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Abstract

We investigate stochastic differential equations with jumps and irregular coefficients,
and obtain the existence and uniqueness of generalized stochastic flows. Moreover,
we also prove the existence and uniqueness of L”-solutions or measure-valued solu-
tions for second order integro-differential equation of Fokker-Planck type.
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1 Introduction

Recently, there are increasing interests to extend the classical DiPerna-Lions theory
[7] about ordinary differential equations (ODE) with Sobolev coefficients to the case of
stochastic differential equations (SDE) (cf. [18, 19, 11, 32, 33, 34, 10, 22]). In [11],
Figalli firstly extended the DiPerna-Lions theory to SDE in the sense of martingale so-
lutions by using analytic tools and solving deterministic Fokker-Planck equations. In
[18], Le Bris and Lions studied the almost everywhere stochastic flow of SDEs with
constant diffusion coefficients, and in [19], they also gave an outline for proving the
pathwise uniqueness for SDEs with irregular coefficients by studying the correspond-
ing Fokker-Planck equations with irregular coefficients. In [32] and [34], we extended
DiPerna-Lions’ result to the case of SDEs by using Crippa and De Lellis’ argument [6],
and obtained the existence and uniqueness of generalized stochastic flows for SDEs
with irregular coefficients (see also [10] for some related works). Later on, Li and Luo
[22] extended Ambrosio’s result [1] to the case of SDEs with BV drifts and smooth dif-
fusion coefficients by transforming the SDE to an ODE. Moreover, a limit theorem for
SDEs with discontinuous coefficients approximated by ODEs was also obtained in [26].

In this paper we are concerned with the following SDEs in [0, 1] x R? with jumps:

dX; = b (X¢)dt + o (Xy)dW; +/ i fe(Xe—, y)N(dt,dy), (1.1)
RA\{0}
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where b : [0,1] x R — R4, o : [0,1] x R — R? x R? and f : [0,1] x R¢ x R — R4
are measurable functions, (W;).c[o,1] is a d-dimensional standard Brownian motion, and
N(dt, dy) is a Poisson random measure in R, x R%\ {0} with intensity measure v;(dy)dt,
N(dt,dy) := N(dt,dy) — v;(dy)dt is the compensated Poisson random measure.

The aim of the present paper is to extend the results in [32] to the above jump SDEs
with Sobolev drift b and Lipschitz o, f. Let us now describe the motivation. Suppose that
fi(z,y) = y. Let £ be the generator of SDE (1.1) (a second order integro-differential
operator) given as follows: for ¢ € Cg°(R?), smooth function with bounded derivatives
of all orders,

Zip(x) = 1aij(fﬂ)@i@jw(x) + b (2)D¢p(x) + / [p(z +y) — o(x) — ¥ Oip(x)]ve(dy),
2 R\ {0}

where ¥ () := >k oi%(2)o?"(z), and we have used that the repeated indices in a prod-
uct are summed automatically, and this convention will be in forced throughout the
present paper. Here, we assume that for any p > 1,

1
// ly[2(1 + |y]?)Prs(dy)ds < +oo, (1.2)
0JR\ {0}

which is equivalent that for allp > 1,

1
/ / yN(dt, dy)
0JR\{0}

This will be used to derive that the solution of SDE (1.1) has finite moments of all orders.
Let now X; be a solution of SDE (1.1). The law of X; in R? is denoted by ;. Then by
It6’s formula (cf. [14, 2] and [17]), one sees that p; solves the following second order
partial integro-differential equation (abbreviated as PIDE) of Fokker-Planck type in the
distributional sense:

p
E < +400.

Oy = %*Mty (1.3)
subject to the initial condition:

ltiﬁ')l u: = Law of X in the sense of weak convergence, (1.4)

where ./ is the adjoint operator of .%; formally given by
* 1 %l i i
2= 5005 @) = @) + [ [ty Oumln(dy),
R4\ {0}

where for a probability measure p in R\ {0} and y € R?, 7,u := pu(- —y). More precisely,
for any ¢ € C°(RY),

O(pie, p) = (e, Z1p), (1.5)

where (i, p) = [pa ©(x)ui(dz). If b and o are not continuous, in order to make sense
for (1.5), one needs to at least assume that

[ @)l + o) (e < +oc.
0JR4

The following two questions are our main motivations of this paper:
(1°) Under what less conditions on the coefficients and in what spaces or senses
does the uniqueness for PIDE (1.3)-(1.4) hold?
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(2°) If the initial distribution ug has a density with respect to the Lebesgue measure,
does p; have a density with respect to the Lebesgue measure for any ¢ € (0, 1]?

When there is no jump part and the diffusion coefficient is non-degenerate, in [3]
the authors have already given rather weak conditions for the uniqueness of measure-
valued solutions based upon the Dirichlet form theory. In [11], Figalli also gave some
other conditions for the uniqueness of L' N L>-solutions by proving a maximal principle.
In [28], using a representation formula for the solutions of PDE (1.3) proved in [11],
which is originally proved by Ambrosio [1] for continuity equation, we gave different
conditions for the uniqueness of measure-valued solutions and LP-solutions to second
order degenerated Fokker-Planck equations. However, for obtaining the uniqueness
for the above integro-differential equation of Fokker-Planck type (1.3), the non-local
character of the operator .# causes some new difficulties to analyze by the classical
tools.

On the other hand, in the various non-degenerate cases, there have been many
works devoting to the study of the absolute continuity of the law of X; with respect to
the Lebesgue measure even that the initial distribution is a dirac measure. Since we are
working in a different direction (i.e., degenerate case), we do not intend to pursue this
issue and only mention the recent works of [12, 16] (see also the references therein).

Now, for answering the above two questions to equation (1.3), we shall use a purely
probabilistic approach. The first step is to extend the almost everywhere stochastic
flow in [18, 32, 34] to SDE (1.1) so that we can solve the above question (2°). In this
extension, we need to carefully treat the jump part. Since even in the linear case, if
one does not make any restriction on the jump, the law of the solution would not be
absolutely continuous with respect to the Lebesgue measure (cf. [24, p.328, Example]).
The next step is to prove a representation formula for the solution of (1.3) as in [11,
Theorem 2.6]. This will lead to the uniqueness of PIDE (1.3) by proving the pathwise
uniqueness of SDE (1.1).

This paper is organized as follows: In Section 2, we collect some well known facts
for later use. In Section 3, we study the smooth SDEs with jumps, and prove an a
priori estimate about the Jacobi determinant of  — X;(z). In Section 4, we prove
the existence and uniqueness of almost everywhere or generalized stochastic flows for
SDEs with jumps and rough drifts. In Section 5, the application to second order integro-
differential equations of Fokker-Planck type is presented. In this part, we only consider
the constant coefficient jump.

2 Preliminaries

Throughout this paper we assume that d > 2. Let My.y be the set of all d x d-
matrices. We need the following simple lemma about the differentials of determinant
function.

Lemma 2.1. Let A = (a;5), B = (b;;) € Mgxq. Then the first and second order deriva-
tives of the determinant function det : My«4 — R are given by

(V det)(A)(BA) = % det(A + tBA)|;_o = det(A)tr(B) @.1)
and
32
(VZdet)(A)(BA, BA) := 510 det(A +tBA + sBA)|s=t—0
= det(A) Z[biibjj — bi;bjil. (2.2)
,J
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Moreover; if |b;;| < o for all i, j, then
|det(I+ B) — 1 — tr(B)| < dld*a?(1 + a)?72. (2.3)

Proof. Notice that
det(A +tBA) = det(A) det(I + ¢B)

and
det(A +tBA + sBA) = det(A) det(I + (¢t + s)B).

Formulas (2.1) and (2.2) are easily derived from the definition

d
det(I+tB) := > sgn(o) [ [(Liww) + thioe)), (2.4)
o€Sy =1
where S is the set of all permutations of {1,2,--- ,d} and sgn(o) is the sign of o.

As for (2.3), let h(t) := det(I + ¢B), then #'(0) = tr(B) and

1
0

det(I+ B) — 1 —tr(B) = /l/t h" (s)dsdt = / (1 —s)h"(s)ds.
0Jo

Estimate (2.3) now follows from (2.4). O

The following result is due to Lepingle and Mémin [20] and taken from [25, Theorem
6].

Theorem 2.2. (Lepingle-Mémin [20]) Let M be a locally square integrable martingale
such that AM > —1 a.s. Let £(M) be the Doléans-Dade exponential defined by

E(M), = exp{Mt - %<Mc>t} « H (14 AM,)e~2M:,

0<s<t

If for some T > 0, )
E[GXP {§<MC>T + <Md>T}:| < 0,

where M°¢ and M? are respectively continuous and purely discontinuous martingale
parts of M, and the angle bracket ( - ) denotes the conditional quadratic variation, then
&(M) is a martingale on [0, T.

In Sections 3 and 4, we shall deal with the general Poisson point process. Be-
low we introduce some necessary spaces and processes. Let (Q,.#, P;(%#)t>0) be a
complete filtered probability space and (U, %) a measurable space. Let (W(t));>0 be
a d-dimensional standard (.#;)-adapted Brownian motion and (p;);>0 an (%;)-adapted
Poisson point process with values in U and with intensity measure v;(du)dt, a o-finite
measure on [0, 1] x U (cf. [14]). Let N((0,t],du) be the counting measure of p;, i.e., for
any I' € ,

N((0,7],T) := Z LIr(ps).

0<s<t

The compensated Poisson random measure of N is given by
_ t
N((0,¢],du) := N((0,¢],du) —/ vs(du)ds.
0

We remark that for I' € % with fot vs(I')ds < 400, the random variable N((0,¢],I') obeys
the Poisson distribution with parameter fot vs(T)ds.
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Below, the letter C' with or without subscripts will denote a positive constant whose
value is not important and may change in different occasions. Moreover, all the deriva-
tives, gradients and divergences are taken in the distributional sense.

The following lemma is a generalization of [27, Proposition 1.12, p. 476] (cf. [23,
Lemma A.2]).

Lemma 2.3. Let L : U — R be a measurable function satisfying that folftu L(uw)vs(du)ds <
+oo and |L(u)| < C. Then for anyt > 0,

Eexp{ > L(ps) p = exp{/ot/m(eL(”) - l)us(du)ds} < +o0.

0<s<t
We also need the following technical lemma (cf. [34, Lemma 3.4]).

Lemma 2.4. Let i be a locally finite measure on R% and (Xn)nen be a family of random
fields on © x R?. Suppose that X, converges to X for P ® u-almost all (w,z), and
for some p > 1, there is a constant K,, > 0 such that for any nonnegative measurable
function ¢ € L% (R?),

w@@ﬂ&@Mm<&WM- (2.5)

n

Then we have:
(i). For any nonnegative measurable function ¢ € Lﬁ(Rd),

E [ o(X@)uds) < Kyllolz 2.6
(ii). If p,, converges to ¢ in Lﬁ(]Rd), then for any N > 0,
lim E/ |on (Xn(x)) — (X (x))|p(dx) = 0. (2.7)

Let ¢ be a locally integrable function on R¢. For every R > 0, the local maximal
function is defined by

1 1
Mpgep(z) := sup 7/ oz +y)dy =: sup 7/ o(x + y)dy,
o<r<r |Br| /B, o<r<r |Br| /B,

where B, := {x € R¢: |z| < r} and |B,| denotes the volume of B,. The following result
can be found in [9, p.143, Theorem 3] and [6, Appendix Al.

Lemma 2.5. (i) (Morrey’s inequality) Let ¢ € L{,(R?) be such that Vo € L} _(R?) for

some q > d. Then there exist C; 4 > 0 and a negligible set A such that for all x,y € A°
with |z —y| < R,

1/q
|vw%z+aw>
< Ca - |z —yl- (Mg|Ve|(z))"/. (2.8)

(ii) Let ¢ € L} .(RY) be such that Vo € L} (R%). Then there exist C; > 0 and a

loc loc

negligible set A such that for all z,y € A® with |z — y| < R,

lo(x) — oY) < Cqa- |z —yl- B
| |I7y‘| B|w—y\

[p(x) — o) < Ca- |z —y|- (Mg|Vel(x) + Mr[Vel|(y)). (2.9)
(iii) Let ¢ € L} (R?) for some p > 1. Then for some Cy,, > 0 and any N, R > 0,
1/p 1/p
([ Mulelras)  <ca, ([ fetaras) 2.10)
By BN+r
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3 SDEs with jumps and smooth coefficients

In this section, we consider the following SDE with jump:

t t t+ }
Xt(x):a:+/0 bS(XS(x))ds—i—/O US(XS(J:))dWS+/O [ fX () 0¥ (). G

where the coefficients b : [0, 1] x R — R%, o : [0,1] x R — R¥*? and f : [0,1]x R x U —
R¢ are measurable functions and smooth in the spatial variable z, and satisfy that

1 1
[ 01+ 190 )ds + [ (@) + [T 2 )ds < 4. (3.2)
0 0

Moreover, we assume that there exist two functions L;, Ls : U — R, with

1
0< Li(u) < aA Ly(u), // |La(w)|*(1 + La(u))Prs(du)ds < +oo, (3.3)
0Ju
where a € (0,1) is small and p € (1,00) is arbitrary, and such that for all (s,z,u) €
[0,1] x R4 x U,
IVafs(@,u)| < Li(u), |fs(0,u)| < La(u). (3.4)

Under conditions (3.2)-(3.4) with small «a (saying less than i), it is well known that SDE
(3.1) defines a flow of C'*°-diffeomorphisms (cf. [13, 24], [23, Theorem 1.3]).
Let
Jp = Ji(z) = VXi(x) € Mgxq.

Then J; satisfies the following SDE (cf. [13, 24]):
+ t t+ -
J = ]I+/ VbS(Xs)Jsds—k/ Vo (Xs)JsdWy +/ Vfs(Xs—,u)JsN(du,ds). (3.5)
0 0 0o Ju

The following lemma will be our starting point in the sequent development.

Lemma 3.1. The Jacobi determinant det(J;) has the following explicit formula:

det(Jy) = exp Ay - exp { My — 5(M°),} H (1+AM,)e 2M: =i exp A; - E(M),,

0<s<t

where A; := A" + A% and M, := Mg + Mg are given by (3.6), (3.7), (3.8) and (3.9)
below.

Proof. By (3.5), It0’s formula and Lemma 2.1, we have

t t

det(Jy) =14 [ divbs(Xs)det(Js)ds+ [ divog(Xs) det(Js)d Wy
0 0

1 Y ika gk ik ik
+ 3 Z/o (0070500 — 00,7 0;02"](X,) det(Js)ds

1,5,k

t+ )
+/O /U[det((]I+st(XS_,u))Js_)—det(Js_) N (du, ds)

+ /Ot/U [det((ll + Vfe(Xsmsu))Js—) — det(J,-)

—divf(Xs—,u) det(Js_)|vs(du)ds

t+
=:1 +/ det(Js-)d(As + My),
0
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where A; := Agl) + A,EQ) is a continuous increasing process given by

t
AP = [ b () + § S0tk 002" - 0y 00 (X, s (3.6)
1,5,k
and
t
A®) :/O/U {det(Mst(Xs,,u))—1—divfs(XS,,u)}us(du)ds; (3.7)

and M; := M{ + M{ is a martingale given by

t
My = / divog(Xs)dW (3.8)
0
and
t+ _
MY = / / [det(ﬂ + Vo (Xoo,u)) — 1| N(du, ds). (3.9)
0o Ju

By Doléans-Dade’s exponential formula (cf. [24]), we obtain the desired formula. O

Below, we shall give an estimate for the p-order moment of the Jacobi determinant.
For this aim, we introduce the following function of jump size control a:

Bo := (da + d'd*®(1 + a)4=2) 7L (3.10)

Note that
li = .
lim fo = +00

Lemma 3.2. Let 8, be defined by (3.10), where « is from (3.3) small enough so that
Ba > 1. Then for any p € (0, 8,), we have

sup E < sup det(Jt(x))”)

zER4 t€(0,1]
1 1 1
<c(p,/ ||[divb5]‘|\oods,/ ||vo—s||§ods,// Ll(u)Qus(du)ds>,
0 0 oJu
where for a real number a, a~ = min(—a,0), the constant C is an increasing function

with respect to its arguments.

Proof. First of all, by (3.6), we have
(1) !
A < e / ([divba] oo + [ Vo2 )ds,
and by (3.7), (2.3) and (3.4),

t
_Agz) < C// Ly (u)*v(du)ds.
0Ju

Hence, for any p > 0, we have

1 1
sup exp(—pA;) < exp (C’/ (Ndivds] ™ oo + HVJSHiO)ds—FC// Ll(u)Qus(du)ds) .
0 oJu

te(0,1]
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Thus, by Lemma 3.1, it suffices to prove that for any p € (0, 8,),

E ( sup E(M ) (p,/ |dive||% ds, // Ly (u)?vs(du)ds ) (3.11)
te€[0,1]

Noting that
AM := My — My =det(T+ Vf(Xs—,ps)) — 1,

by (2.3) and (3.3), we have

[AM,| < |divfo(Xs—, ps)| + dld? Ly (u)® (1 + Ly (u)* 2

Ly (u) + d'd*Ly (u)?(1 + Ly (u))?? (3.12)

<
<d
<da+dld*?(1+a)i2 = ;L.

Fixing ¢ € (p, B), we also have

|A(7qM)s‘ = q|AMs‘ <L

1
< [ ldivon s,
0

On the other hand, we have

and by (3.12) and Lemma 2.3,

]Eexp(p2<Md>1):]Eexp p? Z |AM5|2 < Eexp C Z |Ll(ps)|2 < +o0.
0<s<1 0<s<1

Thus, by Theorem 2.2, one knows that ¢t — &£(—¢M), is an exponential martingale.
Observe that

(1+AM,)P

o) e d AP e
EM);? = E(—qM); P{ 5 <M>t} 1— qAM,)

D
0<s<t ( a

< E(—gM); - exp{ /||d1v05||2 ds} 1 cam),
0<s<t

where
(I+r)"P

1
(1 __qr)p7 ||‘\ ﬂ

By Holder’s inequality and Doob’s inequality, we obtain that for v € (1, %) and v* = VZ

G(r):=

1
7F

2=

t€[0,1] t€(0,1]

E(sup E(M)tp> <C’<E sup 5(—qM);“p> | E H G(AM,)"

0<s<1
1
1 v
<C’(E€(qu)17)7 E [] cam)
0<s<1
L
<C|E [ cam)” . (3.13)
0<s<1
EJP 18 (2013), paper 55. ejp.ejpecp.org
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Thanks to the following limit

li 108G () _pla+ 1)
rl0 12 2

we have for some C' = C(q,p, 8a) > 0,
llog G(r)| < C|r|?, Vir| <81

Therefore, by Lemma 2.3,

E H G(AM,)"" | = Eexp Z v log G(AM;)

0<s<1 0<s<1

< Eexp Z C|AM,|?

0<s<1
(3.12)
< Eexp Z C’Ll(ps)2
0<s<1
1
< exp{C// Ll(u)zys(du)ds}. (3.14)
0JU
Estimate (3.11) now follows by combining (3.13) and (3.14). O

Let X; !(w,z) be the inverse of the mapping = — X;(w,z). In order to give an
estimate for det(VX; '(z)) in terms of det(.J;(z)) = det(VX,(z)), we shall use a trick
due to Cruzeiro [5] (see also [4, 34, 10]). Below, let

dz
We write w 1( api(da)
 (Xi(w,-))gu(de) _ (X (w,)gp(de
oD =T iy T T Ty
which means that for any nonnegative measurable function ¢ on R¢,
[ e, m)utda) = [ o) i, an(do), (3.16)
R4 R4
[ @autn) = [ o) @ a)u(da). (3.17)
It is easy to see that for almost all w and all (¢,z) € [0, 1] x R4,
Ti(w, ) =1/T7 (w, X; Hw, @) (3.18)
and
1 2\d
I (z) = L F 120 _ det(Jy(x)). (3.19)

(1 + X (2)[?)

Remark 3.3. The measure y in (3.15) is chosen so that u(]Rd) < +4o0 and it is convenient
to use It6’s formula as shown below, which also plays a crucial role in the proof of
Theorem 3.5. Of course, one can use other weighted functions, but other choices would
lead to complicated conditions on b, o and [ (see [34]).
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We need the following estimate:

Lemma 3.4. For anyp > 1, we have

sup E ( sup (1+ |Xt($)|2)p>

R e (14 |z[?)P

<c<p, / g Lol s / / / (1+ La(u >>4p-2us<du)ds),

1+ |z
where the constant C' is an increasing function with respect to its arguments.

los(z
1+ |ﬂc\

Proof. Letting h(z) := (1 + |z|?)P, by 1td’s formula, we have
h(X;) — h(z) = / (b:0;h)(X,)ds + /t( FOih) (X s)dWE + % /t(aia,-h coF oIk (X,)ds
0
/ / (Xom + FulXomyu) = A(Xoo) = FH(X oo, ) (X, )s(du)ds
t+ .
[ X+ ) = X)) N ).
0 U

By elementary calculations, one has that for all z € RY,

Ci(1+ |z))? < h(z) < Co(1 + |z])?P (3.20)
and
Ch(x) 2p—1 Ch(x) 2p—2
< P .0 < —-K LS
|0:h(z)| < 1] S C(L+ [z[)™, 19:i0;h(z)| < Tt (a2 S C(1+|z|)

On the other hand, by Taylor’s formula, we have

|h(z +y) — h(z)] < |y'O:h(x + O1y)|
and . o
[z +y) — h(z) — y'oih(2)] < [y'y’ 9;0;h(x + 62y)]/2,
where 61,62 € (0,1). Thus, for p > 1, we have

h(z + fo(z,u)) = h(2)] < | fslw,u)| - (1+ o + 0o f(z,w)])P 7

< (La(u) + L (w)[2)) (1 + La(u) + (1 + Ly (u)|z))*~

(3.3)
< Lo(uw)(1 4 Ly(u)* 71 (1 + |2|)?

(3.20)
< La(u)(1 + La(u)* 'h(z)

and '
(@ + fs(x,w)) = h(z) = fo(z,u)dh(x)] < La(u)*(1 + La(u))*~2h(x).

Using the above estimates, if we let

|bs (x)] |os(z)]
g = é =
)= [P et =)
and
l3(s) := / Lo(u)?(1 + Lo(u))* v, (du),
U
EJP 18 (2013), paper 55. ejp.ejpecp.org
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then, by Burkholder’s inequality and Young’s inequality, we have

s€[0,t]

t t 1/2
E ( sup h(XS)> < h() +c/0 (01(s) + 2(s))Eh(Xs)ds + B (/0 E%(s)h(Xs)st)

t t 1/2
+C/ (3(s)ER(X,)ds + CE (/ Eg(s)h(Xs)st)
0 0
t 1
< h(x) + C’/ (€1(s) + £3(s) + £3(s))Bh(X,)ds + - ( sup h(Xs)> ,
0 s€0,t]

which leads to

t

E ( sup h(Xs)> < h(z) + C’/ (b1(s) + E%(s) + l5(s))ER(X;)ds.
s€[0,t] 0
Hence, by Gronwall’s inequality, we obtain
E[ sup h(X,) | < Ch(z).
s€[0,1]
The proof is complete. O
Combining Lemmas 3.2 and 3.4, we obtain that

Theorem 3.5. Let 3, be defined by (3.10), where « is from (3.3) small enough so that
Ba > 1. Then for any p € (0, B4),

B ( sup [ m(x)p“u(dx)) <c
tef0,1] JRd
where the constant C' is inherited from Lemmas 3.2 and 3.4.

Proof. The estimate follows from

(3.18)(3.17)

/ (i@ p(der) O / T ()| P ()
R4 R4

T 2\dp

Holder’s inequality and Lemmas 3.2 and 3.4. O

4 SDEs with jumps and rough drifts

We first introduce the following notion of generalized stochastic flows (cf. [19, 32,
341]).

Definition 4.1. Let X;(w, r) be a R%-valued measurable stochastic field on [0, 1] x Q2 xR9.
For a locally finite measure ;. on R?, we say X a yi-almost everywhere stochastic flow
or generalized stochastic flow of SDE (3.1) if

(A) there existap > 1 and a constant K, > 0 such that for any nonnegative measurable

function ¢ € L%(R?),

sup B [ o(Xilw)nlde) < Ky el (4.1)
te0,1] R4
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(B) for pu-almost all x € R, t — X,(x) is a cadlag and (%;)-adapted process and solves
equation (3.1).

The main result of this section is:
Theorem 4.2. Assume that for some q > 1,

[b] lo?

|Vb| € Ll([ov } loc(Rd))v [diVb]77|vo—|2v

and for some functions L; : U — [0,4+00),i = 1, 2 satisfying (3.3), and all (s,u) € [0,1] xU
and z,y € RY,

[fs(@,u) = fs(y, w)| < La(u)le =yl [£5(0,u)] < La(u). (4.2)

Let pu(dz) = (1 + |z|?)~¢dx and let 3, be defined by (3.10), where « is from (3.3) small

enough so that g, > ﬁ. Then there exists a unique u-almost everywhere stochastic

flow to SDE (3.1) with any p > q in (4.1).
Remark 4.3. Let b(x) = (5 1.z0. It is easy to check that divb(x) = 9 and |Vb| €
(R?) provided that p € [1,d).

loc

Let x € C°°(R%) be a nonnegative cutoff function with

<1,
Ixlloo <1, x(2) = (4.3)
, zl =2
Let p € C*(RY) be a nonnegative mollifier with support in B; := {|z| < 1} and
Jga p(z)dz = 1. Set
Xn(2) = X(x/n), po(@) :=np(nz)
and define
by = bs % pp+ Xn, 0y :=0s%pn, [g(u)= fs(-;u)* pn. (4.4)

Remark 4.4. Since o and [ are Lipschitz continuous, it does not need to cut off o™ and
f™ by multiplying x,, as seen in the following lemma.

The following lemma directly follows from the definitions and the property of convo-
lutions.

Lemma 4.5. For some C > 0 independent of n, we have

1 1
[ i) s < / divh.] o
0 0
[z
0

1+|x|

/ IVor|2ds < / Vo 2.ds,
0

1+\:v|

/1 @I 4 < o / o (a
o |1+ |:v| 1+ |Jc\
and
Vo fd(z,u)| < Li(u), [f8(0,u)] < 2La(u).
EJP 18 (2013), paper 55. ejp.ejpecp.org
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Proof. Noticing that
divby (v) = (divbs) * pn(z) - Xn(z) + bi * pn () - Oixn(T),

by the elementary inequality (a + b)~ < a™ + |b|, we have

[divh? ()] < [divbs] ™ % pu (@) + [Bi] % pu(2) - |9 xa(2)]. (4.5)
Moreover, observing that

10ix)(z/n)| _ Clugjej<nr C
. _ < <
10ixn ()] n < T |x\ ST7 |x‘7

we have

[bs(x — y)l

bs(x —
Pavnr Mp (y)dy.  (4.6)

B2 pu() - [0in () M

pn(y)dy < 2C

Combining (4.5) and (4.6), we obtain the first estimate. The others are similar. O

Let X/(x) be the stochastic flow of C*°-diffeomorphisms to SDE (3.1) associated
with coefficients (b, 0", f™).

Lemma 4.6. let 8, be defined by (3.10), where « is from (3.3) small enough so that
Ba > 1. Then for any p > 1+ ﬁ% there exists a constant C, > 0 such that for all

nonnegative function € L%(R?),

ww(my@ﬂmwmmﬁ<aww. @.7)

n t€0,1]
Proof. The estimate follows from

1
P

[ etxzomian = [ ez <t ([ @)

and Theorem 3.5 and Lemma 4.5. O
Lemma 4.7. For anyn,m >4/ > 0, we have

2+ fit(@ + 2,u) — [ (@, 0) 2 — |22

EE < 4(Ly(uw) + Ly(uw)?).

Proof. Noticing that by the property of convolutions and (4.2),

|fgl(x + Zvu) - ftm(zvuﬂ < |ftn(z7u) - ft(‘rﬂu” + ‘f:n(a??u) - ft(zvu”
+ 1@+ 2,u) = [ (@, u)
< Li(u)le] + La(u)(n™! +m™),

we have
2+ fi'(@ + 2z,u) — fi* (2, u)]* — [2]?
22 + 62

< 22+ (7 mT D)) () + (2] + (71 +mT 1) Lo (u)?

) 2P+

<2407 ™+ mT (L (u) + L (u)?),
which yields the desired estimate. O
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We now prove the following key estimate.

Lemma 4.8. For any R > 1, there exist constants Cy,Cy > 0 such that for all 6 € (0,1)
andn,m > 4/9,

n _ m 2
IE)/ sup log (lXt (z) QXt @)l + 1) p(dx)
G te(0,1] 4

C
e N (R PR e I P 4.8

1
where (dz) = (1 + |z|?)~¢dz and

G (w) == {z eR?: sup |XP(w, )|V [XT(w,2)| < R}.
t€(0,1)
Proof. Set
Z8M (wyz) = X w,z) — XM (w, 7)
and
Ftn,m(w’x’u) = ftn(thf(w7x)au) - ftm(thz(wax)vu)
If there are no confusions, we shall drop the variable “z” below. Note that
t

zpm = / (B2 (X[) — b (X!™))ds + / (0 (X3) — o (X)W

0
t+
/ /an N(du,ds).

By Ito’s formula, we have

anz n,m n,m n,m n,m n,m n,m
1og< 52' —l—l) = I""@)+ L") + I () + L) + L) + 15 (8),

where
= [ BTG O

0 |Z;La7""2+62
LZmm (o™(XT) — o™ (X)) AW, ga

In,mt .— 9 < s ’ S S S/ R

2 ( ) / |Z;7, m|2 +52 ’

nm log (X3 — o (X2

IS / |Zn m‘2+(52 dS,

n Xn — gm(X™M)\t . Zznm 2
In,m(t) = _9 | s s Us ( s )) s ‘
. (|Z;””|2 +0%)?

nm t* 1 Z" + Fm () * + 62
It = log TR 5
0 U |Zs— ‘ + d

Zn,m Fn’m 2 Zn,mz
1z Fm @) — |20 )Vs(du)ds’

In,m

d
R ds,

ds,

20 1 2

In,m t+ |Z" s + Fn m( >|2 + 62
6 Z”_m|2 +52

N(du,ds).

For I;""™(t), we have

1 1
bn X7L _bn Xm 2
sup (o) <2 [ R g 1 2 [ oemjas
te[0,1] o VI|Z&™M? + 62 5 Jo

—. Jm e
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Noting that
GR"(w) C{o: X (w,2)] < R} n{z: [ X{"(w,2)| < R}, VE€(0,1),

we have

n,m 2 ! " m m
E/Gn’m 115" ()| pu(dz) < EE/O/W 15, (b7 — 5™)[(X™ () p(dz)ds

R
@n ¢ !
5 - s
0

C 1
< 3/ 168 — 05" | La(Br)ds- (4.9)
0

For I};™, in view of u(dx) < dz, we have

E[ @)
G;;,?n

R [ (MarlVBIOXE () + Mol V(X2 (@) ) s
0 R

e 1 (f R <M2R|Vbz<x>>qu<dx>)l/q ds

(2.10 1

< : C | V0§ La(Byr)yds < C/O1 |Vbs||La(By ) ds. (4.10)
For I,"™(t), set

T (w, ) = inf {t €0,1] : | X} (w,z)| V| X (w, z)| > R},
then it is easy to see that

GEp™(w) ={z e R : 7™ (w, x) = 1}.

By Burkholder’s inequality and Fubini’s theorem, we have

E/ sup |1 (¢, x)|p(dz)
G

= te(o,1]

< / E sup
R4 tel0, 75 ™ (x)]

TR |z (@) 2o (X7 (x)) — o (X))

<c| ® : s ok
/]Rd /0 (1257 (2)[? + 62)*

< Cu(RY)?

1 n n _m m 2
eff o} (K2 (@) = oK@ g
0J X2 (@) VX (2)|<R | Z8 (@) + 6

As the treatment of ;""" (t), by Lemma 4.6, we can prove that

/ " {z2pm (), (03 (XE () — o (X{"(2))) AW )ga
0 |25 (2)]? + 62

) p(dz)

1

2

Nl

p(dz)

o /G sup |12 (¢, )| u(de)

T telo,1]
1 C 1 %
< (C’/ ||Vas||2L2q(BR+1)ds + g/ lo? — U?HZLQQ(BR)ds) , (4.11)
0 0
EJP 18 (2013), paper 55. ejp.ejpecp.org
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and similarly,

E/ sup |13 (¢, x)|u(dx)
G te(0,1]

1 1
C n
< C/ ||VUS||%QQ(BR+1)dS + g/ ||O';L — anHizq(BR)dS' (412)
0 0

Since I,"™(t) is negative, we can drop it. For I;""(¢), by Lemma 4.7 and the elementary
inequality
[log(1+7) —r| < Clr’, r>—3,

we have

E/ sup I (¢, x)|p(dx) C// L1 (u)?v,(du)ds. (4.13)
G

= tel0,1]

For I;""™(t), as in the treatment of I)""(¢) and I."™(¢), we also have

E/ sup I (¢, z)|u(dx) (// L1 (u)?vs(du)ds ) : (4.14)
G te(0,1]

Combining (4.9)-(4.14), we obtain (4.8). O
We are now in a position to give
Proof of Theorem 4.2. Set

™™ (z) == sup |X{*(z) — X{" ()]
te0,1]

n,m 2
U™ (x) :=log <(I> 62($) + 1) .

and

We have
E[ ommaudo =B [ "o +E [ emm (@)
Re (Gnmye [

where G;™ is defined as in Lemma 4.8. By Lemmas 3.4 and 4.5, the first term is less
than

C [ra(l+]z[2) 1 dz _C

1 3
J ( sup |[X7'(x)|? + sup IX?(I)P)u(dﬂ:) <
R

\F t€[0,1] t€[0,1] VR S VR
where C'is independent of n,m and R, and d > 2
For the second term, we make the following decomposition:
IE/ ™M (z)p(dx) = E/ O™ (x)p(dx)
= GRmn{¥y >0}
+ IE/ O™ (z)p(de) = I{" + I3
G agwy T <n}

For I;""™, by Hélder’s inequality, Lemma 3.4 and (4.8), we have

n.m C n,m :
I < 71% <E/Gn,m\l’57 (.%‘)p,(d.%‘))
Cr Cr ! n m n ™2
<+ (/ (||bs = b LR + llof — o5 HL“(BR)) ds

1
2
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For I,”™, noticing that if ¥J""™ (z) < 7, then ™™ (z) < d+/e” — 1, we have
I < Coven — 1.

Combining the above calculations, we obtain that

C Cg
E/@"’mx dr) < — + == + C6e/?
e S R

1
2

B (/1(|b? — b lLa(Bg) +llog — UTHQL?‘I(BR)) ds)
Von \Jo

For fixed R,n,6 > 0, letting n, m — oo, we get
C Cr
lim IE)/ O™ (z)p(dx) < — 4+ 24 Cse?.
R e
Then letting § — 0 then n — oo and R — oo, we arrive at

lim IE/Rd ( sup |X}'(z) — in(x)|> p(dr) = lim E/]Rq)”’m(:r)u(dx) =0.

n,m— oo te[O,l] 7n,Mm—00 d

This means that {X"(-)},en is a Cauchy sequence in Banach space
LYQ x R, P x pu; C([0,1]; RY)).
Hence, there exists an adapted cadlag process X;(x) such that
lim IE/ sup | X7 (x) — Xy(x)| | pu(dz) = 0.
n—o0 R4 te[O,l]

By Lemma 2.4, it is standard to check that X;(z) solves SDE (3.1) in the sense of Defi-
nition 4.1.

For the uniqueness, let X} (z),i = 1,2 be two almost everywhere stochastic flows of
SDE (3.1). As in the proof of Lemma 4.8, we have

Xl _X2 2
E/ w0 1Og(| Hx) — XP (@)
Gr t€]0,1]

52
where Gr(w) 1= {:c e R?: supyeo.1) | X7 (w, )| V | X7 (w, 7)] < R} and C is independent
of §. Letting § — 0 and R — oo, we obtain that X} (w,z) = X?(w,z) for all ¢ € [0,1] and
P x p-almost all (w, x). O

+ 1) p(dr) < C,

5 Probabilistic representation for the solutions of PIDEs

In this section we work in the canonical space 2 = ]D‘[io’l]: the set of all right con-
tinuous functions with left limits. The generic element in ) is denoted by w. The
space (2 can be endowed with two complete metrics: uniform metric and Skorohod
metric. We remark that only under Skorohod metric, § is separable. For ¢t € [0, 1], let
F = o{ws : s €]0,t]} and set F = .%;. Then .7 coincides with the o-algebra generated
by Skorohod’s topology. For a Polish space F, by P(E) we denote the space of all Borel
probability measures over FE.

Below we consider the more general Lévy generator:

Zrip(w) = 507 (00:010(2) + Hi()ip(0)

x _ ) — <yav90(x)>]Rd v
+/}Rd\{0} [so( +y) — () TR +(dy),
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where a (z) := 3, 0¥ (x)oi" () and v satisfies that

1 2
lyl
v (dy)dt < +o0.
/O»/]Rd\{o} L+ [y[? t(dy)

We recall the following notion of Stroock and Varadhan’s martingale solutions (cf.
[30, 31D).

Definition 5.1. (Martingale Solutions) Let py € P(RY). A probability measure P on
(Q,.%) is called a martingale solution corresponding to the operator £ and initial law
pio if o = P owy ' and for all p € C§°(RY),

o(awr) — (o) — / (Zap)(w,)ds

is a P-martingale with respect to (.%;), which is equivalent that for all § € R,

‘ 1t .
_z ij igi
; bs(ws)ds>Rd 2/0 a¥ (wg)0'6?ds

t :
B // <6i<979>md —1- W) vs(dy)ds
0/ R4\ {0} 1+ bl

is a P-martingale with respect to (%;).

exp li<9,wt — wp —

For any w € Q and I € B(R?\ {0}), we define

n(t,w,T) == Y 1p(w(s) — w(s—))
0<s<t
and .
7(t,w, ') == n(t,w,T) —/ vs(I)ds.
0
The following result is from [30, Corollaries 1.3.1 and 1.3.2] (see also [21, Theorem 5]).
Theorem 5.2. Let P € P(Q2) be a martingale solution corresponding to (£, uo). Define
Ye(w) 1= wy — / yi(t, w,dy) — / yn(t, w, dy)
lyl<1 ly|>1

and

Etx = b (x ylyl® dy) — y dy). (5.1)
(2) <>+/|y (dy) /| (dy)

Ut 143
<1 1+ y? 1 1+ lyf?
Then M(t,w) = y(w) — fg by(wy)ds is (.#;)-adapted. Moreover, for any 6 € R* and
9> < Sty
~ + y 7

t = exp [iw, M(t) — M(0))ga + % /Ot aij(ws)ﬁiﬁjds}

and

t g(y)n(t,w,dy)
R\ {0}

are P-martingales with respect to (%#).
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Let us now consider the following integro-differential equation of Fokker-Planck
type:

Ocpie = L4 pue, (5.2)

where £/ is the formal adjoint operator of .Z; given by

L= 3005 ) — ) + |

it
Tyl — p+ v (dy).
R\ {0} { . L+ [y|? t(dy)

Here, PIDE (5.2) is understood in the distributional sense, i.e., for any ¢ € C°(R9),

Oy (e p) = (paes ZLip)- (5.3)
If pt(dz) = ue(z)de, then (5.2) reads as
&gut = .,%*ut. (54)

The following result gives the uniqueness of measure-valued solutions for (5.2) in
the case of smooth coefficients.

Theorem 5.3. Assume that a and b are smooth and satisfies that for all k € {0} UN,

sup ||Vka,f:j||OO + sup Hvkbiﬂoo < 400.
te[0,1] te[0,1]

Then for any py € P(]Rd), PIDE (5.2) admits a unique measure-valued solution u; €
P(]Rd).

Proof. The existence follows by It6’s formula. Let us now prove the uniqueness. For
0<s<t<1landx € RY let X, () solve the following SDE:

Xoilz) =2+ / by (X (2))dr + / Var (X, (x))dW,
+LﬁM@¢M+LyM@m®L

c
1

where Br(x) is defined by (5.1), /a, denotes the square root of symmetric nonnega-
tive matrix a, and N(d¢,dy) is a Poisson random point measure with intensity measure
vi(dy)dt, BY := By \ {0} and B = R¢\ B;. For any ¢ € C;°(R?), define

Towp(x) = E(p(Xs ¢(2))).
Then T, 1p(z) € C3°(R?Y) and forall0 < s <r <t < 1,
TorTrep(x) = Ts ().
It is easy to verify that
OsTspp + L Texp = 0.

Let u¢,i = 1,2 be two solutions of PIDE (5.2) with the same initial values. Then by (5.3),
we have
O (s, Towp) = (s 0sTopp + L Toup) = 0, i =1,2.
Since pj = p3, we have
(13, Tenp) = (12, Teap), s €[0,1].
In particular,
(i o) = (i, o),
which implies that x; = p7 for any ¢ € [0, 1]. O
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We now prove the following extension of Figalli’s result [11, p.116, Theorem 2.6],
which is originally due to Ambrosio [1].

Theorem 5.4. Assume that b and a are bounded and measurable functions. Let u; €
P(RY) be a measure-valued solution of PIDE (5.2) with initial value jy € P(R%). Then
there exists a martingale solution P € P()) corresponding to (£, 11o) such that for all
t €[0,1] and ¢ € C°(RY),

(ne, 0) = B (p(wy)). (5.5)

Proof. Let p: R — (0, +0c0) be a convolution kernel such that |[V*p(z)| < Cyp(z) for any
k € N (for instance p(z) = e~ 1#"/2/(27)9/2). Let p.(z) := e~%p(x/¢), e > 0, and define

(bepe) * pe o (atpe) * pe
a2 ey

Wy 1= fue k pe, bE = e i

It is easy to see that for any k € {0} UN,
IV b lloo < Coll Vobelloos IVEaflloo < Crll V¥ at ] o

With a little abuse of notation, we are denoting the measure p; and its density with
respect to the Lebesgue measure by the same symbol. If we take the convolutions with
pe for both sides of PIDE (5.2), then

1 ij i
Oun = 500, )~ 005 i)+ [ -+
R4\{0}

subject to pug = po * p.. By Theorem 5.3, the unique solution to this PIDE can be
represented by
u; = Law of X7,

i.e., for any p € C°(RY),
(i) = Ep(X7), (5.6)
where X; solves the following SDE with jump
t t
X=X+ [ Beds+ [ aEenan s [ ¥+ [ aNo..dy),
0 0 BY B¢

and the law of X§ is uf. Here, 5‘2(:1:) is defined by (5.1) with replacing b by b°.
Let P be the law of t — X7 in Q). Since

P.(Jwo| =2 R) = pg(B%) — 0 uniformly in € as R — oo,

by [30, p.237, Theorem A.1], (P:).¢(0,1) is tight in P(€2). By Prohorov’s theorem (cf. [8,
page 104, Theorem 2.2]), there exist a subsequence of P., € P(?) and P € P(Q2) such
that P., weakly converges to P asn — oo. Fix ¢ and let ¢,, | ¢. By [8, page 131, Theorem
7.8], one has

E"n (p(wy,)) = B (o(wr)). (5.7)
On the other hand, by (5.6), we have

(g, ) = EP=n (p(w,,)).

Since t — (ut, ¢) is continuous, using the property of convolutions, by taking limits for
the above identity, one finds that (5.5) holds.
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For completing the proof, it remains to show that P is a martingale solution corre-
sponding to (.Z, 1). That is, we need to prove that for any 0 < s < ¢ < 1 and bounded
continuous and .%;-measurable function ®* on €, ¢ € C5°(R%),

57 [ (w0 - ot - [ (@p(anar) ') <o

As above, let (s,,t,) | (s,t). The above identity will follow by (5.7) and taking limits for

B |(lwn,) - plwn,) - [ : (22w ar ) ()| =

n

The more details can be found in [11, p.118, Step 3]. O

Definition 5.5. (Weak solution) If there exist a probability space (2, %, P) with filtra-
tion (#)icj0,1) and an (%;)-adapted Brownian motion W;, an (.#;)-adapted Poisson ran-
dom measure N (dt,dy) with intensity measure v;(dy)dt and an (.%,)-adapted process X,
on (Q, %, P) such that for allt € [0,1],

t t
Xy = Xo —|—/ bs(Xs)ds + / 0s(Xs)dWs —|—/ yN((0,t],dy) + / yN((0,t],dy), (5.8)
0 0 BY B¢
where b, (x) is defined by (5.1), then we say (Q,.7, P; (Zt)ief0,1)) together with (W, N, X))
a weak solution. By weak uniqueness, we means that any two weak solutions with the
same initial law have the same law in ().

The following result gives the equivalence between weak solutions and martingale
solutions.

Theorem 5.6. The existence of martingale solutions implies the existence of weak
solutions. In particular, the uniqueness of weak solutions implies the uniqueness of
martingale solutions.

Proof. Let P € P(2) be a martingale solution. By Theorem 5.2, one knows that under
P, n is a Poisson random point measure with intensity measure v;(dy)dt and M is a
continuous martingale with covariation process

artary =537 ool wa)as

Let (Q,EA . P; (jt)te[o,l]) be another filtered probability space supporting a Brownian
motion W,. Let (Q, Z,P; (jt)te[o,l]) be product probability space of (22, 7, P; (F¢)e0,1])
and (Q, F, P; (ﬁt)te[071]). Let 7 :  — Q be the canonical projection. Define

My(@) == My(m(@)), 01(@) := ou(m(@)e)

and . 3
Ni(@,dy) :=n(t,7(@),dy), Xi(@) = 7(@).

Then by the proof of [30, p.108, Theorem 4.5.2], there exists another Brownian motion
(Wt)iepo,1] defined on (Q,.F, P; (F¢)iej0,1)) such that

t
M, :/ osdWs, P —a.s.
0

Hence, (Q, Z,P; (Zt)tejo,1)) together with (W, N, X) is a weak solution. O
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The main result of this section is:
Theorem 5.7. Assume that for some q > 1,
Vel € L=([0, 1]; Li,.(RG RY)), [dive] ™, [bl, |o], [Vo| € L2([0,1] x RY),
and foranyp > 1,

1
L Rt < 4o,
RA\{0}

Letr > = = ¢*. Then for any probability density function ¢ with

/ o) (14 |2[H)Vedz < 400,

there exists a unique solution u; to PIDE (5.4) in the class of
My = {ut € LY (RY) : uy(z) > 0,/ ug(x)de = 1,
Rd

sup / wy ()9 (1 + |2>) @ Didg < +oo}.
te(0,1] JR4

Moreover, if ¢ > d, then the uniqueness holds in the measure-valued space P(R%).

Proof. (Existence). Set u(dz) := dz/(1+|z|?)? and let X;(x) be the u-almost everywhere
stochastic flow of the following SDE

=t [ s+ [oeans [ o801,

where N ((0,t],dy) is a Poisson random measure with intensity »;(dy)d¢ and

by(z) = bg(x)+/ ylyl* v (dy).
‘ ) riv{oy L+ (Y2

Since in this case, L; = 0 in Theorem 4.2, the p in (4.1) can be arbitrarily close to 1. Let
Xy be an .%#j-measurable random variable with law ¢(z)dz. Define

Y, o= X,(Xo).

It is easy to check that Y; solves the following SDE:
t t ~
Y =Xo+ / bs(Ys)ds + / os(Ys)dWs + / yN((0,¢],dy). (5.9)
0 0 R4\{0}
Now for any ¢ € C5°(R9), by Holder’s inequality, we have

Be(¥) = BEp(Xi()le = Xo) = | Be(Xi(a))ola)dr

( Bl )>|J1’u(dm)>l_i (/d (¢( )1+ |:c|2)d>ru(d3:))i
(-

1

|t ))I”udr> (/¢ (1) )
(4.1)

< Collell.
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which then implies that Y; has an absolutely continuous probability density u; € .#,-

with 1 1
/ u(2)p(z)dz = Bp(Yi) < Cgliplny, — +-=1.

By It0’s formula, it is immediate that u; solves PIDE (5.4) in the distributional sense.
(Uniqueness). Let uf5 € M4 be any two solutions of PIDE (5.4) with the same initial

value uy = ¢. Let P* € P(f2) be two martingale solutions corresponding to yut(dz) =
u(x)dr by Theorem 5.4. Since for any ¢ € C5°(R9),

/ uf(x)p(x)dz = B p(w,), i=1,2,
RY

we only need to prove that P! = P2, By Theorem 5.6 and [29, p.104, Theorem 1371,
it suffices to prove the pathwise uniqueness of SDE (5.9). Let Y}’,i = 1,2 be two solu-
tions of SDE (5.9) defined on the same filtered probability space supporting a Brownian
motion W and a Poisson random measure N with intensity measure v,(dy)d¢, where for
any ¢ € C5°(R9),
uj(@)p(z)de = Be(Yy), i=1,2.
R4

Since u} € .#,, by suitable approximation, we have for any ¢ € Lﬁ(]Rd),

sup Ep(V)) < Cllgllps, i=1,2. (5.10)
te[0,1]

Set
Zy =Y} = Y2, tr:=inf{t €[0,1]: [Y;}| V|V > R}.

Basing on (5.10), as in the proof of Lemma 4.8, we have for any § > 0,
Ziner |?
Elog < tg23| + 1)

TR (7 ba(Y) = ba(VE)) o T o (V) — (V)2
<2]E ER} S S S S ]R d ]E S s S S d
/0 Z:7 1 62 . /0 VI-v2R+o02

(2.9) tATR 1
< CE/ (MQR|Vbs|(Ysl)+MQR|VbS\(Y52))ds+/ Vo ds (5.11)
0 0

t 1
gc/ ||13R-M2R|Vbs|||Lst+/ Vo || ds
0 0
t 1
<cC / | MarVballl Lo ds + / V0|2 ds
0 0

(2.10) 1 1 )
<o / [V ball oo ds + / Vo2 ds.
0 0

where C is independent of §. Letting first § — 0 and then R — oo, we obtain that Z; = 0
a.s., ie,Y!=Y?as.

In the case of ¢ > d, let Y,! be the solution constructed in the proof of existence and
Y,? another solution of SDE (5.9) corresponding to any measure-valued solution z; with
to(dz) = ¢(x)dz. In the above proof of (5.11), instead of using (2.9), we use Morrey’s
inequality (2.8) to deduce that Y,! = Y2 O
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