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Stochastic heat equations with general multiplicative
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Abstract

This paper studies the stochastic heat equation with multiplicative noises: %7: =

%Au +uW, where W is a mean zero Gaussian noise and uW is interpreted both in the
sense of Skorohod and Stratonovich. The existence and uniqueness of the solution are
studied for noises with general time and spatial covariance structure. Feynman-Kac
formulas for the solutions and for the moments of the solutions are obtained under
general and different conditions. These formulas are applied to obtain the Holder
continuity of the solutions. They are also applied to obtain the intermittency bounds
for the moments of the solutions.
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1 Introduction

In this paper we are interested in the stochastic heat equation in R? driven by a
general multiplicative centered Gaussian noise. This equation can be written as

ou 1 .
— =Z-A : ¢ R? 1.1
En 5 u+uW, t>0zeR" (1.1)

with initial condition wg , = ug(x), where ug is a continuous and bounded function. In
this equation, the notation W stands for the partial derivative 3]3::,‘,/‘8/_” (or aﬁi%zd
when the noise does not depend on time), where W is a random field defined in the next
section. We assume that W has a covariance of the form

E (Wi Wey| = (s = ) A — ),

where v and A are general nonnegative and nonnegative definite (generalized) functions
satisfying some integrability conditions. The product appearing in the above equation
(1.1) can be interpreted as an ordinary product of the solution u; , times the noise Wm
(which is a distribution). In this case the evolution form of the equation will involve a
Stratonovich integral (or pathwise Young integral). The product in (1.1) can also be
interpreted as a Wick product (defined in the next section) and in this case the solution
satisfies an evolution equation formulated by using the Skorohod integral. We shall
consider both of these formulations.

There has been a widespread interest in the model (1.1) in the recent past, with
several motivations for its study:

e It is one of the basic stochastic partial differential equations (PDEs) one might wish
to solve, either by extending It6’s theory [16, 41] or by pathwise techniques [10, 22].
These developments are also related to Zakai’s equation from filtering theory.
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e It appears naturally in homogenization problems for PDEs driven by highly oscillating
stationary random fields (see [20, 24, 28] and references therein). Notice that in this
case limit theorems are often obtained through a Feynman-Kac representation of the
solution to the heat equation.

e Equation (1.1) is also related to the KPZ growth model through the Cole-Hopf’s
transform. In this context, definitions of the equation by means of renormalization and
rough paths techniques have been recently investigated in [21, 23].

e There is a strong connection between equation (1.1) and the partition function of
directed and undirected continuum polymers. This link has been exploited in [33, 42]
and is particularly presented in [1], where basic properties of an equation of type (1.1)
are translated into corresponding properties of the polymer.

e The multiplicative stochastic heat equation exhibits concentration properties of its
energy. This interesting phenomenon is referred to as intermittency for the solution
process u to (1.1) (see e.g [12, 13, 14, 18, 31]), and as a localization property for the
polymer measure [7]. The intermittency property for our model is one of the main results
of the current paper, and will be developed later in the introduction.

¢ Finally, the large time behavior of equation (1.1) also provides some information on the
random operator Lu = Au + Wu. A sample of the related Lyapunov exponent literature
is given by [8, 37].

Being so ubiquitous, the model (1.1) has thus obviously been the object of numerous
studies.

Indeed, when the noise ¥ is white in time and colored in space, that is, when 7 is the
Dirac delta function dy(z), there is a huge literature devoted to our linear stochastic heat
equation. Notice that in this case the stochastic integral involving W is interpreted in an
extended It6 sense. Starting with the seminal paper by Dalang [15], these equations,
even with more general nonlinearities (namely uW in (1.1) is replaced by J(u)W for
a general nonlinear function o), have received a lot of attention. In this context, the
existence and uniqueness of a solution is guaranteed by the integrability condition

p(d§)
/}Rd1+|£‘2<oo, (1.2)

where p is the Fourier transform of A. This condition is sharp, in the sense that it is also
necessary in the case of an additive noise.

Recently, there also has been a growing interest in studying equation (1.1) when the
noise is colored in time. Unlike the case where the noise is white in time, one can no
longer make use of the martingale structure of the noise, and just making sense of the
equation offers new challenges. Recent progresses for some specific Gaussian noises
include [4, 27, 29] by means of stochastic analysis methods, and [10, 22, 17] using rough
paths arguments.

As mentioned above, we shall focus in this article on intermittency properties for the
stochastic heat equation (1.1). There exist several ways to express this phenomenon,
heuristically meaning that the process u concentrates into a few very high peaks. How-
ever, all the definitions involve two functions {a(t);t > 0} and {¢(k); ¥ > 2} such that
£(k) € (0,00) and:

U(k) == 1imsup$10g (E [Jues|"]) (1.3)

t—
where we assume that the limit above is independent of z. In this case, we call a(t) the
upper Lyapunov rate and ¢(k) the upper Lyapunov exponent. The process u is then called
weakly intermittent if
0(2)>0, and ((k)<oo VEk>2.
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The computation of the exact value of Lyapunov exponents is difficult in general. A
related property (which corresponds to the intuitive notion of intermittency) requires
that for any k; > ko the moment of order k; is significantly greater than the moment of
order ks, or otherwise stated:

) El/k Uut,x|k1]
TSP BT [y [F2]

Most of the studies concerning this challenging property involve a white noise in time,
and we refer to [6, 8, 18] for an account on the topic. The recent paper [3] tackles the
problem for a fractional noise in time, with some special (though important) examples of
spatial covariance structures, within the landmark of Skorohod equations. In this case
the results are confined to weak intermittency, with an upper bound on L* moments
obtained invoking hypercontractivity arguments and lower bounds computed only for
the L? norm.

=00. (1.4)

With all those preliminary considerations in mind, the current paper proposes to
study existence-uniqueness results, Feynman-Kac representations, chaos expansions and
intermittency results for a very wide class of Gaussian noises W (including in particular
those considered in [3, 16]), for both Skorohod and Stratonovich type equations (1.1). In
particular we obtain some lower bounds for ¢(k) defined by (1.3) for all k£ > 2, which are
sharp in the sense that they have the same exponential order as the upper bounds.

More specifically, here is a brief description of the results obtained in the current
paper:

(i) In the Skorohod case, the mild solution has a formal Wiener chaos expansion, which
converges in L?(Q) provided 7 is locally integrable and the spectral measure p of
the spatial covariance satisfies condition (1.2). Moreover, the solution is unique.
This result (proved in Theorem 3.2) is based on Fourier analysis techniques, and
covers the particular examples of the Riesz kernel and the Bessel kernel considered
by Balan and Tudor in [4]. Our results also encompass the case of the fractional
covariance A(z) = [[_, H;(2H; — 1)|z;|*"i~2, where H; > 1 and condition (1.2) is
satisfied if and only if Zle H; > d—1. This particular structure has been examined
in [27].

(ii) Under these general hypothesis to ensure the existence and uniqueness of the
solution of Skorohod type one cannot expect to have a Feynman-Kac formula for
the solution, but one can establish Feynman-Kac-type formulas for the moments of
the solution. The formulas we obtain (see (3.21)), generalize those obtained for the
Riesz or the Bessel kernels in [4, 27].

(iii) Under more restrictive integrability assumptions on v and x4 (see Hypothesis 4.1) we
derive a Feynman-Kac formula for the solution « to (1.1) in the Stratonovich sense.
An immediate application of the Feynman-Kac formula is the Holder continuity of
the solution.

(iv) In the Stratonovich case, we give a notion of solution using two different method-
ologies. One is based on the Stratonovich integral defined as the limit in probability
of the integrals with respect to a regularization of the noise, and another one uses
a pathwise approach, weighted Besov spaces and a Young integral approach. We
show that the two notions coincide and some existence-uniqueness results which
are (to the best of our knowledge) the first link between pathwise and Malliavin
calculus solutions to equation (1.1).

(v) Under some further restrictions (see hypothesis at the beginning of Section 6), we
obtain some sharp lower bounds for the moments of the solution. Namely, we can
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find explicit numbers x; and k; and constants c;, C; for j = 1,2 such that
Cyexp (e1t™ k™) < E [|um|k} < Cyexp (eot™ k"?)
forallt >0, z € R and k > 2.

As it might be clear from the description above, our central object for the study of
(1.1) is the Feynman-Kac formula for the solution u or for its moments, which is a very
interesting result in its own right. A substantial part of the article is devoted to establish
these formulae with optimal conditions on the covariances v and A, including critical
cases. Notice that we also handle the case of noises which only depend on the space
variable. This situation is usually treated separately in the paper, due to its particular
physical relevance.

Here is the organization of the paper. In Section 2, we briefly set up some preliminary
material on the Gaussian noises that we are dealing with. We also recall some material
from Malliavin calculus. Section 3 is devoted to the stochastic heat equation of Skorohod
type. Existence and uniqueness of the mild solutions are obtained, and Feynman-Kac
formula for the moments of the solution is established. Section 4 focuses on the Feynman-
Kac formula related to equation (1.1) and studies the regularity of the process u! defined
in that way under some conditions on v and A. In section 5 we first prove that the process
u¥ can really be seen as a solution to the stochastic heat equation interpreted in a mild
sense related to Malliavin calculus. However, uniqueness is missing in this general
context. Under some slightly more restrictive conditions on the noises, we then study the
existence and uniqueness of the mild solution to equation (1.1) using Young integration
techniques. Finally, Section 6 is concerned with the bounds for the moments and related
intermittency results.

Notations. In the remainder of the article, all generic constants will be denoted by

¢,C, and their value may vary from different occurrences. We denote by p;(z) the
2

d-dimensional heat kernel p;(z) = (27t)~%2e~1#I"/2t, for any t > 0, z € R

2 Preliminaries

This section is devoted to a further description of the structure of our noise W. We
consider first the time dependent case and later the time independent case. We will also
provide some basic elements of Malliavin calculus used in the paper.

2.1 Time dependent noise

Let us start by introducing some basic notions on Fourier transforms of functions: the
space of real valued infinitely differentiable functions with compact support is denoted
by D(R?) or D. The space of Schwartz functions is denoted by S(R?) or S. Its dual, the
space of tempered distributions, is S’ (]Rd) or &’. If u is a vector of tempered distributions
from R? to R”, then we write u € S'(R%, R"). The Fourier transform is defined with the
normalization

Fu() = /]Rd e_’<5’””>u(x)dx,

so that the inverse Fourier transform is given by F~1u(¢) = (27) 4 Fu(-£).

Similarly to [15], on a complete probability space (€2, F, P) we consider a Gaussian
noise W encoded by a centered Gaussian family {IW(¢); ¢ € D([0,00) x R%)}, whose
covariance structure is given by

E[W(p)W(y)] = / o(s,2)¢(t,y)v(s — t)A(z — y)devdydsdt, (2.1)

2
R2 xR24
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where v: R — R, and A : RY — R, are non-negative definite functions and the Fourier
transform FA = pu is a tempered measure, that is, there is an integer m > 1 such that

Jra(L+[€7) 7™ u(dE) < oo
Let H be the completion of D([0, 00) x RY) endowed with the inner product

ot = [ ()it )l — DAw — ) dedydsds 2.2

- /R T8 OF 0t (s — )u(de) dst,

where Fy refers to the Fourier transform with respect to the space variable only. The
mapping ¢ — W(p) defined in D([0, ) x R?) extends to a linear isometry between H
and the Gaussian space spanned by W. We will denote this isometry by

W(p) = /0 h [ ot.aywar.az)

for ¢ € H. Notice that if ¢ and ¢ are in H, then E [W(¢)W (¢))] = (¢, ¢)%. Furthermore,
H contains the class of measurable functions ¢ on R, x R? such that

/ 16(5, 2)6 ()| 1(s — )A(x — y) dudydsdt < oo 2.3)
]R,2+><]R2<i

We shall make a standard assumption on the spectral measure p, which will prevail
until the end of the paper.

Hypothesis 2.1. The measure p satisfies the following integrability condition:

p(d€)
/}Rd1+|5‘2<oo. (2.4)

Let us now recall some of the main examples of stationary covariances, which will be
our guiding examples in the remainder of the paper.

Example 2.2. One of the most popular spatial covariances is given by the so-called
Riesz kernel, for which A(z) = |z|™" and u(d€) = ¢, 4/¢| =@ d¢. We refer to this kind
of noise as a spatial n-Riesz noise. In this case, Hypothesis 2.1 is satisfied whenever
0 < 1 < 2, which will be our standing assumption.

Example 2.3. We shall also handle the space white noise case, namely A = §y (notice
that in this case A is not a function but a measure) and ;» = Lebesgue. This noise satisfies
Hypothesis 2.1 only in dimension 1.

Example 2.4. The spatial covariance given by the so-called Bessel kernel is defined by
o0 _ = 2
Alz) = / w'T e e T duw .
0

In this case u(d€) = ¢,q(1 + £]?)~ 2 d¢ and Hypothesis 2.1 is satisfied if > d — 2.
Example 2.5. An example of time covariance v that has received a lot of attention is the
case of a one-dimensional Riesz kernel, which corresponds to the fractional Brownian
motion. Suppose that v(t) = H(2H — 1)[t|* =2 with 1 < H < 1 and W is a noise with
this time covariance and a spatial covariance A. For any ¢ > 0 and any ¢ € C°(R%), the
function 1,4 belongs to the space H, and we can define W;(y) := W (1} ). Then, for
any fixed p € D(R?), the stochastic process {c, Y *W,(p);t > 0} is a fractional Brownian
motion with Hurst parameter H, where

¢p = / Fo(€)Pu(de).
Rd
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That is E [W;(¢)Ws(¢)] = Ru(s,t)c,, where for each H € (0,1) we have:
1
Ry(s,t) = 5 (|s/* + 27 — [s — ¢[*7).

Example 2.6. In the same way, the spatial fractional covariance is given by A(z) =
1%, H; (2H; — 2)|z;|*"~2, where } < H; <1 fori=1,...,d. The Fourier transform of
Ais p(dg) =Cy Hle |&;|1 2 d¢, where Oy is a constant depending on the parameters
H;. Then an easy calculation shows that when Z?:l H; > d — 1, Hypothesis 2.1 holds.

If W is a noise with fractional space and time covariances, with Hurst parameters
Hj in time, and H;, ..., H, in space, then we can write formally W (y) as the distribu-
tional integral fR+ wga Pt x)Wg (t, v)dtdz, where Wy (t, z) is the formal partial derivative
%(L x) and Wy is centered Gaussian random field which is a fractional Brownian
motion on each coordinate, that is,

d
E (W (s, 2)Wg (t,y)] = Ru,(s,t) [ [ Ra. (@i,9:), 5,6 > 0,2,y € RY.
i=1
2.2 Time independent noise

In this case we consider a zero mean Gaussian family W = {W(y);p € D(R)},
defined in a complete probability space ({2, F, P), with covariance

BW(EWW) = [ e@vwA@—y) dedy. @.5)

where, as before, A : RY — R, is a non-negative definite function whose Fourier
transform y is a tempered measure. In this case 7 is the completion of D(R¢) endowed
with the inner product

(0 o = / P WA —y)dady = | Fol&) FH@u(de). 2.6)
R2d R

The mapping ¢ — W () defined in D(R?) extends to a linear isometry between H and
the Gaussian space spanned by W, denoted by

Wio) = [ )W)

for ¢ € H. If ¢ and ¢ are in H, then E [W ()W (¢)] = (¢, 1) and H contains the class of
measurable functions ¢ on R? such that

[, 6o At —y) dady < co. @.7)

2.3 Elements of Malliavin calculus

Consider first the case of a time dependent noise. We will denote by D the derivative
operator in the sense of Malliavin calculus. That is, if F' is a smooth and cylindrical
random variable of the form

F = f(W(¢1), sy W(d)n)) ’

with ¢; € H, f € C;°(R") (namely f and all its partial derivatives have polynomial
growth), then DF is the H-valued random variable defined by
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The operator D is closable from L?(2) into L?(Q;H) and we define the Sobolev space
D"2 as the closure of the space of smooth and cylindrical random variables under the
norm

|DF|l12 = \/E[F?) + E[|DF|3).
We denote by ¢ the adjoint of the derivative operator given by the duality formula

E[§(u)F) =E[(DF,u)y], (2.8)

for any F' € D2 and any element u € L?(Q; H) in the domain of §. The operator ¢ is also
called the Skorohod integral because in the case of the Brownian motion, it coincides
with an extension of the It0 integral introduced by Skorohod. We refer to Nualart [40]
for a detailed account of the Malliavin calculus with respect to a Gaussian process. If
DF and u are almost surely measurable functions on R, x R¢ verifying condition (2.3),
then the duality formula (2.8) can be written using the expression of the inner product
in H given in (2.2)

E[§(u)F] = E

/ D, Fupyv(s—t) ANz —y)dsdtdedy | . (2.9)
RZ xR24

Let us recall three other classical relations in stochastic analysis, which will be used
in the paper:
(i) Divergence type formula. For any ¢ € ‘H and any random variable F' in the Sobolev
space D2, we have
FW(¢) =6(F¢)+ (DF, ¢)y. (2.10)

(ii) A duality relationship. Given a random variable F' € D?2 and two elements h, g€ H,
the duality formula (2.8) implies

E[FW(hW(g9)] = E[(D*F,h® g)ys2] + E[F] (h, g)n. (2.11)

(iii) Definition of the Wick product of a random and a Gaussian element. If F € D2
and h is an element of H, then F'h is Skorohod integrable and, by definition, the Wick
product equals the Skorohod integral of F'h

5(Fh) = F o W(h). (2.12)

When handling the stochastic heat equation in the Skorohod sense we will make use
of chaos expansions, and we should give a small account on this notion. For any integer
n > 0 we denote by H,, the nth Wiener chaos of W. We recall that Hy is simply R and
for n > 1, H,, is the closed linear subspace of L?({)) generated by the random variables
{H,(W(h)); h € H,||h|lsx = 1}, where H, is the nth Hermite polynomial. For any n > 1,
we denote by H®" (resp. H®™") the nth tensor product (resp. the nth symmetric tensor
product) of #. Then, the mapping I,,(h®") = H,, (W (h)) can be extended to a linear
isometry between H®" (equipped with the modified norm v/n!|| - ||3e») and H,,.

Consider now a random variable F' € L?({)) measurable with respect to the o-field
FW generated by . This random variable can be expressed as

oo

F=E[F]+Y I.(fn) (2.13)

n=1

where the series converges in L?((2), and the elements f,, € H®", n > 1, are determined
by F'. This identity is called the Wiener-chaos expansion of F'.
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The Skorohod integral (or divergence) of a random field u can be computed by using
the Wiener chaos expansion. More precisely, suppose that u = {u; ,; (t,z) € Ry x R%} is
a random field such that for each (¢,z), u;, is an F"V-measurable and square integrable
random variable. Then, for each (¢, 2) we have a Wiener chaos expansion of the form

oo

e =Eura] + Y In(fa(t,2)). (2.14)

n=1

Suppose also that

E [/ / / [tr,z Us,y| V(s — t)A(z — y) dedydsdt| < oo.
o Jo Jre

Then, we can interpret u as a square integrable random function with values in H and
the kernels f,, in the expansion (2.14) are functions in HO+1) which are symmetric in
the first n variables. In this situation, u belongs to the domain of the divergence (that is,
u is Skorohod integrable with respect to W) if and only if the following series converges
in L?(Q)

5(u) :/0 /}R sy 5Wi .y = W (E[u]) —s—;lnﬂ(fn(-,t,x)), (2.15)

where ﬁl denotes the symmetrization of f, in all its n + 1 variables.

The operators D and § can be introduced in a similar way in the time independent
case. If DF and u are almost surely measurable functions on R? verifying condition (2.7),
then formula (2.8) can be written using the expression of the inner product in H given in
(2.6):

E[j(u)F]=E [ - D,Fu(y) Az —y) dedy| . (2.16)

3 Equation of Skorohod type

The first part of this section is devoted to the study of the following d-dimensional
stochastic heat equation with the time dependent multiplicative Gaussian noise W
introduced in Section 2.1, where the product is understood in the Wick sense (see
(2.12)):

ou 1 oW

2 ZA - 3.1
T R TY o (3-1)

the initial condition being a continuous and bounded function wuy(x). This equation is
formal and below we provide a rigorous definition of a mild solution using the Skorohod
integral. The main objective of this section is to show that the mild solution exists and is
unique in L?(2), assuming that the spectral measure 1 satisfies Hypothesis 2.1. This is
proved by showing that the formal Wiener chaos expansion which defines the solution
converges in L?(Q). In a second part of this section we obtain a Feynman-Kac formula
for the moments of the solution. In the last part we will extend these results to the case
where the noise is time independent.

3.1 Existence and uniqueness of a solution via chaos expansions

Recall that we denote by p; () the d-dimensional heat kernel p, (z) = (2rt)~%/2¢~1=1*/2t,
for any t > 0, € R?. For each t > 0 let F; be the o-field generated by the random
variables W (), where ¢ has support in [0,t] x R?. We say that a random field wu; ,
is adapted if for each (¢, z) the random variable v, , is F;-measurable. We define the
solution of equation (3.1) as follows.
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Definition 3.1. An adapted random field u = {u; »;t > 0,2 € R%} such that E[u? ] < oo
for all (t,z) is a mild solution to equation (3.1) with initial condition uy € Cy,(R?), if for
any (t,z) € [0,00) x R, the process {p;—s(z — y)usy1j4(s);s > 0,y € R?} is Skorohod
integrable, and the following equation holds

t
Ut x = ptuO(x) +/ / ptfs(x - y)us,y 5Ws,y' (32)
0 Rd

Suppose now that u = {u;,;t > 0,z € R?} is a solution to equation (3.2). Then
according to (2.13), for any fixed (¢, z) the random variable u; , admits the following
Wiener chaos expansion

ute = 3 In(falt,2)) (3.3)

n=0

where for each (t,z), f,.(-,t,z) is a symmetric element in #®". Thanks to (2.15) and
using an iteration procedure, one can then find an explicit formula for the kernels f,, for
n>1

fn(slv L1y 3Sn,Tn, ta fﬂ) = mpt—sa(n) (1’ - xa(n)) o 'psa(g)—sg(l) (xa(2) - xo(l))psg(l)uO(xa(l)) 5

where o denotes the permutation of {1,2,...,n} such that 0 < s,(1) < --+ < S,(,) < t
(see, for instance, equation (4.4) in [27], where this formula is established in the case
of a noise which is white in space). Then, to show the existence and uniqueness of the
solution it suffices to show that for all (¢,z) we have

STl falot, @) [Fen < 0. (3.4)

n=0

Theorem 3.2. Suppose that y satisfies Hypothesis 2.1 and ~ is locally integrable. Then
relation (3.4) holds for each (t,z). Consequently, equation (3.1) admits a unique mild
solution in the sense of Definition 3.1.

Proof. Fix t > 0 and z € R%. Set f,(s,y,t,7) = fu(51,%1,---,5n,Yn,t, ). We have the
following expression

n!||fn('7t7x)”§-t®"

= nl /[ . Wdfn(s,y,t,x)fnmz,t,m)HA(yi—a)Hv(si—n)dydzdsdr
0,7 JR=m i=1 i=1

ol [ [ gulsutiagalroztin) [T A - =) [[ s - ro) dydzdsar
[0,]2n JR2nd

i=1 =1

IN

where dx = dx; - - - dz.,, the differentials dy, ds and dr are defined similarly and
1
gn(sa Y, ta LU) = aptfs,,(n) (:E - ya(n)) t 'psd(g)fsa(l) (yo(Z) - yo(l)) . (35)
Set now pu(d¢) = [[i—, n(d&;). Using the Fourier transform and Cauchy-Schwarz, we
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obtain

n!an('at’x)H%-L@"

n

< ol [ [ Fouls st ) OFal @) [T - rodsdr
[0,¢]2n JRna e}
< ol [ ([ 1Fa s n©Fua)” ([ ot oofue)

n

X 1_[*}/(5z — r;)dsdr,
i=1

and thus, thanks to the basic inequality ab < %(a2 + ) and the fact that v is locally
integrable, this yields:

A

| fu (ot ) 30n < n!||“0|io/[] /d|fgn(8,-,t,x)(£)|2u(d§)Hv(si—r,»)dsdr
0,t]2n " i=1

IN

Cmnllfug 2, /[0] /]R (Fgn(s, 1, 2)(€)2u(de)ds, (3.6)
,t 2n nd

where C = 2 fot ~(r)dr. Furthermore, it is readily checked from expression (3.5) that
there exists a constant C' > 0 such that the Fourier transform of g, satisfies
" >
Fons, ta) QO = g [Lemremmmerofemrteol
i

where we have set s;(,41) = t. As a consequence,

(02 [ 1Fguls )@ Plae)

n

< o] sup/ e el bl g )
i=1 NER? IR
\fﬂg(i)lz
n T Ao (i41) S0 (1))
= CnH sup / ; 7 €O N @o(s))da g i)
=1 neRe [JRe (AT (So(i11) = So(i))?
< CnH/Rde Gotetn =500 1y (de, 1)), 3.7)
i=1

where we invoke the fact that |e"*=® ™| = 1 to get rid of the supremum in 7. Therefore,
from relations (3.6) and (3.7) we obtain

n
Al (st 2) [2yom < IIUOHioC”/ / T e sl ds p(de) (3.8)
Rnd Tn(t) =1
where we denote by T, (¢) the simplex
T.t) ={0<s1 << s, <t} (3.9)

Let us now estimate the right hand side of (3.7): making the change of variables
Si+1 —s; =w; for1 <i<n-—1,andt— s, = w,, and denoting dw = dw,dw; - - - dw,,, we
end up with

n
_ n eL]2
0! fu (st )12 0m gnuougocn/ [5 em X wileldy T T p(dss)
R™ tin i=1

EJP 20 (2015), paper 55. ejp.ejpecp.org
Page 11/50


http://dx.doi.org/10.1214/EJP.v20-3316
http://ejp.ejpecp.org/

Stochastic heat equation with multiplicative colored noise

where S, = {(w1,...,wy,) € [0,00)" : wy + -+ - + w, < t}. We also split the contribution
of 1 in the following way: fix NV > 1 and set
d
Cn :/ il f), and Dy =p{¢ € RY: €| < N} (3.10)
g=n €]
By Lemma 3.3 below, we can write
st 2)en < ol Y () FPACw @.11)
k=0

Next we choose a sufficiently large IV such that 2CCy < 1, which is possible because of

condition (2.4). Using the inequality ( ) < 2™ for any positive integers n and 0 < k < n,
we have

o0

>l < ol S-S () £ Dk 208

n=0 n=0 k=0
[SSHENe'S) tk - o o .
<luoll2 DD C"Q"ED?\:(QCN)" = ||UO||2 k|DN(2CN) "> (CCw)
k=0n=~k ’ n=*k
1 i t’“D’;\,(QCN)*’“(QCCN)
—2CCn — k!

< ||U0||f2>01

This proves the theorem. O

Next we establish the lemma that is used in the proof of Theorem 3.2.

Lemma 3.3. Let u satisfy the condition (2.4). For any N > 0 we let Dy and Cy be given
by (3.10). Then we have

ST wilely e ( ) Dk
e w | | w(d&;) < (2C
/Rnd /S 11 )< k) PN EEN)"

i=1 k=0

Proof. By our assumption (2.4),Cy is finite for all positive N. Let I be a subset of
{1,2,...,n} and I° = {1,2,...,n}\[. Then we have

L[ TTemer dwutae)

t,n j=1

/ / He OISR (e <y + Ly 5 ny) dw p(dE)
Rnd J S

t,n g=1

e ]2
Z /Rd/s [Ie I g <y X 1T e 19 1,15y dw pu(ds).

Ic{1,2,... tn el jele

For the indices 7 in the set I we estimate e~%s/& I’ by 1. Then, using the inclusion
Sem C SE xS,

where Stl = {(’ZUZ,’L S I) Tw; > O’Zielwi < t} and StIC = {(U}“Z S Ic) Tw; > 07Zi€IC w; <
t} we obtain

[ Lo awna

t,n g=1
w; €5
< Z / d/, I ereny > IT e 1 12y dw p(de).
Ic{1,2, Rnd JSIXSE jer jere
EJP 20 (2015), paper 55. ejp.ejpecp.org
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Furthermore, one can bound the integral over S/ “ in the following way
12
/ [T e 15" dw S/ I1e " dw= ] —omy— <
StIC jele [O’t]lc jEIC jeIe J

We can thus bound [p.. fs,  TTis e~wil&il® duy pu(de) by:

1=

tH1 . de .
> Tpleteertig sy [ ] Hd)
I1c{1,2,---,n} | | |§; >N, Vjele jele |£J|
Ml c "L\ tF e
= > WD‘N‘(QON)H =2 <k> DR 0N,
Ic{1,2,--,n} " k=0 ’
which is our claim. O

3.2 Feynman-Kac formula for the moments

Our next objective is to find a formula for the moments of the mild solution to equation
(3.1). For any § > 0, we define the function ¢s(t) = 119 4(t) for ¢ € R. Then, ¢;(t)p.(z)
provides an approximation of the Dirac delta function dy(¢, x) as € and ¢ tend to zero.

We set

N t
Wit = [ [ eatt = 9peto — p)Wids.dy). (3.12)
0 JR
Now we consider the approximation of equation (3.1) defined by

£,0
8um

o Co WD (3.13)

x

1
= 5 Aug + g,
2 ) )
We recall that the Wick product ufi o W;f is well defined as a square integrable

random variable provided the random variable u;’g belongs to the space D2 (see (2.12)),
and in this case we have

wigoWey = [ [ sl rpely— uEgow... (3.14)
0o JRre
Furthermore, the mild or evolution version of (3.13) is
5 ! ;
ugz = prug(z) + / / Pi—s(T — y)ui:i o W;’;dsdy. (3.15)
0 JRre
Substituting (3.14) into (3.15), and formally applying Fubini’s theorem yields
5 t t
uf,’x = pyug () —l—/ / (/ / pi—s(x —y)ps(s — r)pe(y — z)ui;idsdy) oW,.,. (3.16)
0o Jre \Jo JRe
This leads to the following definition.
£,0,

Definition 3.4. An adapted random field u*° = {u;’y;t > 0,2 € R?} is a mild solution to
equation (3.13) if for each (r,z) € [0,t] x R? the integral

t
vhE = / / DPi—s(@ —y)ps(s — r)pe(y — z)ui;idsdy
0 JRre
exists and Y* is a Skorohod integrable process such that (3.16) holds for each (t,z).
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Notice that according to relation (2.8), the above definition is equivalent to saying
that uig € L*(Q), and for any random variable F' € D!'? , we have

E [Fuf”ﬂ = E[F] pruo(z) + E [(Y"*, DF)y] . (3.17)

In order to derive a Feynman-Kac formula for the moment of order £ > 2 of the
solution to equation (3.1) we need to introduce k£ independent d-dimensional Brownian
motions B7, j = 1,...,k, which are independent of the noise W driving the equation. We
shall study the probabilistic behavior of some random variables with double randomness,
and we thus introduce some additional notation:

Notation 3.5. We denote by P, E the probability and expectation with respect to the
annealed randomness concerning the couple (B, W), where B = (B, ..., B¥), while we
set respectively Ep and Ey for the expectation with respect to one randomness only.

With this notation in mind, define
1
uzy = Ep {exp (W(Ai,’i) - Qai’i)] ; (3.18)

where
Aeﬁ _ 1 On(t=r) B* —)d 1 d g0 A€,5 2 3.19
t,m(TV y) - 5 0 pE( t—r—s y) S [0,¢] ('I’), an at,x - || t,x”’H? 3. )

for a standard d-dimensional Brownian motion B independent of W. Then one can prove
that ufz is a mild solution to equation (3.13) in the sense of Definition 3.4. The proof is
similar to the proof of Proposition 5.2 in [27] and we omit the details.

The next theorem asserts that the random variables ufj have moments of all orders,
uniformly bounded in ¢ and ¢, and converge to the mild solution of equation (3.1), which
is unique by Theorem 3.2, as ¢ and ¢ tend to zero. Moreover, it provides an expression
for the moments of the mild solution of equation (3.1).

Theorem 3.6. Suppose v is locally integrable and p satisfies Hypothesis 2.1. Then for
any integer k > 1 we have

supE {|uf£ k] < 0, (3.20)
£,0

the limit lim, o lims o u;-;j exists in LP for all p > 1, and it coincides with the mild solution
u of equation (3.1). Furthermore, we have for any integer k > 2

k t gt
E [ufﬂ] =Ep Huo(Bf + ) exp Z /0 /0 v(s — r)A(B. — B?)dsdr , (3.21)
i=1

1<i<j<k

where {B7; j = 1,...,k} is a family of d-dimensional independent standard Brownian
motions independent of W.

Proof. To simplify the proof we assume that ug is identically one. Fix an integer k£ > 2.
Using (3.18) we have

k k j 1 j
B| (1) | =Bw | T[Es oo (wiaiz®) - Jaii™ ||
j=1

,6,B7
t,x

where forany j =1,...,k, Af;ﬁ’B " and o are evaluations of (3.19) using the Brownian

. : . §.BI\ . . . L.
motion BY. Therefore, since W (A;,"" ) is a Gaussian random variable conditionally on
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B, we obtain

k
k
B|(s2) ] = Bs|ew f||§jA”BJ - §: o

= Ep |exp f||ZA”BJ ~Z||A”B’||H
= Ep|exp| Y (472 AP, ) (3.22)
1<i<j<k

Let us now evaluate the quantities (Ai:g’B Z,Ai’g’B "3 above: by the definition of

A58 for any i # j we have

€ i € €, £,8,B7
(i gt p= [ A @ FAL ) — vt
(3.23)
On the other hand, for u € [0,¢] we can write
5B IN(t—u) )
FADT @O = [ FeBl o= ©ds
0
1 SA(t—u) 2|¢)12
= 5/ exp <—€ |2£‘ <§ Bl_,_ 5+:c>> ds.
0
Thus
<A€ 5 B AE 5 BJ> (3_24)

/Rd (/ / (52 /Mv /OW (&P, B?—sa>d51d52> *y(uv)dudv) x e = 1€ (),

and we divide the proof in several steps.
Step 1: We claim that,

lim lim<A§’£’Bi, A?gﬁB'j>H - / / y(u — v)A(B! — BI)dudv, (3.25)

elo 6o » ' o Jo
where the convergence holds in L!(Q). Notice first that the right-hand side of equation
(3.25) is finite almost surely because

t t " ¢
Ep |:/0 /0 Y(u = U)A(Bi - Bg)dUdU:| = /0 /0 /]Rd y(u — v)e_%(u+v)|€|zﬂ(d§)dudv

and we show that this is finite making the change of variables t = v — v, y = u + v, and
using our hypothesis on v and u like in the proof of Theorem 3.2.

In order to show the convergence (3.25) we first let § tend to zero. Then, owing to
the continuity of B and applying some dominated convergence arguments to (3.24), we
obtain the following limit almost surely and in L'(Q)

hfn(AEéB AE(;BJ oY —/ (/ / W(&.B.—B1) (u—v)dudv) e lel w(d€).  (3.26)
R4

Finally, it is easily checked that the right-hand side of (3.26) converges in L!(Q) to the
right-hand side of (3.25) as ¢ tends to zero, by means of a simple dominated convergence
argument again.
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Step 2: For notational convenience, we denote by B and B two independent d-dimensional
Brownian motions, and E will denote here the expectation with respect to both B and B.
We claim that for any A > 0

supE {eXp ()\ <Af’z’B,Af’j’§> )} < 00. (3.27)
8 ’ " H

Indeed, starting from (3.24), making the change of variables u — s1 — u, v — s5 — v,
assuming ¢ < t, and using Fubini’s theorem, we can write

i g [ L g

x exp(—elé|?)y(u + 51 — v — s2) p(d€) dudvdsds .

We now control the moments of <A§:£’B , Ai’g’B )3 in order to reach exponential integrabil-
ity:

€,0,B 5,6,§ n _ 1 - H
<At,z ’At,z >H = 627 0s. i exXp | —1 lzzl(Bul - B’Ul) . fl

x e e X 9 T y(w + 50 — v — 31) p(de) dsd3dudv,  (3.28)
=1

where p(d€) = [, n(d&), the differentials ds, ds, du, dv are defined similarly, and
06,n = {(57§7u,’u); 0< 3l7§l < (5, 0< u; < t—Sl7 0< v < t—gl, for all 1 < l < n}
Moreover, we have:

exp (—z Z(Bw, — Ev,,) ~§l>] = exp (—;Var <Z(Buz - Evl) -&)) (3.29)
1=1

=1

E

1
= exp —5 Z (ui/\uj+vi/\vj)§i-§j

1<ij<n

Taking into account the fact that ~ is locally integrable, this yields
,0,B 5,B\"
E (4727, 4327 ]

1

Scn/ / exp | —= Z (81 A Sj + 51 A g])gl : gj /J(df)deg
0.2 JRan 2

1<ij<n

= /]Rdn /[O)t]n P Z (si Nsj)&i- &G | dsp(dS).

1<i,j<n
Since
JC I S SRCT IR pres
Retn 1<ij<n
is a symmetric function of s1, sa, ..., s,, We can restrict our integral to T,,(¢) = {0 < s1 <

89 < --- < s, < t}. Hence, using the convention sy = 0, we have

IN

B [(a27, 427’

C’”n!/ / exp | — Z (si Nsj)&i- &5 | dsu(dg) (3.30)
Rin JT, (4)

1<i,j<n
= C’"n!/ / exp
Rdn Tn(t)
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Thus, using the same argument as in the proof of the estimate (3.7), we end up with

e,6,B 4e,6B\" n - —(si—si—1)|&+n|?
< |
E KAt,:z: Ay >7—t} < O™ /T | I (nseu]é)d /Rde u(df)> ds

n(t) =1
n

T,L(t)Zl;[1 R4 ( )

Making the change of variable w; = s; — s;_1, the above integral is equal to

C’”n'[s /]Rd Hefw"& (d&)dw < C’”n'Z( )k'DN(ch) ;

where we have resorted to Lemma 3.3 for the last inequality. Therefore,

n

(e a7 ] s o () geteenr,
k=0

which is exactly the right hand side of (3.11). Thus, along the same lines as in the proof
of Theorem 3.2, we get

B e (3 (472, 4127), )] = 1y (4527 4527 ] <o

which completes the proof of (3.27).

Step 3: Starting from (3.22), (3.25) and (3.27) we deduce that E[(uf,’j)k] converges as 0
and ¢ tend to zero to the right-hand side of (3.21). On the other hand, we can also write

e, 0. ¢g,8 e,0,B ,¢',6',B?
E |:ut7$ut7$ :| = EB [GXp ( <At,w ’At,m >7'l>:| .

As before we can show that this converges as ¢, d,¢’, 6’ tend to zero. So, ufg converges
in L? to some limit v; ,, and the limit is actually in L? , for all p > 1. Moreover, E[v} ]
equals to the right hand side of (3.21). Finally, letting § and ¢ tend to zero in equation
(3.17) we get

E[Fuv,] = E[F] + E[(DF,vp,—.(z — )]

which implies that the process v is the solution of equation (3.1), and by the uniqueness
of the solution we have v = u. O

Remark 3.7. If the space dimension is 1, we can consider equation (3.1) assuming that
the time covariance function is v(t) = H(2H — 1)|t|?*#~2, 1 < H < 1, and the noise is
white in space, which means A(x) is the Dirac delta function do(z). The integral form of
this Gaussian noise is a two-parameter process which is a Brownian motion in space and
a fractional Brownian motion with Hurst parameter H in time. This equation has been
studied in [27], where the existence of a unique mild solution has been proved, and the
following formula for the moments of the solution has been obtained

=Ep Huo wyexp |an Y / / |s — r[*"=260(B: — Bl)dsdr | | , (3.31)
1<i<j<k
where oy = H(2H — 1). Notice that in the above expression the exponent is a sum of

weighted intersection local times.
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3.3 Time independent noise

In this section we consider the following stochastic heat equation in the Skorohod
sense driven by the multiplicative time independent noise introduced in Section 2.2:
ou 1 oW

g = 5Au+u©7ax1---8xd . (3.32)

The notion of mild solution based on the Skorohod integral is similar to Definition 3.1.

Definition 3.8. An adapted random field u = {u; ,;t > 0,2 € R%} such that E[u? ] < oo
for all (t,z) is a mild solution to equation (3.32) with initial condition ug € Cy(R?), if for
any 0 < s <t,z € R%, the process {p;_s(x — y)us,;y € R%} is Skorohod integrable in the
sense given by relation (2.16), and the following equation holds:

¢
Ug,z = Pruo() +/ (/ pr_s(x — y)usﬁyc;Wy) ds. (3.33)
0o \JRa

Suppose that u = {u; 43t > 0,2 € ]Rd} is a mild solution to equation (3.32). Then for
any fixed (¢, z), the random variable w; , admits the following Wiener chaos expansion:

U = Y In(ful 1)), (3.34)

n=0

where for each (t,z), fu(-,t,z) is a symmetric element in H®". Notice that here the
space H contains functions of the space variable y only. Using an iteration procedure
similar to the one described at Section 3.1, one can find the explicit formula for the
kernels f, for n > 1:

fn(xla-~~7xnata$)

1
= H 0.4 ptfs(,(n) (.CL' - xo’(n)) o 'psa(z)fsd(l) (‘ro(Q) - xa(l))psa(l)uo(xa(l)) d81 T dSn 3
where o denotes the permutation of {1,2,...,n} such that 0 < s,(1) < -+ < 85() < .

Then, to show the existence and uniqueness of the solution it suffices to show that for all
(t,z) we have

STl falot, @) [Fen < 0. (3.35)

n=0
Theorem 3.9. Assume that p satisfies Hypothesis 2.1. Then (3.35) holds for each (t, x)
and equation (3.32) has a unique mild solution.

The proof of this theorem is analogous to the proof of Theorem 3.2 and is omitted for
sake of conciseness. As in the previous subsection, we can deduce the following moment
formula for the solution to equation (3.32).

k t t
E [ufl] =Ep Huo(Bz + ) exp Z / / A(B! — Bi)dsdr | | , (3.36)
i=1 1<i<j<k /0 70
where B?, i = 1,...,k, are d-dimensional independent Brownian motions.

4 Feynman-Kac functional

In this section we construct a candidate solution for equation (1.1) using a suitable
version of Feynman-Kac formula. The construction has been inspired by the approach
developed in [29] for the case of fractional noises. We will establish the existence and
Holder continuity properties of the Feynman-Kac functional.
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4.1 Construction of the Feynman-Kac functional

We first consider the time dependent noise introduced in Section 2.1, and later we
deal with the time independent noise introduced in Section 2.2.

4.1.1 Time dependent noise

Suppose first that W is the time dependent noise introduced in Section 2.1. If the initial
condition of equation (1.1) is a continuous and bounded function ug, analogously to [29]
we define

t
u, =Ep {uo(Bt”“') exp (/ do(Bf_, —y)W(dr, dy))} ) (4.1)
0 JRe

where B? is a d-dimensional Brownian motion independent of W and starting at = € R¢.
Our first goal is thus to give a meaning to the functional

t
Vi, = / 5o(BY, — y)W (dr, dy) 4.2)
0 R4

appearing in the exponent of the Feynman-Kac formula (4.1). To this aim, like in the
case of the formula for moments (see (3.12)), we will proceed by approximation. Namely,
we will approximate V' by the process

t
Vvtf:c = / / p€(Btmfr - y)W(d’I", dy)v €> 0; (43)
0 JR4

which is well defined as a Wiener integral for a fixed path of the Brownian motion B.
The convergence of the approximation V¢ is obtained in the next proposition, for which
we need to impose the following conditions on the function v and the measure p.

Hypothesis 4.1. There exists a constant 0 < 5 < 1 such that for any t € R,
0<5(t) < Calt|™? (4.4)

for some constant Cg > 0, and the measure ji satisfies

p(dg)

Proposition 4.2. Let V;°, be the functional defined in (4.3) and suppose that Hypothesis
4.1 holds. Then for fixed t > 0 and = € R?, the random variable Vi, converges in L2(Q)
towards a functional denoted by V; . Moreover, conditioned by B, V; , is a Gaussian
random variable with mean 0 and variance

t t
Vary (V) = / / ¥(r — s)A(B, — By)drds. (4.6)
0 Jo
Proof. Our first goal is to find
lim E[VSLV2]. 4.7)
£1,e0—0 ’ ’

To this aim, we set A7 ,(r,y) = p-(B{_, — y)1[,4(r). Then

BV = B[W(42)W (42)] =By [(45%. 42),]

t t
o [ | [ Pt @ FAZ 0 €0 — vty due
o Jo d
Furthermore, we can write foru <t

]:A;la:(uﬂ )(5) = .7:1751 (B.t];u - )(5) = 6_%E?|§|2+1<§’Bi>a
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and thus

(AfL, A?x>H = / / & Be=Bu) (4 — v)dudv e_%(5?+€§)|glzu(d§). (4.8)
' ' Re \ J[0,4]2
This yields

E[VaVa] = Es (47, A7),

/ / e 3Pl (4 — v)dudy e_%(‘e%“g)lwu(d@. (4.9)
re \J[0,1]2

ot 1:/ / e_%lglzlv_“W(u—v)dudv w(de).
R \ /(0,62

It is easily seen by direct integration and by using the hypothesis (4.4) that

Set now

—31eP fo—ul(q, — —3lelPlo—ul |y, _ =B _°c
e 2 v(u — v)dudv < cﬁ/ e 2 lu —v| P dudv < —.
/[0715]2 (0,12 14 [¢[2=28

2 p(d§)
O't Sc/l;d 1+‘€|2_2ﬂ7

which is a finite quantity by hypothesis (4.5). As a consequence, for every sequence
€, converging to zero, Vf; converges in L? to a limit denoted by V; , which does not
depend on the choice of the sequence ¢,,. Finally, by a similar argument, we show (4.6).
This completes the proof of the proposition. O

Thus

Remark 4.3. We could also regularize the noise in time, and define
Vi = W(ARD), (4.10)

where Afi has been introduced in (3.19). Then it is easy to check that fo converges as
§ tends to zero in L*(Q) to V£,

In order to give a meaning to formula (4.1) we need to establish the existence of
exponential moments for V; ... To complete this task, we need the following lemma.

Lemma 4.4. Suppose that Hypothesis 4.1 holds. Then for any ¢ > 0 there exists a
constant C. such that for any v > 0 we have:

sup e~ slEl® u(dé) < C. + % (4.11)
pi=p
neR4 JR4

Proof. The fact that the left hand side of (4.11) is uniformly bounded in 7 is proven
similarly to (3.7), but is included here for sake of readability. Indeed, consider n €

R?, v > 0 and define a function ¢, : R? — R, by ¢,(¢) = e~ #1¢-7°, Then according to
Parseval’s identity we have

/]Rd on(&) p(d§) = c/}Rd Fop(z) AMz)de = C/]Rd v_d/ge_% et m A(x)dzx.

We now use the fact that A is assumed to be nonnegative in order to get the following
uniform bound in n

2

c v_d/Qe_‘zL T)dr = = e_%lil2 .
[ eneuta <c | Maydz = [ @ utae) = | &5 uiag)

R4 R4
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To estimate the right-hand side of the above inequality we introduce a constant M > 0,
whose exact value is irrelevant for our computations, and let ¢y 1 = p(B(0, M)), where
B(0, M) stands for the ball of radius M centered at 0 in R?. Then the trivial bound
e~ 3167 < 1 yields

[t g e [ e i ugag)

|&|>M

Invoking the fact that the function  — x'~#e~* is bounded on R, we thus get

e df) Co n(dg)
5] dg) < €2 / M( < = / R S EA—
e w(de .
/|5|>M () vl=A |€|>M |€2728 = v1=h lelsm 1+ €226

Summarizing the above, we have obtained that

—yle—n? C2 /J,(dg)
e 2 pu(dé) < cpp + —— / —,
/Rd 00 Jigsar 14 [€12720

uniformly in 7 € R?. Our claim is thus obtained by choosing M large enough so that
2 Ji¢js % < ¢, which is possible by hypothesis (4.5). O

The following elementary integration result will also be crucial for the moment
estimates we deduce later.
Lemma 4.5. Let a € (—1 4 ¢,1)™ withe > 0 and set |a| = Y., o;. Recall (see (3.9))
that T,,(t) = {(r1,7r2,...,7m) € R™ : 0 <1 <--- <ry, <t}. Then there is a constant

such that
Hmt|a\+m

Tn(t,0) = i) <
(6.0 /m L =romar < pgary)

t) i1

where by convention, ro = 0.

Proof. Using identities on Beta functions and a recursive algorithm we can snow that

[, o+ e
I(la]+m+1)

I (t, @) =

)

and the result follows thanks to the fact that the I" function is bounded on (¢, 2). O

With these preliminary results in hand, we can now prove the exponential integrability
of the random variable V; , defined in Proposition 4.2.

Theorem 4.6. Let V, , be the functional defined in Proposition 4.2, and assume Hypoth-
esis 4.1. Then for any A € R and T' > 0, we have sup,¢jo 1}, zere E[exp(A V)] < oo. In
particular, the functional (4.1) is well defined.

Proof. Fix t > 0 and = € R4. Conditionally to B, the random variable V; , is Gaussian
and centered. From (4.6), we obtain

E[exp(A\Vi)] = Ep [exp (A; /Ot /Ot'y(r — $)A(B, — Bs)drdsﬂ =Ep [exp (221/)] :

where -
Y = / / v(r — s)A(B, — By)drds.
o Jo

In order to show that E [exp(A\Y')] < oo for any A € R, we are going to use an elaboration
of a method introduced by Le Gall [34] (see also [27, 29]). With respect to those
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contributions, our case requires a careful handling of the weights A and . Notice
in particular that in our general setting we do not have scaling properties, and some
additional work is necessary to overcome this difficulty.

Le Gall’s method starts from the following construction: forn > land k =1,...,2"!
we set
2k —2)t (2k—1)t 2k —1)t 2kt
Ink = {( on ) ) ( on ) >a Iy = {(2,,), 271)7 and Ay = Jnx X Ly

Notice then that {4, x; n > 1,k =1,...,2" '} is a partition of the simplex T5(¢), and in
addition I, 1 NI, = @ and J, ,—1 N Jp r = D (see Figure 1 for an illustration). We can
thus write

211,—1

Gnk, Where ayjp = / v(r — $)A(B, — Bs)drds.
n=1 k=1 An,k

Figure 1: Le Gall’s partition of T»(¢) into disjoint rectangles of decreasing area.

t ;

Az g !

Tt/8¢ A272 :

1

3t/4¢ A 1.1 !

Az :

5t/8¢ 1

1

t/2 I

Az '

3t/8¢ A2.l |

1

t/4 :

Az 1

t/8 :

1
——eo—0—0—0o—0o—0o 0o b

3t 5t 3t Tt t

Observe that for fixed n the random variables {a, x; k = 1,...,2""'} are independent,
owing to the fact that they depend on the increments of B on disjoint sets. Now, thanks
to the fact that J,,, N I, = @, for all (r,s) € A, we can decompose B, — B, into
(B, — B<2k_nl> +)— (Bs — B(Qk_nn ¢ ), where the two pieces of the difference are independent
Brownian motions. Thus the following identity in law holds true:

{B, — Bs; (1,8) € An i} @ {BT_ (2h—1)¢t — ES_ er-ne; (1, 8) € An,k} ,
piC piz

where B and B are two independent Brownian motions. With an additional change of

variables r — (2k2;1)t — r and (2’“2;1)’5 — s — s, this easily yields the following identity
@ ~
an; = v(r+s)A B(2k—1)t+r — Bes1:e_ ) dsdr
An,k 2" 2"
W [P [ _
= ¥(r + s) A(By + B;) dsdr := ay,.
0 0
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Summarizing the considerations above, we have found that

o) 277.71
Y=Y ans (4.12)
n=1 k=1
where for each n > 1 the collection {a, x; k = 1,...,2" "'} is a family of independent

random variables such that
(d) =
ank = Gn, With a, v(r + s) A(B, + Bs) dsdr,

where B, B are two independent Brownian motions. Notice that the transformation of
B, — B into B, + és we have achieved is essential for our future computations. Indeed, it
will be translated into some singularities (r —s)~! in a neighborhood of 0 in ]Ri becoming
some more harmless singularities of the form (r + s)~!. The proof is now decomposed in
several steps.

Step 1. First we need to estimate the moments of the random variable a,,. We claim that
for any € > 0 there exist constants C; > 0 and C5 > 0 (which depend on ¢) such that

Efa)'] < C.ym! (C;E> . (4.13)

In order to show (4.13), we first write

Ela]] / /[o ny ri+5;)E

) 2n
Let pp be the joint density of (B,, + Esl, o, By + Esm), which is a Schwartz function.
Hence, using the Fourier transform and the same considerations as for (3.29), we get

H A(B,, + B,)| dsdr.

i=1

7271]

m

m
/}R dHA O (x)dz = /}R e EED st ) T udey).

i=1

[IAB. +B.,

We now proceed as in the proof of Theorem 3.6, with an additional care in the computa-
tion of terms. Thanks to our assumption (4.4) on v and the basic inequality a + b > 2v/'ab
for nonnegative a, b, we have

Otmot

2n o

m

/ Cemr st ) T ) [ y(ri + si)dsdr
]771 R™

=1 i=1

— -1 m. &5 (riArj+siNs; . - s
< (2 ’BCﬁ)m/ . / / d -2 Zz,]:l §i-&i(riATj+sins;) Hu(d& H rzsz ) de’n
[0,5=]™ J[0,5%]™ JR™ i=1

i=1

and thus, invoking Cauchy-Schwarz inequality with respect to the measure [, (risq;)*g drds,
we end up with

1
m 2
Ea] < (27ﬁCﬁ)m/ / </ e~ Zig=1&i-&(rinry) HM<d§Z)>
[072%]71:, [0,2%]711, Rmd -

i=1

=21 Giéi(sinsg) d gd i
g (/R [ nide; ) [T(ris)~ % dsdr

i=1 i=1
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Since in the above expression, both integrals with respect to the measure ]_[7;1 w(d&;)
are symmetric functions of the r;’s and s;’s, we can restrict the integral to the region
T (2") where T,,,(¢t) has been defined in (3.9). Therefore, similarly to (3.30) and with
the convention ry = 0, we obtain that for any € > 0 the expectation E[a"] is bounded by

2

n m 2 m
_ m ST (e S 2
@%MWWLL“«Af ““IMﬁ““Hmm>|wA
m(zm m

=1

1 m 2
< (278C5)™(m!)? / (C + > Il — T gdr ,
( ﬁ) ( ) (T"L(Zn)l 1 S 1 1 B 1

=1

@

where we have used Lemma 4.4 and we have bounded r, ? by (r; — ri,l)‘g. We now
resort to the inequality (a + b)z < a2 + bz in order to get

20 C)™ (m!)> ( t H(\FﬂL “) H(n—nl)‘gdr>
ol (i

E [a})]
(g7 —Ti-1) 2 i=1

IA

2
mo g,

= (277Cp)™(m))? / S J[CF e —ry) T OO Ry
T

(37) pef0,1)m i=1

Hence, a direct application of Lemma 4.5 shows that there exists a positive constant K
such that )

m £ 0=l m

m\ L ma (55) 2z T2
E[a7] < K™(m!)? (Z ( )cgs > 2 >
= 1-3)1
=\ P2+ 5 +1)

We now simply bound (') by 2™ and recall that (2/3)® < I'(z + 1) < 2® for z > 0.
Allowing the constant K to change from line to line, this yields

E[a™] < K™(m!)? ZCE&T 2n

n

—1

1
This completes the proof of (4.13) with C.; = (3°,°, CZe~2t = !(11)"= )2, which is finite
because this series is convergent, and Cy; = Kt.

Step 2. We now start from relation (4.13) and prove the finiteness of exponential
moments for the random variable Y. It turns out that centering is useful in this context,
and we thus define @, ; = a, r — E[a, x]. Then E[a, ;] = 0, and for any integer m > 2
notice that:

E [(@n)™"] <271 (B [apy] + (Blani])™) < 2"Elay].-

Also recall that a,, (i) ay. Thus, using (4.13)

A = (20)™
BlepOas)] = 1+ 2 B(@n™ <1+ 3 2 (0,0
— m: 2 m.
= 2050\
<1+Z@(;ﬁ
m=2
EJP 20 (2015), paper 55. ejp.ejpecp.org

Page 24/50


http://dx.doi.org/10.1214/EJP.v20-3316
http://ejp.ejpecp.org/

Stochastic heat equation with multiplicative colored noise

Now choose and fix e such that CoAe2 ! < % and we obtain the bound

. o)2
22n

E [exp(A\a, 1)) <1+ (4.14)
for some positive constant C, ;. Next we choose 0 < h < 1, define by = H;.V:z (1 —
27"U=1), and notice that limy_,oc by = bes > 0. Then, by Hélder’s inequality, for all
N > 2 we have

1_g—h(N-1)

N 2n! N—12"!
E |exp )\bNE [ < |E [exp | Aby_1 p, i
n=1 k=1 n=1 k=1
N1 9—h(N—1)
X |E |exp )\bNQh(N_l) g an,k ,
k=1

and taking into account the independence of the {ayx;k < 2N=11 plus the identity
d
an.k @ ay, the above expression is equal to Ay By with:

1_g—h(N-1)

N—-12""1
Ay = E |exp | Aby_1 Z Zﬁmk
n=1 k=1
5(1—h)(N—1)
By = (E {exp ()\bNQh(N*UaN)D

We now appeal to the estimate (4.14) and the elementary inequality 1 + x < €%, valid for
any z € R. This yields

9(1—h)(N—1)
By < (1 ¥ C€,2b§V2*2NA222h<N*1>> < exp (05732*“1*’”) ,

for some positive constant C. 3. Notice that this is where the centering argument on a,, j
is crucial. Indeed, without centering we would get a factor 2~% instead of 272" in the
left hand side of the above expression, and By would not be uniformly bounded. Thus,
recursively we get

N 2ot N
E [exp | Aoy Z Tk < exp (Z C2_"(1_h)> E [exp(a1,1)] < 0.

n=1 k=1 n=2

Recalling now from (4.12) that Y —E[Y] =77 | Zi:ll an, and applying Fatou’s lemma,

we finally get
E [exp (Aboo (Y — E[Y]))] < o0,
which completes the proof. O

Our next result is an approximation result for the Feynman-Kac functional which will
be used in the next section (see Theorem 5.3). Towards this aim, for any ¢, > 0 we
define

. [uo(Bf)eXp(fo)} , (4.15)
where thf = W(AF?) and A2? is defined in (3.24).

Z T
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Proposition 4.7. For any p > 2 and T > 0 we have

lim lim sup E [|ufi —ug [P =0. (4.16)
el0 010 (1 zye[0,T]x R4 ’

Proof. First, we recall that (see Proposition 4.2 and Remark 4.3) for any fixed ¢ > 0 and
z € R? the random variable V;ff converges in L?(2) to V;, if we let first § tend to zero
and later ¢ tend to zero. Then in order to show (4.16) it suffices to check that for any
AeR
sup sup E [exp (x\foﬂ < 0. (4.17)
€,0 (t,x)e[0,T]xR*

Taking first the expectation with respect to the noise W yields

2l

Expanding the exponential into a power series, we will need to bound the moments of
the random variable HA?;SH%_[ To do this, we use formula (3.28) with B = Band e = ¢/,
0 = ¢'. Computing the mathematical expectation of this expression, we end up with:

E [exp ()\Vti’f)} =Ep [GXP </\22||A§£

o] = L 1y _ B e,
B[4zt - 5 | e | 5 2 Bl BBy Byl )

ij=1

W e—s i lal ny(ul + 51 — vy — 51) pu(d€) dsdsdudv.
=1

Thanks to the estimate

1 /% 3
sup 5—2/ / |u—|—s—v—r|_ﬁdsd7‘SCT,5|U—U|_5, (4.18)
o Jo

0<6<1

which holds for any u,v € [0, 7], and owing to assumption (4.4), we get

2n t t n
E [HA?;S H] <crsEp / / lu — v| P A(B, — B,)dudv ] . (4.19)
0 0
It is now readily checked that (4.17) follows from (4.19) and Theorem 4.6. O

4.1.2 Time independent noise

Suppose that W is the time independent noise introduced in Section 2.2. The Feynman-
Kac functional is defined as

t
Uy =E [uo(Bf)eXp (/ do(Br — y)W(dy)dr)} , (4.20)
0 JRd

where B* = {B; + z,t > 0} is a d-dimensional Brownian motion independent of W,
starting from x and uo € C,(IR?) is the initial condition.

As in the case of a time dependent noise, to give a meaning to this functional for
every t > 0, z € R? and ¢ > 0 we introduce the family of random variables

t
Viom [ o —pwiaar.
0
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Then, if the spectral measure of the noise yu satisfies condition (2.4), the family V;?,
converges in L? to a limit denoted by

t
Vi = / / 50(BT — y)W (dy)dr . @.21)
0 R4

Conditional on B, V; , is a Gaussian random variable with mean 0 and variance

t t
Vary (Vi) = / / A(B, — B.)drds. (4.22)
0 0

Furthermore, for any A € R, we have E [exp(\V; ;)] < oco. These properties can be
obtained using the same arguments as in the time dependent case and we omit the
details.

4.2 Holder continuity of the Feynman-Kac functional

In this subsection, we establish the Holder continuity in space and time of the the
Feynman-Kac functional given by formulas (4.1) and (4.20). These regularity properties
will hold under some additional integrability assumptions on the measure pn. To simplify
the presentation we will assume that uy = 1, and as usual we separate the time dependent
and independent cases.

4.2.1 Time dependent noise
For the case of a time dependent noise, we will make use of the following condition in
order to ensure Holder type regularities.

Hypothesis 4.8. Let W be a space-time stationary Gaussian noise with covariance
structure encoded by v and A. We assume that condition (4.4) in Hypothesis 4.1 holds
for some 8 > 0 and the spectral measure p satisfies

p(d§)
foo T <0

for some a € (0,1 — ().

Theorem 4.9. Assume Hypothesis 4.8. Let u be the process introduced by relation (4.1)
with ug = 1, namely:

t
uty = Eplexp (Vi;)], where V;,= / / do(BY_,. — y)W (dr, dy). (4.23)
0 JRrd

Then u admits a version which is (71, y2)-H6lder continuous on any compact set of the
form [0,T] x [-M, M]?, with any 1 < %, 72 < o and T, M > 0.

Proof. Owing to standard considerations involving Kolmogorov’s criterion, it is sufficient
to prove the following bound for all large p and s,t € [0, 7], z,y € R? with T > 0:

ElJure — tsyl'] < cpr (It = 5| % 42— y|7). (4.24)

We now focus on the proof of (4.24). From the elementary relation |e* — e¥| < (e” +
e¥)|z — y|, valid for z,y € R and applying the Cauchy-Schwarz inequality it follows

Ellute —usyl’] = Ew[|Eplexp (Vo)) — Eg [exp (Viy))]l"]
< Ew {Ej [(exp(Via) + exp(Vay)) [Via — Vayll} (4.25)
1/2 P 2 1/2 P 2
< B {EL [(ex0(Via) + exp(Viy))] } B{ER Vi — Vayl?]}
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We now resort to our exponential bound of Theorem 4.6 for V; ., Minkowsky inequality
and the relation between L? and L? moments for Gaussian random variables in order to
obtain:
» 917P/2
E(lute —usyl’) < ¢p [E [|Vtr = Vil H

We now evaluate the right hand side of this inequality.

Let us start by studying a difference of the form V; , — V; ,, fort € (0,7] and z,y € R.
The variance of V; , — V; , conditioned by B can be computed as in (4.6) and we can write

E “Vtr - V;f,y|2]

9Ep Uot /Ot'y(r — $)A(B, — By)drds — /Ot /Ot y(r — $)A(B, — By + x — y)drds

e r—s)(1—cos(¢, x—y)) e zlr=slle” rds
2 [ [ ] 2= cosiez ) pld€)drds.

Using condition (4.4) and the estimate |1 — cos(&, 7 — y)| < [£]2%|x — y|?>*, where 0 < o <
1 — 3, yields

t t
B (Vi = Vi) < Clo—y2 [ [ [ et ey aras.
0 JO

Finally, as in the proof of Proposition 4.2, Hypothesis 4.8 implies

T T ) ,
/ / / |r — s|7ﬁ675‘“s”§| |E12* p(d€)drds < oo,
o Jo Jmd

and thus E[|V; , — V] < Cla — y|**.
The evaluation of the variance of V; , — V ,, with0 < s <t < T, x ¢ R4 goes along
the same lines. Indeed, we write E[|V; , — V; .|?] < 2(A; + As), with

[ atse, - ywiara) ]

/S/ (50(820—7” —y) —0o(B;_, — y)) W (dr,dy)
0o JRa

Ay E

As E

2]
For the term A;, computing the variance as in (4.6) and using condition (4.4), we obtain

A, = Epg {/Ot_s /Ot_s Y(u — v)A(By — By) dudv}

t—s t—s
< Cﬂ/ / / lu — v Pe= vl |y(ag)dudv
0 0 R4

t—s
< COt- 8)/ / wPem 3’y (de)du.
0o Jme

Then, Hypothesis 4.8 allows us to write

JL e ) = et [ e e

[€[>1
for any o < 1 — 3, which leads to the bound A; < C(t — s)' .
The term A, can be handled as follows: as in (4.6) we write:

A2 =Ba [ [ 2w o)A B~ Bi) 4 Ay - Bis)

— 2A(Bi_y — Bay)] dudv}, (4.26)
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and changing to Fourier coordinates, this yields:

A2§2/03/03fy(u—v)/w

Using the estimate [e™" —e Y| < (e " +e ¥Y)|lz —y
and condition (4.4), we obtain

S S
Ay <Clt — s|°‘/ / / lu—v|~? (e—%|u—””f'2 + e—%'f—s—“+””5‘2) €2 u(d ) dudv .
0 0 R

Then, in order to achieve the bound A, < |t — 5|, it suffices to prove that

° ) - —Lt—s—u+tv||€]? «a
/o /0 Ju— vl B/Rde 3t omubelIEl ¢ (d€) dudv

is uniformly bounded for 0 < s < ¢t < T'. We decompose the integral with respect to the
measure p into the regions {|¢| < 1} and {|¢| > 1}. The integral on {|¢| < 1} is clearly
bounded because p is finite on compact sets. Taking into account of the hypothesis 4.8,
the integral over {|{| > 1} can be handled using the estimate

—Lu—vllel® _ ,—tlt—s—u-tolig]®

e wu(d€)dudv . 4.27)

@ forany0<a<1l-—pFandzx,y>0

s S
sup / / lu — U|—Be—%\t—s—u+vllﬁlzdudv < C|¢2h-2.
sitef0,71Jo Jo

Putting together our bounds on 4; and A,, we have been able to prove that E[|Vm —
Vs,z|?] < |t — s|*. Furthermore, gathering our estimates for V; , — V; , and V; , — V; ,,, this
completes the proof of the theorem. O

Remark 4.10. The results of Theorem 4.9 do not give the optimal Hoélder continuity
exponents for the process u defined by (4.1). Another strategy could be implemented,
based on the Feynman-Kac representation for the (2p)-th moments of u. This method
is longer than the one presented here, but should lead to some better estimates of
the continuity exponents. We stick to the shorter version of Theorem 4.9 for sake of
conciseness, and also because optimal exponents will be deduced from the pathwise
results of Section 5 (in particular Proposition 5.24).

4.2.2 Time independent noise

In the case of time independent noise, the next result provides a result on the Holder
continuity of the Feynman-Kac functional defined in (4.20). In this case we impose the
following additional integrability condition on p.

Hypothesis 4.11. Let W be a spatial Gaussian noise with covariance structure encoded
by A. Suppose that the spectral measure y satisfies

p(d)
/Rd I+ fefpi=a) =

for some « € (0,1).

Theorem 4.12. Let u be the Feynman-Kac functional defined in (4.20) with uy = 1,
namely:

t
o = Balep (V)] where Vi = [ ([ su(Bz —pwia)) an
0 R4
Then u admits a version which is (71, y2)-H6lder continuous on any compact set of the
form [0,T] x [-M, M]?, with any v, < 132, v» < o and T, M > 0.

Proof. The proof is similar to the proof of Theorem 4.9 and we omit the details. O
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4.3 Examples

Let us discuss the validity of Hypothesis 4.8 and Hypothesis 4.11 in the examples
presented in the introduction. In the case of a time dependent noise we assume that the
time covariance has the form v(z) = |z| ™%, 0 < 8 < 1.

For the Riesz kernel A(z) = |z|~", where u(d¢) = Cg|¢|"~%d¢, we already know that
Hypothesis 2.1 holds if < 2. On the other hand, Hypothesis 4.1, which allows us to
define the Feynman-Kac functional in the time dependent case, is satisfied if n < 2 — 28.
For the Holder continuity, Hypothesis 4.8 holds for any o € (0,1 — 3 — ) and Hypothesis
4.11 holds for any o’ € (0,1— ). Then, by Theorem 4.9 and 4.12, forany o € (0,1-3—12),
o' € (0,1 — 1), assuming uo = 0, the Feynman-Kac functional (4.1) is H6lder continuous
of order « in the space variable and of order 3 in the time variable, and the Feynman-Kac
functional (4.20) is Holder continuous of order « in the space variable and of order QT“
in the time variable.

For the Bessel kernel, we know that Hypothesis 2.1 is satisfied when n > d — 2,
and Hypothesis 4.8 holds when n > d + 25 — 2. By Theorem 4.9 and 4.12, for any
o€ (O,min("—;d —B+1,1))and o’ € (Qmin(% +1,1)), assuming ug = 0, the Feynman-
Kac functional (4.1) is Holder continuous of order « in the space variable and of order %
in the time variable, the Feynman-Kac functional (4.20) is Hélder continuous of order o’

o’ +1

in the space variable and of order 5= in the time variable.

Consider the case of a fractional noise with covariance function ~(t) = H(2H —
1)[¢[2H-2 and A(z) = [°_, H;(2H; —2)|2;|2#i~2. We know that Hypothesis 2.1 holds when
Z?zl H; > d — 1. Moreover, when Z?:l H,; >d—2H + 1, Hypothesis 4.8 is satisfied. By
Theorem 4.9 and 4.12, for any a € (0,.% | H;+2H —d—1) and o/ € (0,0, H; —d+1),
assuming ug = 0, Feynman-Kac functional (4.1) is Holder continuous of order « in the
space variable and of order 3 in the time variable, which recovers the result in [29]). On
the other hand, Feynman-Kac functional (4.20) is Holder continuous of order o' in the
space variable and of order % in the time variable.

5 Equation in the Stratonovich sense

In this section we consider the following stochastic heat equation of Stratonovich
type with the multiplicative Gaussian noise introduced in Section 2.1:

As in the previous sections, the initial condition is a continuous and bounded function
ug. We will discuss two notions of solution. The first one is based on the Stratonovich
integral, which is controlled using techniques of Malliavin calculus and a second one is
completely pathwise and is based on Besov spaces. We will show that the Feynman-Kac
functional (4.1) is a solution in both senses, and in the pathwise formulation it is the
unique solution to equation (5.1).

We will also discuss the case of a time independent multiplicative Gaussian noise
introduced in Section 2.2, that is

ou 1 oW

T 2Au+U7ﬁx1--~6a:d , (5.2)

with an initial condition uy € C,(R%). As in the case of a time dependent noise, we will
show that the Feynman-Kac functional (4.20) is both a mild Stratonovich solution and a
pathwise solution.
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5.1 Stratonovich solution

Our aim is to define a notion of solution to equation (5.1) by means of a Russo-Vallois
type approach, which happens to be compatible with Malliavin calculus tools. As usual,
we divide our study into time dependent and time independent cases.

5.1.1 Time dependent case

Let W be the time dependent noise introduced in Section 2.1. In this case, we make use
of the following definition of Stratonovich integral.

Definition 5.1. Given a random field v = {v; ,;t > 0,2 € R} such that

T
/ / [vg,¢| dadt < o0
0o Jre

almost surely for all T > 0, the Stratonovich integral fOT Jga Ve, W (dt, dz) is defined as
the following limit in probability, if it exists:

T
lim lim/ / v WEL dasdt
el0 610 Jo JRa ’

where Wif is the regularization of W defined in (3.12).

With this definition of integral, we have the following notion of solution for equation
(5.1).
Definition 5.2. A random field u = {u;,;t > 0,2 € R?} is a mild solution of equation
(5.1) with initial condition ug € C’b(]Rd) ifforanyt >0 andz € R? the following equation
holds

t
Ut = pruo(z) + / /d Pr—s(x — y)usy, W(ds, dy), (5.3)
0o JR

where the last term is a Stratonovich stochastic integral in the sense of Definition 5.1.
The next result asserts the existence of a solution to equation (5.3) based on the
Feynman-Kac representation.

Theorem 5.3. Assume Hypothesis 4.1 holds true. Then, the process u defined in (4.1) is
a mild solution of equation (5.1), in the sense given by Definition 5.2.

Proof. We proceed similarly to Section 3.2. Consider the following approximation to
equation (5.1)
Ous®

ot

with initial condition ug, where Wf f is defined in (3.12). From the classical Feynman-Kac
formula, we know that

1 .
— 5Aus,(s + us,(sWEKS (5.4)

t,x

t
u;’g =Ep [uO(Bf) exp </0 We’é(t — s,BZ)ds)} . (5.5)

Moreover, thanks to Fubini’s theorem, we can write

t t—s
! / / / pe(BE — y)W (dr, dy) | ds
0 Jo \J@—s—s), Jre

= WA=V,

t
/ Wed(t — s, BY)ds
0
where Af;g is defined in (3.19) and fo is defined in (4.10). Therefore, the process uifz
is given by (4.15), and Proposition 4.7 implies that (4.16) holds.
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Next we prove that u is a mild solution of equation (5.1) in the sense of Definition 5.2.
Taking into account of the definition of the Stratonovich integral, is suffices to show that

//]detsx* ) (U — usy) WES dyds

converges in L?()) to zero when first § tends to zero and later ¢ tends to zero. To this
aim, we are going to use the following notation:

1
¢§,’S(Ta z) = 51[(875)%3] (r)pe(y — 2z), and ugy, - =ugy o _ Us,y-

In particular, notice that Wﬁ; =W ( ;’2). Then,

GE& / / /Rp —s(@ = y)per(z = 2)B [ugu W (Yod) W (v52)] dydzdsdr,

and the expected value above can be analyzed by integration by parts. Indeed, according
to relation (5.5), it is readily checked that a5jus? = E 5257 . .], with

siylUrlz S,Y,T,2
256 = ua(BY) s (VD) — exp (V)] () [exp (Vo) —exp (V2)]

and where B, B designate two independent d-dimensional Brownian motions. Moreover,
a straightforward application of Fubini’s theorem yields:

E [0Sl W (vi) W (i)] = Bp 5 {Bw [255,. W (¥5) W (72)]} -

We can now invoke formula (2.11) plus some easy computations of Malliavin derivatives
in order to get:

E[(G°0)°] = A1 + 4, (5.6)

where

t ot
A= / / /]de Pr-s(® = y)pe—r(z — 2)E [ E,g ii] ( ?g, v 6>dedzdsdr
0 0

and .
Ay = / / / pi—s(x — y)pi—r(z — 2)E [ Z 3 LS g 2] dydzdsdr,
0o Jo JR

with the notation

Togre = (W55 AZEP = 60(Bi. — (i, AZH = S0(BY. = )n
WD, ASSE — 0(BY_. — Vulws?, AZDF — 6o(BI_ — Yy
+(s8, ATYP = 60(By_. — Nm(wil, AP — o(BY_. = )
S0, AZEP = So(BI_. = Vmd, AZSP — do(BI_. — )w
According to Proposition 4.7, we know that
limlim  su w2012 =0,
el0 5»1/0 SE[O T]Izele U % y ]
and with the same arguments as in Proposition 4.7 we can also show that
lim lim sup E||Z: 57 J?] =o0.
b0 610 4 rc[0,T],y,2€R4 [ Y ]
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Therefore, with formula (5.6) in mind, the convergence to zero of BeY will follow,
provided we show the following quantities are uniformly bounded in ¢ € (0,1) and
6 €(0,1)

01 .—/ / / pi—s(x — Y)pi—r(x — 2) |<¢6 0o f;§>ﬁ|dydzdsdr (5.7)
R2d
and
02 —/ / / Di—s(T — Y)pt—r(x — 2 Hl"symugdydzdsdr, (5.8)
R2d
where [T i +-|l2 stands for the norm of I';; i »- in L*(€2). The remainder of the proof is

thus just reduced to an estimation of (5.7) and (5.8).

In order to bound 6,, we apply the estimate (4.18) and the semigroup property of the
heat kernel, which yields

1 s r
{ i;i, ffb% = 572/ / ~v(u — v)dudv / Pe(y — 21)pe(z — 22)A(2z1 — 22)dz1d 22
(s=08)+ J(r—0)+ R2d
<erglr—s7" /d p2e(y — 2z — w)A(w)dw.
R

Substituting this estimate into (5.7), we obtain

2t
91<CT5/// Dot —s—rr2e(W)A(w)|r—s|” dw<cT6/ /pgts (w)dwds < oo,

where we get rid of € in Fourier mode, similarly to the proof of (3.27).

We now turn to the control of 65: we first write, using the estimate (4.18) and the
semigroup property of the heat kernel,

1 S r—o T
Wi = w [ [ [ =m0 s
(s=8)4+ J(r—o—=6)4 JO JR24

XA(z1 — 2z2)dz1dzododvdu
erp [ [ by = Bi o —w)Atw)ls - ol Pdudo
0 JRd

Invoking again arguments of Fourier analysis, analogous to those in the proof of (3.27),
we can show that

IN

4

T 4
poc(y — B7_, —w)A(w)|s — 0| Pdwdo| | <E /A(BT,U)|S—0|_’BCZU ],
R4 0
and
sup E B,_5)|s —a|” ’Bda < 0.
r,s€[0,T]

This implies that ||, _||,, and thus, 0,, are uniformly bounded. The proof of the
theorem is complete. O

Remark 5.4. Consider the case where the space dimension is 1, A(x) is the Dirac
delta function dy(z) corresponding to the white noise, which in our setting means that
condition (4.5) is satisfied with 0 < 8 < % Then our theorems of Section 4 cover
assumption (4.4), with 0 < 8 < % too, if we interpret the composition A(B, — By) as a
generalized Wiener functional. Notice that in the case of the fractional Brownian motion
with Hurst parameter H (that is y(z) = cy|z|?" ~2) the condition 0 < 8 < 1 means that
H > %. In this case it is already known that the process defined by (4.1) is still a solution

to equation (5.1) (see [29]).
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5.1.2 Time independent case

Let W be the time independent noise introduced in Section 2.2. We claim that as in the
time independent case, the Feynman-Kac functional given by (4.20) is a mild solution to
equation (5.2) in the Stratonovich sense.

The Stratonovich integral with respect to the noise W is defined as the limit of the
integrals with respect to regularization of the noise.

Definition 5.5. Given a random field v = {vy;x € R%} such that [p, |vs|dz < oo al-
most surely, the Stratonovich integral [, v,W (dz) is defined as the following limit in
probability, if it exists:

li Wed

B33 Ja PV
where W< = Jra pe(x —y)W (dy).

With this definition of integral, we have the following notion of solution for equation

(5.2).
Definition 5.6. A random field u = {u;,;t > 0,z € R?} is a mild solution of equation
(5.2) if we have

e = prio() + /0 t ( /R prsla- y)us,ywuy)) ds

almost surely for allt > 0, where the last term is a Stratonovich stochastic integral in
the sense of Definition 5.5.

The next result is the existence of a solution based on the Feynman-Kac representa-
tion.

Theorem 5.7. Suppose that 1 satisfies (2.4). Then, the process u; , given by (4.20) is a
mild solution of equation (5.2).

The proof of this theorem is similar to that of Theorem 5.3, and it is omitted.

5.2 Existence and uniqueness of a pathwise solution

In this section we define and solve equations (5.1) and (5.2) in a pathwise man-
ner in R?, when the noise W satisfies some additional hypotheses. Contrarily to the
Stratonovich technology invoked at Section 5.1, the pathwise method yields uniqueness
theorems, which will be used in order to identify Feynman-Kac and pathwise solutions.
At a technical level, our results will be achieved in the framework of weighted Besov
spaces, that we proceed to recall now.

5.2.1 Besov spaces

The definition of Besov spaces is based on Littlewood-Paley theory, which relies on
decompositions of functions into spectrally localized blocks. We thus first introduce the
following basic definitions.

Definition 5.8. We call annulus any set of the form C = {z € R : a < |z| < b} for some
0 < a < b. A ball is a set of the form B = {z € R : |z| < b}.

The localizing functions for the Fourier domain alluded to above are defined as
follows.

Notation 5.9. In the remaining part of this section, we shall use x, ¢ to denote two
smooth nonnegative radial functions with compact support such that:

EJP 20 (2015), paper 55. ejp.ejpecp.org
Page 34/50


http://dx.doi.org/10.1214/EJP.v20-3316
http://ejp.ejpecp.org/

Stochastic heat equation with multiplicative colored noise

1. The support of x is contained in a ball and the support of ¢ is contained in an
annulus C with a = 3/4 and b = 8/3;

2. We have x(§) + 3,5, p(277€) =1 for all ¢ € R%;
3. It holds that supp(x) N supp(¢(2=%)) = @ fori > 1 and if |i — j| > 1, then
supp(p(27"+)) N supp(p(277+)) = @.
In the sequel, we set ¢; (&) = p(279€).

For the existence of x and ¢ see [2, Proposition 2.10]. With this notation in mind, the
Littlewood-Paley blocks are now defined as follows.

Definition 5.10. Let u € S'(RY). We set
A_ju=F YxFu), andforj>0 Aju=F '(p; Fu).

We also use the notation Spu = Z?;il Aju, valid for all k > 0.

Observe that one can also write A_ju = K * u and Aju = Kjxuforj > 0, where
K = F~'y and K; = 21 F~1(27.). In particular the A;u are smooth functions for all
u € §'(RY).

In order to handle equations whose space parameter lies in an unbounded domain like
R?, we shall use spaces of weighted Hélder type functions for polynomial or exponential
weights, where the weights satisfy some smoothness conditions. In this way we define
the following class of weights.

Definition 5.11. We denote by W the class of weights w € C;°(R%; R..) consisting of:

* The weights p,, obtained as functions of the form c (1+|z|*)~!, with x > 1, smoothed
at 0.

e The weights e) obtained as functions of the form ce Ml with A > 0, smoothed at
0.

e Products of these functions.

Notice that more general classes of weights are introduced in [44]. We have also
tried to stick to the notation given in [24], from which our developments are inspired.

Weighted Besov spaces are sets of functions characterized by their Littlewood-Paley
block decomposition. Specifically, their definition is as follows.

Definition 5.12. Let w € W and k € R. We set

B (RY) = {f & &/ (R; e = 500 2% Ay 1~ < oo} | (5.9)

jz—

We call this space a weighted Besov-Holder space. When w = 1, we just denote the space
by B*(R?), and it corresponds to the usual Besov space B5, ., (R?).

Notice that we follow here the terminology of [44]. The weighted Besov-Holder
spaces are well understood objects, and let us recall some basic facts about them.

Proposition 5.13. Let w,w;,ws € W, k € R and f € B%(R?). Then the following holds
true:

(i) There exist some positive constants c;, ¢z, such that c. ,[fwll. < [fllwx <
il fwll.

(ii) For k € (0,1), we have f € Bt (R?) iff fw is a k-Hélder function.

(iil) If w1 < wo we have || f|lwy.x < ||fllws,x-
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Proof. Ttem (i) is borrowed from [44, Chapter 6]. The fact that B"”“(]Rd) coincides with
the space of Hélder continuous functions C*(R?) for « € [0,1] is shown in [2, Theorem
2.36], and it yields item (ii) thanks to (i). Finally, item (iii) is also taken from [44, Chapter
6]. O

Let us now state a result about products of distributions which turns out to be useful
for our existence and uniqueness result.
Proposition 5.14. Let wy,ws be two weight functions in W, and k1, ko € R such that
ke < 0 < k1 and K1 > |k2| and let w = wywy. Then

(f1, f2) € Byt x B2 —— f1 fo € By?  is continuous. (5.10)
Furthermore, the following bound holds true:

I f1 follgre < ||fl||z§:‘;1l Hf2||55é. (5.11)

Finally we label the action of the heat semigroup on functions in weighted Besov
spaces.

Proposition 5.15. Letw € W, k € R and f € B%(R?). Then for allt € [0,7], v > 0 and
k > Kk we have

||ptf||w,i% S CT,w,/{,Pati% Hf”w,/iv and H[Id - pt]f”w,kan'y S C'r,w,'y t’Y”wa,n'

5.2.2 Notion of solution

In order to give a pathwise definition of solution for equation (5.1), we will replace the
noise W by a nonrandom Holder continuous function in time with values in a Besov space
of distributions, denoted by . We will show later (see Proposition 5.22) that under
Hypothesis 4.8, almost surely the mapping ¢t — W (1j94®), ¢ € D, is Holder continuous
with values in this Besov space. We thus label a notation for this kind of space.

Notation 5.16. Let § € (0,1), x € R and w € W. The space of §-Hélder continuous
functions from [0,T] to a weighted Sobolev space Bf, is denoted by C?’,';. Otherwise
stated, we have C{‘;”; = C%([0,T); BY). In order to alleviate notations, we shall write C%:"
only when the value of T is non ambiguous.

Now we introduce the pathwise type assumption that we shall make on the multi-
plicative input distribution 7.

Hypothesis 5.17. We assume that there exist two constants 0,k € (0,1) satisfying
115 <9 <1, suchthat ¥ € C?;: for any o > 0 arbitrarily small.

We also label some more notation for further use:

Notation 5.18. For a function f : [0,T] — B, where B stands for a generic Banach space,
we set dfss = ft — fs for 0 < s <t <T. Notice that § has also been used for Skorohod
integrals, but this should not lead to ambiguities since Skorohod integrals won’t be used
in this section.

With these preliminaries in hand, we shall combine the following ingredients in order
to solve equation (5.1):

e Like the input 7, the solution u will live in a space of Holder functions in time, with
values in a weighted Sobolev space of the form Bf. This allows the use of estimates
of Young integration type in order to define integrals involving increments of the form
ud¥ .
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e We have to take into account of the fact that, when one multiplies the function u, € BZ";
by the distribution 6% € B, ", the resulting distribution us6%;; lies (provided x, > k)
into the space B.;, . This will force us to assume in fact us € By, where the weight
ws € YV decreases with s.

Let us turn now to the technical part of our task. We first fix positive constants A\, o and
define a weight wy = e)t,:. We shall seek the solution to equation (5.1) in the following

space:

Dl = {f e c(lo,T) x RY; | fi

Bin < Cryf

we

and || fe — follpge <cglt—s

bu o< s<t< T}. (5.12)

We introduce the Holder norm in this space by

Ife = fsllse

(5.13)
o<s<t<T |t — 8%

||f||1)§'lfu~”u =

Ousku

We now introduce a pathwise mild formulation for equation (5.1) in the spaces D/\’U

Definition 5.19. Suppose that ¥ satisfies Hypothesis 5.17. Let u € Diﬁ‘o’,"“ for fixed
Ao >0,0,+60>1andr, € (x,1). Consider an initial condition ug € Bf;. We say that u

is a mild solution to equation

ou 1 o

with initial condition ug if it satisfies the following integral equation

t
e = pouo + / Po_s (s #(ds)), (5.15)
0

where the product u# is interpreted in the distributional sense of (5.10) and the time
integral is understood in the Young sense.

Remark 5.20. Let us specify what we mean by J}' := fot pi—s (us # (ds)) under the
conditions of Definition 5.19. First, we should understand J;* as

t—e
Ji = lim J;"°, where J;"° = / Pr—s (us # (ds)) .
e—0 0
The integration on [0, ¢ — ¢] avoids any singularity of p;_, as an operator from 5" to B"+,
so that J;"¢ is defined as a Young integral. This integral is in particular limit of Riemann
sums along dyadic partitions of [0, ¢]:

2m 1 .
ue 1 _Jt
Jt = HILH;O Z De—tn (Ut; 5%]’?t;?+1) 1j0,t—¢)(t}41), where t7 = Tk
j=0
We then assume that one can combine the limiting procedures in n and ¢ (the justification
of this step is left to the patient reader), and finally we define:

2" —1
Ji = lim J", where J'" =Y pop (ut? a%y%). (5.16)
=0

n—oo

Here again, recall that the product Ugr 6%;Lt7+1 is interpreted according to (5.10). This
will be our way to understand equation (5.15).

We can now turn to the resolution of the equation in this context.
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5.2.3 Resolution of the equation

Our existence and uniqueness result takes the following form:

Theorem 5.21. Let # be a Holder continuous distribution valued function satisfying
Hypothesis 5.17, and let \,o be two strictly positive constants. Consider an initial
condition ug € Bfy. Then:

(a) There exist 0, k,, satisfying 6,, + 6 > 1 and k, € (k,1), such that equation (5.15)
admits a unique solution in DG“’”“

(b) The application (ug, #') — u is continuous from B x C%;: to D/G\f”f“.

Proof. We divide this proof into several steps.

Step 1: Definition of a contracting map. We fix a time interval [0, 7], where 7 < T, and
along the proof we denote by DO“’““ and || - ||Deu ~. the space and the Hoélder norm

defined in (5.12) and (5.13), respectlvely, but restricted to the interval [0, 7].

We consider a map I" defined on Di " by I'(u) = v, where v is the function defined
by v := pup + J{* as in Remark 5.20. The proof of our result relies on two steps: (i) Show
that T defines a map from D} to D{*", independently of the length of the interval
[0, 7]. (ii) Check that T is in faét a contraction if 7 is made small enough. The two steps
hinge on the same type of computations, so that we shall admit point (i) and focus on
point (ii) for sake of conciseness.

In order to prove that I' is a contraction, consider u!, u? € Dii@;’““, and for j = 1,2 set
v/ = I'(u?). For notational sake, we also set u'? = u! —u? and v'? = v! — v2. Consistently
with equation (5.15), v'? satisfies the relation

¢
v}? :/ pi—r (up® W (dr)) .

0

Notice that the function v!? is in fact defined by relation (5.16). We have admitted
point (i) above, which means in particular that we assume that the Riemann sums in
(5.16) are converging whenever u'? € Df)\:‘(;"“'. We now wish to prove that, provided 7 is
small enough, we have ||”12||D§7fu < %||u12||D§1$M.

Step 2: Study of differences. Let 0 < s < t < 7. We decompose v}? — vl? as LL, + L2,
with

s t
Lit = / [pt—s - Id] Ps—v ( 1) W(d’l})) ’ and sz = / Pt—v (u1112 W(dv)) 9
0 s

where the Young integrals with respect to #'(dv) are understood as limit of Riemann
sums as in (5.16). We now proceed to the analysis of L., and L2,

As in relation (5.16), we write L!, = lim, Li;”, where we consider points s} =
27"ks in the dyadic partition of [0, s] and where we set

2" -1
17” - nen
L =3 s — Wl pasy (ul Wi, ) (5.17)
7=0
In order to estimate L., let us thus first analyze the quantity L1 n L1 ". Indeed, it is

readily checked that L:;"t1 — 11" = ij o' L™, where L™ is defined by:

S2j+152j+2

Ll nd [pf s Id] Py_ sn+1 U nt1 OW i1 ni1 )7[pt—s - Id] psfsgjl ( 71-%—1 5W”+1 ntl ) .

J+1 ( Saj41 S2j4+152542 s
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We now drop the index n + 1 in the next computations for sake of readability, and write
LL"J _ Lll’n’j _ L121n7j ith
st - st st wit

11,n,5 12 11 ,
Lst "= [pt—s - Id} Ps—s2j41 (CSUSQ] 82541 6Wé§2j+132j+2> : [pt s Id] I
12,n,j 12 )
Lst o= [pt,s - Id} [ps2j+1*82j B Id] Ps—s2;11 ( . 6%2J+1521+2) : [ptfs - Id] nJ
We treat again the two terms L'} 1>/ separately.
Owing to Proposition 5.15, we have
t— o /2 . —x
LA™ g < (8 — 8)° [ LI | 20 < A L Ve :ﬁf””””lg”f
wi we 6, + futt
(s — s2541) 2
Let us now recall the following elementary bound:
C,
Van(x) =% = 0<pqau() < m%’ for z,a,k € Ry. (5.18)

This entails w; < ¢, (t —t2j41)” W, ,, po, and according to (5.11) we obtain

L11 .y _ (t — S) u ||5'U:g2js2]+1 5%%4-1 S$25+2 ||Z5’w52 100
L gy < e
(s = s2jp1) 0t 72 H
< (t - 8)9 ”6u52152]+1 ||Bf;,7;2j+1 ||57/82j+152j+2 ”B;:
- (s — 82j+1)0“+w2+~+0
) o (t =) [[u'2l| pguwa 17 llca, (7) 0
B (s — S2j+1)9“+wT+K+U 2" .

12,m,j -
As faras L; ST concerned, we have as above:

12,n,
g™ |

gru < c(t— s) u ||L12 n’J”BZf;HG“' (5.19)

wi

We now take an arbitrarily small and strictly positive constant € and write:

12,n, —0
HL nj”sgg“‘?u < (s2j41 _52j)1 i ps—52j+1( izQJ 6%21+152J+2)HBHH+29u+2(1—9+€)
we
< (52j+1_82j)1_0+6 H 12 S, ||
Bl (5_52j+1)1+9u—9+5+7nu2+m ooy 0P s2guasajeallBay -

and thus relation (5.19) entails:

(% 12
‘Bnu < o (t_ S) “ ||’LL ”’Dii;"“ HW||C§:;"

s \ l+e
wi = p) OO et (27) '

HL12 ,n,J
(s — 82541

Putting together the last two estimates on L.} "™’ and L>™ and choosing #, = 1 — 60 +¢,
we thus end up with:

o (t— 5)9“ um”Diuav“u W”cg;“‘

1+e
e < ’ (—) . (5.20)
Bow S e
¢ (s 52j+1)2—20+2e+%+a 2n

L5

i 1, .
Let us now discuss exponent values: for the convergence of L ;" we need the condition

2-20+2¢+ ;_ +o<1
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to be fulfilled. If we choose k,, = k + 2¢, we can recast this condition into 6 > 1*7” + 35%

Since ¢, 0 are chosen to be arbitrarily small, we can satisfy this constraint as soon as
0 > HT“ which was part of our Hypothesis 5.17. For the remainder of the discussion, we
thus assume that

2—-20+ 2+ 2+ +o0=1-—7n, with n>0.

Step 3: Bound on L%,. We express lim,, .., LL" as L};" + 3250 (LY — LL™"). Now

Z ”Ll n+l

oo 2™—1

Ln,j
e <> > L™ sy

n=0 j=0

and plugging our estimate (5.20), we get that >.°° || LL" ™" — LL"|| sre is bounded by:

082 1 gt (= 5% 3 () |5 22”71—1
Co ||U Ok 0,—x (L — S
4 ,DA,UN CPO‘ =0 2” 277, =0 (5—52]'_’_1)1777

Furthermore, the following uniform bound holds true:

2" —1

s 1 < /S dr .
- .- S¢C — = CS7,
2 = (5= sg541)' " o 77

and thus
1 o0 s e
1, 1, w m
E HL ot LsthBfﬁ SCS" (t—s)9 E (27) §08n+6 (t—s)e s
n=0

which ensures the convergence of L Finally, invoking our definition (5.17) plus the
fact that u{? = 0, it is readily checked that Lst = 0. Thus the relation above transfers
into:

IN

N U R PR

cTmte ||U12||D§TLU,M HV/HC&:N (t — 5)0. (5.21)

I Latllsr

IN

Step 4: Bound on L?,. The bound on L?, follows along the same lines as for Lst , and is
in fact slightly easier. Let us just mention that we approximate L%, by a sequence Li;“
based on the dyadic partition of [s, t], namely s} = s + j27"(¢ — s). Like in Step 2, we end

21,n,3 L22 n,j

up with some terms L, , where

21,m,5
Lst " :p8*82j+1 (6 . oW

32182]+1 52]’+132j+2)

and
22,n,j 2
L3 "= [P52j+1—52_7~ - Id] Pt—s2j41 ( 12, (W/Szﬁlszwz) :
From this decomposition, we leave to the patient reader the task of checking that
relation (5.21) also holds true for L?,.

Step 5: Conclusion. Putting together the last 2 steps, we have been able to prove that
forall 0 < s <t <7 we have

0y
Wlgs - (£ = 5).

wy

||vt1 — 'UIQHBHU, < e7hte HUHHDZ“G’M
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Thus, choosing 7 = (¢ \|7/||Cg,fn/2)1/(6+’7), this yields

a2l e (£ =)™,

DN | =

[0 = 0%l gge <

namely the announced contraction property. We have thus obtained existence and
uniqueness of the solution to equation (5.15) on [0, 7]. In order to get a global solution
on an arbitrary interval, it suffices to observe that all our bounds above do not depend
on the initial condition of the solution. One can thus patch solutions on small intervals
of constant length 7. The continuity result (b) is obtained thanks to the same kind of
considerations, and we spare the details to the reader for sake of conciseness.

O

5.2.4 Identification of the Feynman-Kac solution

This section is devoted to the identification of the solution to the stochastic heat equation
given by the Feynman-Kac representation formula and the pathwise solution constructed
in this section. Calling v the Feynman-Kac solution, the global strategy for this identifi-
cation procedure is the following:

1. Relate the covariance structure (2.1) of the Gaussian noise W to Hypothesis 5.17.
We shall see that our Hypothesis 4.8 implies that W satisfies 5.17 almost surely for
suitable values of the parameters 6 and .

2. Prove that /" coincides with the pathwise solution to (5.15), by means of approxi-
mations of the noise W.

We now handle those three problems.

Let us start by establishing the pathwise property of W as a distribution valued
function.

Proposition 5.22. Let W be a centered Gaussian noise defined by ;1 and vy as in (2.1),
satisfying Hypothesis 4.8 for some 0 < o < 1 — 3. Then the mapping (t, ) — W (1 4¢)
is almost surely Holder continuous of order ¢ in time with values in B, " for arbitrarily
small o and for all §,x € (0,1) such that§ < 1 — g and k > 1 — «a — . That is, almost
surely W satisfies Hypothesis 5.17. Moreover, W||c,§(,;n is a random variable which
admits moments of all orders.

Proof of Proposition 5.22. Fix k > kK’ > 1 — a — 3. For g > 1, let us denote the Besov
space B, %, , by A, and recall that the norm on A, is given by:

2 —2gikK’ 2
I, = D2 27 A1 -

j=—-1

We will choose ¢ large enough so that A, < B, ", a fact which is ensured by Besov
embedding theorems. We will show that almost surely:

[6Willa, < Z(t—s)°, (5.22)

for any 0 € (0,1 — g) and the random variable Z admitting moments of all orders. This
will complete the proof of the proposition.

To this aim, recall from Section 5.2.1 that A, f(x) = [K; * f](z), where K;(z) =
274K (27z) and K is the inverse Fourier transform of . Otherwise stated, K; is the

EJP 20 (2015), paper 55. ejp.ejpecp.org
Page 41/50


http://dx.doi.org/10.1214/EJP.v20-3316
http://ejp.ejpecp.org/

Stochastic heat equation with multiplicative colored noise

inverse Fourier transform of ¢;. With these preliminary considerations in mind, set
Km(y) = Kj(ﬂc —y) and evaluate:

Z 2—2an/ /

E [||6WStH?fJ E [\W (g ® Kj,$)|2q] () da

i>-1 Rk
< gy 270 /Rd E¢ [’W(l[s,t] ®ijx)]2} p2(x)dx  (5.23)
jz-1

Moreover, we have
B[ e )] = [ (] FRR ) 2t dudo
[s,¢]2 \JRd

< (t—s)*" /}Rd o (277)|” (). (5.24)

Let us introduce the measure v(d¢) = u(d¢)/(1+|¢|>~>=A)), which is a finite measure on
R¢ according to our standing assumption. Also recall from Notation 5.9 that Supp(y) C
{r € R?:a < |z| < b}. Hence

[ 1o @OOF a9 < [ toaulie) [1+16202] vide) < g, 200,
RA Ra

Plugging this identity into (5.24) and then (5.23) we end up with the relation E[||§W; ||f4qq] <

cq(t—35)?7P)4, valid forall 0 < s < ¢ < T and any q > 1. A standard application of Garsia’s
and Fernique’s lemma then yields relation (5.22), and thus Hypothesis 5.17 . O

Remark 5.23. In particular, equation (5.14) driven by W admits a unique pathwise
solution in Diﬁ‘f“, as in Theorem 5.21, for some 6, > g and xk, > 1 — a — 3. Notice here
that one obtains (see Theorem 5.3) the existence of a solution to our equation in the
Stratonovich sense under Hypothesis 4.1 only. We call this assumption the critical case.
In order to get existence and uniqueness of a pathwise solution we have to impose the
more restrictive Hypothesis 4.8 with an arbitrarily small constant «, which can be seen
as a supercritical situation. This is the price to pay in order to get uniqueness of the
solution.

We now turn to the second point of our strategy, namely prove that the Feynman-Kac
solution u* coincides with the unique pathwise solution to equation 5.14 driven by W.

Proposition 5.24. Let u’" be the random field given by equation (4.1). Assume that W
satisfies Hypothesis 4.8. Then there exist 0,, > g and k, > 1 — a — B such that almost
surely u belongs to the space Di”{;"“. Moreover, v is the pathwise solution to equation
(5.14) driven by W. ’

Proof. To show that ! is the pathwise solution to equation 5.14, we use the fact that
f:m is the limit in LP(Q)) of the approximating sequence ufi introduced in (4.15) (see

(4.16)) as ¢ and ¢ tend to zero, for any p > 1. On the other hand, it is clear that ud is
the pathwise solution to equation (5.14) driven by the trajectories of Wed

u

t
ui’é = pyug +/ Di—s (u§’5 Ws’a(ds)) )
0

Then, it suffices to take the limit in the above equation to show that u* is a pathwise
solution to equation (5.14) driven by W. In fact, that for two particular sequences ¢,, | 0
and d,, | 0 We%» converges to W almost surely in the space Cg’;f. This implies (see

Theorem 5.21 item (b)) that u"% converges almost surely to a process u in Diﬁ‘f“,
which is the pathwise solution to equation 5.14 driven by W. Therefore, v = u* and this

concludes the proof. O
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5.2.5 Time independent case

The case of a time independent noise is obviously easier to handle than the time depen-
dent one. Basically, the Young integration arguments invoked above can be skipped, and
they are replaced by Gronwall type lemmas for Lebesgue integration. We won’t detail
the proofs here, and just mention the main steps for sake of conciseness.

First, the pathwise type assumption we make on the noise W, considered as a
distribution on R?, is the following counterpart of Hypothesis 5.17:
Hypothesis 5.25. Suppose that # is a distribution on R? such that # €< B, " with
k € (0,1) and an arbitrarily small constant o > 0.

Another simplification of the time independent case is that one can solve the equation
in a space of continuous functions in time (compared to the Holder regularity we had to
consider before), with values in weighted Besov spaces. We thus define the following
sets of functions

cx = {f € C((0,T) x R | full sz < cf} . where w; = exior

With these conventions in hand, we interpret equation (5.2) as a mild equation in the
spaces Cy", .
Definition 5.26. Let u € C{, for A\,oc > 0 and r, € (,1). Consider an initial condition
ug € Bg. We say that u is a mild solution to equation
% = %Au +uW (5.25)
with initial condition uy if it satisfies the following integral equation

t
Ut = Prug +/ Pi—s (us #') ds, (5.26)
0

where the product u # is interpreted in the distributional sense.

We can now turn to the resolution of the equation in this context, and the main
theorem in this direction is the following.

Theorem 5.27. Let # be a distribution satisfying Hypothesis 5.25 and let A be a strictly

positive constant. Then equation (5.26) admits a unique solution in Mo in the sense
given by Definition 5.26, with k < K, < 1.

Proof. As in the proof of Theorem 5.21, we focus on the proof of uniqueness, and fix a

small time interval [0, 7]. Consider u', u? two solutions in C}* and we set u'? = u! — u?.

Consistently with Definition 5.26, the equation for u'2 is given by:

t
up? :/ pi—s (Ui W) ds, (5.27)
0

and we wish to prove that u'? = 0.
Towards this aim, let us bound the Besov norm of u starting from equation (5.27).
Owing to Proposition 5.15, we get

_ (kytr)

t
sy ds < oo / (t— )~ ul2 ]

t
et gy < / Ipe—s (2 9) |

Along the same lines as in the proof of Theorem 5.21, we now invoke the bound (5.18),
which yields w; < ¢; x ¢ (t — )" 7ws po. Hence, according to Proposition 5.13 item (iii),
we have

—w ds.
B!

t
_ (sutr)
”utHHBZ“; < CA’G/O (t—s)" 2 7 H“;ZWHB;.&” ds.
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Since k, > k, we now apply relation (5.11) with w; = ws, K1 = Ky, w2 = p, and kg = k.
We end up with

t 12

||us ||Bzf;

sy < e 17z [
0

Taking into account that k., + < 2 and ¢ can be arbitrarily small, our conclusion u'? = 0
follows easily from a Gronwall type argument. O

We now state a result which allows to identify the Feynman-Kac and the pathwise
solution to our spatial equation. Its proof is omitted for sake of conciseness, since it is
easier than in the time dependent case.

Proposition 5.28. Let W be a spatial Gaussian noise defined by the covariance struc-
ture (2.5) and (2.6). Assume that the measure u satisfies the condition

p(d€)
/]Rd 1+ |¢)20-a) < %0, (5.28)

for a constant « € (0,1). Then:

(i) There exists x € (0, 1) such that for any arbitrarily o > 0, W has a version in B, " and
the random variable ||W||B;: has moments of all orders, that is the trajectories of W
satisfy Hypothesis 5.25. As a consequence, equation (5.26) driven by the trajectories of
W admits a unique pathwise solution in ij;.

(ii) Let u™ be the Feynman-Kac solution to the heat equation given by (4.20). Then
almost surely the process u'" lies into Cy ., and it coincides with the unique pathwise
solution to equation (5.26).

Remark 5.29. Here again, we see that the Feynman-Kac solution u! exists under the
critical condition [, (1 + [£[*)"u(d€) < oo, while the pathwise solution requires the
more stringent condition (5.28).

6 Moment estimates

As mentioned in the introduction, intermittency properties for u are characterized by
the family of Lyapounov type coefficients ¢(k) defined by (1.3) or by the limiting behavior
(1.4). In any case, the intermittency phenomenon stems from an asymptotic study of the
moments of u, for large values of k and . We propose to lead this study in the context of
the general Gaussian noises considered in the current paper. Without loss of generality,
we may assume that the initial condition is ug(z) = 1.

Notice that delicate results such as limiting behaviors for moments will rely on more
specific conditions on the noise W. We are thus going to make use of the following
conditions.

Hypothesis 6.1. There exist positive constants ¢y, Cy and 0 < 8 < 1, such that
colt] ™7 < (1) < Colt] 7.

Hypothesis 6.2. There exist positive constants ¢;,C; and 0 < n < 2, such that
cx]™" < Alz) < Cqlz|77.

Hypothesis 6.3. There exist positive constants cs,Cy and 0 < n; < 1, with Z?zl N < 2,
such that

d d
C2 H |33i|7m < A(JZ) < Oy H |37i|7m.
i=1 =1
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Clearly, Hypothesis 6.1 and Hypothesis 6.2 generalize the case of Riesz kernels and
Hypothesis 6.3 generalizes the case of fractional noises. Notice that under Hypotheses
6.2 or 6.3 the spectral measure p satisfies the integrability condition (2.4).

Theorem 6.4. Suppose that «y satisfies Hypothesis 6.1 and A satisfies Hypothesis 6.2 or
Hypothesis 6.3. Denote

n if Hypothesis 6.2 holds
a =
S . if Hypothesis 6.3 holds.

Consider the following two cases:

(i) u is the solution to the Skorohod equation (3.1) driven by a time dependent noise
with time covariance v and space covariance A.

(ii) wu is the solution to the Stratonovich equation (5.1) driven by a time dependent noise
with time covariance « and space covariance A, and we assume that a < 2 — 2.

Then in both of these two cases we have

4 4—28—a 4

Cexp (Ct% k

forall t >0, z € R k> 2, where C,C’ are constants independent of t and k.

Proof. Let us first discuss the upper bound. For the Skorohod equation, using the chaos
expansion and the hypercontractivity property we can derive the upper bound as it has
been done in [3]. For the Stratonovich equation, notice first that Hypothesis 4.8 holds
because a < 2 — 2. Using the Feynmann-Kac formula (4.1) for the solution to equation
(5.1), and applying Cauchy-Schwartz inequality yields

t ot
E[uf@} = Ep |[exp Z /O/O’y(r—s)A(BifBg)drds

1<i,j<k

IN

1<i<j<k

exp (2 ﬁ; /Ot /Ot y(r — s)A(B! — Bi)drds)”

In the above expression, the first term is just the square root of the Feynman-Kac
formula (3.21) for the moment of order k of the solution of a Skorohod equation with
multiplicative noise, with covariances 2+ and 2A. For this term we know that we can
derive the upper bound (6.1) using the chaos expansion and the hypercontractivity
property as it has been done in [3]. For the second factor, using the asymptotic result
proved in Proposition 2.1 in [11], we derive the estimate

t t
E} [exp (2/ / ~A(r — s)A(BL _Bg)drdsﬂ < C*exp (Ct ’zfi”k).
0 0

Therefore, in this way we can obtain the desired upper bound of E [u} ,].

t ot 2
Ep |exp | 2 Z / / y(r — s)A(B. — BY)drds ]
0 Jo

XEB

Let us now discuss the lower bound. Taking into account again the Feynman-Kac
formula (3.21) for the moments of u, it suffices to consider the case of the Skorohod
equation (it is readily checked from (3.21) that the moments of u for the Stratonovich
equation are greater than those of the Skorohod equation). The argument of the proof
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is then based in the small ball probability estimates for Brownian motion. We consider
only the case when A satisfies the lower bound given in hypothesis Hypothesis 6.2 (Riesz
kernel case), since the case Hypothesis 6.3 (fractional noise) is analogous. In this case,
we denote by B! [ = 1,2,...,d the [-th component of the d-dimensional Brownian motion
B! and consider the set

1<i<j<k 1<I<d 0<s,r<t

Aoy = { sup sup sup |BY— BIl< 5}.

Then, owing to formula (3.21) it is easy to see that

[ t ot
E[ut,m]]c > El|exp|c Z //|s—r|_5\Bg—BZ|_”dsdr 1y, (6.2)
i 1<i<j<k”/0 /0
[ t ot
> E|exp|c Z //|s—r\_55_”dsdr 1a,,
i 1<i,<j<k 70 0

ex M2*5 -n oxp (¢ t2-B 12—
(o) ) 2 e (e P ().

The value of the generic constant ¢ might change from line to line. Moreover, notice that

. ; 13
N N, Fiye C Aoy, with Fyyy = ( sup |BY| < ) .

0<s<t 2

The events F;; being i.id, we get:

€
P(A.,;) > P* (F.,), with F :(su b, <>,
( 6,t) s ( a,t) et 0§521 | s| = 2\/¥
where b stands for a one dimensional standard Brownian motion. In addition, it is a well
known fact (see e.g (1.3) in [35]) that P(F. ;) > C’exp(—%). This entails:
Cdkt
E [um]lc > Cexp (c 2P 2e — 2) .

In order to optimize this expression, we try to equate the two terms inside the exponential
above. To this aim, we set

(2407
 (ckti—B)T
to conclude that y assy in
E[uf,] > Cexp <62 2(tzcd)k ) : (6.3)
which finishes the proof of (6.1). O

In the next theorem, the above moment estimates are extended to the time indepen-
dent case. Its proof is very similar to the proof of Theorem 6.4, and is thus omitted for
sake of conciseness.

Theorem 6.5. Suppose that A satisfies Hypothesis 6.2 or Hypothesis 6.3. Set a = n if
Hypothesis 6.2 holds, and a = Zf:1 n; if Hypothesis 6.3 holds. Suppose that u is the
solution to the Skorohod equation (3.32) or the Stratonovich equation (5.2) driven by a
multiplicative time independent noise with covariance A. Then, for any = € R%, k > 2
andt > 0, we have

Cexp (2R3 ) < [uf,] < Cexp (O35 130 ) (6.4)

where C,C’ > 0 are constants independent of t and k.
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Remark 6.6. From the proof of the above theorems it is easy to see that if in Hypothesis
6.2, the global lower bound of A(x), i.e., ¢1]z|~" < A(x), is replaced by the local lower
bound

alz|”" < A(zx), when |z|<R (6.5)

for some positive R, or even in a limit form

liminf&xi =c >0, (6.6)

x—0 |CL‘|_

then Theorems 6.4 and 6.5 still hold. The same remark applies to Hypothesis 6.3.
In the following remarks we discuss what happens in the limiting cases n = 0 and

B =0.
Remark 6.7. We can consider the case where A is an everywhere continuous function.
In this case, A(z) < A(0) for all z € R and the upper bound in Hypothesis 6.2 is satisfied
with C; = A(0) and n = 0. On the other hand, typically A decreases to zero at infinity, as
in the standard example e~17I”, so the lower bound does not hold everywhere. However,
the local condition (6.6) holds with again ¢; = A(0) and n = 0. As a consequence,
Theorem 6.4 can be extended to the case where A is everywhere continuous, and we
obtain. for the solution of both the Skorohod and Stratonovich equations. the following
inequalities

Cexp (CA(0)*Pk?) <E [uf ] < C'exp (C'A(0)>PR?),
where C,C’ > 0 are constants independent of ¢ and k. We omit the details of the proof.
Similarly for Theorem 6.5, where we just formally set 5 = 0.

Remark 6.8. Theorem 6.4 holds under the following condition on ~, which is more
general than Hypothesis 6.1: there exist positive constants dy, Dy and 0 < 5 < 1, such
that forallt > 0

t ot
dot* =P < / / v(s — r)drds < Dgt?>=P .
0 Jo

In particular, when S = 0, it covers the case when  is a positive constant.

Finally, when d = 1 we can also obtain moment estimates in the case where the space
covariance is a Dirac delta function, that is, the noise is white in space.

Theorem 6.9. Suppose that « satisfies condition Hypothesis 6.1 and the spatial dimen-
sion is 1. Consider two cases:

(i) Suppose that u satisfies either the Skorohod equation (3.1) or the Stratonovich
equation (5.1) driven by a multiplicative noise with time covariance v and spatial
covariance A(x) = &y(z). Then, for any x € R?, k > 2 and t > 0, we have

exp (Ct*72Pk) < E [uf ] < exp (C't372°k%) | (6.7)

where C,C’ > 0 are constants independent of t and k.

(ii) Suppose that u satisfies either the Skorohod equation (3.32) or the Stratonovich
equation (5.2) driven by a time independent multiplicative noise with spatial
covariance A(x) = &y(z). Then, forany x € R?, k > 2 and t > 0, we have

exp (Ctgkg) <E [ufw] < exp (C’t3k3) , (6.8)
where C,C’ > 0 are constants independent of t and k.
Proof. In the Skorohod case with time dependent noise, the moments of v, , are given

by equation (3.31). We will only discuss the lower bound because the upper bound can
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be obtained by using chaos expansions as in [3]. We consider the approximation of the
Dirac delta function by the heat kernel p., and define

t ot
Iik.=Ep |exp Z / / v(s — 7)pe (Bt — BI)dsdr . (6.9)
0 Jo

1<i<j<k

Expanding the exponential and using Fourier analysis as in [27], one can show that
E [uf,] > It ., for any € > 0. For any positive ¢, denote

Ager = {1max sup |B!| < \E} :

<i<k o<s<t

On the event Aj ., we have pg(Bg — B{) > % for some positive constant C'. Therefore,
using the lower bound in Hypothesis 6.1, we can write similarly to (6.2):

t ot
Iige > exp <0k2/0 /0 |s—r_555dsdT>P(Ak7E,t).

Furthermore, by the scaling property of Brownian motion, P (A . ;) can be written as:

P (e =P (max, sup 1B < VEE) = (P (o, Il < @))k

1<i<k g<gs<1 0<s<1

where b stands for a one-dimensional standard Brownian motion. We now invoke
2

again (1.3) in [35], which yields lim._,o P(supg<,<; |Bs| < \/5)/exp(—=7% L) = 1. Thus,

when ¢ is sufficiently small,

t
P ( sup |Bs| < \/?> > exp (—C> ;
0<s<1 t €

for some positive constant C' which does not depend on t. Hence, we end up with the
following lower bound:

_g 1 t
It ke > exp (Cletz 5% - C2€> .

4032

As in the proof of Theorem 6.4, we optimize this expression by choosing ¢ = 537,
253t
and we obtain that

I ge > exp(Cyt® 2P k3) (6.10)

when t is sufficiently large, where the positive constant C'; does not depend on ¢ or k.

For the Stratonovich case, the lower bound is obvious and for the upper bound we
use the Cauchy-Schwartz inequality and Lemma 2.2 in [11]. The estimate (6.8) is proved
similarly, which completes the proof. O

Remark 6.10. As a consequence of Theorems 6.4, 6.5 and 6.9, the solution u of both
the Skorohod and Stratonivich equations is intermittent in the sense of condition (1.4).
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