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Abstract

We study the compact law of the iterated logarithm for a certain type of triangular arrays
of empirical processes, appearing in statistics (M—estimators, regression, density estimation,
etc). We give necessary and sufficient conditions for the law of the iterated logarithm of
these processes of the type of conditions used in Ledoux and Talagrand (1991): convergence
in probability, tail conditions and total boundedness of the parameter space with respect to
certain pseudometric. As an application, we consider the law of the iterated logarithm for
a class of density estimators. We obtain the order of the optimal window for the law of the
iterated logarithm of density estimators. We also consider the compact law of the iterated
logarithm for kernel density estimators when they have large deviations similar to those of
a Poisson process.

1. Introduction. We study the law of the iterated logarithm (L.I.L.) for a certain type of
triangular arrays of empirical processes. Let {Xj}jil be a sequence of independent identically
distributed random variables (i.i.d.r.v.) with values in a measurable space (S,S). Let T be a
parameter set, which has a scalar product defined for each ¢t € T and each 0 < u < 1 (ut € T).
We will assume that u;(ust) = (ujus)t, for each uy,us € IR and each t € T. Let g: S x T — IR.
Here, we study the compact law of the iterated logarithm for processes of the form

(1.1) (U(t) : t € T},

where T C T,

Un(t) := an(2loglogn) ™/ ?n~ "> (9(X5, bat) — Elg(X;, bat)])
J=1

and {a,}>°, and {b,}>°, are sequences of positive numbers with 0 < b, < 1. This problem has
been considered in Arcones (1994) when T = T and the functions are uniformly bounded. An
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extension of this work is needed to get the results in Arcones (1996a, 1996b). Here, we obtain
necessary and sufficient conditions for the compact L.I.L. for {U,(t) : ¢ € T}. This type of
processes appears often in statistics, such as in the study of M—estimators (Arcones 1994, 1996a),
in regression estimation (see Hardle, 1984; Hall, 1991; and Arcones, 1996b), in density estimation
(see Parzen, 1962; Hall, 1981; Hardle, 1984; Deheuvels and Mason, 1994; and Section 4 below)
and in estimation for stochastic processes (Prakasa Rao, 1983). As a particular case, we get the
L.I.L. of processes of the form

(1.2) {Valt) st € T},
where
(1.3) Va(t) := (nbj2loglogn)~'/? i(Kt(bgl(ﬂ«"o — X;)) — E[Ki (b, (z0 — X;))]),

{X;}52, is a sequence of i.i.d.r.v.’s with values in RY, 2y € R? and {K; : t € T} is a class of
functions in IRY. We apply this L.I.L. to density estimation.

In Section 2, some general facts on necessary and sufficient conditions for the L.I.L. of the
process {U,(t) : t € T'} are presented. In particular, we show the a.s. asymptotic equicontinuity
of {U,(t) : t € T} under certain conditions.

In Section 3, we give, under some regularity conditions, necessary and sufficient conditions
for the compact L.I.LL. of {U,(t) : t € T'} when the limit set is related with a Gaussian process,
similar to the conditions of Ledoux and Talagrand (1988) for random variables with values in a
Banach space: convergence in probability, tail conditions and total boundedness of the parameter
space with respect to certain pseudometric. The key ingredient in the proofs is the Talagrand
isoperimetric inequality for a sum of independent Banach-valued random variables (Theorem
6.17 in Ledoux and Talagrand, 1991). We also consider sufficient conditions for the compact LIL
for the processes in (1.1) and (1.2) when the class of functions is either a VC subgraph class or
satisfies certain bracketing conditions. In the considered situations in this section the limit set
of the sequence (1.1) is the unit of the reproducing kernel Hilbert space of the Gaussian process
with the limit covariance of {a,n" >}, (9(Xj, bnt) — E[g(X;,bnt)]) : t € T}

In Section 4, we consider the L.I.L. for the processes in (1.2) whose limit set is related with a
Gaussian process. We apply these results to the L.I.L. for density estimators. We obtain the rate
of the optimal window in the LIL of density estimators. The conditions that we impose differ
from those of the literature. From example, Deheuvels and Mason (1994, Theorem C) imposed
that the density to be twice continuous differentiable in a neighborhood of z(, we only will assume
first differentiability with continuity.

In Section 5, we consider the L.I.L. for the processes in (1.2) whose limit set is related with
a Poisson process. In this section, we extend the results in Deheuvels and Mason (1990, 1991,
1995)

We use the notation from empirical processes. Given a measurable function g on (5,S) and a



probability measure p on S, pug := [ gdu, in particular,

(1.4) Pgi=n"" ;g(Xi) and Pg := E[g(X)],
where X is a copy of Xj. lo(7T) will denote the Banach space consisting of the bounded functions
on T with the supremum norm. As usual, we need to assume some measurability conditions. Let
Q= SV x[0,1]%, let A be the product o—algebra on Q when S is endowed with the o—algebra A
and [0, 1] is endowed with the Borel o—algebra. In (2, .4), we define the probability function Pr as
the product of the probability function P in each S factor and the Lebesgue measure defined in
each [0, 1] factor. The r.v.’s X; is the function defined in Q = S% x [0, 1]% which takes the value
of the i~th coordinate of S. {¢;}, will a Rademacher sequence independent r.v.’s, independent
of the sequence {X;} and defined in the same probability space (2,4, Pr). We also will assume
that the class of functions {g(z,ut) : 0 < uw < 1,¢ € T} is an image admissible Suslin class of
functions in the sense of Dudley (1984, page 101). Sometimes, it will be enough to assume that
{g(z,ut) : 1 — 09 < u < 1,t € T} is an image admissible Suslin class of functions for some
0<dy<1.

We will denote to a finite partition 7 of 7' to a map « : T — T such that n(n(t)) = n(¢), for
each t € T, and the cardinality of {n(¢): ¢t € T'} is finite.

2. Some general facts on the LIL for triangular arrays of empirical processes. In
this section, we present some general facts on the L.I.LL. of {U,(t) : t € T'}. First we recall some
sufficient conditions for the L.I.L. of stochastic processes (see e.g. Arcones and Giné, 1995):

LEMMA 2.1. Let {Uy(t) : t € T}, n > 1, be any sequence of stochastic processes, suppose that
the following conditions are satisfied:

(i) There exists a set C C loo(T') such that for each t1,...,t,, € T, with probability one, the
sequence {(Un(t1), ..., Un(tm))}52, is relatively compact in IR™ and its limit set is

{(z(t1),...,2(tn)) : x € C}.

(ii) There exists a pseudometric p inT such that (T, p) is totally bounded.
(441) lims o im sup,,_, . SUp (s 1y<5 |Un(s) — Un(t)| = 0 a.s.
Then, with probability one, {U,(t) : t € T'} is relatively compact in l(T) and its limit set is

We have the following necessary conditions for the the compact L.I.L. of the processes in (1.1):

LEMMA 2.2. With the former notation, assume that:

(i) For each n, 0 < b, < 1.

(ii) There exists compact set C € l(T') such that, with probability one {U,(t) : t € T} is
relatively compact in loo(T') and its limit set is C.

(i1i) For each t € T, U,(t) 0.

(i) anayty = O(1).



Then,

(a) (T, p) is totally bounded, where p(s,t) = sup,cq |x(s) — z(t)].
(b) lims—y0 lim sup,, o, SUP 5 1y<5 |Un(s) — Un(t)| =0 a.s.

(¢) supyer |Un(t)] = 0.

Moreover, if T =T and {b,} is non—increasing,

(d) There exists a finite constant ¢ such that

> Pr{G(X,b,) > en(loglogn)'/?a;'} < oo,
n=1

where
G(z,by) == sup 19(x, bpt) — E[g(X, byt)]].

PROOF. It is well known that in this situation: (7', p) is totally bounded and C' is contained
in the set of bounded and p—uniformly continuous functions on 7" (see Arcones and Giné, 1995) .
This implies conditions (a) and (b). Condition (b) implies that

hmhmsupPr{ sup |Un(s) —Un(t)| > n} =0,

n—00 p(s,t)<é

for each n > 0. This fact and conditions (iii) and (a) imply (c). We have that

hmsupsup |U,(t)| = supsup |z(t)| a.s.

n—00 teT zeC

and
lim sup a,,(2loglogn)™/?n "t sup | Z (X, bnt) — E[g(X;, bnt)])]
n—o00 teT j=1
< limsup(ana,’;)an-1(2loglog(n — 1)) "/(n — SUP|Z (X5, bnat) = Elg(X;, bnat)])]
n—00 telT 1
< limsup(ana,®,)supsup |z(t)| a.s
n—00 teT zeC

So,

lim sup a,(2loglogn) Y20 *G(X,,b,) < ¢ a.s.

n—o0

for some finite constant c¢. From this and the lemma of Borel-Cantelli, (d) follows. O

The problem is to show conditions (i) and (iii) in Lemma 2.1. In order to check these condi-
tions, we will use the following exponential inequality for empirical processes (Talagrand isoperi-
metric inequality):

THEOREM 2.3. (Theorem 6.17 in Ledoux and Talagrand, 1991). Let
{X1(t) her, -, {Xn(t) }ter be independent random processes indexed by T and let {€;}?, be a



Rademacher sequence independent of the last processes. Then, for any integers k > q and any

real numbers s,t > 0
Pr{sup|Zez i()] >8qM—|—28+t}

teT
k k 2
K t
<[ — P Y* > 2 _
< (%) ez = of + 20w (-pgm)

where Ky is a universal constant, M := E[sup,cp | Y2 €.Xi(0) 1) x,<sk1|], || Xi|| := sup,ep | Xi(t)]

1/2
m = E |sup (ZX M x, <s/k>

teT \ i

and {Y;*}*_, denotes the non—increasing rearrangement of sup, | X;(t)], 1 <i < n.

We must notice that

(2.1) m? < SupZE )IHXiHSS/k] + 8Msk~!
teT i=1

(see Equation (6.18) in Ledoux and Talagrand, 1991).
The following theorem gives the a.s. asymptotic equicontinuity of the process {U,(t) : t € T'}

THEOREM 2.4. With the above notation, suppose that the following conditions are satisfied
(i) {bn} is a non—increasing sequence of numbers from the interval (0, 1]
(1) lim, 14 imsup,, o SUD,,. p<maryn 1@ am — 1] =0

and lim,,_,1 ¢ imsup,, o, SUP,,,. n<mern [0y bm — 1] =0
(iii) There are constants ri,ro >0, 1 > d9 > 0, such that

limsup ) sup ey Pr{Gs, (X, b)) =y’ (logj)l/Qa[;}]} < 00,

y—1+ j=2 ri(logj)~1<r<rg

where
Gsy(x,b,) :=sup sup |g(z,ubyt) — E[g(X, ub,t)]|.
teT 1-5o<u<l

(iv) For each n > 0,

limlimsupPr{ sup sup|U,(ut)| >n} =0.
=0 n—oo 1-0<u<l teT

(v) For each n > 0, there exists a § > 0 such that

log y
hmsupZeXp — need < 00
maw e | G
p(st)<5



and

o 1 o
limsupZeXp — 708 J 5 < 00,
Y=l 5 SUP1 _s<u<1 SUP¢eT Siy4) (ut,t)
where s2(s,t) = a?2n"'Var(g(X, b,s) — g(X, bnt)).
Then,
(2.2) limlimsup sup |U,(s)—U,(t)|=0 as.
=0 nooo  sper
p(S,t)S(S

ProOOF. Without loss of generality, we may assume that E[g(X,t)] = 0 for each t € T'. Given
272 >1n >0, take § > 0 and ~y (in this order), such that

00 21 ;
(2.3) 0<6d<do; Y exp (— To8d s t)) < o0

=2 SUD (s,0) <5 5]

o0 2log j
> exp | — o8) 5 <oo; l<y<1l4m;
= SUP1 _s<u<1 SUP¢eT Siy4) (ut, )

o0

Z sup e_rlr_lf)/j Pr{G50 (X7 b["y]]) > r’)/j (log])l/Qa[j;]} < 005

j=271(logj)~t<r<ry

limsup sup |b,'b, — 1] <1—6 and

n—o00  m:nim<yn

limsup sup |(2loglogn)~Y%a,n " (2loglogm)?a tm — 1| < 1.

n—o00  m:nim<yn

Let n; = [y?]. We claim that by the Talagrand isoperimetric inequality

(2.4) limsup sup |Uy,(t) — Up,(s)| < BK* % 4+ 2%(ry + 1)(logn™) " aus.,
j—ro0 t,s€T
p(t,s)<é

where K is the constant in Theorem 2.3. By condition (v),

sup (log 1og'yj)_1s[27j](s,t) — 0.
p(séfte)Téé

So, by symmetrization (see for example Lemma 1.2.1 in Giné and Zinn, 1986),

(2:5) Pr{ sup (2log )" ?an,|(Pa, — P)(g(-,bn;5) = g(-,bu,t))]

p(S,t)S(S
> 2Ky "' + 32(r1 + 1)(log ™) )
< 4Pr{ sup (log ) ?an,n; 1Y €(g(Xi, bn,s) — g(Xi, bjt))]
p(s,t)g(s =1

> 65K,/ 0"/ + 16(ry + 1)(log )},

7



for j large, where {¢;} is a sequence of i.i.d. Rademacher r.v.’s independent of the sequence {X;}.
Now, we claim that by Theorem 2.3 last expression is bounded by

21 ;
(2.6) 8572 +16(n" +2)d; + Sexp (— U ogg ) , for j large,
SUD y(5,t)<6 Sn; (s,7)
where
§; = sup eI Pr{G(X, byi)) > t'yj(logj)l/Qa[;}]}.

r1(logj)~1<t<rs

We consider two cases. If
(2.7) 6, <373,
we take
q=Kon™", k=2(logj)(logn™")",
t = 29Ky "% (log j)/* and s = 8(1+11)(logn ")~ (log j)"/*.
We have that (Koy/q)* = j =2 and
k
ZYJN < 4(logj)(log77_1)_1an].nj_1 max G(Xj,by;)
=1

1<i<n;

ny . . .
where {Yrj‘] ;}i21 1s a non-increasing rearrangement of

sup ;15 |g(Xi, bnys) — g(Xi, bnyt)], 1< i < my.
p(s,t)<é

From this estimation and (2.7),
k
Pr{} Yy , > s} <n;Pr{G(X,by,) > 2(r1 + 1)nja, ' (logj)/*} < j 2.
i=1

We have that by the Hoffmann—Jgrgensen inequality (see for example Proposition 6.8 in Ledoux
and Talagrand, 1991)

n;
Elsup an, (log j )Pt Y eg(X, b)) <enart (og y-1/21] = 0
=1

for any ¢ < oo. So,
a? n;t sup E[(g(X, by,s) —g(Xi,bn].t))Q]

" (s)<s
—|—(8S/l€) [SUP An; T |Z€z XZ)bn]S)_g(wan]t))H
p(s,t)<é

< sup 82 (s,t)+o(1), for j large.
p(s,t)<é J

From the former estimations, it follows that (2.5) is bounded by (2.6).

8



If (2.7) does not hold, we take ¢, ¢t and s as before and k = (log d; ") (logn~')~*. Using that
k
SV SV FRYS

=1

where [ := [4 + 4r;], we get that
k
Pr{} VY, >s} <Pr{Y; > 271 s} + Pr{Y, > 27 ks <6 (n + ),
i=1

Again by the Hoffmann—Jgrgensen inequality

nj
E[TQIT) an; (log )0t Y eig(Xi, On) (X, b <emgan (log )12 10g 5y -2 ] = 0,
=1

for any ¢ < co. So,
ai],nj_l sup FE[(g(X, bn]-S) — g(Xi, bnjt))z]

p(S,t)S(S
nj
+(2's/ k)E[igIT) an; (log 7) 0 Y- aig(Xi, O t) L (X o) <eman (log )2 (10g 5741 |
=1

< sup s (s,t) +o((logj)(log 6; 1) 7).
p(S,t)S(S

Hence, (2.5) is bounded by (2.6).
Next, we will prove that

(2.8) limsup sup  sup |Un(t) — Uy, (t) — Un(s) + Uy, (s)]

Jj—o0 p(s,t)g(s nj <n§n]-+1

< 2U K% 4 28 (ry + 1) (log )L

We have that, for n; < n,

(2.9) (2loglogn)2a,(P, — P)g(-,but) — (2loglog n;) ™ 2a,, (Pn, — P)g(-, bn,t)

= ((2loglogn)%a,n~t — (2loglog nj)_1/2an].nj_1) > g(X, by,t)
i=1

+(2loglogn)2a,n > g(Xi, bt)

iiﬂj—}—l
+(2loglog n)_l/Qann_l Z(Q(Xi’ bnt) — g(Xi, bn,1))
i=1
—: I,(t) 4+ I T, (t) + I1I,(t).
By (2.3), for n large,
sup sup |I,(t) — I.(s)]

nj<n<njii p(s,t)<o

9



n;
<n sup (2loglogn;) " an,n;" |3 g(Xi, bn,t).
p(s,t)g(s =1

Therefore,

(2.10) limsup sup  sup |[,(s) — I,(t)] < 2K,/ * i/ 4 26 (ri + D(ogn 1)t as.

=00 mj<n<nji1 p(st)<s

By symmetrization and the Lévy inequality,

Pr{ sup sup |[1,(s) — I1,(t)] > 29K3/2771/2 + 26(r1 + 1)(log 77_1)_1}

nj<n<nji1 p(s,t) <8

njt+1
< 8Pr{ sup (2log 1ognj)_1/2an].n;1| > €(g(Xi, byys) — g(Xi, boyt))|
p(s,t)g(s i:n]-—f—l

> 65K/ 02 + 16(r; + 1)(logn 1)1},
So, from this and the estimation of (2.5),

(2.11) lim sup  sup [[1,(s) — II,(t)| < 2Kyt 4 2°(ry + D(logn™")7! as,

IO ni<n<nji1 p(s,t)<6
By (2.3), SUp,,, cp<n,,, |05 bn — 1| <14, for j large. So,
sup sup |I1L,(t)]
n;<n<njii teT

n

<7 sup sup sup (210glognj)_1/2an].nj_1|Z(g(Xi,ubn].t)—g(Xi,bn].t))|.

1-6<u<l teT nj <n§n]-+1 i=1
By the argument leading to (2.4)

n

limsup sup sup sup (210glognj)_1/2an].nj_1|Z(g(Xi,ubn].t)—g(Xi,bn].t))|

j—oo  1-6<u<l teT n;<n<n;ii i=1
< BKy* 2+ 25(r 4+ D(logn™) ™" as.,
Hence,

(2.12) limsup sup sup |[[I1,(t)] < 29K5/2771/2 +25(ry +1)(logn™") ™t aus.

j—oo mni<n<njii teT
(2.8) follows, from (2.9)—(2.12). (2.4) and (2.8) imply (2.2) O

REMARKS 2.5. Conditions (i) and (ii) in Theorem 2.4 are easy to check. We must observe
that condition (iii) in Theorem 2.4 is similar to condition (7.7) in Ledoux and Talagrand (1991).
In order to check this condition, it suffices to prove any of the following conditions:

(c.1) There exist positive constants 71, 72 and p such that

o0

lim su P~ Pr{G X, b)) > I(lo '1/2a_§ < 0.
Hszm(logj)_IfSrSm 7 Pr{Gs, (X, b)) = 177 (log 7)™ “ap1}

10



(c.2) There exists a constant 71 > 0 such that
an(loglogn)?n=1Gs, (X, b,) <71 a.s.

for each n large enough.
(c.3) There exist positive constants 71, 72 and p such that

lim ZQ’W Pr{Gis, (X, b)) > 127/ (log 5)ap )y} < oo
=

y—1+
and
NS D () \p/2 [ P . :
ngﬂjszﬂf " (10g 5)" B G, (X bya) )Ty yihog ) -1/2a74 <Gy (X by <o log /203 | < 00

(c.4) There exists an integer ngy such that E[H?(X)(loglog(H(X) + ¢))™!] < oo, where

H(z) := sup ay,n~2Gs,(x, by).

n>ng

(c.1) implies from condition (iii) because €™ ' = 0(1), uniformly on a bounded interval.
(c.2) follows immediately from (c.1). It is easy to see that

Py Pr{Gs, (X, bp,s]) > T’Yj(logj)l/Qa;jl}
< 2! Pr{Gi, (X, b)) = 722/ (log j)'%ag )}
Jr7”1_%1[77]']'Yj(_p“) (log j)p/QE[Gf;O (X, bgj)Im]-(logj)_l/za[—wi,]gG(X,bW-])gmz'(logj)l/%[;;.]]
for r1(logj)™' <r < ry. So (c.3) implies (c.1). Because ap)[v7] V2G5, (X, bpys) < H(X) for j
large, (c.4) implies that (c.3) is satisfied for any p > 2. To every particular situation, one of these

different conditions can be the most appropriate (see Arcones, 1996b).
Condition (iv) in Theorem 2.4 follows from the following condition:

(iv)’ For some 1 > §p > 0,

(2.13) sup ann_l(Q log log n)_1/2| Z(Q(Xj, but) — Elg(X;, bnt)])| Proo.

te[1—60,1]xT j=1

The notions of VC class and bracketing entropy may be helpful to check last condition. Next
theorem follows from Corollary 2.4 in Arcones (1995a).

THEOREM 2.6. With the above notation, suppose that:

(i) The class of functions {g(-,ut) : t € T,0 <u < 1} is a VC subgraph class of functions.
(i) {b,} is a non—increasing sequence of numbers from the interval (0, 1]

(#ii) For each n >0,

nPr{sup a,n"!(2loglog n)"/%|g(X, b,t)| > n} — 0.
teT

11



(iv) For eacht € T,

. 2 1 -1 2 —
lim a;n™" (2loglogn) ™ E|g(X, bnt)|" Lo, n-1 (210510 m)-1/2 (X baty|<1] = O
(v)

Sgll) ain_l (2 log log n)_lE[igg |g(X? bnt) |21ann—1(2loglog n)~Y2sup,cp |g(X,bnt)|§1] < 0.

(vi) For each n > 0, there exists a finite partition m of T such that
ain_l(Q 10g 1Og n)_l ?5161113 EHQ(X’ bnt) - g(X7 bnﬂ-(t)) |21ann_1(2loglogn)—l/2 SUpyer |g(X,bnt)|§1] < n.

(vii)

lim sup a,(2loglogn) ™ ?| E[g(X, but) L, -1 (210g105m)1/2lg(X but) 1] = O-

Then,

sup a,n " (2loglogn) ™/ 3(g(X;, bat) — Elg(X;, bat)])] = 0.

teT =

Previous theorem improves on Theorem 2.6 in Alexander (1987).
Next theorem follows from Theorem 1.5 in Arcones (1995b).

THEOREM 2.7. With the above notation, suppose that:
(i) {bn} is a non—increasing sequence of numbers from the interval (0, 1]
(i) For each n >0,

nPr{sup a,n~!(2loglogn)*?|g(X, bt)| > n} — 0.
teT

(#ii) For each t € T,

nll_)Ilélo ain_l(Q log log n)_lE[|g(X7 bnt) |21ann—1(2loglogn)—1/2|g(X,bnt)|§1] =0

()

nh_glo ?2113 CLn(Q IOg 1Og n)_1/2|E[g(X7 bnt)jann—l(Q loglogn)_1/2|g(X,bnt)|Zl] | = 0.

(v) There are positive integers qo and ng; a finite partition 7y of T' for each g > qo; a function
Yq 1 T — [0,00), for each ¢ > qo; and a function A, 4(-,74(t)) = Spn,;j — [0,00), for each1 < j <k,
each n > ng, each q > qo and each t € T'; such that

ann_l(Q log log n)_1/2|g(x, but) — g(2,bamg(t))] < Apg(z, me(2)),
for each x € S, each n > ng, each ¢ > qo and eacht € T';

sup nE[(27An (X, my(t))) A (2247 (X, 79 (8)) Iaz ,(xm(t<a] < 1,

n>ng

12



lim supZQ Y4(t) =0,

k—o0 tET

and o
S Y e )
q=qo0 teTy
Then,
sup ann_l(Q log logn)_1/2| Z(Q(Xj, but) — E[g(Xj, but)])| Proo.

teT )

When g(z,0) is smooth in 6 to check condition (iv) in Theorem 2.4, we can use propositions
1.7 and 1.8 in Arcones (1995b).
Condition (v) in Theorem 2.4 is satisfied if

limlimsup sup a2n *Var(g(X,b,s) — g(X,bnt)) =0
=0 n—ooo’  sier
p(s,t)<é
and

limlimsup sup supa’n 'Var(g(X,ub,t) — g(X,b,t)) = 0.

0—=0 n—ooo’ 1-§<u<l teT

3. The LIL for triangular arrays of empirical processes. Here, we present necessary
and sufficient conditions for the L.I.L. of {U,(t) : t € T'}. The limit set is the unit ball of the
reproducing kernel Hilbert space (r.k.h.s.) of certain covariance function. We refer to Aronszajn
(1950) for the definition and main properties of r.k.h.s.’s.

Next, we present the main result of this section:

THEOREM 3.1. Let {Xj}jil be a sequence of i.i.d.r.v.’s with values in a measurable space
(S,8). Let T be a parameter set. Let g: S x T — IR be a function such that g(-,t) : S — IR is a
measurable function for each t € T. Let w be a positive function defined on (0,1]. Let {b,} be a
sequence of real numbers from the interval (0, 1]. Suppose that:

(i) There exists a scalar product defined for each t € T and each 0 < u <1, so that ut € T.

(ii) For each s,t € T, the following limit exists

Cov(g(X,us), g(X, ut))
u—0+ w?(u) '

nl/2

(i3i) {b,} and {a,n"'(loglogn)~/2} are non—increasing sequences, where a, = N

(ZU) hm"y—)l—l— lim SUDPp— 00 SUPm: n<m<yn |ar_zlam o 1| =0
and lim, 14 limsup,, o, SUP, . n<mern [bp 0m — 1] = 0.
(v) For each t € T, lim,_,1_ p(ut,t) = 0, where

p*(s,t) := R(s,s) + R(t,t) — 2R(s, t).

13



(vi)

lim limsupsupn a2 E[(g(X, but) — E[g(X, bnt)])QIG(X,bn)zr(loglogn)—1/2a;1n] = 0.

720+ nooo teT

(vii) There are positive constants r1 and 14, such that

> sup e Y Pr{G(X, by ) > 12 (1ogj)1/2a2_jl} < 00,

j=2r1(logj)~1<r<ry

where
G(z,b) :=sup |g(X, bt) — E[g(X, bt)]]|.

teT

Then, the following set of conditions ((a) and (b)) are equivalent:
(a) There is a compact set C' C l(T') such that, with probability one,

{an(2loglogn) Y*(P, — P)g(-,byt) : t € T}

is relatively compact in loo(T') and its limit set is C.
(b.1) (T, p) is totally bounded.
(b.2) an(21oglogn) /2 sup,cp |(Py — P)g(-, bat)| — 0.
(b.3) For each n > 0, there exists a 6 > 0 such that

i 1
limsupz exp | — U Og? < 00,
Y1+ n=2 Supp(s,t)é(s S['yn] (87 t)
where s2(s,t) = a2n~'Var(g(X, b,s) — g(X, but)).
Moreover, if either (a) or (b) are satisfied, the limit set C is the unit ball of the r.k.h.s. of the
covariance function R(s,t).

ProoOF. Without loss of generality, we may assume that E[g(X,t)] =0 for each t € T.
Assume that the set of conditions (b) holds. We apply Lemma 2.1. In order to get condi-
tion (iii) in Lemma 2.1, we apply Theorem 2.4. First, we observe that conditions (i), (ii) and
(iv) in Theorem 2.4 are satisfied. Because, G(z,b,) and a,n~!(loglogn)~'/? are non-increasing,
condition (vii) implies that
> sup e Pr{G(X, b)) > v (log ) ap)} < oo,
j=271(logj)~1<r<ry
for any v > 1. So, condition (iii) in Theorem 2.4 holds.
Next, we will show that the limit covariance is that of a self-similar process. We claim that

there exists a constant o > 0 such that

(3.1) R(as,at) = a“R(s,t) for each s,t € T, and each 1 > a > 0.

14



If R(t,t) = 0 for each t € T', (3.1) is trivially true. Assume otherwise, i.e. there exists a to € T
such that R(t,to) # 0. First, we will show that w(u) is a function regularly varying at 0. We
have that

p?(utg, to) = R(uty, uty) — 2R(uto, to) + R(to,t0) = 0 as u—1—.

So, R(utg,uty) # 0, for each u in a left neighborhood of 1. We also have that

- w?(au) lim w?(au) Var(g(X, auto))  R(ato, ato)
w0+ w2(u) w0+ Var(g(X, autp)) w?(u) Rt to)

for each 0 < a < 1. Hence, by (for example) Theorem 1.4.1 in Bingham, Goldie and Teugels
(1987), w(u) is a function regularly varying at 0 and there is a real number « such that

w?(au)

(07
ug(gl—k w?(u)

for each a > 0. Because (T, p) is totally bounded, o > 0. Therefore, (3.1) follows.
Next, we prove that
3.2 lim sup p(ut,t) = 0.
(3.2) Aim. sup p(ut, 1)

Given ¢ > 0, take a d—covering t1,...,t, of T, i.e. for each ¢t € T', there is a 1 < j < p such that
p(t,t;) < d. We have that

p(t,ut) < plt,t5) + p(t, uty) + pluty, ut) < 6(1+u?) + p(t;, uty).

So, (3.2) follows. From this, we get that condition (v) in Theorem 2.4 is equivalent to (b.3).
Therefore, from Theorem 2.4, condition (i) in Lemma 2.1 holds.

Obviously, condition (ii) in this lemma is satisfied.

As to condition (iii) in this lemma. Condition (vi) implies that there exist a sequence 7,, \, 0
such that

(3.3) limsupsupn a2 E[(g(X, bnt) — E[g(X, bnt)])2IG(X’bn)ZTn(loglogn)—1/2a;1n) =0.

n—oo teT

By the proof in Theorem 2.4, it follows that

(34) Oiugl an(2 log log n)_1/2|(Pn - P) (g(? bHUt)IG(X,bn)ZTn(loglogn)—1/2a;1n)| —0 as.

for each t € T'. Now that the process is truncated at the right level, the argument in Theorem 3
in Arcones (1994) gives that for each t1,...,t, € T, {(U,(t1),...,Un(tp))}, is relatively compact
in IRP and its limit set is {(x(t1),...,2(ty)) € IRP : x € C'}, where C' is the unit ball of the r.k.h.s.
of the covariance function R(s,t). So, (b) implies (a).

Assume condition (a). By Lemma 2.2, (b.1), (b.2) and

(3.5) (lsi_r%ligi)sogp SI;IT) an(loglogn)~Y2|(P, — P)(g(-,bns) — g(-,bat))| =0 a.s.
p(s,t) <6
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hold. Condition (vi) and (b.1) imply that there exist a sequence 7,, \, 0 satisfying (3.4). So, we
may assume that
G(X,b,) < Tn(loglogn)~Y2a;'n a.s.

Now, (3.5) and the Kolmogorov zero-one law imply that there exists a constant c¢(d) such that

lim sup a,(2loglogn) ™2 sup |(P, — P)(g(-,but) — g(-,bns))| = ¢() a.s.

n—o0 p(s,t)§(5

and lims_, ¢(6) = 0. Given n > 0, take § > 0 such that 100c¢*(6) < n. Let 1 < v < 8/7 such that

limsup sup |a;lan, — 1] < 1/2.

n—00  m:n<m<[yn]
We have that, with probability one, for n large

"]

[y

1071nt/2 > a[ﬂ,n]'y_"(logn)_l/2 sup | Z(Q(Xj, biymt) — g(Xj, byymys))|
p(s,)<8 =1
and
1/2 1/2 b
(2/5)n"? > ajmy "(logn) % sup | Y (9(Xj, bpmt) — g(Xj, byyms))|
p(st)<é =1
Hence,

"]

[y

ahn]’y—"(log n)_1/2 sSup | Z (gn(Xj7t) - gn(Xj’ S))| < 2_1771/27
P(8;t)<8 jfym—1]41

for n large enough, where

In (.’L‘, t) = g(x, b[’Yn]t)IG(w,bhn])STn(logn)—l/Qa[_wi]'y” - E[g(X’ b["fn]t)IG(X,bhn])STn(logn)—1/2a_1 ]'y”]‘

[y™

By the lemma of Borel-Cantelli
(3.6) Y Qn < 0,
n=1

where
("]

Qn = Pr{ahn]’y_"(log 7’2,)_1/2 sup | Z (gn(XJ7 t) - gn(Xj7 S))| Z 2_1771/2}‘
p(s,t)<é j=lyn—1]+1
We claim that

1
(3.7) exp | — d og~§ <Qn+n?
Supp(s,t)é(s S[’yn] (87 t)

for n large, where 52(s,t) = a?n"'Var(g,(X,s) — gn(X,t)). We apply the Kolmogorov lower
bound (see for example Theorem 5.2.2 in Stout, 1974). In the notation in this reference,

e =271 2 (1 — 472 (log n) 2 (Bpymy (5, 1))
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and

¢ =Tpm(1 =71 7V2(log n) 72 (8m (s, 1)) 7"
We need that ¢ > ¢(1) and ec < 7(1). We have that §,(s,t) < 27,(loglogn)*/2. Therefore,
e > €(1) for n large. If 27270 (1 — v 1) " In2(5pm (s, 1)) 72 < m(1), then we may apply the
Komogorov lower bound to get that

S[W”](S’t

If 27 7t 2(1 — 1) 71 (8ym (s, 8)) 72 > 7(1), then 5% (s,t) < n/2, for n large. So, (3.7) holds.
(b.3) follows from (3.3), (3.6) and (3.7). O

Theorem 3.1 is an improvement of Theorem 3 in Arcones (1994). Some applications of last
theorem to statistics can be found in Arcones (1994, 1996a, 1996b).

REMARKS 3.2. The part (b) implies (a) is true for any choice of pseudometric p. For example,
in the case that T is a bounded subset of IR, in order to show (a), it suffices to check conditions
(i)—(vii) and (b.1)—(b.3) with the Euclidean distance.

Consider the following condition:

(b.4) There exists a finite constant ¢ such that

3" Pr{G(X,b,) > en(loglogn)*/?a,'} < c.
n=3

By Lemma 2.2, this condition is a necessary condition for the L.I.LL. In some cases, (b.4)
implies condition (vii) in Theorem 3.1. Assuming this, and (i)—(vi) in Theorem 3.1, we have that
(a) is equivalent to (b.1)—(b.4). For example if there are positive constants ¢ and ¢ such that

3.8 kY (k(loglog k)Y2a; 1) < en(n(loglogn)'/?a;1)?
k n

for each 3 < k < n, then condition (b.4) implies condition (vii) in Theorem 3.1. This claim

follows from the proof of Lemma 7.8 in Ledoux and Talagrand (1991). Condition (3.8) is satisfied

if n(loglogn)'/2a; ! is regularly varying with positive index. In any case, any condition from the

Remark 2.5 maybe easier to check in a particular situation. The condition

c.2)” There exists a sequence {7,}°°; of positive numbers converging to zero, such that
n=1
an(loglogn)?n 'G(X, b,) < 7, a.s.

implies conditions (vi) and (vii) in Theorem 3.1. We also have that condition (c.3) in Remark
2.5 implies conditions (vi) and (vii) in Theorem 3.1.

If we take as an index set 7' C T, we still can have L.I.L. with limit set being a r.k.h.s.:

THEOREM 3.3. Let {Xj}JO»‘;l be a sequence of i.i.d.r.v.’s with values in a measurable space
(S,8). Let T be a parameter set, which has a scalar product defined for each t € T and each
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0<u<1 Letg:SxT— IR be a function such that g(-,t) : S — IR is a measurable function
for eacht € T. Let T CT. Let w be a positive function defined on (0,1]. Let {b,} be a sequence
of real numbers from the interval (0,1]. Suppose that:

(i) For each s,t € T, the following limit exists

Cov(g(X,us), g(X, ut)) .

Rs,t) = lim w?(u)
i) {b,} and {a,n"(loglogn)~Y/2} are non-increasing sequences, where a, = .
w(bn)
(44i) lim, 1 imsup,, . SUP,,,. p<menn @y @m — 1] =0
and lim,,_,1 ¢ imsup,, ., SUP,,,. p<y<yn [0 bm — 1| = 0.
(iv) There are constants r1,79 > 0, 1 > §y > 0, such that
sup e T Pr{Gy, (X, by,i) > 7y (log §)'/2a a ]]} < 00,
j=2r1(logj)~1<r<ry 7
for each v > 1.
(v) For eacht € T,
=0

lim Timsupn™a, B[(9(X, bnt) — Blg(X, 0nt)])* 1)y x 1) Blo(X but)] 27 (loglogn)—1/2as

720+ nooo

(vi) (T, p) is totally bounded.
(vii) For each n > 0,

hm limsupPr{ sup sup|U,(ut)| >n} =0.
=0 n—oo 1-0<u<l teT

(viii) For each n > 0, there exists a 6 > 0 such that

log 7
lim supzexp _ 8] < oo,
y—=1+ j=2 Supp(sstte)T<6 S['Y]](S t)
and
lim sup Z eXp\— Lt 2 < 00,
Y=l 5 SUPter SUP1_§<u<1 S[”ﬂ'](m’ t)

where s2(s,t) = a’n"'Var(g(X, b,s) — g(X, bnt)).

Then, with probability one,
{an(2loglogn) Y*(P, — P)g(-,byt) : t € T}

1s relatively compact and its limit set is the unit ball of the r.k.h.s. of the covariance function

R(s,t).
PrROOF. We apply Theorem 2.1. The a.s. asymptotic equicontinuity follows from Theorem
2.4. In order to prove the L.I.L for the finite dimensional distributions, we need condition (iv)
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for each v > 1, because we need blocks n; = [7?], with 7 close to one and infinity. We only
need condition (v) in the way it is stated, because to prove the L.I.L for the finite dimensional
distributions, we only need to truncate for a finite number of ¢’s. O

We also will need the following variation of Theorem 3.3:

THEOREM 3.4. Under the usual notation, suppose that:
(i) For each s,t € T, the following limit exists

Cov(g(X,us), g(X,ut))
u—0+ w?(u) '

(i) {bn} is non—increasing and lim, 1 limsup,, o, SUP,. nemeyn |0n Om — 1| = 0.
(i1i) There are 1 < p < oo and 0 < a < oo such that
ann~(loglogn)?/? — a,
where a,, = %b/j)
(iv) There are positive constants ro > 0 and &y > 0, such that for each n > 0,

sup{neQ’"Q/(pH) Pr{Gs,(X,b,) > r} : ro(loglogn) P12 < r < p(loglogn) P2 n > 1} < co.
(v) For eacht € T,

lim limsupn a2 E[(g(X,bnt) — E[g(X, bnt)])2IG(X’bn)ZT(loglogn)—1/2ar—Lln) = 0.

T—=0+ n—oo

(vi) (T, p) is totally bounded.
(vii) For each n > 0,

limlimsup Pr{ sup sup|U,(ut)| >n} =0.

0—0 n—oo 1-6<u<l teT

(viii) For each n > 0, there exists a 6 > 0 such that

( n(log ) )
Pl ——
2 v SUP(s,t)<8 Var(g(X7 b"rj S) - g(X? b'yjt))

and

log 7)P+1
lim Zex ( . 77( Og])

7_>1+ ’YJ Sup1—6§u§1 SUD¢er Var(g(X7 Ub'yjt) - g(X7 b'yjt)) ) .
Then, with probability one,

{an(2loglogn) Y*(P, — P)g(-,byt) : t € T}

1s relatively compact and its limit set is the unit ball of the r.k.h.s. of the covariance function
R(s,t).
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PrROOF. Without loss of generality, we may assume that E[g(X,t)] = 0 for each ¢t € T'. The
proof is exactly the same as that of Theorem 3.3. The difference is in the bound in the term
Pr{>F Yo 2 s} in the Talagrand isoperimetric inequality. Take 1 < r < (p + 1)/2. Let
¢ =>72,1". We want to show that for each 7 > 0, there exists a 6 > 0 and a vy > 1, such that

ZPr{ sup |Zez (X, b, s) — g(Xi, bn,t))|
i=1

p(st)<6 =1

> (16K, + 8¢n + 8r(logn ™) ) (log )" H/2} < oo,

where n; = [y7]. To prove this we apply Theorem 2.3 with

qg=Komn ', k= [2(logj)(log77_1)_1]
t = 16Ky *n(log j)®*/? and s = (2¢n + 4r(logn ") ") (log j) **1)/?,

Let I; = r=/()(log j)* @+, We have that if Y7 ; < 2i~"n(log j)"*/? for 1 < i < I; and
Yy < 2r(log j)®~D/2, then

Since

Pr{Y; ;> 2t} < (Pr{Y; , > 2t})' < (nPr{G(X,b,) > t})’,
(see the proof of Theorem 6.20 in Ledoux and Talagrand (1991)) we have that
Pr{z Y, > st < ZPr{Y* > 2i "n(log j) P2} 4 Pr{Y, , > 2r(log 7)P~V/2}

=1
< (9 o 1)—19l]-—210gj + 96—210gj < O(j_3/2),

where

0:=2+ sup{neQ’"Q/(pH) Pr{G(X,b,) > r} : ro(loglogn)P~Y/2 < r < (loglogn)P+V/?}.
The rest of the estimations are as in previous proofs and are omitted. O

4. The L.I.L. for density estimators. First, we consider the L.I.L. for the stochastic
processes in (1.2).

THEOREM 4.1. Let {X;}32, be a sequence of i.i.d.r.v.’s with values in IR?, let {K,(-) : t € T}
be a class of measurable function on IR?, let M < oo, let \ be the Lebesgue measure on IR?, let
zo € IR? and let {b,} be a sequence of positive numbers. Suppose that:

(i) bn i 0 and PERER N 0.

(ii) For each t € T, Ky(z) =0 if |x| > M, and [pa KZ(z)dx < oo.
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(iii) There are r1,r2 >0 and 1 > &y > 0, such that

sup e 29 Nz € R : Gy, () > r2i/? (1ogj)1/26‘21]/-2} < 0o
j=271(logj)~1<r<rs

where

Gsy(z) := sup sup |K;(u'z)|.
1-do<u<l teT

(iv) X has a density f in a neighborhood of xy, which is continuous at x.
(v) (T, p) is totally bounded, where p*(s,t) := [pa(Ks(z) — K¢())? da.
(vi) For each n > 0,

limlimsupPr{ sup sup|V,(ut)|>n} =0,

=0 n—oo 1-6<u<l teT

where
Va(t) := (nbj2loglogn)~'/? Z(Kt(b_l( — Xj)) — E[Ki(b," (z0 — X;))]).

Then, with probability one, {V,(t) : t € T'} is relatively compact in l(T) and its limit set is

C:= {( )2 ]Rth )tET: /]Rda2(x)dx§1}.

PROOF. We apply Theorem 3.3. Let 7 = {ut : 0 < u < 1, t € T}, let w(u) = u¥?, let
an = b7;9?n1/? and let g(x,ut) = Ki(u™(zo — z)). By a change of variables

(4.1) u Elg(X,us)g(X,ut)] = u™? /|$O st Ko(u(zo — 2))Ki(u (2o — 2)) f(2) do

= K (y)Ki(y) f(zo — uy) dy — K (y)Ki(y) f (o) dy,

ly| <M ly|<M
as © — 0+. We also have that
w Elg(X,us)| Elg(Xut)] = [ K(w) f(oo —w)dy [ Kufy) (o~ uy)dy - 0.
Y=

ly|<M

Therefore,
lim u *Cov(g(X,us), g(X,ut)) = f(xo)/ sz(x)Kt(x) dz,
R

u—0+

i.e. condition (i) in Theorem 3.3 holds. It is easy to see that conditions (ii)—(vii) in this theorem
hold. By the argument in (4.1), there exists and integer ny and a finite constant ¢, such that

b B[(K(by (o — X)) — Ku(b, (20 — X)))?] < C/ (Ki(z) — Ky(x))* do

reRd

for each s,t € T and each n > ng. So,

limlimsup sup b, %E[(K(b, (z0 — X)) — Ki(b, (20 — X)))?] = 0.

=0 n—oo p(s,t)<é
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We claim that

(4.2) lim (Ki(u™'2) — Ki(2))*dz =0

u—1— JRd

for each each t € T'. By the dominated convergence theorem, (4.2) holds for each bounded, contin-
uous function K;. By the Lusin theorem, (4.2) holds for each function K; with [ps K2(z) dz < oc.
This and the totally boundedness of (7', p), imply that

limlimsup sup supb, *E[(K,(u b, (zo — X)) — K;(b,* (20 — X))?] = 0.

6=0 nooo’ 1-§<u<l teT
Therefore, the result follows. O
REMARKS 4.2. If {K;(u™z):0<u<1,t €T} ={K,(x):t €T}, and conditions (i)—(iv) in
the Theorem 4.1 are satisfied, then Theorem 3.1 gives that {V,,(¢) : t € T'} satisfies the compact
L.I.L. if and only if (7, p) is totally bounded and sup,cp |V, (t)| 2%, 0. Condition (iii) in Theorem
4.1 is a moment condition.

Under {K;(u™'z) : 0 <u<1,t €T} ={Ki(z) :t € T}, by Lemma 2.2, a necessary condition
for the L.I.L. is that there exists a finite constant c such that

Z Pr{G(X,b,) > c(loglogn)l/%gﬂnlm} < oo.
n=3

This implies that there exists a constant ¢ (possibly different) such that
(4.3) i vix{z € RY: G(z) > c(loglog n)Y/2b/?n!/?} < oo,
n=3
where G(z) = supg<,<; Supyer | Ki(u~'z)|. It is easy to see that if {b7} is regularly varying with
index p > —1, then (4.3) is equivalent to
(4.4) /]Rd G3, () (loglog(Gs,(z) +9)) " dz < oo.

We also have that if {02} is regularly varying with index p > —1, then (4.4) is equivalent to
condition (iii) in Theorem 4.3. To see this, we will need the following proposition:

PROPOSITION 4.3. With the notation in Theorem 4.1, suppose that:

(i) by \, 0.

(ii) There are constants T,p > 0 such that
an/ar > 7(n/k)P,
for each 9 < k < n, where a,, = nb? loglogn.
(iii)

(4.5) > 22682 Nz € R : Gy, (z) > agh’} < oo.

n=>5
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Then,

o0

sup e 2 Nz e R : Gy, () > m;f} < 00,
n=2r1(logn) "t <r<rs

for each ri,r9 > 0.

PROOF. Let v, = 27263 Mz € R? : Gy, (z) > ayl’}. Let 3, = 33202 7Yy It is easy to
see that v, < B, Bn < 28,41 and 320, B, < 0o. Let r1(logj)™ < r < ry, then there exists a
integer k such that

9—Fkp/2 < 71/2 < o(=k+1)p/2
Since 27"/2 < 71/2p;(logn)™!, 1 < k < n. We have that
1/2

/9 1/2 1/2
TQon > T 1/29 kp/Qagr/L > aQ,/L_k.

Thus,

e b Nz e R : Gy, (z) > m;f} > e 2 Mo € RY: Gy, () > a’l?

on—k

1 _ i ol/29(k—1)p/2
<e LT kagnﬁn—kbgkd <e ric/42 +2kﬁn < C,Bn,

for a universal constant c. So, the claim follows. O

It follows from previous proposition that if {b,} is regularly varying with order p for some
0 > p > —1 (and conditions (i) and (ii) in Proposition 4.3 are satisfied), then (4.4) is equivalent
to condition (iii) in Theorem 4.1.

If

(4.6) bin(loglogn)™ — a,

for some finite positive constant a and some p > 0, then condition (4.3) is equivalent to
2/(p+1)

(4.7) /]Rd exp (CG (x)) dr < oo,

for some ¢ < co. Next theorem follows from Theorem 3.4.

THEOREM 4.4. Let {X;}5°, be a sequence of i.i.d.r.v.’s with values in R?, let {K;(-) :t €T
be a class of measurable function on IR?, let M < oo, let \ be the Lebesgue measure on IR?, let
zo € IR? and let {b,} be a sequence of positive numbers. Suppose that:

(i) For each t € T, Ki(z) = 0 if |x| > M, and [pa K}(z)dz < oo.

(ii) There are constants 0 < a < 0o and 1 < p < oo such that

(loglogn) Pnbt — a.
(#ii) There ezists 1 > 09 > 0 such that, for each 0 < u < o0,

2/(p+1)
/lzlsM exp(uG3 " (x)) dr < oo.
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(iv) X has a density f in a neighborhood of xy, which is continuous at x.
(v) (T, p) is totally bounded, where p*(s,t) := [pa(Ks(z) — K¢())? da.
(vi) For each n > 0,

limlimsup Pr{ sup sup|V,(ut)| >n} =0.
6=0 n—oo 1-6<u<l teT

Then, with probability one, {V,(t) : t € T'} is relatively compact in l(T) and its limit set is
1/2 . 2
{((f(:co)) /Rd Ky(z)a() d:c)tET : /Bd 0 (z) da < 1} .

Theorems 2.6 and 2.7 give sufficient conditions for condition (vi) in Theorem 4.1. For example,
{Ijz)<u : 0 < u < 1} be a VC subgraph class of functions. Let {b,} be a sequence satisfying
condition (i) in Theorem 4.1. Then, by theorems 4.1 and 2.6, with probability one,

{(nble log logn)_l/2 Z(Ilwo—XjISubn —Pr{|zo — X;| <ub,}): 0 <u<1}

J=1

is relatively compact and its limit set is

Ci= {((f(:co))l/2 /|£|Sua(x) dx>0§u§1 : /Rd o2(z) de < 1} .

When T has only one element, the conditions given by these theorems simplify. Next, we state
what we obtain for a unique kernel.

THEOREM 4.5. Let {X;}2, be a sequence of i.i.d.r.v.’s with values in IR®, let K(-) be a
measurable function on IR, let M < oo, let \ be the Lebesque measure on IR?, let o € IR and
let {b,} be a sequence of positive numbers. Suppose that:

(i) bn 0 and PEER N 0.

(i1) K(z) = 0 if |[z| > M, and [ K*(z) dz < oo.

(#ii) There are r1,r2 >0 and 1 > &y > 0, such that

> sup e Vb Me e RT: sup K (u'a)| > 202 (1ogj)1/2b‘21]/-2} < 00.
j=2r1(logj)~1<r<ry 1-§p<u<l

(iv) X has a density f in a neighborhood of xy, which is continuous at x.
(v) The class of functions {K(u™-): 0 <u < 1} is a VC subgraph class of functions.
(vi)

lim lim sup(2log logn)_l/ sup (K(u'z)— K(x))?

—0+ n—oo E[—M,M]d 1—6§u§1

d/2 1/2 d.’II — 0.

x I
SUP1 —§p<u<1 |K(u_1$)|§n1/2bn (210g10gn)

Then, with probability one,

n

(nby2loglogn) /2 i(K(erl(on - X;)) = E[K(b, " (z0 — X;))])

J=1
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18 relatively compact and its limit set is

C = {(f(xo))1/2 /Rd K(2)o(z) de - /Rd 0 (z) dv < 1}.

Observe that if loglog(b%n) = O(loglogn), then condition (vi) in Theorem 4.5 is satisfied if

lim (loglog(9 + sup |K(u'z)— K(z))))™" sup (K(u'z)— K(z))*dz =0.

0—=0+ Jze[-M,M]4 1-6<u<l1 1-6<u<1

If b¢n(loglogn)~P — a, for some finite positive constant a and some p > 1, then condition (vi) in
Theorem 4.5 is satisfied if

lim sup t®/ " I\{z e [-M,M]?: sup |K(u'z)—K(z)| >t} =0.
=0+ ¢>0 1-§<u<l
In general, condition (vi) in Theorem 4.5 is between the second moment and the first moment.
In the bracketing case, we have the following:

THEOREM 4.6. Let {X;}%2, be a sequence of i.i.d.r.v.’s with values in IR?, let K(-) be a
measurable function on IR?, let M < oo, let X be the Lebesgue measure on IR?, let xo € IR? and
let {b,} be a sequence of positive numbers. Suppose that:

(i) ba N\ 0 and 525 N, 0.

(ii) K(z) =0 if |z| > M, and [p K*(x)dz < oo.

(#ii) There are r1,r2 >0 and 1 > &y > 0, such that

sup e Vb Me e RT: sup K (ula)| > 202 (1ogj)1/2b‘21]/-2} < 00.
j=271(logj)~t<r<rs 1-§p<u<l
(iv) X has a density f in a neighborhood of xo, which is continuous at x.
(v) There are c,v > 0 such that

(4.8) nb? LE[_M M]d((nbﬁ loglogn)™Y? sup |K(u'z)— K(z)|)

1-6<u<l
A((nblloglogn)™ sup (K(u'z)— K(z))?)dz < ¢,
1-6<u<l
for each 6 > 0 small enough and each n large enough.
Then, with probability one,

(nbn2loglogn) /2 3 (K (b, " (20 — X;)) — BIK (b, (z0 — X;))])

J=1

18 relatively compact and its limit set is

¢ = {(f o) [

- K(z)a(x)dz : /]Rd o?(z)dr <1

—
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As before, we have that condition (v) in Theorem 4.6 is a tail condition, between the second
moment and the first moment.

Next, we present a law of the iterated logarithm of a class of density kernel estimators:

THEOREM 4.7. Under the conditions in Theorem 4.1, suppose also that (ii) and (iv) are
reinforced to:

(i))” For each t € T, Ky(x) = 0 if |z| > M, [paKi(x)dr = 1, [gaxKi(x)dr = 0 and
Jri K2 (z) dx < oo.

(iv)’ X has a density f in a neighborhood of xo, which is second differentiable at x.

Then,

(a) If nbé™(loglogn)~t — 0, then, with probability one,

{n'*bi?(21og log n) /2 (n‘lbgd > Kb, (w0 — X)) — f(wo)) teT},
j=1
18 relatively compact and its limit set is

{((f(ﬂ«"o))l/2 /]Rd Ki(z)a(z) dx)tET : /]Rd o?(z) dr < 1} )

(b) If nbi**(loglogn)~! — a, for some constant a, 0 < a < oo, then, with probability one,

{n*?6%2(21og log n) /2 (n~1b; ¢ zn:Kt(b;l(xo —X;)) — f(zo)) : t €T},

j=1

1s relatively compact and its limait set is
1/2 1/20—1/2 .1 ¢1 . 2
{(/]Rd Ki(x) ((f(xo)) alx) +a 27 f (xo)x) dx)tET : /]Rd a(z)de < 1} .
(c) If nb¥**(loglogn)~! — oo, then

lim sup [n~ b, > Ky (b, (w0 — X)) — b, (o) —/ , f(@)27Y22 " (x0)x dz| = 0 a.s.
R

Proor. We have that

n_lb;dzn:th(b;l(eo —X;)) — f(20)

=t S (Kb o — X)) — E[K(b; (@0 — X,))))

J=1

+/|z|§M Ki(z)(f (20 — bu) — f(0) — (f'(0))7) da.

This and Theorem 4.1 imply the claim. O
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Observe that the higher order of convergence is attained for
(4.9) by, = (log log 1)/ (@ ~1/(d+9),

This result is related with a result on the optimal window in the convergence in distribution of
density estimators in Parzen (1962).

5. The L.I.L. for triangular arrays of empirical processes in the Poisson domain
of attraction. We study the law of the iterated logarithm for a triangular arrays of empirical
processes in the Poisson domain, i.e. the limit set is the limit set appearing in the L.I.L. of certain
Poisson process. First, we consider the case of one function. This problem has been considered
by Deheuvels and Mason (1990, 1991, 1995) in the case that d = 1 for a sequence of i.i.d.r.v.’s
with uniform distribution on [0,1]. We use a large deviations approach as in these references.
A reference in large deviations is Dembo and Zeitouni (1993). To avoid repetitions, here is the
framework that we will use:

SET-UP. Let {X;}32, be a sequence of i.i.d.r.v.’s with values in IR?, let X be a copy of X, let
M < oo, let mg € IRY, let {b,} be a sequence of positive numbers, let K be a measurable function
on IR? and let {K; :t € T} be a class of functions on IR?. Assume that:

(c.1) There exists a positive number a, such that n='b *loglogn — a.

(c.2) X has a density f in a neighborhood of xo, which is continuous and positive at x.

We study the logarithm of the iterated logarithm of processes of the form {V,(K;) : t € T},
where
(5.1) Vo(Ky) = a(loglogn) ™ > Ky(b, ' (z0 — X;))
j=1
and {K; : t € T} is a class of functions on IR?.
First, we present a lemma on the large deviations of V,,(K).

LEMMA 5.1. With the notation in the Set-up, assume conditions (c.1), (c.2),
(c.3) K(z) =0, if || > M.

(c.4) There exists a positive constant ro such that [, <y e K@l dg < oco.
Then:

(i) For each closed set C € IR,

(5.2) lim sup a(loglogn) ' log(Pr{V,(K) € C}) < — irel(fjl(u, K),

n—o0

where

I(u, K) = sup(ru — f(xo)/ (e"K@ _1)dz), for ue R.
relR R4

(ii) For each open set G € IR,

(5.3) 1i71Lr_1)iO£1fa(loglogn)_1 log(Pr{V,.(K) € G}) > — inf I(u, K).

ueG
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(i1i) For each r >0, each u > 0 and each n > 1,

(5.4) Pr{zn: Kb, (zo — X;)) > u} < exp (—ur + nb /]Rd(e’"K(gg) —1)f(xo — bpx) dx) .

PROOF. To show claims (i) and (ii) we apply Theorem II.2 in Ellis (1984) (see also Section
2.3 in Dembo and Zeitouni, 1993). By a change of variables

E[erK(bﬁl(wo—X))] =1+ bg/ d(erK(gC) - 1)f(x() - bnl') dz,
R
for n large. So,

a(loglogn) " log (E [e’"V”(K)]) = a(loglogn)~'nlog (1 + b2 /Rd(erK(w) — 1) f(xo — bn2) dx)

~ flao) [ (@D 1) de,

for » > 0. The rest of the conditions in this theorem are easily checked.
Part (iii) follows from the Cramér method:

n

Pf{i Kby (w0 — X,)) > u} < e Elexp(>" rEK (57 (0 — X;)))]

J=1

= e (1 (€ < 1) (o — bor)da)

< exp (—ur + nbg/ d(erK(gE) —1)f(zo — bpx) dx) ,
R

for r > 0 (by the Chebyshev inequality). O

Let {N(u) : v € IR’} be a multidimensional Poisson process with parameter f(zo) and let
Z(K) = [ga K(x)dN(z), for a function K with compact support. Then, the moment generating
function of Z(K) is

Ele 5] = exp(f(ao) [ (e8¢~ 1) da)

So, the rate function in the Chernoff theorem of Z(K) is I(u, K) (a reference in this topic is
Chapter 2 in Dembo and Zeitouni, 1993). In particular, I(u, K) is the Legendre transform of
E[er?()]. Since E[Z(K)] = f(x0) [pa K(z) dz, we have that I(u, K) has the following properties:
(i) I(u, K) is a convex function.
(ii) I(u, K) is non-decreasing in [f(zo) [g« K (x) dx,00) and non-increasing in
(=00, f(z0) [a K (z) dz].
(iil) I(u, K) > 0 and I(f(zo) [ge K(x)dz, K) = 0.
(iv) I(u, f) = sup,so(ru — f(zo) [Ra(e™®® — 1) dz), for u > f(z0) [a K(z) da.
In particular, we have that

(5.5) Lim a(loglogn) tlog(Pr{V,(K) > u}) = I(u, K),
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for u > f(xo) [ga K(z)dx.
The following fact is known. Although, we have not found any reference where it is stated
exactly in this way.

LEMMA 5.2. With the notation the Set-up, let K be a measurable function satisfying (c.3)
and (c.4). Then,

(5.6) sup{u > f(zo) /]Rd K(x)dz : Egﬂg(ru — f(xo) /]Rd(erK(ac) —1)dz) < a}

—sup{ [ K@al@)do: [ h((f(w0)ale)) dz < (f(z0)'a}

where h(x) = zlogez —xz+ 1 if £ > 0; and h(x) = oo if x < 0.
Moreover, if i is a any positive number such that [p. h(e™ X)) dx = (f(z¢))'a, then the
expression (5.6) is f(xo) [pa K(z)e™ %@ dz.

PrROOF. We will need the following elementary inequality: for each z > 0 and each y € IR,
(5.7) zy < h(z)+eY — 1.
Let

My (K, a) :=sup{u > f(zo) /]Rd K(x)dz : Egﬂg(ru — f(xo) /]Rd(erK(ac) —1)dz) < a}

and let

My(K,a) = sup{ [ K(@)a(x)dz: [ h(f(a0) " ale))dx < (f(z0)) "a}.

Suppose that u < M, then there is a real number ry such that

ToU — K(xo)/ (eK®@ _ 1) dx = sup(ru — f(xo)/ (e"E@ _1)dz) < a.
R4 relR R4

Observe that u = f(z¢) [pe K(2)e™X® dz. Let a(z) = f(x0)e™X @ then

[ h((F@) al@) de = (fao) Hrou = [ (€5 1) dz < (F(z0) e

So, My < M,. Since ap(z) = f(zo) satisfies h((f(zo)) tao(z)) = 0, My > [ga K(z)f(z0) d.
Suppose that [pa h((f(z0)) " a(z))dz < (f(z0)) e and [ K(z)a(z)dz > [gpa K(z)f(z0) d.
By (5.7),

K@) (@) al@) = O+ Dde < [ b((f(20) al@) dr < (f(a0))

~—

for each r € IR. So, My < M. The rest of the proof follows along similar lines. O

Observe that if there exists a > 0 such that Mz € R? : f(z) > 6} > §, then ¥(r) =
[ra h(e™E@) dz is a continuous function with ¥(0) = 0 and lim, . %(r) = co. So, there exists a
positive number rx such that ¥ (rx) = (f(xo)) 'a.
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We will denote

(5.8)  M(K,a) :zsup{/]Rd K(z)a(z) d:c:/]Rd h((f(20)) ta(x)) dz < (f(xo))_la}.

We will consider two cases of L.I.L. for a processes in the Poisson domain because when the

function is non—negative the assumptions are weaker.

THEOREM 5.3. With the notation in the Set-up, assume (c.1) and (c.2). Let K be a non—
negative function satisfying (c.3), (c.4),

(c.5)

hm limsup(loglogn) *E[ sup | zn: o (o — X)) — K (b, (w0 — X;)))|] — 0.

d—00  n—0 1-0<u<l ;o4

(c.6) For each v > 0, there ezists a 6 > 0 such that

(5.9) / exp (r sup |K(u'z)— K(x)|> dr < oo.
R4 1-6<u<l
Then,
(5.10) limsup a(loglogn) ™' > K(b,'(z0 — X;)) = M(K,a) as.

PROOF. Let § > 0 and let v > 1. For [y/] < n < [y/*1], we have that

["r]“]
(5.11) Vo (K) < a(loglog[y’ Z K(b - X))
["r]“]
1 ja -1 1
+a(loglog[y’])™" sup | Z b[ i\ - Xi)) - K(b[;]-](xo — X)),

1-6<u<1l 53
if v is close enough to one. Given n > M(f,a), there exists a r > 0 such that
™ — f(z0) [pa(e"E@ —1)dz > a. So, by Lemma 1

["r]“]
Pr{a(loglog[y’ Z K(bpjy(wo — Xi)) > ym} <5°°
for j large enough and some s > 1. Hence
["r]“]

(5.12) lim sup a(log log[ Z Kb i] - X)) < M(K,a) as.

_]—)OO
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We also have that

[y +1]
(5.13) a(log 7)™ S| > (K (u b5 (w0 — X)) = K (b (20 — X))l
SUu> =1
["r]“]
a(log 7)™ Z Gs(by,3) (0 = X)) gy (ap-x0)>
+allogd) 0] sup BI (b o — X)) = Kb (mn — X))y pxpen
1 gy 1,-1 1
+a(log j)~ . ?51<1P<1 Z (K(U_ bpyai (2o — Xi)) — K(b[;]-](xo - Xi)))Iéé(b[—;](a;o—Xi))gM
TOSUSL| =1 v

—BIK (b5 (w0 = X)) 061 mo-xipenn = K (b (@o - Xi))Iéé(b[;;](ﬂﬂo—Xi))SMD‘
= IM’(;J + IIM’(;J + IIIM’(;J,
where Gs(z) := sup;_sc,<; |K(u™'z) — K(z)|. Given n > 0, let » = 3p~'. Then, there exists a
§ > 0 such that [(e"%®) —1)dz < co. So, if M large enough,

v d(er@(s(ﬂﬁ)fc’(;(x)zM —1)dz < 1.

By Lemma 5.1,

[t

Pr{ > Gs(by(z0 — XG0 o-xi)2m = nlogj}
=1 Y

< exp <—7”77 logj + [’Yjﬂ]b[wf] /]Rd(eréé(gﬂ) — D, @)>mf(xo — bysz) dﬂ?) <j?

for 5 large. So,

(5.14) lim limsuplimsup Iys,; =0 a.s.
=0 §—0 n—00

By (b.2) and the Lusin theorem

(5.15) ITys; <0(1) sup |K(u'z) — K(z)|dz — 0.

1-0<u<1 JR?

By Theorem 2.4, for each M < oo there exist a 6 > 0, such that

ZPI‘{IIIM’(;J > 7’]} < 0.

j=1

Observe that we need that

(5.16) lim lim sup limsup E[I11;5;] = 0.

M=0 50 Jj—roo
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This condition follows from (c.5). So,

lim limsuplimsup I11y5; =0 a.s.
M—=0  §_0 n— 00

for each M < oo. From (5.11)—(5.16)

(5.17) limsup V,,(K) < M(K,a) a.s.

n—o0

By the second lemma of Borel-Cantelli and Lemmas 1 and 2

(7]
limsupa(logj)™ > Kby (Xe —20)) = (v = D)y ' M(K,ay(y = 1)7") as.
Jree k=[] +1

So,
limsup Vi) (f) 2 (v = Dy M(K,ax(y = 1)) as.
j—o0

Since (y — 1)y *M(K,ay(y — 1)) — M(K,a) as ¥ — oo, the result follows. O

The last theorem is a generalization of Theorem 8 in Deheuvels and Mason (1991) to the
multivariate and non—uniform case, under weaker hypotheses. Observe that

n

(loglogn) " E[ sup |> (K(u"'b, (z0 — X;)) — K(b," (w0 — X;))I]

1-6<u<l j=1

< (loglogn)™'nE[ sup |K(u b, (xo— X)) — K(b, (zo — X))]]

1-6<u<l
— 0(1) / sup K (ule) — K(z)| da.
R 1-§<u<1

So, condition (c.5) follows from the condition

5.18 lim sup |K(u'x) — K(z)|dr =0.

(518 fi [, sup_ [K(ua) = K(o)

By a previous argument, we have that if the class { K (u"'z): 0 < wu < 1} is a VC subgraph class
and

5.19 li K(u™z) — K(z)|dx < oo,
(5.19) L, SO0 (w7 ) = K@)

then (c.5) follows.

THEOREM 5.4. With the notation in the Set-up, assume (c.1) and (c.2). Let K be a function
satisfying (c.3), (¢.5), (c.6) and

(c.7) For each 0 <1 < o0, [i,1<m e" K@l dy < oco.

Then,

n

limsup a(loglogn)™ Y K (b, (zo — X;)) = M(K,a) as.

n
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PROOF. By Lemma 5.1 and the lemma of Borel-Cantelli

(5.20) limsup V;,5)(K) < M(K,a) as.

J—00

We claim that

(5.21) limsuplimsup  sup  [V}y5)(K) — Vo(K)| =0 aus.

1L G0 [y7]<nslyit]

We have that

n

5:22) V) = ValK) = alloglogn) ™ 3K by o — X)) — KO (0 — X0)
i=1
+a(loglogn)™! Z K (b }] - X))
i=[yI]+1
+a((loglogn) ™ — (loglog[y’ [z:] K(b 7]] - X))
i=[yI]+1

= I,+1I,+1Il,.

By the argument in Theorem 5.3

limsuplimsup sup |I,| =0 as.
1o oo pilsnshit]

We have that

' [+
Csup || < a(loglogly'])™h - [K (b (w0 — X))
(¥ ]<n<[y ] i=[yi]+1
By Lemma 5.1
[y7+1]
Pr{ > | b[ﬂ,]] Xi))| = nlogj}
i=[yl+1

< exp (—rnlog j + (V'] = [77])bpys Bl O — 1)) < 52,

if rn > 3 and 7 is close enough to one. The term /1], can be dealt with similarly. By the second
lemma of Borel-Cantelli and Lemma 1

[v’]
limsupa(logj)™ Y Kby (zo— Xp)) = (v = D)y ' M(K,ay(y = 1)7') as.
e k=[] +1
and
["r] ']
limsup a(logj)~ Z K( b["r]] —X3)) <7y 'M(K,ay) as.
j—o0
So,

limsup Vo(K) > (v — Dy ' M(K,av(y = 1)7") =y 'M(K, ay) as.

n—o0
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We have that (y — 1)y *M(K,ay(y —1)7') = M(K,a) as v — oco. Fix r > 0,
r(2ayr) —/ (e"E@ _ 1) dz > ay
Rd

for v large. So, M (K, avy) < 2ayr~* for v large. Hence, v ' M (K, a7y) — 0 as v — oco. Therefore,
the result follows. O

Next, we will consider the L.I.L. uniformly over a class of functions.
It is easy to see that the proof of Lemma 2 in Finkelstein (1971) applies to this situation,
giving the following:

LEMMA 5.5. With the notation in the Set-up, assume (c.1) and (c.2). Let Ki,...,K, be
measurable functions in IR satisfying (c.3) and (c.5)—(c.7). Then, with probability one,

(Va(K2), - -, Va(K5))

18 relatively compact and its limit set is
(5.23) {(/]R Ki(@)a(@)de,.., [ Ky(z)a(a) d:c) [ b)) a(e) de < (f(xo))_la}.

We also need the following:

LEMMA 5.6. Let K be a measurable function on IR® such that K(z) =0, if |z| > M, and let
0<a<oo. We define

(5.24) K] = sup{| [  K(@)a(a)do]: /MSM B((f (o)) () da < a(f(wo)) '}

Then

(i) If o = K(@o)Mlal < MY, fa |K (@) d < 2(f(w0)) | K

(i) If f(zo)M|z| < M} > a >0, fu<p [K(2)]de < 2(f(20)) (1 — 2) 7| K||n, where 2 is the
number such that 0 < z < 1 and h(z) = a(f(zo)M]z| < M})~?

(#ii) For any r > 0,

1K < S0t a+ o) [

|lz|<M

K2(z) dx)l/Q(/ K@) gz 1/2,

|lz|<M

Proor. To prove (i), for C C {z € R?: |x| < M}, take a = f(xg)Ice. Since

Jioperr W((f (z0)) ~la(z)) dz = MC) < a(f(20)) ™" [K()llw = f(2o)| Jo K(2)dx|. Applying this
relation for C' = {K(x) > 0} and C = {K(z) < 0}, we get (i). To prove (ii), for C C {z € R*:
|z| < M} take a = f(z0)z + f(z0)(1 — 2)Ic and proceed as before.

As to (iil) if [, < M((f(20)) " a(2)) dz < a(f(z0))~", by (5.7)

f(z0)) -1 - -1 t|K(x) 20)) a(z -
[ K@at@yde| < i [ (KON 1 h(f(ro)) o)) da
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<rta+ |K (z)|e" @ dg < 7t + (/
lz|<M le|<M

So, the result follows. O

K2(z) dx)l/Q(/ K@) 412,

|lz|<M

Finally, we consider the L.I.L. uniformly over a class of functions.

THEOREM 5.7. Let {Xj}jil be a sequence of i.i.d.r.v.’s with values on IR?, let xq € IR?, let
{K; :t € T} be a collection of measurable functions in IR? and let {b,} be a sequence of positive
numbers. Suppose that:

(c.1) There exists a positive number a, such that n~'b % loglogn — a.

(c.2) X has a density f in a neighborhood of xo, which is continuous and positive at x.

(c.3) For eacht € T, Ki(x) =0 if |z| > M.

(c.5)
lim limsup B[ sup sup |V, (K,(u™") = E[V (K, (u™"))]|] = 0.

d—00  p0 1-6<u<l teT

(c.6) For each v > 0 and each t € T, there exists a 6 > 0 such that

/Rd exp (T sup | K (u"'z) — K(:f:)l) dr < .

1-6<u<l

(c.7) For each 0 < r < oo,

/ exp (r sup |Kt(x)|> dr < oo.
x| <M teT

(c.8) (T, p) is totally bounded, where p(s,t) = [ga |Ks(x) — K¢(x)| dx.
Then, with probability one,

{a(loglogn)~* zn:Kt(b;l(xo - X;)):teT}

j=1

18 relatively compact and its limit set is

{([ K@a@dz) [ h((f@) al@)ds < (f(z)"a}.
R4 ter JR4

PrOOF. We apply Lemma 2.1. Lemma 5.5 implies the L.I.LL. for the finite dimensional
distributions. By the argument used in Theorem 3 to deal with in Iy ;,

lim limsupsup |V, (Kilgsm)| =0 a.s.,

—00 n—oo  teT

where G(x) = sup,cp | Ki(z)|. By Theorem 2.4 (condition (c.2) in Remark 2.5 is satisfied)

limlimsup sup [(Va((Ky, — Ki,) o) — E[Va((Ky — Kiy)le<u)]| =0 as,

020 n—oo” p(ty,t5)<s
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for each M < oco. Obviously

limlimsup sup |E[V,((Ky, — Ki,)Ie<m)]| =0,

020 n—00 p(ty,t2)<s

for each M < oco. So, the claim follows. O

If ut € T, for each 0 < u < 1 and each ¢t € T', and conditions (c.1), (c.2), (c.3) and (c.7) in the
previous theorem are satisfied, then Lemma 2.2 gives that {V,,(K;) : t € T} satisfies the compact
L.I.L. if and only if (7, p) is totally bounded and sup,c | V5, (K:)| 2550.

In the case that the functions are nonnegative, satisfying (c.4) and (c.6), condition (c.7) can
be relaxed to

(c.7)” For each 0 < r < 0o, there exists a 6 > 0 such that

/ exp (r sup |Kt(x)|> dr < oo.
|lz|<M

p(s,t)<é

By the Remark 1.5, if {K;(u'z) : 0 <wu < 1,¢t € T} is a VC subgraph class of functions such
that

5.25 lim sup sup|K; (v z)|dz < oo,
( ) 0—0+ JRd 1—5§5§1 teIT)| t( )|

then conditions (c.5) and (c.8) in Theorem 5.7 are satisfied. As to bracketing, we have the
following:

PROPOSITION 5.8. With the previous notation, assume conditions (c.1), (c.2), (c.3),
(c.9) [pa|Ki(z)|dx < oo, for each t € T.
(c.10) N[(]l)(T, T,\) < 0o, for each T < 0.
Then,
sup [Vo(K;) — E[Va(K)]| = 0.

teT

PROOF. ¢ will denote a universal constant which may varies from line to line. We claim that
if f satisfied (c.9), then

(5.26) Vi (K2) — E[Va(K)| =50
Given € > 0,
EVa(Kel o wyoa) = BV (Kelicoonlll < ¢ [ 1K@ Timpade < e
where and b is a large enough constant. We also have that
Var(Va (Kl koj<1)) < clloglogm) ™ [ K3 @) oo da
which goes to zero. So, (5.26) holds.
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Given 7 > 0, there are Ky, ..., K;,, € F and functions Ay, ..., A, such that [ps Ag(z)de <7
for each 1 < k < m, and for each ¢t € T, there exists a 1 < k < m such that |K;(z) — K3, (z)| <
Ag(x), for each x € IRY. Hence

sup [V (K) — E[Vo (K] < sup [Va(Ky, ) — E[Va(K)]]

teT 1<k<m
+ sup [Vi(Ax) = E[Va(Au)l| +2 sup |E[V,(Ar)]]
1<k<m 1<k<m

We have that |E[V,(A)]| < 2f(z0) [ga |Ak(z)|dz, for n large enough. So,
Prfsup V(i) — BV (K)]| 2 2(f(zo) + o}
€

< Pr{ sup |[Va(Ky,) = BVa(Ky)]| 2} + Pr{ sup [Va(Ax) = EVa(As)]] = 1},

1<k<m

which goes to zero. O

So, if there exists a 6 > 0 such that N[(}l)(r, Ts,\) < oo, for each 7 < oo, where {K;(u™'z) :
1-6<wu<1, teT}, then (c.5) in Theorem 5.7 holds.

Condition (c.5) is also satisfied for VC subgraph classes of functions. Definition and main
properties of VC classes of sets can be found in Chapters 9 and 11 in Dudley (1984). Given a
function f : S — IR, the subgraph of f is the set {(z,t) € Sx R :0 <t < f(z) or f(z) <t <0}.
A class of functions F is a VC-subgraph class if the collection of subgraphs of F is a VC class.
It is well known that for any VC subgraph class of functions and any n,

(5.27) E[igy;ejf(&)l] < cE[IjZlej ;gyf(Xj)H],

where {¢;} is a sequence of Rademacher r.v.’s, independent of the sequence { X}, and c is universal
constant depending only on the class F.

PROPOSITION 5.9. With the notation in Theorem 5.7, assume conditions (c.1)—(c.3) in this
theorem. Suppose also that there exists a 0 < 69 < 1 such that:
(i) {Ki(u™tz):1 -0 <u<1,t €T} is a VO subgraph class of functions.
(i)
/ sup sup |[K;(u'z)|dr < oo.
1-5<u<l t€T

Then,
lim limsup B[  sup  |Vo(Ki(u™) — E[Vo (K (u™)]]] = 0.
d—00 0 1—-6<u<lteT

PROOF. Let 7 > 0. By symmetrization and (5.27),

B[ sup |Va(Kyu™t) = E[Va(Kp,u)]]

1-5<u<1teT
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< cE[(loglogn) ™'Y €,  sup  |Ky(u b, (zo — X;)|I

+cE[(loglogn) ™[> ¢;  sup  |Ki(u'b, (z0 — X;

< C(lOg 1Og ’)’L)_l(’)’LE[ sup |Kt(u’_1br_zl(x0 - XJ) |2Isup1_5§ugl’teT |Kt(u_1b;1(1¢0—Xj)|§T])

<2E[ sup (loglogn)™'|> ;K (u'b," (zo — X;)|]
=1

o 1-6<u<1teT

n

< cE[(loglogn)™" > e;  sup  |Ky(u b, (zo — X;)]|]
j:1 1—5§u§1,t€T

SUP1 _scuct Suprer [Ke(u= by wo—X, )] <r )

j=1 1-6<u<lteT

n

) |Isup1_agu§1,te:r [Ke(u=Lby  (wo—X;) [>T I

j=1 1-6<u<lteT

1/2
1-5<u<1,teT
+c(loglogn) *E[n  sup | Ki(u b, (zo — X;)|I

)| sup;_ Ki(u=1b, Y (mo—X; >’T]
1—§6<u<1,teT P1 5§u§1,teT| t( n (To ])|

< ¢(loglogn)~Y/% + c/ sup | K (u )|

[>T dx
1-6<u<l1teT

UP] _§<u<1,teT |Ki(u=12)

So, the claim follows. O
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