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Uniqueness of the representation for
G-martingales with finite variation*
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Abstract

Letting {0, } be a refining sequence of Rademacher functions on the interval [0, 7],
we introduce a functional on processes in the G-expectation space by

d(K) = lim sup E[/O On(s)dKS).

We prove that d(K) > 0 if Ky = fot nsd{B)s with nontrivial n € M&(0,T) and that

d(K) = 0if Ky = fg nsds with n € ME&(0,T). This implies the uniqueness of the
representation for G-martingales with finite variation, which is the main purpose of
this article.
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1 Introduction

Recently, [4], [5], [6] introduced the notion of G-expectation space, which is a gener-
alization of probability space. As the counterpart of Wiener space in the linear case, the
notions of GG-Brownian motion, G-martingale, and It6 integral w.r.t G-Brownian motion
were also introduced.

In this article, we consider only the G-expectation space (7, L (1), E) with Qp =
Co([0,T],R) and 32 = E(B?) > —E(—B?) = ¢% > 0. Here, the canonical process
{Bt}tejo,) is called a G-Brownian motion. In this 1-dimensional case, the function G :
R — R is defined by G(a) = 1/2(c%a™ — o%a™).

[5] proposed one fundamental and challenging question: to show the G-martingale
representation theorem. More precisely, for any ¢ € L (Qr), can we have the following
representation: for any ¢ € [0, 7],

t t t
Xpi= B = B©) + [ 2B+ [ naip). - [ 260.)as (1.1)

0
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Uniqueness of the representation for G-martingales

Remark 1.1. Clearly, K; := fg Nsd(B)s — fot 2G(ns)ds is a nonincreasing process and
K; = 0 if the G-expectation reduces to the classical linear case (¢ = ). In the case
o > o, G-martingales with finite variation have very rich and interesting new structures
which nontrivially generalize the classical ones.

[5] proved the representation (1.1) for cylindrical functions ¢ € L;,(Qr) by Itd’s
formula in the setting of G-expectation space. [10] and [11] generalized this result and
proved a decomposition theorem for G-martingales. The following theorem is from [11]:

For ¢ € Lg(QT) with some 8 > 1, X; = F(§), t € [0,T] has the following decomposi-
tion:

t
X=X, —|—/ ZsdBs + Ky, q.s.,
0
where {K;} is a continuous nonincreasing process with Ky = 0 and {K;}cjo,1) @ G-
martingale. Furthermore, the above decomposition is unique and {Z,} € H&(0,T),
Kp e L (Qr) forany 1 < o < S.

So in order to prove the representation theorem for general G-martiangales, it suf-
fices to prove the representation for G-martingales with finite variation. The main pur-
pose of this article is to prove the uniqueness of the representation.

In [5], processes in form of K;(n) := fot nsd(B)s — fot 2G(ns)ds, n € MA(0,T) were
proved to be G-martingales. However, the uniqueness of the representation remains
unresolved. Since ¢%(t —s) < (B); — (B), < 3*(t —s) forany 0 < s < t < T, we set
0, = %. Setting n, = 0, — a2, n* = 0, — o2, it’s easy to check that K;(n) = K;(n*).
This leads to a popular misunderstanding that the representation is not unique, and
that the two parts of the representation are essentially the same things. Note that the
counterexample is based on the assumption that ¢ belongs to M} (0,T), which seems
“natural” since in the linear case M} (0,7') consists of all adapted measurable processes
with the norm finite. However, in [13] it was proved that 6 does not belong to M} (0, 7).

In order to prove the uniqueness, we must find ways to distinguish the two classes of
processes in forms of fot nsd(B)s and fot (sds, m,¢ € M&(0,T), which are both processes
with absolutely continuous paths.

For a process {K;} with finite variation, motivated by [13], we define

T
d(K) := limsup E[/ On(s)dK,), (1.2)
0

n— oo
where, for n € N, §,,(s) is defined in the following way:

n—1
Sn(s) = ;H)ﬁ]%#](s), for all s € [0, 7.
We prove that d(K) = 0 if K; = fot (sds for some ¢ € MA(0,T) and that d(K) > 0 if
K, = fot nsd{B)s for some n € M}(0,T) such that E[fOT [ns|ds] > 0.

Remark 1.2. Assume 7 > ¢. If K; = (B);, it’s easy to prove that

(7% — o®)T

d(K) = —

>0

since {(B):} is a process with stationary and independent increments. However, for
general nontrivial n € M}(0,T), it turns out quite difficult to prove

limsupE[/o dn(8)nsd(B)s] > 0.

n—oo
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Due to the results stated above, we can distinguish these two classes of processes
completely:
If fg Nsd(B)s = fot (sds, for some n, ¢ € ML(0,T), then we have

E[/T Inslds] = E[/T IC|ds] = 0.

0 0

As an application, we obtain the uniqueness of the representation for G-martingales
with finite variation(see Corollary 3.6).

We refer the reader to [3] for a result on the uniqueness of the representation in
a different situation. More recently, some developments have been made in this field.
[9] presented a result on the existence of the representation. However, in that setting,
the representation is not unique. In [8] more properties were developed about the
functional d defined in (1.2) and gave a complete representation for G-martingales. In
particular, the multidimensional case was considered there.

This article is organized as follows: In section 2, we recall some basic notions and
results of G-expectation and the related space of random variables. In section 3, we
present the main results and some corollaries. In section 4, we give the proofs to the
main results.

2 Preliminaries

We review some basic notions and results of G-expectation and the related space of
random variables. More details of this section can be found in [4, 5, 6, 7].

Definition 2.1. Let () be a given set and let H be a vector lattice of real valued functions
defined on () with ¢ € H for all constants c¢. H is considered as the space of "random
variables". A sublinear expectation E on H is a functional E:H—R satisfying the
following properties: for all X,Y € H, we have

(a) Monotonicity: If X > Y then E(X) > E(Y).

(b) Constant preservation: E(c) =c.

(c) Sub-additivity: E(X)— E(Y) < E(X —Y).

(d) Positive homogeneity: E()\X) = AE’(X), A>0.
(Q,H, E) is called a sublinear expectation space.

Definition 2.2. Let X; and X, be two n-dimensional random vectors defined respec-
tively in sublinear expectation spaces (Ql,Hl,El) and (QQ,HQ,EQ). They are called
identically distributed, denoted by X, ~ X, if Ei[p(X1)] = Es[p(Xy)], forall ¢ €
C1.Lip(R™), where Cj 1;,(R™) is the space of real continuous functions defined on R"
such that

(@) — o)l < CA+|af" + y|*)|z —y|, forallz,y € R",
where k and C' depend only on .

Definition 2.3. In a sublinear expectation space (2, H, E) a random vector Y = (Y1, -
+Y,), Y; € H, is said to be independent of another random vector X = (X1, -+, X,;,),
X; € H under E(-), denoted by Y L X, if for every test function ¢ € ClLip(R™ x R™) we
have E[p(X,Y)] = E[E[p(z,Y)]s=x].

Definition 2.4. (G-normal distribution) A d-dimensional random vector X = (Xi,- -
-, X4) in a sublinear expectation space (2, H, F) is called G-normally distributed if for

eacha,b € Ry we have
aX +bX ~ Va2 + bh2X,

EJP 17 (2012), paper 24. ejp.ejpecp.org
Page 3/15


http://dx.doi.org/10.1214/EJP.v17-1890
http://ejp.ejpecp.org/

Uniqueness of the representation for G-martingales

where X is an independent copy of X. Here the letter G denotes the function
1.
G(A) = iE[(AX,X)] :Sq— R,

where S; denotes the collection of d x d symmetric matrices.

The function G(-) : S — R is a monotonic, sublinear mapping on S4 and G(A) =
1E[(AX,X)] < L|A|E[|X|*] =: 1|A|6? implies that there exists a bounded, convex and
closed subset I' C S such that

1
G(A) = zsupTr(yA), (2.1)
2 yel
where S;r denotes the collection of nonnegative elements in Sj.
If there exists some 3 > 0 such that G(A) — G(B) > fTr(A — B) forany A > B, we
call the G-normal distribution non-degenerate.

Definition 2.5. i) Let Qr = Cy([0, T]; R?), the space of real valued continuous functions
on [0,T] with wg = 0, be endowed with the supremum norm and let B;(w) = w; be the
canonical process. Set H% := {¢(By,, ..., By,)|n > 1,t1, ...ty € [0,T], € Cp Lip(R¥>*™)}.
G-expectation is a sublinear expectation defined by

E[X] = Elp(Vt1 —tof1, - - \/Tm — tm_1m)],

for all X = ¢(B;, — By, B, — By, - -, By,, — Bu,,_,), where &,- - -, &, are identically
distributed d-dimensional G-normally distributed random vectors in a sublinear expec-
tation space (Q,#, E) such that &, is independent of (&1, - - -,&;) foreveryi=1,---.m
(Qr, H%, E) is called a G-expectation space.

ii) Let us define the conditional G-expectation E; of ¢ € H9. knowing HY, fort € [0,T).
Without loss of generality we can assume that £ has the representation £ = ¢(B;, —
By,,Bi, — By, -+, Bt,, — Bt,, ,) witht =t;, for some 1 < i < n, and we put

Ey,[¢(By, — By, B, — By, By, — By, )]
= @(Bh - Btoa Bt2 - Bt17 MR Bti - Bti—l)?

where
@(Ila t '7xi) = E[SO(:CM o '7ziaBt7ﬁ+1 - Btia t '7Btm - Bt1n—1)}'

Define |||, ¢ = [E(|£P)]"/? for ¢ € HY and p > 1. Then forall t € [0,T], E;(-) is
a continuous mapping on H% w.rt. the norm || - ||;.¢. Therefore it can be extended
continuously to the completion L} (Qr) of HY. under the norm | - ||;.¢.

Let Liy(Qr) := {@(Biy, s Bi,)In > 1Lt1,.tn € [0,T],¢ € Cprip(R¥*™)}, where
Cb,Lip(RdX”) denotes the set of bounded Lipschitz functions on R%*". [1] proved that
the completions of C(Qr)(the totality of bounded continuous function on Qr), 7—[‘% and
L, (Qr) under || - ||, are the same and we denote them by L7, (Qr).

Definition 2.6. Let M2(0,T) be the collection of processes in the following form: for a
given partition {to,- - -,tn} = np of [0, T,

7]t Z g] ]tj,t7+1 ( )

where & € Lip(Q,), @ = 0,1,2,-- - N —1. Forp > 1 and n € Mg(0,T), let ||n]xz, =

{E(fy Ins|?ds)P/>3 7%, lnlla, = {E( fO Ins|Pds)}'/? and denote HZ(0,T), ME(0,T) the
completions of M2(0,T) under the norms |+ 1z, [ - |az, respectively.
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Theorem 2.7. ([1]) There exists a tight subset P C M (1), the totality of probability
measures on (7, B(Qr)), such that

E(&) = sup Ep(&) for all &€ € HY.
PcP

‘P is called a set that represents E.

Remark 2.8. (i) Let (Q°, F°, PY) be a probability space and {W,} be a d-dimensional
Brownian motion under P°. Let F° = {F)} be the augmented filtration generated by
W. [1] proved that

t
Py = {Py|P,=P° o X1 X, = / hedWy, h € L%, ([0,T];TY/2)}
0

is a set that represents E, where I''/2 := {y'/2|y € T'}, T is the set in the representation
of G(-) in the formula (2.1) and L%,([0,T];T''/?) is the set of F°-adapted measurable
processes with values in I''/2.

(ii) For the 1-dimensional case, L2,([0,T];T'*/?) reduces to the form below:

{h| h is an adapted measurable process w.r.t. F° and o < |h,| < @}.

3 Main results

In the following two sections, the function sgn : R — {1, —1} is defined by sgn(z) = 1
ifx > 0 and sgn(z) = —1 if < 0. The main result in this section is Theorem 3.3, relying
on which we prove the uniqueness of the representation for G-martingales(Corollary
3.6).

Proposition 3.1. For eachn € Mcl,(O, T), by abuse of notation, let

T
d(n) =limsup E[ [ 6, (s)nsd(B)s].
n—00 0
Then
=2 _ 2 R T =2 2 . T
ST T Bl [ nelds) < dn) < =5 Z B[ nafas) 3.1)
0 0

Proof. Forn,¢ € ML(0,T), we have

T T T
Bl [ nnkds) = Bl [ 1GIdsll < B I = las
and

d(n) — d(C)| < B / 0 — Gald(B).].

Hence both E[— fOT | - |ds] and d(-) are continuous functionals on M}(0,7) w.r.t. the
norm | - |5, and consequently it suffices to prove the assertion for 7 € M2(0,T). Let

Ns = Z;’fol & Lt ti00)(8), &b € LE(,), i =0,- - -,m — 1. We first prove the inequality on
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the right-hand side. Note that

T 2 _g2. (T
B du(oma(B).) - Q*E[/ nlds]

= Z (39 |/1+1 s)sgn (&, )d Z 39 |/1+1 o ds]

1=0
m-1 tita tivt 52 _ 52
< LAl onlsisamalB). - / S -ds)]
< S [E( Dasn)]
1=0

where a;(n) = max{b;(n), ¢;(n)} — 0 as n goes to infinity. Here

i = 1B .- [T )

i i

an) = 1B [ b)), - / il SF )

S

So we have

On the other hand,

T 52 _ g2 T
B / ba(s)med(B)] + == B[ / nalds]

2
- &,I/ shsgn(e )itB)] + B (e [ T a
~m-1 tita tinn 52 _ 52
> E[%\sn ([ antesontc B, - [T S
> B0 el dutssonte By — [ Lo 2 ds) — [, s ()
; / son /
m—2 tita tit1 52 0.2
> B e[ su(s)san(é,)d(B), — 2 ds)] — Elle,._,Jam-a(n)]
; /tz sgn Li
> N B ai(n)
1=0

So by the same arguments as above we have

72 — g2

T
[ s < (o).

O

Remark 3.2. (i) A straightforward corollary of Proposition 3.1 is that if fOT Ins|ds is
symmetric (i.e., E[fOT ns|ds] = —E[— fOT Ins|ds]), the equality below holds:

) = T5 5B Inuas
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(ii) The inequalities in (3.1) may be strict:
Let Ns = <B>T/21}T/2,T] (S) + al[O,T/2](S)/ a = T(EQ — g2)/4
Then

d(n) = lim E (5% s)n.d(B)s] = az*T)/2,

n—roo

o2 — o?

2

[/ [nslds] = a —|—a52T/2,
0

=2 2

T
-z 5 E[—/ Ins|ds] = —a* + az>T/2.
0

Now, we shall state the main result of this article, whose proof is postponed to
Section 4.

Theorem 3.3. (i) Forn € M}(0,T), we have

n—oo

T
lim E[ In(8)nsds] = 0;
0

ii) Assume @ > ¢. Forn € M} (0,T) with E[fOT [ns|ds] > 0, we have

d(n) = limsup E| 5 $)nsd(B)s] > 0.
n—oo
Remark 3.4. (i) Let (2, F, F, P) be a filtered probability space. We recall that for any
. T
progressively measurable process 1 such that E[[; |ns|ds] < oo, we have

T
lim E[ [ 6.(s)nsds] = 0.
n—oo 0
Therefore, ii) of Theorem 3.3 presents a particular property of G-expectation space
relative to probability space.

(ii) The second assertion of Theorem 3.3 is motivated by the following simple case:
for anyn € N, we have

T n—1
B /O 5o (8)A(B)) = B[S (~((B) wisar — (B) winr) + (B e — (B)ar ).

. 2n 2n 2n 2n
=0

Since (B) is a process with stationary and independent increments, we have

B[ (~((B) asgar — (B)syur) + (B)assnr — (B) gz )]

2n 2n 2n

= . {E[—(<B> @ — (B) (2i+1)T )] + E[(B) @i+nT — BQZ'LT’T 1}

Noting that
: T 72T
El-({B) eyar — (B) eipur)] = =5, B[(B) eipnr — Byzr] = -,
we have -
—2 2
. o —o°)T
B[ dan(s)a(B).] = Lassats
0
EJP 17 (2012), paper 24. ejp.ejpecp.org
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Corollary 3.5. Let ¢(,n € ML(0,T). If fo nsd{B)s = fot (sds for all t € [0,T], we have
fo ‘775|d$ fo |Cs‘d5 *O

Proof. By i) of Theorem 3.3, we have

T
limsup B[ [ 0, (s)nsd(B)] = lim E[ 5 s)(sds] = 0.
n—oo 0 n—oo
By ii) of Theorem 3.3, we have E‘[foT Ins|ds] = 0, which leads to E[fOT |Cs|ds] = 0. O

The following corollary is about the uniqueness of representation for G-martingales
with finite variation.

Corollary 3.6. Let ¢(,n € M}(0,T). If forallt € [0,T),

/Ot nsd(B)s — /Ot 2G(ns)ds = /Ot (sd(B)s — /Ot 2G(Cs)ds, (3.2)

we have E‘[fOT Ins — Cslds] = 0.

Proof. By the assumption, we have
t t
[ o= codim). = [ 216 - Gclas, forallt€ 0,7).
0 0

Since 17— ¢, 2[G(n) — G(¢)] € M&(0,T), we have E[f, |ns — Cs|ds] = 0 by Corollary 3.5. O

Remark 3.7. (i) Recall that G(a) = 22 ), [3] defined G.

in the following way:

1(c2a™ — o%a™). Fore € (0,

G.(a) = G(a) — §|a|, foralla € R.

Note that in the proof to the second assertion of Theorem 3.3 in the next section we
have actually proved that

T
d(n) > =B, | / Imds]. (3.3)
0

(ii) Forn € ML(0,7), let K, = fo nsd{B)s — fot 2G(ns)ds. Then, by i) of Theorem 3.3,
we have

T
B(-Kr) 2 mswp B [ 8, (s)dK.) = d(o). (3.4)
n—00 0

This, combined with (3.3), leads to the following estimate:
A . T
Bl-Kr) 2 eBa.l [ In.lds) (3.5)
0

which was already proved in [3]. So forn € ML(0,T) such that Ky := fOT Nsd(B)s —

fOT 2G(ns)ds = 0 we have, by (3.5), n = 0. However, for n,( € M}(0,T) such that
(3.2) holds, (3.5) does not lead to n = ( since the nonlinearity of G, which is the main
difficulty in dealing with the uniqueness of the representation.
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4 Proof to Theorem 3.3

In order to prove Theorem 3.3, we first introduce two lemmas.

Let Qr = C4([0,T]; R) be endowed with the supremum norm and let o : [0, T] X Q1 —
R be a measurable mapping satisfying

i) o is bounded;

ii) There exists L > 0 such that |o(s,w) — o(s,w’)| < L||lw — w'|| for any s € [0,T] and
w,w’ € Cy([0,T]; R);

iii) For t € [0,T], o(t,-) is B:(2r) measurable.

Then the following lemma is easy.

Lemma 4.1. Let (2, F, F, P) be a filtered probability space and let M be a continuous
F-martingale with (M), — (M)s < C(t — s) for some C > 0 and any 0 < s <t <T. Let
FM = [FM} be the augmented filtration generated by M. Then for any Y, € L*(FM),
there exists a unique F-adapted continuous process Y with E[sup,c(o 7} |Y:|?] < 0o such

thatY; =Y, + fot o(s,Y)dM,. Moreover, Y is ™ -adapted.

We believe that Lemma 4.1 must be covered by some more general result. For
readers’ convenience, we give a brief proof here.

Proof. Uniqueness. Assume that X?, i = 1,2 are F-adapted continuous processes such
that Elsup,cpo 7 |X{[?] < oo and X{ = Yo + [ o(s,X))dM,. Set X = X' — X? and
65 =0(s,X') — o(s, X?). Then we have

sup XE < sup | GrdM,|*.
0<s<t 0<s<t Jo
By Doob’s inequality, we have
. t t
A; = E[sup X?] < 4CL2/ E[X?)ds < 4CL2/ Agds.
0<s<t 0 0
By Gronwall’s inequality, we have Ap = 0.
Existence. Let Y? = Y},. For m > 0, set
t
Yy, =, +/ o(s,Y™)dM,. (4.1)
0

Clearly, for any m, Y™ is a continuous F'™-adapted process.
Forany m,n € N,set X = Y™+l —y»+tl 2 —=y™ _Y"and 6, = o(s,Y™) — (s, Y™).
Choose 3 > C'L?/2 and apply It6’s formula to e~2%| X, |%:

t t t
672Bt|f(t|2 = —25/ e*2ﬁ5|f(s|2ds —|—/ 2e 2P X dX, +/ ef2ﬁ5c§r§d<M>s.
0 0 0
Since X is a square integrable martingale and ¢ is bounded, we know that
. . R t R
</ 25X dX,)y = / 4740\ X, |262d(M),
0 0
is L'-integrable, which implies that ﬁf ze—ZﬁSXsts is a square integrable martingale.

So we have

2

1 . T - CL
ﬁe—ﬂfTEHXT‘Q] + E[/ 6—255|Xsl2d8] <
0

T
= E[/O =255 2ds]. 4.2)
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CL2

Noting that a = < 1, by (4.2), we conclude that

l
[0
= Y =Yz,

k41 l 1+1 7 7 1 0
P =¥y < 3V = Vilay < 3 0|V = VOl = -

=l i=l

where || X||3 ; = E[fOT e %85| X,|?ds]. So {Y™} is a Cauchy sequence under the norm
| - l|l2,5- By (4.2) and Doob’s inequality, we conclude that

sup E[ sup V""" —Y/|*] =0
m>0  te[0,7)

as n goes to infinity. So there exists a continuous F™-adapted process Y such that
El[supyepo,ry |Y:]?] < 00 and Y; = Yo + fg o(s,Y)dMs;. O

Let (92, F, P) be a probability space and let {W;} be a standard 1-dimensional Brow-
nian motion on (2, F, P). Let F"V be the augmented filtration generated by W.

Denote by A°([¢,C]), for some 0 < ¢ < C' < oo, the collection of F" adapted mea-
surable processes in the following form

m—1

hs = Z@ iz wenr)(s), (4.3)

m m

T T .
where & = V([ hedWs, - - -,fO’T" hsdWs), ¥; € Cyiip(R"), ¢ < |tp;] < C. Denote by
A([e, C)) the collection of FW adapted measurable processes such that ¢ < |hy| < C.

Lemma 4.2. A°([¢c,()) is dense in A([c,C]) under the norm

T
A2 = [E( / Iy [2ds)]1/2.

Proof. Since Ucscs0.A([g, C)) is dense in A([0,C]) under the norm || - ||, it suffices to
show the ¢ > 0 case.

Let hy = Hy(W) = 37 * &l

('i+1)T](S), where

m

&= z( %*W(i—l)T,”',W%fWO),

©i € Couip(R), ¢ < s < C.

Then o (s, w) = H;!(w) is a bounded Lipschitz function. Let X; := fot hsdWs. Since
fo s,W)dX,, we conclude, by Lemma 4.1, that W is FX -adapted
For a process {X;}, we denote the vector (X7 — X (m— oy, XT Xo) by X[0 AL
For arbitrary ¢; > 0, ¢ =0, - — 1, since X is a process w1th continuous paths,
there exists n; € N and ¢; € O lzp(Rm ) with the Lipschitz constant L; = L;(¢;) such

that E[|¢; — &%) < 2. Here &; = wz(X[l(;“,T ), ¢ < | < C.

DeﬁEe EZ in the following way:

Set §o = &o; L

For s €]0, L], set hy = &

Assuming that we have defined ﬁg forall s € [0 iT] 0<i<m-—1,
set )?t = fotiAz dWs, for t € [0, Q], and 5: = wZ(X[lggT])

For s €]iL (TUT) set =&,

It is obvious that / belongs to .A°([¢, C).
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Uniqueness of the representation for G-martingales

We claim that foranym —1>i > 1,

Bll& - &7 < Ale?, (4.4)

where Al = 2TL2(Zk —it1 Af +1), fori > j+2, AL, = 2T'L?, which shows that A;
depends only on LJ+1,- -+, L;and T.
Indeed, E[|& — &%) < L2E[|& — §0|2|]E[|W[gfl]|2] < L12 < Aled. Assume (4.4)

holds for 1 < i <[; we will prove it fori =1 + 1.

Ellg — &l < LY, ZE & — & ]E[|W71T+1(7+1)T]‘2]
’L O m m
l ~
< TL{, Y Ell6 - &P
i=0
l o~ o~ ~
< 2TL}, ZEW& &l + 16 - &)

=0

By the assumption, we have

l
2TL, Y El(& - &I + 16 - &17)]

=0
< 2TL}, Zs +ZZAZ %)
=1 j=0
-1 l )
= 2TL7 D (> Al +1)ed +¢f]
j=0 i=j+1
l
= YA
j=0
Then
Ell& -6 < 2E[& - |]+E[I£z &%)
< 27 +2ZA = ZBJ e2,

which shows that B;'- depends only on L1, -+, L;, T for j < i and B! = 2. So for any
£ > 0, we can choose &;, i =0, - - -,m — 1 defined above such that E[\g2 —&]?] < e for all

1=0,---,m—1. Then
T
E[/ |hs — he|?] < Te.
0

O

Remark 4.3. According to Lemma 4.2, the collection of FW adapted measurable pro-
cesses in the form of (4.3) with &; = %(f@ o hsdWs, - - ~7f hsdWs), ¥; € Cprip(RY) is

dense in L3, ([0,T] x ), the space of FW adapted measurable processes endowed with
the L?-norm.
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Uniqueness of the representation for G-martingales

Proof to Theorem 3.3. i) The proof to the first assertion is easy. For n € MZ(0,7),
the claim is obvious. For n € M}(0,7), there exists a sequence of {n™} c M2(0,T)
such that E[ [ [ —1,|ds] — 0as m — oo. Then |E[[) 6, (s)nsds]| < |E[fy 0n(s)n2ds)|+

E[fOT |nt* — ns|ds]. First let n — oo, then let m — oo, and we get the desired result.

ii) Now we prove the second assertion. Let (Q2°, F°, P%) be a probability space and
{W,;} be a 1-dimensional standard Brownian motion under P°. Let F° = {F?} be the
augmented filtration generated by W.

For n € M}(0,T) with E[fOT [ns|ds] > 0, by Theorem 2.7 and Remark 2.8, there exists

. _ T
an F° adapted measurable process g with ¢ < |g;| < @ such that Ep,[[, |ns|ds] > 0,
where P, = P o [[; g.dW,] 1. Set g" = sgn(g.)(|gs| V /o + ) A \/52 — L. Since P,

converges weekly to P, and fOT Ins|ds belongs to L (27), we have

T T
lim Ep,,, [/ Ins|ds] = Ep, [/ Ins|ds] > 0
" 0 0

So, by Theorem 2.7 and Remark 2.8 again, there exists ¢ > 0 such that Eg,_| fOT |ns|ds] >

0, and consequently, for any ¢ with EG fOT Ins|ds] > € > 0, there exists an F" adapted

measuable process h with 02 +¢ < h? < 5% —¢ such that Ep, jo ns|ds] > Fq. fo |ns|ds] —
e =t A > 0. By the definition of MG(O T), for any (0‘2“+8) > § > 0, there exists ¢ €

M2(0,T) such that
T
E[/ |ns — Cslds] < &
0

Without loss of generality, by Lemma 4.2, we assume that there exists m € N such
that

m—1
Cs — ZO E%l]%’(l-ﬁﬁ](s)
where £ir = p;(Bir — Ba_nr, -, Bz — By), @i € Cp1ip(R"), forall 0 <i < m — 1; and
that
m—1
hs = Z a%l]% uti)T](S)
i=0
e

where a;r = = y( (;” vr hsdWo, -+, [o7 hedWs), ® +e < [1hi]* <5° —¢, ¥ € Chip(RY), for
alo<i<m-1.
We have divided the following proof into four steps:
1. Here we give some notations those will be used in the sequel steps.
Define H' : [0? +¢,5% — ¢] — [0,7], i=1, -1 in the following way:
HY 2)? =31 _ 2,2 4 (20— )1
[2>——%]

2 2.,
[m<(r erg ]7

Hﬁl(aj)z (2z —02) o> 22422 + o2 1[ <aa?)
It’s easily seen that H!(z)? + H~!(z)? = 2x and H(x)? — H~!(2)? > 2e.

For n € N, define H! :]0,T/m] x [0? +¢,5° —¢] — [0,5),i = 1,—1 by
2n—1

H,(s,) Z Lz Gt )H(fl)ji(l’)-

2mn’ 2mn

2. Fix n € N. We construct an adapted measurable process h™ based on h, (.
Set ag = ao, & = &o;
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Uniqueness of the representation for G-martingales

For s €]0, 21, set h™ = H™ %) (s, (ap)?);

Assume that we have defined A7 forall s € [0, £], 0 < i <m — 1. Set
iT T

ar wi(f(zn;l)j* hndWm RS fom h?dWs);

T
§ir = i ( (;n LT hgdWs, - -, fom h?dWS);

1T (+1)T n __ Sgn(EH iT n \2
For s €]L ], set h” = H, (s — 5, (a)?).

m

= 3

3. We claim that Ep, [ [ [¢i|ds] = Ep,. [fy Cslds].
Actually, we have

T

iT T
fEPo Z lpi( /71)T s WS,...7A hedW,)|]

T

T =
: Epo [@(ﬂm_l)T hgdWs, - - .’/0 hsdWy))

T
Ep | / Calds]

and

xr

T T
Brol [ 1Gkds) = Emle( [ W, [T raw)
0 m—1)T

0

where q)(xrrw oo '7371) = Z:i?)l |g0i(xi7 o '7£U1)|‘
Now it suffices to show that for any 0 < i < m and ®; € C,(R’), we have

aT T T

Epo [ [ T AW, / " RTAW,)] = Epo[®,( [ T hdW,, e / " hedW)).

L 0 L 0

We prove the assertion by induction on ¢. Clearly, the assertion holds for i = 0. Assum-
ing the assertion to hold for i > 0, we shall prove it for ¢ 4 1.

Let = (x,- - -,z1). Noting that

(i+1)T

o T
Bi(x) = Epo®i( / D s g (0)) a0, )]

(i+1)T

= FEpo [(bH—l(/Q " '(/Ji(.’L‘)dWS,l‘)],

we have
G+H)T iT sl
EPO[@H(/ hodW,. - - / hedW,)] = Epo[d (/ hdeS,---,/ hed W)
4 pr :
(41T T i T
Epo[®iy1( / T hgaw,, / R AW,)] = Epo[dy( [ hgaw,,- / B W),
0 0 = 0

By the assumption, we get the desired result.
4. Based on the above arguments, we can prove the desired conclusion by simple
computations.
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Uniqueness of the representation for G-martingales

By the sub-additivity of E, we have

T
E[/O 62mn(8)nsd<B>5}

Y

E[/O 52mn<s><sd<B>s]—E[/0 04 — Cold(B).]

v

T
Ep,.| /0 Samn (5)Cadl(B)s] — 726

-1 (i+1)T

m

= Ep.[> ¢ Samn (8)d(B) 4] — 7%6.

1=0 m

ok

By the definition of A", we have

m—1 G+D)T

BrolY € 7 Banals)d(B).] %
=0 m

T
—€
m

Y

m—1
Ep,. ) €] - 775
=0

T
— cEp.| / IC,|ds] — 726,
0

Due to the assertion of Step 3, we have

T T
eEph,n[/ Galds] — 7% = sEph[/ Calds] — 725
0 0

Y%

T
eEp, [/ ns|ds] — €6 — 726
0

> Ae—e6—72%5 > 0.

Since A4, ¢,d do not depend on n, we have d(n) > As — § — 26 > 0. Noting that ¢, § are
arbitrary, we have d(n) > eEq. | fOT |ns|ds]. The proof is completed. 0
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