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Abstract

By using coupling arguments, Harnack type inequalities are established for a class
of stochastic (functional) differential equations with multiplicative noises and non-
Lipschitzian coefficients. To construct the required couplings, two results on exis-
tence and uniqueness of solutions on an open domain are presented.
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1 Introduction

Consider the following stochastic differential equation (SDE):
dX(t) =o(t, X (t))dB(t) + b(t, X (t))dt, (1.1)

where (B(t))¢>0 is the d-dimensional Brownian motion on a complete filtered probability
space (0, (%)i>0,-7,P), 0 : [0,00) x R - R?® R? and b : [0,00) x R? — R? are
measurable, locally bounded in the first variable and continuous in the second variable.
This time-dependent stochastic differential equation has intrinsic links to non-linear
PDEs (cf. [20]) as well as geometry with time-dependent metric (cf. [8]). When the
equation has a unique solution for any initial data z, we denote the solution by X7 (t).
In this paper we aim to investigate Harnack inequalities for the associated family of
Markov operators (P(t))¢>o:

P@t)f(z) :==Ef(X"(t), t>0,2€R% fe B[R,
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where %,(R?) is the set of all bounded measurable functions on R<.

In the recent work [24] the second named author established some Harnack-type
inequalities for P(¢) under certain ellipticity and semi-Lipschitz conditions. Precisely, if
there exists an increasing function K : [0,00) — R such that

lo(t, @) — o(t.y) s + 2(b(t, ) = b(t,y),x — y) < K(t)|x —y|?, =,y € RY, £ >0,
and there exists a decreasing function A : [0, 00) — (0, c0) such that
lo(t, 2)¢ll = A, t = 0,62 € R,

then for each 7" > 0, the log-Harnack inequality

K(T)|x —y|?
2

R¢ 1.2
INT)2(1 — e KmTy Y C (1.2)

P(T)log f(y) < log P(T) f(x) +

holds for all strictly positive f € %,(R%). If, in addition, there exists an increasing
function ¢ : [0,00) — (0, 00) such that almost surely

[(o(t,2) — ot y)) (z — )| < 6(t)|x —yl, z,y € Rt >0,

then for p > (1 + %)2 there exists a positive constant C(T") (see [24, Theorem 1.1(2)]
for expression of this constant) such that the following Harnack inequality with power

p holds:
(P(T)f(y))" < (P(T)fp(x))eﬂT)lm*yV, z,y € R, f e %B(RY). (1.3)

This type Harnack inequality is first introduced in [21] for diffusions on Riemannian
manifolds, while the log-Harnack inequality is firstly studied in [15, 23] for semi-linear
SPDEs and reflecting diffusion process on Riemannian manifolds respectively. Both
inequalities have been extended and applied in the study of various finite- and infinite-
dimensional models, see [1, 2, 4, 5, 7, 12, 14, 22, 24] and references within. In particu-
lar, these inequalities have been studied in [25] for the stochastic functional differential
equations (SFDE)

dX(t) = {Z(t, X(t)) + a(t, X;) }dt + o(t, X (¢))dB(t), X, € C, (1.4)

where € = C([—r¢,0]; RY) for a fixed constant ry > 0 is equipped with the uniform norm
|- loo; Xt € € is given by X;(u) = X (t + u),u € [~70,0]; 0 : [0,00) x R — R?® RY,
Z :[0,00) x R* — R% and a : [0,00) x ¥ — R are measurable, locally bounded in
the first variable and continuous in the second variable. Let Xf) be the solution to this
equation with Xy = ¢ € ¥. In [25] the log-Harnack inequality of type (1.2) and the
Harnack inequality of type (1.3) were established for

P,F(¢) :=BF(X?), t>0,F € %,(%)

provided o is invertible and for any 7" > 0 there exist constants K, Ko > 0, K3 > 0 and
K4 € R such that

(1) |o(t, 1{a<t &) —alt.n)}] < Kill€ — nllee, t € [0,T],6,m € 6;

(2) [(o(t t,y)| < K2(1A |z —yl), t €[0,T], 2,y € R

(3) |0(tm 1|<K3 t >0,z € R%

(4) Hla( ) (t y)||HS+2<x_y>Z(t>x)_Z(tvy» §K4|x—y|27 le [O,T],x,yE]Rd.
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The aim of this paper is to extend the above mentioned results to SDEs and SFDEs
with less regular coefficients as considered in Fang and Zhang [6] (see also [11]), where
the existence and uniqueness of solutions were investigated. In section 2, we consider
the SDE case; and in section 3, we consider the SFDE case. Finally, in section 4 we
present two results for the existence and uniqueness of solutions on open domains of
SDEs and SFDEs with non-Lipschitz coefficients, which are crucial for constructions of
couplings in the proof of Harnack-type inequalities.

2 SDE with non-Lipschitzian coefficients

To characterize the non-Lipschitz regularity of coefficients, we introduce the class

ds

U = {u € C*((0,00); [1,00)) : /0 = o0, lirg%nf {u(r) +rd'(r)} > 0}. (2.1)

Here, the restriction that « > 1 is more technical than essential, since in applications
one may usually replace u by u V 1 (see condition (H1) below).

To ensure the existence and uniqueness of the solution and to establish the log-
Harnack inequality, we shall need the following assumptions:

(H1) There exist u, % € % with v’ < 0 and increasing functions K, K € C([0, 00); (0, 00))
such that for all t > 0 and z,y € RY,
1
(b(t,2) = bt ), 2 = y) + 5 |t 2) — ot ) s < K (0| — yfPulle — yf?)
lo(t,z) — o(t,y)llhs < KOz —ylfallz - yP?).
(H2) There exists a decreasing function A € C([0, c0); (0, 00)) such that

lo(t,2)y| = A@®)|yl, t>0,z,y € R%

The log-Harnack inequality we are establishing depends only on functions u, K and
A\, K and @ will be only used to ensure the existence of coupling constructed in the
proof. As in [24], in order to derive the Harnack inequality with a power, we need the
following additional assumption:

(H3) There exists an increasing function § € C([0, 0); [0, 00)) such that

(o(t,2) = o(t,9))"(x —y)l <o(t)lw —yl, =,y € Rt >0.

Theorem 2.1. Assume that (H1) holds.

(1) For any initial data X (0), the equation (1.1) has a unique solution, and the solution
is non-explosive.
(2) If moreover (H2) holds and

o(s) == / u(r)dr < ysu(s)?, s>0 (2.2)
0

for some constant v > 0, then for each T > 0 and strictly positive f € %,(R%),

K(T)p(lz — yf?)
AT)(1 = exp[-2K(T)T/7])’

P(T)log f(y) <log P(T)f(x) + f>1, 2,y eR
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(3) If additional to conditions in (2), (H3) holds, then
K(T)va(yva — Dz —y*)
25(T)((\/§ - DHAT) - 5(T)) (1 - exp[—2K(T)T/ﬂ)

holds for T > 0, forq > 1+ W

all non-negative elements in %,(RY).

(P(T)f(y))" < P(T)f%(x)-exp
,x,y € RY, and f € %, (RY), the set of

Typical examples for v € % satisfying « < 0 and (2.2) contain u(s) = log(e V
s71),u(s) = {log(e Vs~ 1)} loglog(e® Vv s71), -

Although the main idea of the proof is based on [24], due to the non-Lipschitzian
coefficients we have to overcome additional difficulties for the construction of coupling.
In fact, to show that the coupling we are going to construct is well defined, a new result
concerning existence and uniqueness of solutions to SDEs on a domain is addressed in
section 4.

2.1 Construction of the coupling and some estimates

It is easy to see from Theorem 4.1 that the equation (1.1) has a unique strong solu-
tion which is non-explosive (see the beginning of the next subsection). To establish the
desired log-Harnack inequality, we modify the coupling constructed in [24]. For fixed
T >0andf € (0,2), let

2—0 _ 2K(T) (t— T)j|

§(t) = SK(T) , telo,T],

then ¢ is a smooth and strictly positive function on [0,T") so that
2 —2K(T)E(t) +~€'(t) =0, t €[0,T). (2.3)
For any z,y € R?, we construct the coupling processes (X (t), Y (t));>o as follows:
dX(t)=0(t, X (t))dB(t) + b(t, X (t))dt, Xo ==z,

dY () =0 (t, Y (£))dB(t)+b(t, Y (t))dt (2.4)
ot Y ()o(t, X(6) " (X () -Y ()u(|X () -Y (t)]*)dt, Yo=1y.

We intend to show that the Y (¢) (hence, the coupling process) is well defined up to time
T and 7 < T, where
=inf{t>0: X(#)=Y()}

is the coupling time. To this end, we apply Theorem 4.1 to
D={(,y)eRIxR: 2/ #4}.
It is easy to verify (4.2) from (H1). Then Y (¢) is well defined up to time ¢ A 7, where

¢:= nh_}rrgo Cn, and ¢, :=inf{t € [0,T); |Y(¢)| > n}.

Here and in what follows, we set inf ) = co.
As in [24], to derive Harnack-type inequalities, we need to prove that the coupling
is successful before {( A T under the weighted probability Q := R(T'ATA()P, where

R(s) ::exp[ /0§(>< o(t, X () X () - Y(O))u(|X(t) — Y (1)[*),dB(¢)) 05

1 c1 _ 2,,2 _ 2
/05( )zla(t X (0)HX () = Y(@0)PuP(IX (1) — Y (1)]*)at |,
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for s € [0, TACAT). To ensure the existence of the density R(T'ATA() , letting
T, =inf{t €[0,0) : | X(#t) - Y ()| >n""}, n>1,
we verify that (R(sACuATy))sefo,7),n>1 is uniformly integrable, so that
R(T' A7 AC) = lim R(T - NN A TR A C)

is a well defined probability density due to the martingale convergence theorem. Then
we prove that ( AT > 7 a.s.-Q, so that @ = R(7)P. Both assertions are ensured by the
following lemma.

Lemma 2.2. Assume that the conditions (H1) and (H2) hold for some u satisfying
(2.2). Then

(1) Foranys € [0,T) andn > 1,

K(T)e(|lx — yl*)
(T)20(2 = 0)(1 — exp[—2K(T)T/~])’

E[R(s ATy ACp)log R(s Amp A G| < 3

Consequently, R(T A¢ A7) := lim,, oo R((T —n~1) A7, A(,) exists as a probabil-
ity density function of P, and

K(T)e(lz —yl*)
(T)260(2 = 0)(1 — exp[-2K(T)T/~])

E{R(T ANCAT)logR(TA{AT)} < 3

(2) Let Q= R(T'AN¢CAT)P, then Q(C AT > 7) = 1. Thus, Q = R(7)P and

K(T)e(|x — yl*)
(T)20(2 = 0)(1 — exp[-2K(T)T/~])’

E{R(r)log R(T)} < X
Proof. (1) Let
B(t) :B(t)+/0 ?18)0(5,X(s))_l(X(s)—Y(s))u(|X(s)—Y(s)\Q)ds, t <TATAC. (2.6)

Then, before time T'A 7 A (, (2.4) can be reformulated as

&(t) 2.7)

dX (t) = o(t, X (£))dB(t) + b(t, X ())dt — LWy (|X (1) -V (8)|2)dt, Xo = =,
AY (t) = o(t, Y (t))dB(t) + b(t, Y ())dt, Y = .

For fixed s € [0,7) and n > 1, let 9,5 = s A7, A(, and Q,, s = R(J,,s)P. Then
by the Girsanov theorem, (B (t))te[0,9,..) is a d-dimensional Brownian motion under the
probability measure Q,, s. Let Z(t) = X(t) — Y (¢t). By the It6 formula and condition
(H1), we obtain

Zu(lZ@®)P)
()
+2(Z(t), (o(t, X(t))—o(t,Y(t)dB(t))

- g ) 12O Pu(Z0) e

+2(Z(t),(o(t, X (1)) —o(t, Y (£)))dB(t)), t < V.

dlZ(t) = 2<Z(t), b(t, X () —b(t, Y(1)) - >dt+||0(t, X(1)=o(t,Y (1)) lfisdt

< Z(K(T)

Applying the It6 formula to ¢(|Z(t)|?) and noting that ¢ =+’ < 0, we derive
1

de(1Z (D)) < dM(1) + 2(K(T) £

NZ@Pa(Z@0P)dt, t < D,

EJP 17 (2012), paper 100. ejp.ejpecp.org
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where .
M(t) == / 2u(|Z,?)(Z(s), (0(s, X(5)) — 0(s, Y (s)))dB(s)), 1 < Os

is a Q, ,-martingale. Thus, by (2.2) and (2.3),

2 — ’
a2 < Leano) + RO =220 p2 2000 - £ w2007
1 2P (Z0)P) ,
< g+ cpz (22K - g (B)dl (2.8)
L1 Z0PRZ0P)
- f(t) dM(t) 0 f(t)Q di, t < 19n75.

Taking the expectation w.r.t. the probability measure Q,, s and noting (E (t))tcio,9,,..) is @
Brownian motion under Q,, ;, we get

s |ZOPRIZOR) ] el —yl?)
EQU oz ST @9

On the other hand, it follows from (H2) that

One 1 ~
log R(¥,,4)=— / @ 7 XO) T ZOu(Z ), dB@)
olt, X(8)) Z(8)| (1 Z(1)[?)

1o
Y ’
2 Jo £(t)2

Ime ] -1 2\ 15
S—/O %@(KX(L‘)) Z(tyu(|Z(®)[7),dB(1))

Fn,s 2,2 2
- ZOPRIZOP) o,
2X(T)? Jo £(t)
Combining with (2.9), we arrive at
2
E[R(Vn,s)log R(Uy,5)] = Eq, , [log R(¥n,s)] < %26‘”&(3), s€[0,7),n>1. (2.10)

This implies the desired inequality in (1), and the consequence then follows from the
martingale convergence theorem.

(2) Let (X = inf{t > 0; |X(¢)| > n}. Since X (t) is non-explosive as mentioned above,
C,)f 1 oo P-a.s. and hence, also Q-a.s. For n > m > 1, it follows from (2.8) that

(2.11)

QX > 5ATH > G) [ 0(1Z(90,5)1)] _ ellz =yl
30) /0 “(S)dSSEQ{ e }S o)

Letting first n — oo, then m — oo, and noting that u > 1, we obtain Q(¢ < s A7) = 0 for
all s € [0,T). Therefore, Q(¢ > T A7) = 1. So, it remains to show that Q(7 <T) =1 and
according to (1) and (2.9),

TN 2 ()P Z(1) ) K(T)p(lz — yf?)
EQ/@ c02 VS XTD20E 01— expl 2K (DT/A])

Since fOT ﬁdt = 0o, 7 > T implies that

inf |Z(tAT)Pu(|Z(tAT)?)? >0,
t€l0,T)

EJP 17 (2012), paper 100. ejp.ejpecp.org
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which yields that

TAT Z(t 2 Z(t 2\2
o< < [TIEORIZOR, ) g
Combining this with Q(¢ > T'A 7) = 1, we prove (2). O

If moreover (H3) holds, then we have the following moment estimate on R(7), which
will be used to prove the Harnack inequality with power.

Lemma 2.3. Assume (H1), (H2) and (H3) hold. Then for p := W >0,

(26(T) + \(T)0)0(|z — yI*)
5

13(T)E(0)(28(T) + 2\(T)0) (2.12)

ER(T)*? < exp [

Proof. By (2.8) and (H3), for any r > 0 we have

P | 2(0) Pu(| 2(0) )
Eq, . exp [r/o 0L dt]

<o [P Bo o | [ D @0, (000 x0) - ot v @) aBO0)

0£(0) 0 &(t) /
ro(lz — yl? 2,2 Ons 2,2 2 1/2
con ] [ [ )

where in the last step we use the inequality
]EeM(t) S (Ee2<M>(t)) 1/27

for a continuous exponentially integrable martingale M (¢), and (M)(t) denotes the
2

0
quadratic variational process corresponding to M(t). Putting r = 85(T)? such that
8r25(T)?
r= — we get
92 Vs Z(t)|2u2(\Z(t)\2) 9<,0(|33 - Z/|2)
E de| < T maeny |
Qs exp[&w / £(0)? ] —eXp{M(T)%(oJ

Due to Lemma 2.2, we have 7 < T A (,Q-a.s. By taking s = 7 — n~! and letting n — oo
in the above inequality, we arrive at

62 /T |Z(t)[*e*(1Z2(1)]*)
86(T)2 J, £(t)?

Since for any continuous Q-martingale M (t)

(2.13)

Op(|z —yQ)]'

Faoxp { 16(T2E(0)

dt} < exp [

Eqexp [pM(0) + 50

< <IEQ exp [qu(t) - p2q2<M>(t)/2] ) 1/a (EQ - [pggijl)<M>(t)D(q_l)/q

0
< (Eqew [Jf’ggﬁj"j?mxw})(q_wq, > 1,
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we obtain from (H2) that

ER(r)1*? = Eqexp [ p / ' %wX(t))*Z(t)uuZ(t)F), aB (1))
5 [ ot xO) z0ulizo P o
palpg +1)  [T1Z(OPeP(Z@)) 1\
S(EWI’{2A<T>2<q—1>/o 0E dt]) '

Taking ¢ = 1 4+ y/1 4+ p~! which minimizes ¢(pg + 1)/(¢ — 1), and using the definition of
p, we have

palpg+1)  (p+vpPP+p? 0> q—1  25(T)+ \NT)0

2XN(T)2(q — 1) 2\(T)2 C88(T)2 g 20(T) +2X(T)0°
Combining this with (2.13), we complete the proof. O

2.2 Proof of Theorem 2.1

According to Theorem 4.1 below for D = R?, (H1) implies that (1.1) has a unique
solution. Since u is decreasing, the first inequality in (H1) with y = 0 implies that for
lz| = 1,

20b(t, ), @) Hlo (1, 2) s < 206(¢,0), 2o (2, 0) s + 2l (2, 0) [ssllor(t, @) [ss+K (D] Pu(1). (2.14)

Moreover, the second inequality in (H1) with y = 0 implies that for |z| > 1,

(=]
kx (k—1)z
lott, s < ot 0llus + 3 |l (& ) = o (=)
k=1
< llo(t, 0) s + 20/ K ()V/u(1)
where [|z|] stands for the integer part of |z|. Combining this with (2.14) we may find a
function h € C(]0,00); (0,00)) such that

HS

2(b(t, ), @) + o(t,2) s < RO+ [2]?),

which implies the non-explosion of X (¢) as is well known. Thus, the proof of (1) is
finished.
Next, by Lemma 2.2 and the Girsanov theorem,

~ T o(s, X () X (s) = Y(s
B(t) := B(t)Jr/O (s, X(s)) f((j( )= YA ))u(|X(s) —Y(s)[})ds, t>0

is a d-dimensional Brownian motion under the probability measure Q. Then, according
to Theorem 2.1(1), the equation
dY (t) = o(t, Y (£))dB(t) + b(t, Y (t))dt, Y(0) =1y (2.15)
has a unique solution for all ¢ > 0. Moreover, it is easy to see that (X(¢));>0 solves the
equation
X() = Y(®)
£(t)

Thus, we have extended equation (2.7) to all ¢ > 0, which has a global solution (X (¢), Y (¢)):>0
under the probability measure Q, and

dX(t) = o(t, X(£))dB(t) + b(t, X (£))dt — lpendt, X(0)=2.  (2.16)

T:=inf{t>0: Xt)=Y(@)} <T, Q-as.
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Moreover, since the equations (2.15) and (2.16) coincide for ¢ > 7, by the uniqueness of
the solution and X (7) = Y (7), we conclude that X(T) =Y (T), Q-a.s.
Now, by Lemma 2.2 and the Young inequality we obtain

P(T)log f(y) = Eq|log f(Y(T))] = E[R(r)log f(Y(T))]
< log B[f(X(T))] + E[R(7) log R(7)]

E(T)e(|x — yl*)
NT)0(2 - 0)(1 — exp[-2K(T)T/~])

< log P(T) f(x) +

Taking € = 1, we derive the desired log-Harnack inequality.
Moreover, by the Holder inequality, for any ¢ > 1 we have

(P(T) ()" = (Bo[f(Y (1)) = (B[R F(X(T))])" < (P(T) () (B[RY@=D])""".

45(T)? + 49M(T)5(T)

Setting ¢ =1+ such that

A(T)%62
q A\T)20?
S =1 2.17
=1 TP e aa sy (2-17)
it then follows from Lemma 2.3 that
26(T) + \(T)6
P(T T < P(T)f(x) - -y
(P)I )" < PUT) () - exp | 5oy e el — o)
26(T
It is easy to see that forany ¢ > 1 + %, (2.17) holds for 8 = )\(T)((\/a)—l)
Therefore, the desired Harnack inequality with power ¢ follows.
3 SFDEs with non-Lipschitzian coefficients
For a fixed ro > 0, let ¥ := C([—ro,0]; R?) denote all continuous functions from
[~70, 0] to RY endowed with the uniform norm, i.e.
¢l = _max [0(s)], for o €%
Let T > rq be fixed, for any h € C([~ro,T]; R¢) and ¢ > 0, let h; € € such that
hi(s) := h(t +s), s € [-ro,0].
Consider the following type of stochastic functional differential equation
dX(t) = {b(t, X (¢)) + a(t, X;)}dt + (¢, X;)dB(t), Xo € C, 3.1)

where a : [0,00) x¢ — R%, 5 : [0,00) x¢ — RY@R% and b : [0,00) — R? are measurable,
locally bounded in the first variable and continuous in the second variable.

According to the proof of Theorem 4.2 below, we introduce the following class of
functions to characterize the non-Lipschitz regularity of the coefficients:

ds
su(s)

@ {u € C1((0,00),[1,00)) : /o1

=00, s+ su(s) is increasing and concave}.

According to Theorem 4.2 with D = R?, the equation (3.1) has a unique strong solution
provided there exist a locally bounded function K : [0,00) — (0,00) and u € % such that

2(b(t, $(0)) — b(t, ¥(0)) + a(t, ) — a(t,v),p(0) — ¥(0)) + [|(t,¢) — &(t,%)|fis
< K)o — )2 ullle — vl%), (3.2)
lo(t,¢) — a(t,¥)|fs < K)o — vl2u(llé — v[|%)

EJP 17 (2012), paper 100. ejp.ejpecp.org
Page 9/18


http://dx.doi.org/10.1214/EJP.v17-2140
http://ejp.ejpecp.org/

Harnack inequalities for SDEs and SFDEs with non-Lipschitz coefficients

holds for all t > 0 and ¢,¢ € ¥. Since su(s) is increasing and concave in s, we have
su(s) < ¢(1 + s) for some constant ¢ > 0. Therefore, it is easy to see that the above
conditions also imply the non-explosion of the solution.

Let Xf be the segment solution to (3.1) for Xy = ¢. We aim to establish the Harnack
inequality for the associated Markov operators (F;):>o:

Pif(¢) =Bf(X)), f€B(€),d€F.

As already known in [5, 25], to establish a Harnack inequality using coupling method,
one has to assume that (-, ¢) depends only on ¢(0); that is, 5(¢, ¢) = o(t, $(0)) holds for
some ¢ : [0,00) x RY — RY ® R¢. Therefore, below we will consider the equation

dX(t) = {b(t, X (1)} + alt, X;)}dt + o(t, X (1))dB(t), Xo€E, (3.3)

where a : [0,00) x € — R%, 0 : [0,00) x R? — R? ® R? are measurable, locally bounded
in the first variable and continuous in the second variable. We shall make use of the
following assumption, which is weaker than (1)-(4) introduced in the end of Section 1
since u might be unbounded.

(A) There exist u € % and increasing function K, K, Ky, K3, K; € C([0,00); (0,00))
such that forall t > 0,
@ (b(t,2) = b(t,y),x —y) + 3llo(t,z) — o(t,y)fs < Ki(t)|z — ylPullz — y[?), 2,y € RY
() [o(t.2) - o(t.y)llEs < K0z — ylPulle — yf2), 2,y € R
(iiD) |a(t, 9) — a(t,¥)|* < Ka(t)[|d — ¥|5ulll¢ = ¥l%), 6.9 € €
) [[(o(t,x) —o(t,y))o(t,y)H* < Ks(t), [lo(t,a)H]* < Ka(t), 2,y € R%

Obviously, (A) implies (3.2) so that the equation (3.3) has a unique strong solution
and the solution is non-explosive. Let G(s) = ff #(T)dr, s > 0. It is easy to see that G is
strictly increasing with full range R. Let

O(T,r) = G (G(QTQ) + G(4{K\(T) + 2K, (T)Ks(T) + 32K(T)})),
(T, r) =C(T,r)u(C(T,r)), T>0.

Since G(0) := limy o G(s) = —o0, we have C(T,0) = 0 for any T > 0. So, if lim, o su(s) =
0 then ®(T,0) = 0. The main result in this section is the following.

Theorem 3.1. Assume (A). If (2.2) holds for some constant v > 0, then forT > 0

Pryyylog f(1)) —log Prir, f(¢)

< () (WAL OP)

o T{SEL (1) 4+ 8Ko(1) K (1) +Ko(T)}2(T. 0~ ]) ).

holds for all strictly positive f € %,(¢) and ¢, ) € €.

The proof is modified from Section 2. But in the present setting we are not able
to derive the Harnack inequality with power as in Theorem 2.1(3). The reason is that
according to the proof of Lemma 3.3 below, to estimate ER(7)? for ¢ > 0 one needs
upper bounds of the exponential moments of | Z;||% u(||Z¢||2,), which is however not
available.
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Let T' > 0 and ¢, € € be fixed. Combining the construction of coupling in Section
2 for the SDE case with non-Lipschitz coefficients and that in [25] for the SFDE case
with Lipschitz coefficients, we construct the coupling process (X(¢),Y (¢)) as follows:

AX (1) = {b(t, X (1)) + alt, Xo)}dt + o (t, X ())dB(t), Xo = o,

Ay (t) = {b(t, Y (1)) + alt, X;)}dt + o (1, Y (1))dB(t) (3.4)
+ YO UXOX YOy, 1y (| X (1) — Y (1)), Yo = ¥,

where

£(t) = TT;t t € [0,T].

As explained in Subsection 2.1 for the existence of solution to (2.4) using Theorem
4.1, due to T}}eorem 4.2 and (i) in (A), the equation (3.4) has a unique solution up to
the time T'A ( A 7, where

Fi=if{t >0: X(t)=Y(t)}, {:= lim_ Cn; Cni=inf{t €[0,T): |V ()] >n}.

From (A) it is easy to see that C~ >T.If7 <T,wesetY(t) = X(¢) fort > 7 so that
(X(t),Y(t)) solves (3.4) for all ¢ > 0 (this is not true if o(¢,Y (t)) is replaced by &(¢,Y;)
depending on Y (¢t + s),s € [—ro,0]). In particular, 7 < T implies that Xr1,, = X14r,.
To show that 7 < T, we make use of the Girsanov theorem as in Section 2. Let Z(t) =
X(t)—Y(¢t) and

_ ullZ@®))a(t, X (1)1 2(1)

At) : D)

+o(t,Y(t) " (a(t, X¢)—a(t, V7).

We intend to show that
R(s) = exp {—/ <A(t),dB(t)>—%/ |A(t)|2dt] (3.5)
0 0

is a uniformly integrable martingale for s € [0,7 A 7), so that due to the Girsanov
theorem,

B(s) = B(s) + / A()dt, t<TAF (3.6)
0

is a d-dimensional Brownian motion under the probability Q := R(7 A { A T)P. To this
end, we make use of the approximation argument as in Section 2.
Define
Fo=if{t € [0,T); | X(t)-Y ()| >n"t}, n>1.
By the Girsanov theorem, for any s € (0,7) and n > 1, {R(?)

and {B(t)}te[(),s/\?n/\fn
R(sACu ATy )P.
Fort <T A an A T,,, rewrite (3.4) as
dX (8) = {b(t, X (£)) + a(t, X0) }dt + o(t, X(0)dB(t) — £ ullZ(¢))dt
—o(t, X()o(t, Y (1) (a(t, X3) — alt, Yy))dt, Xo = ¢,

dY (¢) = {b(t, Y (t)) + a(t,Y:) }dt + o (¢, Y (¢))dB(t), Yo =1).
We have Zy = ¢ — ¢ and

}te[o,s/\;n/\gn] is a martingale

] is a d-dimensional Brownian motion under the probability Q; , :=

— (s Ly ; _ _u|Z®)P)2(t)
dZ(t) = (o(t, X (1)) (t,Y(t)))dB(t)+(b(t,X(t)) b(t, Y (1)) 0 )dt 5

+{o(t,Y(t) —a(t,X(t) }o(t, Y () (a(t, X;) — a(t, Yy))dt

fort<T/\%n/\(~n.
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Lemma 3.2. Assume (i), (ii) and (iii) in (A)~. Let E, ,, stands for taking the expectation
w.rt. the probability measure Q; ,, := R(sA(,AT,)P. Then

sup E( sup z<t>|2)sc<T,||Zo|oo>.

n>1,5€(0,T) —ro<t<SACn AT

Proof. Let ¢,(t) = SUP . <p<tnsy Al |Z(r)|?. By the first inequality (i) and (iii) in (A),
(3.7) and using the It6 formula, we get
d|Z(t)]> <2(Z(t), (o(t, X(t))—o(t, ())) dB(t))
Z(t)

(3.8)
+2( K OIZWOPuZ0)2) + 120V KO KOl ZeRoul1 Zi]1%) ) at

fort < sAT A C~n. Moreover, according to the Burkholder-Davis-Gundy inequality, for
any continuous martingale M (¢) one has

E sup M(s) < 2v2E\/(M)(t), t> 0.

s€[0,t]
Combining this with (3.8) and (ii) in (A), and noting that su(s) is increasing in s so that
1Z&)Pu(|Zt)) < 1 Zell2ou(l| Ze]12) < bn(t)u(ln(t)), t < sAFn A,

we obtain

1/2
Eantn(t) < 1 Zoll% + 8Eon /K </ PUE)Er) B
+ {2K1(T) + AK(T)K5(T)} /O Byl (r)u(ln(r))dr
< 20l B o8+ 1)+ 2B (TVE(T) + 32K (D)} | B e (r)

Since su(s) is concave in s so that Eg ,[(,(r)u(ln(r))] < Espnln(r)u(Es nl,(r)), this im-
plies that

By nln(t) < 2| Zo||% +4{ K\ (T)+2K>(T)K3(T)+32K (T)} /t Es nln(r)u(Es nlp(r))dr, ¢t <s.
0

Therefore, the desired estimate follows from the Bihari’s inequality (see, for example,
[13, Theorem 1.8.2]). O

Lemma 3.3. Assume (A). If (2.2) holds for some constant v > 0, then

sup E[R(s/\fn/\%n)log R(S/\fn/\%n)]
96[0,T),n21
20(12(0)%)

< K4(T)( T

+ T{8K1(T)* + 8Ky (T)K3(T) + K1 (T) } (T, HZOHOO))

Proof. By the first inequality in (A2), (3.7) and using the It6 formula, we obtain

AZ(1)2 <2(Z(1), (o(t, X (8)—o(t, Y (£)))dB(1)) - 2|Z(t)|§f)|z(t) ) at

+2(K1<t>|z<t>|2 (120)P) + |20) | Ko s D Ze ol 1) )
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fort < sAT, A fn So, as in the proof of Lemma 2.2, there exists a Q, ,-martingale M (t)
such that fort < s AT, A (p,

gPUZ@r) 1Z@®)Pu(1Z(1)]%)

Fay o SO - S (2 ) ae
+ gft)(mnzu)ﬁuu(ﬂ N+HZOIWV KO R ZIEu(ZI1%) ) dt
<aM()+ (4{1«1<t>2+K2<t>K3<t>}||zt|iou<ztniQ)dt— A Yar,
where in the last step we have used u > 1 and £/(t) = —%. Therefore,

- /smmzn 2P (1Z(1)P) 4,
. &(t)?

< 2%0(|§~Z(é)0)|2) + 8T{K:(T)? + Ko(T)Ks(T)}Eq L (T) (b (T)).

Since by Lemma 3.2 and the concavity of r — ru(r)

(3.9)

Es nln(T)u(ln(T)) < C(T || Zo]loc)u(C(T' [ Zollo)) = (T [ Zol o)

combining (3.9) with Lemma 3.2 and (iv) in (A) we arrive at that

- - 1 SATRACn
E[R(s A7 Aln)log R(s AT NG| = 3 Bon / |A(t)]*dt
0

SATRACn 2,,2 2
., [ (PO 2z Jar

e
ZOR) | (5, (1)2 4 8K(T) I (1) + KalT)} 0T | 2y ).

< K4(T)(
O

Proof of Theorem 3.1. As discussed in Section 2 that Lemma 3.3 and (3.9) imply that
7 <TAC Q-as., where Q := R(TATA 5)]? = R(7)P. Since by the construction we have
X(t) = Y(t) for t > 7, this implies that X7, = Yr4,,. Applying the Young inequality
and Lemma 3.3, we obtain

PT+T0 IOg f(w) - lOg PTJrTU f((b) = EQ[]Og f(YT+T0)] - IOg PT+T0 f(¢)
= E[R(7)1og f(X1+1r,)] —log B[f(X74r,)] < E[R(7)log R(7)]

< 1) (PPZOL) s 16, (1) 4 810,11 4 Ko T) 60T | Zo) )

4 Existence and uniqueness of solutions

There is a lot of literature on the existence and uniqueness of SDEs and SFDEs
under non-Lipschitz condition, see e.g. Taniguchi [18, 19] and references therein. In
the following two subsections, for the construction of couplings given in the previous
sections, we present below two results in this direction for SDEs and SFDEs on open
domains respectively.
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4.1 Stochastic differential equations

Let D be a non-empty open domain in R¢, and let 7 > 0 be fixed. Consider the
following SDE:
dX(t) = o(t, X (t))dB(t) + b(t, X (t))dt, (4.1)

where (B(t));>0 is the m-dimensional Brownian motion on a complete filtered proba-
bility space (Q, (%)i>0, #,P), 0 : [0,T) x D - R¢®@R™ and b : [0,T) x D — R? are
measurable, locally bounded in the first variable and continuous in the second variable.

Theorem 4.1. If there exist u € %, a sequence of compact sets K,, T D and functions
{On}n>1 € C([0,7); (0,00)) such that for everyn > 1,

2(b(t, @) = b(t, y), @ —y) + o (t,x) — o(t, )i

; ] (4.2)
<O,z —ylfu(lz —y|?), |lz—y| <1l,z,y € Ky, t €[0,T).

Then for any initial data X (0) € D, the equation (4.1) has a unique solution X (t) up to
life time
C:=TA lim inf {t € [0,7): X(t) ¢ K,},
n—oo

where inf () := oco.

Proof. For each n > 1, we may find h,, € C>°(RR?) with compact support contained in D
such that h, |k, = 1. Let

bu(t, ) = hp(2)b(t,x), on(t,z) = hp(z)o(t, x).

Then for any n > 1, b, and o, are bounded on [0, T?—fl] x R% and continuous in the

second variable. According to the Skorokhod theorem [16] (see also [9, Theorem 0.1]),
the equation

dX, (1) = on(t, Xn(t))dB(t) + bn(t, Xn(t))dt, Xn(0) = Xo (4.3)

has a weak solution for ¢ € [0, f—fl] So, by Yamada-Watanabe principle [26], to prove the
existence and uniqueness of the (strong) solution, we only need to verify the pathwise
uniqueness.

Let Xn(t),f(n(t) be two solutions to (4.3) for ¢ € [0, JL—EI] Since the support of h,, is
a compact subset of D and since K,, T D, there exists m > n such that K,, D supp h,.
Then (4.2) yields that

2<bn(tv'r) - bn(t,y),x - y> + ||O'n(t,$) - Un(tvy)”%{S S C’Vl|x - y‘Qu(‘x - y‘2)

holds for some constant C,, > 0, all ¢ € [0, g—fl] and z,y € R? with |z — y| < 1. By the It6
formula, this implies

X (1) = X (1)? < Cul X () = X (1) Pu(| X (8) — X (8)])dt

- - (4.4)
+2(Xn (1) = X (1), {on(t, Xn(t)) — on(t, Xa(t)) }dB(1))

for t € [0,25]. On the other hand, u € % implies that
u(r) +ru'(r) >N, re|0,po]

holds for some constants A, py > 0. Let

T ds
v = A —_— >0.
E(T) eXp|: /1 5+5U(8):|’ T.7€_0
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Then, for any £ > 0, we have ¥, € C?([0,c0)) and

poy o Aru(r) . .,
’I"’U/(T)\IJE( ) - €+TU(T‘) \IIE( ) S )‘\I]€< )7
iy o A= Mu(r) + ' (r)}
Ul(r) = 1 ru())? <0, r€]0,pol
Therefore, letting
o = inf{t e {0, n”fl} X () — X > po},

it follows from (4.4) and the It6 formula that
Vo (|Xn(t) = X (1)) < AC, WL (| X (¢ ) - Xa(t)[*)dt
+ 20 (| X (8) = X (8)P)(Xn(t) — Xn(8), {on(t, Xn(t) — on(t, Xn(t)) }dB(t))
holds for t < 75 A ”T . Hence,

nT
n+1

BV, (| X, (t ATo) — Xn(tATo)?) < et (0), t <

Letting € | 0 and noting that ¥,(0) = 0, we arrive at
EWo(| X, (t ATo) — Xn(t Amo)|?) = 0.

Thus, X,,(tA10) — X,,(tA70) holds for all € [0, 2L 7). Therefore, 7o = oo and X, (t) = X, (t)
holds for all ¢ € [0, T:‘fl] In conclusion, for every n > 1, the equation (4.3) has a unique
solution up to time

Since h, = 1 on Kn so that (4.3) coincides with (4.1) before the solution leaves K,,,

the equation (4.1) has a unique solution X (¢) up to the time
nT
ni=——AInf{t>0:X(¢t) ¢ K,}.
Gui= g Ainf{t 2 0: X(1) ¢ Ko}
Therefore, (4.1) has a unique solution up to the life time ( =T A lim,, 00 (p- O

4.2 Stochastic functional differential equations

Let ¢ = €([-70,0];R?) for a fixed number 7 > 0, and for any set A C R? let
¢ ={p€E: ¢([-ro,0]) C A}. For fixed T > 0 and a non-empty open domain D in R?,
we consider the SFDE

dX(t) = b(t, X;)dt + 7(t, X;)dB(t), X, € D?, (4.5)

where B(t) is the m-dimensional Brownian motion, b : [0,7) x D¢ — R and & : [0,T) x
D% — RY ® R™ are measurable, bounded on [0,t] x K* for t € [0,T) and compact set
K C D, and continuous in the second variable.

Theorem 4.2. Assume that there exists a sequence of compact sets K,, T D such that
foreveryn > 1,

2(b(t, @) — b(t, ), 6(0) = ¥(0)) + [|5(t, &) — 7 (t, ¥)[fis < 6 — Y Zun(llé — ¥[%)  (4.6)
and
lo(t, @) — a(t, ¥)llEs < llé = vlZeun(lle — ¢ 4.7)
hold for some u,, € % and all ¢,¢ € K¢,t < L. Then for any initial data X, € D, the
equation (4.5) has a unique solution X( ) up to 11fe time

C:=TA lim inf {t € [0,T): X(t) ¢ K,}.

n—oo
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Proof. Using the approximation argument in the proof of Theorem 4.1, we may and do
assume that D = R? and b and & are bounded and continuous in the second variable
and prove the existence and uniqueness of solution up to any time 7’ < T'. According to
the Yamada-Watanabe principle, we shall verify below the existence of a weak solution
and the pathwise uniqueness of the strong solution respectively.

(1) The proof of the existence of a weak solution is standard up to an approximation
argument. Let B(s) = B(ro+1+5),s € [-70, 0], where B(s) is a d-dimensional Brownian
motion. Define

Gn(t,¢) =EG(t,0 +n " 'B),bu(t,¢) = Eb(t,¢ +n"'B), n>1.

Applying [3, Corollary 1.3] for o = %Idxdmz =0,Z=b=0and T = 1+ ry, we see that
for every n # 1, &, and b,, are Lipschitz continuous in the second variable uniformly in
the first variable. Therefore, the equation

AX ™ () = by (¢, X™)dt + 7, (¢, X™)dB(t), X = X,

has a unique strong solution up to time 7’: X™ ¢ C(]0,7'];R%). To see that X (™
converges weakly as n — oo, we take the reference function

h(t+s)) — h(t
ge(h) := sup sup [A( )2 ®)]
te[0,T) se(0,(T—t)AL) s

for a fixed numbere € (0, 1). Itis well known that g. is a compact function on C([0, T"}; RY),
i.e. {g- < r} is compact under the uniform norm for any » > 0. Since b,, and &,, are uni-
formly bounded and ¢ € (0, ), we have

sup Eg. (X ™) < occ.
n>1

Let P("™ be the distribution of X (™). Then the family {P("},~, is tight, and hence (up
to a sub-sequence) converges weakly to a probability measure P on Q := C([0, T}; ]; IRd).
Let % = o(w— w(s) : s <t) for ¢ € [0,7"]. Then the coordinate process

X(t)(w) :=w(t), t€]0,T],weN

is .#;-adapted. Since P(") is the distribution of X ("), we see that
t —_
M () = X (t) — / bn(s, Xs)ds, t€[0,7]
0
is a P(™)-martingale with

(MM, M) (1) = Z/ {(@n)ix(@n)jn} (s, Xo)ds, 1<i,j<d.
k=10

Since &,, — & and b,, — b uniformly and P(™) — P weakly, by letting n — oo we conclude
that

M(t) = X(t) — /Otb(s,Xs)ds, s€[0,7"]

is a IP-martingale with

m

t
<M17MJ>(t) = Z/ {5ik6jk}(saxs)d57 1 S Za] S d.
k=170
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According to [10, Theorem I1.7.1'], this implies
t
M (t) :/ (s, Xs)dB(s), t€[0,1"]
0

for some m-dimensional Brownian motion B on the filtered probability space (2, %#;,P).
Therefore, the equation has a weak solution up to time 7”.

(2) The pathwise uniqueness. Let X (¢) and Y (¢) for ¢ € [0, T'] be two strong solutions
with Xg =Y. Let Z=X —Y and

T =T Ainf {t € [0,T): |X ()| + [V ()] >n}.
By the It6 formula and (4.6), we have
dZ(t) < 2(o(t, X0) - oL, Y)AB(), Z0) + | ZlPoun(|Ze)2) t<7ae  (4.8)

Let
Ca(t) = sup |Z,%, t>0.

s<tATy

Noting that su,(s) is increasing in s, we have

So, by (4.7), (4.8) and using the Burkholder-Davis-Gundy inequality, there exist con-
stants C1,Cs > 0 such that

¢ t 1/2
E¢,(¢) §/0 Eén(s)un(ﬁn(s))ds—|—C1E<£n(t)/0 Zn(s)un(ﬁn(s))ds>

1

< SEL(H) +Co /0 Bl (5)tun (6n(s))ds.

Since s — suy,(s) is concave, due to Jensen's inequality this implies that
t
E4, (1) < 202/ El,, (s)u, (Bl (s))ds.
0

Let G(s) = [; izyds, s > 0,and let G~ be the inverse of G. Since Iy sy ds = oo, we

SUn (s

have [—oc, 0] C Dom(G~1) with G~!(—o0) = 0. Then, by Bihari’s inequality, we obtain
El,(t) < GTHG(0) + G(2C5t)) = G~ (—00) = 0.

This implies that X (¢) = Y (t) for t < 7, for any n > 1. Since b and & are bounded, we
have 7,, 1 T". Therefore, X (¢t) = Y (t) for t € [0,T"]. O
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