,
where IV is a constant independent of n. By Lemma 2.4, there exists
a subsequence 7y, and u € H2(7) such that u,, — u weakly in H2(7).
Combining this with (4.3), we get
U= Uy, in H (7). (4.4)
On the other hand, for any ¢ € C§°, t € [0,7] and m € N, with
probability one,

(U’nk((t - 1/m)+ A Tng» ')? ¢) = (UO’ ¢)

(t=1/m)4ATn,, y
+ /0 (a(s, T, un,)uy, (5,°), ¢) ds (4.5)

(t=1/m)4+ATn,, (t=1/m)4ATn,, N .
T / (f(s,), 6)ds + / (¢(s,-), &) du.
0 0

First using (4.4), we replace u,, in (4.5) by u and then let k& — oo.
Since 7,, — 7 and u is Hélder continuous in (¢, z) by Theorem 2.6, we
get

(t-1/m) 4 AT
(w((t—1/m)s A7), 6) = (10, &) + /O (a(s, 2, u)d"(s, ), &) ds

(t—1/m)4AT (t=1/m)4AT

Now we let m — oo in (4.6) and conclude that w is a solution of
(3.1) in [0, 7] in the sense of distribution. Since we already know that
u € H2(7), 7 € II. This proves the claim.

Step 2 Suppose that 7 # T'. Otherwise we are done.

In Step 1, we showed that there exists a solution u in H}(7) of
(3.1). Then by Theorem 3.2, there exists a set ' C Q and a function
v € H2(T) N HZT(7) such that P() > 1/2 and v(w,,-) = u(w, -, ) as
functions in H2(7(w)) for almost all w € €.
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By the definition of H2(7) and HZ™(7),
dv = Dv dt + S*v dw?,
where Dv € L, (7) N HY(7) and Sv € H(7,l2) NH (7, 12).

~ We define f = (Dv — Av)l,c; and §* := (S*v)I,<s. Notice that
feL,(T)NHY(T), g € H(T,l2) NHL(T,l2) and on [0,7] v satisfies

dy = (Ay + f) dt + §* dw?, y(0) = 0. (4.7)

By Theorem 2.5, (4.7) has a unique solution y € H2(T) N H(T).
The difference y — v satisfies the heat equation on [0, 7] with zero initial
condition, thus it follows that y(w, -, ) = v(w, -, ) on [0, 7] a.s.

Now we are ready to solve the following equation “locally”:

{ dz =la(t+ 7,2, 2)2" + f(t + 7, z)] dt + g* (¢t + 7, z) dw}, -
2(07 ) = 0(7_—7 )

As we showed above, since v has an extension as a function in #2(7") N
H2(T), we may assume that v(7, ) € Ly(Q, Fz; HY) NLy (2, Fr; HY).
Actually we understand the initial condition exactly in this sense in
Krylov’s L,-theory.

We apply Theorem 3.1 to (4.8). It is easy to check that the coefficient
and the data satisfy the assumption of Theorem 3.1. The only thing
is that we have wf . as a driving noise. But the proofs of Theorem
2.5 and Theorem 2.6 go without any change in this situation. Thus,
by repeating almost word by word, we can prove the local existence
for (4.8). This implies that there exists a stopping time o such that
Eo > 0 and if we define

(o if t < 7(w)
U.—{ A =7, i) <t < (F+0)w)

(4.8)

then U is a well-defined function in H2(7 + o) and U satisfies (3.1) on
[0,7 + olg] by the construction and the definition of v and z.

Thus 7 + ol € II. But since we may assume that Folg > 0,
E(T + olg) > ET, which is a contradiction to the definition of 7.
Therefore, 7 =T and the theorem is proved. U

Remark. 'The choices v = 1, ¢ = 4 satisfy the Assumption 3.2. In
this case, one can give a simpler proof for the existence. Indeed, if we
let v :=u— fot g*(s,+) dwk, then v satisfies for each fixed w

ov

t
a¢ :a(',-,U)U+f+/ Agk(87) dw??
ot ;

which is a deterministic partial differential equation.
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Finally, we prove the unique solvability of (1.1).

Theorem 4.5. Suppose that o(t) = {o"(t),k > 1} is an ly-valued
function, where o*’s are P-measurable and a(t) = 3>, (c")(t) is
Hélder continuous such that sup,eq || @) [lgv-20-1/a(0 )< Ks for
some constant Ks. Assume also that A < a(t,x,u) — a(t) < A for all
tel[0,T),r € R, ueR.

Then there ezists a unique solution u € H2(T) of

{ du = [a(t,z,u)u” + f(t,z)]dt + [o*()u' + g*(¢, x)] dwf

u(0, -) = uy. (4.9)

and
I llszry< N || (F,9) 5@ +N(E || uo 5,)"7,
where N = N(\, A, p, T, K3).

Proof. Suppose that u is a generalized solution i.e., solution in the sense
of distribution (see Definition 3.6 of [9]) of (4.9). We define a process
x; and a function v by

t
T = / of(s)dw®, v(t,z) = u(t,z — ).
0
Then by the It6-Wentzell formula (see [14]), we get

dv = [a(t,x — 24, v)0" — ()" + f(t,x — x;) — (%) (t, x — 2)o®(t)] dt
+ gF(t, x — x;) dw?.

Let a(t, z,v) == a(t,x — x4, v) — alt), f(t,2) = f(t,x— ;) — (¢") (t, 2 —
z;) o¥(t), and gF(t, ) := g*(t,z — x;). Then v satisfies

dv = [a(t, z, v)0" + f(t,z)] dt + §*(t, x) dw?
v(0, ) = uo.

By Lemma 3.7 of [9], (4.9) and (4.10) are equivalent, that is, (4.9) holds
(in the sense of distribution) if and only if (4.10) holds (in the sense of
distribution). Thus, it suffices to show that (4.10) has a unique solution
in H2(T'). Because of z; in the definition of @, the Holder norm of @
with respect to ¢ is not uniform in w. So we cannot apply Theorem 4.4
directly to (4.10). Therefore, we proceed in the following way.

Recall that x. is Holder continuous with exponent say 1/4 (it follows
for example from the Kolmogorov test and Burkholder-Davis-Gundy
inequality). Let Q" := {w € Q :[| z.(w) [|cv-26-1/a(0 < 1} Then
Q"1 Q as n — oo. Consider

do™ = (@ (¢ 2, 0" (0" + F(t, )] dt + G (¢, 7) du
v™(0, ) = wo,

(4.10)

(4.11)
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where a"(t, z,v") 1= a(t,z — Ignzy, v") — aft). N
Now we check Assumptions 3.1, 3.3 and 3.4 for a”, f and g:

() A<a™(t, z,u) <A,
(i) [[ " (s, u) lgv-2o-17a + || @" (L, u) [ler + | @"(E, 2, ) [le2< K for

K independent of w,t,z,u, _
(iii) max(|| (f,9) 7@, |l (£,9) |z ) < K.

(i) and (iii) are immediate from our assumptions and definitions.
For (ii), we only need to show that || @"(-, z,u) ||cv-26-1/< K for some
constant K independent of w,t,z,u (§ :=v — 28 —1/q):

sup || a" (-, z,u) [es< sup || a2 — Tana, u) flos +sup || alt) [les

W,T,U W,T,U

< sup a2, u) flos + sup || aft, -, u) fler sup | 2. [les
weldn

W,T,U W,T,U

+sup || a(-) ||lce< K1 +nK; + Ky = K

Thus we can apply Theorem 4.4 and obtain a unique solution v™ of
(4.11) and

10" lazny< N | (£,9) ) +N(E [ o [5,)"7, (4.12)

where N = N(\, A, p,T) is independent of n.
Now we claim that if n < m, then

Un(w? " ) = Um(w? " )
for almost all w € Q" = Q" N Q™. Suppose the claim is true. Then
we get the unique solvability of (4.10). Indeed, by (4.12) and Lemma
2.4, (after passing to a subsequence) v™ converges weakly to some v €
’H,}%(T). But from our claim, v(w, -, -) = v™(w, -, -) for almost all w € Q™.
Then we can pass to the limit in (4.11) by an argument similar to the
one given at the end of Step 1 of the proof of Theorem 4.4 and we
conclude that v is a solution of (4.10). The uniqueness follows from
Theorem 4.2 (for the proof of this theorem we do not need the Hélder
continuity of the coefficient in ¢).

Now it remains to prove the claim. For an arbitrary n, by Theorem
3.2, there exist sequences Qf C Q and vy € HZ(T)NH.™(T) such that
Q1 Q and v (w,-,-) = v™(w,-,-) in H2(T) for almost all w € Q.

By the definition of a solution,

¢
(076, 6) = (0, 8) + [ @ (o070, 0)ds
0 (4.13)

b [ Flonoras s [ @60 dut
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holds for all ¢ € C§° and ¢t < T a.s. (and the same for v™).

We fix w € Q" such that (4.13) holds for both v™ and v™. Note
that such w’s have the full probability of (2. Then for this w, take
sufficiently large k such that w € QF N Q)*. Then from the equation
(4.13) for v™ and v™,

((0" - V") (w, ), 8) = ((vy — vi")(w,t,°), @)
= /0 (a(w, s, -, v™) (™) —a(w, s, -, v™)(v™)", ¢) ds

t
- / @(w, 8, o) (W1)" — (w5, -, o) (W), 6) ds.

But a(w, s, 2, vf) (v})" —a(w, s, 2, o) (Vi) = [ fy @lw, s, z, 0o+ (1—
O)oi) dO) (v — vit)" +[fy @ulw, s, 007 + (1 = O)op)(O(vp)” + (1 =
0)(vi")") df)(vp — v). Since vi and vy are in H_tY(T), the coeffi-
cients of (v —v*)"” and (v —v}") are Holder continuous in ¢ and z a.s.
Thus, from the uniqueness of solution of parabolic PDE, v"(w,-,-) =
v (w, -, ) =P (w, -, -) =v™(w, -, ). The claim is proved. O
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