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Abstract

In this article we consider a lattice system of unbounded continuous spins. Otto and
Reznikoff used the two-scale approach to show that exponential decay of correlations
yields a logarithmic Sobolev inequality (LSI) with uniform constant in the system
size. We improve their statement by weakening the assumptions, for which a more
detailed analysis based on two new ingredients is needed. The two new ingredients
are a covariance estimate and a uniform moment estimate. We additionally provide a
comparison principle for covariances showing that the correlations of a conditioned
Gibbs measure are controlled by the correlations of the original Gibbs measure with
ferromagnetic interaction. This comparison principle simplifies the verification of
the hypotheses of the main result. As an application of the main result we show how
sufficient algebraic decay of correlations yields the uniqueness of the infinite-volume
Gibbs measure, generalizing a result of Yoshida from finite-range to infinite-range
interaction.
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1 Introduction and main results

We consider a lattice system of unbounded and continuous spins on the d-dimensional
d
lattice Z<. The formal Hamiltonian H : R?" — R of the system is given by

1
H(z) = Z Vi) + B Z Mijx;x;. (1.1)
i€Zd i,jEZ

We assume that the single-site potentials ¢; : R — R are smooth and perturbed convex.
This means that there is a splitting ¢; = 95 + wf such that foralli € Z% and z € R

@9)"(z) >0 and  |7(2)] + () (2)] S 1. (1.2)
Here, we used the convention (see Definition 1.16 below for more details)
a<b :< there is a uniform constant C > 0 such that a < Cb.

Moreover, we assume that
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¢ the interaction is symmetric i.e.

M;; = Mj; foralli,j € Z4,

* and the matrix M = (M,;) is strictly diagonal dominant i.e. for some ¢ > 0 it holds
for any i € Z4
> IMl+6 < M. (1.3)
JEZA j£i
Notation 1.1. Let S C Z be an arbitrary subset of Z¢. For convenience, we write z° as
a shorthand for (z;);cs.

Definition 1.2 (Tempered spin-values). Given a finite subset A C Z¢, we call the spin
d
values %" \* tempered, if for all i € A

> Myl ] < oo

JEZA\A

Definition 1.3 (Finite-volume Gibbs measure). Let A be a finite subset of the lattice Z.°
d
and let z%°\A be a tempered state. We call the measure i, (dz") finite-volume Gibbs

measure associated to the Hamiltonian H with boundary values de\A, if it is a probability
measure on the space R* given by the density
A L —m@h a2y A
pa(de?) = —e ’ dz®. (1.4)

KA

Here, Z,,, denotes the normalization constant that turns p into a probability measure.
If there is no ambiguity, we also may write Z to denote the normalization constant of a
probability measure. We also used the short notation

H(xA,de\A) = H(z) with z= (xA,de\A).

Note that up depends on the spin values 2%"\\ outside of the set A.

The main object of study in this article is the question if the finite-volume Gibbs
measure up satisfies a logarithmic Sobolev inequality (LSI).

Definition 1.4 (LSl). Let X be a Euclidean space. A Borel probability measure i, on X
satisfies the LSI with constant ¢ > 0, if for all smooth functions f > 0

/flogf du—/fdulog (/fdﬂ> < 2%/ |Vj;f|2du-

Here, V denotes the gradient determined by the Euclidean structure of X.

The LSI yields by linearization the Poincaré inequality (PI) (see for example [9]).

Definition 1.5 (Pl). Let X be a Euclidean space. A Borel probability measure p on X
satisfies the PI with constant ¢ > 0, if for all smooth functions f

var, (/) = | (f / fdu)Qdu < [vsran

Here, V denotes the gradient determined by the Euclidean structure of X.

The LSI was originally introduced by Gross [5]. It can be used as a powerful tool for
studying spin systems. The LSI implies exponential convergence to equilibrium of the
naturally associated conservative diffusion process. The rate of convergence is given by
the LSI constant o (cf. [16, Chapter 3.2]). At least in the case of finite-range interaction,
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independence from the system size of the LSI constant of the local Gibbs state directly
yields the uniqueness of the infinite-volume Gibbs state (cf. [16, 22, 24]).

In the literature, there are several results known that connect the decay of spin-spin
correlations to the validity of a LSI uniform in the system size [17, 18, 23, 20, 21, 3].
This means that a static property of the equilibrium state of the system is connected to
a dynamic property namely the relaxation to the equilibrium. We refer the reader to
the Section 2.2. of the article of Otto & Reznikoff [14], which gives a nice overview and
discussion on the results in the literature. Otto & Reznikoff used the two-scale criterion
for the LSI (cf. [14, Theorem 1] or [6, Theorem 3]) to deduce the following statement:

Theorem 1.6 ([14, Theorem 3]). Consider the formal Hamiltonian H : RZ 5 R given
by (1.1). Assume that the single site potentials v); = ) are given by a function of the form

1 d?
U(z) = ﬁz‘* +°(z)  with = b(z) < C. (1.5)
Assume that the interaction is symmetric i.e. M;; = M;; and has zero diagonal i.e.
M;; = 0. Consider a subset Aot C Z%. We assume the uniform control:

|M;;| < exp (Z ;]> (1.6)

fori,j € A and

| cov, (@i, 25)] S exp <—|Z;‘7|) (1.7)
uniformly in A C Ay and i,j € A. Here, us denotes the finite-volume Gibbs measures
ua given by (1.4).

Then the finite-volume Gibbs measure (i, satisfies the LSI with constant ¢ > 0 depend-
ing only on the constant C' > 0 in (1.5), (1.6), and (1.7).

The most important feature of Theorem 1.6 is that the LSI constant p is independent
of the system size |Aq¢| and of the spin values 22 \Mor gutside of Atot. The advantage of
Theorem 1.6 over existing results connecting a decay of correlations to a uniform LSI
is that it can deal with infinite-range interaction (cf. [17, 18, 23, 20, 21, 3]). However,
Theorem 1.6 calls for some technical improvements. The main result of this article is the
following generalized version of Theorem 1.6:

Theorem 1.7 (Generalization of [14, Theorem 3]). Assume that the formal Hamiltonian
H : ]RZd — R given by (1.1) satisfies the Assumptions (1.2) - (1.3). Let Ayt C Z% be an
arbitrary, finite subset of the lattice 7.

Assume the following decay of interactions and correlations: For some « > 0 it holds

1
M| S T——ara (1.8)
Ml S =
uniformly in i, j € Aoy and
< 1
| covpy (i, 25)| S [i = ja (1.9)

uniformly in A C Aoy, and i,j € A. Here, uy denote the finite-volume Gibbs measures
given by (cf. (1.4)).

Then the finite-volume Gibbs measure [y, satisfies the LSI with a constant ¢ > 0
depending only on the constant in (1.2), (1.3), (1.9) and (1.8).
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Theorem 1.7 improves Theorem 1.6 in two ways:
Note that Theorem 1.6 needs an exponential decay of interaction and spin-spin correla-
tions. However, analyzing the proof of [14, Theorem 3] one sees that the exponential
decay is only needed to guarantee that certain sums are summable. Therefore this
assumption can be weakened to algebraically decaying interaction and spin-spin correla-
tions. Of course now, the order of the algebraic decay depends on the dimension of the
underlying lattice to guarantee summability.

The second improvement is more subtle. Theorem 1.6 needs a special structure on
the single-site potentials ;. Namely, the single-site potentials v; have to be perturbed
quartic in the sense of (1.5). Analyzing the proof of [14, Theorem 3] shows that the
argument does not rely on a quartic potential ;. For the argument of Otto & Reznikoff
it would be sufficient to have a perturbation of a strictly-superquadratic potential i.e.

d2
lllmrggf @wf(x) — 0. (1.10)
The condition (1.10) on the single-site potential 1; is widespread and accepted in the
literature on the uniform LSI (cf. for example [21, 22, 15]).

Therefore it is surprising that a result by Zegarlinski [23, Theorem 4.1.] indicates
that the condition (1.10) is not necessary for deducing a uniform LSI. Zegarlinski
deduced in [23, Theorem 4.1.] the uniform LSI for the finite-volume Gibbs measure
1A given by (1.4) on an one-dimensional lattice A, C Z with finite-range interaction.
For Zegarlinski’s argument it is sufficient that the single-site potentials 1; satisfy the
conditions (1.2) and (1.3), which is strictly weaker than the condition (1.10) (for a proof
of this statement we refer the reader to [14, Proof of Lemma 1]). In Theorem 1.7 we
show that the conditions (1.2) and (1.3) are in fact also sufficient for the Otto-Reznikoff
approach.

Remark 1.8. Note that the structural assumptions (1.2) - (1.3) on the Hamiltonian H
are invariant under adding a linear term like

Z x;b;

i€Z
for arbitrary b; € R. Therefore the the LSI constant of Theorem 1.7 is invariant under
adding a linear term to the Hamiltonian. Such a linear term can be interpreted as a field
acting on the system. If the coefficients b; are chosen randomly, one calls the linear term
random field.

Let us discuss what are the ingredients to weaken the structural assumptions on the
single-site potential from the condition (1.5) to the condition (1.2) and (1.3). Analyzing
the proof of Otto & Reznikoff, it all boils down to understanding the structure of the
Hamiltonian of the marginals of the finite-volume Gibbs measure conditioned on the spin
values of some set S C Aot (cf. [14, Lemma 2, Lemma 3 and Lemma 4] or see Section 3).
Because our structural assumptions (1.2) and (1.3) on the single-site potentials are
weaker, our proof needs new ingredients and more detailed arguments compared to [14].

The first new ingredient in the proof of Theorem 1.7 is the covariance estimate of
Proposition 3.3. With this estimate it is possible to deduce algebraic decay of correlations,
provided the interactions M;; also decay algebraically and the nonconvex perturbation b
is small enough.

The second new ingredient in the proof of Theorem 1.7 is a uniform estimate of
var,, (z;) (see Lemma 3.4), which we reduce to a moment estimate due to Robin Nittka
(cf. [12, Lemma 4.2] and Lemma 3.5). The full proof of Theorem 1.7 is given in Section 3.
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However, Theorem 1.7 still calls for further improvements. Note that in the condi-
tion (1.9) of Theorem 1.7 one needs to check the decay of correlations for all finite-volume
Gibbs measures up with A C A¢;. Even if this is a very common assumption (see for
example [21, Condition (DS3)]) it may be a bit tedious to verify. Instead of the strong con-
dition (1.9), one would like to have a weak condition like the one used for discrete spins
in [10]. The main difference between the weak and the strong condition for the decay of
correlations is that in the weak condition it suffices to show that for a sufficiently large
box A the correlations decay nicely. The main advantage of the weak condition is that
one does not have to control the decay of correlations for all growing subsets A — Z¢.
Therefore, the weak condition is easier to verify by experiments. Unfortunately, we
cannot get rid of the strong decay of correlations condition (1.9) in the Otto-Reznikoff ap-
proach. However, we show how verifying the strong decay of correlations condition (1.9)
can be simplified by two comparison principles.

The first comparison principle (see Lemma 1.9 below) shows that in the case of
ferromagnetic interaction (i.e. M;; < 0 for all 4,j € Ay) the correlations of a smaller
system are controlled by correlations of the larger system.

Lemma 1.9. Assume that the formal Hamiltonian H : ]RZd — R given by (1.1) satisfies
the Assumptions (1.2) - (1.3). Additionally, assume that the interactions are ferromag-
netic i.e. M; ; <0 fori # j.

For arbitrary subsets A C Ao C 7%, we consider the finite-volume Gibbs measure LA
and yu,,,, with the same tempered state 2"\t Then it holds for any i, j € A

covy, (T, 25) < covyy (i, 25).

The proof of Lemma 1.9 is given in Section 2. The second comparison principle is
rather standard. It states that correlations of a non-ferromagnetic system are controlled
by the correlations of the associated ferromagnetic system:

Lemma 1.10. Assume that the formal Hamiltonian H : RZd — R given by (1.1) satisfies
the Assumptions (1.2) - (1.3). Let up denote the finite-volume Gibbs measure given
by (1.4). Additionally, consider the corresponding finite-volume Gibbs measure i |
with attractive interaction i.e. the associated formal Hamiltonian is given by

H(z) = Z Yi(z:) f% Z | Mij|ziz;.

i€z i,jEZ4
Then it holds that for any i,j € A

‘ COVpun (wi’xj” < COVipn,|na| ($i>-73j)~

We do not state the proof of the last lemma. One can find the proof for example in a
recent work by Robin Nittka and the author. The proof follows the argument of [8] for
discrete spins (see [12, Lemma 2.1.]).

Remark 1.11. Usually, one considers finite-volume Gibbs measures for some inverse
temperature 5 > 0 i.e.

1
pa (dz?) = 7e_ﬁH($A’zZ\A)dx for z* € R™.

m

This case is also contained in the main results of the article, because the Hamiltonian
B H still satisfies the structural Assumptions (1.2) - (1.3). Of course, the LSI constant of
Theorem 1.7 would depend on the inverse temperature S.
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Remark 1.12. Because we assume that the matrix M = (M;;) is strictly diagonal
dominant (cf. (1.3)), the full single-site potential

Vi) + Myz? = Mya? + § () + 90 (x)

is perturbed strictly-convex. We want to note that this is the same structural assumption
as used in the article [13], where the LSI was deduced for the canonical ensemble.

Let us turn to an application of Theorem 1.7. We will show how the decay of
correlations condition (1.9) combined with the uniform LSI of Theorem 1.7 yields the
uniqueness of the infinite-volume Gibbs measure. The statement that a uniform LSI
yields the uniqueness of the Gibbs state is already known from the case of finite-range
interaction (cf. for example [22], the conditions (DS1), (DS2), and (DS3) in [21]). The
related arguments of [16], [24], and [21] are based on semigroup properties of an
associated diffusion process. Though the semigroup approach probably may work in the
case of infinite-range interaction, we follow a more straightforward approach to deduce
the uniqueness of the Gibbs measure. Before we formulate the precise statement (see
Theorem 1.14 below), we specify the notion of an infinite-volume Gibbs measure.

Definition 1.13 (Infinite-Volume Gibbs measure). Let i be a probability measure on the
state space RZ" equipped with the standard product Borel sigma-algebra. For any finite
subset A C Z% we decompose the measure . into the conditional measure u(dxA|de\A)
and the marginal ﬁ(ded\A). This means that for any test function f it holds

[ r@utdn) = [ [ s@mudsia® W),

We say that the measure p is the infinite-volume Gibbs measure associated to the
Hamiltonian H, if the conditional measures u(dxA\de\A) are given by the finite-volume
Gibbs measures ju, (dz) defined by (1.4) i.e.

p(daM|z D) = pa (da).

The equations of the last identity are also called Dobrushin-Lanford-Ruelle (DLR) equa-
tions.

The precise statement connecting the decay of correlations with the uniqueness of
the infinite-volume Gibbs measure is:

Theorem 1.14 (Uniqueness of the infinite-volume Gibbs measure). Under the same
assumptions as in Theorem 1.7, there is at most one unique Gibbs measure p associated
to the Hamiltonian H satisfying the uniform bound

sup /(a:,;)Qu(dx) < 0. (1.11)
€24

The moment condition (1.11) in Theorem 1.14 is standard in the study of infinite-
volume Gibbs measures (see for example [2] and [16, Chapter 4]). It is relatively easy to
show that the condition (1.11) is invariant under adding a bounded random field to the
Hamiltonian H (cf. Remark 1.8).

Theorem 1.14 is one of the well-known statements for which it is hard to find a proof.
Therefore we state the proof in full detail in the Appendix A. The argument does not
need that the finite-volume Gibbs measures u, satisfy a uniform LSI. It suffices that the
finite-volume Gibbs measures u, satisfy a uniform PI, which is a weaker condition then
the LSI (see Definition 1.5).

We also want to note that the main results of this article, namely Theorem 1.7 and
Theorem 1.14 were applied in [12] to deduce a uniform LSI and the uniqueness of
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the infinite-volume Gibbs measure of a one-dimensional lattice system with long-range
interaction, generalizing Zegarlinsk’s result [23, Theorem 4.1.] to interactions of infinite
range.

Remark 1.15. In this article, we do not show the existence of an infinite-volume Gibbs
measure. However, the author of this article believes that under the assumption (1.11)
the existence should follow by an compactness argument similarly to the one used in [2].

In order to avoid confusion, let us make the notation a < b from above precise.

Definition 1.16. We will use the notation a < b for quantities a and b to indicate that
there is a constant C' > 0 which depends only on a lower bound for 6 and upper bounds
for [?|, |(4})'], and sup; 3~ ;4 | Mi;| such that a < Cb. In the same manner; if we assert
the existence of certain constants, they may freely depend on the above mentioned
quantities, whereas all other dependencies will be pointed out.

7

We close the introduction by giving an outline of the article.

e In Section 2, we prove Lemma 1.9. This contains the comparison principle for
covariances of smaller systems to larger systems.

* In Section 3, we consider the generalization of Theorem 1.6 and give the proof of
Theorem 1.7.

¢ In the Appendix A, we consider the uniqueness of the infinite-volume Gibbs measure
and give the proof of Theorem 1.14.

¢ In the Appendix B we state some well-known facts about the LSI and the PI.

2 Comparing covariances of a smaller system to covariances to a
bigger system: Proof of Lemma 1.9

The proof of Lemma 1.9 uses an idea of Sylvester of expanding the exponential
function [19]. Sylvester used this idea to give a simple unified derivation of a bunch of
correlation inequalities for ferromagnets.

Proof of Lemma 1.9. We fix the spin values m;, i € Aot \A. Recall that in our notations
1A coincides with the conditional measure

pa(da®) = pa,, (da® mien\h),
We introduce the auxiliary Hamiltonian H,, a > 0, by the formula

Hy(z)=H(z) +« Z (x5 — my)2.
1€ Ao \A

We denote by u,, the associated Gibbs measure active on the sites A¢.;. The measure .,
is given by the density

fo(dz) = % exp (—Hy(z)) do for x € RMwr,

Note that the measure 1, interpolates between the measure pa and py,,, in the sense
that po = pa,,, and for any integrable function f : R 5 R

i [ 7o) = [ (e ),
a—r 00
So we formally have po, = pa Therefore it also holds fori,j € A

uli_}rr;o covy, (x5, ;) = covy, (x5, ;)

EJP 19 (2014), paper 107. ejp.ejpecp.org
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This yields by the fundamental theorem of calculus that

o
covy (xi, ;) — covy, (x4, ;) = / 7 covy, (x4, ;).
0 a

We will now show that

o covy, (z4,25) <0,

which yields the statement of Lemma 1.9.
Indeed, direct calculation shows that

o Vo (zi,w5)

d

= —COoVy,, TiTj —

Tittay Y (o —m)’

€At \A

= —cov,, | zizj, Z (zg —my)?

lEAot\A

We will show now that

COVyg | Tijs Z (z1—m)? | >0. (2.1)
l€Atot \A

For this purpose, we follow the method by Sylvester [19] of expanding the interaction
term. Recall that this method is also used to show for example that

covy, (zi,x;) >0,

provided the interactions are ferromagnetic. By doubling the variables we get

covy, | ziz;, Z (xl—ml)2

l€Atot \A
— [y =3 3 (o m)haldo) pald)
l€Atot \ A
1 . N -
=73 (xixj; — T;T5) Z (z; —my)? exp(—Hy(x) — Ho(Z))dxd
1€A ot \A

Because the partition function Z > 0 is positive, the sign of the covariance is determined
by the integral on the right hand side of the last identity. We change variables according
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to x; = (p; + ¢q;) and &; = (p; — ¢;) and get

/ (s — 5i85) 3 (w1 — m0)? exp(—Hal(z) — Hal(@))dzdi

l€A o\ A
= C/((pz‘ +ai)(pj +45) — (pi — @) (pj — 45))

x> (o4 @) —mi)? exp(—Ha(p — q) — Ha(p + ¢))dpdg
lEAot\A

= C/(Zpin + 2q;p;)

x> (4 @) —mi)? exp(—Ha(p — q) — Ha(p + ¢))dpdg (2.2)
lEAot\A

where C' > 0 is the constant from the transformation. Straightforward calculation reveals

Ho(p,q) = Ho(p —q) + Ha(p + )
= Wilpr— a) + Gi(p + @) + dmup + o(p — @) + alpc+ @) + 2m]
1
+2p- Mp+2q- Mgq. (2.3)
For convenience, we only consider the first summand on the right hand side of (2.2). The

second summand can be estimated in the same way.
Due to symmetry of H,(p, q) in the ¢ variables it holds

/Qj > (oo + @) — mi)? exp(—Ha(p, q))dpdg = 0
lEAtot \ A

Therefore we get by doubling the variable p first and then changing of variables p = r+ ¢
and p = r — ¢ that

/2pin > (o + @) — mu)? exp(—Ha(p, q))dpdg
lE€A ot \A

1 -
= 2/2(1% — Di)g; Z (o + @) — mu)®
€A oe\A

x exp(—Ha(p, q) — Ha(p, q))dpdpdq

1 - - 2
= 2/4%‘% E ((r+q+aq)—m)
lE€Ator\A

x exp(—Ha(r, G, q))dqdqdr, (2.4)

where the Hamiltonian H,, (r,q,q) is given by

Q,Q)'FHQ(T—C?,(])
§—q)+Ho(r+G+q)+Hao(r—G—q)+ Ho(r —G+q)

As we have seen in (2.3) from above, the Hamiltonian ﬁa(r, g, q) contains no mixed terms

in the variables r, § and q. More precisely, H,(r, g, q) has three interaction terms i.e.

4r - Mr, 4q- Mq, and 2q - Mgq.
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So we can rewrite H,(r,,q) as

Ho(r,q,q9) = F(r,q,q) +4r- Mr+4¢- Mq+2q- Mg,
where the function I’ is of the form

F(r,q,q) = lel(ﬁ, Q@ Q1)
1

for some single-site potentials z/?l that are symmetric in the variables ¢; and ¢;. Expanding
the term

exp(—4qG- Mq—2q- Mq)

on the right hand side of (2.4) yields a sum of terms of the form
- an/qlnll "'Qﬁkdzl ~-~§Zl((rl + G —q) —my)?
X exp (— Z i (ry, G, qr) — 4r - (M)r) dgdgdr.
1

Because the functions z/?l are symmetric in the variables ¢; and ¢; any term with an
odd exponent vanishes. Hence, the exponents n4,...,nx, and n4,...,nk, are all even.
Because —M,,,,, > 0 due to the fact that the interaction is ferromagnetic we get

- Mynn/qﬁl o qﬁqul e 'q[fil((rl + le - QZ) - ml)2
X exp <— > dhi(re, i) — 4r- (M)7‘> dgdqdr > 0.
I

All in all, the last inequality yields the desired estimate (2.1) and therefore completes
the proof. O

3 The Logarithmic Sobolev inequality: proof of Theorem 1.7

This section is devoted to the proof of Theorem 1.7. We adapt the strategy of Otto
& Reznikoff [14, Theorem 3] to our situation. Recall that compared to Theorem 1.7 we
work with weaker assumptions:

* The single-site potentials v; are only quadratic and not super-quadratic (cf. (1.2)
vs. (1.5)). Also note that in Theorem 1.6 it is assumed that M;; = 0, whereas in
Theorem 1.7 it is assumed that M;; > ¢ > 0 (cf. (1.3)). In order to compare both
statements it makes sense to think of the single-site potentials in Theorem 1.7 as

1

* The interactions M;; decay only algebraically and not exponentially (cf. (1.6)
vs. (1.8)).

e The correlations are decaying only algebraically and not exponentially (cf. (1.7)
vs. (1.9)).

The algebraic decay of interactions and correlations is easy to incorporate in the original
argument of [14], whereas using quadratic and not super-quadratic potentials represents
the main technical challenge of the proof.
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The crucial ingredients in the proof of [14, Theorem 3] are two auxiliary lemmas,
namely [14, Lemma 3 and Lemma 4]. A careful analysis of the proof of [14] shows that
only this part of the argument is sensitive to weakening the assumptions. Once the
analog statements under weaker assumptions (see Lemma 3.1 and Lemma 3.1 below) are
verified, the rest of the argument of [14, Theorem 3] would work the same and is skipped
in this article. The remaining part of the argument is based on an recursive application
of a general principle, namely the two-scale criterion for LSI (cf. [14, Theorem 1]), and is
therefore not sensitive to changing the assumptions. Hence for the proof of Theorem 1.7
it suffices to show that the auxiliary lemmas [14, Lemma 3 and Lemma 4] remain valid
under weakening the assumptions.

Let us turn to the first auxiliary Lemma (cf. [14, Lemma 3] or Lemma 3.1 from below).
It states that the single-site conditional measures satisfy a LSI uniformly in the in the
system size and the conditioned spin-values. The argument of [14, Lemma 3] by Otto
& Reznikoff is heavily based on the assumption that the single-site potential 1 is super-
quadratic. At this point we provide a new, different, and more elaborated argument
showing that the statement of [14, Lemma 3] remains valid if the single-site potential
is only perturbed quadratic. One could say that the proof of Lemma 3.1 represents the
main new ingredient compared to the argument of [14].

Lemma 3.1 (Generalization of [14, Lemma 3]). We assume the same conditions as in
Theorem 1.7. We consider for an arbitrary subset S C Ao+ and site i € S the single-site
conditional measure

1 _
A(da;|z%) = A exp(—H ((z°))dzx;
with Hamiltonian

H(z%) = —1og/exp(—H(x))dxAtot\S. (3.1)

Then the single-site conditional measure ji(dz;|x°) satisfies a LSI with constant ¢ > 0

(cf. Definition 1.4) that is uniform in A, S and the conditioned spins z°.

We state the proof of Lemma 3.1 in Section 3.1.

Let us turn to the second auxiliary Lemma (cf. [14, Lemma 4] or Lemma 3.2 from
below). For some fixed but large enough integer K let us consider the K-sublattice Ay
given by

AK = KZd n At0t~
Let S an arbitrary subset satisfying Ax C S C Ator. The second auxiliary lemma states
that measure on Ak, which is conditioned on the spins in S\Ax and averaged over the

spins in At \S, satisfies a LSI with constant ¢ > 0 uniformly in S and the conditioned
spins:

Lemma 3.2 (Generalization of [14, Lemma 4]). We assume the same conditions as in
Theorem 1.7. Let S be an arbitrary set with Ax C S C Aiot. Consider the conditional
measure

1 _
iz a5\ = — exp(—H (2%))dof
with Hamiltonian

H(z%) = —log / exp(—H (z))dzeet\5,

Then there is some integer K such that the conditional measure ji(dz™< |25\ ) satisfies
a LSI with constant ¢ > 0 (cf. Definition 1.4) that is uniform in A, S and the conditioned
spins x5\Ax
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3.1 Proof of Lemma 3.1 and Lemma 3.2

Let us first turn to the proof of Lemma 3.1. For the argument we need the two new
ingredients. The first one is the covariance estimate of Proposition 3.3 from below. The
second one is that the variances of our kind of Gibbs measure are uniformly bounded
(see Lemma 3.4 from below).

Let us now state the covariance estimate of Proposition 3.3.

Proposition 3.3. Let A C Z? an arbitrary finite subset of the d-dimensional lattice Z.
We consider a probability measure du := Z ' exp(—H(z)) dr on R*. We assume that

« the conditional measures p(dx;|T;), i € A, satisfy a uniform PI with constant g; > 0.
¢ the mixed derivatives of H are uniformly bounded in the sense that fori,j € A
with i # j
|VZVJH(.’L‘)‘ < Kij < 00,
where the numbers k;; do not depend on x. Here,
a bilinear form.

- | denotes the operator norm of

 the numbers k;; decay algebraically in the sense of

1
R —
lﬂj ~ |i*j|d+0‘+1

for some o« > 0.
* the symmetric matrix A = (A;;)nxn defined by

iy if i =7,
Ay =1° Y
—Kij, IF 1< g,
is strictly diagonally dominant i.e. for some § > 0 it holds for any i € A

Z |Ai;| +0 < Ay
JEA,jFL

Then for all functions f = f(x;) and g = g(x;), 1,5 € A,

lcov(f,9)] S (A7) (/lvif2 du>2 (/ng? du>2 (3.2)

and for anyi,j € A

1
(A1) S i (3.3)

j|d+& + 1’
for some & > 0.

For the proof of Proposition 3.3 we refer the reader to the article [11].

Proof of Lemma 3.1. The strategy is to show that the Hamiltonian H;(x;) of the single-
site conditional measure fi(dz;|z”) is perturbed strictly-convex in the sense that there
exists a splitting

Hi(wi) = §¢ (i) + 9 () (3.4)
into the sum of two functions ¥¢(z;) and ¢! (x;) satisfying

W) (z;) > ¢>0 and |[P0(z;)] < C < o0 (3.5)
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uniformly in z; € R, i € S, Aoy and S.

Once (3.4) and (3.5) are validated, the statement of Lemma 3.1 follows simply from a
combination of the criterion of Bakry-Emery for LSI and the Holley-Stroock perturbation
principle (cf. Appendix B and the proof of [14, Lemma 1] for details).

The aim is to decompose H; such that (3.4) and (3.5) is satisfied. For that purpose,
let us define the auxiliary Hamiltonian H, (), = € R*wt, as

HauX($) = H([E) - Z 1/}?(1‘3) (3.6)

Jili—i<R

Note that H,.« is strictly convex, if restricted to spins z; with |i — j| < R.
For convenience, let us introduce the notation S¢ := A\ S. The Hamiltonian H; is then
written as

() 2 < tog [ exp(-H(a))ds™

= —log/exp(—Haux(:c))d:L'Sc

=g (24)
| [ exp(—H(x))dz*
—lo .
[ exp(—Haux (2))da5°

=1 (x:)

Now, let us check that the functions @[sz(xz) and 1/35(:51) defined by the last identity satisfy
the structural condition (3.5).

Let us consider first the function z/?ﬁ’(:ci). We introduce the auxiliary measure ji,,x by
. 1 c
faux (dz®") = - €XP (—Haux () dz®"

Then it follows from the definition (3.6) of H,,« that

1%)(‘%1) < log/exp(— Z 7/}?(%)) MaUX(deC)
jilj—il<R
< > Wbl <2(R+1)C

Jili—il<R

It is now left to show that @f(xi) is uniformly strictly convex. Direct calculation yields
d -, d? d
@%‘(%) = / @Haux(x)uaux —vary,.. (d:riHaux(x)> . (3.7)

We decompose the measure i .« into

SC)

= ftaux ((dzj)jese,|j—ij<r | (T;)jese |j—i|>R) Raux((dT;) jese |j—i|>R)-

Phaux (da

Here, fiaux ((dxj)jestj_“SR | (xj)jesc7|j_,;|>R) denotes the conditional measure given by

Haux ((dxj)jesc,\jfi\gR | (Jﬁj)jesc,\jfibR)
1
= Eexp(—Haux(x)) ® jese, dxj,
[7—i<R
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whereas fiaux((dz;) cse,j—i|>r) denotes the marginal measure given by
fraux ((d;) jese,|j—i>R)

1
=7 (/GXP(—Haux(x)) ® rese, dml) ®jese,|j—i|>R dT;-.
i—il<R

For convenience, we write [i,.x . instead of the conditional measure

praux ((dzj)jese |j—ij<r | (T))jese|j—i|>R) -

Applying the decomposition to (3.7) yields

&2 - P2 d i
@% (.131) = EHaux (m)/laux,c —vVary, ... %Haux(x) HMaux

K]
d
— V&I‘ﬂaux (/ dm‘Haux(x)/vLaux,C> . (38)

(2

The first term on the right hand side of the last identity is controlled easily. Note that
the Hamiltonian H,,y is strictly-convex, if restricted to spins z; with |7 —i < R.Soit
follows from a standard argument based on the Brascamp lieb inequality that (for details
see for example [4, Chapter 3])

d? d
ﬁHaux(x)/laux,c - varuaux‘c %Haux(x) Z c> O

uniformly in R and therefore also

d? d
/ (/ Tx%Haux(x)ﬂaux,c - V&I‘Maux’c ((jl:iHaUX(m)>> laaux Z c> 0

uniformly in R.

Let us now turn to the second term in (3.8). Straightforward calculation yields

d . 1
dTCZ_Haux(x) = (¥§) (x:) + Myiw; + s; + 3 jg: Mijx;j.

Because the measures fi,ux and jiaux,c live on a subset of 5S¢, ¢ € S, and the variance is
invariant under adding constants, we have

d 1
Vari, .« (/ dx_HauX(x)Naux,c> = Val'fh, 5/ Z Mijz; paux,c

K2

jES*
1
= 7 Vi > Mz,
JES,
li—il>R
1
+E Al .,y Z Mijxj Haux,c | - (39)
JES®,
li—il<R
EJP 19 (2014), paper 107. ejp.ejpecp.org
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The first summand on the right hand side of the last identity is estimated in a straightfor-
ward manner i.e.

Varﬂaux : :

Jjese,
li—i|>R

= varﬂaux E Mijxj

JES*,
li—il>R
Z Mij Z MilCOVuaux(-Tpxl)
jese, lese,
lj—i|>R [l—i|>R
1 1
< DD My Ma (vary,, (x5))? (var,,, (1))
jeSS, 1ese,

|j—i|>R|l—i|>R

(310)
C DY MyMa
jeES®, 1ese,
li—i|>R|l— z|>R
doy Yy 1
_ qld+a 1 — [|dta 1
Z 1
2z T T
l[j—i|>R|I— z\>R
1
<C

3
2

Here we have used one of the new ingredients, namely the uniform estimate (3.10)
stated in Lemma 3.4 from below. Note that Lemma 3.4 also applies to the measure f,,x
because p.,x satisfies the same structural assumptions as the measure .

Let us consider now the second summand on the right hand side of (3.9). By doubling
the variables we get

VAT, / Z Mljxj Haux,c

jese,
li—i|<R

//Z Mijzj praus,.c(dzly)

JES®,
\g 7,\<R

2
_/ Z Mijxj Maux,c(d‘x‘g)) ﬂaux(dy)ﬂallx(dg)
JjES®,
l7—3|<R
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By interpolation we have

/ Z Mljmj Maux,c d33|y / Z Mljmj Maux, c(dajly)

JES®, JES®,

li—i|<R li—il<R

=[5 ] M tanetisliy + (- ) a
jese,
li— 1\<R

1
:/O COV e c(dxltyt—ng) | D Migzss Y oM —w) | dt

jES®, k,lese,
li—il<R lk—i|<R
li—i|>R
/ Y M Mu(gi—w) Y OV (dolty+(1-yg) (T, Tk) dt.
jES®, k,leS°,
\g z\<R [k—i|<R
I—i|>R

Without loss of generality we may assume that the interaction is ferromagnetic i.e. My; <
0 for all k # [ (else use My; < |Mj,;| and Lemma 1.10). Note that the measure paux,c
has strictly convex single-site potentials. Therefore the single-site conditional measures
1(dz+|z) satisfy a LSI with constant 1 M;; by the Bakry-Emery criterion (see Theorem B.1).
Because the interaction is strictly-diagonally dominant in the sense of (1.3), an applica-
tion of Proposition 3.3 yields that the covariance can be estimated as

COV iy o (dalty+ (1—t)7) (T Tk) < (M),

where the matrix M is given by the elements

My, for I,neS¢|l—i <R, |k—i <R or l=n=i.

We want to note that by an simple standard result (see for example [14, Lemma 5])
or [12, Lemma 4.3]) it holds (M ~1);; > 0 for all k,[. Using this information, we get by an
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application of Jensen’s inequality that

Var, .« / Z szxj Haux,c

JESS,
\] 1\<R

< O/ Z Z MZJMM - )jk /(Zjl - yl)2 ,aaux(dy)ﬂaux(dg) dt
jese, k,lese,
|li—i|<R|k— z\<R
[l—i|>R

—1
<C Y > MMy (M) varg,,,, (y)
jeSe, k,leSe,
lj—il<R |k=i|<R
—il>R

-1
<C > > MyMu(MY)var,,, (n)
JES®, k,leS°,
lj—il<R |k=i|<R
li—i|>R

(3.10)
< C Y Y MyMu(M™h,
JESS, k,leS°,
li—i|<R|k—i|<R
ll—i|>R
(18)(33) Z Z 1 1
d+a d+o F_ L|d+a
jeh. Ricke. yl +1 |k =ldre 415 — klTre +1
|i—i|<R|k— z|<R
[l—i|>R
C
< —
R2

Note that here we also used the second ingredient, namely the covariance estimates (3.2)
and (3.3). Hence, both terms on the right hand side of (3.9) are arbitrarily small, if we
choose R big enough. Overall this leads to the desired statement (cf. (3.8) ff.)

2

a2 -
@1/%0(%) >c>0,

7

which completes the argument. O

In the proof of Lemma 3.1, we needed the following auxiliary statement.

Lemma 3.4. Under the same assumptions as in Lemma 3.1, it holds that for alli € A
vary,, (z;) < C, (3.10)

where the bound is uniform in A and only depends on the constants appearing in (1.2)
and in (1.3).

The proof of Lemma 3.4 is a simple and straightforward application of a exponential
moment bound due to Robin Nittka.

Lemma 3.5 ([12, Lemma 4.3]). We assume that the formal Hamiltonian H : ]RZd — R
given by (1.1) satisfies the Assumptions (1.2) - (1.3).

Additionally, we assume that for all i € Z the convex part 15 of the single-site potentials
1; has a global minimum in x; = 0.

Let § > 0 be given by (1.3). Then for every 0 < a < g and any subset A C Z? it holds

E,, [e"] <1.
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In particular, for any k € IN, this yields

E,\ [p2] < k.

The statement of Lemma 3.5 is a slight improvement of [2, Section 3], because the
assumptions are slightly weaker compared to [2]. More precisely, ¢/ may change sign
outside every compact set and there is no condition on the signs of the interaction. Even
if [12, Lemma 4.3] is formulated in [12] for systems on an one-dimensional lattice, a
simple analysis of the proof shows that the statement is also true on lattices of any
dimension.

Proof of Lemma 3.4. By doubling the variables we get

vay (o) = 5 [ [ Pualdonady).

By the change of coordinates =, = g + px and yx = qx — pi for all k € A, the last identity
yields by using the definition (1.4) of the finite-volume Gibbs measure p, that

) e—H(a"+p™ 2™ \M)—H(q" —p* 2" \*) A
vary, (z;) = C//pi fe*H(‘IAH?A’IZ\A)*H(QA*PA@Z\A)dpAqudp dg™.

=:dfin(q*,p™)
By conditioning on the values ¢” it directly follows from the definition (1.1) of H that
vary, (2:) = OBy [Ep,, [p]]-
Here, the conditional measure 1 4 is given by the density

d//fA,q(pA) — 1 e” Zl«eA d’k,q(pk)*Zk,leA ]wklpkpldp/\

Z

HA,q

with single-site potentials . 4 := ¥, , + ¢} , defined by

Yi(gr + i) + Vi(ar — pr) and

Vi o (Px) = Uy,
= wZ(qk + pr) + 7/)2(% - Dk)-

wll::,q(pk)

Because of symmetry in the variable py,the convex part of the single-site potential w,i q(pk)
has a global minimum at p; = 0 for any k. Therefore, an application of Lemma 3.5 yields
the desired statement. O

Let us turn to the verification of Lemma 3.2. We also need an auxiliary statement,
namely Lemma 3.6 from below. It is a generalization of [14, Lemma 2] and states that
the interactions of the Hamiltonian H ((z;);cs) given by (3.1) decay sufficiently fast.

Lemma 3.6 (Generalization of [14, Lemma 2]). In the same situation as in Lemma 3.1,
the interactions of H(z°) decay algebraically i.e. there are constants 0,¢,C' < oo such
that

d d - 1
2 <o
dx; dx; ‘_ |i_j|d+e+1

uniformly ini,j € S.
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Proof of Lemma 3.6. Direct calculation as in [14, Lemma 2] shows that

d d -
dx; EH = —Mi; — Z Z M, Mji cova,,. s (zg, 7).
L kEAror\S 1EA w0\ S

The last identity immediately yields the estimate (cf. [14, (52)])

d d
o H\< v S Ml Mol [cova, . (e m0)
kE€Atot \S 1EA ot \S

Using the decay of interactions (1.6) and the decay of correlations (1.7) we get

d d -
—H
d(L’i dl’j ’
c 1 1 1
|Z_j|d+oz +C Z Z | _k|d+(1 |j_l|d+0z‘]€_l|d+a

kEAtot\S 1€ A0t \S

Now we use the same kind of argument as used in in the proof of Proposition 3.3 to
estimate the term T}. This means that for any multi-indexes i, k, [, j € Ayt it holds either

. c. c. . c. .
\%MZ?%N szy%w,MI#WZ@%N

Therefore, we have

1 1
Z Z |d+a |j — l]d+e |k — [|dte

k€Atot\S 1€ Lot

1 1 1
< > - .
i — k|dte [j — [|dte |k — [|dte
k€Aior\S,
1€A e\ S,
li—k|>%]i—3]

+ Y Y

k€At \S, k€At \S,

€At \S, €At \S,

li—11>3 i3l lk—1|>%li—j
1
i — ja+e
which yields the desired statement of Lemma 3.6. O

As in the proof of [14, Lemma 4] we verify Lemma 3.2 by an application of the
Otto-Reznikoff criterion for LSI i.e.

Theorem 3.7 (Otto-Reznikoff criterion for LSI, [14, Theorem 1]). Letdu := Z ! exp(—H (x)) dx
be a probability measure on a direct product of Euclidean spaces X = X; X -+ X Xy.
We assume that

e the conditional measures p(dz;|Z;), 1 < i < N, satisfy a uniform LSI(p;).
e the mixed derivatives of H are uniformly bounded in the sense that fori,j € A
with i # j
|V:ViH(x)| < Kij < o0,
where the numbers k;;
a bilinear form.

- | denotes the operator norm of

EJP 19 (2014), paper 107. ejp.ejpecp.org
Page 19/27


http://dx.doi.org/10.1214/EJP.v19-3418
http://ejp.ejpecp.org/

Otto-Reznikoff revisited

e the symmetric matrix A = (A;j)nx~ defined by
Aij _ Oi, 1f Z = ]:7
—Kij, IF 1< g,
satisfies in the sense of quadratic forms

A>pld for a constant p > 0.

Then . satisfies LSI(p).

Proof of Lemma 3.2. We want to apply Theorem 3.7. By an application of Lemma 3.1,
we know that the single-site measures conditional measures fi(dz;|z" 525\ M%), i € Ay,
satisfy a LSI with uniform constant p > 0.

For the mixed derivatives of the Hamiltonian, we have according to Lemma 3.6

d d - 1
77H < 07,.
dz; dx; ‘ - |i—j|d+€+1
Hence, in order to apply Theorem 1 we have to consider the symmetric matrix A =
(Aij)i,jGAK with

Aii = o,

A — O 1 fori £ i

ij = = mv ori # j.

We will argue that A is strict positive-definite if we choose the integer K large enough.
We have

Z l‘lAUQSJ = Z QI? + Z xiAijxj.
,JEAK 1EANK 1,JEAK, 1F£]
Let us estimate the second term of the right hand side. We have

Yy «TiAij-rj|§%Z > |Az‘j|xf+% Yo D> Al

1,J€EAK, i#£] 1€EAK jJEAK, i#£] JEAK i€EAK, i#]
1
< - 2
SR DD D e Tt
1€EAK JEAK, 1#£]
1

C
PR Py

i€EAx  jEAK, i#j

where the last inequality holds if we choose K large enough. So we get overall that
0 2
' Z xiAijxj > 5 Z x; > 0,
1,jEAK 1EAK

which yields the desired statement of Lemma 3.2 by an application of Theorem 3.7.
O

A Uniqueness of the infinite-volume Gibbs measure: proof of The-
orem 1.14

The proof of Theorem 1.14 is straightforward and only needs four ingredients:
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* A sufficient decay of interactions (cf. (1.6)).

* A sufficient decay of correlations (cf. (1.7)).

* The uniform PI for the finite-volume Gibbs measures . This is provided by
Theorem 1.7 and the fact that the LSI yields a PI with the same constant.

e The fact that the variances of the infinite-volume Gibbs measure p are uniformly
bounded (cf. (1.11)).

Proof of Theorem 1.14. Let us assume that there are two infinite-volume Gibbs measures
w1 and fi. It suffices to show that for a function f with bounded support

/fu—/f/l‘=0-

Let By denote a ball with radius R and center in the root of the lattice Z?. We decompose
the measures p and i w.r.t. Bp into

,u(deR7 ded\BR) — 'u(deR|de\BR)ﬂ(ded\BR) and

fi(dzPr, do® \Br) = [i(dzPR|o% \BR) f(da” VPR,

where y1(dzB|w%"\Br) and fi(dz3|o%"\Br) denote the conditional measures and ji(dw”"\B7)

and ﬁ(dd}Zd\BR) denote the corresponding marginals. For convenience we will write x
and w instead of 287 and wZ"\Bx,
From the DLR-equations it follows that

p(dalw) = fi(delw) = pa(dekw),

where pux (dx) denotes the finite-volume Gibbs measure associated to the tempered state
w given by (1.4). Hence, we get

] [ fﬂH [ [mtastortan - [ [ sutastayias)
- ‘ [ [ ([ sustaoto) - [ suntaste)) taoyica)
< [ |([ sutaste~ [ sutaeta )| mtaspicas).

The statement of Theorem 1.14 follows, once we have shown that

//’(/fuwxlw)—/lfu(dx@))

< OU) [Gist(supp 7, Z0Br)

for some £ > 0. The reason is that by choosing the size of the ball R — oo the esti-

mate (A.1) yields
‘/fu—/fﬁ‘ 0.

Let us verify (A.1). We define for ¢ € [0, 1] the measures p(dz|tw + (1 — t)@) that
interpolate between pu(dz|@) and u(dz|w). Hence we get

[ sutaate) = [ gutaali) = [ Gutaolt+ 1 -0)

fi(dw)f(di) (A1)

1
:/0 COV y(detwt (1-t)@) | [ Z Mijzi(@ — w)

i€BR, j¢Br
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So, we have to estimate the covariance term on the right hand side of the last equation.
For convenience, we write

x = (2;), for i € supp(f),
z=(z), for I € Br\ supp(f),
w = (wj), for j ¢ Br

wy =tw+ (1 —t)w, and

Aw = —w.
With this notation, we decompose the measure pu(dzdz|w;) according to
pldadz|w;) = p(dzlw) p(dafw;)-

This decomposition of u(dxdz|w;) yields the following decomposition of the covariance,
namely

COVp(drdzhut) f, Z Mij.’L'Z'AOJj + Z MijZZAOJj
i€supp(f),j¢Br leBr\supp(f),j¢Br

= COVii(dafwr) | J5 Z M;jxi Aw;

(]

=:T4

+C0Vﬂ(da:|wt) fv/ZMijZliju(dz|xawt)
l,j

:ZT2

For, convenience here and from now on, the indexes i, [, and j are always belonging to
the set

i € supp(f) l € Bg\supp(f), and j € Bpg.

We start with the estimation of the term 7T;. We get

Ty < (M| | coVpaniwn) (f, 7:8w)) |
i

Because the measure p(dzdz|w;) satisfies a uniform LSI by Theorem 1.7, it also satisfies
a uniform PI (see Definition 1.5). Then also the marginal ji(dz|w;) satisfies a uniform PI.
Hence we can continue the estimation of 77 according to

Nl
N

Ty <YM @) — wjl (varaafw,) (f))

i,J

2o Y My @5 — wl

4,3

1 .
< C(f)ZW | — wjl,
2,7

(varg(aafw,) (1))

where we used the decay of interaction (1.8). Because ¢ € supp(f) and j ¢ Br we get

i — j| > dist (supp(f), Br) -
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Hence, we continue the estimation of 73 as

c() L
1> N o . - a Wi — Wy
[t (supp( 1), B [F 2 i g 11 1%

c(f) , 1 i — s
> |d1$t (Supp(f)’BR) z |bupp(f)| ZJ: |]|d+% +1 |wj Wj |-

Using the fact that

1
D pmE SO <o
J

we get the final form of the estimation of the term 77, namely

=

c(f) 1 N ,
~ |dist (supp(f), Br) |2 z]: I7]9+% +1 |@j — wjl

Ty

Let us turn to the estimation of 75. We have

[N

N[=

T, < (Varﬂ(da:\wt)(f)) Varg(de|w,) /ZMijZlijﬂ(dZ|I7wt)

j

Now, an application of the PI yields

[NIE

2

[ 30 Migmwsudslen) | ntdalin)
l,g

d
d.’L‘i

T, < C(f) / Z
Straightforward calculation yields
d
e /ZMiszijM(dZ|$,wt)

L,j

= _Covu(dz|w,wt) ZMijZlij’ZMi[Z[
Ly il
= — Z Z MijMi[ij Covu(dz\m,wt) (Zl, Zf) .
Li 4l
Using the decay of interaction (1.8) and the decay of correlations (1.7) we get the

estimate

d
T / Z M,z Aw;p(dz|z, wy)
1 17‘]

= ZZ |Mlj| |Mz[‘ |COV;A(dz\:c,wt) (Zlazf) | ‘ij|

Ly 1

1 1 1
<C P = = Aw;l.
- lz,:izjd“”rl |i — [|d+e |l_l|d+a+1| il
3Js
Because i € supp(f) and j ¢ Br we have

i — j| > dist (supp(f), Br) -
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This yields the estimate

d / Z M,z Aw;p(dz|z, w)
l,j

d(Ei
C
< =
| dist (supp(f), Br) |*
y 1 1 1 | |
= = = W
=T L i Qe L= 41
C 1
< = = Aws|.
< T Guep ), B E 2 T 1 1A
Plugging this to the estimation of 75 we get
C
T, <C(f) — =
D) [t (supp (). B) 7
2 3
1 _
x /21: zj:m [Aw;| | A(dz|w:)

| supp(f)|
| dist (supp(f), Br) |2

<C(f)

Nl

2

1
X — |Aw; fi(d
[ (3 g 1| st

We use the fact

1
ZWSC@O
J

and get

| supp(f)]
| dist (supp(f), Br) |2

1 9
<\ [3 crmr dwsPtdsta)
J

T, < C O(f)

[N

[N

cu) 1 :
- « @ A ]
o pn(), B T\ &= G T A

Overall, using the estimation of 7T} and 75 this yields the estimate

‘ [ futdsle) - | fu(dxlo?)‘

Nl

C(f)
~ |dist (supp(f), Br) |2

1 ~ 2
ZW"‘”_%
J
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Now, we get

J 1] sutaste) = [ guiaetan)| maspias) < o LU

1 ~ 2 — = ~
X E | @ — wj d d
J I\ g et | wtawpicas
C

(f)
= |dist (supp(f), Br) |2

[N

C(f)
= |dist (supp(f), Br) |2’

where we used in the last step that

oy

[wtintae) + [ Satdo) = [winiaw) + [ )

So, we have deduced the desired estimate (A.1), which closes the argument. O

B The criterion of Bakry-Emery and the Holley-Stroock perturba-
tion principle

There are a lot of standard criteria to deduce the LSI. The most important criterion
is thee Bakry-Emery criterion connects convexity of the Hamiltonian to the validity of
the PI and the LSI.

Theorem B.1 (Bakry-Emery criterion [1, Proposition 3, Corollaire 21). Let H : D — R be
a Hamiltonian with Gibbs measure

p(dx) = Z;l exp (e 'H(z)) dz

on a convex domain D and assume that VQH(.Z') > A> 0 forallz € R™. Then u satisfies
LSI with constant o satisfying
A
o= —.
€

In non-convex cases the standard tool to deduce the LSI is the Holley-Stroock pertur-
bation principle.
Theorem B.2 (Holley-Stroock perturbation principle [7, p. 1184]). Let H be a Hamiltonian
with Gibbs measure
p(dx) = Z;l exp (—e 'H(z)) dx.

Further;, let H denote a bounded perturbation of H and let i1 denote the Gibbs measure
associated to the Hamiltonian H. If u satisfies LSI with constant ¢ then also i satisfies
the LSI with constanto, where the constants satisfies the bound

0 > exp (—5_1 osc(H — ﬁ)) 0,

where osc(H — H) := sup(H — H) — inf(H — H).

The perturbation principle of Holley-Stroock [7] allows to deduce the LSI constants
of non-convex Hamiltonians from the LSI of an appropriately convexified Hamiltonian.
However due to its perturbative nature, the dependence of the LSI constant g usually is
bad in physical parameters like system size or temperature.
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