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Abstract

We consider a subordinate Brownian motion X in R?, d > 1, where the Laplace ex-
ponent ¢ of the corresponding subordinator satisfies some mild conditions. The scale
invariant Harnack inequality is proved for X. We first give new forms of asymptotical
properties of the Lévy and potential density of the subordinator near zero. Using
these results we find asymptotics of the Lévy density and potential density of X near
the origin, which is essential to our approach. The examples which are covered by
our results include geometric stable processes and relativistic geometric stable pro-
cesses, i.e. the cases when the subordinator has the Laplace exponent

d(\) =log(1+21*?) (0<a<?2)

and
d(N) =log(1+ A +m**** —m) (0<a<2, m>0).
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1 Introduction

Consider a Brownian motion B = (B;, P,.) in R, d > 1, and an independent subordi-
nator S = (S;: ¢ > 0). It is known that the stochastic process X = (X;,P,) defined by
X: = B(S;) is a Lévy process. The process X is called a subordinate Brownian motion.

A non-negative function h: R? — [0, c0) is said to be harmonic with respect to X in
an open set D C R¢ if for all open sets B C R? whose closure is compact and contained
in D the following mean value property holds

h(z) =E,[h(X,;)] forall ze€ B,
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Harnack inequalities for SBM

where 75 = inf{t > 0: X; ¢ B} denotes the first exit time from the set B .

We say that the Harnack inequality holds for the process X if there exists a constant
¢ > 0 such that for any » € (0,1) and any non-negative function h on R? which is
harmonic in the ball B(0,7) = {z € R?: |z] < r} the following inequality is true

h(z) <ch(y) forall z,y € B(0,5). (1.1)

Space homogeneity of Lévy processes implies that the same inequality is true on
any ball B(xg,r) = {z € R?: |z — 29| < r}. This type of Harnack inequality is sometimes
called a scale invariant (or geometric) Harnack inequality, since the constant c in (1.1)
stays the same for any r € (0,1).

The main goal of this paper is to prove the scale invariant Harnack inequality for a
class of subordinate Brownian motions. Our most important contribution is that within
our framework we can treat subordinate Brownian motions with subordinators whose
Laplace exponent

H(N) := —logEe 5

varies slowly at infinity. In particular, we are able to give a positive answer for many
processes for which only the non-scaling version of the Harnack inequality was known
so far.

Here are a few examples of such processes.
Example 1 (Geometric stable processes)

d(N) =log(1+X\*/2), (0<pB<2).
Example 2 (Iterated geometric stable processes)

p1(N) =log(1+ X% (0< B <2)
Ontr1 =¢10¢, nelN

Example 3 (Relativistic geometric stable processes)
/2 2/B
d(A) = log 1+<)\—|—m ) -m|] (m>0,0<8<2).

Remark 1.1. The non-scaling version of the Harnack inequality for geometric stable
and iterated geometric stable processes was proved in [17]. It was not known whether
scale invariant version of this inequality held. Recently this turned out to be the case
in dimension d = 1 (see [8]). In [8] the authors used the theory of fluctuation of one-
dimensional Lévy processes and it was not clear how to generalize this technique to
higher dimensions. Nevertheles, this result suggests that the scale invariant version of
the Harnack inequality may hold in higher dimensions.

Another feature of our approach is that it is unifying in the sense that it covers
many classes of subordinate Brownian motions for which the scale invariant Harnack
inequality was recently proved. For example we can treat many subordinators whose
Laplace exponent varies regularly at infinity. As a special example, rotationally invariant
a-stable processes (a € (0,2)) are included in our framework.

Let us be more precise now. In this paper we consider subordinate Brownian motions
X in RY (d > 1), for which the Laplace exponent ¢ of the corresponding subordinator S
satisfies (see Sections 2 and 3 for details concerning these conditions):

(A-1) the potential measure of S has a decreasing density;
(A-2) the Lévy measure of S is infinite and has a decreasing density;
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(A-3) there exist constants o > 0, A\g > 0 and ¢ € (0, 1] such that

/
¢'(Az) <oz % forall r>1 and A > Ag;

PN~

Our main result is the following scale invariant Harnack inequality.

Theorem 1.2 (Harnack inequality). Suppose d > 1 and X; = Bg, is a subordinate
Brownian motion where B; is a Brownian motion in R¢ and S, is an independent sub-
ordinator whose Laplace exponent is ¢. We assume that the subordinator S; satisfies
(A-1)-(A-3) and that the Lévy density J(z) = j(|x|) of X satisfies

Jir+1) <j(r) <djlr+1), r>1, (1.2)

for some constant ¢’ > 1.
Then there exists a constant ¢ > 0 such that for all 7o € R% and r € (0,1)

h(z1) < ch(xz) forall x1,x2 € B(xg, %)
and for every non-negative function h: R¢ — [0, 0c0) which is harmonic in B(x, 7).

As already mentioned at the beginning, this theorem is a new result for Examples
1-3 above. The condition (0.2) in Theorem 1.2 is implied by the following two conditions
on the Lévy measure of the subordinator (see the proof of Proposition 3.5 [12]);

(a) For any K > 0, there exists ¢; = ¢;(K) > 1 such that

u(r) <ecip(2r),  Vre(0,K). (1.3)
(b) There exists ¢y > 1 such that
w(r) <egu(r+1), Vr > 1. (1.4)

Note that, when ¢ is a complete Bernstein function, by Lemma 2.1 in [12], (1.4) holds.
On the other hand, by Proposition 3.3, under the assumption (A-2) and (A-3), (1.3)
holds (also see Remark 4.3).

The condition (A-3) is implied by the following stronger condition
¢'(Ar) |

Vx>0 lim =z

A—00 dﬂ()\)
In other words, (1.5) says that ¢’ varies regularly at infinity with index § — 1. Examples
1-3 satisfy this condition with a = 0.
The following example is also covered by our approach.
Example 4 Assume that ¢ satisfies (A-1), (A-2) and

0<a<?2). (1.5)

d(N) = X2, A= 00 (0<a<2)

where { varies slowly at infinity, i.e.

o
Ve>0 Qi o

(f(A) < g(A), A = oo means that f(\)/g()\) stays bounded between two positive con-
stants as A — oo ). We can take, for example,

0N = [log(1+N)]'7%/2 or £(A) = [log(1 + log(1 + )] /2.
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The Harnack inequality in this case has been known before (see [12, 14, 15]).

The main ingredient in our proof of the Harnack inequality is a good estimate of
the Green function Gp(,,)(z,y) of the ball B(0,r) when y is near its boundary. To be
more precise, we will prove that there are a function &£: (0,1) — (0,00) and constants
c1,c2 > 0and 0 < k1 < ko < 1 such that for every r € (0,1),

ab(r)r  Bytpo.m < Gpor(2,y) < c2f(r)r By, (1.6)

for x € B(0,k17) and y € B(0,7) \ B(0, kor) (see Corollary 5.9).
Depending on considered processes, the function r — £(r) can have two different
types of behavior. For example, it turns out that in Example 1

f(?‘)xlog(%l) as T%O"',

while in Example 4
E(ry=<1as r—0+.

To obtain the mentioned estimates of the Green function we use asymptotical prop-
erties of Lévy density u(t) and potential density u(¢) of the underlying subordinator
near zero. It turns out that it is not possible to use Tauberian theorems in each case.
In Section 3 we obtain needed asymptotical properties without use of such theorems.
More precisely, we show that the asymptotical behavior can be expressed in terms of
the Laplace exponent (see Proposition 3.3 and Proposition 3.4):

2 ' (t72)
P(t=2)?

Harnack inequalities for symmetric stable Lévy processes were obtained in [5, 4]. A
new technique on Harnack inequalities for stable like jump processes was developed in
[3] and generalized in [19]. Similar technique was used for various jump processes in
[2, 6, 7]. In [11] the Harnack inequality was proved for truncated stable processes and
it was generalized in [14]. Harnack inequality for some classes subordinate Brownian
motions was also considered in [12].

Let us comment what happens when one applies techniques developed for jump
processes (as in [3]) to our situation. The proof in this case relied on an estimate of
Krylov-Safonov type: there exists a constant ¢ > 0 such that

Al

IPf(TA < Tg 0,r ) Z Crs—
©07="1B(0,7)]

p(t) <t72¢'(t7') and w(t) <t~ as t— 0+ .

for any r € (0,1), = € B(0,%) and A C R closed, where Ty = 74 denotes the first
hitting time of the set A and |A| denotes its Lebesgue measure.

Although this technique is quite general and can be applied to a much larger class
of Markov jump processes, there are some situations in our setting which show that
it is not applicable even to a rotationally invariant Lévy process. A good example is
the proof of the Harnack inequality in [17], where the mentioned Krylov-Safonov type
estimate was indispensable. Contrary to the case of stable-like processes, this estimate
is not uniform in r € (0, 1).

For example, for a geometric stable process it is possible to find a sequence of radii

(r,) and closed sets A,, C B(0,r,) such that r, — 0, % > i and

IPQ(TAn < TB(OJ‘”)) — 0, as n — 0.
This non-uniformity does not allow to obtain the scale-invariant Harnack inequality us-
ing this technique. In this sense, the investigation of Harnack inequality becomes inter-

esting even in the case of a Lévy process. We have not encountered a technique so far
that would cover cases of a more general jump process in this direction.
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The paper is organized as follows. In Section 2 we give basic notions which we
use in sections that follow. New forms of asymptotical properties of the Lévy and the
potential densities of subordinators are obtained in Section 3. Technical lemmas con-
cerning asymptotic inversion of the Laplace transform used in this section are deferred
to Appendix A. These results in Appendix A can be also of independent interest, since
they represent an alternative to the Tauberian theorems, which were mainly used in
previous works.

Using results of the Section 3 we obtain the behavior of the Lévy measure and the
Green function (potential) of the process X in Section 4. In Section 5 we obtain point-
wise estimates of the Green functions of small balls needed to prove the main result,
which is proved in Section 6.

Notation. Throughout the paper we use the notation f(r) < g(r), » — a to denote
that f(r)/g(r) stays between two positive constants as » — a. Simply, f < g means that
the quotient f(r)/g(r) stays bounded between two positive numbers on their common
domain of definition. We say that f: R — R is increasing if s < ¢ implies f(s) < f(t)
and analogously for a decreasing function. For a Borel set A C R?, we also use |A| to
denote its Lebesgue measure. We will use “:=" to denote a definition, which is read
as “is defined to be". For any a,b € R, we use the notations a A b := min{a, b} and
a Vb := max{a,b}. The values of the constants ¢j,cs,--- stand for constants whose
values are unimportant and which may change from location to location. The labeling
of the constants ¢y, co, . .. starts anew in the proof of each result.

2 Preliminaries

A stochastic process X = (X;,IP,) in R? is said to be a pure jump Lévy process if
it has stationary and independent increments, its trajectories are right-continuous with
left limits and the characteristic exponent ® in

E, [exp {i{¢, X, — Xo)}] = exp {~t®(§)}, € € RY

is of the form

B() = [ (1= exp{il.a)} +i(6.0) Laen) (). .

The measure II in (2.1) is called the Lévy measure of X and it satisfies II({0}) = 0 and
Jra (LA |2]*)II(dz) < oo

Let S = (S;: t > 0) be a subordinator, i.e. a Lévy process taking values in [0, cc) and
starting at 0. It is more convenient to consider the Laplace transform in this case

Eexp {—AS;} = exp {—td(N)}. (2.2)

The function ¢ in (2.2) is called the Laplace exponent of S and it is of the form

o =at+ [ Q- ular), 2.3)
(0,00)

where v > 0 and the Lévy measure x of S is now a measure on (0, co) satisfying f(O,oo) (1A
t)pu(dt) < oo (see p. 72 in [1]). The function ¢ is an example of a Bernstein function, i.e.
¢ € C>(0,00) and (—1)"¢(™ < 0 for alln € IN (see p. 15 in [18]). Here ¢(™ denotes the
n-th derivative of ¢. Conversely, every Bernstein function ¢ satisfying ¢(0+) = 0 has a
representation (2.3) and there exists a subordinator with the Laplace exponent ¢ .

The potential measure of the subordinator S is defined by

U(A) = / T P(s, € A)d. 2.4)
0
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The Laplace transform of U is then

1
LU = lE/ e Medt=——, A>0. (2.5)

(0,00) ()

A Bernstein function ¢ is said to be a complete Bernstein function if the Lévy mea-

sure p has a completely monotone density, i.e. u(dt) = u(t) dt with u € C*°(0, 00) satis-

fying (—1)"u(™ > 0 for all » € NU {0} . In this case we can control large jumps of Lévy
density i in the following way. There exists a constant ¢ > 0 such that

w(t) <cup(t+1) forall ¢t >1 (2.6)

(see Lemma 2.1 in [13]). If, in addition, p(0,00) = oo, the potential measure U has a
decreasing density, i.e. there exists a decreasing function u: (0,00) — (0, 00) such that
U(dt) = u(t) dt (see Corollary 10.7 in [18]).

Let B = (B;,P,) be a Brownian motion in R¢ (running with a time clock twice
as fast as the standard Brownian motion) and let S = (S;: ¢ > 0) be an independent
subordinator. We define a new process X = (X;,P,) by X; = B(S;) and call it subordi-
nate Brownian motion. This process is a Lévy process with the characteristic exponent
(&) = ¢(|¢|?). Moreover, ® has the Lévy measure of the form II(dx) = j(|z|) dz and

j(r):/(o OO)(47Tt)_/ exp (~ 52 )u(dt). r > 0 @2.7)

(see Theorem 30.1 in [16]).
If S is not a compound Poisson process, the process X has a transition density
p(t,z,y) given by

p(t,x,y) = / (4t) =% exp (—%)P(St €ds). (2.8)
0

The process X is said to be transient if Pg(lim;—,+ |X¢| = 00) = 1. Since the charac-
teristic exponent of X is symmetric we have the following Chung-Fuchs type criterion
for transience

d
X istransient <= 752 < oo forsome R >0
B(o,r) P(1€?)
%
<— / d/\ < oo forsome R >0 (2.9)
<— [ [/ 1{|Xt|<R} dt} < oo forevery R >0 (2.10)
0

(see Corollary 37.6 and Theorem 35.4 in [16]).
In this case we can define the Green function (potential) by G(z, y) fo (t,z,y)d
Then (2.4) and (2.8) give us a useful formula G(z,y) = G(y — x) = g(|y ), where

g(r)/(ooo)(47rt)d/2exp( )U(dt) r>0. (2.11)

Note that g and j are decreasing.

Let D C R“ be a bounded open subset. We define a killed process X” by XtD = X;
if t < 7p and X” = A otherwise, where A is some point adjoined to D (usually called
cemetery).

The transition density and the Green function of X? are given by

pD(t7$7y) = p(t>$7y) - ]Ea: [p(t - TDaX(TD)7y);TD < t}
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and Gp(z,y) = fooo pp(t,z,y) dt. In the transient case we have the following formula

Also, Gp(z,y) is symmetric and, for fixed y € D, Gp(-,y) is harmonic in D \ {y} .
Furthermore, Gp: (D x D)\ {(z,z): « € D} — [0,00) and = — E,7p are continuous
functions.

By the result of Ikeda and Watanabe (see Theorem 1 in [9])

P,(X;, € F)= / / Gp(z,y)j(|z — y|) dy dz (2.13)
FJD
for any F' C D°. If we define the Poisson kernel of the set D by
Ko(e.2) = [ Golw.9)iz -y d. 2.14)
D

then P,(X,, € F) = [, Kp(z,z)dz for any F C D°. In other words, the Poisson kernel
is the density of the exit distribution.

Since a subordinate Brownian motion is a rotationally invariant Lévy process, it
follows that in the case of the subordinator with zero drift

P, (X € 0B(zg,7)) =0

TB(:L'[),T‘)

(see [10, 20]) and thus, for a measurable function h: R* — [0,00) ,
B, (h(X,,. )] = / K (@) dz (2.15)
B(zo,r

for any ball B(zg,r) .

3 Swubordinators

Let S = (S;: t > 0) be a subordinator with the Laplace exponent ¢ satisfying the
following conditions:

(A-1) the potential measure U of S has a decreasing density u, i.e. there is a decreasing
function u: (0,00) — (0, 00) so that U(dt) = u(t) dt;
(A-2) the Lévy measure p of S is infinite (i.e. u(0,00) = o0) and it has a decreasing

density u;
(A-3) there exist constants o > 0, Ao > 0 and J € (0, 1] such that
¢'(A\z) -5
< f Hnxz>1 d A> )\ 3.1
¢/(A) <ox orall z > an > Ao ( )
Remark 3.1. (i) (A-1) implies that ¢ is a special Bernstein function, i.e. A — ﬁ is

also a Bernstein function (see pp. 92-93 in [18]).
(ii) Since p(A) =vA+ [5° (1 — e *)u(dt), (A-3) implies v = 0 (by letting x — +00).

First we prove a simple result that holds for any Bernstein function, which will be
used in Section 5.

Lemma 3.2. Let ¢ be a Bernstein function.

(i) Foreveryx > 1, p(Az) < z¢(X) forall A>0.
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(ii) If (A-3) holds, then for every ¢ > 0 there is a constant ¢ = ¢(¢) > 0 so that

$(Ar)
P(N)

<cx'™%¢ forall A\> )Ny and x> 1.

Proof. (i) Since ¢’ is decreasing and = > 1,
Az Az
p(Ax) = ¢'(s)ds < ¢'(2)ds = z(N).
0 0

(ii) Without loss of generality we may assume that ¢ > 2 in (A-3). Using (A-3), for
any k > 2 the following recursive inequality holds

k
Ao e Ao e
oAt — A ) = A  H(s)ds <ot A L H(so ) ds
1 1 k—2

=T (600" = 600 )

Iteration yields

k—1 1-6

d(A) = p(ro ) < o=+ (¢(Aa%) - ¢()\)) forevery k>2.  (3.2)

Let n € IN be chosen so that o™= < < o= . )

If n = 1, then by (i), qb()\aé) < a%¢()\) < J§+2?°:c*5¢(>\) which, by monotonicity of ¢,
- 6Or) o _1E28 s
implies that 309 <g e z7°.

Let us consider now the case n > 2. Using (3.2) and (i) we deduce

600 %) = 6(N) < (6(Aat) —6(N)) Do HOTE
k=1

1 n(1+322) 1 1-s
< (600%) = 6(0) T < oo+,

Therefore

() < 9(Aa?) < 201 o) (077 )€+1_5 <2 (A2

Proposition 3.3. If (A-2) and (A-3) hold, then
p(t) <t=2¢'(t7™1), t - 0+ .

Proof. Note that -
d(A+e)—ole) = / (e—At _ e—/\(t+a)) u(t) dt
0

for any A > 0 and € > 0 and thus the condition (A.1) in Appendix A holds with f = ¢ and
v = p. Since ¢ is a Bernstein function, it follows that ¢’ > 0 and ¢’ is decreasing. Now
we can apply Lemmas A.1 and A.2. O

Proposition 3.4. If (A-1) and (A-3) hold, then

¢t

- $+—2
=g

t—0+4 .
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Proof. By (2.5), with 9(\) = 555, we have [ e~ *u(t) dt = ¢(\). Note that, for X > Ao
and z > 1, (A-3) implies

¥ (Ax)
P'(A)

_ (2NN SO0 e
- (¢<Ax>) JO) Sy S

since ¢ is increasing.
We see that (A.1) in Appendix A is satisfied with f = 1 and v = u. Since ¢ is a

[
Bernstein function, ¢’ > 0 and ¢’ is a decreasing function. Thus |f/| = % is also a
decreasing function. The result follows now from Lemmas A.1 and A.2. O

4 Lévy density and potential density

In Section 3 we have established asymptotic behavior of the Lévy and potential den-
sity of S near zero. In this section we are going to use these results to give new forms of
asymptotic behavior of the Lévy density and potential density of the process X near the
origin. Throughout the remainder of the paper, X is the subordinate Brownian motion
with the characteristic exponent ¢(|£|?) where ¢ is the Laplace exponent of S.

Lemma 4.1. Suppose that ¢ is a special Bernstein function, i.e. A — i) is also a

oA
Bernstein function. Then the functions n;,m2: (0,00) — (0,00) defined by

¢'(N)
P*(A)

m(A) = A%¢'(\) and n2(\) = A?

are increasing.

Proof. It is enough to prove that 7, is increasing, because 1; = 15 - ¢? is then a product
of two increasing functions.
Since ¢ is a special Bernstein function,

A oMy,
oy 9+/(0700)(1 Y(dt),

for some 6 > 0 and a Lévy measure v (see pp. 92-93 in [18]). Then
'(\) < A )’ A
A2 =A|— ) +—
P(N)? P(N) P(N)
=0+ / (1= (L4 At)e M) v(dt).
(0,00)

Now the claim follows, since A — 1 — (1 + At)e~** is increasing for any ¢ > 0. O

Proposition 4.2. If (A-2) and (A-3) hold, then
)y =r= 42 (), = 0+ .
Proof. We use the formula (2.7), i.e.
jlr) = / (47t) =% exp (—Z—i)u(t) dt .
0
Proposition 3.3 implies that pu(t) < t=2¢'(t71), t — 0+.

We are going to use Proposition A.3 in Appendix A with A = 2, n = pand ¥ = ¢'.
In order to do this, we need to check conditions (a), (b) and (c)-(ii). The condition (a)
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follows from the fact that ¢ is a Bernstein function and Lemma 4.1, while (b) follows
from

[ [ = uti) < .
1 1
since u is a Lévy measure. Finally the condition (c)-(ii) follows from (4.1)-(4.2). O

Remark 4.3. If ¢ is a complete Bernstein function, using Lemma 4.2 in [15], (2.6) and
Proposition 4.2, we see that (1.2) holds.

Lemma 4.4. If (A-1) hold and X is transient, then

o)
/ t=42u(t) dt < oo.

1
Proof. It follows from (2.5) and (2.9) that forany ¢ > 1and R > 0
R /\%—1

R oo
d)\:/ / A2~ LMy (¢) dt dA
o0 P )
o) tR u " e’} tR " B
:/ / sfflffe*su(t)dsdtz/ / 5212 ey (t) ds dt
o Jo 1 Jo
R

> </O 53168d5> . (/loctd/2u(t) dt> .
m

To handle the case d < 2 in the next proposition and several other places, we will
add the following assumption to (A-3). Note that we do not put the next assumption in
Theorem 1.2.

(B) When d < 2, we assume that d + 26 — 2 > 0 where § is the constant in (A-3), and
there are o/ > 0 and

oo >

§e(1-401+9 A+ 52) @
such that
¢'(A\z)
¢'(A)
Proposition 4.5. If (A-1), (A-3) and (B) hold and X is transient, then

>0’z forall #>1 and A > )\o; (4.2)

g(r) < pd—2 ¢/(T72)

PIESEIEE r—0+ .

Proof. By (2.11) we have

g(r) = /000(47775)_‘1/2 exp (_%)“(t) dt.

Proposition 3.4 implies that u(t) < t=2 Zf;ii;%, t — 0+.

We are going to use Proposition A.3 in Appendix with A = 2, n = v and ¢ = %;
In order to use it, we need to check conditions (a), (b) and (c)-(ii). The condition (a)
follows from the fact that ¢’ and # are decreasing, since ¢ is a Bernstein function. The
condition (b) follows from Lemma 4.4.

Now we check the condition (c)-(ii) when d < 2; Note that by (4.1), 1 — % <d <
26—1+% (and5§1<1+%). ThusO<5’+2—25<1+%. Choose ¢ > 0 small so that
0<d'+2—-20+2e<1+ %, then applying (4.2) and Lemma 3.2 (ii), we get

PV '(\x )2 / ,
fb((/\)) - ¢¢’((>\)) f((/\;)z > 01270 cuu TR0 = oy gy (0 H2TROREE)
Thus (A.7) holds. O
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5 Green function estimates

The purpose of this section is to establish pointwise Green function estimates when
X is transient. More precisely, we are interested in an estimate of Gp(y,,r) (x,y) for
x € B(zo,b1r) and y € A(zo, bar, ) := {y € R%: byr < |y—mg| < r}, for some by, by € (0, 1).
As a starting point we need an estimate of Gz, (7,y) away from the boundary.

In this section, we assume that S = (S;: ¢t > 0) is a subordinator with the Laplace
exponent ¢ satisfying (A-1)-(A-3), (B) and that X = (X, P,) is the transient subordi-
nate process defined by X; = B(S;), where B = (B;,P,) is a Brownian motion in R?
independent of S.

Recall that, since X is transient, its potential G is finite.

Lemma 5.1. There exists a € (0,3) and c¢; > 0 such that for any =y € R? and r € (0,1)

|z —y| =4 2¢ (Jo — y[72)
|z —y[=2)?

GB(wo,m) (2,Y) > 1 forall z,y € B(xg,ar). (5.1)

In particular, there is a constant ¢z € (0, 1) so that
GB(IO,T)(xay) > 029(“7’. - y|) for all T,y € B(x07ar) :

Proof. Let z,y € B(zg,ar) with a € (0,1) chosen in the course of the proof. We use
(2.12), i.e.

GB(zon (@,y) = 9(|z = yl) = Eu[g(IX (7B(0,m)) — w])]-
Since | X (7B(zo,ry) — ¥l > (1 —a)r and |z — y| < 2ar, we get
X (TB(o,m) — Yl = 5tz —yl-
This together with the fact that ¢ is decreasing yields
G B(aer (2,9) = g(lz —yl) — g(5t o — ) - (5.2)

By Proposition 4.5 there exist constants 0 < ¢; < ¢y such that

(15~ 2(57) < g(s) < @25~ TR0(s7), s € (0,1), ©:3)
with
— 22N
P(A) = N5, A> 0.

2

a
—a

Considering only a < % it follows that T <L Combining (5.2) and (5.3) we arrive at

GB(mU,r) (1'7 y)

o () 1o -u?)

d—2
> eife =y T p(a =y 72) |1 - ot (25 (5.4)
Al Yz —y[72)
d-2
If d > 3, we can choose a < % small enough so that czc; ! (i—“a) <1

If d < 2, by (4.1), first we can choose £ > 0 small enough so that d —2 — 20’ +46 —4e > 0

d—2—28"4+46—4e
2a
17a>

=

and then we can choose a < % small enough so that cyc; * (
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Then using the fact that A — () is increasing (Lemma 4.1) when d > 3, and using
(3.1), (4.2) and Lemma 3.2 (ii) when d < 2, we get

v () e u?)

—1 2a
i (1) v(z = y[2)
d—2
cocyt (ffa when d > 3
< vz ¢ ((£%) lo—y1=2) d(lo—yl~2)? (d+2)—26'~4-+45—4c
CQCl_l (12_“&) ((1 ) . )2 . < (%) when d < 2
#(a=v1-2)0( (%) 1e-v1-)
1
<= 5.5
<3 (5.5)

Finally, (5.4) and (5.5) yield
GBaor) (T, Y) 2 32|z — y| =2 (|z — y|7?) for all z,y € B(xo,ar).
O

Proposition 5.2. There exists a constant ¢ > 0 such that for all zo € R? and r € (0, 1)

c
]E:I: zo,T 27 f 1 B 7ﬂ ’
TB(wo,r) 507 orall x € B(xo, %)

with a € (0, 1) as in Lemma 5.1.

Proof. Take a as in Lemma 5.1 and set b = §. For any « € B(xo, br) we have B(z,br) C

B(xzg,ar) and so it follows from Lemma 5.1 that

]EJCTB(:I:O,T) > / GB(zo,r) (x, y) dy

B(z,br)
oo =d=2 41 (e o] —2 2
> Cl/ |z —y|" "¢ (\7962 2y| )dy: o s b e
B(abr) o(lz —y|=2) P(b~2r=2) ~ o(r—2)
The last inequality follows Lemma 3.2, since b < 1. O

Remark 5.3. Note that, by (2.12), for any z( € R andr € (0,1) we have
GB(xo,r)(x7y) < g("T - y|) forall =,y € B(mO’T)

and, consequently, I, 7p (5o, < for any x € B(xq,r).

_c
$(r=2)
Our approach in obtaining pointwise estimates of Green function of balls uses maxi-
mum principle for certain operators (in a similar way as in [4]).
To be more precise, define, for r > 0 a Dynkin-like operator U, by

]E.L[f(X(TB(w,T)))] - f(x)

]E:ETB(I,T)

(Ur f)(2) =

for measurable functions f: R? — R whenever it is well-defined.
Example 5.4. Letz € R and r > 0. Define
n(2) == E. T, 2 € RY.
By the strong Markov property, for any y € B(z,r) and s < r — |y — x|
1) =Ey[TB(y.5) T TB@r) © Ors, 0] = EyTa(y,s) T Eyn(X(Th(y.s))) -
Therefore

(Usn)(y) =—1 foranyy € B(xz,r)and s <r — |y —z|. (5.6)
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Remark 5.5. Let h: R — [0, 00) be a non-negative function that is harmonic in bounded
open set D C R®. Then forz € D and s < dist(xz,0D) we have h(z) = E,[hn( X (T5(s,s)))]-
Thus

(Ush)(z) =0 forall z € D.

Proposition 5.6 (Maximum principle). Assume that there exist zo € R? and r > 0 such
that (U, f)(z¢) < 0. Then

> inf 5.7
f(xo) xlen]Rdf< x). (5.7)
Proof. If (5.7) is not true, then f(x¢) < f(z) for all z € R¢. This implies (U, f)(zo) > 0
which is in contradiction with the assumption. O

Proposition 5.7. There exists a constant ¢ > 0 such that for allr € (0,1) and zo € R?

T'_d_2¢'(r_2)
P(r=2)

GB(.ro,r) (LU, y) < EyTB(mo,r)

for all € B(z, %) and y € A(xo,br,r), where b = & with the a € (0, 1) from Lemma
5.1.

Proof. Take a € (0,3%) as in Proposition 5.2 (which is the same one as in Lemma 5.1),
setb= 5 andletz € B(mo, %) and y € A(xo,br,r). Define functions

n(z) == E.TB(o,r) and h(z) := Gp(a,,r (7, 2)

and choose s < (r — |y|) A 2. Note that & is harmonic in B(zo,7) \ {z} .
Since h(z) < g(bT) for z € Bz, —)C and y € A(zo,br,r) C B(x,%)c, we can use
(2.13), (2.15) and Remark 5.5 to get
Us(h A g(%))(y) Us(h A g(5F) = h)(y)

— i [ [ Gau il Db Ag(E) - hz) dvds
TB(%S) B(y.s)" J B(y.s)

_ / / Gy (0 0)(17 — o) (h(2) A g(22) — h(2)) dv dz
yTB(yS B(z,%) J B(y,s)

- GBy.s)(Y,0)j(|z —v])h(2) dvdz.
EyTB(y,s> /B(x,’;;)/B(y,s) )

Note that |z — v| > |x—y| |z — 2z — |y — o] > % for z € B(m,%) and v € B(y,s)
implies —j(|z — v|) > —j(%). Thus
Us(h A g(5F) = )(y)
_& / GB( )(1‘ Z)dz . / GB( )(y U)dv
EyTB(y,s) B(, bz To,T ) Bly.s) y,8)\9>»
i(%) /
N G xg,T (x,Z)dZ E, 7 s
Ey7B(y.5) \ /B(zo.r) Blwor) y'B(y,s)
P(r=2)

where in the last inequality we have used Proposition 4.2, Remark 5.3 and the fact that
¢’ is decreasing.

= () = —ex (2) ’ (5.8)
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Similarly, by Proposition 4.5 and Proposition 5.2 we see that there is a constant
¢co > 0 such that

—d—2 r7d72¢/(7q72)

9(%) < e (8) WU(Z) forall z € B(zo, br).
Setting c3 := (c1 V ¢3) (%)_H + 1 we obtain
—d—2 4/ (. —2 A2 (p=2
o) i) ng() = e P ) — o) 2 0

P(r=2)

for all z € B(xo, br). Therefore, the function

T_d_Qcﬁ/(T_Q)
P(r—2)

is nonnegative in B(zg, br), vanishes on B(xzg,r)¢ and, by (5.6) and (5.8),

T7d72¢/(7,72) N (é) —d—2 T7d72¢/(r72)
P(r=2) s P(r=2)

If it would hold inf,cga u(y) < 0, then by continuity of u on B(xo,r) there would exist
Yo € A(zo,br,r) such that u(yo) = inf,cra u(y). But then Usu(yy) > 0, by the maximum
principle (see Proposition 5.6), which is not true. Therefore inf,cga u(y) > 0.

Finally, since h < g(%) on A(zo, br,r) it follows that

¢(r=?)

u() = 3 () = () A g()

Usu(y) < —c3 <0 for y € A(xq,br,r).

T7d72¢/(7"72)
GB(:EO,T) (Q?,y) S C4T_2>7](y) for all Y c A(LL’O, b’l"7 T) .
O
Proposition 5.8. There exist constants ¢ > 0 and b € (0, 1) such that for any r € (0,1)
and z € R?
—d—2 4/ (n—2
()
GB(xo,r)(T,Y) 2> € = EyTB(z0,r)
for all x € B(xo,br) and y € B(xq,r).
Proof. Choose a € (0, 3) as in Lemma 5.1. Then
|z — o[ ~92¢/ (Jz — 0| ?)
GB(xo.r) (T, V) > for z,v € B(xo,ar). 5.9
B(ao,r) (T,0) > €1 P EE or x,v (2o, ar) (5.9)
By Proposition 5.7 we know that there exists a constant ¢, > 0 so that

,rfd72¢/(7,72)
P(r=2)

Also, by Remark 5.3 there is a constant ¢3 > 0 such that

GB(ao,r) (T,v) < c2 EyTB (20, for o€ B(xg, ), v € A(xo, % ,7). (5.10)

C
EoTB(zg,r) < WBLZ’) for v € B(zo,7). (5.11)

1/d
bSmin{i(Qc?cg) ’ }

and fix it. Then cyc3 < 4 (4b)~% and so by Lemma 4.1 we deduce

We take

®|e

T_d_2¢/(r_2)

(4br)~"2¢/((4b)"*r~2)
¢(r=2)? '

¢((40)~2r=2)?

Cc1
C2C3 = 5
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Now, by (5.9) and (5.11), for all z € B(xg, br) and v € B(x,br) we get

T7d72¢/(7"72)
CQWEUTB(M),T) S %GB(mO,T)(xle)~ (512)
For the rest of the proof, we fix z € B(x¢, br) and define a function

—d—2 41(.—2
h(v) = GB(ay,r) (T, v) A (cZ WEvTB(%r)) .

Lety € A(wo, % ,7) and take s < (r — |y[) A %”. Note that, by (5.12),
h(v) < %GB(%J,) (z,v) for v € B(z,br).
Therefore, (2.13) and Remark 5.5 yield
Ush)(y) = Us (h = Gp(ag.r () (1)

1 .
= Ei / . / GB(y,S)(yvv)](|Z - ’U|) (h(Z) - GB(ffOJ’)(‘,E’Z)) dvdz
yTB(y,s) JB(y,s)" JB(y,s)

1 / / )
< - GB(y.s)[¥:0)j(|z2 = v|)GB(ay,r (T, 2) dvdz.
2EyTB(y,s) JB(abr) JB(y,s) () (wo.r)

Note that in the second equality we have used that h(y) = G B(zo,r) (z,y), which follows
from (5.10). Since |z — v| < 2r, it follows

j(2r) /
Ush)(y) < — GBxo,r) (T, 2)dz | EyTpy.s
Ush)(y) 9By 75y ) ( o) B(zo,r) (¥, 2) yTB(y,s)

By Proposition 4.2, (5.9) and the fact that A — ﬁ is increasing (by Lemma 3.2) and ¢’
decreasing we finally arrive at

T7d72¢/(r72) T7d72¢/(T72)
oo ey

o(br®) ~

Define u = h — k1, where n(v) = E,7p(s,,) and

w=min{ @ o el TV
27 2¢c3” 2 o(r=2)

(Ush)(y) < —ca

For y € A(xo, %, r) we have by (5.6),

T7d72¢/(T72) . T7d72¢/(T72)
ey TR T T

On the other hand, by (5.9) and (5.11), for all v € B(zo, %),

(Usu)(y) < —cs5 <0.

W TR
u('U) 2 (é AN 62) WE")TB(TEUW) — K’]EWTB(.%(),T‘)

> (g0 8) ol

Similarly as in Proposition 5.7, by using the maximum principle we finally obtain

]E’UTB(I(),T) >0.

u(y) > 0 forall y € B(xg,r).

O
Combining Propositions 5.7 and 5.8 we obtain an important estimate for the Green
function.

EJP 17 (2012), paper 37. ejp.ejpecp.org
Page 15/23


http://dx.doi.org/10.1214/EJP.v17-1930
http://ejp.ejpecp.org/

Harnack inequalities for SBM

Corollary 5.9. There exist constants ¢, cy > 0 and by, by € (0, %) 2b1 < by such that for
allzo € RY and r € (0,1)

T7d72¢,(7172) r*d*Qd)/(er)
Clw EyTB(wo,r) < GB(ao,r) (7, ) < CQW EyTB(x0,r)
for all x € B(xo,b17) and y € A(xo, bar, 7). O

6 Poisson kernel and Harnack inequality

The first goal of this section is to estimate the Poisson kernel of X in a ball given by

KB(rcg,r)(xvz) = A( )GB(rg,r)(xvy)jqz_y|)dy7 (6.1)
Zo,T

where © € B(xg,br) and z ¢ B(zo, ).

Proposition 6.1. Suppose that ¢ satisfies (A-1)-(A-3), (B) and that the corresponding
subordinate Browninan motion X = (X,;,IP,) is transient. Then there exist constants
c¢>0andb € (0,1) such that for all zo € R and r € (0,1)

KB(mo,r) (1‘1, Z) < CKB(:EOA,T) (.1'2, Z)
for all x1, x5 € B(zo,br) and z € B(xq,1)°.

Proof. Take by,by € (0, %) as in Corollary 5.9, and let xo € R?, 21,29 € B(wg,b;7) and
A B(ZIJO7 ’I")C.
We split the integral in (6.1) into two parts

KB(zo,r)(xlaZ) :/ GB(zg,r)(xlay)jﬂZ_dey
B(.’Eo,bz’r’)

+ Gitonny @1 9)i (1 — yl) dy = T + I
A(xg,bar,r)

To estimate I, we use Corollary 5.9 to get that for y € A(x, bar, r)

de72¢/(,r72)
¢(r=2)

Therefore

T7d72¢/(r72)

p(r=2)

C1 EyTB(xo,r) < GB(.'co,r) (muy) <c EyTB(.’co,r)a 1= ]-» 2.

I = / G Baom (@1,9)i (12 — y]) dy
A(zo,bar,r)

,r,*d72¢/(,r72) /
— Ey 720, J (12 — yl) dy
¢(T_2) A(zo,bar,r) y ' Blzo.r)

. C
GB(xO,T)(an y)j(‘z - yl) dy < éKB(Io,T) (.%‘2, Z) .

IN

&1

c
<3

oo A(zo,b2r,T)

To handle I; we consider two cases. If z € A(zg,r,2), then
(1 —b2)[z — 20| < |2 =yl < (1 +b2)|z — x| forall y € B(xo,bor).
Since 1 — by > 1 and 1 + b, < 2 we obtain

J(2lz = wo|) < j(lz —yl) <J (512 — ) - (6.2)
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Using Proposition 4.2 and the fact that ¢’ is decreasing we see that
J (312 = ol) < e3j (212 — o) - (6.3)

Then Lemma 5.1, Remark 5.3, (6.2) and (6.3) yield

I < j (L= - o) / Ciou (21,7) dy
B(Ig,bg’r’)

< e 21z~ mol) gy

< 05/ G B(zo,r)(22,9)7([2 —yl) dy < c5Kp(ay,r) (T2, 2) -
B(wo,sz)

When z € B(zg,2)° we use |z — zg| — br < |z —y| < |z — xo| + br for all y € B(zo, br).
Since by € (0, 3) and r € (0,1) we have

31z = ol + 5) < j(lz —yl) < j(lz — 2ol — 3)- (6.4)
By (1.2) we have
j(lz = w0l = 3) < ai(lz — w0l +1) < j(|2 — 2ol + 3). (6.5)

Similar to the previous case, by (1.2), Lemma 5.1, (6.4) and (6.5) we have I, <
c1K B(z,r) (72, 2). Therefore, Iy < (c5 V ¢7) Kp(a,,r) (72, ) which implies that

KB(;EO,T)(Ilv Z) < IHaX{C57C77 %}KB(QZ(),T) (IQ, Z) :

Now we are ready to prove our main result.

Proof of Theorem 1.2. Suppose d > 3. Then X is always transient. Take b > 0 as in

Proposition 6.1 and set a = %. Suppose that h: R? — [0,00) is harmonic in B(zq, ).

Using representation

(@) = Ealb Xy o)) = [ Kieyaun (@1.2)h(2) d2
B(zo,2ar)

and Proposition 6.1 we have
h(zy) = / K B(ag,2ar) (21, 2)R(2) dz
B(zg,2ar)

< c/ K B(ag,2ar) (2, 2)R(2) dz = ch(z2).
B(zg,2ar)

Then, using a standard Harnack chain argument, we prove the theorem for d > 3.

To handle the lower dimensional case, we use the following notation: for x =
(z',...,2% 2% € R we set 7 = (2',...,2% ). Let X = ((X;, X{),P(.,q)) be a d-
dimensional subordinate Brownian motion with the characteristic exponent

(&) = ¢(|¢), £ e RY.

By checking the characteristic functions, it follows that, for every z¢ € R, X = ()~(t, P3)
is a (d — 1)-dimensional subordinate Brownian motion with characteristic exponent

®(E) = o(€]*), R
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Suppose that the theorem is true for for some d > 2. Let h: R™! — [0,00) be a
function that is harmonic in B(Zg, 7).
Since B
TB(Zo,s) xR = inf{t >0:X, ¢ B(fo,s)},

the strong Markov property implies that the function f: R? — [0, 00) defined by f(Z,2%) =
h(z) is harmonic in B(Zo,r) x R.

In particular, f is harmonic in B((Z,0),r). By applying the result to f, we see that
there exists a constant ¢ > 0 such that for all 7, € R¢"! and r € (0,1)

h(fl) = f((%l,())) S Cf((5270)) =C h(Eg) for all 51,52 € B(E(h %)

Applying this argument first to d = 3 and then to d = 2 we finish the proof of the
theorem. O

Since Kp(s,,r)(7,") is continuous on B(xo,r)C for every « € B(zp,r), Theorem 1.2
implies Proposition 6.1 without the conditions (B) and X being transient.

Corollary 6.2. Suppose that ¢ satisfies (A-1)-(A-3). Then for every b € (0,1), there
exists a constant ¢ = ¢(b) > 0 such that for all ro € R? and r € (0,1)

KB(IQ,’I”) ((131, Z) < CKB(zo,r) (1’2, Z)
for all x1, x5 € B(xg,br) and z € B(xg,r)°.

We we omit the proof since it is the same as the proof of Proposition 1.4.11 in [12].

A Asymptotical properties

In this section we always assume that f: (0,00) — (0, 00) is a differentiable function
satisfying

IfO+e) — FO)| = / (e*M - e*@“)t) v(t) dt, (A.1)
0
forall A > 0, € € (0,1) and a decreasing function v: (0, 00) — (0, c0).

Lemma A.1. Forallt >0,
v(t) < (1- 26*1)*1 t*2|f’(t*1)\ .

Proof. Lete € (0,1). Then
FA+e) — FO :/ (™M — et (1) dt
0
=)\t

/00 e * (1 - e_e’\flz) v(A12)dz.
0

Since v is decreasing, for any r > 0 we conclude
FO+e) — fFO)] > xl/ e * (1 - e*EA”Z) v(A"12) dz
0
> )\*11/(/\*17")/ e * (1 — e*E’\_lz) dz.
0

Therefore

1— 678)\712

M’ Z )\72V(>\71T) /T Zeiz W dZ. (A2)
0

3
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By Fatou’s lemma and (A.2) we obtain

[F/(N)] = lim f()\—|-€)—f(/\)’ > A2y /T ze *dz

e—0+ g 0
=AW (1—e"(r+1)) .

In particular, for r = 1 we deduce
v(t) < (1—2e"1) " e 2|/t Y)], t>0.
O

Lemma A.2. Assume that |f’| is decreasing and there exist constants ¢c; > 0, A\g > 0
and 6 > 0 such that

<cz® forall A\> )y and z>1. (A.3)

‘f’(M)
')

Then there is a constant co = ca(c1, Ao, 0) > 0 such that

v(t) > cot 2| f'(t71)| forany t < 1/)g.
Proof. Lete € (0,1). For r € (0,1] we have
IO +e)— fO)] = xl/ e (1 - e*fA‘IZ) v(A"12) dz
0
=I(e) + Ix(e), (A.4)

where

1— e—ekflz

ex"1z

dz ,
and so by the dominated convergence theorem we deduce

I oo
lim sup L) < )\_21/()\_17“)/ ze Fdz = (r+1)e " A 2u(A ). (A.5)
e—0+ € r

On the other hand, by Lemma A.1 and (A.3) we have

-2 T _ —exTlz / —1
L(e) _ A / L loe A=)
0

e ~ 1—2e1 ex1z A—222

—eA"1z
_,1l—e

C1 / " §—1
< — _— dz.
—1—2e1 f ()\)|/0 c P R P N

The dominated convergence implies

I (e c "
lim sup 1(6) < |f’(/\)\/ e *2°"1dz forany A > ). (A.6)
e—0+ g 1-— 26_1 0
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Combining (A.4), (A.5) and (A.6) we deduce

POV < T3 POV [ et st (ot e a2

for all A > X¢. Choosing 7y € (0,1] so that
A oo 501
- - z dz <
1— 21 /O ¢ =

v(A\ ") >

l\')\r—l

we have

2( )/\2|f( )| forall A > .

Since |f’] is decreasing, we see that

e [f(ro/t)]
2(7"0 ) (t/ro)?
- 2( + 1)

v(t) >

t72|f/(t7Y)] forall ¢ < roAy*

On the other hand, for ro\; L<t< Ao I we have

-1 _1y,—2) prgy—1y 0/ A0)?
v(t) 2 v(Ag ") 2 v(Ag )t ()] 00
since v and |f’| are decreasing.
Setting
_rge™ v(Ag A 212
~ 2(ro+1) /' (o)l
we get

v(t) > ot 2| f/(t71)| forall t < \;*.
O

Proposition A.3. Let A > 0 and n: (0,00) — (0,00) be a decreasing function satisfyng
the following conditions:

(a) there exists a decreasing function : (0,00) — (0,00) such that A\ + \2()) is
increasing and satisfies

n(t) <t~ Ap(t™Y), t — 0+;
() St (t) dt < oo

(c) either (i) A > 3 — % or (i) A > 3 — g when d > 3 and in the case d < 2 there exist
(5>Oandc>05uchthatA—6>1—gand

P(Az)
()

>cx % forall x>1 and \> 1. (A.7)

If - )
I(r) = /0 (47t)= /2 exp <—T)n(t) dt

4¢

exists for r € (0,1) small enough, then

I(r) < r*d*%”w(r”), r—0+ .
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Proof. Write for r > 0

2 o0

I(r) = /O " (4mt) 92 exp (—%)n(t) dt + / (4mt)~ Y2 exp (—g)n(t) dt

= Il(’l“) —|—Ig(’/‘) (A8)
By condition (a),
LM <e / (4mt)~ Y2 exp <f%)t"4w(t’1) dt
0

2

< czw(r_z)/ =54 exp (—%) dt

0

1

oo
= CST_d_2A+2w(r_2)/ A2t et gy (A.9)

4

Similarly;,

2

L(r) <o /Tl(47rt)—d/2 exp (—Z—i)t““w(t_l) dt + /100(47rt)—d/2 exp (—Z—t)n(t) dt

2

1 00
Scl/ (47rt)’d/2t”41[;(t’1)dt+/ (4mt) = 2n(t) dt .

2 1

The following inequality holds

1
/ (Art) =2 A (1Y) dt < eqr—d—2A+2(;=2) | (A.10)

2
since
(1) if condition (c)-(i) holds, then by conditions (a) and (c)-(i)
1

1
/(47rt)_d/2t_Aw(t_1)dtSr_4w(r_2)/ (4mt) =22~ A gt

2 r2

< erm A2y

)

(2) if condition (c)-(ii) holds and d < 2, (A.7) implies

1

1
[ amty ety e < e [ eyt

2 2

< 66r7d72A+2w(r72) )

In particular, (A.10) implies
rd7244 20 (p=2) > ¢; > 0 forall e (0,1)
and thus
In(r) < cgr™ 7242 (r72) + cg < cor™ 1724 2y (r72) . (A.11)
Combining (A.8), (A.9) and (A.11) we get the upper bound

I(r) < epr™ 27249 (r=2) forall r € (0,1).
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To get the lower bound we estimate I(r) from below by I;(r) and use (a) to get

S0 2002 e [ ) Pe (=5) v
0

> 087“*41#(7’*2)/ (4mt) =422 A exp (7%) dt
0

oo
:Cg,,,fd72A+21/}(T72)/ s 8 +A—4 =5 g

1
1

= c1or7d*2A+2w(r*2) forall r € (0,1).
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