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Central limit theorems for cavity and local fields
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Abstract

One of the remarkable applications of the cavity method in the mean field spin glasses
is to prove the validity of the Thouless-Anderson-Palmer (TAP) system of equations in
the Sherrington-Kirkpatrick (SK) model in the high temperature regime. This natu-
rally leads us to the study of the limit laws for cavity and local fields. The first quanti-
tative results for both fields were obtained by Chatterjee [1] using Stein’s method. In
this paper, we approach these problems using the Gaussian interpolation technique
and establish central limit theorems for both fields by giving moment estimates of all
orders.
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1 Introduction and Main Results

1.1 The Sherrington-Kirkpatrick Model and TAP Equations

In the middle 70’s, Sherrington and Kirkpatrick [3] introduced a mean field spin
glass, now known as the SK model, with the aim of understanding the strange magnetic
behaviors of certain alloys. Even for such a seemingly simple formulation, the SK model
has already presented very beautiful and intricate structures conjectured by physicists
(see [2]) and has been intensively studied in the mathematical community in recent
decades. In particular, many results regarding the behavior of the overlap, a quantity
that measures the difference between two spin configurations sampled independently
from the Gibbs measure, on the high temperature phase are now well-known (see [5, 6]
for detailed account). From these, we will present an approach to central limit theorems
(CLT) for the cavity and local fields via the Gaussian interpolation technique.

Let us begin with the description of the SK model. For each positive integer N, we
consider the configuration space Xy := {—1,+1}". Every element o = (0y,...,0y) €
Y.y is called a spin configuration and its coordinates are called spins. Let g = {¢;; }1<i j<n
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be r.v.s satisfying that g;; = g¢;; and {g;; : 1 < ¢ < j < N} are ii.d. standard Gaus-
sian. The Hamiltonian Hy for the Sherrington-Kirkpatrick (SK) model is defined on Xy
through
p
—Hy(o)=—= Y gijoioc;+h Y _ o (1.1)
VN i<j<N i<N

Here, 8 > 0 is the inverse temperature and i € R stands for the strength of the external
field. We define the Gibbs measure G by

exp (—Hn (o))

Grn({o}) = Zn ;

where 7y is the normalizing factor, called the partition function.

Throughout the paper, we denote by (Ue)gzl an i.i.d. sequence of configurations
sampled from G (with the same given disorder g). These r.v.s are also called replicas
in physics. For each function f defined on X%, we use (f) to denote the Gibbs average
of f corresponding to the Gibbs measure GGy, namely,

(fy= > fle',....aMGy({c'})---Gn({a"}).

In the present paper, we will focus on the high temperature (i.e. 5 small enough)
behavior of the SK model. Let us define the overlap of the configurations o' and o2 as

1
Rip=Ria(0'0%) =5 > ojo].
J<N

In the high temperature regime, it is well-known that as NV tends to infinity, this quantity
under the Gibbs measure converges a.s. to a constant ¢, which is the unique solution to

q= Etanh2(5z\/§+h), (1.2)

where 2z is a standard Gaussian r.v. More precisely, concluding from Theorem 1.4.1 in
Talagrand [5], for fixed 5y < 1/2, we have the quantitative result

E{((Riz—q)**) < % (1.3)
for every 8 < By and h, where K is a constant depending only on k and ;. Note that
for simplicity we will only restrict our discussion to the region 8 < 8y < 1/2. Indeed,
it has been shown that the moment estimate (1.3) is valid on a rigorously defined high
temperature region in Talagrand [6] and such region contains the case § < 5y < 1/2. By
a similar argument, our main results can be extended to this high temperature region
as well.

An important objective in the SK model is to understand the marginal distributions
of the spins. The key observation is that since each spin takes only two values, the
marginal distribution at site i can be completely determined by the Gibbs average (o;) .
This then leads to the computation for (o4),..., {(on) via the approach of the Thouless-
Anderson-Palmer (TAP) system of equations as outlined in [7]:

(ai>ztanh \/’% Z Gij <Jj>+hfﬂ2(1fq) <Uz> ; 1§1§N
GEN, G

Here =~ means that two quantities are approximately equal with high probability. The
first rigorous proof of the validity of TAP equations in the high temperature phase was
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established by Talagrand (see Theorem 2.4.20 [4]) based on the cavity method. In the
later book [5], Corollary 1.7.8 implies that all N equations hold simultaneously with
high probability.

The idea of the cavity method is to reduce the N-spin system to a smaller system by
removing a spin. More precisely the procedure can be described as follows. Recall the
Hamiltonian Hy with inverse temperature § and external field & from (1.1). We define
the Hamiltonian H for a (/N — 1)-spin system by removing the last spin,

_ B-
—HN(p)zﬁ > gijoioi+h Y o (1.4)

i<j<N-1 i<N—1
for p = (01,...,0n-1) € En_1, where §_ = /(N — 1)/Nf. Directly we can write
_HN(U):_H]:T(p)—'—UN(BLN—’—h)a 02(017"'7JN)7

where ¢« is defined as

1

JSN-1

A straightforward computation yields that

ZpezN,l 201\7621 ON €Xp (—HK/(P) +on (B + h))
ZpEEN_l 2 ones, XP (—H&(p) +on (Buv + h))

_ Ypesy_, P (—Hy(p)) cosh (Bun + h)

Y s, e (—Hy(p)) sinh (Buy +h)’

(on) =

Then the following fundamental identity holds

(sinh(Buy + h))_
(on) = (cosh(Bin 1)) = (tanh(Bey + h)), (1.6)

where (-)_ denotes the Gibbs average corresponding to the Hamiltonian Hy. Under
(-)_, we call vy the cavity field and under (-), we call ¢,y the local field. Now, to prove
the TAP equations, we are led to the study of the limit laws for cavity and local fields.
The key observation to establish the limit law for the cavity field is that the disorder
{9nj}j<n—1in ¢y is independent of the disorder

in the definition of (-)_ , which motivates the use of Gaussian interpolation on the cavity
field. Consequently, from the CLT of the cavity field, we deduce the limit law for the
local field. In both cases, the relevant quantitative moment estimates will be stated in
the following section.

1.2 Main Results

For convenience, we first set up some definitions and notations that remain in force
throughout this paper. We set ¢,, ,> to be the Gaussian density with mean p and variance
o%. Suppose that U : R — R is continuous. We say that U is of moderate growth
provided lim|y|_, U(x) exp (—alx|?) = 0 for every a > 0.
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1.2.1 Limit Law for the Cavity Field

Suppose that g1, ..., gy arei.i.d. standard Gaussian r.v.s independent of the randomness
of {g;; }i<j<n. Define the cavity field . with respect to the Gibbs average (-) by

1N
L= —Zgjcrj. (1.7)
\/szl

The name “cavity field" is due to the important role of + played in the cavity method as
we have already seen in Section 1.1. Let us emphasize that ¢ is the cavity field of the
N-spin system corresponding to (-), while from the definition (1.5), ¢,y is the cavity field
of the (N — 1)-spin system corresponding to (-)_ . If we replace N by N + 1, then ¢n41
is the cavity field of the N-spin system and its form

R [N 1 Y
L = — g T, = _— g oD
N+1 /7N+1j§:1: (N+1)505 N +1 N ;:1: (N+1)505

is only different from . in distribution by a factor \/N/(N + 1) that converges to 1 and
that will not affect the asymptotic behavior of « and ¢ 11 as IV tends to infinity.

Note that the Gibbs average of ¢ is

1 N
r=)= ﬁ;gj (o) - (1.8)

The limit law of the centered distribution :—» under the Gibbs measure was first studied
by Talagrand and it is approximately a centered Gaussian distribution with variance
1 — q. The exact quantitative result is stated as follows.

Theorem 1.1 ([4], Theorem 1.7.11). Let 5y < 1/2 and k € IN. Suppose that U is an
infinitely differentiable function defined on R and the derivatives of all orders of U are
of moderate growth. Then there exists a constant K depending only on k,U, and 3
such that for all N, 38 < 3y, and h,

2k
E [(U (L—7)) — /]RU(m)qSo}l,q(m)dx < % (1.9)

From this theorem, Talagrand then deduced the validity of the TAP equations by
letting U(x) = exp (Bz + h), see Theorem 2.4.20 in [4] and Theorem 1.7.7 in [5]. However,
it seems very difficult to deduce the limit law for the local fields (defined by (1.11) below)
from Theorem 1.1. To overcome this difficulty, it would be very helpful if we have good
quantitative results for the limit law of ¢, which is also one of the research problems
proposed by Talagrand ([5], Research Problem 1.7.12). In our study, using Gaussian
interpolation technique, we prove that the CLT holds for the cavity field by the following
quantitative moment estimates:

Theorem 1.2. Let 5y < 1/2 and k € IN. Suppose that U is an infinitely differentiable
function defined on R and the derivatives of all orders of U are of moderate growth.
Then there exists a constant K depending only on k,U, and By such that for all N,
B < Bo, and h,

2k
E[(U () — /}R U(e)r1—q@)da] < o (1.10)
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In other words, the limit law of the cavity field is Gaussian with mean r and variance
1 — q. Early study of the CLT for the cavity field was discussed in Talagrand’s book, see
Section 1.5 [5] and page 87 [4], where he explained informally why the cavity field is
Gaussian, but it is by no means obvious to use his arguments to obtain precise quantita-
tive results such as Theorem 1.2. Later, using Stein’s method, Chatterjee [1] obtained
the first quantitative result: when k£ = 1 and U is a bounded measurable function U, the
left-hand side of (1.10) has an error bound ¢(5)||U]|o/V' N, where c(53,) is a constant
depending only on 3. In our case, under more restrictive conditions on U we find mo-
ment estimates of all orders, which are going to be crucial in studying the CLT for local
fields. In addition, as will be shown in Corollary 1.4 below, these estimates also help
proving that the TAP equations hold simultaneously.

1.2.2 Limit Law for the Local Fields

For a fixed site 1 <+¢ < N, we define the local field ¢; at site i by

1
L= > gijos. (1.11)

JS<N,j#i
Following a beautiful idea of Chatterjee [1], for 1 < i < N, we define v; to be a random
probability measure, whose density is the mixture of two Gaussian densities

pid)'yﬁ-ﬁ(l—q),l—q +(1 —pi)¢vi—5(l—q),1—qv (1.12)
where
1
= e S0 auley) — B ) (), (1.13)
JSN,j#i
eBrith
Di

- eBrith 4 e=Bri—h’

Then we prove that the local field ¢; under the Gibbs measure is close to v; in the
following sense:

Theorem 1.3. Let 5y < 1/2 and k € IN. Suppose that U is an infinitely differentiable
function defined on R and the derivatives of all orders of U are of moderate growth.
Then there exists a constant K depending only on k,U, and By such that for all N,
1<i<N, B < po, and h,

E [<U<w>> -/ U(x)w(d:m]% <X (1.14)

Again, by applying Stein’s method, Chatterjee [1] proved the first quantitative result
regarding the limit law for the local fields: when k£ = 1 and U is a bounded measurable
function U, the left-hand side of (1.14) has an error bound ¢(30)||U]| /v N, where ¢(f)
is a constant depending on 5; only. In our case, the smoothness of U allows us to obtain
moment estimates of all orders. In particular, setting U(x) = tanh(S8z + h), we obtain
the same quantitative result for the TAP equations as Theorem 1.7.7 and Corollary 1.7.8
in Talagrand [5] :

Corollary 1.4. Let 5y < 1/2 and k € IN. Then there exists a constant K depending only
on k,U, and By such that forall N, 1 <i < N, 8 < [y, and h,
2%k

B 2
E |(o;) —tanh [ —— gij (o) +h — (1 = q) (o) <
w2

K

5" (1.15)
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In addition, suppose that 0 < ¢ < 1/2. Then there is a constant K’ depending only on 5,
and e such that

N = » ) _ _ . <
Ellgn%%v (0;) — tanh N .<NE .;é'glj (j) +h—B%(1—q) (0:) T2—< (1.16)
JEN j#i

for every N, 8 < By, and h.

Proof. Let us notice a useful formula from Chatterjee [1, (9)]: Suppose that X is a r.v,,
whose density is the mixture of two Gaussian densities: p¢,, 2 + (1 — p)¢,, > With
11> p2, 0 >0,and 0 < p < 1. Set

fi1 — o 1 P p -
= b= -1 — .
TT Tz VT T T, T 402
Then we have the identity,
E [tanh(aX + b)] = tanh(aE [X] + b — (2p — 1)a’0?). (1.17)

In particular, consider a r.v. X whose density is given by (1.12). It follows that F [X] = ~;
and from (1.15),

/tanh(ﬁx + h)v;(dz) = E [tanh(BX + h)] = tanh (Bv; + h — B*(1 — q) (03)) .

Applying Theorem 1.3, (1.15) follows. Note that though in this case we apply U(z) =
tanh(Bx + h), a function depending on h, to Theorem 1.3, the constant K still does not
depend on h, which can be verified by going through the proof for Theorem 1.3 and
using the uniform boundedness of U(z) = tanh(Sx + h). For the proof of (1.16), it follows
by using (1.15) and Corollary 1.7.8. in [5]. O

2 Proofs

This section is devoted to proving Theorems 1.2 and 1.3. Before we proceed to prove
our main results, let us define some crucial quantities that will be used in our study.

Consider the replica o and define 6§ = o — (0;) for 1 < j < M. Define

1 . 1 . 1 i
T[:N ZO']Z <O'j>, TZ’Z:N Z(O’f)2—(1—q), T&g/ = N ZO’;O’?, 67&4/ (21)
J<N j<N j<N

By using replicas, these quantities can be controlled through the overlap (1.3) (see
Section 1.10 of [5] for details): For fixed 8y < 1/2 and k € IN, there exists some K
depending only on Sy and k such that for any 5 < 3y and A,

K
Lo {E(To?*), E{(|Tee*), E{|Tpe*)} < ~F (2.2)

Note that in the following we use E; to denote the expectation with respect to the
randomness of ¢ when ( is a random variable.

2.1 Proof of Theorem 1.2
Using replicas, we set for 1 < ¢ < 2k,

1 N
P — E gjaf. (2.3)
VN =
j=1
EJP 18 (2013), paper 2. ejp.ejpecp.org
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Suppose that &, €1, ..., ¢2F are i.i.d. Gaussian r.v.s with mean zero and variance 1 — ¢ and
they are independent of {g;};<~ and {g;; }i<j<n. Recalling definitions (1.7), (1.8), and
(2.3), we consider the Gaussian interpolations,

ult) = V(e —r) + V1 -1,
up(t) = Vit(it —r) + V1 —tef, 1 <0< 2k

Suppose that U is a smooth function defined on R and its derivatives of all orders are
of moderate growth. Define

V(z,y) =U(z +y) — B [U(€ +y)] (2.5)

(2.4)

and
b(t)= B < 11 V(w(t)7r)> . (2.6)
<2k

Notice that ¢(0) = 0 and (1) equals the left-hand side of (1.10). Let us explain the
major difficulty that we will encounter in studying the CLT for the cavity field. Recall
that Talagrand’s main idea to prove the CLT for the centered cavity field in Theorem 1.1
is to study the following function:

O(t) = E< IIv (W(t))> , telo,1], (2.7)

<2k

where V(z) := U(z) — E:U(€). Notice that from (2.6) and (2.7), ¥ and ¢ both use the
same Gaussian interpolations u,, but the functions V and V in 1 and w are defined
differently. By definition, ¢)(1) gives the left-hand side of (1.9) and (0) = 0. Using
Gaussian integration by parts, the derivative of z[J can be computed up to any order and
further, )" (0) = 0 for 0 < n < 2k and supy<,<, |¢®*)(t)] < K/N*. Consequently, the
mean value theorem yields (1.9) since o

2k—1 1 1 K

00 = 32 0+ 0 = e < g

for some ¢ € (0,1) . For more details, one may refer to the proof of Theorem 1.7.11 in
[5]. In particular, the first derivative of v is given by

P =53 F <Te,eg;g(ue(t)) 11 V<u5/<t>>>

<2k 01<2k 01 A0
1 oV oV -
— E T ) — _— / 1 .
+3 Z < o (ue(t)) oz (ue(t)) H V(e (t))>
0,01 <2k 4+0 01 <2k 00,0

In our case, this situation is more complicated since the first derivative of v, as will be
shown in Lemma 2.4 below, is given by

1 1
"(t) = <o (t) + —=11 (1), 2.8
Y1) = 5%00) + 5 (D) 2.8)
where
b= 3 B{1, 2 . TI Vet
’ 7f<2k T 01<2k 0/ £0 o
- - (2.9)
oV oV
+ Y E(Toe——(ut),r) o (ue(t),r) [ Viwe(®),r
ox or
0,07 <2k 0£L 017 <2 07 0,07
EJP 18 (2013), paper 2. ejp.ejpecp.org
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ni =Y E<Tzf. pras(ur0r) ] V(ue/<t>,r>>

<2k 040 (2.10)

+ > E<Tg2‘;(uz(t),7’)%‘;(Uel(t)7T) 11 V(w”(t)ﬂ“)>-

0,07 <2k 00 07 <2k 01 £0,0

One may find that from (2.9), the first part of the right-hand side of (2.8) is very similar to
zf/ (t) and can be controlled by Talagrand’s argument. Nonetheless, the main obstacles
come from the second part of the right-hand side of (2.8). First, it makes the higher
order derivatives of 1) even more complicated than that of 1/} Second, it is not continuous
at t = 0, which means that a direct application of mean value theorem to control (1)
seems not applicable. To overcome these difficulties, instead, we will use Lemma 2.7
below.

We now state two calculus lemmas, whose proofs are defered to the appendix. The
first lemma says that mild composition and integration of functions of moderate growth
is still of moderate growth.

Lemma 2.1. Suppose that U,V : R — R are of moderate growth. Define Uy(z) =
U(z) + V(z), U(z) = Ux)k, Uy(z) = Ulrz), Us(z) = U(x + 1), Us(z,y) = U(x +y), and
Us(z) = E¢ [U(E+z)] fork € N, r € R, and £ a centered Gaussian r.v. with variance o?.
Then all of the functions defined above are of moderate growth.

The second lemma establishes the differentiability properties of 1.

Lemma 2.2. Let U : R — R be continuously differentiable. Suppose that U and its
derivative U’ are of moderate growth. Define ¢(x) = E¢ [U(§ + x)| for £ a centered
Gaussian r.v. with variance o?. Then 1 is differentiable and V' (z) = E¢ [U'(§ + z)] .

Recall that the constants K in the statements of Theorems 1.1, 1.2, and 1.3 are in-
dependent of N and 8 < (p. The main reason is because, when conditioning on the
randomness of {g;; }i<j<n, the cavity field and its Gibbs average are centered Gaussian
distributions, whose variances are bounded above by some constants that are indepen-
dent of {g;;}i<;j<n, N, and . Therefore, we still have good control on the moment esti-
mates of the cavity field and its Gibbs average. This observation will be used repeatedly
and for convenience, we formulate it as Lemma 2.3.

Lemma 2.3. Let I,J C [0,00) be two bounded intervals. Suppose that K1, K5, K3 are
positive constants and that the following assumptions hold.

i) Let z,gV,...,gN be iid. standard Gaussian r.v.s for N € IN.
ii) For N € IN, suppose that

{X);:1<j<N,pelJ}

is a family of random variables such that |XJN5| <Kyforl1<j<N,andp € J.
iii) Let f1, fo : IN x I x J — R be measurable functions such that

[f1(N,t,B8)| < K2/VN, |f2(N,t,B)| < K3,

for (N,t,5) e N x I x J.

iv) Let U : R — R be a continuous function. Suppose that there are some A > 0 and
some a with 0 < a < min{(4K?K3)~ !, (4K2)~'} such that |U(x)| < Aexp(ax?) for
all z € R.
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Then there is a constant K > 0 such that

sup Eg |sup|U | fi(N,t,5) Zg ﬁ+f2(Nt B)z <K, (2.11)
NeN,BeJ tel <~

where E, means the expectation with respect to {gJN :j <N, N €N} and z.

Proof. From the given conditions, we obtain

ANEB) D gV X[+ fa(Nt, B)z
J<N
2
<2A(N 82 | D] gV XNy |+ 2f2(N,t, B)22
j<N
2

f
j<N

and so

sup (U | f1(N, 1, 8) > gV XN+ fa(N,t,B)z
j<N

2

< Aexp | 2aK2 Z gNXN + 2aK§z2
\/7_]<N

Since N=1/23"._\ gV XN, is a centered Gaussian r.v. with variance N~' Y7,y (X1;)? <
K?, from the assumption iv), the left-hand side of (2.11) is then bounded above by

FEy [exp (QaKQQQQ)] Ey [exp (2aK32z2)] < 00,
where g is a centered Gaussian r.v. with variance K?. This completes our proof. O

In the sequel, we use Ej to denote the expectation with respect to the randomness of
{g;}j<~ and {£}s<ar. Recall formulas (1.8) and (2.4) for r and u,, respectively. The fol-
lowing lemma, as an application of Gaussian integration by parts, is our main equation
to control the derivatives of all orders of .

Lemma 2.4. Let k € IN. Suppose that V;,Va,..., Vo, : R? = R are twice continuously
differentiable functions and their first and second order partial derivatives are of mod-
erate growth. Define

o(t)=Eo | [] Velue(®),r)|, 0<t<1.
<2k

Then ¢ is differentiable on (0, 1) and

S () = Snlt) +

L (t) 2.12
2 2\/5901 ) ( . )
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where
wolt) = TiiEy ﬂ(w(t) o I Ve,
' 2 ’ ’
1<2k 0 <2k 0 F#L
(2.13)
oV, OV
+ > B | 5o(u(t),r) S (we®),r) [ Ver(ue (t),r)
ox ox
0,00 <2k 0F£L 07 <2k 010,07
and
=3 15 | ZV ) T Virlur (o))
©1 = tLq 8x8y ue(t), T e (Upr (1),
1<2k 0<2k 0 H#L
(2.14)
oV, OV
+ > LB | (), ) S (e () ) [ Ver(uer (b))
or oy
£, <2k LA 01 <2k 01 £00!

Here, g: :g}fz means that we differentiate V, with respect to the first variable a times

and with respect to the second variable b times.

An immediate observation from (2.13) and (2.14) leads to the following remarks, that
will be very useful when we control the derivatives of all order of % :

Remark 2.5. In (2.13), the partial derivatives are only with respect to the x variable;
the partial derivative with respect to the y variable occurs in each term of (2.14).

Remark 2.6. Formula (2.12) implies that our computation on the derivative of ¢ can

be completely determined by Ty, Ty, and T, in the following manner. Each Ty, is

associated with 2% (ue(t),r); each Ty is associated with %(ug(t), r)aa‘g’ (up (t),r). As

ox
for each T, it is associated with g;g; (ug(t),r) and %(ui(t),r) aav;, (ug: (t),7) for1 < ¢’ <

2k with ¢! # L.

Proof of Lemma 2.4. To prove the differentiability of ¢, it suffices to prove, with the
help of the mean value theorem and the dominated convergence theorem, that for 0 <
0<1/2and 1</ <2k,

II s Ve(ue),n)l| <K,  (2.15)
o <2000 £ 0SS

Eo | sup |uy(t)| sup
5<t<1-5 0<t<1

for some constant K. Note that

/

1
uy(t

_ L SRS S
()’gmggﬂﬂ Wik

Since % and V; are of moderate growth, for any a > 0, there exists some A > 0 such
that

Vi

’ajc(ay) Ve (z,y)| < Aexp(a(z® + %)), (z,y) € R (2.16)

Set (z,97) = ((1—q)~'¢*, g;) and also let (Xj%,fl(N,t,B),fg(N,t,ﬂ),U(x)) be any one
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of the following vectors

<(;4f I 1-g x2k~+1>
7 oVNt 2y1—t’ ’
<d§’ \/\/]sz (1 —q)V1—t,exp((4k + 2)ax2)> ,

<<a§> : Tlﬁ 0, exp((4k + 2)aw2)> .

Then by choosing a small enough and applying Lemma 2.3, there exists a constant K
independent of 8 and N such that

Fo m>wwmkﬁ
l5<t<1-6

Ey | sup exp ((4k + Q)GUg(t)Q):| <K,
lo<t<1

Ey | sup exp ((4k+2)ar2)} < K.

lo<e<1
Therefore, from (2.16) and Cauchy-Schwarz inequality,

3Ve 2k+1

Ey | sup %(W(t)a r)

0<t<1

’Eqwmwwmmﬁﬂ<K
0<t<1

and by Hoélder’s inequality, (2.15) holds.
To prove (2.12), we use Gaussian integration by parts,

@' (t)

=3 B [0 G . T Vil (.r)

<2k <2k 040

= " Bl (Opuelt)) Bo | o uatt)r) [ Virlws(t),7)

<2k <2 01 AL

Y BB | SN G T Vi)

0,0/ <2k 040 01 <20 07 40,07
2

0°Vy

0xdy

+ D Bolup(t)r] B

<2k

(we(t)r) T[T Velue(t),r)

<2k 0L

fOX Bl | G0 G ®n) T Vel o)

0,00 <2k O£ 01 <2 0 £

(2.17)
Recalling definition (2.1), a straightforward computation yields
Eo [up(t)ue(t)] = Te.e/2,
Eo [ty (t)ue (t)] = Ty /2, for £ 1, (2.18)
Eo [uj(t)r] = Ty/2Vt.
Combining (2.17) and (2.18) gives (2.12). O
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Lemma 2.4 will be used iteratively up to some optimal order. Since on each iteration,
equation (2.12) brings us many terms, we will finally obtain a huge number of summa-
tions. Therefore, in order to make our argument clearer, we formulate the following
lemma.

Lemma 2.7. Fix an integer m > 0 and let i and 15, be real-valued smooth functions
defined on [0, 1] for every s,, = (s,(1),...,8,(n)) € {0,1}™ with 1 <n < m + 1. Suppose
that (0) = 0 and 15, (0) = 0 for every s, € {0,1}" with 1 <n < m. If

W(t) = 1/1(0)( )+ (t) (2.19)

1
\ﬂ/f(l)

and

Y5, (1) = %wsn,m( t) + —=s, 1) (1), (2.20)

2\f

for every s,, € {0,1}" with 1 <n < m, then

t1 1
~ om Z/ / / ts*"(")/Qd m - - dtadtirhs (0)
4
t1 tm
2m+1 Z/ / / m+1 sm+1 E)/2¢Sm+1( m+1)dtm+1 dtgdtl

Sm41

(2.21)

Proof. It suffices to prove that

2MZ// / T ém(é)/Qwsm(,,L)dtm...dtgdtl. (2.22)

Indeed, if (2.22) holds, then (2.21) can be deduced by applying

tm
wsm (tm) = /0 ¢;m (tm+1)dtm+1 + wsm (0)

and (2.20) to (2.22).
Let us prove (2.22) by induction on m. If m = 1, from (2.19), (2.22) holds clearly by

L I 1
= /0 ' (t1)dty +4(0) = 5/0 (WO) (t1) + \/t»l?/)u)(tl)) diy.

Suppose that the announced result is true for m — 1 > 1. Let ¢ and vs, be real-valued
smooth functions for every s,, € {0,1}" with n < m + 1 satisfying the assumptions of
this lemma. Notice that from (2.20), we obtain

tm—1
1/’sm_1(tm—1) :/O w;m_l( m) m +¢sm 1( )

1 [ftmet 1
5/0 (¢(sm_1 0) ( ) \/ﬂiﬁ Sm—1,1 (tm)) dtm

and also by induction hypothesis,

tl tm 2
V() = 5y Z/ / / — 1t8m 73 Yo (b )ty - dbadty.
14

Sm—1 /=1
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Now (2.22) follows by combining last two equations together

1 Z t oty tm—2 ftm-—1 1
@[J(t): m—1 / / / / m—1 ,8m—1(£4)/2
2 $m_170 70 0 0 | 10

1 1
X <w(sm1,0)(tm) + 2\/71/}(Sm171)(tm)> dtpdt;,_1 ... dtodty

m—1
ng// / I gm(l,)/zgysm(m)dtm_l...dtzdtl.

O

Proof of Theorem 1.2 for k = 1. Recall formulas (2.5) and (2.6) for V and 1, respec-
tively. From Lemmas 2.1 and 2.2, V is an infinitely differentiable function and the partial
derivatives of all orders of V' are of moderate growth. We also note that 4 is infinitely
differentiable by applying the same argument as Lemma 2.4. Recall the definition of Fj
and use Fubini’s theorem, we can write

Y(t) = E(Eo [V (ur(t), )V (uz(t), 7)]) -

Lemma 2.4 implies that

¥'(1) %1#(0)( t)+ \[1/1(1)( ),

where

Yoy(t) = E <T1,1E0 { ; (1), 1)V (u(8), r)} + TyaFo { ; (s (t), )V (s (1), 7‘)] >
+ BTy | G (0.0 G (1a(00)] + TiaBo | 5L (0.0 G ualt).)| )
and

) = B (T3 [ 2 o).V ). )| + T [ 2tV a1 )
#2118 | 500 G ua(0).0)] + T [ S a0, 5 a7 )

Since

Eq Bxng(o),mv(w/ (o),ﬂ] = By [U(€" + )] Bo [U(€" +7) — B¢ [U(€ +7)]] =0

for 1 < ¢,0/ < 2 with ¢ # ' and (T12) = 0, we obtain % (0) = 0. On the other hand,
since
0%V _ 1l v _ _

Eo | 5 (ue0),r)V (e (0).7) | = Eo [U"(€" +7)] Bo [U(€” +7) = Ee [U(€-+7))] =0
v

Ay
for 1 < ¢,¢' < 2 with £ # /', this implies v(;)(0) = 0. Applying Lemma 2.4 again to g
and (1), we may write

By [me)w

o (w017} = B [0 1)) B [0 (6" ) = B 0766+ )] =0

PYloy(t) = %?/J(o,o) (t) + \[1/1(0 1)(t)
(t)

(2.23)

, 1
Yy () = 51/)(1,0) (t) + 27\/%1/1(1,1)
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for four smooth functions (g 0), %(0,1), ¥(1,0),¥(1,1) on [0, 1]. Here come the crucial ob-
servations: First, from Remark 2.5, the partial derivatives in the expression of ¢y are
only respect to the = variable and the partial derivative with respect to the y variable
occurs in every term in the expression of 1(;). Second, from Remark 2.6,

62

(i) each Ty, is associated with i () onV;
N wp(t),r
.. . . . B ) .
(i) each Tj - is associated with E|(u1(t),r) * 55 o).y OO V;
. . : 8% 9. .9 /
(iii) each T} is associated with 5237 () and aw‘(u((t),r) 9 | (s (1)) O V for 0/ # 4.

Based on these observations and our experience in obtaining ) and %1, it should
be clear that for each sy = (s2(1),52(2)) € {0,1}2, 1, is given by the summation of the
terms that are of the form
E <T1k711(1)Tf’;@)Tﬁé(l’z)Tfj@’”TfS(1)T2k3(2)
Hra(L)+ks (1), Gka(2)+ks(2)1/ (2.24)
) [axk‘l(l)ay’%(l) (Ul (t)a T) 8xk4(2)8yk5(2) (5 t ,T>:| >

with

B (1) + k1 (2) + ka(1,2) + ka(2, 1) + ks (1) + ks(2) = 2

2k/’1(€) + kl’g(f) + kg’l(f) + kg(g) = k‘4(€), (=1,2 (2.25)
for some kq(¢), ka(€,0'), k3 (£), ka(€), and ks5(¢) nonnegative integers for 1 < ¢,¢' < 2 with
£

In the following we claim that 1s,(0) = 0 for every s, € {0,1}* except for s = (0,0)
and

$(0,0)(0) = E ((2T11Ta 2 + AT1,) Eo [U” (€ + 1)U (€2 +1)]). (2.26)
To this end, let us first prove some properties for k4. Assume that
(T TP T AT E D @ 2 g, (2.27)

If k4(1) = 1, that is, the index 1 appears only once in the subscript of

k

Tllill(l)T;E@)Tl (172)T2]€72)1(2’1)T1k3(1)T2ka(2).

2
2

s

From (2.25), k1(1) = 0 and using the independence of o! and o2, this yields that

1. if (ko(1,2),k2(2,1),k3(1)) = (1,0,0) or (0,1,0), then the left-hand side of (2.27)
equals

(Mm@ 1) = £ Y (o)) (3T P @) =0,
J'<SN

2. if (k2(1,2), k2(2,1), k3(1)) = (0,0,1), then the left-hand side of (2.27) equals

=

<T1T§;(2)T§3(2)> - % 3 (5 (0%) <T;§(2)T§3(2)> —0.
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Thus, if (2.27) occurs, then k4(1) > 2 or = 0 and so is k4(2). Next, suppose that ¢t = 0 and

{ak4(1)+k5(1)v Ok (2)+ks(2) 1/
0

prEarwea) u1(0), r (WW(UQ(O)W)} # 0. (2.28)

We check that this will yield k4(1), k4(2) > 1. Indeed, if k4(1) = 0, then the left-hand side
of (2.28) becomes

ks (VY ka(2)+ks(2)y
' L’)yk()(“ o7 5@’“4@)81/’“5(2)(“2(0)’7")}
Qka(2)+ks(2) 1/

= EO [U(kﬁ(l))(é'l + 7,) o E‘5 |:U(k5(1))(§ + T’):H EO [Wayks(z)(’uZ(t),T)] = 07

which contradicts to (2.28). So we conclude that k4(1) > 1 and the same argument also
implies k4(2) > 1. To sum up, if (2.24) does not vanish, then both (2.27) and (2.28) must
occur and hence, k4(1), k4(2) > 2. From (2.25), we then have

4=2(ki(1) 4+ k1(2) + ka(1,2) + ko(2,1) + k3(1) + k3(2))
= ka(1) 4+ ka(2) + k3(1) + k3(1)
> 242+ k3(1) + k3(2)
>4
and this implies that k4(1) = k4(2) = 2 and k3(1) = k3(2) = 0 = s2(1) = s2(2). Thus,
a

we conclude that ¢, (0) = 0 for all s, € {0,1} except for s, = (0,0) and ¥(0,0)(0) is the
summation of the terms

E (T, 0Ty, 0, Eo [U" (&' +r)U" (£ +1)]),

where the summation is over all (£, £}, (-, ¢}) € {1,2}" satisfying that each of the indices
1 and 2 appears exactly twice in the list (¢4, ¢}, 5, ¢}). Consequently, a simple computa-
tion yields (2.26) and this completes the proof of our claim.

Finally, again we may use Lemma 2.7 to write

1 1
YL, (t) = 511)(”(1),32(1),0)@) + TﬁT/J(sz(l),sz(l)J)(t)

for sy € {0,1}2, where {¢s, : s3 € {0,1}*} are smooth functions. Then ¢ and v, for
sp € {0,1}" and n = 1, 2, 3 satisfy the assumption of Lemma 2.7 and it follows that

2
Y(0) = 5B (2T T + 4T2,) Bo [U" (€1 +1)U"(€2 +1)])

1 t t1 to 1
to /0 /0 /0 707 Ve fa)dladtadty.
S3 1 2 3

Since each term in the summation of ¢, is of the form (2.24) with

(2.29)

(1) + £1(2) + ka(1,2) + Ko (2,1) + ks (1) + ks (2) = 3,

by using (2.2), Holder’s inequality, and Lemma 2.3, it yields that supy<,<; [¥)s,(f)] <
K/N?3/? for each s3 € {0,1}? and from (2.29), we are done. 0

Proof of Theorem 1.2 for the general value of k. As in the case k = 1, we write

() = E<E IT vuelt).r) >

<2k

EJP 18 (2013), paper 2. ejp.ejpecp.org
Page 15/25


http://dx.doi.org/10.1214/EJP.v18-1763
http://ejp.ejpecp.org/

CLT for cavity and local fields of the SK model

Now applying Lemma 2.4 to

and then taking expectation F (-) on (2.12), we obtain

V) = 5h00+ 5zt )

where

Yoy(t) ZE<THE0 oV —— (ue(t), ) V(e (t),r) >

<2k 0 <2k O£
oV oV
+ Y E(TuwEo | (we(t),r) o= (ue(®),r)  J[  Vwe®),r
ox ox
0,0 <2k 040 01 <2 01 0,07
and
vo® = B(18 | L ) T Vi o.n
(1 tho | 5 dy 0 (1),
<2k 0 <2k 0 H#L

+ Z E<T4Eo %(uﬂt),ﬂ%(w(t),r) H V(uer (t),7) >

0,00 <2k, 0£0 0 <2k 07 £0,07

Next, to compute the derivative of 1), let us apply Lemma 2.4 again to

0%V

Eqo W(W(t)ﬂ“) H V(ue (t),r)|, €< 2k,
m 0 <2k 0 A0
and
Eo gl(uf(t)vr)zl(uf’(t)J) H Vwgr (t),7) |, 6,0 <2k, L#£1,
X X K/ISQIC,Z”#Z,[/

and then take expectation F (-). Then we obtain two smooth functions 1/J(o,o) and 1/)(0,1)
defined on [0, 1] such that

1
27\/%1/1(0,1)(”

Similarly, the derivative of ¢E1) can also be computed in the same way, which leads to
two smooth functions v oy and ¢(; 1) defined on [0, 1] such that

1
o) (t) = BRC) (t) +

1 1
Yy (t) = 5¢(1,0) (t) + Tﬁlﬁu,n(t)

Continuing this process, we get {¢s, : s, € {0,1}",n < 2k + 1} for which (2.19) and
(2.20) hold.

We claim that v, (0) = 0 for every s,, = (s,(1),...,s,(n)) € {0,1}" with n < 2k. To
see this, let us observe that from Remarks 2.5 and 2.6, a typical term in those compli-
cated summations in the expression of 15 is of the form

Hka (€)+Es5(£) v

k1(0) 2(6,0) k() o
<HT I = 1]n H axmaayksm( o(t),7) > (2.30)

<2k 0.0/ <2k 0H£0 <2k
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with

S+ D k(L) + ) ks(0) =n,

<2k 0,00 <2k 00" <2k

21 () + > (ka(l,0) + ka(l,0) + k3 (£) = ka(0), £ < 2k,
0 <2k 0 #L

D ks(0) = sa(t) = ks(0),

<2k <n <2k

where k1 (0), k2(£,0'), k3(£), ks(¢), and ks5(¢) are nonnegative integers for ¢,¢ < 2k with
L£1.
First of all, notice that if

(I T o [ae) 2o

<2k 0,01 <2k 0L <2k

then for ¢ < 2k, either k4(¢) > 2 or it is equal to zero. That is, if £ occurs in one of the
subscripts of Ty ¢, Ty ¢ or Ty, it must occur more than once and we suppose that this is
the case. Second, if

HEa(O+ks (O

Fo W(W(O% ry| #0,

<2k

then k4(¢) > 1 for every ¢ < 2k since E, [%(UZ(O),T)} =0foralla > 0and ¢ < 2k.
Therefore, we conclude that k4(¢) > 2 for every ¢ < 2k and it implies

Mm=2> k(0)+2 D k(L0)+2> ks(0)

<2k 0,0/ <2k 0£0 £<2k

=Y 12O+ D (ka6 0) + ka0, 0) + Es(0) | + Y ka(l)

<2k 0 <2k 0 A0 <2k
= > k() + > ks(0)
<2k <2k
>2k-24 Y ks(0)
<2k
>2k-2
= 4k.

Hence, if (2.30) is not equal to zero, then n > 2k. So s, (0) = 0 for every s,, € {0,1}"
with n < 2k, which completes the proof of our claim. In addition, we can conclude more
from above that if n = 2k and (2.30) does not vanish, since ), o, k3(¢) = >, sn(£)
and k4 (¢) > 2 for every ¢ < 2k, it implies that s,,(¢) = 0 and k,(¢) = 2 for every ¢ < 2k.
Consequently, this means that 1)s,, (0) = 0 for every so;, € {0, 1}2]C unless sy, = 0oy =
(0,...,0) and in this case,

Yo, (0) = D] E<Tél,é'1"'Te2kﬁe’2kE0 1o +n >
01,8, Lo Ll <2k

where (¢1,01, ..., 0, 0) € {1,.. .,2k}4k satisfies that each number ¢/ < 2k occurs ex-
actly twice in this vector.
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Now, concluding from (2.21) in Lemma 2.7 and using

t1 tok—1
/ / / dtQk dthtl — w,

we obtain

t2k

[17 1oe- b2kl <2k

22k+1 Z / / / 2k:+1 52k+1(5)/2w52k+1(t2k+1)dt2k+1 dthtL

S2k+1

Finally, since each term in those summations in the expression of s, , is given by
formula (2.30) with n = 2k + 1, by applying Lemma 2.3, the known result (2.2), and
Holder’s inequality, we obtain some K > 0 depending on g, k, and U only such that
SUPg<j<1 |Vsanss (1) < K/N¥+1/2 for every 8 < By and h. Similarly we also have

K
E<Té““"'T€w;kEo [T e +n > SN
<2k

Therefore, ¥(1) < K/N* and we are done. O

2.2 Proof of Theorem 1.3
The following proposition is the key to proving Theorem 1.3.
Proposition 2.8. Let 3y < 1/2 and k € IN. Suppose that U is an infinitely differentiable

function defined on R and the derivatives of all orders of U are of moderate growth.
Recall . and r as defined by (1.7) and (1.8). Then for any 5 < 3y and h,

2k

(U(¢)cosh(Be+h))  Ee[U(§+1)cosh(B(E +7) +h)
{cosh(Be + h)) exp (ﬂ—;(l - q)) cosh(Br + h)

IN

K
N.?

where ¢ is a centered Gaussian distribution with variance 1 — q and K depends on Sy, k
and U only.

Proof. Define for e = +£1,

A(e) = (U(v) exp () — Ee [U(§ + ) exp (eB(§ +7))]

and also

B(e) = (exp (¢5t)) — Eg [exp (eB(§ +7))] -
Notice that both U(x) exp ez and exp e[z are infinitely differentiable and their deriva-
tives of all orders are of moderate growth. Applying Theorem 1.2 to these two functions,
we obtain that FA(e)** < K/N?* and EB(¢)% < K/N*. Now using Jensen’s inequality,
Holder’s inequality, and Lemma 2.3, implies that

1
E | ————| < Elexp (—4kefr)] < K, (2.31)
(exp (eft))
1
E|————— | = Elexp (—8kefr)] < K, (2.32)
exp (efr)
EJP 18 (2013), paper 2. eip.ejpecp.org
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and

apexp(dkef(E+ 1))

<€Xp(5ﬁL)>4k <FE [U(E + )4k exp(4k€ﬁ§)] <K. (2.33)

E|\UE+r)

For convenience, we set
A = (U(¢) cosh(Be + h)),
B = {(cosh(B¢ + h)),

A" = Ec [U(&+7)cosh(B(E+ 1)+ h)],

B = exp (iu _ q)) cosh(Br + h).

Consequently, by using Holder’s inequality, (2.31), (2.32), and (2.33), the following three
inequalities hold

b [A BAI} “-s [<exp éf)l;j I éipl()fﬁf» '} )

2% A 1* A=) 1
=7 <E o)+ e )
2k 4k\1/2 1 v
<2 (E'A(l) ) E - (ﬂb)>4k (2.34)

) 1/2
<exp<—m>>4’€D )

B - B1* B(1)eh + B(=1)e 1™
2|557] < |t e

<2 (e[| +# [ )

+ (BA(=1)*)"? <E

<K
7W7

1/2
< 24k <(EB(1)8k)1/2 (E |:exp (ékﬂr):|> (235)
1/2 1/2
ren (6 ) )
K
— Nzk)
and
. m [ Be [0+ 1) (exp(B(6 + r))et + exp(=(e + r)e)] |
B (exp(Bu)e” + exp(—fr)e~")
" exp(BE+ )" o exp(=BE+ )"
= (E el e e =R )
< K.
(2.36)
EJP 18 (2013), paper 2. ejp.ejpecp.org

Page 19/25


http://dx.doi.org/10.1214/EJP.v18-1763
http://ejp.ejpecp.org/

CLT for cavity and local fields of the SK model

Finally, by applying (2.34), (2.35), and (2.36) to the following inequality

é_£,2k<22k A A2 £,2k B _ g%
B B\ ~ B B B’ ’
and using Holder’s inequality, the announced result follows. O

Recall that ¢ is defined by (1.2). We also define ¢_ as the unique solution of ¢ =
F tanh? (B-z\/q— +h), where 3_ = /(N —1)/Nj and z is a standard Gaussian distribu-
tion. Notice that the existence and uniqueness of ¢_ are always guaranteed since we
only consider the high temperature region, that is, f_ < 1/2. Also, recall the quantity
~; from (1.13).

Lemma 2.9. There is a constant L. > 0 so that

L
_g < = 2.37
la—a-I< (2.37)
for every 8 < 1/2, h, and N. Let By < 1/2 be fixed. Then for every 1 < i < N, 8 < fy,
and h,

2k

K
E < NE (2.38)

1
% A > gilog)

J<N,j#i
where K is a constant depending only on 3y and k.

Proof. The inequality (2.37) is from Lemma 1.7.5. [5], while (2.38) follows from the
inequalities on page 86 of [5]. O

Proof of Theorem 1.3. By symmetry among the sites, it suffices to prove (1.14) is true
when ¢ = N. Recall .y and ~yy from (1.11) and (1.13). We set

_ 1 _ _
LN:m Z 9gN;Oj, TN:<LN>77

J<N-1

where (-)_ is the Gibbs measure with Hamiltonian (1.4) and inverse temperature 5_ =
/(N —1)/Np. Since vy is a cavity field in (-) _, from Proposition 2.8, we know

<U(L&) cosh(f_ty + h)>_ E;¢ [U(f + ) cosh(B_(§ +ry) + h)] "

{cosh(B_vy +h))_ - exp (%(1 - q7)> cosh(B_ry + h)

K
< NF (2.39)

where K is a constant depending on (g, k, and U only. The goal of the proof is then to
prove that (1.14) can be related to (2.39). We perform our estimates in several steps.
Step 1. Similar to (1.6), from the Gibbs measure, the following identity holds

(U(en) cosh(Beny + h))

(Ulw)) = (cosh(Bin + h))_

Note that S_.y = Bun. Therefore,

(U(vy)cosh(Boty +h))_ (Ulty)cosh(Buy + h))_

(cosh(B_ty + h))_ B (cosh(Ben +h))_
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and this quantity is very close to (U(cn)) in the sense that

<U(LE) cosh(B_ty + h)>_
(cosh(B_ty + h))_
<(U(LN) — U(LN)) COSh(ﬁLN + h)>_‘|2k

(cosh(Beny +h))_
2k

E

2k
- (U (LN)>]

=B

(2.40)

IA

E[U(y) = Ulen)]
K
VE

IN

Indeed, the first inequality is true by the use of Jensen’s inequality. The second inequal-
ity holds by using the mean value theorem and \/N/\/N -1-1< 2/\/]V together to
obtain

U(y) = UGn)| < ey — el P U (tey + (1= t)en)]
1

V3
\ﬁlwl sup. IU (tey + (L =t)en)]
and then applying Lemma 2.3.

Step 2. Since for any a,b,c € R,

cosh(c(§ +a) +h) et e

= 2.41
cosh(ca + h) 11 o 2ea2h T T tea2h (2.41)

and

d 1 B F2c
da \ 1+ et2(ca+h) - (ecaJrh + efcafh)2’

we have
cosh(c(¢ +a)+h) cosh(c(§+b) +h)
cosh(ca+h)  cosh(ch+ h)

Therefore, by Holder’s inequality, Lemmas 2.3 and 2.9,

E | E

‘ < |e|la — b cosh(cg).
2k
_ [cosh(B_(§+ry)+h) cosh(B_(&+yn)+h)
U +ry) < cosh (ﬁ,r;, + h) ~ cosh (B_yn + h) ) 1

< B2 E [[U(€ + i)l cosh(B_&)[ry — v )™ (2.42)

< g2k (E [\U(i +7ry)l cosh(ﬁ_i)rk) i (E U?“Xr - 'YNH4k> v
K
< N

Step 3. Similar to the first step, by the mean value theorem, Lemmas 2.3 and 2.9,
we have

2k
cosh(B_ (£ + ) + h)” < % (2.43)

E |:E§ [(U(& +75) —UE+n)) cosh (B_yn + h)
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Step 4. Let us apply the same trick as in the proof for Proposition 2.8 to obtain

cosh(B_ (€ +n) + h>r’“

B[t

<E

o (€D(B- (€ +w))eh + exp(—B- (€ + yn))e "\ *
e+ (e oA ) 1

< 92 (E[UE+ )2 (exp(2kp_€) + exp(—2kB-€))])
<K.

On the other hand, a straightforward computation gives

- %exp (—ﬁ;(l - q)) - %exp <—522(1 - Q)) :

exp (—623(1 - q)) — exp <—ﬂ;(1 - q))‘
1
2

and so by Jensen’s inequality

E [(exp (ﬂ;(l — q_)> — exp (ﬁ;(l - Q)>>

(2.44)
cosh(B_(€ + ) +M)]1* K
E: |U < =
X Lug [ (& +n) cosh (B_7w + 7) < W
Step 5. Notice that from (2.41), we obtain
i cosh(c(€ +a) + h) - £ect N —gemct
de  cosh(ca+h)  1+e20ath) ' 1 4 ¢2(cath)
_Qaec§72(ca+h) 2a6705+2(0‘1+h)
+ 1+ 672(ca+h) 2 + 1+ 62(<:a+h) 2°
( 2 )
Since
2qeFcsF2(cath) eF2(cath) 9qetct e
‘ (1+ e¢2(ca+h))2 - ‘ 1 + eF2(ca+h) ' 1+ eF2(cath) < 2lale™,
it follows that
d cosh(c(§ +a) + h)
- <2 2 h
dc  cosh(ca + h) < 2([¢] + 2[al) cosh(c€)
and for ¢’ < ¢,
cosh(c(§ +a)+h) cosh(d(§+a)+h) /c
- <2 2 h(t&)dt. 2.45
cosh(ca + h) cosh(da+h) |~ (I€] + 2lal) . cosh(t€) (2.45)
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Since from Lemma 2.3, we know

2k
|U(€+’YN)|(|£|+2"YN|)OSEP cosh(tﬁ)] <K,

it follows, by (2.45) and Jensen'’s inequality, that

cosh(B_(E+n)+h)  cosh(B(E+ ) +m\T7* _ K
E [Eg [U(Hw) < cosh By + 1) cosh (Byw + h) )H < —. (2.46)

— Nk .
Step 6. Combining (2.39), (2.40), (2.42), (2.43), (2.44), and (2.46), we finally obtain

2k

E[U(E+ h(B(E+yn) +h K
¢ [U(€ +n) cosh(B(E + ) + h)] < (2.47)

exp (%2(1 - q)) cosh(Byn + h)

E[({U(w)) =

Substitute the identity

_ 2 1 2
S T (Bo 1) = g (o= (O .61~ )P F (B + )= - (1-0)
in the right-hand side of
Eg [U(§+n) cosh(B(§ + ) + h)]
:/ efrth 4 g—Ba=h exp <_ (z — 'YN)2>
V2r(l—q) 2 2(1-4q) )’
then (1.14) holds by (2.47) and we are done. O

Appendix

Proof of Lemma 2.1. 1t is easy to see that Uy, U;, and U; are of moderate growth. For
Us, since as |z]| — oo,

e_aw2U3(x) = exp (—%(x + 7")2) U(z +7)exp (—%(352 —2rz — r2)) — 0,

for all a > 0, it follows that Uj is also of moderate growth. The function Uy is of moderate
growth since

limsup |Us(z,y)|exp (—a(x2 + y2))

2+y2_>oo

< hmsup Loty >3 U (@ + y)| exp (—a(z® + )
z2+y2—

+ 121msup ety Uz + )| exp (—a(z® + y?))
22+y2—

= hmsup Loty >my U (x + )| exp (— a(x? +y? )

z24y?—

. a
< limsup 1qjgqy>a3|U(2 4+ y)|exp (—5(93 + y)z) ;
r24y2—00

for all M > 0 and also the fact that U is of moderate growth. Since Us is of moderate
growth, Us is well-defined. For 0 < b < 1, write

1 SR
X — X .
V1i—b 1-0b

(x—y)?—by* = (\/l—by—
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Thus,

exp (—axz) Us (a:)

Ry
W (v) exp (~ea”) exp ( o ) w
B by® (z —y)* - by? >
= \/W . eXp< 2a2> (_ 207 )W (2.48)
by 2
*27702/ Uy exp( M) (—2 5 (\/1—by— T_()x) >dy
b

XeXp(‘(“ 202(1 - b)) )

Since U is of moderate growth, U(y) exp ( by

) can be regarded as a bounded function
in y. On the other hand, since

e ( == ﬁ)) 0

is finite and independent of z, by taking b to be small enough and letting |z| tend to
infinity, we conclude, from (2.48), that Us is of moderate growth. This completes the
proof. O

Proof of Lemma 2.2. For any z,z’,y € R, by the mean value theorem, we can find some
z(z,2',y) between x and z’ so that U(z+y) —U(z'+y) = U'(2(z,2’,y) + y)(x — ). Since
U’ is of moderate growth, for any M;, M, > 0,

2
K = sup |U/(Z—|—y)|exp (_y2) < co.
ly|>My,|z|< Mo 40

By the continuity of U’, K3 := sup|,|<as, |-|<m, U (2 +y)| exp (=y?/20?) < oo. Therefore,
for |z|, |2'| < My,

‘U(I+y)U(fE’+y)‘ ( y2)
- exp | —-—>5
T—x 20
y?
< Kjexp < 1o 2) Lijy>any + Kolgy <y

and by the dominated convergence theorem, ¢'(z) = E.U’' (¢ + z). O
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