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A diffusive matrix model for invariant S-ensembles
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Abstract

We define a new diffusive matrix model converging towards the -Dyson Brownian
motion for all 8 € [0, 2] that provides an explicit construction of S-ensembles of ran-
dom matrices that is invariant under the orthogonal/unitary group. We also describe
the eigenvector dynamics of the limiting matrix process; we show that when g < 1
and that two eigenvalues collide, the eigenvectors of these two colliding eigenval-
ues fluctuate very fast and take the uniform measure on the orthocomplement of the
eigenvectors of the remaining eigenvalues.
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1 Introduction

It is well known that the law of the eigenvalues of the classical Gaussian matrix
ensembles are given by a Gibbs measure of a Coulomb gas interaction with inverse
temperature § = 1 (resp. 2, resp. 4) in the symmetric (resp. Hermitian, resp. symplec-
tic) cases;

dPs(\) = ZIB H i = AlPe B 2N T dne.
1<J
Such measures are associated with symmetric Langevin dynamics, the so-called Dyson
Brownian motion, which describe the random motion of the eigenvalues of a symmetric
(resp. Hermitian, resp. symplectic) Brownian motion. They are given by the stochastic
differential system

1
dXi(t) = V2db;(t) — N\i(t)dt ——dt 1.1
(6) = V2db(t) = M)t + 8D 5 (L)
J#i
with iid Brownian motions (b;). These laws and dynamics have been intensively studied,
and both local and global behaviours of these eigenvalues have been analyzed precisely,

starting from the reference book of Mehta [10].

*Université Paris-Dauphine, Ceremade, 75016 Paris, France. E-mail: romain.allez@gmail.com
TU.M.PA. ENS de Lyon 46, allée d’Italie, 69364 Lyon Cedex 07 - France. E-mail: aguionne@ens-lyon.fr


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v18-2073
http://arXiv.org/abs/1206.1460

Invariant $-ensembles

More recently, the generalization of these distributions and dynamics to all 5 > 0,
the so-called g-ensembles, was considered. As for § = 1,2,4, the Langevin dynamics
converge to their unique invariant Gibbs measure Pj3 as times goes to infinity. Indeed,
the stochastic differential system under study is a set of Brownian motions in interaction
according to a strictly convex potential. Thus, one can then show by a standard coupling
argument that two solutions driven by the same Brownian motion but with different
initial data will soon be very close to each others. This entails the uniqueness of the
invariant measure as well as the convergence to this Gibbs measure. It turns out that
the case 8 € [0,1) and the case 8 € [1,00) are quite different, as in the first case the
eigenvalues process can cross whereas in the second the repulsion is strong enough
so that the eigenvalues do not collide with probability one in finite time. However, the
diffusion was shown to be well defined, even for 5 < 1, by Cépa and Lépingle [5], at list
once reordered.

The goal of this article is to provide a natural interpretation of S-ensembles in terms
of random matrices for 8 € [0,2]. Dumitriu and Edelman [7] already proposed a tridi-
agonal matrix with eigenvalues distributed according to the -ensembles. However,
this tridiagonal matrix lacks the invariant property of the classical ensembles. Our con-
struction has this property and moreover is constructive as it is based on a dynamical
scheme. It was proposed by JP Bouchaud, and this article provides rigorous proofs of
the results stated in [1]. The idea is to interpolate between the Dyson Brownian motion
and the standard Brownian motion by throwing a coin at every infinitesimal time step to
decide whether our matrix will evolve according to a Hermitian Brownian motion (with
probability p) or will keep the same eigenvectors with eigenvalues diffusing according
to independent Brownian motions. When the size of the infinitesimal time steps goes to
zero, we will prove that the dynamics of the eigenvalues of this matrix valued process
converges towards the -Dyson Brownian motion with 8 = 2p. The same construction
with a symmetric Brownian motion leads to the same limit with 8 = p. This result is
more precisely stated in Theorem 2.2. We shall not consider the extension to the sym-
plectic Brownian motion in this paper, but it is clear that the same result holds with
[ = 4p. Our construction can be extended to other matrix models and will lead to sim-
ilar results. In particular, the case of Wishart matrices was treated in [2]. One could
also consider the cases of Circular and Ginibre Gaussian Ensembles.

We thus deduce from our construction that S-ensembles can be interpreted as an
interpolation between free convolution (obtained by adding a Hermitian Brownian mo-
tion) and standard convolution (arising when the eigenvalues evolve following standard
Brownian motions). It is natural to wonder whether a notion of 3-convolution could be
more generally defined.

Moreover we shall study the eigenvectors of our matrix-valued process. In the case
where 8 > 1, their dynamics is well known and is similar to the dynamics of the eigen-
vectors of the Hermitian or Symplectic Brownian motions, see e.g. [3]. When § < 1
the question is to determine what happens at a collision. It turns out that when we ap-
proach a collision, the eigenvectors of the non-colliding eigenvalues converge to some
orthogonal family B of d — 2 vectors whereas the eigenvectors of the colliding eigenval-
ues oscillate very fast and take the uniform distribution on the ortho-complement of B,
see Proposition 2.6.

2 Statement of the results

Let Hg be the space of d x d symmetric (respectively Hermitian) matrices if § = 1
(resp. 5 = 2) and (in3 be the space of d x d orthogonal (respectively unitary) matrices if
B =1 (resp. B = 2).
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We consider the matrix-valued process defined as follows. Let v be a positive real
number and Mé3 e ’Hg with distinct eigenvalues \; < Ay < -+ < A\y. For each n € N,
we let (€} )ren be a sequence of i.i.d {0, 1}-valued Bernoulli variables with mean p in the
sense that

Plep =1 =p=1-Ple; =0].
Furthermore, for ¢t > 0, we set ¢} := Gﬁm]-
In the following, the process (H”(t)); > o will denote a symmetric Brownian motion,

i.e. a process with values in the set of dxd symmetric matrices (respectively Hermitian if
[ = 2) with entries HZ (t),t =2 0,7 < j constructed via independent real valued Brownian
motions (B, Eij, 1<i<j<d) by
By;(t) +i(8 —1)Bi;(t) ifi<j
Hﬁ t) = ) v 2.1
i(t) { V2 By;(t) otherwise (2.1)

Definition 2.1. For eachn € N, we define a diffusive matrix process (M} (t)); > ¢ such
that M?(0) := M} and fort >0

dAMP(t) = —yMP(t)dt + €rdH + (1 — 7)Y, (2.2)

where (Hf)t >0 is a d x d symmetric (resp. Hermitian) as defined in (2.1) whereas
< [nt]
dY; = V2 § n (L2 ) dB!
P =V2 2 Xi ( ” ) t

with i.i.d Brownian motions (B}); > o and where x?([nt]/n) is the spectral projector as-
sociated to the i-th eigenvalue \;([nt]/n) of the matrix M?([nt]/n) if the eigenvalues are
numbered as A\ ([nt]/n) < Aa2([nt]/n) < --- < Ag([nt]/n) (we shall see that the above is
possible as the eigenvalues are almost surely distinct at the given times {k/n,k € IN}).

As for all ¢, the matrix M/ (t) is in the space Hg , we know that it can be decomposed
as
MJ(t) = O ()AL (O (1)*

where AZ(t) is the diagonal matrix whose diagonal is the vector of the ordered eigen-
values of M/ (t) and where OZ(t) is in the space Og for all ¢t € R;. We also introduce
a matrix O”(0) to be the initial orthogonal matrix (resp. unitary if 5 = 2) such that
MJ(t) = 0%(0)Ac0%(0)" where Ag := diag(As, ..., Aq).

The evolution of the eigenvalues of M?(t) during the time interval [k/n; (k + 1)/n]
is given by independent Brownian motions if €} = 0 and by Dyson Brownian motion if
e = 1.

The eigenvectors of M/ (t) do not evolve on intervals [k/n; (k+1)/n] such that €} =0
and evolve with the classical diffusion of the eigenvectors of Dyson Brownian motion if
€ = 1 (see [3] for a review on Dyson Brownian motion).

Our main theorems describe the asymptotic properties of the ordered eigenvalues
of the matrix M/?(t) denoted in the following as

() S AB(0) < - < AF(D) (2.3)

and also those of the matrix O (t) defined above, as n goes to infinity.

Let (bi); > 0,1 € {1,...,d} be a family of independent Brownian motions on R. Re-
call that Cépa and Lépingle showed in [5] the uniqueness and existence of the strong
solution to the stochastic differential system

d)\l(t) = —yA;(t)dt + \/idb; + ﬁpz Mdt (2.4)
J

g#i "
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starting from A(0) = (A; < A2 < -+ < Ag) and such that forall¢ > 0
A(t) S Xo(t) < --- < Aa(t) as. (2.5)
For the scaling limit of the ordered eigenvalues, we shall prove that

Theorem 2.2. Let Moﬂ be a symmetric (resp. Hermitian) matrix if 3 = 1 (resp. 8 = 2)
with distinct eigenvalues A\; < Ay < --- < A\g and (M (t))>o be the matrix process
defined in Definition 2.1. Let A}(t) < ... < Ai(t) be the ordered eigenvalues of the
matrix MJ(t). Let also (A\1(t), ..., a(t)): > o be the unique strong solution of (2.4) with
initial conditions in t = 0 given by (A1, A, ..., Ag).

Then, for any T < oo, the process (AT (t),...,Aj(t))iec[o,r) converges in law as n
goes to infinity towards the process (Ai(t),...,\i(t)):c[o,r] in the space of continuous
functions C([0, T], R?) embedded with the uniform topology.

In the case where Bp > 1, the eigenvalues almost never collide and we will see (in
section 6.1) in this case that it is easy to construct a coupling of A and A" so that \"
almost surely converges towards A.

We shall also describe the scaling limit of the matrix O (¢) (the columns of OZ(t)
are the eigenvectors of M?(t)) when n tends to infinity, at least until the first colli-
sion time for the eigenvalues, i.e. until the time 7 defined as T} := inf{¢t > 0 : 3 €
{2,...,d}, \i(8) = Mio1 ()}

Let w?j(t),l < i < j £ d be a family of real or complex (whether 5 = 1 or 2)
standard Brownian motions (i.e. w’:(t) = Bj;(t) + v=1(8 — 1)B;(t) where the B};, B},

%] i
are standard Brownian motions on R), independent of the family of Brownian motions
(bY)t > 0,4 € {1,...,d}. Fori < j, set in addition wfi(t) = u?fj(t) and define the skew
Hermitian matrix (i.e. such that R® = —(R?)*) by setting for i # j,
dwf(t)

dR?j(t) = m,

B —
R;(0)=0.
Then, with X;(¢),0 < ¢t < 11,7 € {1,...,d} being the solution of (2.4) until its first
collision time, there exists a unique strong solution (O”(t))o <+ < 7, to the stochastic
differential equation

dOP(t) = \/pOP (t)dR (t) — goﬂ (t)d({(RP)*, RP), (2.6)

This solution exists and is unique since it is a linear equation in O? and R? is a well
defined martingale at least until time 77. It can be shown as in [3, Lemma 4.3.4] that
OP(t) is indeed an orthogonal (resp. unitary if 3 = 2) matrix for all ¢ € [0; T}].

We mention at this point that the matrix O?(t) is not uniquely defined, even when we
impose the diagonal matrix to have a non-decreasing diagonal A7(¢) < ... < A,(¢). In-
deed, the matrix O”(t) can be replaced, for example, by —OZ(t) (other possible matrices
exist). The following proposition overcomes this difficulty.

Define T,,(1) to be the first collision time of the process (A} (¢),..., A7 (?)).

Proposition 2.3. There exists a continuous process (O2(t))o < + < 7, in Og with a uniquely
defined law and such that for each t € [0;T,,(1)], we have

HORNOIHOMEP IO
where A?(t) is the diagonal matrix of the ordered (as in (2.3)) eigenvalues of M (t).

Proposition 2.3 is proved in Section 7. We are now ready to state our main result for
the convergence in law of the matrix OZ(t).
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Theorem 2.4. Let n and T be positive real numbers. Then, conditionally on the o-
algebra generated by (\[(s),...,\1(s)), 0 < s < TyAT, the matrix process (O5 (t))o < ¢ < (Ti—mAT

introduced in Proposition 2.3 converges in law in the space of continuous functions
C([o; 17, Og) towards the unique solution of the stochastic differential equation (2.6).

Theorem 2.4 gives a convergence result as n goes to infinity for the eigenvectors of
the matrix process (M/?(t)) but only until the first collision time 7}. If p3 > 1, the result
is complete as one can show (see [3] and section 6.1) that the process (A1 (¢),. .., Aq(t))
is a non colliding process (i.e. almost surely 77 = oo). However, if pg < 1, it would
be interesting to have a convergence on all compact sets [0;7] even after collisions
occurred. Our next results describe the behavior of the columns of the matrix O (t)
denoted as (¢1(t),...,¢q(t)) when t — Ty with ¢ < T7.

We first need to describe the behavior of the eigenvalues (A1 (t),. .., Aq(t)) in the left
vicinity of T7.

Proposition 2.5. IfpS < 1 then almost surely T1 < oo and there exists a unique index
i* € {2,...,d} such that \j«(Th) = N\i«_1(T1). While we have, for all t > 0 and almost
surely,

/t A
o (Nix = Ai_1)(s) ’

the following divergence occurs almost surely

T ds
= . 2.7
/o v he 1 2(s) @7

The first part of Proposition 2.5 is proved in subsections 3.1 and 3.2, the last state-
ment is proved in 7. Equality (2.7) implies the existence of diverging integrals in the
SDE (2.6). Because of this singularity, we will show

Proposition 2.6. Conditionally on (Ai(t),...,Aa(t)),0 < t < Ty, we have:

1. Forall j #i*,i*—1, the eigenvector ¢;(t) for the eigenvalue \;(t) converges almost
surely to a vector denoted EEj as t grows to Ty. The family {;Bpj #4*,i* — 1} is an
orthonormal family of R¢ (respectively C?) if 3 = 1 (resp. 3 = 2). We denote by V
the corresponding generated subspace and by W its two dimensional orthogonal
complementary in R? (resp. C%).

2. The family {¢;+(t), ¢;=—1(t)} converges weakly to the uniform law on the orthonor-
mal basis of W ast grows to T;.

The paper is organized as follows. In Section 3, we review and establish some new
properties for the limiting eigenvalues process (A1 (t),..., Aq(t)) defined in 2.4 that will
be useful later in our proof of Theorems 2.2 and 2.4. We also introduce, in subsection
3.4, a process with fewer collisions that approximates the limiting eigenvalue process.
In fact this gives a new construction of the limiting eigenvalues process already con-
structed in [5], perhaps simpler and more intuitive using only standard It6’s calculus.
We give some useful estimates on the processes of eigenvalues and matrix entries of
Mff in Section 4. In Section 5, we prove the almost sure convergence of the process
(AT, ..., A7) to the limiting eigenvalues process (A1, ..., Aq) until the first hitting time of
two particles with a coupling argument. In Section 6, we finish the proof of Theorem
2.2 by approximating in the same way the process (A},..., A7) with the same idea of
separating the particles which collide by a distance § > 0. At this point, it suffices to
apply the result of Section 5 to show that the two approximating processes are close in
the large n limit. In Section 7, we prove Theorem 2.4, the last statement of Proposition
2.5 and Propositions 2.3 and 2.6.
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3 Properties of the limiting eigenvalues process

In this section we shall study the unique strong solution of (2.4) introduced by Cépa
and Lépingle in [5]. We first derive some boundedness and smoothness properties. In
view of proving the convergence of \" towards this process, and in particular to deal
with possible collisions, we construct it for p3 < 1 as the limit of a process which is
defined similarly except when two particles hit, when we separate them by a (small)
positive distance, see Definition 3.6.

3.1 Regularity properties of the limiting process

Lemma 3.1. Let A = (A\; < A2 < -+ < Ag). Then there exists a unique strong solution
of (2.4). Moreover, it satisfies

e Forall T < oo, there exists a, My > 0 finite so that for M > M,

P {max sup [ Aqi(t)] EM} < em(M—Mo)* (3.1)
Ii<do <t < T

e ForallT < oo, alli,j€{1,...,d},i# ],

T ds
A|mwamﬂ<”

Furthermore, there exists «, My > 0 finite so that for M > M, and i # j, we have

/T ds > Ml o« —a(M—Mo)?
—_— Q0 = s e .
o [Xi(s) = Aj(s)

Proof. The existence and unicity of the strong solution is [5, Proposition 3.2].

For the first point, we choose a twice continuously differentiable symmetric function
¢, increasing on R*, which approximates smoothly |z| in the neighborhood of the origin
so that ¢(0) = 0, z¢'(x) > 0, |¢'(z)| < c and |¢"(z)| < ¢, whereas |p(z)| > |z| x x| A 1
(take e.g é(z) = z2(1 + 22)~/2) to obtain by It6’s Lemma

d(¢(Ni(1)) = =y Ai(t)' (Ni(#))dt + V24 (Ni(1))db,

dt
+pB )Y ' (Ni(t) T + &7 (Ni(t))d.
; i(t) = A4 ()

E

For all ¢, we have \;(¢)¢'(A\i(¢)) = 0, and also

(1)) ' dd—1) .,
Sy AN LS SO SO0 D

i=1 j#i i=1 j#i

We deduce from the above arguments that there exists C' > 0 such that

d
S 6(n fz/¢ %wm+z¢

By usual martingales inequality, as ¢’ is uniformly bounded we know that, see e.g. [3,
Corollary H.13],

d ,
sup |Z/0 & (X (t))db; (t) |> M] < exp(—%)

0<t<T =4

P
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and therefore using the fact that |¢(z)| > |z| x |z| A 1, we deduce the first point with
My =|3%, 6(\)| +CT and o = 1/2CT.
For the second point, we first remark as in the proof of [5, Lemma 3.5] that for all

i1 <d
T dt T dt
pﬂ/o () — M) | @ﬂz/o () — N0

T
= Xa(T) — Aa(0) — V2b% + 7/ Aa(t)dt .
0
so that the first point gives the claim fo j = d. We then continue recursively. O

3.2 Estimates on collisions

To obtain regularity estimates on the process A, we need to control the probability
that more than two particles are close together. We shall prove, building on an idea
from Cépa and Lépingle [6], that

Lemma 3.2. Forr >3 andI C {1,...,d} with |I| =r, set
SE= Y () = 3(0).
igel
We let, fore > 0,
77 :=1inf{t > 0: Irlr‘lin S! <e}

Then, for any T > 0 and n > 0, for any r > 3 there exists ¢, > 0 which only depends
on {S{,|I| > 3} so that
P(rl <T)<n.

Proof. The proof is done by induction over r and we start with the case r = d,
I ={1,...,d}. Then, S verifies the following SDE (see e.g. [6, Theorem 1]):

dS; = —2vS,dt + 4Vd\/S,dB; + adt

where 3, is a a standard brownian motion and a = 2d(d — 1)(2 + pfd). The square root
of p; := /S verifies the SDE

a dt
dpr = —ypedt 4+ 2Vd dB; + (5 - 2d);.
t
In particular, one can check that, if a =2 — 4 =2 — (d — 1)(1 + pBd/2)

dpy! = —aypidt + 2\/aapt°‘71dﬂt.

Thus, as a < 0 for d > 3, for any ¢ > 0, pfA_Tld is bounded so that fo‘ pj;jddﬂs is a
martingale and therefore : ’

T
Elpfrre) < 05 — oy [ Elpf gl
0

By Gronwall’s lemma, since sup, [E[p$, ,] is finite, we deduce that

1 6
Elo% < (1 — — —anT 70
Pnea] 51— )T 4 20
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As a consequence, since a < 0, we have

2 d a/2 ¢ . 1\ _ayr | PO
PR S T) S EBIST,) = Blpfa < 61— )e "+ 2L

We can take ¢ small enough to obtain the claim for r = d.

We next assume that we have proved the claim for « > r + 1 and choose ¢, so
that the probability that the hitting time is smaller than T is smaller than 7/2. We
can choose I to be connected without loss of generality as the \* are ordered. We let
R = min{7/, ;:_111} when 7/ is the first time where S’ reaches . Again following [6], we
have

1 I _ f Ink )\ Ak( ) ¥
0g St p = logSl—2yT+4 Z 7%
t

k.jel
TAR A k( ) 1 1
—i—QBPJ%e:I%/ [)\j(t) N () — /\z(t)}dt
TAR
+4r[(r — 1)(1%5 +1) - 2]/0 g; (3.2)

Note that M; = 4v2 Y, ¢, fi"" Mdbj is a martingale with bracket A, = 16r ft/\R ds
For r > 3, 4r[(r — 1)(rpB/2 + 1) — 2] > Qpﬁ > 0 and therefore we deduce

/T/\R ﬂ
o S

TAR )\ )\ ( ) 1 1
+E [26p > Z/ : [)\j(t) — M) (b —/\z(t)]dt

kel 1¢1

EllogSt,p] > log S5 — 29T + 28pE

For j,k € I, we cut the last integral over times

1 1 1
Qr={t<TAR: %)\() Al(t)Ak(t)—/\l(t)S?{
so that
B (t))2 1 B T/\Rﬂ
J,kzef/ %[(Aj(t) = M(t)(Ax(t) — /\z(t))]dt = /0 SI

This term will therefore be compensated by the third term in (3.2). For the remaining
term, if [ ¢ I is such that min;er [N — N| < minger |[Ax — ;| forall k ¢ I then if ¢ € ij
and * € I is so that min;es | A\, — \i| = |\ —

d—r >i
(N(t) = Xi=(2))2 — SF

and therefore on 77"} > ¢,

er1 < S/ (N 2 < S or(na(t) — N(1)? + 28 < (3+2r(d—1))Si .
Jjel
EJP 18 (2013), paper 62. ejp.ejpecp.org
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As a consequence, we have the bound for all j,k € I, allt € ij t<R,

MO o s> - arEE A v

which entails the existence of a finite constant ¢ so that

Ai(t) 1 1
> 2/ [)\»(t) —n() () fAz(t)]dt

jkel 1¢1

161 l¢1 t) |

Using Lemma 3.1 we hence conclude that there exists a universal finite constant ¢’
depending only on 7" so that

/

VEr+1 )

Ellog Sf.z] > log S5 — 29T —
On the other hand, we have
Ellog S7pg] < P(r! < T)log(e) + E[ sup log S/]

0<t<T

where the last term is bounded above by (3.1). We deduce that

|log SE| c’ c 2¢T
< + + + .
[log(e)l ~ v/Eryillog(e)]  |log(e) | [ log(e) |

We finally choose ¢ small enough so that the right hand side is smaller than 7/2 to
conclude. O

We next show that not only collisions of three particles are rare but also two colli-
sions of different particles rarely happen around the same time.

Lemma 3.3. Foralli,j such thati+ 1 < j, set
TZ,j S ll’lf{t Z 0: ()\z(t) - )\ifl(t))2 + ()\J(t) - )\jfl(t))2 < 5/}.

Then, for any T > 0 and ) > 0, there exists ¢’ such that

g

P {H’? < T] <.
Proof. Using It6’s formula, it is easy to see that

d (N —XNi—1)? + (N — A\jo1)?) = 8(1 + pB)dt
=27 [N = Aim1)® + (N = Aj-)?] dt

+2v2 [ (A = A1) (] = dbY) + (g — A (ab] — db )]

(i = Ai1)? A = Aj1)?
— 2pp + dt.
k#;’i (A = Ak) (N = Ax) k;é;l’j (A = Ae)(Aj1 = )

Set Xt := (\i(t) — Ni—1(2))* + (A (¢) — A\j_1(¢))? and note that the quadratic variation of

[0 N = O = )
0 Vv Xs
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is 2t. Thus there exists a standard Brownian motion B so that

dX; = 8(1 + pB)dt — 2y X,dt + 4/ X,dB,

(Ai = Ai1)? (A = Aj-1)?
— 28 + dt .
k#z_:u (X = Ae)(Xim1 = An) k#z_:l,j (A = M) (Aj—1 = M)

Note that, by the previous Lemma 3.2, we can choose ¢ such that

Mﬁ<ﬂ<g (3.3)

Moreover, for all ¢ < 72 such that X; < ¢/4, we have for all k # i — 1,1,

£

(As = Ak)(Aimr = AR)(8) 2 2

The same property holds for j. To finish the proof, we will use the fact that the sum in
the last term is bounded for all ¢ < 7-53 such that X; < /4. We thus need to introduce
the process Y; defined by ¥; = min(Xy, £). Let us set f(z) := min(z,e/4)"7". Note that
f is a convex function R; — R, and that the left-hand derivative of f is given by

/ _ —pB—1
fL(z) = —pBz " 1 < <.
Its second derivative in the sense of distributions is the positive measure

AN pB(ps+1
f”(dl‘) :pﬁ (1) (5% + %1{([ < £} dx .

Thus, by It6-Tanaka formula, see e.g. [9, Theorem 6.22], we have
t
Ytipﬁ — Yofpﬁ 7p/8/ Xsfpﬁfll{xs < %}ng
0
1 e\PA-1 < TpBpB+1) L,
+5 <p5 (1> Li(X) +/O —ppiz L (X)dz |,

where L¥(X) is the local time of X in z. By definition we have

BB+ . " pB(pB+1)
A‘i@ﬁfhmwﬁzo‘;ﬂfﬂmxaﬂme

and thus, we obtain

t
DA / Lx. < gy (pByYo?Pde + 4,77 2B, ) (3.4)
0

2 2 ! —pB—1 (()\1;7)\1_1)(5))2
r2 |, LZ (= A ONCit = A (5))

(N = Aj=1)(8)?
(A5 = M) () ((Aj—1 = Ag)(s))

4_

1 e\ —pB-1 ¢
Ix,<e/ads + 5195 (1) L (X).
k#j—1,j
The definition of local time implies that, almost surely, L7 (X) < t. We thus deduce from

(3.4) that

1 g\ ~rh-1 1
—pB —pB —pB
IE[Y ] <Y, +72p[3 <74> T+C/o E {YMT;{} dt.

T/\T;f A3
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with C = (pBy + 4p*B?(d — l)g). Gronwall’s Lemma implies that

] < e ewen

If &/ < ¢/4, equation (3.5) implies that
(&) PPP {Tg <TA 73} <Y PP exp(CT), (3.6)
Taking ¢’ small enough gives the result with (3.3). O

As a direct consequence, we deduce the uniqueness of the i* of Proposition 2.5.

Lemma 3.4. With the same notations as in the previous Lemma 3.3, we have almost
surely

inf Ty = +00.
(k,0):k+1<20

In particular, this gives the unicity of the i* in Proposition 2.5.

Proof. It is enough to write that for all e > 0

. ke < g2 ke 3 3 <
P (k-lﬂdeO <T)<d {kr-Il-llai(ZIP (7’0 < T/\TE) + P (TE < T)}
and deduce from Lemmas 3.3 and 3.2 that the right hand side is as small as wished
when ¢ goes to zero.

O

3.3 Smoothness properties of the limiting process

Lemma 3.5. We have the following smoothness properties:

e Forall T < oo and € > 0, there exists C, ¢, c finite positive constants so that for all
§,m positive real numbers so that n < ¢/(¢? A de) we have

C
P | max sup Ai(s) = Xi(@)] 20| < — (6_C64/277 + e_cs4/n) '
1<i<d s<t<(s+m)AT3 K
0<t<T

e Forall T < co and € > 0, there exists C, ¢, ¢ finite positive constants so that for all
d,n positive real numbers so thatn < ¢/(¢? A 6c) we have

t
P | max sup / L >46| < g (6—654/277 + e—cs4/n> ]
7] s<t<(stmard Js \)\Z(u) - )\j(u)| n
0<t<T

Proof. Let us first fix s € [0, 7] and set I = {i € {2,...,d} : [\i(s) — Ni—1(9)] < €/3}
and note that on the event {s < 72}, the connected subsets of I contain at most one
element. Let T, = inf{t > s : infig; |\;(f) — A\i_1(t)| < £/4}. The continuity of the \;
implies that 7. is almost surely strictly positive.

Ifi ¢ IU{Il — 1}, then we have, for t € [s; (s +n) A3 A T.]

|/\i(t)—/\i(s)|<7/ |/\i(u)\du+\/§\b§—bi|+pﬁ/ ZM_(u)d_uMu)
s S g ’

t
. . t—
< [ IeCwldu-+ VB~ 8]+ 4p5(d - ).
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Using (3.1) and [3, Corollary H.13], it is easy to deduce that there exists a constant
¢ > 0 such that for n < £§/(8pfS(d — 1))

P

52
max sup Ni(t) = N(s)| =0 <cede 2n. (3.7)
ig[u{lfl}t€[s;(s+n)/\T§ATE]‘ z( ) Z( )|

Now, if ¢ € I, with the same argument as for (3.7) (the drift term in the SDE satisfied by
A; + A\;_1 is also bounded), we can show that there exists a constant ¢ > 0 such that

P

sup [(Ai + Xic1) (@) — (N + Xim1)(8)] = 51 < ce %5 (3.8)
te[s;(s+n)ATSAT]

On the other hand, the process z;(t) := (A\; — A\;—1)(t) verifies
dz2(t) = 4(1 + pB)dt — yx2(t)dt + 2a;(t)(dbi — dbi~1)

_ (Ai(t) — Xi-1(1)*
W5 D il D)D)

k#j—1,5

dt.

The denominator in the last term of the above r.h.s is bounded below on the interval
t € [s;(s+n) A3 AT.] by 2pB(d — 2)%. Thus, using again (3.1) and [3, Corollary H.13],
we can show that for § > en/e,

2

P sup |zi(t) — x5(s)| > V6| <P sup |22 (t) — 22(s)| = 0| < ce ™%
te[s;(s+n)ATSATE] te[s;(s+n)ATSAT]

(3.9)

where the first inequality is due to the fact that z; is non-negative. Using (3.8) and (3.9)
gives for n < de/c

P

4
max sup INi(t) = Ai(s)] = 6| < 2ede % .
IEIU{I=1} telsi(s+m)ATSAT]

Thus, with (3.7), we deduce that for < de/c

P

4
max sup [Ai(t) = Ai(s)| = 0| < 2cde % .
vote[s;(sHn)ATEATE]

In particular, there exists ¢/ > 0 so that if g2 > cn,

4edT 6_6/54/2,’7 ’

P[T. < (s+n) A7) <P ;

max  osup N() = A(s)] = Be/12] <
v s<t<(s+n)AT-AT3

which is as small as wished provided 7 is chosen small enough. This allows to remove
the stopping time and get for any fixed s < T, and § > ¢n/e

P

max sup IXi(t) = Ai(s)] = 0| < 2ede™ " /20 4 2dce== /2 |
vos<t<(s+m)AT3

The uniform estimate on s is obtained as usual by taking s in a grid with mesh r/2 up to
divise 0 by two and to multiply the probability by 27°/7n. Thus we find constant ¢, ¢/, and
C so that if n < c¢(e2 A §¢) we have

cT /
P | max sup Ai(t) — Xi(s)| = 6| < — (6—054/217 +e¢ 84/77) ]
b s<t<(smaTd n
0<s,t<T
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The second control is a direct consequence of the first as we can first consider the cas
j = d to deduce that for i < d

t
du
—_— [ < () = X 2|bg(t) — b
| S < 0 = Xalo) + V2balt) = (o)
where the right hand side is continuous. We then consider recursively the other indices.

O

3.4 Approximation by less colliding processes

When pS > 1, it is well known [3, Lemma 4.3.3] that the process A has almost surely
no collision. In this case, the singularity of the drift which defines the SDE is not really
important as it is almost always avoided. In the case pg < 1, we know that collisions
occur and in fact can occur as much as for a Bessel process with small parameter.
The singularity of the drift becomes important, in particular when we will show the
convergence in law of the process of the eigenvalues A" towards A. To this end, we
show that A can be approximated by a process which does not spend too much time in
collisions.

For § > 0, we define a new process (\(t)); > o as follows.

Definition 3.6. Let T} :=inf{t >0 : Ji # j,\;(t) = \;(t)} and for all t < Ty, set \(t) :=
\i(t). Fort > Ty, we define the process recursively by setting for all ¢ > 2,X(T}) :=
M (TP —) +i6 and fort > T}, the process \!(t) is defined up to time T}, := inf{t > T} :
3i # j,AJ(t) = X3(t)} as the unique strong solution of the system

AN (t) = =X (t)dt + v/2db} +pB > 35 dt (3.10)

The main result of this section is that

Theorem 3.7. Construct the process A with the same Brownian motion b. Then, for
any time T > 0, any £ € (0,p3/4)

i ()= No@)] <68 ) =1.
%ﬁ]lIP (()iltlngrgidel(t) )\Z(t)|_5> 1

The theorem is a direct consequence of the following lemma and proposition.

Lemma 3.8. Let ¢ > 0. Construct the process A with the same Brownian motion b than
M. There exists a constant ¢ > 0 such that, almost surely, forall/ € N

No(t) — (1) < ol
Ly 2 O Tl

To finish the proof it is enough to show that Tlfs goes to infinity for ¢ <« 1/4. This is
the content of the next proposition.

Proposition 3.9. Let T < 00, 0 < ¢ < pB/4 and L = [1/§'~¢]. Then the probability
P [T? < T| vanishes when § goes to zero.

Proof of Lemma 3.8. We proceed by induction over ¢ to show that, for each ¢,

p 1/2
sup (Z()\f - )\i)2(t)> < il

o<t<1y \ig
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with ¢ = (Y20, i2 = d(d + 1)(2d + 1)/6)>.
e We treat the case ¢ = 1. By definition of the processes, A’ = \ on [0,77). At time
t= Tf , the separation procedure implies that

d d

SO = A)TY) = ST = AT ) + i) = 267

i=1 =1

The property is true for ¢ = 1.

e Suppose it is true for ¢. For t € [T?, T} +1) since \° and A are driven by the same
Brownian motion, we get

d

Ay (A(t) = A = —272 (A2 (t) t))2dt

1
+ 2PBZZ(>\?(75) = Ai(t)) (,\g(t) i N(t) Nilt) - /\j(t)> ar-

i=1 j#£i

Observe that

1 1
ZZ - (A‘S( ) —N(t)  Ai(b) - )\j(t)> (3.11)

i=1 j#i

d
= % 3OS TO(E) =A%) — (Nalt) — Aj(8)) ()\f(t) - N0 N(D) - Mt))

i=1 j##i

1 > 1
“p2 2 (e MO =50 R R nm — )

N
o

as the ()\;)1<i<q and the ()\ )i<i<a are ordered. Thus,

d

d
sup > (A(t) — < D N(TP) = M(T)))*. (3.12)

[T T+1)1 1 =1

In addition, because of the separation procedure at time Tfﬂ, we have

d 1/2 d 1/2
(Z(A? —MQ(T?H)) - (Z (A = X7 -) +z‘6)2)

i=1 i=1

d 1/2
< (Z(Ai - A»?(T&l)) +5e < 3(0+D)e,

i=1

where we used the induction hypothesis in the last line. The proof is thus complete.
O
Proof of Proposition 3.9. In the case ps > 1, it is well known [3, p. 252] that
Ty is almost surely infinite and therefore the proposition is trivial. We hence restrict
ourselves to p3 < 1. Let > 0. Let us define the stopping times

39 = inf{t > 0: ‘IrlnrlSI‘S e},

=i >0: 5\ )2 8
inf{t >0 1<r£1,1jn<d(()\Z Ai_1) —1—()\ —Aj1

() < e},
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where S0 := Yiser(A = A9)2(t). Set also 7 1= 72 A 72°. We know from Lemmas 3.2
and 3.3 that we can choose ¢ small enough so that

P [7'5’8 A 7225 < T] <n.
The number ¢ being fixed, it is then straightforward to see from Lemma 3.8 that there

exists §p small enough so that for all § < §y, we have

P[TéiT] <.

€

Now, we have

P[T)<T] <n+P 5521{ 15,1 5 55y S T578 > T

=1

We need to show that the second term goes to 0 when 6 — 0. Let {F; };>o be the filtration
of the driving Brownian motion. We will prove in Lemma 3.12, there exists a constant
¢ > 0 such that, on the event {79 > T?}, almost surely

L

S [TgH — TP > ¢ | ng] > e PR

=1
In the following, we suppose that § is small enough so that c§ P8¢ > §-PA+2¢ and
58T — §—PP+E L — §—PP+2¢ For such §, we have
L

—&p. 6 b

21{ o1 5 sy SO STl 2 T)

£

Z Lrg —mp >0y — P {Teil — 17 > 0° | }—Tﬁf‘} < -5 > T
=1

> 6P 0 > )

§ §
T3, -1y > 663 — T {TZJrl — 1Ty >4 | }—Tf}

L
< OPITRENTP (T, —T) > 6570 > T}
=1
where we used the Tchebychev inequality in the last line. Using Lemma 3.10, we get
that there exists a constant C' > 0 such that
Z 1 5 <6 ET- 79 > T | < ¢ §2pB—4E L5(1—p5)(1—271€) < O §PP—%
{ Z+17T } X yile = L0 X X

4

which goes to 0 when § goes to 0. The proposition is proved. O
Lemma 3. 10 Let ¢ € (0;2). Then there exists a constant C' > 0 such that, almost
surely, on ; 70 > T?

P [55 STy — T | Frs| < Cs0PI0-27"0 (3.13)

Proof. We know that there are no multiple collisions nor simultaneous collisions
(because of Lemmas 3.2 and 3.3) and therefore we can denote by ¢ the unique element
such that A(T9—) = X\J_,(T?—) and (\] — X?_)(T) = 4. We have by It6’s formula

d(Xo — X\o_ 1)() —y(X0 =X 1)(t)dt+\f(dbi —dbi™h) (3.14)
4o Y NN,
N =20 A OO 3D
EJP 18 (2013), paper 62. ejp.ejpecp.org
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Let us define the Bessel like process (X;); > o by Xo = ¢ and for ¢t > 0,

; dt
dX, = V/2(dbig ,, — dbis,) +2pP . (3.15)

Using the comparison theorem for SDE [9, Proposition 2.18] (note that the drifts are
smooth before T, | — T}), we know that for all ¢ € [0,7},, — T}), we have almost surely

(X = N_(TP +1) < X (3.16)

Let us define T% = inf{t > 0 : X, = 0}. Tt is clear that almost surely 7, , — 77 < T%.
We thus have on 720 > T9

P (08 <Ti, = TF | Frg| <P [T > 09

We finally conclude using a classical result for Bessel process, see e.g. [11]; the density
with respect to the Lebesgue measure on R, of the law of the random variable T)‘S( is

PR S N R
ps _F(lfpﬂ)t 2 e .

2

Hence we deduce that for £ < 2 there exists a constant ¢ > 0 such that

P [T;S( > 55} < 05(1—19/3)(1—2715).

For time ¢ € [0;T], we define the random set

Iio={ie{2,....d}: [N = X0 _,|(t) < Ve/3}. (3.17)

Note that, on the event 2 := {72 > T}, for each ¢t < T, the set I; contains at most one
element. Foreach ¢ € {1,...,L}, and i € {1,...,d}, we define the stopping times

t9(vE/3) :==inf{t > T{ :min |\] — X _,|(t) > v&/3},
J
9(i,/2/6) := inf{t > T : min NS =M 4](t) < Ve/6}.
j#i
If i denotes the unique index such that AJ(79—) = X\;_1(T¢ —), note that if 7) < 72 then
ming; [AS — X [(T7) > vE/3.

Lemma 3.11. If 7{ < 7° and if i denotes the (unique) index such that \J(T{—) =
/\f_l(Tf—) , then there exists a constant ¢ > 0 and ¢y > 0 such that for all § < &g, we
have

e 10 <P [1(VE/3) N, VESS) < T | For | (3.18)

Proof. Note that i is the unique element of the set ITg defined by (3.17) for which
N> —X0_,[(TY) = 6. Fora=1—pBand t € [TY; T}, ), we have by It6’s formula

AN — M) (1) = —ya(N — N )*(t)dt (3.19)

1 7 i— 1 )\f 1 ¢
PO AT 6pk§1 YOO )1()A6><)dt

For t € [T}, 7?], we deduce that
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d(X) = ML) (1) 2 a(X] = ML) (1) V2(db — dbj ") — ¢ (A] — AL,) (Bt

where ¢ = ay + Bp(d — 2)3?/5. Let T, be the first time after 77 so that A} — A’
reaches x < §. Then, as fO'AT‘“ (A8 = X0 )= (t) V2(dbi — dbi™') is a martingale, we find

that
E [(Af — D) (VE/3) AR (i, VES6) AT \fo,N} >6%exp (—dT).  (3.20)

Before time (i, /2/6), (A} — AJ_,)(t) can not cancel if j # i. Therefore we can choose
x small enough so that the last inequality implies

I [(/\f — X)) (10 (VE/3) N (6, VE/6)) Lias (vz/3yaei io/E/6) < 5} | ]:T;} > %5(’ exp (—c'T).
which can be rewriten using the fact that [A\? — X_|(t0(v//3) A £3(i,/2/6)) < \/2/3, as
follows N

P [©(VE/3) ARG VESS) < Ty | Py ) 200 () o).
The lemma follows with ¢ = (%)a exp(—c' T). O

Lemma 3.12. Let,T > 0. There exists a constant ¢ > 0 and 6y > 0 so that if § < §y, on
Tés < ’7'66 AT,
P [5’5 <TS, —T7 | ng} > 5178 (3.21)

Proof.We assume in the sequel that § < 1. The proof is based on Lemma 3.11. It
implies

P[5 < .- 17 | 75

> P [t](VE/3) AT VE/6) < T3 8¢ < Tfyy — 10 < 1| Fy) -
By Lemma 3.11, we deduce that

P {55 TP, —T0 <1] ng}
> et P8 P {t;?(\/g/?,) N (i, VE)6) < TPy < T+ 1305 > TP, — 17 | fT;} .
But
P |t(VE/3) AT, VE/6) < Ty ST+ LiTh —TF < 6% | Fry

<P[H(VE/3) < AT+ LT, — (VE/3) < 6F | Fry

+ P[00, VE/6) < #(VE/3); B0, V/E/6) = TP < ¢ | Fiy | -
Let us handle the first term of the previous right hand side

P [tH(VE/3) < Ty A (T + 1) Thy —t(VE/3) < 6 | Fogm |

NG
< P |max sup IXS(s) = AJ(t9(VE/3))| = or | Fis(vz/3)
T 15(VE/3) < s < (85(VE/3)+88) At (VE/12)A(T+1)
ce?
< Cexp(—aT)
EJP 18 (2013), paper 62. ejp.ejpecp.org
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where we used Lemma 3.5 for the last line (actually the proof since we used the estimate
for a fixed s). For the second term, the idea is similar

P [0, VE/6) < tH(VE/3): 8, VE/6) — T) < 0 | Fry

<P |max sup () = N T > YE | Fry
JF TS < 8 < (TP 4+6€) AT (i /E/6)A(T+1) 12 ¢
2
ce
< Cexp(*éfg) ;

by Lemma 3.5. As for all { > 0, exp(—557) < 51=P8 for small enough §, the proof is
complete. O

4 Properties of the eigenvalues of )/’

In this section, we will study the regularity and boudedness properties of the eigen-
values of Mp.

Definition 4.1. Let M(f be a symmetric (resp. Hermitian) matrix if 3 = 1 (resp. 5 = 2)
with distinct eigenvalues \; < Ay < -+ < Ay and (M (t)); > o be the matrix process
defined in Definition 2.1. For allt > 0, the ordered eigenvalues of the matrix M/ (t) will
be denoted by AT (t) < A5 (t) < ... < AJ(2).

The following proposition characterizes the evolution of the process \"(¢) until its
first collision time.

Proposition 4.2. Let (A](t),...,A\}(t)) be the process defined in Definition 4.1 and
set T,,(1) := inf{t > 0 : 3i # j,A\}(t) = A}(¢)}. Then, almost surely, the process
(AT(t), ..., A(t)) verifies for every k € IN, the following strict inequality

A (k/n) < Ap(k/n) < --- < Ai(k/n). (4.1)

In addition, there exist a sequence of Bernoulli random variables (€})ien With mean p
and a sequence of independent (standard) Brownian motions (bi);>o,i € {1,...,d}
also independent of the Bernoulli random variables (€}})ren such that, the process
(AT(t),..., A2(t))t > o is the re-ordering of the process (u}(t),...,u5(t)): > o defined for
t >0 by

©_dt. (4.2)

J

t
o mi ()
with initial conditions in t = 0 given by (u7(0),...,15(0)) = (A1,...,Aq). In particular,
up to time T, (1), the process \" verifies

NP (t) = —YAP(t) dt + V2db, + B> T dt .

€

Remark here that we use the property that €} = (/).
Proof. Let us show first that for each k¥ € IN such that k/n < T,(1), we have almost
surely the strict inequality (4.1). We will proceed by induction over k. Note that under
our assumptions, it is true for £ = 0. Suppose it is true at rank k£ and let us show it is
then true at rank k + 1. From Definition 2.1, if the eigenvalues of M/ (k/n) are denoted
as AP(k/n) < --- < ANj(k/n), then, depending on the value of the Bernoulli random
variable €}, the dynamic for ¢ € [k/n; (k + 1)/n] is
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* if € = 1, the process (A7(t),..., A} (t)) follows the Dyson Brownian motion with
initial conditions (A} (k/n),...,A7(k/n)) (see [3, Theorem 4.3.2]); More precisely,
we have for ¢t € [k/n; (k+1)/n)

. dt
AN} (t) = —y AT () dt 2dW} —_— -
VES J
where the (W/); > ¢, € {1,...,d} are independent Brownian motions. In partic-

ular, this process is non-colliding in the sense that the A?(¢) will almost surely
remain strictly ordered for all ¢t € [k/n; (k + 1)/n) (see [3, Theorem 4.3.2]). Thus,
we will almost surely have A7 ((k+1)/n) < --- < AJ((k+1)/n).

* on the other hand, if €} = 0, we need to define a new process (u7(t),...,u}(t)) of
independent Ornstein-Uhlenbeck processes with initial conditions (A} (k/n), ..., A} (k/n));
More precisely, the evolution for ¢ € [k/n; (k + 1)/n] is given by

dpi(t) = =y (t)dt + v2d By (4.3)

where the Brownian motions B are the ones of Definition 2.1. Note that, before
time 7,(1), the two processes A" and p" coincide. In this case, the ul(¢) can
cross and the ordering can be broken in the interval [k/n; (k + 1)/n]. However, if
crossing for the process p” happen before time ¢ = (k + 1)/n still we know that
eV (k+1/myn (] 4 1) /n) are almost surely distinct. The re-ordering of the u? thus
always gives AT ((k+1)/n) < --- < XJ((k+1)/n) a.s.

The induction is complete and proves equality (4.1) for all £ € IN. We deduce from
the above arguments that for & such that k/n < T,(1), the evolution of A\"(¢) for t €
[k/n; (k+1)/nAT,(1))is

dA} (8) = =T (8) dt + V2(epdW] + (1= ef)dB]) + 8 I\ di.

&
t) — A (t

j?él (2 ( ) ] ( )

with initial conditions in ¢t = k/n given by (AT(k/n),...,Aj(k/n)). Let us define the
process b’ for t > 0 by bi := fg(e’;dWSf + (1 — €?)dB?). Using the fact that the Brownian
motions (W) > ¢,4 € {1,...,d} are mutually independent and independent of the Brow-
nian motions (B}): > 0,4 € {1,...,d} (also mutually independent), it is straightforward
to check that the processes (bi); > 0,i € {1,...,d} are mutually independent Brownian
motions. It is also easy to see that, for all s,t € [k/n; (k + 1)/n], the random variables
Wi —WH + (1 —€p)(B; — B!) and €} are independent. Therefore, we deduce that the

brownian motions (b}) > ¢, € {1,...,d} are independent of the sequence (¢! )ken. O
The following regularity properties will be useful later on.

Lemma 4.3. Let T < co. Then there exist constants C, Ag,c,c’,a > 0 which depend
only on T, d such that foralln € IN, all A > Ag and alle > 0

P { max sup  |[MP(t)i;] > A| < Cexp(—ad?), (4.4)
1<4j<dogtgT
P| max sup | MP(t); — MP(s)i] > ¢| < ¢ exp(—i). (4.5)
1<ij<docaice, V7Y nATY =6 o ’
=l <

Proof. Using It6’s formula, we can check that

t d
EMP(t) — e MP(s) = / e’ (edef +(1- eg)ﬂZx?(mj)dBZ) .
s i=1
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Let us set A,(s,t) := e MP(t) — e7*MP(s). The entries of A,(s,.) are martingales
with respect to the filtration of the Brownian motions conditionally to the Bernoulli
random variables (€}!)rcn (this is due to the independence between the Brownian mo-
tions (B}): > o, (H (i) > 0,1 < 4,5 < d and the sequence of Bernoulli random variables
(e} )ken. Using the fact that |x}([ns]/n)i;| < 1 for all 7, j, we can check that there exists
a constant C'(d,T') which does not depend on n such that for all n € IN

(An(s,)ijs An(s, Jr)el < C(T,d)|t — s].

Let A > 0, using [3, corollary H.13], we have
P| max su EMPE (1)) > A}
[léi’jédogtzTK ())J‘

<& max P[ sup (€ ME() — MP)y| > A—max|M5<m>|]
1<i,j<d 0<t<T %]

=d> max P [ sup  |An(0,t);;] > A — max |M68(z,j)|}
2,J

1<j<d 0<t<T
A —max; ; | MP (i, §)])2
< d? ! R U . 4.6
d eXp( C(d,T)T (4.6)

Similarly, for any given s € [0, T, for € > 0, using [3, Corollary H.13], we have, for each
entry ij and for every § > 0:

P

2
max su et MP(t —e"’st )il > el < d%ex <_5).
(s, s (@) (5))i b (s

and therefore there exists a positive constant ¢’ so that

P| max su (M MP(t) — e ME(s))ij| > €

13, p
1<Z,J<d0<s.th,
[t—s] <&

[2T/8)+1

< ) P

i=1

2T 2
< d?>=exp (—€> .

max  sup |(€M(t) — e72M](i6/2))iy] > /2
1Shisd i) < 672

) cé

O

Lemma 4.4. LetT < co. Then there exist constants C', Ay, c’,c’, a, eg > 0 which depend
only on T, d such that for allm € IN, all A > Ay and alle > 0

P| max sup |A'(t)] > A| < Cexp(—ad?), (4.7)
1<i<dg <tg<T
C// 62
P 3 AR () — AP < — ——). 4.8
ax oswp N = AN(s) > e < T exp(= ) (4.8)
[t—s| < &
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Proof. This lemma is a consequence of Lemma 4.3 and the inequalities

Joax [N (1) = <Z N () = AP (5)] )

1/2
- Z |MB(t)i; — MP(s)]? (4.9)
1,j=1
VL
<d max [M](t)y; = M(s)s|

where, for the second inequality, we used [3, lemma 2.1.19] and the fact that the A7
are ordered. O

5 Convergence of the law of the eigenvalues till the first hitting
time

Proposition 5.1. Take A\(0) = (A; < Ay < -+ < \y). Construct p”, strong solution
of (4.2), with the same Brownian motion than ), strong solution of (2.4), both starting
from A\(0). A" equals p™ till T,,(1). For all T > 0, we have the following almost sure
convergence

lim max sup Ar(t) = Ni(t)]=0.

n—)ool<z<dt<T/\T (1)/\7_3| () ()|

As a consequence, if we let Ty = inf{t > 0,3i # j, \;(t) = \;(¢)}, we have almost surely
Ty < liminf 7,,(1).

We point out that this convergence does not happen on a trivial interval since we
have

Remark 5.2. For anyn > 0, there exists 7(n) > 0 so that
lim P [T,(1) = 7(n)] >1—1.

n—oo

Proof of Remark 5.2. By the same arguments developed in (4.9), we find that

P {sup max  [A!(t)e? — \;(0)] = e] < P [sup [tr((M™(t)e — Mp)?)| = 62:|
tgTlsisd t<T
€2
2C(d, T)T) '
But since also the A} are uniformly bounded with high probability, we can choose for
any 7 > 0 the parameter 7" small enough so that

< P exp(—

JP[ mas sup [N~ Xi(0)] 2 min I\ —mw} <

I<i<degr 1<
This implies that P(7,,(1) <T) <n. O
Proof of Proposition 5.1 Using It6’s formula, we can compute
d t d

CHORSNOIEE > (06) = Aol s 5.1
i=1 i

w2 [T 000 20 (e - v )

=t N (s) () Nils) = Ag(s)
+2ﬁ/t( ZZ S 'L(S)ds
€ .
0 P Ai(s) = Aj(s)
i=1 j#i
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By the same argument as in (3.11) the second term in the right hand side is non positive.
Thus using equations 5.1, we find for ¢ < T, (1)

d (s) = Xi(s)
> 2,3/ ZZ N9 S)ds = R, ().

=1 i=1 j#i

We next prove that

lim sup R,(t)=0 a.s. (5.2)
N0 Lt K TATS

Write R, (t) as R,(t) = P,(t) + Q. (t) where

¢ d A ([ns]/n
P= [ -0 E( rvom

i=1 j#i
t d
/\” — A\¥(|ns]/n
Qn(t): / pzz i zi[ ]/ )ds
= i(s) = Aj(s)
We first handle the convergence of @, (t). Set Q; = {supis—«<i/» maxi<i<q |AF(t) —
t<T - =

A2 (s)| < n~1/?%€}. On the event Q;, we have

Qe S [t

i=1 j#i

Following (4.9), we know that

2e

P(Q]) <cem

We thus deduce from Lemma 3.1 that

n 5 5 1/2—e Q¢
]PLSE%'Q( >4 < Z;/ NG TR

2 1-2e 2¢
< 06765 n +C€fcn

Hence, Borel Cantelli’s Lemma insures the almost sure convergence of (Q,, to zero. We
now turn to the convergence of P, (t). Let » > 0 small and write

Py = =2 [ = pyas + Pty

with

Palt) = / o ;; )\j(S) o

The process fot(e? — p)ds is a martingale and by Azuma-Hoeffding inequality, for any

6>0
2

8
P (max| (e —p)ds| > 5) < 2exp(—7n).

We now use the independence between the brownian motions (b)g <t<m,i=1,...,d
and the Bernoulli random variables €/, k = 1,.. ., [nT]. Conditionally on the (b})o < + < 1,7 =
1,...,d, the processes \;(t),i = 1,...,d are deterministic and the process ]Sn is a mar-
tingale with respect to the filtration of the ¢};. We let

B/ R ([ns]/n) — A2 ([ns] /n)
3 L. O RS R

=1 j<t
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By Lemma 3.5 and Lemma 4.4, the set

Q={ sup |Af|<n"%}

k<nTAT3

has probability larger than 1 — e—en'/e, Moreover, by martingale property it is easy to
see that for all A > 0,
E[lgePn(B/m=3X Eisg (Al < 1.

Taking A = n'/!6, since on Q, —n!/16|A7| + n'/8|A7|2/2 < 0, Tchebychev’s inequality
yields
(T'n]
P {[Pa(k/nAT2)| =08 AR+ ) nQ | <e
=0
As by Lemma 3.1, ZLT:’S] |A7| is bounded by n'/32 with probability greater than 1—e~"
we conclude that

1/16

1/32

P (|ﬁn(/€/n AT > n_1/32) < Ce™

The uniform estimate is obtained easily by controlling the increments of 15n in between
the times k/n, k < [nT'] by supy, <}, |A%| which we have already bounded.
O

6 Proof of Theorem 2.2.

6.1 Non colliding case pj5 > 1

It is straightforward to deduce Theorem 2.2 when pg > 1. Indeed if Sp > 1 we know
that there are no collisions for the limiting process and more precisely, see e.g [3, p.
252],

P(72 < T) < ¢(Xo)T/|loge|

S

with some finite constant c¢(\g) which only depends on the spacings of the eigenvalues
at the initial time. This implies in particular that

lim lim P(T <T)=0

e—0n—o0

from which we easily deduce Theorem 2.2 from Proposition 5.1.

6.2 Colliding case pS5 < 1

We now define the process (A?’é(t))t > o which will depend on the sequence (77)sen
defined in Definition 3.6. To unify notations, set 7¢ := T} and 72(1) := T, (1).

Definition 6.1. Fort < T7, set A\’ (t) := A"(t). For time t > T?, we define the process
recursively by setting for each ¢ > 1, X\"°(T?) = \"*(T9—) + i for all i € {1,...,d}
and for t > TZ‘S, the process /\?’5 is defined up to time Tfﬂ by ordering the process
(L (),. .. ,ug"s(t))TZa <t < 1p,, Which is defined for t > 19 as

n
€t

A (6) =~ (1) dt 4+ V2B + 8 — . ©D

n,0
S e () = gt ()

with initial conditions in t = T{ given by (\}"*(T?), ..., \"°(T})).
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Lemma 6.2. Let T < oo and § > 0. We have the following convergence in probability,
forall¢ € IN,

1 No(t) =\ () =0.
"1—>12011<nza‘)<(d0<t522“5/\T| Z() ’ ()|

In particular, for every ¢, if T is the first collision time for \™9 after T) |,
TPANT < iminf TS (O AT a.s.

Proof Again, we prove this Lemma by induction over /.

e We begin with the case ¢ = 1. Proposition 5.1 yields that the random variable
maxi < i < dSUPg < ¢ < 1, (1)a7 |Ai(t) — A7 (¢)| = 0 converges to 0 in probability as by Lemma
3.2, P( 5 >T) goes to one as ¢ vanishes. Since we have the almost sure inequality
T? < liminf T2(1), the continuity of the \;,1 < i < d, the regularity property of the \?
given by Lemma 4.4, Lemma 3.5 and Proposition 5.1, we can check that since before
TN = X\ and A0 = A7, if TO(1) < TS AT,

max sup IX(8) — A0 (1) (6.2)
LSisdpsq)y < t<TPAT
< max sup  {IAF(1) = AH(TR (D) + Ni(t) = X(T (D)} (6.3)

1<i< dT5(1) S I<TSAT
+ TR (1) = A(TR(1))]

goes to zero in probability, when n goes to infinity.

e Suppose the property is true for ¢ and let us show that it is then true for ¢ + 1.
By the same argument as in the proof of Proposition 5.1, we can show that, for all
te [T To(0+1) ATY, ], we have

Zd: (/\” 8 ) Zd: (A”"‘ - A§)2 (1) (6.4)
=1 =1
/\"5( ) A?(S)
+25/ p 2 # <~ ds.

The same proof as in Proposition 5.1 shows that, if 73 is the stopping time TE’ for the
process \°(t),t > 17,

A 5
lim sup / Z Z — 1(()) ds=0 a.s. (6.5)
n—oo /\T?’E]

te[TE TS (LHATY, i=1 jAi Al

Thus, because of (6.4), the following convergence in holds

lim max sup N0 = A1) =0 a.s. (6.6)
T EITHT (AT AT

Because of (6.6), we have 77, ; A7 < liminf,_,o T (¢+1) A72. Since the probability that
7-3 is larger than 7' goes to one as ¢ vanishes, we can show as in (6.2) (note that Lemma
4.4, Lemma 3.5 and Proposition 5.1 extend to {\}"°, A\?,# > T7}) that in probability,

lim max sup IXO(£) — A™0(t)] = 0.
n_)OOI<Z<dT5(Z+1)<t T£+1 7 i
The property at rank ¢ + 1 is established. The Lemma is proved. O
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Lemma 6.3. There exists a constant ¢ > 0 such that for all L € IN, we have the following
almost sure estimate

ma su A0 (4) — A (#)]| < 6 L+/e.
s, 0 0] <5EVE

Proof. Note that the estimate is striaghtforward on [0,77]. We then proceed by
induction on the time intervals [T7,77 ] as in the proof of Lemma 3.8 until the first
collision time

—inf{t > T7 : 3i, Al (t) = AP, (£) or A2 (£) = ™9 ()}

We next claim that, at a given time, almost surely the eigenvalues A" are differ-
ent. Indeed, this is clear if the eigenvalues follows Brownian motion and even more
when they follow Dyson Brownian motion. Moreover the probability that more than two
eigenvalues collide at some time vanishes. Indeed, this can only happen if the eigen-
values follow the Brownian motion. But the probability that 3 Brownian motions collide
vanishes and hence the result.

Hence, there are almost surely at most two eigenvalues which can collide. Hence,
let i(t1) be the unique integer in {1,...,d} such that A?(t;) = A" ,(¢1) (respectively
A (t1) = A°(t1)) and let 71 = ([nt1] + 1)/n. Notice that, for ¢ € [[nt1]/n; ([nt1] + 1)/n),
we necessarily have € = 0. Let u?"s and u? fori € {1,...,d} be the processes such that
fort e [tl;Tl]

dpi (t) = =y (£)dt + V2db;
dpif () = —yui (t)dt + v/2db;
with initial conditions at ¢ = t; respectively given by u™°(t;) = A\™°(t;) and u"(t;) =
A"(t1). We know that the )\?’5, respectively the A}, are just a re-ordering of the processes

pi* and !
By definition, for ¢ € [¢1; 1], we find that :

5 —(t— 5
(= ) (8) = e U (0 — ()
As a consequence, we deduce that

d d

ST i) < S0 = AM2().

j=1 j=1

Moreover, as the \’s are ordered but the set of the values of the \’s and the u’s are the
same, using for instance [3, lemma 2.1.19], we have that

d d
) CVEPULCRD SIARIAL0)
j=1 j=1

Gathering the above inequalities, we have shown that

d

d
sup Z()\;zé /\n Z 716 T[)

tel0,m] 5 j=1

We can continue inductively until we reach the time 77, , to finish the proof.
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7 Asymptotic properties of the eigenvectors

Recall that w’,i < 7 are real (respectively complex) standard Brownian motions if

K
B =1 (resp. 8 = 2) with quadratic variation gt and that we also set for i < 7, wfi = wf’]

In addition we also defined the skew Hermitian matrix R® = —(R?)* by setting fori < j,

dw? (t)
dR(t)= — 9~ RA(0)=0.
z]( ) )\;n(t) _ A?(t) 'LJ( )
Proof of Proposition 2.3
It is classical to check that the unique strong solution of the stochastic differential
equation

40(t) = L OLNAR’ (1) ~ “LOLDA(RY), B, .1

with initial condition Of(0) := O?(0) (defined at the end of Section 1), is in the space Og
for all time ¢ (see e.g. [3, Lemma 4.3.4]) and is such that, with A?(¢) being the diagonal
matrix of the ordered (as in (2.3)) eigenvalues of M/ (t), we have

OB (AL ()OS (1) "2 ME(t).

The law of the continuous process 05 is uniquely determined as the unique strong
solution of (7.1). O

One can thus define the eigenvectors of M/ (t), denoted as ¢! (t), so that they satisfy
the stochastic differential system

dw’ (t) en 8
oY (t) = &' ) s O (0 = 5 D o () (7.2)
N0 - A5 0) 2 2 (00 - A (D)
where wfj,z < j is a family of i.i.d. Brownian motions (on R if 5 = 1, C if § = 2),

independent of the eigenvalues A}, 1 <7 < d.

Proof of Theorem 2.4

This proof'is classical and uses the theory of stability for stochastic differential equa-
tions.

For n > 0 fixed, we deduce from Proposition 5.1 and Lemma 3.2 that the process

(A7(t), ..., AZ(t)) converges almost surely in the space of continuous functions C([0; (71—
n) A T],RY) (respectively C?) if 3 = 1 (resp. 3 = 2) endowed with the uniform norm
towards (Ai(t),...,Aa(t))o <+ < (r,—n)aT Where the );’s are the unique strong solutions

of (2.4) (with the same Brownian motions b‘) and where 7} is the first collision time of
the A;, 1 < i < d. In the sequel we will work conditionally to the (A, \;)’s satisfying the
above convergence.

Define for i # j the processes wfi” by setting

t
W (t) = / erduwl(s). (7.3)
0

Note that the quadratic variation of this continuous martingale converges almost surely
towards (Spt so that by Rebolledo’s theorem (wgrﬂz < j) converges towards (\/f)wfj,i <
7)-

Moreover, if 77T is the first time at which two eigenvalues are at distance less than
¢, the drift coefficients being bounded, we see, with a proof similar to the proof of
Proposition 5.1, that for i # j

n

tATE
/ S s
0 (A = A7)2(s)
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converges towards p [, MTl (Ai(s) — A;(s))"2ds uniformly almost surely. Since T} con-
verges towards 7; as € goes to zero, the convergence holds till (73 — ) A T for any
n > 0.

Gathering the above arguments, the result follows from [8, Theorem 6.9, p. 578]. O

We now turn to the analysis of the behavior of the columns ¢;(t) of the matrix O”(t)
when ¢—T; with ¢ < T;. Those vectors ¢;(¢) form an orthonormal basis of R? (respec-
tively C9) if 8 = 1 (resp. B = 2) and it is easy to check that they verify the following
stochastic differential system

_ VP B
S v e v e D v wr =)

5 Bi(t) - (7.4)

In the following of this section, we will denote by ¢* the unique (because of Lemma
34) index such that /\1* (Tl) = /\i*—l(Tl)-

The main issue we meet at this point in the presence of collisions (that will occur if
pB < 1; see [5]) lies in the divergence of the integral 2.7 that we now prove.

We now describe the behavior of the d — 2 vectors ¢,(t),j # i*,i* — 1 just before the
first collision time T7.

Proof of the first statement of Proposition 2.6

We will denote by ¢,,(t) the ¢-th entry of the d-dimensional vector ¢;(¢). For 0 < ¢ <
T,, we have

‘mwgw@fﬁm (Wﬁ)p#@fxﬂwwt 7.5

We recall from section 3.2 that there are no multiple collisions nor two collisions at the
same time for the system (A1(¢), A2(t), ..., Aa(t))o < ¢ < 7, verifying (2.4), and therefore
we may assume without loss of generality that for j # i*,i* — 1, every diffusions and
drift terms of (7.5) remains almost surely bounded for ¢ € [0;7;]. To prove the lemma,
we just need to prove that almost surely

lim  sup {|g;(t) = ¢;(s)lla = 0.

s—T1;
s<Ty S <<

The drift terms appearing in (7.5) are obvious to deal with since 1/(A;—\x)(¢) is bounded
in the vicinity of 7} and that |¢;,(¢)| < 1 for all t < T. For the diffusion terms, we have
for every ¢ € {1,...,d} and for every s € [0;T7] the following estimate

Pl sup | tz ¢dw@ (w)dre(u)| >n| < exp(— i )
s < t<Th 5 jtj Aj(u) - )\k(u) gk = 25p(d — 1)M(T1 — S) ’

where M = sup;c(o,r,] MaXp; m Using the Borel-Cantelli Lemma, we deduce

the result. _ B O
For § > 0, we want to define a process (¢, (t), ¢a(t), - . ., da(t))1, < t<1, that will be a
good approximation of the process (¢1(t), ¢2(t), ..., ¢a(t))r,—s < t<1, on the time interval

[T — 0;T1]. Hence for j # i*,i* — 1, we set ¢,(t) = ¢, (the vectors do not depend of
time). It remains to define the evolution for (¢;-_1(t), ¢;-(t)) that will depend of time ¢.

Let V be the (d—2)-dimensional subspace spanned by the orthonormal family {(Ej =
i*,4* — 1} and W its orthogonal complement in R?. Let us define the“diffusive or-
thonormal basis” in the space W that will describe the evolution of the two vectors
(¢i-_1(t), ds=(t)) on the interval [Ty — §;T1] (up to the initial conditions at time ¢t =77 —§
we will explicit later).
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Lemma 7.1. Let o > 0 and (u,v) an orthonormal basis of the two-dimensional subspace
W. We consider the following stochastic differential system

T = VP 8 e _pB dt e
d(bZ* (t) - (>\z* _ Ai*—l)(t) dwi*—l,i* (t) (bl*fl(t) P ()\z* _ /\i*—l)Q(t) sz* (t)7 (7.6)
A1 (t) =~ aaf ) G- G )

(Air = Ain—1)(2) 2 (Nir = Airc1)?(t)

with initial conditions (¢ _1(Ty — 8), ¢i= (Ty — 6)) = (u, ).

This stochastic differential system has a unique strong solution defined on the in-
terval [Ty — 0;T1) such that for each t € [Ty — 6;T1), {¢i—1(t), @i~ (t)} is an orthonormal
basis of W.

Proof. For all ¢ > 0, the function ¢ — 1/(A\;» — A\j+_1)(¢) is bounded on the interval
[Ty — 0; T¥] and therefore there is a unique strong solution to the stochastic differential
system (7.6) till the time 7f where |A\;» — A\j«_1| < € as it is driven by bounded linear
drifts. As T grows to 17 the proof is complete.

To show that for all ¢ € [T} —4; T}) the family {¢;-_1(t), ¢;- (¢)} is an orthonormal basis
of W, we proceed along the same line as in the proof of [3, Lemma 4.3.4]. O

In the following lemma, we show that we can choose a constant § > 0 small enough
and an initial condition (u,v) € W such that the processes (51(15), el gbl( )ieir—s:1y) de-
fined by Lemma 7.1 is indeed a good approximation of the process (¢1 (%), .. ., <Z>d( )T —5:1y)-
The advantage of the process ((Zl(t), ol 51 (t))te[r,—s;1,) is that it is simpler to study in
the vicinity of T} (see Lemma 7.3 below).

Lemma 7.2. Letn > 0 and x > 0. Then there exists an orthonormal basis (u,v) of W
and § > 0 small enough such that if we denote by (¢ _1(t), di- (¢ ))teiT,—s;1y) the unique
strong solution of the stochastic differential system (7.6) with initial conditions given in

to =T1 — 6 by (¢i=_1(to), di= (to)) = (u,v), we have

P( sup |¢¢*(t)ai*(t)liﬂcbw—l(t)57:*—1(75)”3277) <k

te(to;T)
Proof. Using It6’s formula, we find! forall ¢ e [to;T1),
| pi= () — @i= ()|[3 + o= —1(£) — Pi=—1 (D)3 = ||i= (o) — ul|3 + ||i=—1(t0) — v|[3

[ VP BN (s). (s
). BIPDRP DR v v A A

Asfori € {i*,i*—1} and j & {i*,i*—1} the terms 1/(\;—\;)?(¢) have almost surely a finite
integral with respect to Lebesgue measure on the interval [¢y;71) (in fact those terms
are almost surely bounded as the corresponding particles remain at finite distance), the
quadratic variation of the last term is of order § and therefore is smaller than 7/2 with
probability greater that 1 — k for § small enough.

It remains to check that we can choose (u,v) an orthonormal basis of W and ¢ > 0
such that

i (T2 = &) = ul |3 + [|¢i=—1(T1 = 8) — vlf5 < n/2. (7.8)
This is a straightforward: Indeed we can approximate the ¢;(T7 — 0) for j ¢ {*,i* — 1}

by the $j because of the first point of Proposition 2.6, thus we can choose two vectors
{u, v} in the two dimensional space W so that (7.8) holds. This completes the proof. O

1Note that all the diverging terms in 7 cancel in this expression.
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We now turn to the study of the couple (¢;«_1(t), i (t)) for t € [Ty — &;Ty) and in
particular when ¢ — T3,¢ < Tj. A crucial point is equation 2.7 which we now prove.
It6’s Formula gives for t < T

dbl — dbt 1
z* - )\1*71)(8)

ds ¢ 2ds
7p5/ 2 (A = A7) (A1 = Aj)(8) 7/0 (Ai= = Air—1)2(s)

JF* i —1

(A = A1) (1) = (7+%ﬁt+/\f

If we suppose that fo dt/(Ni+ — Ai~—1)%(t) < +oc and since T} < 73 for some € > 0 small
enough, we obtain a contradiction letting ¢ — T7: under this assumption, the right hand
side tends to —oo whereas the left hand side is almost surely bounded in this limit. O
The next Lemma 7.3 shows that the orthonormal basis (¢, (), i (t )) of the sub-
space W is in fact uniformly distributed in the set of all orthonormal basis of W in the
limit ¢t — Tl,t <1T.
_ As W is two dimensional, up to a change basis, we can suppose that the two vectors
@i+—1(t) and ¢;«(t) are two dimensional (we just study the evolution of their coordinates
in an orthonormal basis of W). Let us define the two by two matrix qS( ) whose first line
is the vector ¢;« () and second line is the vector ¢;-_1(t):

ORI UN D
Gix— 1( )
Lemma 7.3. The matrix qNS(t) converges in law when t — T1,t < T to the Haar proba-

bility measure on the orthogonal group (respectively unitary group if 8 = 2.)

Proof. To simplify notations, we do the proof in the case g = 1.
Set to := T1 — 0 and define for ¢ € [0;6) the function

to+t ds
=] e

and denote by ¢! its functional inverse. We now proceed to a change of time by setting
fort € [0;9)

Die () = dis (07 (1), Din—1(t) = Gpe_1 (97 (1)).

As 7! (t) = +oo when t — 4, < § (because of (2.7)), the two by two matrix (t) whose
first line is ;- (t) and second line is ¢); (¢):

TN jzi* (t)
0= ()

is now defined for all ¢ € R, and verifies the following stochastic differential equation

A1) = VBAD() dB, ~ 22 30y dr. (7.9)

where B is a standard Brownian motion on R and where A is the two by two matrix

defined by
0 1
A= <_1 O) .

Note in particular that A% = —
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It is clear that there is pathwise uniqueness in the stochastic differential equation
(7.9) (it is linear in ). Therefore to solve entirely this equation, we just need to exhibit
one solution. Using It6’s Formula, one can check that the solution is

(t) = exp (/p A By) (0)

_( cos(\/pB:)  sin(ypBy)\ ~
= <_ sin(,/pBt) COS(\/;T?Bt)) ¥(0) .

Note that for all ¢ € R, the matrix i[?(t) is indeed in the space of orthogonal matrices.
But (cos(y/pB),sin(y/pB;)) converges in law as time goes to infinity towards the law

of (0,ev1 — 0?) with 6 uniformly distributed on [—1,1] and ¢ = +1 with probability 1/2,

from which the result follows. O

Lemmas 7.2 and 7.3 give the second statement of Proposition 2.6.
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