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Sharp inequalities for martingales with values in ¢ *

Adam Osekowski'

Abstract

The objective of the paper is to study sharp inequalities for transforms of martingales
taking values in ¢Y.. Using Burkholder’s method combined with an intrinsic duality
argument, we identify, for each N > 2, the best constant C'y such that the following
holds. If f is a martingale with values in /% and g is its transform by a sequence of
signs, then

llglls < On|[f]loc-

This is closely related to the characterization of UMD spaces in terms of the so-called
n-convexity, studied in the eighties by Burkholder and Lee.
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1 Introduction

Let (2, F,P) be a probability space, filtered by (F,,),>0, @ non-decreasing sequence
of sub-o-fields of F. Let (B,|| - ||) be a separable Banach space and let f = (fn)n>0
be an adapted martingale taking values in B. We define df = (df,)n>0, the difference
sequence of f, by dfy = fo and df,, = f., — fn_1, n > 1. A Banach space B is called a
UMD space if for some 1 < p < oo (equivalently, for all 1 < p < oo0) there is a finite
constant 3 = 3, with the following property: for any deterministic sequence ¢y, €1, €2,
... with values in {—1,1} and any f as above,

> erdfi > dfy
k=0

k=0

Here and below, we will write ||-||, instead of ||-||»(q;p), if it is clear which Banach space
B we work with. For given p and B, let 3, g denote the smallest possible value of the
constant 3, allowed above. Then, as shown by Burkholder [2, 4], we have 3, g = p* — 1,
where p* = max{p,p/(p — 1)}; in fact, the equality holds true if R is replaced by any

< Bp , n=0,1,2,....

p

p
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Martingale inequalities

separable Hilbert space 7. By Fubini’s theorem, this yields Bp%v ) = p" — 1 for any
integer N. For the other choices of p and B, the values of the corresponding constants
Bp,B are not known.

There is a beautiful geometrical characterization of UMD spaces, which is due to
Burkholder. A function ¢ : B x B — R is called biconvex, if for any z € B, the functions
x +— ((z,2) and y — ((z,y) are convex. One of principal results of [1] states that B is
UMD if and only if there is a biconvex function ( satisfying

¢(0,0) >0 (1.1)

and
Clz,y) <|lz+yll  if[lz]]=ly]| =1. (1.2)

The existence of such a function is strictly related to the validity of the weak-type esti-

(bup kadfk >1> <C dek

k=0 k=0
for some constant C' depending only on B. In fact, if there is ( satisfying (1.1) and (1.2),
then (1.3) holds with C' = 2/¢(0,0). Then, using classical extrapolation arguments (see
Burkholder and Gundy [5]), it can be shown that

Z ekdfk Z ekdfk

In general, if B is UMD, then the class of all biconvex functions ( satisfying (1.1) and
(1.2) is infinite. However, it can be shown that there is the largest element in this class,
i.e., the function ¢ such that {(z,y) = sup,((x,y) for all 2, y € B (see [1], [3]). This
extremal element yields the optimal constant 2/¢(0,0) in (1.3) and a tight one in (1.4).
Thus, for a given UMD space B, it would be desirable to find such a function ¢, or at
least the value ¢(0,0); unfortunately, this is a very difficult task and, so far, it has been
successfully tackled only in the case when B is a Hilbert space. Namely, Burkholder [3]
showed that

., n=0,12 ..., (1.3)

1

< 72 p+1
= 2(0,0)

, n>0, 1<p<oo. (1.4)

12
= {ﬂ+%%w+ﬂﬂWWW] if [z v [ly[| <1,

((z,y) = .
|z + yl| if [z +y[| > 1,

where (-, -) denotes the scalar product in B. In view of the above remarks, this function
shows that the weak-type constant for transforms of Hilbert-space-valued martingales
equals 2.

In this paper we will be concerned with a different, dual geometrical characteriza-
tion of UMD due to Lee [7]. Let S denote the set {(z,y) € B x B : ||z — y|| < 2}. One of
the main results of [7] is as follows: a Banach space B is UMD if and only if there is a
biconcave function n : S — R satisfying

n(x,y) > ||z +y|| for all (z,y) € S. (1.5)

As we have stressed above, the existence of ( is closely related to the validity of (1.3); a
similar phenomenon occurs for n, which is strictly connected to the following martingale
inequality (see p. 304 in [7]). For any martingale f and any deterministic sequence
€0, €1, €2, ... of signs,

<c ., n=0,12 ... (1.6)

S df
k=0 0o
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More precisely, if i satisfies (1.5), then the above bound holds with ¢ = 7(0,0)/2. This
statement can be extracted from the works of Burkholder [3] and Lee [7] (another
convenient reference on the subject is the paper [6] by Geiss). In analogy with the
previous setting, if B is a UMD space, then there are many possible biconcave functions
n; however, this class of functions contains the least element 7, and the corresponding
constant 7(0,0)/2 is optimal in (1.6). In the case when B = R, Burkholder [2] identified
7. This function is given by the symmetry property

ﬁ(xvy) = 77(2/,33) = ’ﬁ(—l‘, _y)’ (x,y) €5,

and the equality

- r4+y+(y—x+2)e? ifo<y<ax<y+2,
me,y) = .
214+y)—(y—x+2)log(l+y) if —1<y<0,—y<z<y+2.

This has been pushed further by Lee [7], who proved that if the dimension of B over R
is at least two, then

n(z,y) =21+ (x,y).

In both cases we have 7(0,0) = 2 and thus the optimal constant in (1.6) (for Hilbert
spaces) is equal to 1. Of course, this can also be proved directly, simply by inserting the
identity || >_, exdfil|l2 = || X_p_o dfx||2 in the middle of the estimate.

The purpose of this paper is to study sharp version of (1.6) for a different class of
Banach spaces, namely, for B = (Y (H), where H is a Hilbert space and N is an integer
larger than 1. To gain some initial insight into the size of the constants involved, let us
exploit the following well-known argument. Namely, we have

erdfy Exdfy
> >
k=0

k=0

> endfy
k=0 Lr (65 (M)

> dfi
k=0

<
LY (65 (H))

Lr (8 (M)

<

<@ -1

Lr (307 (H))

> dfi

k=0

> dfi

k=0

< (p*—1)N'/P

Lr (965 (1))

< (p* —1)N'/?

9

L= (65 (M)

forn =0, 1, 2, .... Here in the third inequality we have used the fact that 5@4?(%) =
p* — 1, which was mentioned at the beginning. Hence, assuming N > e?
p = log N, we get that (1.6) holds with the constant e(log N — 1).

Actually, we will study a slightly more general setting in which the transforming

sequence (g,),>1 may depend on coordinates of ¢/ (). That is, we allow determin-

and taking

istic “multisigns” e, = (¢},¢2,...,eN) € {-1,1}", for which we put (e,dfn)n>0 =
((E}Ldfé,aidfﬁ,...,57]¥dfflv))n20. Of course, this is again a martingale difference se-
quence.

Our main result can be stated as follows.
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Theorem 1.1. Suppose that f is a martingale taking values in (Y (H) and let ¢, €1, €,
... be a deterministic sequence with values in {—1,1}". Then

ngdfk SCN dek ) n=0,1,2 ..., (1.7)
k=0 1 k=0 o)
where
VN if N < 4,
Cy =
2+ log(N/4) if N > 5.

The inequality is sharp.
By duality, this leads to an analogous statement for ¢ (H) spaces.

Theorem 1.2. Suppose that f is a martingale taking values in ()Y (H) and let €, €1, €2,
... be a deterministic sequence with values in {—1,1}". Then

> endfy
k=0

and the inequality is sharp.

n

> dfi

k=0

<Cy ., n=0,12 ..., (1.8)

oo

1

The novelty lies in the fact that, to the best of our knowledge, this is the first result in
the literature in which the best constant for transforms of (non-Hilbert) Banach-space-
valued martingales has been found. It would be very interesting if the reasoning could
be modified to yield sharp bounds for other class of Banach spaces, for instance for ¢,
spaces, 1 < p < oo. Unfortunately, so far this seems to be hopeless.

Before we proceed, let us mention here two interesting corollaries.

Theorem 1.3. Let B = /Y (#). Then
2v N if N <4
7i(0,0) < T (1.9)
41 2log(N/4) ifN >5.

We do not know whether equality takes place here; in other words, we do not know
if the passage from signs to multisigns increases the constant in (1.7). Unfortunately,
in our proof of the sharpness of this estimate, we strongly exploit the fact that the
transforming sequence does depend on coordinates of /2 .

The second corollary provides a lower bound for the constant 3, ;v (3)-

Theorem 1.4. We have 3, v (%) > Cn forany N > 1 and any 1 < p < oo,

We have organized the paper as follows. In Section 2 we study an auxiliary bound
for Hilbert-space-valued martingales; this is accomplished with the use of Burkholder’s
method combined with an intrinsic duality argument. The next two sections are the
most complicated parts of the paper: we construct there appropriate examples, which
prove that the constant C'y cannot be improved in (1.7). Quite surprisingly, we require
completely different arguments for N < 3 and N > 4. The first case is slightly easier
and is studied in Section 3; the final part addresses the sharpness of (1.7) for N > 4.

2 A sharp inequality for 7/-valued martingales

Let us begin by showing that Theorems 1.1 and 1.2 are equivalent. To see that (1.7)
implies (1.8), pick a bounded martingale f = (f!, f2,..., fY) with values in /¥ (), a
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multisign ¢ and observe that

> erdfi
k=0

n

> e

N
:EZ
j=

L1 (367 (M) 1 k=0
N on ) ]
= supEZgj el dfy,
j=1 k=0
where the supremum is taken over all random variables g = (g%, ¢2,...,¢"V) taking val-

ues in the unit ball of Y (H). Let (gn)n>0 = (E(g|F»))n>0 denote the associated % (H)-
valued martingale. Note that (g,),>0 is bounded by 1, since g has this property. By the
orthogonality of martingale difference sequences, for any n > 1 we have

n N n n
> eud —awm 3 (St ) (3t
k=0 9 j=1 \k=0 k=0

L1 (@347 (H))

9 j=1 \k= k=0
< dek erdgr
k=0 Loo (e (H)) k=0 L5, (1))
n
<Cn || dfi :
k=0 Lo (i) (H))

where the latter bound follows from (1.7), applied to (g, )»>0. This establishes (1.8); the
proof of the implication (1.8)=-(1.7) goes along the same lines.

Thus, from now on, we will focus on Theorem 1.1. For notational convenience, the
norm in /Y will be denoted by || - ||, while the norm in the Hilbert space H will be de-
noted by | - |. Recall that a Banach-space-valued martingale f is called simple, if for
any n the random variable f,, takes only a finite number of values and there is a de-
terministic number m such that f,, = fi,41 = fima2 = ... = foo. By straightforward
approximation, it suffices to study (1.7) for simple martingales f, g only. Furthermore,
we may restrict ourselves to those f, g, which satisfy fy = go = 0. Indeed, if this is
not the case, we consider an independent Rademacher variable # and new martingales
(0,0f0,0f1,0fa,...), (0,0g0,0g1,0g2,...). These two do start from 0, the latter is a trans-
form of the former, and they have the same norms as f and g. Thus, by homogeneity,
the assertion of Theorem 1.3 is equivalent to saying that

Cn =sup {|lgcll1 : fo=90=0,||f|lc <1, gis a transform of f 2.1
by a deterministic sequence of multisigns}. ’

Before we proceed, let us mention here that the above supremum is closely related to
the value 7(0,0). As proved by Lee [7], we have

71(0,0) = sup {2]|go0||1 : fo =90 =0, ||f|l« <1, gis a transform of f 2.2)
by a deterministic sequence of signs}. ’

This formula immediately shows how to deduce (1.9) from (1.7).
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We turn to the analysis of the right-hand side of (2.1). Let us assume that (f,g) =
((FY £, ), (¢4 9%, ..., g")) is a martingale pair as appearing there. Then for each
j, f7 is a Hilbert-space valued martingale bounded by 1 and ¢’ is its transform by a
certain deterministic sequence of signs. Furthermore, there is a splitting of {2 into

pairwise disjoint events Ay, A, ..., Ay such that A; C {||g~|| = |¢’.|}, and thus we may
write
N
lgooll =Y Elgl |14, (2.3)
j=1

This suggests to analyze carefully each term under the above sum. To do this, fix t €
[0,1] and put

V(t) = sup {E|Gs|14}, (2.4)
where the supremum is taken over all A € F with P(A4) < ¢t and all simple #-valued
martingales F, G starting from 0 such that F' is bounded by 1 and G is a transform of F’

by a deterministic sequence of signs. Here we allow the filtration is to vary, as well as
the probability space, unless it is assumed to be nonatomic. We have the following.

Lemma 2.1. The function V is concave.

Proof. This is straightforward. We may assume that the probability space is the interval
[0,1] equipped with its Borel subsets and Lebesgue’s measure. Pick ¢, to € [0,1], a
weight o € (0,1). Take two events A!, A% and two pairs (F*!,G?!), (F?,G?) of simple
martingales as in the definition of V(¢;) and V (¢3). We splice these two events into one
set A, and the two pairs into one martingale pair (F, G), by the following formulas:

A=aA' +(a+(1—-a)A?)
and, forn=20,1, 2, ...,

(F!,GL)(w/a) if0<w<a,

2n7G2n w) =
(F: )(w) {(Fg,Gi)((w—a)/(l—a)) fa<w<1

and
_ (F7}+1’G’}L 1)(0.1/0[) ifOSwSoz,
(Fons1, Gona) () = {(Fg, G%)((er —a)/(1-a)) fa<w<l

Then (F,G) is a simple martingale with respect to its natural filtration, we have F; =
Gy = 0 and G is a transform of F' by a deterministic sequence of signs. Furthermore,
we have

P(A) = aP(A') + (1 — a)P(A?) < aty + (1 — a)t,.

Therefore, by the definition of V, we may write

V(Oétl + (1 — Oé)tg) > E‘GoollA
= E‘GoouaAl + E|Goo‘1a+(lfa)A2
= aB|GL 141 + (1 — a)E|GZ|142.

Taking supremum over all A’ and (F?, G*), we obtain the desired concavity. O

Coming back to (2.3), we obtain the bound

lgsclli < S VP(A,))
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Thus, if we denote the supremum on the left-hand side of (2.1) by Sy, we see that the
concavity of Lemma 2.1 implies

N
1
Sy <NV N;]P(Aj) = NV(1/N). (2.5)

Now, to obtain the proper upper bound for V(1/N), we will consider a dual approach.
First we prove the following fact.

Theorem 2.2. Suppose that ¢ is an H-valued martingale and let ( be its transform by
a deterministic sequence of signs. Then for any C' > 1 we have

61

—c
[1€]]oo- (2.6)

el < Cliell + =

For each C the constant ¢!~ /4 is the best possible.

This bound will be established with the use of Burkholder’s method. In order to
simplify the technicalities, we shall combine the technique with an “integration ar-
gument”, invented in [8] (see also [9]). That is, first we introduce a simple function
Voo : H X H — R, for which the calculations are relatively easy; then define U by inte-
grating this object against an appropriate nonnegative kernel. Let

vao(,y) = 0 if |z] + |y| <1,
= (lyl = 1% = [=* if [z + |y] > 1.

We have the following fact (see Lemma 2.2 in [9] for a slightly stronger statement
concerning differentially subordinated martingales).

Lemma 2.3. Let ¢ be a square integrable, H-valued martingale and let ( be its trans-
form by a deterministic sequence of signs. Then we have

Eves (§n,Cn) <0 for any n > 0.

Let K denote the unit ball of # and define U : K x H — R by the formula

1 1/2 o1 9 9 el—C
Ulz,y) = - / Voo (/s /1)t + €O (2 — [2]?) +
2 exp(1-C)/2 4

(note that under the integral, we have v (y/t,x/t), not veo(x/t,y/t)!). One easily com-
putes the explicit formula for U. Namely, we have

e“Hy? — |xf?) e 7C /4 if ||+ |y| < e'79/2,
U(z,y) = 1 |z] + |y| — |=]log(2|z| + 2|y|) — Cla| if e ~C/2 < |z| + |y| < 1/2,
ly|> — |z|> + (1 = O)|z| + 1/4 if |z| + |y| > 1/2.

We will need the following majorization property of U.
Lemma 2.4. For any (z,y) € K x H we have
Ulz,y) = ly| - Cla. (2.7)

Proof. Let r be a fixed nonnegative number. Let us fix |z| + |y| = r and consider both
sides of (2.7) as functions of s = |y|. These functions are both linear and hence it suffices
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to establish the majorization in three extremal cases: for x = 0, for || = 1 and for y = 0.
If # = 0 and |y| < e!~¢/2, the inequality is equivalent to

(2€Cil|y| - 1)2 > 07

which is obviously true. If z = 0 and |y| € (¢! ~¢/2,1/2), then both sides are equal. Next,
if z = 0 and |y| > 1/2, or |z| = 1, then the majorization can be rewritten in the form
(2ly| — 1)2 > 0, which holds trivially. Finally, suppose that y = 0. If |z| < ¢!~¢/2, we
must prove that

—e“ NzP e Y /44 Clz| > 0.

But this is straightforward: the left-hand side, as a function of |x| € [0,e!7¢/2), is
increasing, and we have already verified the estimate for x = 0. If !¢ /2 < |2 < 1/2,
the majorization is equivalent to 1 — log(2|x|) > 0, which is obvious. Finally, if [z > 1/2,
the inequality (2.7) reads —|z|? + |z| 4+ 1/4 > 0, which is evident. 0

We turn to the proof of Theorem 2.2.

Proof of (2.6). Pick &, ¢ as in the statement. We may and do assume that ¢ is bounded,
since otherwise the right-hand side is infinite and there in nothing to prove. By homo-
geneity, it suffices to show that

elfC

4

¢l < Cllgll +

under the assumption ||¢||oc < 1. Then in particular ¢ is square integrable and hence so
is ¢, since ||Cnl|2 = ||&n]|2 for all n. Because the transforming sequence ¢ takes values in
{—1,1}, we see that the relation of being a transform by ¢ is symmetric. Consequently,
for any ¢ > 0 the martingale £/t is a transform of ¢/t and thus, by Lemma 2.3, we have
Evoo (¢n/t, €n/t) < 0 for all n. Furthermore, we have v (x,y) < c(|z|? + |y|? + 1) for some
universal constant ¢, so by Fubini’s theorem, we get

1/2 ) ) el—C  1-C
EU(6,.G) —E | oo (a1, 0 + Gl = N3 + 1 < &
exp(1-C)/2
Therefore, an application of (2.7) yields
el—C
||§nH1_CH§nH1 SEU(gnaCn) < 4
and it suffices to let n go to infinity. O
Theorem 2.5. We have
N-1/2 if N < 4,

V(1/N) < { .
2N~t + N-llog(N/4) if N >5.

Proof. This statement, combined with (2.5), will yield (1.7). Furthermore, comparing

(2.1) and (2.2), we will get the assertion of Theorem 1.3. Let F, GG, A be as in the

definition of V(1/N) and let g, €1, €2, ... be the transforming deterministic sequence

which produces G from F. Suppose first that N < 4; in this case the proof is very

simple. Namely, by Schwarz inequality, we have

E|Gu|la < VEIG?VP(4) < VE[F<[>V/1/N < 1/VN,
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since ||F||x < 1. The case N > 5 is more involved. Introduce the random variable
¢ = 14G /|G| (with the convention £ = 0 if Go, = 0) and consider the martingales
(gn)nZO = (E(ﬂ}—n))nzo and

(o= exdéy, n=0,1,2....
k=0

Clearly, (¢,)n>o0 is a transform of (&,,),>0 by (€,)n>0. Consequently, we may write the
following chain of expressions:

E|Goo|la = B(Goo, o) = Y E(dGh, dés)
k=0

= > B(exdGi exdti) = E(Foo, () < ElGicl.
=0
Now we apply (2.6) with C' =1 4 log(N/4). The martingale (§,)»>0 is bounded by 1 and
[1€]]1 < P(A) < 1/N, so we obtain

E|Goo|la < (14 1log(N/4))N™' + N7' = 2N~ + Nt log(N/4),
which is the claim. O

Remark 2.6. It is well known that in general Burkholder’s function (that is, the special
function leading to a given martingale inequality) is not unique, see e.g. [4]. Sometimes
it is of interest to determine the optimal (that is, the least) of the possible ones, at
least for H = R. Though we shall not need this, we would like to mention here that
we have managed to find the least function for (2.6) in the real case. Namely, for
(z,y) € [-1,1] x R, the value of this function at (x,y) equals

eCHy? —2?) +el7¢/4 if || + |y| < e'7¢/2,

2| + |y| — |z|log(2]z] + 2|y|) — Clz| ife'=¢/2 < |z| +|y| <1/2,
|yl + [z exp(1 — 2|z| — 2]y|) — C|z| if1/2 — |y| < || <1/2,

lyl + (1 = [a]) exp(=1 = 2|y| + 2[z|) — C|z] if1/2 < |z] < |y[+1/2,

lyl+1—|z| = (1 = [z[)log(2 + 2[y| - 2[z|) = Cla| if || > [y[+1/2.

We omit the further details in this direction, leaving them to the interested reader.

3 Sharpness, the case N =2and N =3

3.1 Preliminary observations

We begin by several useful remarks, which will be often exploited below. We will
show that the constant Cy is already the best for the Banach space ¢y = ¢Y (R). To do
this, it suffices, for each N and ¢ > 0, to construct a pair (f, g) of /Y -valued martingales
such that f is bounded by 1, ¢ is a transform of f by a sequence of multisigns and
[lgll1 > Cn—e. In the search for appropriate examples, we recall the following inequality
for transforms of real-valued martingales, proved by Burkholder [4]. Namely, if f is
bounded by 1, g is its transform by a sequence of signs and A > 1, then we have the
sharp bound

—92 .
P(lgucl 2 ) < {A sz 3.1)
e~M4 if A > 2.
Note that if we pick A = Cy, the above estimate becomes P(|go| > A) < 1/N. This
gives a very strong indication how to proceed: if we work with (% -valued martingales
f, g, then
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1° for each 1 < k < N the coordinates f’“, gk must be the extremal in (3.1),
2° the sets {|gL.| > A}, {lgZ| > A}, ..., {|g%| > A} must be pairwise disjoint.

Having ensured these two conditions, we are done: then the martingale f is bounded
by 1, g is its transform by a certain deterministic multisign and ||g|| > A = Cn with
probability 1.

There is nothing special in the requirement 1°: one only has to study carefully
Burkholder’s examples (which are quite complicated) to get the intuition about them.
However, the condition 2° turns out to be much more difficult. It is a nontrivial combina-
torial problem to take N pairs of extremal martingales as in 1° and bind them together
so that 2° holds. The obstacle is that the pairs (f*, g*) must be adapted to the same
filtration and thus have complicated dependence structure.

3.2 An auxiliary function

It will be convenient to work with a certain function closely related to 7 and the
supremum Sy considered in (2.1). Let N be a given positive integer. For any z, y € /%
such that ||z|| < 1, let M(z,y) denote the class of all pairs (f,g) of simple ¢% -valued
martingales such that

1° f starts from x and satisfies || f||oo < 1,

2° g starts from y and satisfies dg,, = €,df,, for n > 1, for some deterministic se-
quence €1, €2, ... of multisigns.

Here the filtration is to vary, as well as the probability space, unless it is assumed to
be nonatomic.
Define U : {(z,y) € £ x X :||z|| < 1} — R by the formula

U(z,y) =sup{llg|l1 : (f,9) € M(z,9)}.
We will prove the following statement.
Lemma 3.1. The function U satisfies the following properties.

(a) For any multisigns 0 = (01,02,..., 0n), v = (71,7%2,-.., 7n) and z, y,

U(b,vy) = U(x,y) (3.2)
(here Ox = (0121, 029, ...,0NxN) and similarly for vy).
(b) For any x, y € /Y and any permutation 7 of the set {1,2,..., N},
Uz, yr) =U(z,y) (3.3)
(here x; = (Try, Ty, - - -, Try ) and similarly for y; ).

(c) For any z, y € /Y we have the majorization
Ulz,y) > [lyl]. (3.4)

(d) The function U enjoys the following concavity property. For any z,y € (Y with
||z|| < 1, any multisign 0, any t,, to € ¢ with ||z + t;|| < 1 and any « € (0,1) such
that aty + (1 — a)ta =0,

U(z,y) > old(z+t1,y +0t1) + (1 — a)U(z + ta,y + Ota). (3.5)

Proof. The properties (a) and (b) are evident and follow at once from the very definition
of U and the fact that the three conditions: (f,g) € M(z,y), (0f,vg) € M(0z,~y) and
(frygn) € M(xx,yr), are equivalent. The majorization (c) is also straightforward: the
constant pair (f,g) = (x,y) belongs to M(z,y). The condition (d) can be easily proved
using the splicing argument: see the proof of Lemma 2.1 above. O
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3.3 The case N =2

We start with recalling Burkholder’s extremal example for (3.1) with A = \/i Con-
sider the points

2 2
POP8P4<\2[31\2[>3 P1:*P5:(7170)7
Pz—P6—<\f17\f>, Py =—P; = (-1,V2).

Introduce a Markov martingale (f, g) with values in R?, with the distribution uniquely
determined by the following requirements:

(i) We have (fo,90) = (—1/2,1/2).

(ii) In its first move, it goes to P, or to P.
(iii) For k € {0, 1,2, 3}, the state Py, leads to Pa;y1 Or to Poja.
(iv) All the remaining points are absorbing.

We easily check that ¢ is a transform of f by a sequence of signs and that |f..| = 1,
|9so| = v/2 almost surely. Thus

2P(|9oo| 2 V2) = ||9sc]I3 = [I /0|2 = 1,

so both sides of (3.1) are equal. To get the extremal pair of martingales with values in
/2, we need to complicate the above example a little bit. Namely, consider a Markov
martingale (f, g) with values in /2 x ¢2_, with the distribution given as follows.

(i) We have (f}, f2,98,92) = (—1/2,-1/2,1/2,1/2).
(ii) In its first move, it goes to (Py, P») or to (P, Fy).
(iii) For k € {0,1,2,3}, the state (Pay, Por+2) leads to (Pogt1, Part3) or to (Pogio, Pakta)
(here Py = Py).
(iv) Fork € {0, 1,2, 3}, the state (Pagt2, ng) leads to (Pak2, P2k+4) orto (Pak41, Pokts).
(iv) All the remaining points are absorbing.

One easily verifies that the above definition makes sense (i.e., the moves described in
(iii) and (iv) are of martingale type), that the martingale ¢ is a transform of f by a
multisign and that 1°, 2° are satisfied. This implies that the inequality (1.7) is sharp for
N = 2. However, it will be convenient to rewrite this proof in a different manner, with
the use of the function I/ introduced in the previous subsection. This approach will be
particularly efficient (much simpler) in the case N = 3, in which the explicit example is
extremely complicated.
By the very definition of U/, it suffices to show the inequality

U((1/2,1/2),(1/2,1/2)) > V2. (3.6)

Using the concavity of U (see (d)) and the property (3.3), we write

(3 G2 (- 29) (0 9))
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The further use of the concavity and the application of (3.2), (3.3) and (3.4) give

() (7))
2 2 22
> (\/i_ 1)1/[ ((1_ ?7_?> ) <_\£§?1_ ?)) +(2—\/§)U((1,1),(0, \/5))

:(\/5—1)2/1((?,1—\/5),(1—f,?>>+(2—\/§)-\/§,

which implies

((5-) (- £9))-0

2 2 272

and thus (3.6) follows. Of course, this proof of the sharpness is the same as the previous
one: the weights in Jensen inequalities exploited above correspond to the transition
probabilities from (ii), (iii) and (iv), and the value points are exactly (P;, P;) used there
(up to some changes in the signs of the coordinates).

The case N = 3. Here the calculations are much more involved. We do not spec-
ify the extremal Markov martingale (f,g), and write the proof in the language of the
function U. It suffices to show that

111 111
U<<2a2,2>,<272,2>) > V3. (3.7)

Using concavity and the conditions (3.2) and (3.3), we get

(39 G3D) (- 212) (500-9)
3

However, if we put a = 4(1 — 1/+/3), then
ul((BL_v3) ({_¥31V3
272 2 )’ 272 2

1 V3 o 3 V3 « V3
ZaZ/l(<1— (1—2>a,1—2,1—2(1),((1—2>a,27\/§_2a>>

+ (1 - ;) U((1,1,1),(0,0,v3)) (3.8)
_1 V3 a V3 V3) a V3
(e
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where in the last line we have used (3.4). Denote the first term in the latter sum by i] .
By the concavity of U,

2v/3 — 2 5 V3 3v3 3 V3 3v3
Izﬁ“((zﬁ’lﬂ2>’<“§2’2732>> o

\[ ((6 3f2—\f2—@),(3%??—5,%5—1,3—2\/??)).

Similarly;,

V3 3V3 3 V3 3V3
(o) (0320

(1 V3V )\ (13 | V3
2+f R  Cr N

2
n mu((1,1,—1),(0,¢§, 0))

el )
243 52 2 )\ T 21 V3
and, for 8 = 2/V/3,
U((6—3\/§,2—\/3,2—\/5)7(3\/3—5,\/5—1,3—2\/3))
— SU((1 - 3VE-5)5,1- (V3-1),(3- VE)B ~ 1),
(3V3-5)8,(V3 - 1)3,(3 - V3)8 — V3))
- (1 - ;) U((1,1,-1), (0,0, —V/3)).

A little calculation shows that the latter expression is equal to %I +(1- %) -v/3. Plugging
the last two statements into (3.9) yields

V3 2[ 2 V3 1 V3 V31 V3 20v/3 — 33
B3P 2) (- 249)-24

and combining this with (3.8) implies (3.7), the desired lower bound.

4 Sharpness, the case N >4

Here we will use a different method, based on the explicit construction of extremal
examples. For the sake of convenience, we split the reasoning into several parts.

4.1 The case N =4

As we will see, the calculations in the case N = 4 are easy; however, it is instructive
to analyze this case carefully, as similar arguments will be used later, while studying
the sharpness for larger N.

As previously, the underlying idea is to keep f bounded by 1 and make ||g|| as
close to Cy as possible. The construction is as follows. As in the preceding section,
it is enough to find an appropriate martingale pair (f,g) which starts from the point
((-1/2,-1/2,—-1/2,-1/2),(1/2,1/2,1/2,1/2)). The first step is to split the pair into two:
(f,¢") and (f2, f2, f4, g%, g%, g*). We determine the distributions of the variables (f{, 1)
and (f2, £, ft, 93,93, 91) by the requirements
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(i) (fi,g}) takes values (—1,0), (1,2).
() f£=/f=rtd=g =gt
(iii) (f{,g}) takes values (—1/3,2/3), (—1,0) .

Note that the values listed in (i) are attained with probabilities 3/4 and 1/4, respectively;
the same is true for those in (iii). Thus, merging these two variables appropriately, we
obtain (fi, g1) such that (f,,g,)._, forms a martingale with respect to one filtration.

We turn to the second step. The first coordinates f' and ¢! are kept fixed and will
not be changed. On the set {(f{,g7) = (~1,0)} we have ||g|| = 2 = C4, so g is large,
as we wanted - thus, we will not change (f,g) on this set. On the other hand, we
do change the martingale on {(f},g7) = (—1/3,2/3)}, and this is done as follows. We
split (f2, f3, f4, 9%, ¢, ¢*) into two pairs: (f2,¢%) and (f3, f, ¢%,g*). We determine the
conditional distributions of the variables (f3, ¢3) and (f3, f3,95,95) on {(fi,g1) # (1,2)}
by the requiring that when restricted to this set,

() (f3,93) takes values (—1,0), (1,2).
i) f3=f3, 93 = g5
(iii) (fs,g5) takes values (0,1), (—1,0) .

The values listed in (i) are attained with (conditional) probabilities 2/3 and 1/3, respec-
tively; the same is true for those in (iii). Thus, these two variables can be appropriately
glued so that (f,, gn)%_, forms a martingale with respect to one filtration.

We turn to the final step. The second coordinates f2, ¢? are kept fixed. On the
set {(f3,95) = (—1,0)} we have ||g|[2 = 2, so the goal of approaching C; by g is
achieved; thus, (f,g) will not be altered on this set. Let us restrict ourselves to the
set {(fa,95) = (0,1)} and split (f3, f4,¢%, ¢g*) into two pairs: (f3,¢®) and (f%,g%). We
require that conditionally on this set,

(i) (f3,93) takes values (—1,0) and (1,2).
(i) (f3,g3) takes values (1,2) and (—1,0).

Again the values listed in (i) and (ii) are taken with conditional probability 1/2 and
thus we may appropriately splice these variables, extending the martingale (f, g) to the
time-set {0,1,2,3}. Note that the martingale f is bounded by 1 and for each w, a certain
coordinate of g3(w) is equal to C4; thus, equality in (1.7) is attained. Furthermore, it is
clear that g is a transform of f by the sequence —1, 1, 1, 1, and this completes the proof
of the sharpness.

4.2 A splitting argument

We turn to the analysis of the case N > 5. It will be convenient to work with
continuous-time processes. Throughout, ¢ is a fixed positive number (which will be
eventually sent to 0) and we take A = Cy = 2 + log(N/4). It is convenient to split the
reasoning into a few intermediate parts.

Step 1. Special intervals. First let us introduce some auxiliary notation. Consider
the following families (I, )0, (I, )x>1 Of line segments. Let ) be a line segment with
endpoints (—1, A — 2) and (1, A); for k£ > 1, we assume that

L' has endpoints (—1, A — 2 — 2kd) and (5, A — 1 — 2ké + 6),
I, has endpoints (0, A — 1 — 2k + 26) and (1, A — 2 — 2kd + 26).

Note that the segments [, ,ft has the slope +1. See Figure 1 below.

Step 2. A family of Markov martingales. Let k be a fixed positive integer and let
(z,y) € I. Let B be a standard Brownian motion starting from 0 and consider the
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Figure 1: The intervals [, 2[

decreasing families (7;")%_, ()5} of stopping times, given by the backward induction

as follows: 7, , =0, and

S =if{t>7,, B, <—x—1lorB;>6—ux}, =k k—1,...,0,
, =inf{t>7:B, <—zorB, >1-ua}, C=Fk k—1,..., 1.

Now, for t > 0, define the Markov martingale (X,Y) by
t
X;=w¢+B., and Y=y +/ H,dX,,
0

where
g1 if s € [ro41,7,") for some ¢,
° -1 ifse€[r,,7,) for some .

To gain some intuition about the process (X,Y), let us look at the line segments IL,i.
The process (X,Y) starts from (z,y) € I;7 and moves along this line segment until it
reaches one of its endpoints (which occurs at time T,j ). If it gets to the left endpoint
(i.e., lying on the line x = —1), it terminates; otherwise, it starts to evolve along I, ,
until it reaches one of the endpoints of this line segment (which happens for ¢t = r,7). If
it gets to the right endpoint (that is, lying on the line x = 1), it stops; if this is not the
case, it starts moving along I,/ |, until it reaches one of its endpoints, etc. The pattern
of the movement is then repeated. We see that the terminal variable X, = XTO+ takes
values +1 with probability 1, while Y, = YTO+ is concentrated on the set

IMA—2A—2-26A—2—45,A—2—66,...,A—2 — 2k§}.

Note that (X, Yoo) = (1, ) if and only if (X,Y) leaves I, ’s through their right end-
points and I, ’s through their left endpoints. Consequently, we easily see that

k
1+x.(175)k. 1 _ 1tz 1-9
1+0 (14 6)k-1 2 1+
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and this probability is a continuous function of (z,y). Since (1 —4)/(1 +§) < e™2, we

have
Lta ors _ 14Ty apia

2 2
A similar calculation can be carried out if the starting point (x,y) belongs to one of the
“negative” intervals I, .

p(z,y) < 4.1)

Step 3. A stopping procedure. Now we will appropriately stop the process (X,Y’) and
use its Markov property. We start with the following crucial observation: if (z,y) € I,j
and s < p(z,y), then on each Ilft, ¢ < k, we may choose points Pf such that p(PZi) =s.
That is, on each I ei we may choose such a starting point, that the probability of reaching
(1,)) is equal to s. A similar statement can be formulated if (z,y) € I, (but then the
interval I;! is not taken into account). Now, let P = P* = {Pf} denote the collection of
the chosen points and define

Ts = inf {t (X, V) € ’P},
with the convention inf ) = co. We may write

p(z,y) = P((Xoo, Yac) = (1,A)) = P((Xoo, Yoo) = (1, A)|7s < 00)P(7s < 00)
+ P((Xoo, Yoo) = (1, A)|75 = 00) P(75 = 00)
=5(1—P(rs = 0)) + P(15s = o0)

and hence the probability that the stopped process (X™,Y"=) ever reaches (1, \) equals
(p(z,y) — s)/(1 — s) which, with a proper choice of s, can be equal to any arbitrary
number from the interval (0, p(z,y)]. A similar argumentation can be repeated if the
starting point (z, y) belongs to one of the “negative” intervals I, .

Step 4. Discretization. The stopped process (X™=,Y ™) can be represented by a
pair (f,,g.) ., of finite discrete-time martingales, starting from (z,y) and satisfying
df,, = +dg,, for each n (here by representation we mean that the distribution of (X, ,Y>,)
coincides with that of the terminal value (fas, gar)). Again, we will describe it in detail
when (z,y) € I,". This is straightforward: we put M = 2k + 1, (fo,90) = (z,y) and for
eachn=1,2, ...k,

(fon—1,92n-1) = (XT*‘/\T;{»Ifn’ YT@‘/\Tktrl—n)

and

(fan, gon) = (X

TsATh1—n’ Y‘rs/\rk_+17n) :
Finally, we set
(f2k+1792k+1) = (XTS/\TJ’YTS/\T(T) .

Directly from the construction we check that the condition df,, = (—1)"*'dg,, is satisfied.
Note that

p(.’IJ, y) - S

P((fok+1, g2641) = (L, A)) = P((Xr,, Yr,) = (1, ) = 15

(4.2)

in light of the considerations of Step 3.

Step 5. Iteration. The whole procedure described above can be applied inductively
to several values of s. Suppose that we are given a starting point (z,y) and a sequence
0< 8m < Sm—1 <...< 81 <p(x,y). The above reasoning gives the corresponding sets
P1, P2, ..., Pm. Let (f, g)kM:lO be the finite martingale starting from (z, y), corresponding
to s = s1; its terminal variable takes values in P; U{(1,A\)}. Now, on each set of the form
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{(fr,,90,) = Pu}, where P, € Py, we repeat the above construction with the starting
point P, and s = s, thus obtaining the extension of the martingale (f,¢g) to a larger
time interval {0, 1, 2, ..., M>}. Now the terminal variable (fus,,gn,) takes values in
P> U{(1,\)}. We continue the reasoning, applying the above construction on each set of
the form {(fas,,9gnm,) = Pr}, where this time P, is a given point from P, and thus extend
the martingale (f, g) to the time set {0, 1, 2, ..., M3}, etc..

Step 6. A summary. Let (z,y) be a fixed starting point and consider a sequence
0 < s$m < S$m—1 < ... < 81 < 89 = p(x,y). We have constructed a finite martingale
(f,9) starting from (z,y) and satisfying df,, = +dyg,, for each n > 1, and a deterministic
sequence 0 = My < My < My < ... < M,, such that the following holds:

Sn

]P((anngn) = (17)‘)|(f1\1n_1vglﬂn_1) 7& (13)‘)) = %7 n > ]-7
or, equivalently,
1— s,
P((far,s901,) # (LI arvo g, ) # (L) = =21 m>1, @3)

This equality follows directly from (4.2). Observe that in particular, the choice m =1
and s; = 0 leads to (f, g) which is just the discretization of the process (X,Y’) presented
in Step 2.

4.3 A splicing procedure

Now we will describe another tool which will be used in our construction. Let (z,y) €
[-1,1] x R be a fixed point lying on a certain interval I} or I, k > 1. Consider the
continuous-time process (X,Y) studied in Step 2 of the previous subsection. Since
p(z,y) < 1/2, it is easy to see that there is a unique 3’ > y such that if we put 7 = inf{¢ :
Y: = ¢/} (again, inf ) = o0), then

P(r = o0) = p(z,y). (4.4)

Let (Fy, G)K_, be the discretization of the process (X7,Y7): we repeat the formulas

from Step 4, with 7, replaced by 7. Decreasing K if necessary, we may assume that it is

equal to the length of (F,G) (i.e., for each 0 < m < K we have G,,, # G 11).
Fork=0,1,2,...,K —1, put

pr = P(dGgy1 > 0|dGy > 0).

In view of (4.4), we have pop1ps...px—1 = P(Gy =v') = 1 — p(z,y). Define a sequence
sk = 1 — pmPm+1Pm+2---Prk—1, k=10,1,2, ..., K — 1, and put sx = 0. We easily check
that 0 = sg < sg-1 < ... < s1 < sp = p(z,y) and
1—sp_
SRl e, k=12, ..., K. (4.5)
1— Sk
Let (f,g) be a martingale corresponding to (sx)X_,, defined in Step 6 of the previous
subsection and let (Q, F, (]:n)nzg, IEi) be the probability space on which (f,g) was con-
structed. We will define a pair £F7 Q) on this probability space, closely related in distri-
bution to (F, G). Namely, put (Fy,Go) = (x,y), and require that forall 1 <n < M,

(FMn - 1[7“1\4%1 .G M, — G M, _, ) has the same distribution as (dF,,dG,,)
and

{Gu, — G,y > 0} = {(far, - 900,) # (LA}
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This is possible: the two above events have the same probability, by (4.3) and (4.5).
We extend (F,G) to the martingale on the full time set {0, 1, 2, ..., Mx_,} by putting
(Fn,Gp) = ]E[(FMKA,(N?MKA)LF”]. Note that for any n we have Fy;, — Fur,_, = Gy, —
G, _, with probability 1 or Fyy, — Fur,,, = —(Gum,, — Gu,,_,) almost surely, this guar-
antees that the “finer” martlngale pair (F G) also satisfies dF,, = +dG,, for each n.
Observe that we have the following crucial property: on the set {Gy;, — Gur,_, < 0} we
have gp;, = A

4.4 An extremal example

We are ready to exhibit a martingale pair ( f ,§) with values in ¢/ x ¢, for which
the inequality in (1.7) will be almost attained. This is based on the following inductive

argument. First, put

f . (11 1 cRY

0 =490 = 2797 "1y .
Now let (Fy,Gi)M,, (fx,gx)iL, be the finite martingales corresponding to (zg,y0) =
(=1/2,1/2), constructed in the prev1ous subsection. Put

(f9")=(f9) and (f23°) =) =...=(".3")=(FG).

The martingale (fV,j") either terminates in {—1,1} x R, or at some point (z1,;).
These events have probabilities p(xg, yo) and 1 —p(zo, yo), respectively. On the set where
the first possibility occurs, the construction is complete. Note that in view of the last
sentence of the previous subsection, we have ||g|| = sup;<,<x|9%| = )\ on this set
(actually, géo = ) there). On the other hand, to continue the construction on the set
{(fN,gN) = (x1,91)}, let (Fi, )M, (f,9)M, be the finite martingales corresponding
to (331, y1), considered in the previous subsection. We define ( fusG) for k= M +1, M +
., M + M’ by requiring that

@ (ff, 3" = (fM, 1,) (so the first coordinates of f and j are not changed.
(@) (F.3°) = (Flg) == (FV5Y). ]
(iif) the conditional distribution of (2,520 on the set { f2, 38) = (z1,v1)} is equal
to that of (F, Gi)rL,.
(iv) the conditional distribution of ( 20 M on {(fN,GY) = (w1,91)} is equal to
that of (Fk, Gk)ﬁﬂzo-

The martingale ( N gN ) constructed so far either terminates in {—1,1} x R, or at some
point (x5, y2). The first possibility occurs with probability p(xo, yo)+(1—p(zo, v0))p(x1,y1),
the second has the remaining probability (1 — p(zo,y0))(1 — p(z1,y1)). On the set where
the first possibility occurs, the construction is over; observe that ||g|| = A on this set. To
continue the construction on {(fY, gN) = (x4, 1)}, consider (F, G), (f, g) of the previous
subsection, corresponding to (z2,y2), and so on.

After k steps, the probability that (fY,3Y) is equal to (xy,yx) (so the construction
will be continued) is equal to

L= (1—p(x0,%)) 1 = p(z1,91)) .- . (L = p(Tp—1, Yr—1))-
On the other hand, we have
(1 = p(z0,90))(1 = p(z1,91)) - - - (1 = p(Th—1,Yk—1))P(Tk;, Yr.) = P(T0, Yo)-

Indeed, the left-hand side is the probability that (f*+1, G**1) ever reaches (1, \), which
is p(xo,y0), since for all ¢, (f*,3%) are discretized versions of the process (X,Y) (in
distribution). In consequence, we have

Ly, =1 — kp(xo,0)
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and thus

—1
p(xo, o) ( 1 ) 1

T yk) = - k) <—

P(@: Y1) Ly, (0, %0) N—Fk

because, by (4.1), p(zo,y0) < €27*/4 = 1/N. Thus, the above procedure can be repeated
N — 1 times (as we have noted at the beginning of §4.3, we require p(z,y) < 1/2 to
proceed, so the N — 1-st step is allowed). Now, if § is sufficiently small, then p(zo, yo)
can be made arbitrarily close to 1/N. By the above reasoning, we get that p(zy—_1,yn—1)
is close to 1 which implies that yn_; is as close to A as we wish.

Summarizing, we have constructed a pair ( f , §) which has the following properties:

(1) _fO:.QOE (1/2a1/2771/2)
(i) g is a transform of f by a certain sequence of multisigns in R*.
@iti) [[f[|oo < 1.
(iv) With probability 1, either gﬁo =Aforsomel </< N-1,or goj\é is larger than A —¢
(where ¢ is an arbitrary positive number).

This implies that the best constant in the inequality (1.7) cannot be smaller than A = Cly.
The proof is complete.
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