n b
Electr® 8biljty

Electron. ]J. Probab. 18 (2013), no. 79, 1-21.
ISSN: 1083-6489 DOI: 10.1214/EJP.v18-2018

On the maximal length of arithmetic progressions®

Minzhi Zhao! Huizeng Zhang?

Abstract

This paper is a continuation of Benjamini, Yadin and Zeitouni’s paper [4] on maximal
arithmetic progressions in random subsets. In this paper the asymptotic distributions
of the maximal arithmetic progressions and arithmetic progressions modulo n rela-
tive to an independent Bernoulli sequence with parameter p are given. The errors
are estimated by using the Chen-Stein method. Then the almost sure limit behaviour
of these statistics is discussed. Our work extends the results in [4] and gives an affir-
mative answer to the conjecture raised at the end of that paper.
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1 Introduction and main results

As T. Tao stated in [15], long arithmetic progressions are very important in number
theory. The first major result goes back to the work of van der Waerden in 1927. He
proved that if the positive integers are divided into finitely many classes, then at least
one of the classes contains arithmetic progressions of arbitrary length. In 1936, Erdos
and Turan [7] conjectured that any subset of positive integers whose sum of recipro-
cals diverges must contain arbitrarily long arithmetic progressions. Roth [12] in 1953
proved that any subset with positive upper density contains an arithmetic progression
of length three. Later in 1975, Szemerédi [13] established that such subset contains
arbitrarily large arithmetic progressions. Recently, many authors have been interested
in the arithmetic progressions in sumsets (see for instance [14]) and in random sets
(see for instance [10]).

Although Bernoulli sequences are a rather simple probabilistic model, they are also
a source of interesting discoveries. Limit behavior of the maximal length of runs in

*Support: Zhejiang Province education department scientific research project (Grant Y201225728), NSFC
(Grants 11001070 and 11101113 ), ZJNSF (Grant R6090034).
fZhejiang University, Hangzhou, Zhejiang, China.
E-mail: zhaomz@zju.edu.cn
fCorresponding author. Hangzhou Normal University, Hangzhou, Zhejiang, China.
E-mail: zhanghz789@163. com


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v18-2018
http://arXiv.org/abs/1204.1149
mailto:zhaomz@zju.edu.cn
mailto:zhanghz789@163.com

On the maximal length

Bernoulli sequence have been studied for a long time by many authors, see e.g. [5],
[61,[8], [9] and [11]. In 2007, Benjamini et al. [4] investigated the limit distribution of
the maximal length of arithmetic progressions in Bernoulli sequence with p = 1/2. In
this paper, we extend their result to general 0 < p < 1, as well as the case when p — 0
as n — oo, and prove a conjecture in their paper.

Suppose that £1,&s,... is a Bernoulli sequence with P(§; = 1) = p = 1 — ¢, where
0<p<l Let¥, ={1<i<n:& =1} be the random subset of {1,...,n} determined
by &,...,&,. Forany 1 < a,s <n, set

U(g"s)zmax{lgmgl—k[nia
’ s

| =tars = = barimone = 1},

where [z] denotes the integer part of . Then Ué?? stands for the maximal length of
arithmetic progressions in ¥, starting at a, with difference s. The maximal length of

arithmetic progressions relative to 1, .. ., ,, denoted by U, is defined by
U™ = max UM.
1<a,s<n ’

For any 1 < a,s < n, the numbers

a,a+s(modn),...,a+( 1 —1)5(modn)

ged(s,n)
are different while a + m
divisor of s and n. For convenience, when n

s(modn) = a, where ged(s,n) is the greatest common
k, we write k (modn) = n. Define

m—1
n n
Wéys) = max{]- <m< m : H £a+is(m0dn) = 1}»
’ =0

and
WM = max W,
1<a,s<n ’
We call W (™ the maximal length of arithmetic progressions modulo n relative to ¢, . .., &,.

Note that U™ is increasing in n while W is not.
In [4], the authors discussed the limit distribution of U(™) and W (") when p = 1/2.
We first extend their results to general p. Set C = —2/logp. In [4], it was proved that

as n tends to oo, % — 1 and C"/‘fc()g)n — 1 in probability. As for almost sure limit, they
proved that
(n)
lim v =1 a.s.
n—oo C'logn
and
W) 3 W)
1 = lim inf < =<1 1.1
noo Clogn 2~ IZILSO%p Clogn (1.1
They conjectured at the end of [4] that
w3
lim sup = — a.s. (1.2)

n—oo Clogn 2

In this paper, like in [4], we use the Chen-Stein method to study the asymptotic
distributions of U™ and W™ but more carefully. For clarity, let us first introduce the
concept of dependency graph (see [1] and [4]) and the Chen-Stein method that will be
used in our proof.
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Suppose that {X;;i € V} is a family of random variables indexed by the vertices of a
graph G = (V, E). For convenience, we write i ~ j if (i, j) € E, that is if (¢, j) is an edge.
We call G a dependency graph of {X;;i € V} if for any ¢ € V, X; is in independent of
{X557 4 i}

Stein’s method was first proposed by Stein in 1972 for normal approximation. Chen,
Barbour and others have this method adapted to approximate Poisson distribution (see
for instance [3]). The following is a basic Poisson approximation theorem which was
proved by Arratia et al. [2] in 1989. See also Theorem 3 of [4].

Theorem 1.1. Suppose that {X;;i € V'} is a family of Bernoulli random variables with
EX, = p; and suppose that G = (V, F) is a dependency graph. Let W = ZiEV X; and Z
be a Poisson random variable with mean \ = Zievp,;. If0 < X\ < oo, then

sup [P(W € A)— P(Z € A)| < 2 _;4 [Z Sopini+Y, > E(Xin)}

ACZ iEV g €V jed g

To estimate the probability of U (") < r, we write U™ > r as the union of Ag,s with
(a,s) € By, where

Aa,s = {ga = §a+s == §a+(r71)s = 1} N {a —s5< 0 or gafs = O}

and
B, ={(a,s):1<a,s<mn,a+ (r—1)s <n}.

]P(U<")<r)=]P( > nAa,Szo),

(a,s)EBn

It follows that

where 14 denotes the indicator function of A. Find a dependency graph of the Bernoulli
random variables {14, , : (a,s) € B,} and apply Theorem 1.1, then we will give an es-
timate of P(U(™ < r). Similar arguments can be applied to W (™).

In this paper, we use Bachmann-Landau notation to describe the limiting behaviours
of two functions. For any functions f and g, if lim,—, . g(n)/f(n) = 0, then we write
g(n) = o(f(n)). If limsup,_,.. |g(n)|/|f(n)] < oo, then we write g(n) = O(f(n)). When
f(n) = O(g(n)), we also write g(n) = Q(f(n)). The notation g(n) = ©(f(n)) means that
0 < liminf, o0 [g(n)]/|f(n)] < limsup,, ., [g(n)]/|f(n)] < oc. Set D = ~C/2 = 1/logp,
h,, = Clogn, g, = Dloglogn and h, = h., + g,. We have the following distribution
approximations.

Theorem 1.2. 1. Forany0 <a < 1, let L, = {z: x > agn,h, + © € Z}. Then we

have
—ql log1
max | exp (wpz)IP(U(n) <hp+x)— 1‘ = O(%). (1.3)
z€Ly, 4 log" ™ *n
Hence, for any sequence {z,} with x,, € L,,,
—ql
lim exp (%p’%)mmm < +ap) = 1. (1.4)
n— o0
2. Let L), ={x:x > gy, hl, + x € Z}. Then we have
q 5 log7n
max |exp <fp”“)IP (W(”) <hl + x) - 1‘ = O(iq) (1.5)
€L, 2 n1_§
Hence, for any sequence {z,} with x,, € L!,, we have
lim exp (%%)P(W“ <k +x,) =1 (1.6)
n—00 2
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Note that if one replaces “<" by “<" in (1) of [4], and “log(2C'log N)" by “log,(2C log N)
"in (2) of [4], then the results match the corresponding equations (1.6) and (1.4) in our
paper.

The following theorem gives the almost sure limits of U™ and W ("),

Theorem 1.3. 1. Asn tends to oo,
(n) _ 1
UM = Closn 1 in probability 1.7)
loglogn
and
(n) _ 1
W™ —Clogn _,  in probability. (1.8)
loglogn

2. For almost every w,

U™ (w) — Clogn UM (w) — Clogn

D = liminf < lim sup =0. (1.9)
n—00 loglogn 00 loglogn
3. The conjecture (1.2) holds and for almost every w,
WM (w) - C1 WM (w) - C1
D = liminf () ogn < lim sup () o8n _ 0. (1.10)
n—00 loglogn n—00 loglogn

Since U™ is increasing, (1.9) also holds on the subsequence {2"}. But (1.10) fails
on the subsequence {2"} due to the fact that W (") is not increasing. The following
theorem states the behaviours on the subsequence {2"}.

Theorem 1.4. 1. For almost every w,

W) (w) — Clog 2™ W) (w) — Clog2™

0 = lim inf li -D. 1.11
i log log 2™ < 171111_>s01(1)p log log 2™ ( )
2. With probability one,
n k

lim 12 U )w) — Clog2® _ (1.12)

n—oo m log log 2% '

k=1
and
I W(Qk)(w) — C'log 2F

lim — =0. 1.13
A T oghogat 19

Using the fact that U™ is increasing, we deduce the following Corollary from (1.12).

Corollary 1.5. For almost every w,

n

(k)
! (Z UPW) | Diog? n) —D. (1.14)
1

oo lognloglogn k

Next, consider the case that the success probability is not necessarily the same.

Suppose that §§")7 & areii.d. with

PE™ =1)=p, = 1 - P(™ = 0).

Use U(™P») and W("P») to denote the the maximal length of arithmetic progressions or
of arithmetic progressions modulo n relative to 55"), . ,57(;") respectively. The follow-
ing theorem states an interesting phenomenon that both statistics will eventually be
concentrated on a few neighbouring integer values.
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Theorem 1.6. Assume that

21
lim p, =0, lim np, = o0 and lim o8 _
n—o00 n— oo n—oo — logpn

for some 2 < b < 0.
1. If b = oo, then

lim P (U("»W € {kn, kin + 1}) —1

n—o0

and

lim P (WW") e (K. k. + 1}) =1,

n’''n
n—oo

where k,, = [—’QIOglg;loglog"} and k!, = [521135*; }

2. Ifb=2, orif2 < b < oo and b is not an integer, then

lim P(WP) = [p]) = lim P(U™P) = [b]) = 1.

n—roo n—roo

3. Ifb > 3 and b is an integer, then

lim P(W™Pn) e {b,b—1}) = lim P(UM™P") € {b,b—1}) =1.
n—oo

n—oo

If in addition u = lim,,_, o, n?p’. < oo exists, then

lim P(UM™P) =p—1) =e 20-D = 1 — lim P(U™P) = b)

n—oo n—o0

and

lim P(WTP) =p—1) = ¢~ % =1— lim P(W"P) = p).

n— oo n—oo

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

The rest of the paper is organized as follows. In §2 and §3, we discuss the asymp-
totic distributions of U™ and W ("), respectively, and give the proof of Theorem 1.2.
The proofs of Theorem 1.3, Theorem 1.4 and Theorem 1.6 are given in 84, §5 and §6

respectively. In §5, we also give the proof of Corollary 1.5.

2 The asymptotic distribution of U("): Proof of Part 1 of Theorem

1.2
Suppose that 2 < r < n. Let
B, =B ={(a,s):1<a,s <n,a+(r—1)s <n}

:{(a,s);lgsg [%}Jgagn—(r—l)s}.

For any (a,s) € By, let

Aa-,s = Agr,g = {ga = §a+s == ga-‘r(r—l)s = 1} N {a —s<0or§ 5= 0}'

Then

PU™ > ) = IP(U

(a,s)€EB, Aa,s) ’

EJP 18 (2013), paper 79.
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Set
{a,a+s,...,a+ (r—1)s}, ifa<s;

B — B(T) —
a,s a,s { {a_ s7a’__.7a+ (7‘— 1)5}7 otherwise.

Let G be the graph with vertex set B,, and edges defined by (a, s) ~ (b,t) if and only if
B,s N By # (. Then G is a dependency graph of {]1Aa,s : (a,8) € Bn}. SetI =1,, =
Z(M)eBn PP(A,, ) and

e = 3TN PAIPA) + Y. D P(Ags N Ay).

8)EB., (b,t)~(a, ,8)EB,, (b,t)~(a,s),
(a.9)€By (bt)~(a.5) (a.9)€By ()~(oe)

Note that P(U"™ < 7) =P(Y, yep, 14,. = 0). By Theorem 1.1, we have
‘]P(U(”) <r)-— e_I‘ < elmr), (2.2)

We shall estimate the value I and (™).

Lemma 2.1. Forany0 < p < 1and?2 <r <n, we have

2 2 2
n n
) —ptl—<I<y"

o r+1(n77’)2
2r = T 7 2(r—1) ' (2.3)

p 2r

By| = 41254 (20— 7+ 1= (r = 1)[25}]). It implies that

T

Proof. Clearly,

(n —r)? n?
a1 =P =5y @4

Note that B,, N {(a,s) :a > s} = {(a,s) : 1 <s < [=2] ,s<a<n—(r—1)s}. We have

r

(0= | n?
B < |Bnﬁ{(a,s).a>s}|§§. (2.5)

Obviously, I = p"|B,,| — p" "B, N {(a,s) : a > s}|. This, together with (2.4) and (2.5),
gives (2.3). O

Lemma 2.2. Forany0 < p < 1and2 <r <n, we have
e < 9(n3p27-—1 n n2r3pgr—1 + nngrq)'
Proof. Let

a1 =|{(a,s,b,t) € By, x By : (a,s) ~ (b,t)},
ca = [{(a,s,b,t) € By X By, : |Ba,s N Byy| > 2} |

and
cs = |{(a,s,b,t) € By, x By, : (a,s) ~ (b,t),t = 2s or s = 2t}|.
Then

n—1 . .
1},b:a+zs—jt,

c1 S‘{(a,s,b,t) :(a,8) € Bp,1<t< [

—1§i7j§r—1}’§9n3/2
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and

¢ < 2|{(a,5,b,1) : (a,5) € Bt = 25,b=a+is — jt,—1<i,j <r—1}]
=2|{(a,s,b) : (a,5) € Bp,b=a+ks,~2r +1 <k <r+1}| < 7n’

Let us estimate co. Suppose that |B, s N Bp:| > 2 and z; is the minimal number of
the set B, sNBy;. Thenzg=a+is=0b+jtforsome -1 <i,j <r—1.Ifx € B, sN By,
and x > zg, then x = a +i's = b + j't for some —1 < 7/,5/ < r — 1. It follows that
x—x9 = (¢ —i)s = (§/ — j)t. Thus t = sky/ks for some 1 < ki, ko < r. In addition,
there is a positive integer k such that i’ — i = ktg,j’ — j = ksp and = — z¢ = kstg, where
so = s/ged(s,t) and to = t/ged(s,t). Since ' —i < r, k < r/tg. Similarly, k¥ < r/so.
Therefore

|Bas N By ¢| < r/max(so,to) + 1.

Consequently, |B, s N Byt < r/3 + 1 whenever max(so,tp) > 3. When max(so,to) = 2,
|Ba,s N By | < 1/2+1. Actually, in this case, s = 2t or t = 2s. When max(sg, %) =1, s = t.
We are now in a position to show that if « # b and B, s N By, s # 0, then A, s N A s = 0.
Assume that b > a without loss of generality. Since B, ;NBy, s # 0, a+is = b+js for some
—1<4,7<r—1andhence b=a+ ks forsomel <k <r. Thus 4, C {§a+(k_1)s =1}
and Ay C {&—s = 0} = {&4+(k—1)s = 0}. It implies that A, , N Ay, = 0 as desired. In
view of the discussion above, we have

ca <|{(a,s,b,t): (a,s) € By,t = sk1/ka,b=a+is— jt,
—1<i,j<r—1,1<ky, ks <7} <*?/4

and
e(1:7) < 261p2r—1 +62p%r—1 +C3p3—;—1 < 9(n3p2r—1 +n2r3pgr—1 +n2pgr—1)
as desired. O
For any integer 2 < r < n, let

n?*p"(p + qr)

Mr = Appp = ——— 5 2.6
’ P 2r(r —1) (2.6)
Lemma 2.3. Forany(0 < p < 1, we have
log* nlogl
max \IP(U(") <r)—e | = O(w)_ (2.7)
2<r<n n
Proof. Lemma 2.1 and (2.6) imply that
’e_l’” — e_’\"=T| <|Ly,— )\n,T’ < 2np". (2.8)
Letr, = [72103;" + ploglogn 4 logloglog"} and R,, = |:;310gn:| By (2.2), (2.8) and Lemma
n logp logp 2logp n logp |° R '
2.2,
max {’IP(U(") <r)y—eMmrlir, <r< Rn}
< max {‘IP(U(“) <r)-— e | 4 ]e*I"” —e Ml ip, << Rn}
< max {e("’r) +2np" ir, <r < Rn}
< 9(n3p2rn—1 + ,nQRip%rn—l + nngrn—1) + 2np™
_ O(log‘lnloglogn)' (2.9)
n
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On the other hand, it is easy to check that e *nrn = ¢~ CUognVioglogn) — (p=1) and
1—enrn =1 — ¢ OGmen) = o(n~1). Note that P(U"™ < r) and e *»r are both
increasing functions of r. Hence when r < r,,,
P(U™ < 7) —e | <PU™ <) fernr <PU™ < 1y) 4 e Arn
log” nlogl
< |IP(U(n) < Tn) B 67)\nmn| +2€7/\n,rn _ O( og nlog Ogn)'
n

Similarly, when r > R,,,

PUM™ <r)—e | <1-PU™ < R,)+1—e min

log” nlogl
<|P(U™ < R,) — e Amoin| 4 2(1 — e Anrn)) = O(M)_

This completes the proof of our lemma. O

Proof of Part 1 of Theorem 1.2. Letr = h,, + x. For convenience, set

—qlogp qlogn plogn

4 2(r—1) 2r(r—1)I

X

—qlogp
nae — | T 4 z_)\nr
e ‘ x 7 ’

Then
—ql
’exp (%gpp”)IP(U(") <hp+z)— 1’

—ql
< exp (%gppx) ’IP(U(") <r)—e Ml 4 lexp(en.s) — 1] . (2.10)

Clearly, p®~ = log® n. Since a < 1, we have
—ql —ql
exp (ZLE2 5. ) — exp (czf_gp logn) _ o(n'/3),
4 4log” " n
Thus by Lemma 2.3, we have

—q1
max exp ( Q4ngpz) ‘IP (U(”) < 1") — e Anr

z€L,
= o(n'/3)O(n"log* nloglogn) = o(n~"1/?). (2.11)
It is easy to verify that
max €,g = p~90(1) = O(log ™" n) (2.12)
r>—gn
and
a loglogn loglogn
max e, = ptn0( 2 BN) o 528N, (2.13)
agn<z<—gn logn log"™*n
Now (1.3) follows from (2.10)-(2.13). O

3 The asymptotic distribution of W (™): Proof of Part 2 of Theorem
1.2

Suppose that 2 <r <n. Forany 1 < a,s <n, let

A%S = A((;}S,r) = {fu = Oa H§a+is (modn) = 1}- (31)
=1

EJP 18 (2013), paper 79. ejp.ejpecp.org
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Let

B, =B ={(a,s):1<a<n,1<s<[n/2],gcd(n,s) <n/r}

and

A = U(w)eén Ay (3.2)

Set Cys = {a,a + s(modn),a + 2s(modn),...}. Then C, s = {a,a+ s(modn),...,a+
(n/ged(s,n) —1) s (modn)} and |C, | = n/ged(s, n). Set

Ay = U {&i=1:i€Cuy). (3.3)

sln,s<n/r,1<a<s
Lemma 3.1. Forany?2 <r <n, we have
P(Ay) S P(W™ > r) <P(Ay) + P(Ay). (3.4)
Proof. Put
w® — max w

s 1<i<n ©8’
which stands for the maximal length of arithmetic progressions modulo n in ¥, with
difference s. For any m > 0, [[;" £atis (moan) = 1 if and only if [T o &p4i(n—s) (moan) = L.
where b = a + ms (mod n). In addition, ged(s, n) = ged(n — s, n). Hence W™ = W™ for
all 1 < s < n. Consequently,

W™ = max WM™ = max WM,
1<s<n ° 1<s<[n/2] °

Forany 1 < a,b<mn, CusNCys =10 or Cq,s = Cp 5. Furthermore, C, s = Cp , if and
only if b = a+ k- ged(s, n) for some integer k. Thus {1, ...,n} is the disjoint union of C, 4
with 1 < a < ged(s, n). It follows that

W = max WM.
1<a<gcd(s,n) ’

where W\") = max W™ Note that {W\") > r} = {& =1:4 € C,..} when n/ ged(s, n) =
T a,s ?

r, and
(Wi =} = (U, Aie) s =11i€Cu)

provided n/ ged(s,n) > r. We deduce that

{W(n) 2 T} - (U@,s)eén A“) N (Um,s)eB;,{gi =l C‘“S}>’

where B], = {(a,s) : 1 <a < ged(s,n),1 <s<[n/2],n>r-ged(s,n)}. This, together with
the fact that C, s = Cy ged(s,n), yields that

W >}l = A U A, (3.5)

It implies (3.4) immediately. O

We next show that P(A,) is small. Then by Lemma 3.1. P(W () > r) is approximately
equal to P(A;). Set

B = Bé’fgr) = {a,a+ s (modn),...,a+ rs(modn)}. (3.6)

EJP 18 (2013), paper 79. ejp.ejpecp.org
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Define G to be the graph with vertex set B, and edges defined by (a,s) ~ (b,~t) if and
only if B, N By: # 0. Then G is a dependency graph of {14, L (a,s) € Bp}. Put

I=1I,,= Z(G’S)EBHIP(AG,S) and

dr = 3 Y PAPA)+ Y DD P(Aes Ny,

5 B )~ (a,s (b,t)~(a,s),
(a,s)€B, (bt)~(a,s) (a,s)€By, Lot

Then by Theorem 1.1, we have
IP(AS) — e~ | < &(mm). (3.7)
The estimates of P(A4,), I and é(") are given in the following two lemmas.

Lemma 3.2. Forany0 < p < 1 and?2 <r <n, we have

P(4,) <2 (3.8)
qr
and
1 2 2,17 _ 2,1
(17(T+ ))qnp <f 1P (3.9)
2n 2 2

Proof. We see at once that

n T
P(A < s < —p' < = < .
(2) = E spe = ip_T‘Ep_

: ° qr
sln,s<n/r i=r i=r

Clearly, {1 < s <[%]:ged(n,s) > 2} C{s=12j:2<i<r1<j<[i]}. It implies that
2

G225 - X[ 2 5 0-50)

=2

Now the fact that I = | B,|¢p” yields (3.9) immediately. O
Lemma 3.3. Forany0 < p < 1 and?2 <r <n, we have
é(nﬂ‘) < 4(?137”2p2r 1 +n2r5p%r71 +TL7"6pT).

Proof. Let H = {(a,s,b,t) € B, x By, : (a,s) ~ (b,t)}, & = |H|,

&y = |{(a,5,b,1) € H : | By N Byy| > 2}
and
& =|{(a,5.b,t) € H: (a,5) # (b,1),|Bas N Byt > 1/2+ 1, Ao s N Apy # 0}
Then

& <|{(a,5,0,) : (a,5) € Bay1 <t < [n/2],b = a+is — jt (modn),
0<4d,j<r} <n? (3.10)
Suppose that \Ba,s N Bb7t| > 2. Then there are 0 < j; < jo < r and z,y € Ba’s such
that b + j1¢ (modn) = z and b + jot (modn) = y. Hence (j> — j1)t — kn = y — x for some
0 <k <jy—j;and b =1z — jit (modn). Therefore
Co S’{(a,s,b,t) : (a,8) € By, t = (kn+y—x)/i,b =2 — jt (modn),
1<i<r0<j,k<ray€ By }| < 3n%r5. (3.11)
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To estimate ¢35, we first prove that if a # b and (a, s) ~ (b, s), then /Ll’s N flbﬁg = (). Set
j* = Inin{O <j<r:b+js(modn) e Ba,s}.

Then there is 0 < ¢ < r such that b+ j*s = a+is (mod n). It follows that b+ (j*—1)s = a+
(i —1)s (modn). By the definition of j*, j* =0ori = 0. If j* =0, then b = a+is (mod n).
But i # 0 since a # b. This gives Aq s N Aps € {€upismodn) = 1,6 =0} = {& = 1,6 =
0} = 0. Similarly, A, , N A, =  when i = 0.

Next suppose that s # t, | B, s N By;| > r/2+1and |B, N By,| = {a+ios (modn),...,
a+ igs(modn)} with 0 < ig < i3 < --- < i < r. Then there is [ such that ¢;;1 — 4, = 1.
It follows that there are j; # jo such that 0 < jy,j2 < 7, a +4s = b+ j; (modn) and
a+ i415 = b+ jo (modn). Accordingly, s = it (modn) with ¢ = jo — j;. If i = 1, then
s=t. Ifi=—1, then s =n —t and hence s =t = n/2 by the fact that 1 < s,t < n/2. The
contradiction shows that 1 < |i| < r. Similarly, ¢ = js (modn) for some 1 < |j| < r. It
follows that s = ijs (modn), that is (ij — 1)s = vn for some |v| < r?/2. Consequently,

Cs §H(a,s7b,t) :s=wn/(ij —1),t = js(modn),b =a+ls — mt(modn),
1<a<n,1<]i,|j| <rv < 7"2/2,0 <Ilm< r}| < 4nrS. (3.12)

Thus our result holds by noting that 6" < 2,p? =1 4 ép% ~! + &3p". O
For any integer 2 < r < n, let
P = finrp = qn2p" /2. (3.13)

Lemma 3.4. Forany (0 < p < 1, we have

log”
max [P(W™ < r) — e~hnr| = o( o8 ”) (3.14)
2<r<n n
Proof. Combining (3.13) with (3.9) gives that
‘eij"’T — 87#"'T| < |I~n,r - Hn,r| < qnpr,r,Q' (315)

Setr, = [—posht 4 logloan 4 J082-0080 1] and R,, = [—525"]. Lemma 3.3, together with

p log p
(3.4), (3.7), (3.8) and (3.15), yields that

max {|IP(W(") <r)—eHrr|ir, <r< Rn}

< max{\IP(W(") <r)-— e*f"vr| + |e*f"~" —e Hrrir, <r< Rn}
< max {é("”) +np"/(qr) + qnp"r? v, <7 < R}
=0(n"'log"n). (3.16)

Furthermore, it is easy to check that e #»mn = o(n~1) and 1 — e #nfn = O(n~1). There-
fore (3.14) holds by noting that IP(W(") < r) and e #n are both increasing functions of
T. O

Proof of Part 2 of Theorem 1.2. Letr = h/, + z. Then u,, = ¢p*/2. We conclude
from (3.14) that

max |exp(qpx/2)IP(W(”) <hl +x)— 1’
€L,

<o (%5)0(%5) =0 (72)

q
n nl_i

and completes our proof. O
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4 Almost sure limits: Proof of Theorem 1.3

We first list two estimates that will be used in the proof of (1.10) and (1.11). Analysis
similar to that in the proof of Lemma 3.3 shows that for any m, n,

[{(a,s,b,t) € Birm) x B« |B{mrm) n BISZ’T") > 1} < mPnrmr, (4.1)
and
[{(a5,b,1) € BEm) x BE) - [Bmrm) 0 B > 2] < 3223, 4.2)
Proof of Part 1 of Theorem 1.3. By (2.1), we have
P(U™ > < I (4.3)
For any € > 0, (4.3) and (2.3) imply that
P(U™ > Clogn+ (1 —e)Dloglogn) = O(log™* n). (4.4)
On the other hand, by (2.6) and (2.7),
(n) _—6(log" n) log* nloglogn
P(U™ < Clogn + (1+¢)Dloglogn) = e +O(—). (4.5)

Hence (1.7) holds.
In view of (3.14), we have

log7 n

e 1 .
P(W™ < Clogn 4 eDloglogn) = e~ ©0os"™) 4 0(7) — { y €<

n 0, €>0.

From this, (1.8) follows immediately.

Part 2. By (4.5), 3.2, P(U®") < Clog 2% + (1 +¢)Dloglog 2¥) < oo for any ¢ > 0. One
then deduces from the Borel-Cantelli Lemma that

P(U) < Clog2" + (1+¢)Dloglog 2" i.0.) = 0.
It follows that for almost every w, there is K (w) such that for & > K(w),
U (w) > Clog 2% + (1 + £)Dloglog 2*. (4.6)

If n > 2K@), then 28 < n < 21 for some k > K(w). Hence U (w) < UM (w) <
U@ (w). This, together with (4.6), gives that

U™ (w) > Clogn — Clog2 + (14 ¢)Dloglogn.
Since € > 0 was chosen arbitrarily, we have that

U™ (w) — Clogn

lim inf =D,
n—00 loglogn
by considering (1.7).

Let T}, be the maximal length of arithmetic progressions relative to {ox-1,..., &k _1.
Then 73,75, ... are independent. In addition, 7T} have the same distribution as U@h,
By (2.7),

& (21 & A log® nloglogn
P(Ty, > Clog2®) =P(U >Clog2®) >1—e " — O(——————)
n
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with n = 2*=! and r = [C'log 2*] + 1. Note that \,, ., = ©(1/logn). Hence
P(T}, > C'log2¥) = ©(1/logn) = O(1/k).

It follows that Y .-, P(T; > Clog2¥) = oco. By the Borel-Cantelli Lemma, P(7; >
Clog?2* i.0.) = 1. Consequently,

i U - C'log 2*
limsup ———F——

> 4.7
k—s o0 log log 2* = @7

by noting that U(2k) > T. On the other hand, (4.4) yields that
> k
ZIP(U(Q ) > Clog2F + (1 —¢)Dloglog 2*) < oo
k=1

whenever ¢ > 1. Hence

. U@ — C'log2*
limsup —————

<0. 4.8
Fs o0 loglog2k  — 8
Combining (4.7) with (4.8) we conclude that

. U™ — Clogn
limsup ————— =
n— 00 loglogn

by the fact that U KORT increasing. This completes the proof of (1.9).

Part 3. In view of (1.1), to prove (1.2), it remains to prove that

li w < 3
1T€risotip Clogn = 3 a.s.
We conclude from (3.2) that
P(A)) <I. (4.9)
For any € > 0, by (4.9), (3.8) and (3.9),
n—1—25
P(W™ > (14¢)Clogn) = O(n~%) + O( ) (4.10)
logn
Hence
o0
Z]P(W(") > (1+¢)Clogn) < oo
n=1
whenever ¢ > 1. Therefore, limsup,, _, C{/VT“;)” < 2 a.s. as desired.

By (1.2), (1.9) and the fact that W (") > U, to prove (1.10), we only need to show
that

.. W™ —Clogn
liminf ———m— 22—

<D as. (4.11)
n—oo loglogn

Fix any 0 < ¢ < 1. Let r, = [Clogn + eDloglogn|, H, = {W™ < r,} and X}, =
S2k 1p,. Then

n=k+1
2k 2k 2
EX})? —py1 P(Hy
]P( U Hn> =P(X; >0) > (]EXkQ) — [22":"—’““ ( )] ) (4.12)
n=k+1 k Zm,n:k-{-l IP(H’mH’n)
EJP 18 (2013), paper 79. ejp.ejpecp.org
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Obviously, fi, ,, = O(log® n) = o(logn/4). Together with (3.14), it implies that

2k 2k
S P(H,) > Y et —O(log” k) = Q). (4.13)

n=k+1 n=k+1
Set B, = {(a,s) : 1 <a <mn, [Clogn] +1 < s <[3],ged(n, s) < ;-}. Combining (3.2) with

(3.5) yields that

P{(HynH)] > P [( U(a,s)eEm A‘SZ’TM)) Y (U(b,t)eEn AZSZM))]

Let V be the graph with vertex set V;, = {(a, s,n) : k +1 < n < 2k, (a,s) € F,} and edges
defined by (a, s,m) ~ (b, ¢,n) if and only if B{>"™) ﬂégz’r") # (). Then V is a dependency
graph of {1 o) * (a,8,n) € Vil Write Jo = 32, (e, P(A{"")). By using the
Stein’s method, we have

P(H,, H,) < e Im=In 4 glmrm) 4 g(nra) 4 gg(mrmomira) (4.14)
where
elmemnrd 3T R(AG)R(AL™) + PG 0 A7)

(a,s,m)~(b,t,n)

It follows that

2k 2k 2
) lP(HmHn)s( > eJ") + L, (4.15)
m,n=k+1 n=k+1

where £, = 2k Zn ka1 glmrn) 2Zm ki1 glm.rm:nm) - One deduces from (3.9) that

nt1 6
In 2> Mnr,, (1 - 2n) - Clogn)' Hence
2k 2k
e—1
2 : e_‘]"' :eO(log k) § e Hn.rn (4.16)
n=k+1 n=k+1

by noting that i, ., = O(log® n). If we have showed that £; = O(klog® k), then
limy o0 IP(Uka:k,Jrl H,) =1 and hence (4.11) holds, in view of (4.12)-(4.16).
We are now in a position to show that £; = O(klog® k). By Lemma 3.3,

k Z emrn) = O(klog” k).

n=k+1

Fix any (a,s,m) € V4, define y(a, s,m) to be the set of all triples (b,¢,n) € Vi such that
|Blgz’r") N Bé’ﬁ’”") > C'log (2k)/2. Suppose that k is sufficiently large and (b,t,n) €
v(a,s,m). Let 4 = min{j > 0 : b+ jt > In}, v = max{l : i < rp} and Z; =
{b+it —in:4 <i<min(iy41 — 1,7,)}. Then Béz’r") is the disjoint union of Z; with
0 < i < v. Since [C?T”gn] +1<t<[%],|Z] <Clogn/3+1foralli<w,and |Z] > 2 for
0 < i <. Thus \Bé,’;xrn) =71y, +12>2(v—1). It follows that v < C'log (2k)/2 — 3. Since
|BI§7;’T”) N B{"™™)| > Clog (2k)/2 and |Z;| < Clogn/3 + 1, there are [ and w such that

ﬁB(m Tm) | >2and|Z, ﬂB(m rm) | > 1. That is to say, there are 0 < i,j,/ <7,
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and z,y, 2 € By such that b4 it —In = x, b+ jt — In = y and b+ ¢t — wn = 2. This
leads to (j — i)t =y — x and (w — )n = (¢ — i)t + x — 2. Therefore

y(ays,m)| <|{(bst,n) £ = (y— 2)/i.n = (£t + @ — 2)/j. b+ wt (mod n) = z,
|Z|7 |.7|7 |£|7 |w| S ClOng,Z,] 7é vaayvz € Ba,s,m}| = 0(10g7 k)

Combining (4.1) with (4.2), one then deduces that

2k 2k
Z gmarmomn,rn) < Z (2p7'm+rn—1m2nrmrn n 3p'rm+rn—Clog(2k)/2m2r2 r3)
m,n=k+1 m,n=k+1
+ Z P y(a,s,m)| = O(k log® k)
(a,s,m)eV}
as desired. This completes the proof of (1.10). O

5 Behaviour of certain subsequences: Proof of Theorem 1.4

We first give some estimates that will be used in the proof of Theorem 1.4. Analysis
similar to that in the proof of Lemma 2.2 shows that for any m, n and 2 < r,, < r,, with
H ={(a,s,b,t): (a,s) € BL™, (b,t) € BI™},

{(a,s,b,t) € H : |B{"m) 0By | > 1} < 9m®n/2 (5.1)
and

{(a,s,b,t) € H: |B{"m) N B | > 2}| < 9m®rpr? /4. (5.2)

We can also show that if |B¢(lf;”)ﬂB(T”)| > r,/2+1and A(rm)ﬂA(T”) # 0, then (b,t) = (a, s).
Therefore when 2 <r,, <r,, we have

[{(a,s,b,t) € H:|BUm) 0B | > 1 /2 + 1, AT N AT £ 0} <mfro. (5.3)
Lemma 5.1. Suppose that (a,s) € BS™) and (b,t) € B Ifn > 2m, r, > 36 and
r,t > 3n, then fééﬁ’r’") N Béz"r")| < 3r, /4.

Proof. If 1 <x <m, A= {z,x+t,...,x + kt} C{1,...,n} and = + (k + 1)t > n, then
k>1land x4+ t(k+1)/2>n/2>m. Thus |[AN{1,...,m}| < (k+1)/2 when k is odd, or
|[AN{l,...,m}| <k/2+1when kis even. Hence |AN{1,...,m}|/|4| < 2/3.

Since ¢t > 3n/r,, there are h > 3and 0 < iy < --- < iy, < 7, such that b+ (i1 + 1)t >
n>b+it,... b+ (p+ 1Dt >hn>b+iptand b+t < (h+1)n. Setig = —1, ipp1 =7y
and

H; = {b+ (i; + 1)t (modn),b+ (i; + 2)t (modn),...,b+i;11t (modn)}.

According to the above discussion, we have |H; N {1,...,m}| < 2|H |/3 provided 0 <
j<h—1,andv = [H,N{l,...,m} <m/t+1. Clearly, B(" ™ =Uh_, Hjand BIT™) C
{1,...,m}. It implies that
~5(m,rm, S(n,ry h—1 .
’BC(%S : mBlE,t ) %ijo [Hjl +v 20 +1+0) v
< + —
Tn - Tn - 3y, 3,
< 2 n m n 1 < 3
-3 3rpt  r, 4
as claimed. O
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Before come to the proof of Theorem 1.4, we give some equivalent statements of
(1.12) and (1.13). The proof of these equivalent statements will use the following
Lemma.

Lemma 5.2. Suppose that

ZZ:1 b

bn, >0, b, =00, lim —=Ff=—_— =1 5.4
Z”: > n1—>H010 nmaxi<g<n bk ( )
and
. . pQp . an
a < liminf — < limsup — < oo. (5.5)
n—00 Op n—o0o bn
Then
lim 2=t (5.6)
n— o0 Zk:l bk‘
if and only if for any ¢ > a,
1<k<n:
g HLSRSnia/be<clf (5.7)
n— 00 n

Proof. We first prove the sufficiency. By (5.5), there is d such that ax /b, < d for all k. For
any ¢ > a, let A, = {1 <k <n:ax/bx > c}. Then (5.7) implies that lim,,_, - |A,|/n = 0.
Hence

Zgﬂ ak <eq (d— C);keAn bi <eq (d— C)|AanaX1§k§n b,
Zk:l b, Ek:l b Zk:l b

Since this is true for any ¢ > a, we have that limsup,_,. > r_; ax/> r_; b < a. This,
together with (5.4) and (5.5), gives (5.6).

We next show the necessity. By (5.5), for any ¢ > 0, there is K such that ay /by > a—¢
forall k > K. Forany ¢ > a, let B, = {K <k <n:a/b; <c}. Then forn > K,

— C.

n K
D ke Ok S et Dop—ilar —cbp) +(a—e—c) 3 e, br
22:1 b — 22:1 b,
Seq S (ax — cby) + (a — € — ¢)| By maxi<p<y b

ZZ:1 b,
Letting n — oo, we get that

.. . |Bn|maxy<i<n bk c—a
lim inf |Bn] —= =n S .
n—00 =1 bk c+e—a

The arbitrary of € > 0, together with (5.4), implies (5.7) and completes our proof. O

Suppose that (5.5) holds. In addition, suppose that b,c, > 0, Y, byc, = oo and
limy, o0 D peq breck/(nmaxi<g<n bpcr) = 1. Lemma 5.2 shows that lim, % =
if and only if (5.7) holds for all ¢ > a. Particularly, by letting ¢, = 1/b,, we see that
limy, oo % Z;l ‘;—: = a if and only if (5.7) holds for all ¢ > a. Thus if (5.4) and (5.5) hold,
then limy, o0 Y p_y @i/ p_; b = a if and only if limy, 00 + ), 4~ = a, and also if and
only if (5.7) holds for all ¢ > a.
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Proposition 5.3. If (1.9) holds, then (1.12) holds if and only if

= ‘ log 2
lim (Z U (w) + Ogn2> =D, (5.8)
n—oo nlogn — logp
and also if and only if forany 1 > ¢ > 0,
1 n
nh_{r;o n kz ]I{U(Qk)<Clog 2k +D(1—¢) log log2k}(w) =1 (5.9)
=1

Proof. Choose a,, = U?")(w)—Clog2™ and b, = loglog max(2",4). Then (5.5) holds with
a = D. It is easy to check that

- - log 2 log 2
Zak = ZU(Zk)(w)—F—Og n? 4 225y,
k=1 k=1 logp logp

and . .
Zbk’ = Zlogk+nloglog2+log2.
k=1 k=1

Since nlogn —n < Y p_,logk < nlogn, lim,_,o > p_, bx/(nlogn) = 1 and (5.4) holds.
We also conclude that lim, oo Y py ar/Y ;b = D if and only if (5.8) holds. By
Lemma 5.2, our result holds. O

The similar conclusion can be drawn for the sequence {W(Qk)(w)}.
Proposition 5.4. If (1.11) holds, then (1.13) holds if and only if

1 = log 2
lim (Z W (w) + Ogn2> —0, (5.10)
n—oo nlogn — log p

and also if and only if for any € > 0,

n

. 1
lim — Z]I{W(Qk)<Clog2k7€Dloglong}(o‘)) =1. (5.11)

n—oo N
k=1

Proof of Part 1 of Theorem 1.4. By (3.14), forany 0 < e < 1,
P (W(2n) < C'log?2™ + eDloglog 2”) =e M) 4 0(27"n")
and
P (W(zn) > Clog2" — (14 ¢)Dloglog 2") = @(n*(HE)).
By the Borel-Cantelli Lemma,

W) — Clog2" W) — Clog2"

lim inf >0 and lims < -D.
00 log log 27 =van 17{11_>501<1)p log log 2™ -
In view of (1.8), it remains to show that
(2") — O'log 2™
Jim sup Clog2" . _p. (5.12)

n—oo loglog 2™
Forany 0 <e < 1, let r, = [C'logn — eDloglogn] and

F,={(a,s): 1 <a<n3n/r, <s<[n/2],ged(n,s) < n/rp}.
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To show (5.12), it suffices to show that lim,_, ]P(Un 1 {WE) >r5.}) = 1. What
is left is to show that lim,,_, o (U(a,s,m)EGk flg’_ﬁ’r”‘)) = 1, where G, = {(a,5,2") : k +
1 <n < 2k(as) € Fon}. Let Xj = > (asm)ech ]lAgf';”"m)' It is easy to verify that
EX; = ©(k'~¢). By Lemma 3.3, Lemma 5.1, (4.1) and (4.2), we have

2k

Var(Xp) < Y P(Almr)) 42 3 @)

(a,s,m)€EGy n=k+1

1
+ 2 § (prgm +ron _122m2"r2m Ton + Sp’r‘gm +gran 22mTSm Tgn)
k+1<m<n<2k

=0(k'79).
Consequently,

A(m,ry) (IE)(}C)2
]P(U(a,s,meckA“ ) P(X,>0) 2 Var(X;) + (JEXk)2_>1’

and complete the proof of (1.11).

Part 2. We now come to prove (1.12). By Proposition 5.3, we only need to show (5.9).
Let r, = [Clog2* + D(1 —¢)loglog 2¥], V,, = {(a,s,k) : 1 < k < n,(a,s) € BT’“ } and
A(n) =3 (4 s.mev, 1 o0 Then it suffices to show that lim,,—,o A(n)/n = 0 a.s. Clearly,

(rg) m
EA(n) = S°r_, Ix,, = O(n'~<) and Var[A(n)] is less than the sum of p™*+"m~Ba.! nB;|
with (a, s, k), (b,t,m) € Vo, BYE N B # 0 and A 0 A7) # 0. By (5.1)~(5.3),

Var[A(n)] = Y O(277ij +277i%% + 2272 j17ei 1)

1<i<j<n
—o(zw )+o(;j Zz—% )
1)+ Zz—%(k + 1)0(2]"5) = O(n'™9).
k=0 j=1

Then by the Tchebychev inequality, for any § > 0,

iIPﬂAn/n— E(A,/n)| > 8) = Zo( 1+652)

The Borel-Cantelli Lemma yields that A,,/n — 0 a.s.. Hence (5.9) holds as desired.
As to (1.13), by Proposition 5.4, we need only to show (5.11). The proof is completed
by showing that

lim fz > ]1~(2krk_0as (5.13)
n~>oonk 1 (a,s)EF,k

and

I
Jim — ;nm =0a.s., (5.14)

C e k T . . . .
where Hj, = {W®) > ry}\ (Utars)er,e A7), Analysis similar to that in the
proof (5.9) shows (5.13). Note that P(H}) = O(k~1~¢). By the Borel-Cantelli Lemma,
limg_y o0 1, = 0 a.s. which gives (5.14) and completes our proof. O
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Proof of Corollary 1.5. By Proposition 5.3, (5.8) holds. Let ¢, = [logn/log2]. Then
2¢n < n < 2%+ F1 For any integers 1 < a < b,

b+1 b+l ’ 1 b b
log—— = —dx < - < —dx =1 .
8 a /a xx_;i_/ xx Oga—l

i—a a—1
Thus .
n (k) cn—1 . 2T -1 cn—1
D YY) Sl
k=1 1=0 Jj=2° 1=0
and "
n (k) Cn . 2i+1 cn+1 .
S ST T Sy
k=2 i=0 j=2i+1 i=1

We conclude from (5.8) that

1 1 &U®  log2
lim u + 28 2| =Da.s.
n—oo ¢, logc, \ log?2 — k log p

It follows (1.14) immediately. O

6 The asymptotic distributions when p,, = o(1): Proof of Theorem
1.6

Proof of Part 1 of Theorem 1.6. Set g, = 1 — p,. Clearly, p*»*t! < n=2logn < pkn.
Similar to (2.9) shows that there is a constant ¢ > 0 such that

max ’IP (UWW <k + r) — e nkntron | < ep=3n—1log?n. (6.1)
0<r<2
Since lim,_ oo _211;’5;’ = o0, %gnpn > 10 and hence p,,! < n%! for sufficiently large n.

This, together with (6.1), implies that

lim max ‘IP (U("’p") <k, + r) — e Ankndren | = (). (6.2)
n—oo 0<r<2
In addition,
. . qn logn . —logp,
Jm Angapn 2 lim 5070y = lim ——p= = oo (6.3)

by noting that p,, — 0. Similarly,

(6.4)

n—roo n—roo

palog’pn  pa logpn) .

lim A, <k (
im Ap ok, 42,p. B U 8logn 4

Therefore (1.16) holds by (6.2)—(6.4). In the same manner we can prove (1.17).

Part 2 and Part 3. Since lim, o, np, = 00, lim,, oo P(37, ¢ > 2) = 1 and hence

lim P (an) > 2) —1. (6.5)

n—oo

Choose an 0 < € < 0.1 such that [b—e,b)U (b, b+¢) contains no integers. There is N such
that (b —¢)/2 < —logn/logp, < (b+¢)/2 for all n > N. It follows that for all n > N,

—b+te —b—=¢

Pn? <n<pp? . (6.6)
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By (4.9), (6.6) and Lemma 3.2, when n > N, we have

[b]+1—b/2—e/2 ¢ [b]+1—b—e

(n:pn) > < Pn nPn ' )
]P(W _[b]+1>_ N CESVR 5 =0 (6.7)

Suppose that » < b < r 4+ 1 where r is a positive integer. Applying (6.6) gives that
n’pl > p:f(bfs) — oo0. Let X,, = Z(a 9B 1,0 . By Lemma 2.1 and Lemma 2.2,

EX, = ©(n?p) and Var(X,) < EX,, + O(n*p2"~!) = o((EX,)?). Consequently,

2
P(U(n,pn) >r)=P(X, >0)> (EX,)

Z Var(X,) + (BX, 2 " (6.8)

Similar to (2.9) and (3.16), by using (6.6), we can show that

lim [P(U™P) <) — e Amown| = lim [P(WP) < b) — e Hnbwn| = (6.9)

n— oo n—oo

when b is an integer satisfying b > 3. Furthermore, if u = lim,, nzpl,’l < oo exists, then

lim P(UPn) < p) = lim e Anbrn = ¢ 20-1) (6.10)

n— oo n—00

and

NS

lim IP(W(”’p") <b)= lim e Hmbrn =~

n— oo n—oo

(6.11)

Thus our result holds by (6.5),(6.7),(6.8),(6.10), (6.11) and by noting that W pn) >
U(napn)_ O
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