n b
Electr® 8biljty

Electron. J. Probab. 18 (2013), no. 92, 1-20.
ISSN: 1083-6489 DOI: 10.1214/EJP.v18-2339

Perturbation analysis of the van den Berg Kesten
inequality for determinantal probability measures

Franz Merkl* Silke W.W. Rolles'

Abstract

This paper describes a second order perturbation analysis of the BK property in the
space of Hermitian determinantal probability measures around the subspace of prod-
uct measures, showing that the second order Taylor approximation of the BK inequal-
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1 Introduction and results

1.1 Motivation

The van den Berg Kesten (BK) inequality concerns occurrence of two events on
disjoint sets. It has numerous applications in percolation theory, see e.g. Grimmett’s
book on percolation [2]. For increasing events and product measures, the BK inequality
was proven by van den Berg and Kesten in [9]; see also variants of it in [6]. Reimer [5]
proved the generalization of the BK inequality to arbitrary, not necessarily increasing
events and product measures. Quite recently, several variants and generalizations of
the BK inequality have been proven; see [8], [7], and [3].

Determinantal probability measures and their continuum analogue, determinantal
point processes, have found considerable interest in mathematics and physics, e.g. in
the description of quantum systems of fermions and in random matrix theory. For an
interesting introduction to the theory of determinantal probability measures, including
more details on the history and references, see [4]. One of the facts shown in that
paper is that determinantal probability measures are positively associated; compare
the remark below (1.12). In §9 of [4], Lyons asks whether determinantal probability
measures have the BK property. This question is still not answered, but it motivated the
present work.
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1.2 Results

Fix n € IN with n > 2, and set © := {0,1}". We imagine any w = (w;)1<i<n € Q as a
particle configuration on the set [n] := {1,...,n} of the first n natural numbers, where
w; denotes the number of particles at location i € [n]. For w,w’ € Q, we write w < w’ if
w; <w) foralll <i<mn.Aset ACQis called increasing if for all w € A and w’ € Q with
w < ' one has w’ € A. The expressions w A w’ and w V w’ denote the componentwise
minimum and maximum of w and w’, respectively. For i, j € [n] with i # j, we set

Qi7gj = {WEQZUJZ'#UJJ'}. (1.1)

For xz € {0,1}, we abbreviate T := 1 — z. This notation is also used componentwise and
for sets: For a tuple w € Q and a set B C ©, we define @ := (w;);e[n and B := {w :
w € B}. For events A, B C (), the event AOB means that A and B occur on disjoint
locations. More formally, AOB consists of all w €  such that there exist S €  and
T € Q with the following three properties:

1. SAT =0.
2. Forallp e QwithnAS=wAS holds 5 € A.
3. Similarly, for all ) € Q with n AT = w A T holds 5 € B.

In this paper, we are mostly interested in increasing events A and B. In this case, AOB
can be characterized as follows.

AOB={weN:3S5€¢ A IT e BwithSAT =0and SVT < w}. (1.2)

Reimer has proven the following theorem; see Theorem 1.2 in [5]. More precisely,
we cite here the equivalent version of the theorem given in [8], Proposition 1.3. A de-
tailed review of Reimer’s proof can be found in [1], Sections 4 and 5. Reimer’s theorem
plays the key role in his proof of the van den Berg - Kesten - Reimer inequality.

Fact 1.1 (Reimer’s butterfly theorem). For all events A, B C (), the following holds:
|Aﬂ§\ > |AOB]. (1.3)

We deduce the following corollary of this theorem; it plays an important role in this
paper.

Corollary 1.2 (A variant of Reimer’s theorem). For all i,j € [n] with i # j and for all
increasing events A, B C (), one has

|AN BN Qigi| > |(ADB) N Qizyl.- (1.4)

We remark that this variant is not valid for arbitrary events A and B. A counterex-
ample to this and some related counterexamples are given in Remark 2.2, below.

A similar variant of Corollary 1.2 has been proven in [8], Proposition 2.2. It states
the following:

Fact 1.3 (cited from Proposition 2.2 in [8]). Let ), be the set of all w € {0,1}™ with
the property that for all 1 < i < m/2, (wa;_1,ws;) is equal to (1,0) or (0,1). Let P,, be
the probability distribution on {0,1}™ which assigns equal probabilities to all w € {),,,,
and probability 0 to all other w.

Then, for all even m and all increasing A, B C {0,1}"™,

P,,(AOB) < P,,(ANB). (1.5)
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This variant of Reimer’s theorem groups all indices in pairs, while Corollary 1.2 uses
only a single pair. Nevertheless, the proofs are quite similar.
For increasing events A, B C ) and measures v on {2, we abbreviate

Reimg g(v) := Z v(iwv(w) — Z v(w)v(w), (1.6)

wEANB weAOB
where v(w) := v({w}).

Corollary 1.4. Assume that P = er[n] (prd1 + (1 — pg)do) is a product probability
measure on ). Then, for all i,j € [n] with i # j and for all increasing events A, B C (),
one has

ReimA,B(P(~ﬁQi7gj)) > 0. (1.7)

Second order Taylor approximation of the van den Berg-Kesten inequality for
determinantal probability measures. Take k € IN. (At this moment, one may think
of k = n, but later, we use also k = 2n.) For I C [k] and b € {0, 1}, we abbreviate

{wr=b={we{0,1}*:w;=bViell (1.8)

Thus, w; = 1 holds if there are particles at least at I, and w; = 0 holds if there are no
particles at least at 1.

For a matrix G, let G* = G' denote the Hermitian conjugate of G. Recall that
G € CF*F is called Hermitian if G = G*. The identity matrix is denoted by Id € C***,
For any matrix M = (M;;) € C™*™ and I C [l], J C [m], we denote by My ; = (M;;)icr.jcs
the submatrix with index sets I and J. For convenience of the reader, we have collected
some basic facts and notation on positive definite matrices in Appendix A.1.

We introduce the following sets of matrices:

Gr :={GeC"”*.G=G"0<G<1d} and
Gr ={GeC*.G=G"0<G<I1d}. (1.9)

Fact 1.5. For every G € Gy, there exists a unique probability measure Pg which satis-
fies

Po(wy=1)=detGy; forall IC I[k]. (1.10)

These probability measures Pg are called Hermitian determinantal probability mea-
sures.

Although Fact 1.5 is well-known, we include a proof in Appendix A.2 to make the
paper self-contained.
Let

D :={D € G, : D is diagonal} (1.11)

denote the set of diagonal matrices in G,. Note that for any diagonal matrix D € D,
under Pp, the event that there is a particle at position i € [n] occurs independently of
all particles at other locations. For increasing events A, B C (2, we define

BKa5:Gn — R, G Pg(A)Pa(B) — Po(ADB). (1.12)

Whenever A and B are measurable with respect to deterministic disjoint sets of loca-
tions, one has BK4 g > 0. This is called negative associations of determinantal prob-
ability measures and shown in Theorem 6.5 in [4]. The classical BK inequality can be
phrased as BK4 g(D) > 0 for all D € D. To our knowledge, it is not known whether
BKa g(G)>0forall G e G,,. We prove here the following weaker statement:
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Theorem 1.6. For all increasing events A, B C (), the second order Taylor approxima-
tion of BK4 g at D is non-negative near D. More precisely, let G : (—1,1) — G,, be a
C? path with G(0) € D. Then, the second order Taylor polynomial of BK 4 p oG at 0 is
non-negative in a neighborhood of 0.

The proof of this theorem is based on the following theorem, which also might be
interesting on its own.

Theorem 1.7. For all increasing events A, B C (), the second order Taylor approxi-
mation of G, > G — Reimy p(Pg) at D is non-negative near D. More precisely, let
G :(-1,1) — G, be a C? path with G(0) € D. Then, the second order Taylor polynomial
of (=1,1) > t = Reimy g(Pg()) at to = 0 is non-negative in a neighborhood of 0.

We remark that Reimy4 p(Pg) may take negative values. This holds even for G arbi-
trarily close to %Id € D. For a counterexample, see Remark 3.14, below. However, in
some numerical and computer algebraic searches, we did not find any counterexample
to the conjecture BK 4 g(G) > 0 for any increasing events A and B and any G € G,,.

Overview of the proofs and related techniques in the literature. The Corollaries
1.2 and 1.4 of Reimer’s butterfly theorem, Fact 1.1, are proven in Section 2. The key
idea is to collapse the two locations 7 and j to a single one.

The Taylor expansions in Theorems 1.6 and 1.7 are proven in Section 3. Reimer’s
butterfly theorem and Corollary 1.2 are used in these Taylor expansions for the treat-
ment of the 0-th order term and of the second order term, respectively. Parts of the
techniques used in Section 3 have also been used by Lyons in [4] and van den Berg
and Jonasson in [8], with different goals, perspectives, and notations. More precisely,
conditioning of determinantal probability measures is described in §6 of [4], lifting of
Pg to Py with a projection M (G) also appears in §8 of [4], and our partitioning of
Q x Q 3 (w,n) according to different values of £ = w + 1 has some similarity with the
method of proof used in Section 2.2 of [8]. However, we have tried to make the paper
as self-contained as possible.

2 Proof of the variant of Reimer’s theorem

Throughout this section, we fix i, j € [n] with ¢ # j as in Corollary 1.2. We abbreviate
j¢ = [n]\ {4} and (i5)¢ := [n] \ {7,7}. The operation O is adapted to the index set j°
rather than [n|; we write O;c in this case. We consider the restriction map ' : Q;; — Qje,
w — W = (wk)keje. Note that this map is a bijection. For an event A C Q,+;, we write
A’ ={w': w € A}. The following lemma allows us to deduce Corollary 1.2 from Reimer’s
butterfly theorem.

Lemma 2.1. For increasing events A, B C (), one has:
((AOB) N Qi) C(ANQix;) O (BN QGigj) . (2.1)

Proof. Let ( € ((AOB) N Q;x;). We take w € (AOB) N Q;; with w’ = (. By the
characterization (1.2) of AOB for increasing events A and B, we can take S € A and
TeBwithSAT=0and SV T < w. In order to show

(e (AﬁQi?gj)/ch(BﬂQi#j)/, (2.2)

we define S € Qe by S, = S for k € (i7)¢ and S; = S; Vv S;, and similarly Ty, = T} for
k € (ij)¢ and T; = T; V T}. By definition of O, it suffices to show the following:
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(@ SAT =0.
(b) Forall g € Qjc withn A S = (A S holds 1 € (AN Q).
(c) Foralln € Qe withn AT = ¢ AT holds n € (BN Qi)

To prove claim (a), take k € j¢. In the case k € (ij)¢, we have
gk/\fk =S, AT, =0. (2.3)

In the remaining case k = i, we get

Si/\Ti = (Si\/Sj)/\(ﬂ\/Tj)
(S AT)V (S ATH)V (S; ATV (S5 AT)
=(SiAT;)V (S; NT) (2.4)

because SAT = 0. Since S < w and T < w, we conclude

Si/\TiS(wi/\wj)\/(wj/\wi)zwi/\wjz() (2.5)

because w € Q;;.

To prove claim (b), let n € Q;c with n A S = ( A S. Define 7 € Q;; by 74 = n for
k € j° and 7; = 7;. Then, 7' = 1 holds. We now show that 7 > S. Indeed, for k € j¢, we
have 7, = 7, and Sy > Sy Using S < w and v’ = (, we conclude S, < w; = ¢, and hence

TkZTk/\gk:Wk/\SkZCk/\SkZCk/\Sk:Sk- (2.6)

Furthermore, we need to show 7; > 5;. We distinguish two cases.
Case 1: S; = 0: Then, S; < S; V §; = 5; = 0 implies S; = 0 and hence 7; > Sj.
Case 2: S;=1: Then, 0, = ANS; = G A S; = ( = wi, w € Qi»j, and S; < w; imply

Thus, 7 > S is proven.

Using that S € A and A is increasing, we conclude 7 € A and hence 7 € AN Q;;.
This yields claim (b) as follows: n = 7" € (AN Q;x;)".

The claim (c) is proven just as claim (b); one only replaces A, S, and S by B, T, and
T, respectively.

Summarizing, we have proven the claim (2.2). O

Proof of Corollary 1.2. In the following estimate, we use in the first and last step that
"1 Qiz; — Qjc is a bijection. Furthermore, in the first inequality we use Reimer’s
butterfly theorem Fact 1.1. Finally, in the second inequality, we apply Lemma 2.1. This
yields the claim as follows:

[ANB N Qigj| = [(ANB N Qigy)'| = [(AN Qigj) N (BN Qg )'|
> (AN Qig;)' e (BN Qigy)'| > [((ADB) N Qi)'
— |(AOB) N Qiy. (2.8)
0

Remark 2.2. We remark that the claim (1.4) of Corollary 1.2 is not valid for arbitrary
events A and B. Here is a simple counterexample. Taken = 2, i =1, j = 2 and consider
A={weQ: wy=0}and B={w € N: wy =1}. Then (1.4) is false.

We remark also that the inequality

IANBN{weQ:w; =0,w; =1} > |(AOB) N{w € Q: w; = 0,w; = 1} (2.9)
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need not be true for all increasing events A, B C (). Take for instance n = 2, i = 1,
j=2A=Q B={weQ:wy=1}. Then, ANB ={w € Q:wy =0}, ADB = B, and
hence,

|AO§ﬂ{wEQ:w1:0,w2:1}| =0
<1=|(ADB)N{w € Q:wy =0,ws = 1}|. (2.10)

Finally, in (1.4) one cannot replace Q;+; by Q;=; == {w € Q : w; = w;}. A counterex-
ample is givenbyn=2,i=1,j=2, A={w; =1}, and B = {ws = 1}.

Proof of Corollary 1.4. Let P, i,j, and A, B be as in the assumption of the corollary.
Then,

Pw)P@) =[] pr(1—ps) (2.11)
kein]

is the same for all w € 2. We conclude

Reima p(P(-NQizj)) = Y (1a(w)lp@) — Lanp(w))P(w)P@)
UJGQ,L#]-
= (IANB N Qiyj| — (ADB) N Qi) [] pr(1 —px) =0 (2.12)
ke(n]

by Corollary 1.2. O

3 Proof of second order Taylor approximations

In Subsection 3.1, we derive a representation of Pg; in terms of a triangular matrix
W(G), defined in (3.24), below. This representation allows a simpler second order
Taylor expansion than the original form. This Taylor expansion is derived in Subsection
3.2 and then applied in Subsection 3.3 to derive Theorem 1.6.

3.1 A representation for determinantal probability measures

Let us first explain what is done in this subsection and why. In the definition (1.6)
of Reimy p(Pg), the probability Pg(w) of individual outcomes w € 2 plays an essential
role. However, these probabilities are difficult to compute directly using the defining
property (1.10) of Pg, which is about events {w; = 1}. Events consisting of a single
outcome can be written in the form A;,, = {wr = 1,wp)\; = 0}. If Pg is supported on
configurations consisting of precisely |I| particles, the events {w; = 1} and A;,, differ
only by a null set. Consequently, the probability Pg(w) of w €  is a simple determi-
nant in this case. In particular, this holds when G is an orthogonal projector of rank
|I|. However, G,, does not contain any orthogonal projector. But one can write Py as a
marginal of another determinantal probability measure P, ) on the set of configura-
tions {0, 1}?" with twice the number of locations and an orthogonal projector M (G) of
rank n; this is the meaning of Lemma 3.3 in combination with Lemma 3.1. Instead of
working with the projector M(G), one can also work with an orthonormal basis of the
space it projects to, encoded as columns in a matrix ¥(G)*. This yields a description of
Pyr(e) in terms of a measure g (), described in Definition 3.2(a); see also Lemma 3.3.
Choosing another basis (not necessarily orthonormal) of the same space only changes
a normalizing constant in this measure, as is shown in Lemma 3.5. A convenient choice
of such a basis, encoded in a matrix, is of the form ¥* = (0,1d)*, where the identity
matrix corresponds to the “second half” of locations which are dropped by taking the
marginal Pg of Py(g). Details are given in Lemma 3.4. As a marginal of us, one
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obtains another finite measure v, on {0,1}". For quadratic matrices o € C"*", it is
introduced in Definition 3.2(b), below. Unlike Py, the measure v, is defined in terms of
probabilities of individual outcomes. By construction, for an appropriate choice of o, it
turns out to be a multiple of Pg; see Lemma 3.6 below. The second order perturbation
analysis of Reim 4, 5(vs) gets more elementary for triangular matrices ¢ with ones in
the diagonal. For this reason, we reduce the general case to this special case using a
QR-decomposition; this yields Lemma 3.10 below.

To make all this precise, we proceed as follows. Recall the definitions of G,,, G,, and
D from (1.9) and (1.11). For any positive semidefinite Hermitian matrix A > 0, VA >0
denotes its unique positive semidefinite square root. We define

T:G, —»C" ¥(G) = (¥(Q),¢(Q)) = (VG,VId—G), and (3.1)
M : G, — C" M(G) = U (G)¥(G). (3.2)

Note that the restriction of 1) and ¢ to G,, are real analytic functions taking values in
the set of positive definite n x n matrices; see also Appendix A.1. By definition, one has
P(G)* = Y(G), ¢(G)* = ¢(Q), Y(G)Y(G)* = G, and ¢(G)d(G)* =1d —G for G € G,,. Note
further that ¢(G) and ¢(G) are diagonal matrices whenever G is a diagonal matrix.

Lemma 3.1. For G € G, the matrix ¥(G) has orthonormal rows. M (G) is the orthogo-
nal projector to the space spanned by the columns of ¥(G)*. In particular, 0 < M(G) <
Id and rank M (G) = n = rank(Id —M (G)) hold.

Proof. Tt follows from ¥(G)¥(G)* = ¢(G)¢Y(G)* + ¢(G)p(G)* = Id that ¥(G) has or-
thonormal rows. As a consequence, the second claim follows. In particular, ¥(G),
M(G) = ¥ (G)*¥(G), and Id —M (G) have rank n, and we get 0 < M(G) < 1d. O

For k € IN and I C [k], let
A],k = {(.4) S {0, l}k Lwr = 1,W[k]\1 = 0} (3.3)

denote the event that there are particles precisely at locations in 7.
We introduce now two measures with a matrix as a parameter. They are both closely
related to Pg as is shown in Lemmas 3.3 and 3.6 below.

Definition 3.2. (a) For ¥ € C"*?", we define a finite measure jx, on {0,1}?" by

det(Z*Z)LI for I - [2’[7,] with ‘I‘ =n,

(Arzn) = { 0 for I C [2n] with |I| # n. (34)

Thus, uyx is supported on configurations with precisely n particles at 2n locations.

(b) Foro € C"*"™, we define another finite measure v, on {0, 1}" by
Vo(Ag ) :=det(c*0) 1 for I C [n]. (3.5)

Thus, v, is supported on particle configurations at n locations with an arbitrary
number of particles.

If rankY < n, uy is the zero measure. Although the definitions of uy and v, look
somehow similar, these measures are quite different and should not be confused with
each other. In the special case ¥ = ¥(G), the following lemma establishes a connection
between uy and Fg.

Let ¢ : {0,1}?" — {0,1}" denote the projection to the first n coordinates. We denote
by ¢[u] the image measure of any measure y on {0, 1}?" with respect to .
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Lemma 3.3. For G € G,, one has gy = Pu(e) and Po = tpuy(g)]. Consequently,
Ww(q) is a probability measure.

Proof. By definition, uy () is supported on configurations with precisely n particles.
The same is true for P/ ) by Lemma A.3 in the appendix; the assumptions of this
lemma are fulfilled by Lemma 3.1. In particular, for all I C [2n] with |I| = n, the events
A; 2, and {w; = 1} coincide up to null events with respect to both measures Hy (g and
Pyr(c)- Since prg(ay(Ar2n) = det(¥U(G)*V(G))r,r = Pue)(wr = 1) holds for these sets 1,
the first claim jy(q) = Par(q) follows. The second claim Pg = ¢[py ()] follows then from
Lemma A.4. O

For w € (), we set
I(w) ={ien]:w; =1} (3.6)
The measures py and v, are related as follows.

Lemma 3.4. Foro € C"*" and ¥ = (0,1d) € C"*?", one has ([us] = v,. In addition, for
w € €, the following holds:

Vo (w) = > | det ok r(w)] (3.7)
K Cln)i| K|=|1(w)]

Proof. Let I C [n]. If at the locations in [n]| there are precisely particles in I and the
total number of particles in [2n] is n, then there must be n — |I| particles in [2n] \ [n].
Since puyx is supported on configurations with precisely n particles, we get

(tlus])(Arn) = > s (Arug2n). (3.8)

JC2n)\[n]:|J|=n—]1|
For any J' C [n] with |J'| =n — |I| and J := J’ + n, one has
ps(Arug,2n) = det(X7E) 10,100
=|det S, rus|* = |det(opy 1, Idp,00) > = | det ok 1| (3.9)

with K = [n] \ J', where in the last equation, we have expanded the determinant with
respect to the columns coming from Id.

For matrices £ € C"*% and F € C**" with natural numbers i < n, the well-known
Cauchy-Binet formula states the following:

> det(EF)kk = det(FE). (3.10)
KC[n],| K|=i

We use it in the special case E = o[, ; and F' = o} ] to obtain

(ps)(Arn) = > ldetox = > det(oki0] k)

KCn]:| K|=|1| KC[n):|K|=|1]
=det(07 )07y, 1) = det(070) 1,1 = Vo (Arn). (3.11)
Since {w} = A7(u),n for w € €, the claims follow. O

Lemma 3.5. Forall ¥ € C"*?" and all C € C"*", one has ucys, = | det C|?us.

Proof. For I C [2n] with [I| = n, the matrices ¥, ; and X*; [, are square matrices.
Hence, the defining equation (3.4) of ux implies

MCZ(A[’Qn) = det(Z*C*CZ)],[ = \det C|2 det(2*2>1)1 = \det C|2/~LZ(AI,2n>- (3.12)

Because the measures oy and uy are both supported on configurations with precisely
n particles, the claim follows. O
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We define the real-analytic map
X :Gn = € X(G) = 6(G)1(G).

Note that for G € G, the matrix x(G) = (Id —G)~'/2G'/? is positive definite; in particu-
lar all its diagonal entries are positive. Note further that for diagonal matrices G € D,
the matrix x(G) is diagonal.

Lemma 3.6. Forall G € G, one has Pg = |det ¢(G) Py (q)-

Proof. By definition, the formula ¢(G) 'V (G) = (x(G),1d) holds for G € G,,. The fol-
lowing calculation uses this fact in the third equality, Lemma 3.3 in the first equality,
Lemma 3.5 in the second equality, and Lemma 3.4 in the last equality.

Po = t[pp(e) = |det ¢(G)*e[pp-1 (v (c))]
= | det ¢(G)*t[i(x(c) 1)) = |det ¢(G)Pryc). (3.13)

This proves the claim. O

Lemma 3.7. For all R € C™*™ and all unitary matrices ) € U(n), one has vgr = vg.

Proof. By definition (3.5), one has for I C [n]:

VQR(AI,n) = det(R*Q*QR)[’[ = det(R*R)[’[ = VR(A[’H). (314)

This implies the claim. O
Now let

Y(G) = QG)R(G) for G € G, (3.15)

denote the QR-decomposition of x(G), where

Q:Gn = U(n), (3.16)
R:G,— T :={T eC""™: T is upper triangular with T;; > 0 for all; € [n]}. (3.17)

Note that the maps ) and R are uniquely determined by the Gram-Schmidt-algorithm in
terms of real-analytic operations. As a consequence, these two maps are real-analytic.
Note also that for diagonal matrices G € D, the matrix R(G) is diagonal. We get

Lemma 3.8. Forall G € G,, we have Pg = | det ¢(G)|*vg(c).

Proof. Combining Lemmas 3.6 and 3.7, we get the claim as follows:
Pg = | det ¢(G)Pry(a) = | det ¢(G)[Prgayric) = | det ¢(G)[Pvr(a)- (3.18)
O

It is convenient to work with triangular matrices having all diagonal entries equal to
1 rather than using arbitrary positive diagonal entries. To describe the corresponding
normalization, we introduce the following notation: For any diagonal matrix D € C"*"
with positive entries, we define

K(D): Q= Ry, K(D)(w)=|det Dy rw)* = [] D3 (3.19)

i€l(w)
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Lemma 3.9. For all R € C"*", all diagonal matrices D € C"*"™ with positive diagonal
entries, and all w € (), one has

vr(w) = k(D)(w)vrp-1(w). (3.20)
In short notation, this means

dvg = k(D) dvgp-1.

(3.21)
Proof. Using the defining formula (3.5) of vi and abbreviating J = I(w), the claim is
proven as follows:

vr(w) = VR(AJ,n) = det(R*R)J7J = | det DJ’.]|2 det((Dil)*R*RDil)J“]
= \det D‘]’J‘QI/RD—l(AJ/n) = |det DJ“]‘QI/RDfl( )

(3.22)

O
We apply this lemma to the real-analytic maps

D:G,— {A e C"™": Ais a diagonal matrix with A;; > 0 for all ; € [n]},

D(G) = diag(R(G)ii, i € [n]), (3.23)
W:G, =T ={TeT: T;=1forallic [n]},

W(G) = R(G)D(G)™*.

(3.24)
Note that

W(G)=1d holds forall G € D.

(3.25)
We get

Lemma 3.10. For all G € G,, one has dPg = | det ¢(G)|?k(D(Q)) dvw (c)-
Proof. This follows from Lemmas 3.8 and 3.9.

O
We introduce the following real analytic function, which plays the role of a normal-
izing constant:

c:Gn— Ry, ¢(G)=]|det¢(G)* det D(G)|*.

(3.26)
Recall Definition (1.6) of Reimy4 p.
Lemma 3.11. For all increasing events A, B C Q2 and all G € G,,, one has
Reima, p(Pa) = ¢(G) Reimy g(vw (q))- (3.27)
Proof. For w € 2, we have the following, using the definition (3.19) of x(D(G))
K(D(G)) (@)(D(G))(@) = | det D(G) 1,16 | det D(G) 1@, 1) |> = | det D(G)P. (3.28)
Using this together with Lemma 3.10 yields

Pa(w)Pa(@) = |det 9(G)|*w(D(G)) (w)k(D(G)) (@) () (w)vw () (@)
= c(GQvw ) (W)vw(a) (@)

Summing this over w € AN B and over w € AOB and taking the difference, the claim
follows.

O
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Perturbation of the BK inequality for determinantal measures

3.2 Perturbation analysis around Reimer’s butterfly theorem

We now take any matrix norm ||-|| on C"*". Recall that 7; denotes the set of all upper
triangular complex n x n matrices with all diagonal entries equal to 1. Consequently,
for o € T1, ||o — Id || measures the size of the off-diagonals in . In the following, we use

E’iiﬁ’” as a short notation for ;1 > e (i}-

Lemma 3.12. For all events C C () we have the following for ¢ € 77 in the limit as
o — 1d:

S (@@ = €1+ 3 10N Q-2+ O(le ~1d [P (3.29)
wel z,]i[n]
i#]

Proof. The error terms in this proof are always understood in the limit 77 5 ¢ — Id. We
prove the following for w € Q:

Vo(W)ve @) =1+ > o, )0l + Ol —1d|?). (3.30)
i,ji[n]
1]

Summing over w € C then yields the claim.
Recall the definition (3.6) of I(w) and formula (3.7):

Vo(w) = Z |det o 1w |- (3.31)
KC[n):|K|=|1(w)|

Consider K C [n] with |K| = |I(w)|. The following expansion of the determinant in
(3.31) is used below.

det o 1wy = E sgn T H Ok, - (3.32)
T:K—I(w) keEK
bijective

We distinguish several cases:
Case 1: K = I(w). In this case, we have

|det UK,I(w)|2 = |det OI(M)J(UJ)‘Q =1 (3.33)

because o is a triangular matrix with ones on the diagonal.

Case 2: K \ I(w) consists of a single element j € K. Then I(w) \ K consists also of a
single element i € I(w), i # j. Consider an index 7 in the sum (3.32).

Case 2a: T =iand 7, = k forall k € K \ {j}. Here, we get

I oxr = 05 (3.34)
keK

because ¢ has ones on the diagonal.

Case 2b: T # k for more than one £k € K. In this case, we have the bound
[Tiex ok,m = O(|lc —1d||?), because the product contains at least two non-diagonal
factors, which are bounded by O(|lo —Id|)).

Consequently in case 2, we obtain

det o 1(w) = £0j; + O(||o —1d|[]?) (3.35)

and hence
| det o, 1) |* = lojil* + O(llo — T [|?) (3.36)
EJP 18 (2013), paper 92. ejp.ejpecp.org
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Case 3: K \ I(w) consists of at least two elements. Consider again an index 7 in the
sum (3.32). Just as in case 2b, we have 7, # k for more than one k£ € K. The same
argument as in case 2b yields again [], ., ok, = O(||loc — Id||?). We conclude in this
case:

det ok 1wy = O(||lo — Id ||?) (3.37)
and hence
|det ok 1(0)|* = O(Jlo — Id ||*). (3.38)
Summing over K in all three cases, formula (3.31) becomes
vo(w) =14 > > o> + Ol —1d||*); (3.39)
i€l(w) jE1(@)
note that I(w) = [n] \ I(w). Replacing w by @, we conclude
ve@) =1+ > Y loul>+O0(lo —1d|*); (3.40)
i€l(@) jEI(w)
Taking the product of (3.39) and (3.40) yields the claim (3.30) as follows:

Ve@lvo@) =1+ > > ojil*+ Y. > loyil> +O(lo —1d|*)
)

iel(w)jel(@ iel(@) jel(w)

=145 (Momriy =0} + Lwmowymilosil? + O(lo — 14 |1?)
i=1 j=1

= 1433 Virjuwrulosil® + O(lo = 1d||?)
i=1 j=1
=1+ Y lo, @)l +O(lo —1d|?). (3.41)
i,5€[n]
i#]
O

We combine the results obtained so far to obtain a Taylor-expansion of the function
Reimy4, g, which was defined in formula (1.6):

Corollary 3.13. For all increasing events A, B C (2, one has the following for o € 77 in
the limit as o — Id:

ReimAB(Vg) :|Aﬂ§‘ — |A\:|B| + Z (|Aﬂ§ﬁ Qi#j' — ‘(ADB) in?fjl)‘Uji'Q

i,5€[n]
i#]
+O(||lo —1d ||*). (3.42)

As a consequence, the second order Taylor polynomial T of T; 5 o — Reimg p(v,) at
oo = Id is non-negative.

Proof. The first claim (3.42) follows immediately from Lemma 3.12. Now Reimer’s the-
orem, cited as Fact 1.1, shows that the Oth order term |A N B| — |AOB]| in the Taylor
polynomial T" is non-negative. The first order terms in 7' vanish, and Corollary 1.2 shows

that the second order terms (|JA N BN Q.| — |[(ADOB) N Qiz;)|0ji|% i # j, in T are also
nonnegative. This proves the second claim. O
EJP 18 (2013), paper 92. ejp.ejpecp.org
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Proof of Theorem 1.7. Let G : (—1,1) — G, be a C? path with G(0) € D. From Lemma
3.11 we know

ReimA,B(Pg(t)) = C(G(t)) ReimA,B(l/W(G(t))). (3.43)

Note that W(G(0)) = Id by (3.25) and recall that ¢ and W are real-analytic functions.
The second order Taylor polynomial of ¢ — Reima, (v () at to = 0 is non-negative
near to = 0 as a consequence of Corollary 3.13. Now ¢(G(t)) > 0 for ¢ in a neighborhood
of 0. Combining these facts yields the claim of the theorem. O

Remark 3.14. The following counterexample shows that Reim 4 p(v,) may take nega-
tive values for o € T; arbitrarily close told. Taken =3, A = {w, =1}, and B = {wy = 1}.
Then, for o € T; N R3*3, one has

Reima p(Vy) = 2055 — 2012013093 + 2075053, (3.44)

which is negative for 0 < o192 K 013023 K 023 K 013 < 1. However, in this example, we
get for complex o € Ty,

Vo (A (B) — Vs (AOB)v, () = ’013053 — 2019 — 012|023|2|2 > 0. (3.45)

One can show that the function W : G,, — 7, maps small neighborhoods in G,, of% Id €
G, onto small neighborhoods in 7; ofId € T;. In view of Lemma 3.11, this implies that
Reimy p(Pg) may take negative values for G € G,, arbitrarily close to %Id.

Note that the third order Taylor polynomial at oy = Id of expression (3.45), which
equals 4(|o12|? — Re(012023073)), may take negative values for o arbitrarily close to 1d.
This illustrates the following fact: if the BK inequality holds for a family of matrices, the
corresponding third order Taylor approximation may violate it even close to the point
of expansion. This implies also that our method of proof cannot be generalized to third
order Taylor polynomials in a straightforward way.

3.3 From the variant of Reimer’s theorem to the BK inequality

In this subsection, we work with arbitrary finite sets K C IN of locations rather than
only with [k]. For this reason, we adapt the notations (1.8/1.9/1.10) as follows:

{wr=jy={we{0,1}:w;=jforallic I} forICKandj=0,1, (3.46)
G ={GeCrE*K .G =G"0<G<1d}, and (3.47)
Po(wr=1)=detGy; forall GeGg,ICK. (3.48)

The notations Reimy4 g and O are adapted to arbitrary finite index sets K C IN in the
obvious way; we use the notations Reimf\ g and Uy, respectively. The restriction of a
configuration w € {0,1}X to {0,1}!, I C K, is denoted by w; = (w;)ic;. For I C K, we
define I = K\ I.

We now introduce two functions C} - and C7 ;. The function C7 j corresponds to
conditioning on having particles on I¢, whereale?’ x corresponds to conditioning on
having holes on I¢. A precise formulation of this fact is given in Lemma 3.16, below.

Clyk:Gx = G1, Clx(G)=Grr—Grre(Grege) 'Grey, (3.49)
Cli:Gx =G, CPg(G)=Grr+Grr-(1d—Gre 1) 'Gre 1. (3.50)

Note that C? x. J = 0,1, are real analytic functions. They map diagonal matrices to
diagonal matrices.
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Lemma 3.15. The maps C}7K,j = 0,1, are well-defined. ForallG € G and J C I C K,
one has

det G yure gure = det(C g (G)).g.7 det Gre re. (3.51)
In addition, the following relation holds for all G € G :
Ct g (1d=G) =1d =C} ;(G) (3.52)

Identity (3.52) means intuitively that C} ;- and C? ; are exchanged when exchanging
particles with holes.

Proof of Lemma 3.15. G € G implies Gre ;e € Gre and Gy € Gr. In particular, Gre e
and Id —Ge ;e are invertible. For the matrix

_( Wrr —Grre(Grepe)™!
= ( 0 Idze re ’ (3.53)
the following holds:
. Grr Grre > . ( Cl x(G) 0 )
0<TGT*=T ’ ' T = ' . 3.54
( G]cJ GICJC 0 G[c’[c ( )

As a consequence, we get C7 ;(G) > 0; in particular, C} x(G) is Hermitian. Now,
Grre(Grege) " Grer = Grre(Gre re) "' (Gr 1¢)* > 0 implies Cf ;(G) < Gr,; < Id. Hence,
C}’K(G) S gI.

Next, we show (3.51). We abbreviate L = JU I¢and L = K\ L =1\ J. Note that
Tk,; = Idk,; implies Ty, - = 0. Consequently, we get (IT'GT*)p 1 = T1,0Gr Ty 1. Using
detT7, 7, = 1 and (3.54), we get

det G .p = det(TGT*) 1, = det(C] x(G)).s,s det Gre pe. (3.55)

The claim (3.52) follows then from the definitions of C} x(Id —G) and C? ;(G) together
with (Id 7G)],Ic = 7G]7]c and (Id*G)]cJ = 7G1c71.
Finally, we conclude C} ;(G) =1d —C7 ;(Id =G) € 1d -G; = G;. O

Lemma 3.16. ForallG € Gk, all I C K, and all j € {0, 1}, one has
Pg(wr € |lwre =j) = Pg;‘y(g)- (3.56)

Proof. Let G € Gk and I C K. First, we show (3.56) in the case j = 1. It suffices to
prove the claim for the events {w; = 1}, J C I. Note that Pg(wre = 1) = det Gye jc # 0.
We calculate using (3.51) in the second but last inequality:

PG (CUJujc = 1) _ det GJUIC,JUIC
PG(W[C = 1) det GIC,IC
= det(C} x(G)) sy = Poy o (@)(wr =1). (3.57)

Pg(wJ = l\ch = 1) =

The case j = 0 is reduced to the case 7 = 1 by exchanging particles and holes as
follows. It suffices to verify the claim for the events {w; = 0}, J C I. Using Lemma A.2
from the appendix in the first and the third step and (3.52) in the last step, we obtain

Po(wy =0|wre =0) =Pg—¢(wy = lwre =1) = Pc},K(Id_G)((UJ =1)
:PId—C}YK(Id—G)(wJ = O) = PC(IJ,K(G) (UJJ = 0) (358)

O
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Set Z = {0,1,2}". For{ € Zand j =0,1,2, we write I;(§) = {i € [n] : & = j}. We
introduce the map

Ce:Gn = Gy CelG) = Cle) neune (O, ©UL(e),n)(G))- (3.59)
Corollary 3.17. Forall G € G, and £ € =, one has
Fega) = Pa(wn (o) € Wi = 0wne = 1) (3.60)

Proof. This follows immediately by applying Lemma 3.16 twice. O

For w € {0,1}11(), we denote by w0, (¢)17,(¢) the configuration in {0, 1}" that agrees
with w on I;(£), equals 0 on Ij(§), and equals 1 on I5(¢). For an event A C 2, we define

Ae = {w € {0,131 w0y, ¢)1p, ) € A} (3.61)
Lemma 3.18. For all increasing events A, B C Q and all ¢ € {0,1,2}", one has
(A\:\B)g - A§D11(§)B§~ (3.62)

Proof. Let w € (ADB)g, ie. wlr )l € AOB. By the characterization (1.2) of the
disjoint occurrence operator O, there are S € Aand T € B with SAT =0and SV
T < wOpye)lre). Let S = Sy ¢ and T = Ty, (¢ denote the restrictions to I;(¢) of S
and 7, respectively. Since S < w0y ¢)1r,¢), we must have Sy ) = 0. Consequently,
S < 5010(5)112( ¢) and since A is increasing, it follows that 5010(5)112(5) € A. This means
S e A¢. By the same argument, T e B¢ holds. Clearly, SAT =0and SVT < w.
Consequently, w € A¢Op, (¢) Be. O

For ¢ € =, we define
QO = {w € Q:wpy() = 0,wre =1} (3.63)

For any probability measure P on (2, we set

(1]

(P):={¢e=:P(OQ®) >0} (3.64)
For £ € Z(P), we introduce the probability measure

PO = P(wy, ¢ € |Q9) (3.65)
on {0,1}11(9)

Lemma 3.19. For any probability measure P on {2 and any increasing events A, B C (),
one has

P(A)P(B) — P(ATB) > Y P(Q®))? Reim’} G (P©)). (3.66)
§EE(P)

In particular, for all G € G, this reduces to
I
BKa5(G) > 3 Po(2©)? Reim’} ) (Po, (o). (3.67)

£eEE
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Proof. We partition © x € into the sets {(w,n) € Q& x Q©) : w7y = ¢}, € € Z. Using
this, we calculate

P(A)P(B) — P(AOB) = P(A)P(B) — P(AOB)P(Q)
=y > (1a(w)1p(n) — 1aop(w))P(w)P(n)

E€E (w,n)en®)x®):
wtn=¢

= > POy > (La(@)1p(n) = Laop(@) P (W, )P (01, e)

§EE(P) (w,m)eN®)x &)

wtn=¢
= > PO9?Z > (14, )15 @) — Laok), @) POW)PO@);  (3.68)
£eE(P) we{0,1}71(9

for the last step, note that w + 7 = 1 on I;(§) holds if and only if » = @ on I;(£). Using
Lemma 3.18, this yields the first claim (3.66) as follows:

P(A)P(B) — P(AUB)

> P(Q(f))z Z (1145 (w)lBg (w) - 1A§DII(§)BE (w))P(g) (UJ)P(O(@)
€eE(P) we{0,1}11(9)

= P(Q®)2 Reim}; %}, (P®). (3.69)

In the special case P = Pg, we have & = Z(Pg). In this case, P(®) = Pg,(¢) holds for
¢ € Z by Corollary 3.17. This proves the second claim (3.67). O

—_

Proof of Theorem 1.6. Note that for all { € =, the events A; and B, are increasing.

Note further that C¢(G(0)) is a diagonal matrix because G(0) is a diagonal matrix. Now
Pc(929)2 > 0 holds, and the second order Taylor expansion of ¢ ~ Reiquls(,%g (Pee(ay))
at ty = 0 is nonnegative for ¢ near ¢ty = 0 by Theorem 1.7. Combining these facts with

Lemma 3.19 yields the claim of Theorem 1.6. O

A Appendix

A.1 Positive definite matrices

A matrix G € C"*", n € N, is called positive semidefinite if it is Hermitian, i.e.
G* = @G, and fulfills z*Gx > 0 for all column vectors z € C". It is called positive definite,
if in addition *Gx = 0 implies + = 0. Equivalently, a Hermitian matrix G € C"*"
is positive semidefinite if and only if all its eigenvalues are positive or zero, and it is
positive definite if and only if all its eigenvalues are positive. As a consequence, the
determinant of any positive semidefinite matrix is positive or zero, and the determinant
of any positive definite matrix is positive.

The relation M < N between Hermitian matrices M, N € C"*"™ means that N — M
is positive semidefinite. Similarly, M < N means that N — M is positive definite. These
two relations are transitive because the sum of two positive (semi)definite matrices is
positive (semi)definite. In particular, G > 0 means that G is positive semidefinite and
G > 0 means that G is positive definite.

A Hermitian matrix M € C"*" is called an orthogonal projector if M? = M. For
orthogonal projectors M € C"*", one has 0 < M < Id because x*Mz = ||[Mz|? and
z*(Id = M)z = ||(Id —M)x||* holds for all column vectors z € C".
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For all positive semidefinite matrices G € C"*", there is a unique positive semidefi-
nite matrix vG € C"*" such that (v/G)? = G. It is given by

VG =Tdiag(v/ M1, ...,/ An)T*

when G = T'diag()\, ..., \,)T™* is a diagonalization of G with a unitary matrix T' € C"*".
This square root is a real analytic function on the set of positive definite matrices. We
need this fact only on the set G,, defined in (1.9). On G,, convergence of the binomial
power series VG = Y 1, (122) (G —1d)* proves real analyticity.

More generally, let M € C™*™ be any Hermitian matrix. Let Ay, ..., \; be its different
eigenvalues, listed without multiplicities. Let II; € C™*™ be the orthogonal projection
onto the eigenspace of M corresponding to the eigenvalue )\;, j = 1,...,k. For any

real-valued function f defined at least on the eigenvalues of M, the Hermitian matrix
f(M) e C"*™ is defined by

FOM) =" FO)T;. (A.1)

Jj=1

If g is another real-valued function defined at least on {\,..., A\x} one has f(M)g(M) =
(f9)(M) = g(M)f(M).

If ¥ € C™*", m,n € N, is any rectangular complex matrix, then ¥*} is positive
semidefinite because r*X*Yz = ||Xx||? > 0 for all column vectors z € C".

Let G € C™"*™ be positive (semi)definite. Then, for any I C [n], the submatrix Gy ; is
positive (semi)definite as well. In particular, det G; ; > 0 when G is positive semidefinite
because det G ; is the product of all eigenvalues of G ;, counted with multiplicity, and
all these eigenvalues are positive or zero.

A.2 Hermitian determinantal probability measures

We include here a proof of the well-known existence of Hermitian determinantal
probability measures, Fact 1.5. The proof constructs first P; as a signed measure.
Then, it shows that Py is a positive measure. Some of the steps in the proof are also
useful in the rest of the paper.

Lemma A.1. For all k € IN and G € G, there exists a unique signed measure Pg
satisfying (1.10).

Proof. Uniqueness. The collection of events {w; = 1}, I C [k], is stable under inter-
sections and generates the power set of {0, 1}k. Consequently, there exists at most one
signed measure satisfying (1.10).

Existence. Let M, denote the set of signed measures on ({0,1}*,P({0,1}¥)). Then,
M is a vector space with dimension dim M, = |{0,1}*| = 2*. Consider the linear map

M, = RPUED s (p(wr = 1)) 1c - (A.2)
By the uniqueness statement, it is one-to-one. Since
dim RP¥) = 2% = dim M, (A.3)

it is a bijection. Thus, there exists a signed measure P satisfying (1.10). O

Lemma A.2. Forl c N, forall G € G, and all w € {0,1}!, one has P5(@) = P4 _c(w).
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Proof. In the following, we abbreviate L = [I|. Let H = Id —G. Let I, J, K be a partition
of L. In this proof, (G 1, Hy, ,1d; i) € C'*! denotes the matrix with (i, j)-entry G;; for
j €1, H;; for j € J, and §;; for j € K. We prove the following by induction over J:

Pg(o.)[ = 17(4),] = 0) = det(GLJ,HL’.hIdL,K) (A4)
For J = (), the claim (A.4) reduces to the fact
PG(LU] = 1) = det G]J = det(GL71,IdLJC) (A.5)

with the abbreviation 7¢ = L\ I. As induction hypothesis, assume that the claim (A.4)
holds for all partitions I, J, K of L with some given J & L. Take J' = J U {j} with
j € L'\ J and a partition I, J’, K of L. We abbreviate I’ = I U {j} and K’ = K U{j}. By
the induction hypothesis, one has

Pg(wj =l,wy = 0) = det(GLJ,HLJ,IdL,K/), (A.6)
P(;((JJ[/ =1lwy = 0) = det(GLyp,HL,J,IdL’K). (A.7)

Using Id; ; —Gr,; = Hr ; and additivity of the determinant in the j-th column, we cal-
culate

Powr=1,wy =0) = Pg(wy =1,wy =0) — Pg(wp = 1,wy =0)
= det(GL7],HL7J7IdL7K/) — det(GL,I/,HLJ,IdL,K) = det(GL71,HL7J/,IdL,K). (A8)

This completes the inductive proof of (A.4).

Given any w € {0,1}!, (A.4) gives us the same determinant for Pg(w) and for Py (w),
using that @ equals 1 precisely on I(w) = I(w)¢, while w equals 0 precisely on the same
set:

P (@) = det(G L 1(w)e, Hr,1(w)) = Pr(w). (A.9)
O

Here is an interpretation of Lemma A.2. Viewing locations without particles as “an-
tiparticles” or holes, exchanging particles with holes corresponds to exchanging G with
Id-G.

Lemma A.3. Forany k <[ inIN and M € G, with rank M = k and rank(Id —M) = — k,
for any J C [I] with |J| # k, one has

Py(wy = 1Lwppg =0) =0. (A.10)

In other words, the signed measure Py, is supported on configurations with precisely k
particles.

Proof. For J C [l] with |J| > k, let £; = {{w; =1} : J C I C [l]}. Since rank M = k, the
measure P, vanishes on £;. The event

{WJEI,W[I]\JEO}:{WJEI}\( U {w;El}) (All)

I JGIC(l]

belongs to o(£y). Since & is closed under intersections, it follows that this event has
Pyr-measure zero. Consequently, P, is supported on configurations with at most &
particles.

By assumption, Id —M has rank [ — k. Consequently, Piq s is supported on config-
urations with at most [ — k particles. For w € {0,1}!, Lemma A.2 states that Py (@) =
Prg —p(w). From this we conclude that Py, is supported on configurations with at most
I — k holes or equivalently with at least k£ particles. Thus, the claim of the lemma fol-
lows. O
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Consider the orthogonal projector M (G) = U*(G)¥(G) € C**2* from (3.2). Recall
that ¢ : {0,1}?* — {0,1}* denotes the projection to the first k coordinates. Slightly
more generally than in Section 3.1, we denote by ¢[u] the image signed measure of any
signed measure u on {0, 1}?* with respect to . The following lemma shows that P is
recovered from Py by ignoring all locations indexed by k + 1,. .., 2k.

Lemma A.4. For G € G;, we have Pg = [Py ().

Proof. We use the notation from line (3.1). From
M(G) =¥(G)'¥(G), Y(G)=(G),sG)),
and G = Y(G)*Y(G), we get M (G) k) = G. Consequently, we obtain for I C [k]:

PG({LU c {0,1}]C vy — 1}) = detG[J = det M(G)[’[
= Pyey)({w € {0,1}?% 1wy = 1}) = 1[Pay(e))({w € {0, 1} 1wy = 1}) (A.12)

Since the events {w; = 1}, I C [k], form a N-stable generator of the power set of {0, 1}*,
the claim follows. O

Proof of Fact 1.5. Let G € Gj. It remains to show that the signed measure Pg; defined
in Lemma A.l is a probability measure.

By Lemma 3.1, the matrices M(G) and Id —M(G) have rank k. Thus, Lemma A.3
implies that the signed measure P);(g) is supported on configurations with precisely %
particles.

Next, we consider the finite measure py(g) introduced in Definition 3.2. Just as
Pyr@), it is supported on configurations with precisely k particles at 2k locations. For
I C [2k] with |I| = k, we obtain

Prrey(wr = Lwprng = 0) = Pygy(wr = 1)
=det M(G)L] = ,LL‘IJ(G)((UI = 1;W[2k]\l = 0) (A.13)

This implies Pya) = py(q)- Since pg(g) is a positive measure, Py () is also positive.
Using Lemma A.4, we get that Py is also a positive measure. It is normalized because

of P5({0,1}*) = Pg(wp = 1) = 1 because the determinant of the empty matrix equals 1

by definition. This proves the claim. O
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