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Abstract

We study the stochastic spatial model for competing species introduced by Neuhauser and Pacala
in two spatial dimensions. In particular we confirm a conjecture of theirs by showing that there
is coexistence of types when the competition parameters between types are equal and less than,
and close to, the within types parameter. In fact coexistence is established on a thorn-shaped
region in parameter space including the above piece of the diagonal. The result is delicate since
coexistence fails for the two-dimensional voter model which corresponds to the tip of the thorn.
The proof uses a convergence theorem showing that a rescaled process converges to super-
Brownian motion even when the parameters converge to those of the voter model at a very slow
rate.
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1 Introduction and statement of results

Neuhauser and Pacala [[12]] introduced a stochastic spatial interacting particle model for two com-
peting species. Each site in Z¢ is occupied by one of two types of plants, designated 0 and 1. The
state of the system at time t is represented by &, € {0, 1}Zd. A probability kernel p on Z¢ will model
both the dispersal of each type and competition between and within types. We assume through-
out that p is symmetric and irreducible, has covariance matrix oI (for some o > 0) and satisfies
p(0) =0. Let

£, &)= ply -1y =i}, i=0,1
y

be the local density of type i near x € Z9, and let ay,a; > 0 be competition parameters. The
Lotka-Volterra model with parameters (ag, @), denoted LV (a, @;), is the spin flip system with rate
functions

ro-1(x,8) = filfo+aofi)(x,8) = f1(x, &) + (ap — D(f1(x, )
ri-o(x,&) = fo(fl+a1fo)(X,€)=fo(X,§)+(a1—1)(f0(X,€))2-

It is easy to verify that these rates specify the generator of a unique {0, 1}Zd -valued Feller process
whose law with initial state £, we denote Pg) (or P . if there is no ambiguity); see the discussion
prior to Theorem 1.3 in [5]. We will be working with d = 2 in this work but for now will allow
d > 2 to discuss our results in a wider context. For d = 1, see the original paper of Neuhauser and
Pacala [[12], and also Theorem 1.1 of [J5]].

The interpretation of the above rates is that f, + ayf;(x,&) is the death rate of a 0 at site x in
configuration & due to competition from nearby 1’s (ayf;) and nearby 0’s (f;). Upon its death,
the site is immediately recolonized by a randomly chosen neighbour. A symmetric explanation
applies to the second rate function. Therefore ayp(y — x) represents the competitive intensity
of a “neighbouring" 1 at y on a 0 at x and a;p(y — x) represents the competitive intensity of a
“neighbouring" 0 at y on a 1 at x, while p(y — x) is the competitive intensity of a particle at y on
one of its own type at x.

Our interest lies in the related questions of survival of a rare type and coexistence of both types in
the biologically important two-dimensional setting.

The case ay = a; = 1, where all intensities are the same, reduces to the well studied voter model
(see Chapter V of Liggett [[11]]). In the second expression of the rates given above, one can therefore
see that for ay and a; both close to one, we are dealing with a slight perturbation of the voter model
rates. When both a; and a; are above 1, there is an alternative interpretation of the flip rates: as
in the case of the voter model, a particle of type i is at rate 1 colonized by a randomly choosen
neighbour, but in addition, at rate (a; — 1), it is colonized by a randomly choosen neighbour if its
type agrees with that of another randomly and independently choosen neighbour.

The voter model is dual to a system of coalescing random walks. This property makes it straight-
forward to prove that for d < 2, where a finite number of walks almost surely coalesce, the only
invariant measures are convex combinations of the degenerate ones, which give positive proba-
bility only to configurations where all particles are of the same type (see Theorem 1.8 in Section
V.1 of [11]]). On the other hand when d > 3, transience of random walks makes it possible for
non-degenerate invariant measures to exist.
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When a and a; are both greater than 1, the flip rate of a particle surrounded mostly by particles of
the other type is increased. Therefore, intuitively, this setting should favour large clusters of particles
of the same type, and at least for d < 2, invariant measures should remain degenerate.

On the other hand, as we will show when ay and a; are close to 1, both below 1 and when a, and
a; are sufficiently close to one another, our model possesses in d = 2 quite a different asymptotic
behaviour than that of the voter model (see Theorem below). Indeed in this case, the death
rate of a particle surrounded by particles of the other type is lowered, making it possible for sparse
configurations to survive and non-degenerate invariant measures to appear.

Let |&| = Zx E(x)and |1 - &| = Zx(l — &(x)) denote the total number of 1’s and 0’s, respectively,
in the population.

Definition 1.1. We say that survival of ones (or just survival) holds iff
P§‘0(|€t| >0foralt>0)>0

and otherwise we say that extinction (of ones) holds. We say that coexistence holds iff there is a
stationary law v for LV (agy, a1) such that

|El=[1-&l=00 v—as. €

Note that a; < 1 encourages coexistence as the interspecies competition is weaker than the in-
traspecies competition, while it is the other way around for a; > 1. The most favourable parameter
values for coexistence should be ay = a; < 1 so that neither type is given any advantage over the
other. In fact Conjecture 1 of [[12]] stated:

Conjecture. For d > 2 coexistence holds for LV (a, a;) whenever ay = a; < 1.

This was verified in [12]] for a, = a; sufficiently small. For d > 3 coexistence was verified in
Theorem 4 of [[6]] for a; < 1 and close to 1 as follows, where m, € (0,1) is a certain ratio of
non-coalescing probabilities described in below.

For any 0 < 1 < 1 — my, there exists r(n) > 0 such that coexistence holds in the local cone-shaped
region near (1,1) given by

ngs ={(ag,a1): 1=r(M) <ag<1,(my+n)"(ag—1)<a;-1=(mo+n)ap -1} (2

Coexistence in two dimensions is more delicate since it fails for the two-dimensional voter model,
ay = a; = 1, and so in Theorem [1.2| below we are establishing coexistence for a class of perturba-
tions of a model for which it fails. We also require an additional moment condition which was not
required in higher dimensions or in [[7]], and which will be in force throughout this work:

Z |x|3p(x) < 00. 3)
xeZ2

Throughout |x| will denote the Euclidean norm of a point x € R2.

Our first result confirms the above Conjecture at least for @y = a@; < 1 and sufficiently close to 1.
In fact it gives coexistence on a thorn-shaped region including the piece of the diagonal just below
(1,1) (see the Figure below). The thorn actually widens out rather quickly. In the following Theorem
y and K are specific positive constants, which are determined by certain coalescing asymptotics—see

and (6) below.
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Theorem 1.2. Letd =2. For 0 <n <K, if

K—-n 1-a
Cn = {(aO) al) € (0’ 1)2 : |a0 - a1| < 0 2},
14 (logl1 )
—aq

then there is an r(n) > 0 so that coexistence holds for LV (ay, a,) whenever (ay,a;) € C, and 1 —
r(n) < ao. Indeed in this case there is a translation invariant stationary law v satisfying (I).

Note that it is plausible that coexistence for ay; = a; = a implies coexistence for all 0 < ay = a; =
a’ < a since decreasing a should increase the affinity for the opposite type. If true, such a result
would show that Theorem implies the general Conjecture above.

%

(1.1

Coexistence holds for (mo, “1) in c,
and near (1,1).

We first recall the approach in [6] to coexistence for d > 3. Let {f* : x € Z%} be a system of
continuous time rate 1 coalescing random walks with step kernel p and [5’(’)‘ = x, and let {e;};>; be
iid random variables with law p, independent of {3*}, all under a probability P. In addition we set
eo=0.If T(x,y) =inf{t > 0: B = B/},

g2 = P(7(ey,e5) < 00,7(0,e1) = 7(0,e5) = 00),

and
qs = P(T(ei,ej) =ooforalli#je{0,1,2}),

then the constant m, appearing in the definition of ngs is

_ q>
q>+qs

(4)

my

Coexistence in CgZB for d > 3 was proved in [|6] as a simple consequence of

Theorem A. (Theorem 1 of [6]) Let d > 3. For 0 < m < my, there is an r(n) > 0 so that survival
holds if
a;—1<(myg+n)ag—1)and1—-r(n) <ay<1.
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Indeed by interchanging 0’s and 1’s it follows that survival of 1’s and survival of 0’s holds for
(ag,a7) € ng?’. The required stationary law v is then easily constructed as a weak limit point
of Cesaro averages of &, over [0, T] as T — oo where & has a Bernoulli (1/2) distribution.

In two dimensions we have q, = g3 = 0. If we write f(t) ~ g(t) when lim, _, f&% =1, the time
dependent analogues of q,, g5 satisfy
4a(t) = P(x(er, e) < £,7(0,e) A 7(0,¢5) > 1) ~ IL where 7 € (0, 00), (5)
—00
and
qs(t) = P( mm T(el, ej)>1t) ~ where K € (0, 00). (6)
#j<

t—00 (lo )3 ?

Both positive constants y and K only depend on the kernel p. (5)) is proved in Proposition 2.1 of [7]
along with an explicit formula for y (denoted by y* in [[7]), while (6) is a consequence of

Proposition 1.3. Fixn € N,n > 2, and x; € Z?,i € {1, ...,n} be such that x; # xjforall1<i<j<n.
There exists a constant K,(x1, ..., x,) > 0 depending only on p, x1, ..., X, such that

K, (xq,...,%,)
n(n-1) ° (7)

(logt)™ =

,,,,, 5 () =P( 2 nin 70x,x;)> 1)

t—00

Furthermore, there exists a constant Gy depending only on p and n such that

K, (%q,...,x,) < qm( max log (|Xi - ijn(n—l)/Z + 1) . ®

{l<i<j<n}

Equation above gives the asymptotics of the non-collision probability of n walks started at n
distinct fixed points and is proved in Section[9} Equation (8] allows us to use dominated convergence
and deduce that the first assertion continues to hold when the starting points are randomly chosen
with law p, provided p is supported by at least n — 1 points. In particular by integrating with
respect to the law of {e;,...,e,} on the event that they are all distinct, we see there is a constant
K, > 0 depending only on p, n such that

n(n 1)

(logt) 2> P( _min 7(e;,e ])>t) — K 9)

0<i<j<n-1
the case n = 3 corresponding evidently to (6]).

In this paper, we only make use of () which is also used in [8] in their PDE limit theorem for
general voter model perturbations in two dimensions. However, the general result has the potential
of handling other rescalings leading to different PDE limits.

These asymptotics show that q5(t) < g,(t) as t — oo and so suggest that m, should be 1 in two
dimensions. These heuristics are further substantiated by Theorem 1.3 of [[7], where the following
is proved:

Theorem B. If d = 2, the conclusion of Theorem A holds with my = 1.
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Note that the above result will not give a coexistence result as it did for d > 3 because the inter-
section of the region in Theorem B with its mirror image across the line ay = a; will be the empty
set. Of course one could hope that the result in Theorem B could be improved but in fact the result
in Theorem A was shown to be sharp in [4] and we conjecture that the same ideas will verify the
same is true of Theorem B, although the arguments here will be more involved. More specifically,
introduce the critical curve

h(ag) = sup{a; : survival holds for LV (agy, a;)}.

As is discussed in Section 1 of [6], LV(ag, @) is monotone for a; > 1/2, h is non-decreasing on
ag > 1/2,h(ay) > 1/2, and the region below or to the right of the graph of h are parameter values
for which survival holds and the region above or to the left of the graph of h are parameter values for
which extinction holds. Neuhauser and Pacala proved that h(1) = 1 and the sharpness of Theorem
A mentioned above was proved in Corollary 1.6 of [[4] as

h(1) = my,.
T —hV=m
Given the conjectured sharpness of Theorem B, our only hope for extending the above approach to
coexistence would be to find higher order asymptotics for h near 1 which would show survival holds
on the diagonal ay; = a; near (1,1). This is what is shown in the next result which clearly refines
Theorem B.

Theorem 1.4. Let d =2, and y and K be as in and (6)), respectively. For 0 <n <K, if

9 K-n 1-aqag

I =1(ag, 1) €(0,1)*:a; <ap+ 3 0
" (logy)
_—

then there exists r(n) > 0 so that survival of ones holds whenever (ap,a;) € &, and
1-r(n) <ay.

The reasoning described above for d > 3 will now allow us to use Theorem|[1.4to derive Theorem|[1.2)]
(see Section below).

Theorem B was proved in [|7]] using a limit theorem for a sequence of rescaled Lotka-Volterra models.
The limit was a super-Brownian motion with drift and we use a similar strategy here to prove
Theorem My(RY) is the space of finite measures on R? with the topology of weak convergence.
A d-dimensional super-Brownian motion with branching rate b > 0, diffusion coefficient o2 > 0,
and drift € R (denoted SBM (b, 0?2, 0)) is an My(R?)-valued diffusion X whose law is the unique
solution of the martingale problem:

Vo eCHRY, M($)=X($)-Xo(d)~ [y X, (S AD+0¢)ds
(MP) is a continuous Z;*-martingale such that

(M), = [, X, (bop?) ds.

(See Theorem II.5.1 and Remark I1.5.13 of [[13]].) Here Cf is the space of bounded C* functions with
bounded derivatives of order k or less, ,?tx is the right-continuous completed filtration generated by
X and X,(¢ ) denotes integration of ¢ with respect to the random finite measure X,.
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Fix By, B; € R and assume [a’lN,N € [3, 00) satisfies

N—oo

lim g =p;,i=0,1, /3=Isvup3|ﬁévlv|/3iv|<oo. (10)
>

(It will be convenient at times to have log N > 1, whence the lower bound on N.) Define

logN)? logN
=1 - PN O8N oy s an

As we will only be concerned with N large we may assume
al €[1/2,1]. (12)
Let £™) denote a LV(agj s allv ) process and consider the rescaled process
EN(x) = EM(xVN), x € Sy :=7%/VN.
Finally define the associated measure-valued process

logN

X€ESy

Theorem 1.5. Assume X} — X, in Mp(R?). If holds, and y and K are as in and (6)),
respectively, then {XN} converges weakly in the Skorokhod space D(R,, My(R?)) to two-dimensional
SBM(4nc?,02,0), where 8 =K + y(By — B1).

logN
(VN
fact occur with density 1/logN. Like the other constants in the above theorem, the branching rate

of 412 also arises from the asymptotics of a coalescing probability, namely

Note that the normalization by shows that the 1’s are sparsely distributed over space and in

. 202
P(7(0,e;)>t) ol logt

(13)

See, for example, Lemma A.3(ii) of [3]] for the above, and the discussion after Theorem 1.2 of the
same reference for some intuition connecting the above with the limiting branching rate.

A bit of arithmetic shows that (agj , allv ) €S, for some n > 0 and N large iff K+ y(8, — 8;) > O, that
is iff the drift of the limiting super-Brownian motion is positive. The latter condition is necessary
and sufficient for longterm survival of the super-Brownian motion and so we see that the derivation
of Theorem from Theorem requires an interchange of the limits in N and t. This will be
done using the standard comparison with super-critical 2K,-dependent oriented percolation. The
key technical argument here is a bound on the mass killed to ensure the 2K,-dependence, and is
proved in Lemma[8.]in Section [8}

N
In [7] a limit theorem similar to Theorem E is proved but with af.v =1+ B ogN ;gN

0 = y(By— 1) (unlike this work, in [[7] a?’ > 1 was also considered). In order to analyze the higher
order asymptotics of the survival region we need to consider (alg , all\’ ) which are asymptotically
farther from the voter model parameters (1, 1). This results in some additional powers of log N mul-
tiplying some drift terms in the martingale decompositions of X f’ (¢) and we must take advantage

and limiting drift
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of some cancelative effects especially when dealing with the drift term D2 in below-see, for
example, below in Section The delicate nature of the arguments will lead us to a number
of refinements of the arguments in [7], and also will require a dual process which we describe in
Section 2

We conjecture that the results of Theorems[1.4]and [1.2]are both sharp.

Conjecture 1.6. If 0 < n and

K+ 1—a
gn={(ao,a1)e(0,1)2:alZa0+ yn . 2},
1
(logl—a)

then there exists r(n) > 0 so that extinction of ones holds whenever (ay, ;) € &, and 1 —r(n) < ay.
In fact infinitely many initial zero’s will drive one’s out of any compact set for large enough time a.s.

The above strengthens Conjecture 2 of Neuhauser and Pacala [[12]]. Clearly this would also show
that coexistence must fail and so, together with the symmetric result obtained by interchanging
0’s and 1’s, implies the sharpness of the thorn in Theorem The analogous results for d > 3
(showing in particular that the coexistence region in and survival region in Theorem A are “best
possible") were proved in [4] using a PDE limit theorem. A corresponding limit theorem is derived
in two dimensions in [8]]. There the limit theorem is used to carry out an interesting analysis of the
evolution of seed dispersal range.

Section [2| gives a construction of our particle system as a solution of a system of jump SDE’s which
leads to a description of the dual process mentioned above and the martingale problem solved by
XN, We conclude this Section with a brief outline of the proof of the convergence theorem including
some hints as to why constants like K arise in the limit. Section [3|gives a preliminary analysis of
the new drift term arising from the (logN)® term and also sets out the first and second moment
bounds required for tightness of {X"}. The first moment bounds are established in Section where
the reader can see how many of the key ideas including the dual are used in a simpler setting. The
more complex second moment bounds are given in Section |5| and tightness of {XN} is proved in
Section[6] The limits of the drift terms are found in Section[7]and the identification of the limiting
super-Brownian motion follows easily, thus completing the proof of Theorem[1.5] Theorems|[1.2)and
[1.4]are proved in Section [8] Finally Section[9] contains the proof of Proposition[1.3

We will suppress dependency of constants on the kernel p (as for K and y) and 3, but will mention
or explicitly denote any other dependencies. Constants introduced in formula (k) will be denoted
Cy while constants first appearing in Lemma i.j will be denoted C; ;. Constants c, C are generic and
may change from line to line.

Acknowledgement. We thank Rick Durrett for a number of very helpful conversations on this work.
We also thank two anonymous referees for their thorough proofreading of the manuscript.

1198



2 Preliminaries

2.1 Non-coalescing bounds and kernel estimates
Let py(x) denote the rescaled kernel p(vNx) for x € Sy, and define

v = Naj =N —(logN)’+ ) (logN) > N/2,
Oy = N(1—ay)=(_logN)* - (logN) >0,

the inequalities by (12), and
Ay = (BY — By )(logN).

Let {B*N x € Sy} denote a system of rate vy coalescing random walks on Sy, with jump kernel
py- For convenience we will drop the dependence in N from the notation BXN. We slightly abuse
our earlier notation and also let e, e; denote iid random variables with law py;, independent of the
collection {B*}, all under the probability P. Throughout the paper we will work with

ty := (logN)™%. (14)
By
Gy := sup(log N)P(B? # B1") = sup(log N)P(7(0,e;) > N) < o0, (15)
N3 N>3
while (6) implies that
R :=sup(logNY’P( B{N # B Vi#j€{0,1,2}) < oo, (16)
N>3

We will also need some kernel estimates. Set plt\’ (x)=N P(B? = x). First, it is well-known (see for
example (A7) of [3]) that there exists a constant G > 0 such that,

o

||p{V||oosTfora11t>o,Nz1. (17)

The following bound on the spatial increments of p’t\’ will be proved in Section@

Lemma 2.1. There is a constant Gz such that for any x,y € Sy, t >0, and N > 1,

Y () = pY (x + Y)| < Gly |72

2.2 Construction of the process, the killed process, and their duals

To help understand our dual process below we construct the rescaled Lotka-Volterra process &V
as the solution to a system of stochastic differential equations driven by a collection of Poisson
processes. If

ey = pyly - 01EN () =i}, i=0,1,
Y
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the rescaled flip rates of £V can be written

oL (x, EN) =NV, &N+ N(ag — DY (x,EN)?
=wn 1 06, EN) + O f (x, EN)f (e, EY),
ro(, EN) =NFY (x, EN) + N(a) — Df (x,EN)?
=S, EN) 4+ On N O, ENFN O, ENY + A FV (x, En )2 (18)

To ensure Ay > 0 we assume
BN > Y (19)
It is easy to modify the construction in the case ¥ < ).

We start at some initial configuration &) such that [£]| < co. Let
A ={Alx,y) : x,y € Sy}, A = {A;(x) : x € Sy}, and Ay = {A,(x) : x € Sy} be independent
collections of independent Poisson point processes on R, R X S]%] and R x Sf,, respectively, with rates

vwon (¥ — x)ds, %NpN(-)pN(-)ds and Aypy(-)py(-)ds, respectively. (It will be convenient at times to
allow s < 0.) Let

T = Neso0 (ACx, ¥)(A), A (x)(B1), Ag (x)(By) :AC [0, t +¢], B; € [0, ¢ +€] X S5, x, ¥ €Sy).

We consider the system of stochastic differential equations

) =N+ ) J (€Y (3) — &Y (e DALx, y)(ds) (20)
y vO0
+f f J 1(EY (x +e1) # EN (x +e2))(1 — 28N (x))A, (x)(ds, e, de,)
0

—f f J 1(EN (x +e1) =&Y (x +ex) = 0)EY (x)A4(x)(ds, dey, dey).
0

Here the first integral represents the rate vy voter dynamics in (18)), the second integral incorporates
the rate Oy fév le flips from the current state in (I8)), and the final integral represents the additional
1 to O flips with rate An( fév )2. Note that the rate of A, is proportional to 8y /2 to account for
the fact that the randomly chosen neighbours can be distinct in two different ways. Although the
above equation is not identical to (SDE)(I”) in Proposition 2.1 of [|6]], the reasoning in parts (a) and
(c) of that result applies. For example, the rates in satisfy the hypotheses (2.1) and (2.3) of
section 2 of [[6]]. As a result has a pathwise unique &;-adapted solution whose law is that of
the {0, 1}~-valued Feller process defined by the rates in (I8), that is, our rescaled Lotka-Volterra
process.

We first briefly recall the dual to the rate-vy rescaled voter model {¥ on Sy defined by solving
without the A, and A, terms. We refer the reader to Section II1.6 of [[11]] for more details. For every
s € A(x,y) we draw a horizontal arrow from x to y at time s. A particle at (x,t) goes down at
speed one on the vertical lines and jumps along every arrow it encounters. We denote by B! the
path of the particle started at (x, t). It is clear that for every t > 0, {B®*9, x € Sy} is a system of
rate-vy coalescing random walks on Sy with jump kernel py on a time interval of length t. ¢V (x)
adopts the type of y at each time s € A(x, y), and so if BX := B*:1)(¢), then

Cltv(x) = Cg’(Bf) for any given t > 0. 21
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To construct a branching coalescing dual process to (Eltv ,t > 0) we add arrows to the above dual
corresponding to the points in A, and A,. For every (s, e;,e;) € A.(x), respectively in Ag(x), draw
two horizontal red, respectively green, arrows from (x,s) towards (x + e;,s) and (x + e,,s). The
dual process B®0(s), s < ¢ starting from x = (xq,...,x,,) € Sy at time t is the branching coalescing
system obtained by starting with locations x at time t and following the arrows backwards in time
from t down to 0. Formally the dual takes values in

9 ={(B',B?,...)e D([0,t],Sy U {oo})" :3K : [0, t] — N non-decreasing
s.t. BX(t) = 00 Yk > K(t)}.

Here oo is added as a discrete point to Sy and D([0, t],Sy U {oo}) is the Skorokhod space of cadlag
paths. The dynamics of the dual are as follows.

1. BS(”) = (Bs(xl’t), . ..,Bs(x’"’t),oo, 00,...) and K(s) = m for s < t ARy, where R; is the first time
one of these coalescing random walks “meets" a coloured arrow. By this we mean that the
walk is at y and there are coloured arrows from y to y +e;, i = 1,2. If R; > t we are done.

2. Assume R; < t and the above coloured arrows have colour c(R;) and go from u(R;) to w(R;)+
e;, 1 = 1,2. Then K(R;) = K(R;—) + 2 and Bg’t) is defined by adding the two locations
u(Ry) +e;, i = 1,2 to the two new slots. If a particle already exists at such a location, the two
particles at the location coalesce, that is, will henceforth move in unison.

3. Fors > R, Bs(x’t) follows the coalescing system of random walks starting at E’}({i’t) until t AR,
where R, is the next time that one of these coalescing walks meets a coloured arrow. If R, <t
we repeat the previous step.

Each particle encounters a coloured arrow at rate 6y + Ay so lim,, R, = co and the above definition
terminates after finitely many branching events. We slightly abuse our notation and also write
ES(”) for the set of locations {B’S(X’t)’i : i < K(s)}. Some may prefer to refer to B as a graphical
representation of &N but we prefer to use this terminology for the entire Poisson system of arrows
implicit in (A, A, Ag).

We will again write P, E for the probability measure and the expectation with respect to the dual
quantities B, B. In particular recall that with respect to P, e;, e, will denote random variables chosen
independently according to py. Also when the context is clear, we will often drop the dependence
on ¢t from the notation Bt Bt and use the shorter B, BX.

It should now be clear from how to construct (5’;’ (x1),--+s E’t\] (x,,)) from
{537 (y) : y € Bf }, the dual (Bsx,s < t) and the sequence of “parent” locations and colours

{(u(Rp), c(Ry)) : Ry < t}. First, EN (Bf’_jr) remains constant until the first time a branching time of
the dual (corresponding to a jump in K) is encountered at r =t — R,,. In particular,

&Y () =EY(BY) = EY(BY), i=1,...,m (22)
if no coloured arrows are encountered by any B on [0, t].

If the above branch time t — R,, is encountered we know the colour of the arrows, c(R,), and the
locations of its endpoints, corresponding to u(R,) and the two last (non-0o) coordinates of the dual
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at time t — R,,. We also know the type at these locations since they are all dual locations at time
R,. Hence we will know to flip the type at u(R,,) if the colour is red and the two endpoints have
different types, or set it to O if the colour is green and the two endpoints are both 0’s. Otherwise
we keep the type at u(R,,) and all other sites in B;z(n— unchanged. Continuing on for r > t —R,,, the

types EN (B}’ ) remain fixed until the next branch time is encountered at r = t —R,,_; and continue
as above until we arrive at £ (x;) = §Itv(}§gx’t)”), i=1,...,m.

If x = (x1,...,X,) € Sy, let Bs(x’t) = {Bs(xi’t) :i=1,...,m}. Then it is clear from the above
construction that
Bs(x’t) c Bs(x’t) foralls < t. (23)

It also follows from the above reconstruction of 5?’ that
Egl(y) =0forall y € B’Ex’t) implies gltv(xi) =0,i=1,...,m. (24)

The above two results imply that for any x € Syy and t > 0,

s Y e and EYBEDY < DT o).

yGBEx’t) _yGEEX’t)

It follows from the above that if z; = 1, and 25,25 € {0, 1}, one has
3 3
N N
[[tew-s 2 80 [igenm= 2 &0,
i=1 yeB! i=1 yeB!

and therefore, using as well, we have
3 3
E ] [tercoma | =B | [y
i=1 i=1

<E | 1guns ), &), (25)

yeB;!

where

é”t(xi)"e’ :={3Ji eI s.t. there is at least one coloured arrow encountered by B*i on [0, t]}.

If we ignore the coalescings in the dual and use independent copies of the random walks for particles
landing on occupied sites, we may construct a branching random walk system with rate

ry =6y + (/5{\] - [o’év)(logN),

denoted {Ef,x € Sy}, which stochastically dominates our branching coalescing random walk sys-
tem, in the sense that for all t > 0,

~ ~ —X =X
Vx=(xy,...,x,) €Sy By CBY CB,:=U" B,

(26)

This observation leads to the following. Recall that E takes the expectation over the dual variables
only.
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Lemma 2.2. Foralls >0, forany 0 <u <s,

Z E 1 grorercres Z EN (¥)| <9ryuexp(3ryu) Z gN ().

XESN yeéx ,x+eq,x+eg }’ESN

+ep,x+
Proof : We use to see that for all t > 0, Bx Aterxter - Bx renxTes

Let N;' er, x+e2 = #{Bx e erez(t)}, and define p as the first branching time of the three branch-
ing random walks started at O,e;,e,. Then, for a fixed y € Sy, using the Markov property and
translation invariance of p,

Z E (l{g:,erel,erez } l{yeéz,x+el,x+ez }) S Z E( ]. {Nljc,x+el,x+52 >3} 1{y6§z,x+e1,x+e2 })

XE€Sy X€Sy

= Z E(I{N0€1€2>3}1{y Xegoelez})

X€ESy

E(I{Nl?el

NO e, ez)

2531y
B(1gp < EINGS10))

P(p < u)E(Nl? €162

3(1 — exp(—3ryu)) exp(3ryu)

IA

INIANCIA

Iryuexp(3ryu),

and, after multiplying by Ei\’_u( y) and summing over y we obtain the desired result. O

In Section [8]we will need to extend the above constructions to the setting where particles are killed,
i.e., set to a cemetary state A, outside of an open rectangle I’ in Sy. We consider initial conditions
SN such that EN (x) = 0 for x ¢ I’ and the rates in (I8) are modified so that ro_)l(x EN )=0if

b'e ¢ I §N may be again constructed as a pathwise unique solution of (20) for x € I’ and §N (x)=0
for x ¢ I'. The argument is again as in Proposition 2.1 of [[6]].

The killed rescaled voter model ¢~ , corresponding to the rescaled voter rates on I set to be 0 outside

I’, may also be constructed as the pathwise unique solution of the above killed equation but now
ignoring the A, and A, terms. To introduce its dual process, for each (x,t) €Sy X R, and s <t let

7058 = inf{s > 0: B&U(s) ¢ I'},

and define the killed system of coalescing walks by

e, ~ | BEO(s)ifs < 0
B (s)= .
- A otherwise .

If we set { ](;] (A) =0, then the duality relation for { is
) =NEEY), 20, xesy.

(t,x)

We also may define the dual {B :s <t} of §N as before but now using the killed coalescing

random walks {l_B(x t)} and allowing the dual coordinates to take on the value A. In step 2 of the
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above construction of the dual we reset locations u(R;)+e; to A if they are outside I’. If §5N (A)=0,
the reconstruction of i\’ (x;) from the dual variables is again valid as is the reasoning which led to
(25). More specifically if z; = 1, 24,25 € {0,1}, x; € I, for i = 1,2, 3 and we define

g(txi)iSB = {Hi <3 there is at least one coloured arrow encountered by B*' on [0, t]} ,

then

3 3
E {l—! 1{£f(xi)=z,v}} —E [Hl{ég(éi‘ﬂzzi}]
1= =

SE|1gums ), ENO)| . 27)

=
YEB,

2.3 Martingale problem
By Proposition 3.1 of [[7], we have, for any ® € C;,([0, T] x Sy) such that $:= g—‘f € Cp([0, T] xSy),

xN(@(t,.))=Xo(2(0,.))+MY(®)+ D} ' (€)+D} *(@)+D} (), (28)

where (the reader should be warned that the terms DY-2 and DV-® below do not agree with the
corresponding terms in [7]] although their sums do agree)

pM(®) =f XN(Ay®(s, )+®(s,.))ds,
0

An®(s,x) = Y Npy(y —x) (8(s,y) — @(s5, %)) ,
YESy

Nacgy . [ (0N’ N N N(y £NY2 _ aNgN( .\ eN(y £NY2
DYA(®) = | D (s, ) [ B (1= EN N e, €Y ) = Y 2 ()f (e, €Y ] ds,
0

X€ESy

N3 — t (logN)4 N N Ny2 N N N2
D 3(@) 1= D0 @Gs,x) [EVCOfY (e, &N = (1= EN G G, EV P ] ds, (29)
0

N XESy
and M fv (®) is an ,ﬂ'f(N, L?-martingale such that
(MY (@), = (MY (@)1, + (MY (), (30)
with

_ (logN)* ("

(MN(q’))l,t : N

D a6s,x)? Y ply —x)(EN () — EN (x))ds, (31)

0 xeSy YESN
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and

logN)? (*
(MM (@), = ﬁf > o, x)? [(ay — D =&Y NS (x, €7

N 0 xeSy

(o — 1)EN ()N (x, €V )2] ds. (32)

2
Proposition 3.1 of [[7]] erroneously had a prefactor of (101%—]2\]) on the final term. The error is insignifi-

cant as the af’ — 1 terms in the above are still small enough to make this term approach 0 in L' as
N — oo both here and in [[7].

Comparing with the martingale problem (MP) for the super-Brownian motion limit, we see that
to prove Theoremwe will need to establish the tightness of the laws of {X"} on D(R ., Mz(R?)),
with all limit points continuous, and if XNk — X weakly, then as N = N, — oo,

t
E[|pM! e i
t ((I)) - XS (7A(I>S + <I>S)ds - 0, (33)
0

E[|DY2(@) - v(Bo - £1) f xN(@)ds|| —o, (34)
0

_ t

E Dltv’3(<1>)—KJ XV (®)ds ] -0, (35)
- 0
_ t

E||(MY (@), —4no? f XjV(cbz)dsH -0, (36)
- 0

E[(MY(@)y, ] 0. (37)

Controlling the five terms in in this manner will also be the main ingredients in establishing
the above tightness. As already noted it is the presence of the higher powers of log N in DV>3 which
will make particularly tricky.

We now give a brief outline of the proof of this particular result which is established in Section
(although many of the key ingredients are given in earlier Sections) and relies on the moment
estimates in Sections [4]and [5| The remaining convergences (also treated in Section|[/]) are closer to
the arguments in [[7] although their proofs are also complicated by the greater values of |aﬁv —1|. In
fact some of the new ingredients introduced here would have significantly simplified some of those
proofs. Although we will be able to drop the time dependence in ® for the convergence proof itself,
it will be important for our moment bounds to keep this dependence.

If D]tV’S(Q) = fot dSN’3(<b)ds, then a simple L? argument (see in Section [5) will allow us to
approximate DY(®) with f: E(dN3(®)|F,_,,)ds (recall that ty = (logN)™*). So we need to
N
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estimate

E(d)?(®)F;_, ) ds

logN)*
- N S (s 0B 0 80 - (1 - Y NN e, B

X€ESy

logN)* 2 2
= QO8N S s, BN ) [ 01 - €V0x + e — (1 — Y0 | €4 e+ el
1 1

XESy

where e, e, are chosen independently according to py(-). To proceed carefully we will need to use
the dual B of EN but note that on the short interval [s — ty,s] we do not expect to find any red or
green arrows since (logN)3ty < 1, and so we can use the voter dual B and the Markov property
to calculate the above conditional expectation (see Lemma . This leads to the estimate (here E
only integrates out the dual and (e, e;))

(logN)*

E(dV3 (@), ) ~ > (s, 0E(gY, (B )]_[(1 N (B 38)

x€ESy
—(1-gY, ( ))]‘[55 WBEFD).

There is no contribution to the above expectation if BX coalesces with B**®1 or B**%2 on [0, t5]. On
the event where Bere1 = Bere2 the integrand becomes

g B gy, (BN -1 -&Y, BXEN, (Br) (39)
=&Y, (Br)-¢&Y, By,

thanks to an elementary and crucial cancellation. Summing by parts and using the regularity of
®(s, ), one easily sees that the contribution to E(df’ ’3(<I>)|9'S_IN) from this term is negligible in the
limit. Consider next the contribution from the remaining event {x | x +e; | x + e} on which there
is no coalescing of {B*,B**¢1 BX*¢} on [0, ty]. Recall that the density of 1’s in §§_tN is O(1/1logN)
and so we expect the contribution from the second term in (38)), requiring 1’s at both distinct sites
Bf;ei, i = 1,2, to be negligible in the limit. The same reasoning shows the product in the first term
in should be close to 1 and so we expect

logN)* N N
BN ()7, ) ~ BN = L a5, )E(EN, (BX)1({x |x+e1 | x+es})

XESN
N(IOJ%IN) XZSEV ‘P(s,x)ﬁiv_tN(x)(logN)gp({O le1]ed)

~XY L (B K,

where the second line is easy to justify by summing over the values of BX ty? and the last line is
immediate from (6)). Integrating over s we arrive at ([35)). The key ingredient needed to justify the
above heuristic simplification based on the sparseness of 1’s is Proposition whose lengthy proof
is in Section 5l
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3 Intermediate results for the proof of Theorem (1.5

We use the classical strategy of proving tightness of {X"} in the space D(R,, My(R?)), and then
identify the limits. The main difficulty will come from the above drift term Div’g(@). Although it
will be convenient to have Theorem[1.5|for a continuous parameter N > 3, it suffices to prove it for
an arbitrary sequence approaching infinity and nothing will be lost by considering N € N=3. This
condition will be in force thoughout the proof of Theorem as will the assumption that 53’ is
deterministic and all the conditions of Theorem[1.5]

3.1 Tightness, moment bounds.

Recall that a sequence of processes with sample paths in D(R_, S) for some Polish space S is C-tight
in D(R,, S) iff their laws are tight in D(R,, S) and every limit point is continuous.

Proposition 3.1. The sequence {X",N € N=3} is C-tight in D(R,, Mp(R?)).

Proposition will follow from Jakubowski’s theorem (see e.g. Theorem I1.4.1 in [13]]) and the
two following lemmas.

Lemma 3.2. For any function ¢ € Cg’(RZ), the sequence {X™(®),N € N=3} is C-tight.
Lemma 3.3. For any € > 0, any T > 0 there exists A > 0 such that

sup P (supXiV(B(O,A)C) > e) <e.
N>3  \t<T

Lemma will be established by looking separately at each term appearing in (28). The difficulty
will mainly lie in establishing tightness for the last term in (28). The proof of the two lemmas is
given in Section [6}

An important step in proving tightness will be the derivation of bounds on the first and second
moments. It will be assumed that N € N=2 until otherwise indicated.

Proposition 3.4. There exists a ¢z > 0, and for any T > 0 constants C,, C,, depending on T, such that
forany t <T,

(a) E[XY(1)] < (1+C,(logN) ™) X} (1) exp (¢at) »
(b) E[(xX}(1))*] < ¢, (X5 (D) + (x5 (1)%),
Part (a) of the above Proposition is proved in Subsection (4.4} part (b) is proved in Subsection [5.1

Note that (a) immediately implies the existence of a constant C/ depending on T such that for any
t<T,E [Xiv(l)] < ¢’x}'(1). Moreover, by (a), (b) and the Markov property, if we set C,, := C'C,,
we have for any s, t € [0, T],

E [XY (XY (1] < €, x5 (1) + X5 (1)), (40)

For establishing tightness of some of the terms of (28], and also for proving the compact containment
condition, Lemma we will need a space-time first moment bound. Recall that t, = (logN)™1°.
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Suppose ® : R, x R? — R. Define |®|1;p, respectively |®|; 5, to be the smallest element in R, such
that

|®(s,x) — (s, )| < |®@lplx —yl, Vs>0, x eR?, y €R?,
|‘b(5—tN,X)—CI)(S,X)|Slq)l]/zvtl\], Vsth: XERZ,

We will write [|®]|y;p := [[@]loc + [@lLips [®1l1/2 := [|®lloo +|®l1/2 and [[@]] := [|®|oo + |®[rip + [®]1/2-
Obviously the definition of ||.||;;, also applies to functions from R? into R.

Define (PtN ,t > 0) as the semigroup of the rate—N random walk on Sy with jump kernel py.

Lemma 3.5. There exist 8gz > 0, Gzg > 0 and for any T > 0, there is a G(T), so that forall t < T
and any ¥ : R? — R such that |lp < T,

E [XY(@)] < e X} (PN(¥)) + Grlog N) ™ E3(X (1) + X (1)).

This lemma requires a key second moment estimate (see Proposition below), it is proved in
Subsection 5.3l

3.2 On the new drift term

Ifd:R, x RZ - R, let

logN)*
d;%(@, ") = % 2 200 [EGOfo(x, &) = (1 - &Y AL £V,

XESy

so that implies D *(®) = fot dN=>(®, EN)ds. When the context is obvious we will drop &V from
the notation. For s < ty it will be enough to use the obvious bound

d72()] < 2(10g N)°|[8]]ooX," (1). “

On the other hand we are able, for s > t,;, to get good bounds on the projection of dsN 3(®) onto
Fs—t,- Indeed on [s — ty,s], it is very unlikely to see a branching (i.e. red or green arrows) for
the rate vy random walks making up the dual process coming down from a given x at time s, and
therefore, the dynamics of the rescaled Lotka-Volterra model on that scale should be very close to
those of the voter model. Let

2
~ -~ ~ ~ + i
AV(EY, x,ty) = E(Eﬁv_tN(Bi‘N)]_[ (1-¢¥, B5)
i=1
2
N B N »X+e;
-a-gr, w6 )
1=
Lemma 3.6. There exists a constant Gz such that for any s > ty, and any ® : R, x R? - R,

4
E I:d;V,B((I)J gN) | gs—thl o @ Z CI)(S - tNJX)HN(gN X, tN)

s—ty?

X€Sy

< Ggll®ll X, (D)(logN)™°.
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We prove Lemma in Section [4

Let us now look a bit more closely at the term arising in Lemma Note that in terms of the
voter dual, H (58 £y X ty) disappears whenever the rate vy walk started at x, coalesces before time
ty with either one or both of the rate vy walks started respectively at x + e;,i = 1,2. The non
zero contributions will come from two terms. The first corresponds to the event, which we will
denote {x | x +e; | x + ey}, , that there is no collision between the three rate vy walks started
at x,x +ej,x + e, up to time ty. The second corresponds to the event, which we will denote
{x | x +e; ~ x + e5},,, that the rate vy walks started at x + e;, x + e, coalesce before ty, but that
both do not collide with the walk started at x up to time ty. For convenience, and when the context
is clear, we will drop the subscript from these two notations. We can now write (recall ey = 0),

ANEY L, ty)
=£[ (&Y tN(BX)(l—gs tN(B"*El)) (-, BEDEY  BE™) Lswrermrtent, |

2, x+e Ax+e AX+€
+E|:( s— tN +2l_[€ ) Z g5 tN g )) 1{x|x+e1|x+62}[Nj|

0<i<j<2

+ -~
=£[ (¥, Br)-&Y, (B el)) TR—— +E[ B L agereserer,

- x+e x+te; pXte
+E (21_155 tN Z 55 tN(B )Es ty B, ])) 1{X|X+€1|x+82}w

0<i<j<2
=: Ff’(s —tn, X, ty)+ F2 (s—tyn, X, tny)+ Fév(s —tN, X, ty) (42)
Lemma 3.7. There is a constant Gz such that the following hold for any u,v > 0.

logN)*
(Of\l : D7 e(v, x)FY (u, x, ty)| < G lyiplog N)OX N (1), (43)

XESy

log N 4 ~
: Ofv_) D @0 (u,x, ty) — (10g NP0 | e | e}, )X, (2(v,.))

X€Sy

< Gzl @lip(log N) X} (1), 44)

logN)*
- Ofv_) D @, IFY (u,x, ty)| < Gl @llooX Y (1). @)

X€ESy

There exist Og, Mgy € (0, 1) such that

4
@ Z ®(v, x)FéV(u, X, tn)

X€ESy

1
< Gl @l [mﬂf,im(u) +X; (D(logN)‘@l} ; (46)

where ﬂf]\’(u) = ff1{0<|x_y|<W}Xm’f(X)de(y)-
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We prove Lemma [3.7]in Section [4]

Remark 3.8. If we set s = ty in and u = 0 in the above Lemma and combine (42)), 43), (44),
and we see there is a 5gg > 0 and Ggg so that for any &Y € Sy

ot 5, 0w, ) (&Y, %, t) = E§ (XIP({Oleales s, )|
< Gl @iy | iy #2L(0) + (log N)~Emx) (1) | 47)

We now deduce two immediate consequences of the above. Firstly, for any s > ty, combining
Lemma ([@2), the first three estimates of the above Lemma with u =s — t, and (), we obtain

AERCRDIEN

< Ggll®lIX”, (D). (48)

This, along with , allows us to bound the total mass of this new drift term and conclude that

(t—ty)* tAty
E[DY?(1)] < GgE [ J xV (1)ds] +2(logN)’E [ J Xy (1)ds} : (49)
0 0

Secondly, estimates (43)), (44), (46) used with u = s—ty allow us to refine the estimate of Lemma
on the conditional expectation of dSN 3(®). That is we have :

Lemma 3.9. There is a positive constant Gz such that for any s > ty,

]E [dV3(®) | Z_¢, | — (logNP*P({0 | €1 | ex}e XY, (B(s — ty,.))
Gl ®lleo

< Gol|2lI(l0gN)™ XL, (1) + S

(s —tn).

3.3 A key second moment estimate

In order to exploit this last result we need to bound the second term arising in the upper bound of

Lemma

Proposition 3.10. Let (Oy)y>3 be a positive sequence such that limy_,, 65 = 0 and
liminfy ., vVN&y > 0. For any T, there exists Gy depending on T and {5y} such that for any t < T,
forany N > 3,

B UJ1{|x—y|sm}dXﬁV(X)dX§V(y)}

SCm(Xév(l)+Xév(1)2) [51\] (1+log (1+5_)) " On ]
N

t+ 0oy

The proof of Proposition is somewhat long and technical. We will address it in Sec-
tion Those familiar with the Hausdorff measure results for planar super-Brownian mo-
tion (see e.g., [[10]) should be able to predict the key &ylog(1/6y) term in the above
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bound from the limit theorem we are trying to prove. Although that reference gives
¢(r) = r?log(1/r)logloglog(1/r) as the exact Hausdorff measure function for the limiting super-
Brownian motion, the proofs show that the typical mass in a ball of radius r centered at a point
chosen at random according to super-Brownian motion is 72log(1/r). The triple log term arises
from the limsup behaviour as r | 0. Now set r = v/§), to arrive at the above term.

A similar result to the above is proved in [[7]] (Proposition 7.2) but in that setting one has N Ia’i\’ -1 =
O(log N) and this allows us to bound X" by a rescaled biased voter model. It then suffices to obtain
the above for the biased voter model and this calculation is much easier due to its elementary dual
process. We have N Ia’iv — 1] = 0((log N)?), making some of the drift terms much harder to bound,
and also forcing us to use the more complicated dual B.

Corollary 3.11. If T > 0 and n € (0, 1), there exists a constant Ggzy depending on T and n such that
forany t < T,

1 tViy

Proof : Without loss of generality consider T > 1. Use Proposition with
Sy = ty(log N)'™" to obtain

tVty
;E f IN(s — ty)ds
ty(ogN)™ [ J, "7

T
—n(yN N(112 S 1
< Gem(logN) (X, (14X, (1) )JO (1 + log (1 + tN(logN)l_”) + I tN(logN)l_”) ds

= Gery(log N) (X (1)+X§ (1)*)(T + 1+ (log N)™'* ") log[1 + T(log N)'**7],

and the result follows. O

4 Estimates on the drift terms, first moment bounds

We start this section by establishing the first moment estimates on the new drift term in Lem-
mas and The corresponding estimates for the second drift term DV2 are easier, and
follow from a subset of the arguments used for DV-3. We will state the estimates and outline their
proofs in paragraph Finally, we will apply these results to proving the bound on the mean total
mass Proposition ().

4.1 Proof of Lemma

We first observe that

(logN) .
o D IANEL x| <2, (. (50)

XESN
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Letting
2 2
HY(s,x,ty) := E [E [aﬁv(x)]_[(l A CEINENCENAE)] [ IEE: ei)} ‘ 3%_%} :
i=1 i=1

where the expectation E is now only over (e, e,), we have

4
E[d3(®)| Fioy, | - (IOfVN) Z ®(s — ty, ) )AN(EY X, ty)
XESy
_(l°g ! > 1@, 0l[HY (s, x, t5) AV EY, L x, )
XESN
(logN)

D e, x) = @s — by, )| x [AVEY, x,ty)]. (5D

XESN

By the second sum in |l is bounded by 2|CI>|1/2(10gN)3,/tNXf'_tN(l). Moreover, using
twice and then Lemma [2.2]in the second line below, we obtain

D Y G )~ AN EL 0] € DS E | Tgganiy D &L ()

~Xx,x+eq,x+e:
X€E€Sy X€ESy yeB 1.x+eg

IA

Orytyexp(3ryty) D, &Y, (¥).
YESN

Since ry ~n_o (logN)3, while ty = (logN)™?, and the above two bounds clearly imply
Lemma [3.6] O
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4.2 Proof of Lemma

We first establish (43). We have

(logN)*

Z @(v,x)FiV(u,x, ty)

XESy

4

N v
X,WESy

_p (B‘;CN"‘GI =w,{x|x+e; ~x—|—e2}tN))'

(logN)_4 Z gﬁ’(w) Z ®(v, x) (15 (B?N =w—x,{0]e; ~ eZ}fN)

N WESy XESy

—-p (Bfllv =w—x,{0] ¢ ~€2}tN))‘

(logN)* - - -
<=8 S e [ (20w —BY) - 00w =B Ligeyeas,, ||
WESy
< QogNYPlehpx, (1E [ 82, - B3]

3 1 N
< q;;llq)lLip(logN) ( ty + \/_ﬁ) Xu (1)’

where we used translation invariance at the third line above. The first bound of Lemma then
follows from our choice of ty = (logN)™°.

We now turn to proving (44). We have

(logN)*

D @, x)FY (u,x, ty) = (10gNY*P{0 | € | 5}, X2 ((v,.))
X€Sy

_ (logN)?*
- N

> ENwIe(v, 0P (BY, =w,{x | x+e [ x+esd, )

X,WESy

—-p ({0 le | eZ}tN) Z §u(W)‘I’(V:W)’

WESy

S ¥ (w)E HCD(V,W —B0)- d)(v,w)’ 1{O,el|32}w}

WESy

< (1ogN)*| 8|, XY (1)E [

4
< (logN)
- N

B0
BtN

] < GBIy, (Iog N) "5XN (1),

which is (44).

We next establish (45). We first observe that Fév (u, x, ty) is a sum of three terms. Ignoring possible
cancellations, we are simply going to bound each one of them separately. In fact, we will prove such
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a bound for one of them, the other estimates can be derived in a very similar way. For instance,

logN)*
T (®) := % Z (v, x)E [gN(Bx )EN(Berel)1{X|x+el|x+62}w]

XESy

4
= (logTN) Z (v, x)EN(w)EN ()P | B [ =w, BHe1 =z,{x|x+e|x +ez}tN]
X,W,2E€8N , WH#2
(log N)* N NN
<l > ENWEN@P B ~Bi =w-z,{0ler]es}y, |, (52)

W,2ESN ,W#2

where we used translation invariance of p to obtain the last equality. From the above and the
definition of K in (16) we get

log N)* T .
Tn(@) < ||¢||oo% D ENw) D P[BS — B =w—3510]e | e, |

WESy 2€Sy

< K||®]|ooX N (1).

This and the similar estimates for the three other terms yield (45)).

We finally establish (46). As before, we bound each of the three terms summed in Fév (u, x) sepa-
rately, and will only give the proof for the term Z,(®). From (17)), we get that for any y € Sy \ {0},

50 e o
P(Bt N/2 — B, /2 )<P(B1_y)<NtN
Here note that the random walk on the left is absorbed at the origin, whence the inequality and
restriction to y # 0. Thus, using the Markov property at time t /2 for the walks B°, B along with
(6) and the above inequality, we obtain

P(B?N —Bte;, =w—z,{0]e;|ex};,)
< Z P [{0 leg | eZ}tN/ZfB(t)N/z = X’Bfi,/z = y,B?N —Bfllv =w —z]
X#Yy,x,yESyn

~ Nty

Although this bound is valid for any w, 2, we will only use it when w and 2z are close enough that
the above term effectively contributes to Jy(®). For n € (0, 1),

logN)* o .
Gl S e @PBE, ~ B = w -z (0] ey sk
w,z€Sy: 0<|w—z|<4/ty(logN)I"
(logN) Gk NV () = T n
<N Nt > S WEG) = s . (53)

WZESN 0<|w—z|<4/ty(logN)1—n
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The contribution to Z(®) of those w and z that are sufficiently far apart is bounded as follows.
Using we have

(logN)* o
- Y. SWEEP®BY, - B =w-z50]e | e,
w,z€Sy, [w—z|>4/(logN)1 "ty

_logN P(B B¢
SR D &) Y 1yl > VilogN) T 16,)P(BY, — Byl = yl{0 1 | &2}, )

N WESy YESN

<KxN(1)P ( > y/(logN) "ty

< RGyylog N)~U=mxN (1),

{0le | ez}tN)

R0 _ pé
B) — B

where the last line comes from Lemma and the facts that vy < N (by(12)) and (logN) >
log(vyty). Combining (52), and the above gives the desired bound on Zy(®). The two other
terms are handled in a similar way, and we finally obtain (46])).

4.3 Second drift estimates

We may write DItV’Z(CP) = J.Ot d;v’z(<1>, ENYds, where

log N )?
d*(,6") 1= % 2 20 [y (1= EX G (e, 8107 = BYEN () G V)]

XESy
Again, when context is clear we drop &£V from this notation. When s < t, we will use
14}"%(@)] < 2(log N)BII @]l X 1 (1). (54)

For s > ty, the same reasoning we used to establish Lemma [3.6] yields

(logN)? R T xte;
B|av@) g, | -5 3 ots- et [ﬁév(l—éiv_tN(BtN))st_tN(Bt; )
2
-pYeN, B[ Ja-¢&v,, (Bi‘jei)))] ’
i=1
< Gall®ll1/2X.", (1)(logN)~®. (55)
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The summand in the above expression vanishes whenever the walk started at x coalesces before
time ty with either of the two walks started at x + e;, x + e5. We may therefore write

E[ﬁo(l ))1_[@ B —BYEY, ( ))]_[(1 2 ’““)))]

- [([50 g tN(BX+61) BrEL tN(BX )) 1{x|x+elwx+ez}‘N]
E [([51 ﬁo )gs fN( )gs tN(Bx+61)1{x|x+61~x+62}w:|

2
K pYEN  (BX)+pY (Zas o (BEEN, (BIF ))

+By EN, By EN (BT —(BY +/50)l_[€s o Bry )) 1{x|x+e1|x+e2}w}

+

=: G (s — ty, x) + G (s — ty,x) + GY (s — tN,x).

. . (logN)? 3 X .
For u > 0, in the expression szesN cI)(u,x)Zl.:1 G;(u,x), only the first term gives a non-
negligible contribution. Indeed, an argument similar to the one we used to establish Lemma
provides the following estimates for some constants &, € (0,1):

log N)? .
o8N S g, 1)GY (1) — (B — B YClogNIP(IO | € ~ ek, X (8(u,.))
X€ESy
< Gg(log N)~®l[@l;pX, (1), (56)
2
UoB N S, (G )+ Gt 0)| < Gl (1), (57)
X€ESy
2
(log ) 37 @, x)(GY (u,x) + G (w,x))
X€ESy
1
< Gall®lloo [t Tog)> 2 (W) + X, (1)(log N)~ } (58)

We recall from H that the quantity (logN)P({0 | e; ~ ez}, ), which appears in (56)), converges to
a positive limit as N — oo. For s > ty, by (59), and (56)-(57) used with u =s — t);, we obtain

‘E [d¥2(®) | Z,-, ]| < Gall®lIXY., (1) (59)

Along with this provides

tAty (t—ty)"

E[DN?(1)] < 2B(logN)E U xN (1)ds:| (60)
0

X;V(l)ds} + GE U
0
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Finally, from (55)), and (56)), used with u =s — ty we deduce

E [di“(@) | 5@,& —(By — BYIogNIP({0 ] ey ~ e} IXY, (®(s—ty,))|  (61)

< Go(log VY2 |@IIXY . (1) + Gglllloo ——— N (s — £)
s *y(logN) " * T N

4.4 Bounding the total mass : proof of Proposition (a)

Since DY"'(1) = 0, we deduce from (28), and that

tAty

E[xN ()] <xY¥(1)+2(8 +1)E U (logN)3X£’(1)dsi|
0

(t—tn)*

+ (G + Gm)E U XsN(l)ds:| :
0

Therefore, whenever t < ty,

ExXN)] < X{)V(1)+2(1+E)(1ogN)SJ E[xN(1)]ds
0
< XY(Dexp(2(1+ B)(logN)*t) < GX (1) (62)

where at the last line, we first used Gronwall’s lemma, then the fact that t < ty = (logN)™'°.
On the other hand when t > ty, we find, setting ¢z := G+ G

tn

ExN1)] < c@J E[XSN(l)]ds+2(3+1)(logN)3J ExN(D)lds +Xx{ (1)
0 0

< c@f E[XN(1)]ds +2G5(B + 1)X) (1)(log N) 716 + X (1)
0

Therefore, using again Gronwall’s lemma, we obtain

E[xY(1)] < X (11 + 2Gg(B + 1)(1og N) ') exp(agt),
which is Proposition (a).
5 Second moment estimates, proof of Proposition |3.10

5.1 Proof of Proposition [3.4] (b)

Use that for real a;, i > 1,

n 2 n
( al-) <n) a (63)



to deduce from that
E[x)(1)*] <4 [E[X) (1’1 + E[MN (1)) ] + E[Dy*(1)*] + E[Dy (1)1 ] . (64)

We are going to bound each term on the right-hand side of separately.

We first deal with the expected square predictable function of the martingale. It satisfies a similar
decomposition as that given in Lemma 4.8 of [[7]]. We give this decomposition for the more general
(MN(®)),, as we will also need it later in the proof of tightness. Recall formulas (30)), and
(32), which gave the square predictible function of the martingale M" (®) as a sum of two terms.

Lemma 5.1. There is a constant Gz such that for t < T , and for any ® : [0,T] X Sy — R bounded
measurable,

t A2 4
(a) (MN(<I>))2,t = f mjzv,s(cb)ds, where ImIZV,S(<1>)| < Cm||q>(s’ )”;[o(logN)
0

xN (D),

t t

XN ((logN)®(s, . )*f (EN))ds + J mY (®)ds,
0

()  (MN(®),, = J

0

||][7;,(log N)

Lp—Xiv(l).
VN

The proof is almost identical to that of Lemma 4.8 of [[7]] (with the missing factor of N mentioned at
the end of Section now included). The only difference comes from the fact that, in the formula
for (MN (®)),,, given in Section the terms (af’ — 1) bring in a multiplicative factor of (logN)3
compared to the (logN) factor in [[7]]. O

where |m11\{5(<1>)| < G

We will need to estimate the expectation of the first term of the sum in the right-hand side of
Lemma (b). The following bound, corresponding to Proposition 4.5 of [[7], is not optimal, but
will be all that we need.

Lemma 5.2. There is a positive constant Gz such that for any & : R? — R, measurable,
E [XY ((1ogN)2 ' (, £ )] = Gaz (112130 )85 (1) + X5 (@) .

Proof : Using a reasoning similar to (25]), we find

log N)?
E[Xﬁ,((logNﬂfév(»i’Zv))]:% > @(py(eE [ ()1 — N (x+e1)) ]
X,e1E€Sy
logN ’ " D 5 X+e
< (ofv) > e(x)E [g’g(BfN)(1—§JOV(Bt:1))]
XESy
log N)?||®||o N
+(og z)v“ I XS:E 1eere Z EN ()
X€ESy =

For the first term in the sum above, we can use the voter model estimate (5.8) of [[7] (when applying
this result note that our scale change leads to a factor of 1/+/N in front of the Lipschitz constant
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of ®). The second term in the sum above is bounded using Lemma This leads to the desired
conclusion. O

We return to the proof of Proposition[3.4] (b) and to bounding the square predictable function of the
martingale term. We have

E U XY ((ogN)fy' (€M) ds}
0

< EU ny((logN)f(f’(gf))ds}JrEU E[x¥ ((togMf M) | 22, )] ds
0 t

Aty

By Proposition (a), the first term in the sum above is bounded by C : ty(logN)X (I)V (1). Moreover,
by the Markov property and Lemma 5.2 we see that, for any s > ty,

E[x! ((1ogN)f (€M) | 22, | < 26E XY, (D],

We finally deduce from Lemmal5.1]and the above bounds, then Proposition[3.4] (a) that there exists
Gz depending on T such that for t < T,

E[(MN(1));] < C’ty(logN)X) (1) + 2(Geg + cm)f E[XN(1)]ds < Gg(d/ (D). (65)
0

It remains to deal with the drift terms. Our goal is to bound E [(Dltv ’i(l))zj, for i = 2,3. Here again,

anticipating the proof of tightness, we will rather consider the more general Dltv’i(<1>), i=2,3,fora
®:[0,T] x Sy — R such that ||®||;, < oco.
We first observe, using (54), (41)) and Jensen’s inequality, that

tAty

E D%, (@)2] < (26 v 1)*[|@|[% (logN)°tyE U & (1))2ds} . (66)
0

; ; 2
For ty <t; <t, < T, we are then going to bound E [(Dg’l(d)) — DZ’l(tb)) ]

Whenever s, > s; + ty, (ds]\ll’i(cb) - E[dsl\ll’i(<1>) | ,ﬂ'sl_tN]) is Z;,_.,-measurable, and therefore in this
case,

B [(dsz\lr,i((b) _ E[dsl\lhi(q)) | gf‘sl_tN]) (dsl\zf’i(@) — E[dg’i(q’) | ﬁsz—t,\,])] =0.

For ty > t; > ty, it follows that

t 2
E ( f dVi(®) - E[d)N(®) | 9s_fN]ds)

1

ty (s1+tn)IAL
=2 J f E[(dVi(®) - EldV(®) | 2, 1) (d¥(@) ~ E[d¥(2) | £,,,,]) | dsids,.
t, Js;
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Using again (54)), in the above, we deduce

ty 2
E (J d¥'(®)—E[dN'(®) | ﬂs_tN]ds)

1
<32(B v 1)%[|®|% (logN)°E UJ X;j(uxgju)dsldsz]
t1581<s9<(s1+ty )AL,

Moreover
E[XN (XY (1] = E[E[X}) (1) | Z,, 1xY (1] < (1+C,(logN) 1) e“C2DE[(XN (1))°],

by using the Markov property at time s; along with Proposition (a). Using this last inequality in
the preceding one leads to

ty 2
E (J d¥i(®) — E[dN'(®) | gs_tN]ds)

1

ty

< Gg|®|1% (log N)°E U XN(1)2(ty At —s))ds:| : (67)

1

Moreover, using Cauchy-Schwarz inequality,

ty 2 ty
E U E[di”(cb)l?s_w]ds) < EU (E[djv’i(cb)l%_w])zds} (t = t1).

1 1

Using fori=2, for i = 3, we deduce

ty 2 t
E U E[ds’v’i(cb)lﬁs_w]ds) S(C@V)2||<I>||2(t2—tl)f E[X,_,(1)*]ds.  (68)

1

Combining and (68), we obtain, for i = 2,3 and t, > t; > ty,

E[ (DY (@) -D(®)’]

< q@(n@llz(tz—t1)+||<1>||§o(logN)6(tNA(tz—tl)))f E[xN(1)*]ds. (69)

ty

By plugging (65), and the above into it follows in particular that there exists G depending
on T such forany t < T,

t
E[XN(1)%] s4xg(1)2+qﬁxg(1)+qmj E[XN(1)*]ds, (70)
0
and a simple use of Gronwall’s lemma finishes the proof of Proposition [3.4] (b).
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5.2 Proof of Proposition (3.10

Recall that p, Nix) = NP(B = x) and set pt *(x) == 22 N(z — x). By assumption N6y — 00 as
N — oo so we can use the local limit theorem for the walk BN (see e.g., Lemma 7.3 (c) of [7]) to
obtain the existence of a constant Gy such that

L yi=y/mm < Guonpis, (v —X). o
Therefore the desired result will follow if we can bound

E U 5Np§’5N(y - X)dXtN(x)dXﬁv(y)]
RZ

as in the Proposition. By Chapman-Kolmogorov we have

Ty e[ (xoeln)]

2ESN

1 2
—E (Oif) 3 a’f(x)gff(y)éN( > oY @ -xp). cz—y)ﬂ

X,y ESy 2E€S8y

[ (logN)?
N2

> N )EN (1)Ewpds, (v — x)}
X,YESN

=E f SnPys, (v — x)dX ] (x)dX} (y)] : (72)
Rz

Set ¢F = pf]_’i 46,7 which satisfies Ay ¢Z + ¢f =0, so that, from ll we deduce that

B[ (Gl) | <4 (B @E2) + M, + 0F *97)F+ 0 (¢)F]
Using and the above, then again Chapman-Kolmogorov, we obtain the bound:

E {f 5NP§]5N(y—X)dX£V(X)dX?’(J’)] < 4R+ N+ T+ T3+ T4l
RZ
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where

o Z [(XN(pHé ))2:| =E |:JR2 5Nplzv(t+5N)(y —x)dXéV(x)dXé\’(y)} ,

ZESN

On D ELM(¢7)1,]

zESN
on(logN
= {MJ Pesrsn(© 2 puly —)(E () - 5N(,v))2ds},
X,YESN

Oy D ELM(7)s,].
zESN

o (logN)4 “rt

Iy =E NTL fo dsldszXI;SNpZZVt_SI_SZH(;N(xZ—X1)

]_[ (P (= GO e £~ B G £2F) |

5 (logN)
T4:=E x J J dsids, Z pZZ\,t—sl—sz+25N(x2_x1)

X1,X2E€SyN

2
[T (£ G G 9 = (= MG G 2) |-

i=1

We will handle each of these terms separately. Using (17), we immediately obtain

CEZIN N (132
To < +5NX (1= (73)

We then consider &; which will turn out to be the main contribution, although not the most difficult

to handle. As we already did before, we will condition back a bit in order to be able to use the voter
estimates. This time however, we will need to condition back by uy := %N A (logN)™1. Let

An(s,x) = | E {Z Pu(EN (1= EN(x +e)) | 9}

e€Sy

—E [Z pr(e)EY, (BX )1 &N uN(Bzf;e))} ‘

e€Sy

By the obvious analogues of and Lemma[2.2]

log N logN
(log )ZAN(S x) < (log )ZE 1y Z ANE))

XESy XESy yGBX

IA

dunry exp(ZuNrN)XsN_uN(l)
-8y N
Ga(logN) X2, (D). (74)

IA
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Moreover, from the fact that §N (x)e{0,1},

XN (1).

D onE@EN ) -V (e e)?=2 D pr(e)EN ()1 - EV(x +e)) < 2(1 TR

x,e€Sy X,e€Sy

Therefore, using (17),

(logN)

71 < Gbn(logN)E {f (t=s+8y)" 2 Z p(e)EY ()1 = &Y (x +6))d5]
0

X€ESy,e€Sy

< 2GOn(logN)E U N(t —s+ 5N)_1X5N(1)d5:|
0

+2qm5N(logN)E[ (c-s+6) DS R (2 Bz -2, B2 ds]

uy XESN

tVuy

+2GGadn(logN) E U (t—s+5N)1XSN_uN(1)ds}

= N1+ T2+ T3, (75)
where we used for s > uy in the last inequality. Then using Proposition [3.4] (a), we obtain
1 < GC.(log Nuy X' (1),

and as we will see this term is negligible compared to the bound we will obtain for 7, ,.

Notice that
N N + )
LB —EY, BN < Y &L, M1y licere,, -

WESy

Thus, by translation invariance of our kernel py,

tVuy
Ty < 2Cpdy(logN)E U (t=s+6y) XY, (1) > P (B =y,10]eh,)
uy YESN
T N
< Guowlog 1+ X}, 76)
N

where the above line was obtained using Proposition [3.4] (a) and (I3). Finally, using once again
Proposition [3.4] (a),

T
T3 < 2GGrC. 6 (logN) " log (1 + 5—) Xg'(D),
N
so that this term is also negligible compared to 7, ,. From (75]) and the above estimates we deduce
T
F < Grby log (1 + 5—) X5 (1). (77)

N

We now turn to bound Z,. By summing over z in ([32]), and then using (17) and Lemma (a), we
easily see that

4
SWJ N() ds
0 S+5N
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Therefore, using Proposition [3.4] (a) we obtain

logN)* T
7, < TN oy (1+5 ), 78)

N

which is negligible compared to the right-hand side of as N — oo, by our assumption that
liminfy_,,, VNG&y > 0.

We turn to bound J,, which comes from the new drift term. We have

tVuy 2
7,220 S ( f (df’3(¢f)—E[dﬁv’3(¢f)|95—uN])d8)

2€SN

2

tVuy
+2—ZE ( f E[dsN’B(qﬁf)I?s_HN]dS)

ZESy

uy
WL s (logN)
+2E J J Z p2(t+5N) —$1 sz( 2 xl)

X1€ESN,X2ESy

] s [/ 00 e 820 - (1 = 2 e e 7] |
i=1
= Ta1+Tap+ T3
We first handle 7, ;. Note that if s, —uy > s,
2
E {]_[ (ds’jﬁ(da;) ~E [djf"*(qs;) | 9‘_])} =0,

i=1
therefore

tVuy situy 2

T =4— J J dsyds, [ | (aV3(92)— B [d¥3(62) 1 4 ] ) .
zeSN i=1

We have the evident bound on dV-3 :

(g)4

N2 (2] < D $IEN (). (79)

X€ESy

where we wrote ZN (x) = EN CIED cesy pN(e)EN (x + e). Therefore, using Chapman-Kolmogorov
once again, and then 17), we find

tVuy prsituy 1 Ng
%1<4qm6NE f f (°g L S e+ y) =51 — )

X1,X3

2

X l_[ (Ei\i’(xi) +E [Eﬁ\i’(xi) | 951'_UN:| ) } ds,dss. (80)

i=1
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Using the Markov property and Proposition (a) it comes easily that

(logN) =
2 E[E )1 #, ] 20X, (.

X; €SN

We may therefore expand the product in and bound each of the terms using the Markov prop-
erty and Proposition It follows that there exist constants Gg, Cé] depending on T such that, if
t Z uN,

s1tuy
Ta1 < Ggby(logN)PXY (D +XN(1)?) J f dsydsy(2(t +6y) —s1 —$5) 7"
< qgnéNuN(logN)%XéV(l)+X{¥(1)2)f dsy(2(t +6y) — 257 —uy) ™
<

2t +265 — 3
cmu2/3(1ogN)65N(Xg(1)+xg(1)2)5}v/31og( N ”N)

25N_uN
2(t —uy)
=)
< GlogN) 16y (X (1) + X5 (1)%), (81)

< Gg(logN) 16y (XN (1) + XY (1))5/* log (1 +

where we used that uy < (55/2) A (logN)~!! in the third line above, and the assumption 5y — 0
in the last.

We now turn to the more difficult bound on 7, 5. Recall the notation AN(EN smuy 2 X ,uy) from Subsec-
tion and HV (s, x,uy) from Subsection[4.1] Using Chapman-Kolmogorov again, we see that

(logN) o 2
‘%-2 - |: f J d31d52 N Z 2(t+5N) 51_52(3(2 —X1)l—[HN(5i,Xi,uN) ) (82)
e i=1

X1,X2E€SN

However, by (25),

CUCERTOETGNER) 33 SN SN N o1 B

~x,x+eq

YEB,y
and Lemma [2.2] thus implies
(logN)
D G — AVEY, )| < G, (Dun(log VY. (83)
XESy

From Proposition [3.4] (a) and (50), we see that

(logNIN™" > [HV(s,x,up)| < CXN, (1)

a " S—uyn
X€ESy
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Using this, and (83), we deduce

(logN)85N
J J dspds; ————— Z Pz(t+5N) 51_52(9(2 x1)|H (51, %7, up)|
Uy Jyuyn

X1,X2€ESy

XZ:UN) HN(gi\i —uy?

xz’uN)”

(D]

t sy
S ZCEZC@C;(lOnguN(‘SN J f dSzdSl(Z(t + 5N) -8 — 32) 1E[X‘£\1] u (1)X‘£\2] Uy
u,
Therefore by Proposition and the fact that (logN)’uy < (logN)™2, the above is bounded by
2GGeC. C,y(log N) 265 (X (1) + XN (1)%).

Similarly,

(logN )

S, )l < RS E[2Y, 81 )+ e, Brre)] <2x¥, ()

xE€Sy XESy

so that, using and (83),

(logN )26y
f f dsy2dsi " D1 Py - (2~ DI EY_, x0uy)]
un

X1,X9€SN

X |HN(51,X1,UN) - HN(Slrxl:uN)| i|
< 2Ca’qm(@(logN)9uN6NJ J 1 dsyds,(2(t +6n5) —$1 —59)~ 1E[XsN_u (1)X5N_u (D]
< C(T)(logN) ™25y (X (1) + X5 (1)™).

Therefore, we see from and the above bounds, for Gg = Gg(T), that

Tao < Gu(X) (1) +X)(1)*)(logN) 25y (84)
1 (logN)86
U J (Og Vov s, s v sl_SZ(xz—xl)]_[dsHN(ss X |-
X1,X2€SyN

Recall from Subsection that HN(ES uy? X uy) = Z?:l FlN(s — uy,X,uy). First, by translation
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invariance of p, fori =1, 2,

(logN)
Z plz\’(t+5N)_sl_sz(x2 — x7)FY (s; — uy, X;, uy)
X;ESN
(logN) N N
- N Z 6Si—uN(W) Z pz(f+5N)—51—52(x2 - xl)
WESy X;ESyN

X [P(BSN =w—x;,{0]e; ~er}y,) —P(Bfﬁv =w—x;,{0]e; ~ 62}uN):| ‘

(logN) ~
< DN, wE [1{0|e1~ez}uN

WESy

N »0
p2(t+6N)—sl—sz (w— BuN —X3-)

)

_ N __ pep _ .
p2(t+§N)—sl—sz(W BuN x3—l)

Hence, by Lemma|[2.1} fori = 1,2,

(logN) N N
N p2(t+6N)—sl—sz(x2 - xl)Fl (si —UN> X, uN)
X;ESN
(logN) N Tlao  5e o
=G N WZS:N 5Si—uz\r(W)E |: BuN _Bu}v j| (2(t+6y) —s1—52)

< Gvan XY, (D2(t +8y) —s1 —s) 2,

Furthermore, using again translation invariance of p and (13),

(logN)
Z |Fiv(51 - UN,Xl,uN)|
X1E€Sy
(logN) “TeeN g N g
< N Z E [(gsl—u,\, (BLJIC;;) + gsl—LlI\,(Bl)f]},—i_EI))l{xl|X1"‘61~X1'|'€2}u,\,:|
X1E€ESN
(logN) -
= N Z gﬁ—uz\r(w)( Z P(BSN =w =X, {O | €~ 62}uN)
WESN xleSN
+P(BY, = w1, (0] es ~ ezl
< 2GX)_,, (D(log(Nuy)) ™ < GgX Y, (1)(logN) ™.

(85)

(86)

We next handle F}' (s — uy, x,uy) and Fév (s — uy, x,uy) together. Using translation invariance of p
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and (17),

(logN)
Z Pgl(t+5N)_sl_52(X2 — x1)(IFy (s2 — up, X9, uy)| + [F3 (53 — uy, Xo, uy)|)
X9E€Sy
(logN) N
SN 2. Pale+3y)-51 -5, (X2 ~ X1)
X9ESy

x9F [(Ef’ B+ EN (B§§+e1)) Ly teres +62}HN]

Sa—UN

< 9GH(2(t +6y) — 51 —$2)~ 1(10gN) Z 552 uN(W)

WESy

1
X Z ZP(BZ;} =w—x,{0]e; [ ex}y,)

< G(logN)™>(2(t +8y) =51 =) 'X]_, (1), (87)

where we used (€] in the last inequality above, and have set Gg; := 9GK, K as in (I€). Fori=1,2,
a similar argument leads to

logN
( OI%I ) Z (IFy (s; — un, xi, up)| + [FY (s, — uy, xp, uy)l) < C@(IOSN)_SX;Y_HN(U- (88)

X;ESN

We now use equation (85)), first for i = 2, then for i = 1, and then equation (87) to obtain

(logN)85
d dszdsl Z P ey G xl)]_[(Z FNGs —uN,xi,uN))}
Uy xl X9 €Sy
(logN) >
=< (108N)65Nf f |Fiv(51 - UN>X1,UN)~ + ZF]N(SI — Uy, X1, Uy)
uy X1€Sy j=2

X G/ UNXg_uN(l)} (2t +6y) = 51— 55) " dsyds,

“(* [(logN 2
+(logN)66Nf f E[(Ofv LS IS RN G5y — iy, g ) c@mxﬁ_uw(l)]

x,€Sy | j=2

X (Z(t + 6N) -8 — 52)_3/2d52d51

Lrn logN 3
+Cm(logN>35Nf f XN uN(l)("g )y ZF}V(sl—uN,xl,uN)}

Xx1E€Sy |j=2

X (2(t+6y) — 51 —52)_1d52d51.
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Using (86), it follows from the above inequality that

(logN)Sng j d51d52 Z pz(t+5N) sl—sz(XZ xl)l_[(ZFN(s uN’x”uN))iH

xl X9 €Sy

s N N
- ) o[ [ L
SC@((logNﬁ(logN)?’ vlog ) on (e +80)—s1-5)7

+C@C@5NJ Jl 51 uy (l)X;V_u (1)] (2(t+5N)—sl—52)_1d52d51.

Using Proposition [3.4 and the subsequent in the above, it then follows from that

T

IA

G X (1) + X3 (108 [ (logN) 2 + (log N )° /iy + 1]
< 2GgX) (D) + X (1))6y. (89)

The term 7, 5 is much easier to handle. Indeed, using and the trivial bound

2 2
[T [ e o €902 = (= Y Gen A o €92 ]| < T €Y G + £ G, V),

i=1 i=1

we find
UN 51 1
Tns < 8Cm(logN)65Nf J (2t +8y) =51 —55) B [XN XY (1) dsyds,.
0 0

Using uy < 6y/2, we see that

I 2(t+6 2(t+6
f f dsods (2(t +6x) —s; —s9) "' <uy log( (£ +0n) ) <uylo (M) .
0 0

Thus, using (40) and our choice of uy,

2t +206
Tys < 8GpC,(logN)°6y (X (1) + X (1)*)uy log (TSN)
N
< GologN) 25y (X (1) + X (1)?). (90)
Recall 7, = 2?21 T4.i- By grouping , , , we finally obtain
Ty < C(T)Ey (X5 (1) + X5 (1)) 1)

We finish by providing an upper bound for J;. We give less details, because the method is very
similar to the one we used for Z,, and the smaller power of (logN) makes this term easier to
handle. As we did for J,, we may bound Z; by the sum of three terms :
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tVuy 2
%= C— 2 ( ( f (d72(6D) — E1d(#9) | Zimu, ) ds)

ZESN N
tVuy 2
+E U E[d}*(¢7) | 9s_uN]ds) )

N

Un (51 (logN)4
+CE |:J f on Z Pz(t+5N) 51_32()(2 xl)l_[dsluN(x ):|

X1E€SyN,X2ESN

=T1+ T2+ T3,

where EV is defined after (79), and we used fJ¥ (x,EN)* < 1, £V (x, EN)? < £V (x, ) to bound the
integral on [0, uy 2.

As for 7, 1, we have
tVuy fsituy
Za=c S J J dsisa] | (av2(97) - E [d¥2(¢2)1 2, ] ) ]-
zeSN i=1
We then use the following bound on dV? (compare (79)):

2
V(7)) < BC - N)

D 7 )EN ().

XESy

Now we may reason exactly as for 7 ; to obtain (compare (81)))
T3,1 < G(logN) 8y (Xg (1) + X (1)), (92)
Let us now deal with 73 ,. For s > uy, we let

AN(s,x,uy):=E [ﬁN(X)féV(x EN+ (1 =&V (2, EM) | QS_UNJ ,
AN(s,x,uy):=E [g?’ uN(Bx )(1-— gi\l uN(Bx+e1))+(1 _ gi\l uN(BX ))gi\] uN( ;c;el)] _

As for H, H, we get by the analogues of and Lemma that
(logN)

Z )%N(s,x,uN)—j@N(s,x,uNﬂ < iv_uN(l)uN(logN)S. 93)

XESy

Argue as when dealing with 7, , to get that for some C(T) > 0,

(108N)45N
J J ds;dsy————— Z 2(f+5N) sl_SZ(Xz—Xﬂ% (s1,%7,uy)
Uy Jyuy

X1,X9ESy
x |%”N(52, Xg, uy) = N (55, XZJHN){ j|

< C(T)(logN) 8y (xN (1) + XY (1)%),
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and

t e (logN)*5y .
E[ZJ J dsldszT Z plzv(t+5N)_sl_52(x2_Xl)%N(Sl,XLUN)
un

uy X1,X2€ESy
X |%N(52: x2> uN) - %N(SZ> Xz, uN){ :|
< C(T)(logN)®6x(Xy (1) +X§'(1)%),
and therefore

Tso < Ga(XY (D +XN(1)*)(logN) %5y (94)

o1 (logN)45
+C[EE |:J J N Z p2(5N+t) 51_52(x2 xl)l_[ds‘%’a (Slle:uN)

X1,X9€SN
Then,

(logN) Z AN (s, x,uy)
XESy
(logN)? . re
= 2 Y E[&, B - &, B D sy, |

X€ESy

(logN )?

IA

D, eV, wPBY =w—x,{0]e1},,)

X,WESy

2qmlogN(1og(NuN))—1XsN_ uy (1
by the definition of G in (15). We deduce from the above, and that
Tra S Ga(Xg () +Xg (1)) (logN)*8y

Gy E { f J N XY, (1dsds,

< G(Xo (D) + X (1))éy, (95)
where we used Proposition [3.4]in the last line.

IA

Finally, using the same method as for bounding 7, 5,

T35 < Gg(log N) 25 (X5 (1) + X5 (1)2). (96)
Grouping (92), and (96), we find
T3 < Gy (X0 (1) + X5 (1)2). (97)

We may now conclude the proof of Proposition Indeed, using (73), (77), (78), (©1), (97),
E U f SnPys, (¥ — X)dXtN(X)dXﬁV(y)]

< C(MXF (W) +Xg(1)»8 (1+1o (1+l)+ 1 )
! s on t+6y5)°

which, as explained in the beginning of the proof, is the desired bound.
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5.3 Space-time first moment bound : proof of Lemma

Let ¥ : R? — R be bounded Lipschitz. Recall that P¥ is the semigroup of the rate-N random walk
on Sy with jump kernel py, and introduce the function

®(s,x) := PﬁV_S\I'(x)exp(—cms),

where gg:=1VoV(K+ (supNZS([D’é\’ - [5{\1)+) Gr) and K, Gz were introduced in Section Note
that W(x) = exp(ggt )®(t, x).

It is straightforward that ||®|| < 2¢gg||¥||;;p- Indeed, we first obviously have that

[1®]ls < ||¥||s. Furthermore, on the one hand,

|®(s,x +h) —®(s,x)| < exp(—cm=s)E U\I/(x +h +B?_S) —W(x —l—B?_S)H
< exp(—qgz)|¥lupplhl,
hence [®|, < [¥[;;,. On the other hand,
|®(s +h,x)—®(s,x)| < exp(—cg(s+h))E [|\If(x —i—B?_s_h) —(x+ B?_S)H
+ |exp(—qm(s +h)) - exp(—qms)| E H\Il(x +BY |
< [Wlipo Vh+ gglhll[¥]l,

]

and it follows that
|®l1/2 < o [WlLip + Gl W0 < Gl WllLip-
Use Lemma [3.9]to obtain, for some 7,6 >0and T >s > ty,
E[d}*(®)] < (logN)>P({0 | e1 | e3}, JELX,, (B(s — tiy, )] + Gegll®l1(log N) P E[X[Y, (1)]
N Gl |2l oo
ty(logN)

From (61) we can get a similar bound for the expected first drift integrand, E [dSN 2(®)]. Only the
first term in the right-hand side above should be replaced with

E[#) (s — ty)].

(supBY ~ BY)* ) x (logNIPCO e ~ by JEIX, (805 = .

From our definition of g5, these two bounds and Proposition (a), we deduce that for large
enough N,

E[d)3(®) +d)*(®)] < eggf (XY, (9(s — ty, )] + 2GeC, gl Wl ILip(log N) TP E (X (1)]
(Gz+ Gal|®loo
+
ty(logN)

We now integrate and use Corollary to conclude that there is a constant Gy, depending on T
and |[¥[[y;p, such that for ty <t <T,

EL#V(s — ty)].

E [ J (dV3 (@) + dsl\”z(@))ds]
< c@f E[XN(#(s,.))]1ds + Gg(log N) %2 (XN (1) + XY (1)), (98)
0
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where &, :=1/2 A 5. On the other hand, when ¢ < ty, we use (41), (54), and Proposition [3.4] (a)
to get

t

E[ f (d5’3(¢)+d5’2(¢))ds} < C||®|lx(logN)? f E[xN(1)]ds
0

0
C'1¥|| s (log N> tx XN (1).

IA

Combining the above and (98]), we obtain

E U (dN3(@) +dN*(®)) ds}
0

< c@f E[XN(®(s,.))]ds + Gg(log N) ™22 (XN (1)+X) (1)?)
0
+C’| %o (log N) XY (1). (99)

We have chosen & so it satisfies Ay ®(s,.)+®(s,.) = —G5®(s, .). Therefore using the above inequality
and we obtain that for any t < T,

E[XN(@(t,. )] <XN(2(0,.)) + (G + C'l1¥]lo)(log N)22(X} (1) + X5 (1)2),
which yields (Gz 5 may depend on T)
E[XN(9)] < exp(eggt)XY (PN W) + Geg(log N)22(X) (1) + XN (1)?),

and completes the proof of Lemma 3.5 O

6 Proof of the tightness of the sequence

In this paragraph we establish Lemmas and We already explained how Proposition
follows from these two results.

By (28), Lemma [3.2]is a simple consequence of the following.

Lemma 6.1. For any bounded Lipschitz ® : R? — R,

(a) the sequences (DN'2(®))yen, (DV3(®))yey are C-tight,
(b) if in addition ® is in C S(Rz), the sequence (DN'1(®))y is C-tight,

(c) the sequence (MN(®))yey is C-tight.

Proof (a) Plugging in Proposition [3.4] (b) into equation (69)), we deduce that
forT>ty>t;>ty,i=2,3,

E [(D’t‘;’i(cb) - D’tvl’i(cb))z]
< C@CthI)HEip(XéV(l)z +x5'(1) (((fz —t1)* 4+ (logN)®(ty A (ty — t))(ts — f1))-
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Recall ty = (logN)™1? so that,

(logN)°(ty A (ty — 1)) < (108N)6\/E\/f2 —t; < y/ty—ty.

It follows that for ty <t; <t, <T,i=2,3,

E [(Dg’i@) - Dﬁ’i(cp))z]

< Grll®lIF, (X0 (1% + X3 (D)6, — £1)°2. (100)
Moreover,
ty _ 5%
EU |d§’i(¢)|ds} < (BV1)(IogN)?||®||E U Xﬁv(l)ds}
0 0
< Gt (logN)*l[@]loXg (1) — O, (101)

where we used Proposition (a) in the last line. Lemma (a) thus follows from (100)), (101)
and Kolmogorov’s criterion (see Theorem 12.4 in [[1]]). Here note that for a sequence of R-valued
processes {YN}, if {Y,I\\/IKN} is C-tight and sup,, |Y}'| — 0 in probability, then {Y"} is C-tight.

(b) By Lemma 2.6 of [[3] we have

sxp AN @[|oo < Grom(®).

Therefore, using Cauchy-Schwarz, we obtain that for 0 <t; <ty < T,

ty 2 ta
E (J XjV(ANcb)ds) < G(®)(ty — t1)E U Xﬁv(l)zds} , (102)

1 1

and the conclusion follows from Proposition [3.4] and Kolmogorov’s criterion (see Theorem 12.4 in

(1.

(c) We now turn to the martingale term. As in the proof of Proposition 3.7 of [5]], it is enough to
show that for any bounded Lipschitz &, {{MN(®))}y is C-tight.
Let ty < t; <t, < T. Using Lemma 5.1 along with and (63), we obtain

ty 2 ty 2
3E ( f m’ﬁs(@)ds) +3E (J mgs(é)ds)
5] ty

t 2
+12E (f Xj’((logN)@zng(gf))ds)

1

IA

E[({MN(®),, - (MV(@)),,) ]

lI®l[f;,(log N )

< N (Xo (D) +Xx3 (1)*)(t, — t1)?

ty 2
+12||®||* E U XSN((logN)ng(gf))ds) . (103)

1
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To bound the last term in the right-hand side above, we proceed in a very similar fashion as when
dealing with the drift terms. More precisely, writing Y (s) :=X SN ((logN) fév (5?’ )), we obtain

i ty 2 ty 2
E U XjV((logN)ng(gf))ds) =E (J Y(s)ds)

ty r(s1+ty)Aty 2
4 f f ds,ds, [ | (v(s)—ELY(s)) | 95,._tN])]
L t; v i=1

ty 2
+2E (J E[Y(s)]| 9S_tN]ds> . (104
t

1

A
es

We may proceed as in the proof of Il First, use the fact that Y(s) < (logN )Xﬁv (1) and Proposi-
tion [3.4]to get

(s1+tn )ALy
E {4] ds, dsll_[ (Y(s )—E[Y(s;) | 3@1_%])} < Gry(XY (1) + XY (1))t — 61)*2 (105)

$1

Then, use Cauchy-Schwarz, Lemma5.2] and Proposition [3.4]to see that

ty 2
2E U E[Y(s)lﬂs_tN]ds) < Ge(XY (D) + X5 (1))t — to)* (106)

1

Finally, it is straightforward that (MY (®))¢, — 0 in probability as N — oo. Therefore by the Kol-
mogorov criterion, { (MY (®))}y is C-tight, and the proof of Lemma is complete. O

In order to finish the proof of Proposition it remains to establish the compact containment
condition Lemma 3.3

Let T > 0 and {hn :R2—>R,n > 0} be bounded Lipschitz functions such that

1{|x\>n+1} = hn(x) < 1{|x|>n}: Sleljgl ||hn||Lip = C@Z (107)
n

Our goal is to show that

lim sup P(supXN(h )>¢)=0forall e > 0. (108)
N=ONeN  t<T

By (28)),
supXﬁV(hn) <sup Mf’(hn) + sup YtN(hn), (109)
t<T t<T ¢t<T

where

t

YN (h,) :==X{ (hy,) +J

t
XN(Ayh,)ds + DY 2(h,) + Dy P (hy) =: XY (h,) + f yN(h,)ds.
0 0
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We let {ey} and {n,} denote sequences converging to 0, which may depend on T and may change
from line to line. Let us first handle the martingale part. By Lemma|5.1] and Proposition [3.4] (a), we
deduce that

T
E(M"(h,))r) <E U x (2(0g NR2fY (EN)) ds] +ey.
0

We also may bound the first term in the above by

ty T
2{15 U xN (hfl(logN)féV(iév))ds}+E U E[X;V (hi(logN)féV(giv))IQSILN]ds:|}
0 t

N
Gl ip

< 2{c,(logN)18x (1) + Cogh

T T
J E[xY, (1)]ds+ C@J E[XY, (h2)]ds},

ty

where we used Lemmal (5.2|and the Markov property to bound the second term of the first line above.
Now use Proposition (a), Lemma and the convergence of {Xé\] } to deduce there exists Gy,
depending on T, such that

T
E((MN(h))r) < ey + qu X¢' (PN (h2))ds. (110)
0

The tightness of {X}'} shows that

lim sup supXé\](PtN(hi)) =0. (11D

n—=00 N ¢<T

It follows from (TI0), (I11)), and Doob’s strong L? inequality that

lim supE(supMﬁV(hn)Z) =0. (112)
n—oo N t<T

Consider now the other terms of the sum in (109).

Claim 6.2. Let T > 0, and ® be bounded Lipschitz on R? such that [[®]lip < Gz There exists
No(w,N) € N and a positive constant Gz > 1 depending only on T, G and supy X(I)V (1) such that

o Vi ty€[ty, T, [t;—ty] 27NN = Yg:’(cb) - Yt’;’(cp) <ty —t,['/8

o supE[2M(@N)/8] < ¢
N

Proof of Claim. By equations (100) and (102), there is a constant Gz depending only on T, G and
supNX(I)V(l) such that for any N, forany ty <t; <t, < T,

2
E[|Y) (@)~ v} (®)| 1< Gmlta — 6, (113)

The result follows from the usual dyadic expansion proof of Kolmogorov’s criterion. O
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We now return to the compact containment proof. We have

E(Lny<py sup Y)Y ()
t<T

<X (hy) +E | sup |[Y)(h) =X (h)l | +E|  max [V, (k)
ty<ja~M<r J

t<ty

+E| 1<y Max sup YN (hy) = Y (R
ty<j2M<T sej2M (j+1)2-M] J

<x{(h,)+E U
0

where, to obtain the last inequality, we used Claim to bound the last term. Using (101)), and
the corresponding easier bound on Dltv ’l(hn) we see that the second term in the above sum will be
bounded, uniformly in n, by €. The tightness of {X, é\’ } bounds the first term, uniformly in N, by 7,,.
Next use

tn

IysN(hn)IdS} +2MT max TE[Iifj’;M(hn)l] +27M/8,

0<j27M<

1YY ()l < MY ()l + X (R,
(112), and Lemma 3.5]to see that

max E[|Y})_(h,)I] < 0, + ey + e sup Xy (P ().
0<j2~M<T J t<T

An application of (I11)) shows that the last term above may also be bounded uniformly in N by 7,
and so combining the above bounds gives us

E(1n,<m sup YN (D) < (n, + ey)(1 +2M) +27M/8, (114)
t<

and from Claim [6.2] and Markov’s inequality we have
P(Ng = M) < C{ﬁﬂ_M/S.
The above two bounds easily imply
lim sup P(sup |YtN(hn)| >¢g)=0 foralle>0. (115)
n—oo N t<T
To see this fix £,6 > 0 and then choose M so that P(N; > M) < 6/2 (by the above bound). For n
large enough and N > N; the upper bound in (114) is at most €6 /2. It then follows that for n large

enough,
sup P(sup |YtN(hn)| >g)< 6

N>N; t<T

and (115) follows since the limit in (I15) is trivially O for each fixed N. Finally, use (115)) and (112)
in (109) to complete the derivation of (108)) and hence Lemma 3.3 O

7 Identifying the limit

In the previous section we established that the sequence (XM)ycy is C-tight in the space
D(R,, Mp(RR?)). It remains to identify possible limit points.
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Using the Skorokhod representation we may suppose without loss of generality that on an appropri-
ate probability space and for an increasing sequence of integers (N} ) we have

a.s.
XN o Xe C(R,, Mp(R?)).

Furthermore, if we write §3(N) := (logN)3P({0|e1|ez}tN) we have (cf (6]) that
limy_, q3(N) =K.

Dropping the dependence in k in the notation, we have for 0 <t < T and ® € C g’ (R?),

/| |
o J-+|

+E {f N ‘E[dSN’?)(fb) | Zo_ey] = as(NXY, (@) ds:|

N

t
DY? (@) - K f xN(®)ds
0

ty At
f dSN’3(<I>)ds
0

1/2

tyVt 2
( f aM3(8) — E[d"3(®)| z_tN]ds)

N

(t—ty)* t

+|d3(N) — K| 1@l E U Xiv(l)ds} +K|[®|loo E U va(l)ds] ,
0 (t—tp)t

where we used Cauchy-Schwarz to get the second term in the sum above. Use to bound
the first term in the sum above, and Proposition (b) to bound the second, Lemma [3.9]
Proposition (a) and Corollary to handle the third, and finally Proposition (a) to deal
with the two last. We obtain for some constants G, C[;E depending on T, that forany t < T,

d |

< Grgll@|| (tN(logN)BXg’ (1) + /ty(og NP (XY (1) + XY (1)*)Y2 + (log N) 22X Y (1)

t
pN3 (@) - Kf xN(®@)ds
0

+Garg(log N) ™2(X ) (1) + X5 (1)%) + g (V) — K| X5 (1) +KtNX(I)V(1))
< Gl @ XY (1) +Xp/(1)* + 1) ((logN) ™2 + |g5(N) - K|) . (116)
The above clearly goes to 0 as N = N, goes to infinity.

The drift term DV-2(®) is handled in a similar manner; use (6I)) in place of Lemma We find that

E[ ]—>0.
k—o00

For the term fOtXSN(AN@)ds we have by Lemma 2.6 of [3]] :

DY (@) — y(fBo — ﬁl)J XN (®)ds
0

AP
sup ||AN® —o0“—

s<T

— 0,
N—oo
o0
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and therefore

t N t ZA(b
E X, (Ay®)ds — | X;| o°— |ds|| — O.
0 0 2 k—o00

It finally remains to deal with the predictable square function of the martingale term. By Lemma|5.1
there is an €y = ey (t) — 0 as N — oo so that

t

E((MN (@), — J 4no?xN(9?)ds|)
0

<E (‘2f XN (logN®2 N (EN)) — 4mo2x N (92)ds
0

)+eN.

The proof that the first term goes to zero as N — oo proceeds as in the argument above for DV-2(®).
In the analogue of one gets (logN)P({0le},,) — 2mo? (see (13)) in place of (logN)P({0le; ~
e,}) — v. It is now routine to take limits in for & as above to obtain the martingale problem
(MP) characterizing super-Brownian motion. The details are just as in the proof of Proposition 3.2
of [5]. We have completed the proof of Theorem (1.5 O

8 Proof of Theorems

8.1 Outline of the proof of survival, Theorem

We proceed as in Section 9 of [7]] and we establish analogues of Lemma 9.1 and Proposition 9.2
of that reference. Given these results, the proof of Theorem 4.1 of [6] then goes through to give
Theorem[1.4]just as before.

The stochastic equation for £V and the associated process &V, killed outside of an open square I/,
used in Subsection [2.2| was convenient to define the duals but does not give the natural ordering of
the two processes. For this we use the equation in Proposition 2.1 of [6]. Let {N*!, x € Sy,i =0, 1}
be independent Poisson point processes on R, x R, with intensity Nds x du (Lebesgue measure).
N* will be used to switch the type at x from i to 1—i. Let {Z,, t > 0} be the natural right-continuous
filtration generated by these processes and recall the flip rates in (I8). Let 63’ be a deterministic
initial condition with |§g’ | < 00. By Proposition 2.1 of [[6]] there is a unique (%,)-adapted solution
to

1 t 00
gf(x)zagv(xwr;(—l)l‘i L fo HEY () =it {u<rl (e, E OIS (ds, du) - (117)

for all t > 0, x € Sy which is the unique Feller process associated with the rates in (I8). &V is

defined in the same filtration and still satisfies equation (117) for all t > 0, x € I’, but satisfies
gv(x) =0forall t >0,x € Sy \I'. It follows from the monotonicity of LV (a, a;) for a; > 1/2 (see
Section 1 of [|6]]) and that we may apply Proposition 2.1(b) (i) of [6] to conclude that

ifggl < &Y then é’tv <&V Vt >0 almost surely. (118)
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Let Ky > 2,L > 3,I = [-L,L]* and I’ = (—KoL,KoL)*. Assume {EN(x),x € Sy,t > 0} and
{gv(x),x € Sy,t > 0} are as above with Egl(x) = §Ig(x) if x e SyNI’, and ég’(x) = 0 otherwise.
Therefore by the above §’tv < 5’;’ for all t > 0 a.s. We still write P* for the joint distribution of
(&N, §N ). We let BN be a rate-vy continuous time random walk with step distribution py, started
atx. If T, =inf{t > 0: BN ¢ I} then define

g _ BYN ife<T!
= A ift>TL

The associated semigroup is denoted {Etv ,t > 0}. We will often drop the dependence in N from
these notations. We define the measure-valued process XV € My(R?) as before, and XV < XV by

xt = LB 57 v

N XESy

Although we are now using a different stochastic equation to couple &V and §N than those in
Section we may still use the distributional results derived in Section [2.2] for each separately,
such as (25) and (27), since the individual laws of N and §N remain unchanged.

Here is the version of Lemma 9.1 of [[7]] we will need.

Lemma 8.1. Let T > 0. There is a Ggy, depending on T, B, and a universal constant Ogp such that if
Xé\’ =)_(8’ is supported on I, then for N > 1,Ky > 2, L. >3,and 0 <t < T,

E (Xf’(l)—)_(ft\’(l)) <GeXN (1) [P(sup|B§| >(Ko—1)L—3) + (1VXéV(1))(logN)_5@] .

For ag € [%, 1), a bit of calculus shows there exists a unique N = N(a,) > e so that

_ (logN)®

N (119)

1-— (04
Let I_; = (—2L,0)e; +1,I; = (0,2L)e; + I. Here is the analogue of Proposition 9.2 of [7] we will
need. It will imply that the Lotka-Volterra process dominates a 2K,-dependent supercritical oriented
percolation and therefore, survives. The role of the additional killing for XV is to ensure the finite
range of dependence need for the associated oriented percolation. Recall that K is as in (6)).

Proposition 8.2. Assume 0 <1 <K. Thereare L >3,Ky>2,J >1allinN, T>1,and r € (0,e™%),
all depending on n such that if

K—’)’] 1—a0

Y (log 1_1%)2 ’

ap <oy <ag+ 0<1—ag<randN =N(ay),

then X{ (1) = X (I) = J implies

P (XNUI)AXNU_) > T) > 1 — 67 42Kot1),
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Remark: The parameters [J’é\' , /5{V are now defined by N, ay,a; and (1I). Indeed our choice of
N = N(ag) in the above implies [J’év =0and

(logN)

K—-n (logN)? }
v ((logN)—3(log(logN)))? |

N
BY = ——(a;—ap) € |:0,

Therefore, for r(n) small enough we will have
K—n/2
i € [O’ Yn/ } '

Proof : Given Lemma Proposition is proved by making trivial changes to the proof of
Proposition 9.2 in [[7]]. We omit the details but the intuition should be clear. By Theorem xN
converges to a super-Brownian motion with drift & = K — yf3;. By the above remark this quantity is
bounded below by 1/2 > 0 for a good choice of r. Super-Brownian motion with positive drift and
large enough initial mass will continue to grow exponentially up to time T with high probability,
and so the same should be true for XV for N large. Finally, Lemma [8.1]bounds X} —X¥ and allows
us to make the same conclusion for X' ]}7 .0

To complete the proof of survival it remains to establish Lemma|8.1

8.2 Proof of Lemma (8.1l

Choose h: R? U A — [0, 1] such that
[—KoL + 3,KoL — 31> € {h =1} € Supp(h) C [—KoL +2,KoL —2]%,  |hl, < 1. (120)
We then define for s < t,x € Sy the function

W(s,x) 1= PY_h(x) = E[h(BY )] = E[A(BY ), ;)]

As in the proof of Lemma 3.2 of [|6], if f : Sy UA — R and &(s, x) = B’t\’_sf(x),s < t we have

t

XN () =XY (P )+ MY (@) + f (2@, &) +d¥3(2,6")) ds, (121)
0

where M It\’ (®) is a square-integrable, mean zero martingale. Apply and li to obtain
E[x¥)-x¥ W] <E[xF1)-xy ()]

3

=x)(1-PY(h)+E U Z(dsN’i(ngV)—djV’i(qf,gsN))ds : (122)
0 i

—
We now state and prove four intermediate results.

Lemma 8.3. Let {S,} be a mean zero random walk on Z starting at x € Z under P, and such that
Ey(]S11%) < 00. There is a Gg > 0 such that if

Uy=inf{n>0:S,¢(0,M)}, MEeN,

then
X+

P.(Sy, =2 M) < forall x € ZN[0,M].
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Proof. Let p(j) = Py(|S;| = j). The inequality in the middle of p. 255 of [14] and the inequality P7
on p. 253 of the same reference imply that for x as in the statement, and some ¢ > 0,

X cr M
PSu, 2 M) - 2| < = [ 31+ 15115, )]
“s=0

S

M+1

3> jkp(0)]

=1 k>

X 12
Z k (k2+ Dp(k)]

k=1

e

I
S|e Ko

< —Eo(I5; ).

The result follows. O

To use Lemma [3.5/and (61)), we need the following.

Lemma 8.4. There exists a constant Gz such that

[0y < V20, [¥lLip < Gezr

Proof : The first statement is easy to verify. Indeed, if s < s’ < t,x € Sy, then using lhlyp < 1,
applying the Markov property to B* at time t —s’ and then Cauchy-Schwarz,

/
90 = V60| < B ||y, ~ B

1{T;>t—s'}]

571/2
} < V2ols' —s|V2.

A

sup E UBE,_S)AT; -3z

z€l’'NSy

Let us now turn to the proof of the second statement of Lemma 8.4} Let x,x’ € I’ N Sy be such that
0 < |x — x| < 1. In this argument we couple the walk B* with B* by setting B} := x’ —x +B}. We
have

o =50) = (e 5,5 = [ [585 0) -85)

< B Vynar, zglhB) = RB |+ | 1z cosrr jhBX) + 1y coxryh(BD) |

< =X+ E [ Lgiaer hB) | +E [ 1 czrh(BD)] (123)

where we used |h|;;, <1 to bound the first term in the sum. The other two terms are symmetric, so
we may as well only handle the first of the two.

On the event {T| <s < T;,}, since = |x’ — x| <1, it is easy to see that

/
BY, — BX
., T

x’ / :
By, €I’y inf
x ze(I’)°

B;Ei —z‘ <|x—x’|.

X

So one of the components, say i, of B, is within |x — x| of (—KyL,KyL)". Let us assume without

loss of generality (by symmetry) that B;:’i € [KyL — |x — x'|,KyL], and let M,, = B;ijru From (120),
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for h(Bsx/) to be positive we need that M hits (—oo, KoL — 2] before [KyL,00). Therefore if we set
v :=inf{u>0:M, ¢ (KoL —2,Ky,L)} and S,, is the embedded discrete time rescaled random walk
on Z, then

E |:1{T;<55T;,}h(B;C/)i| < P (M, <KL —2|My > KoL — |x — x')

Pl /We—x 1 (Su i 2 [2VNT)
Gg3

ﬁ—l—lx—x’l < (Ggy+ DIx" — x|, (124)

where we used Lemma|8.3|and then |x’ — x| > N~'/2 in the last line. Therefore by (123) and (124)
we deduce that for any x, x” € Sy NI’ such that |[x — x’| < 1 we have

I/\

IA

|W(s,x) = (s, x")| < (2Ggg+3)lx — x'l.

Since (s, .) is supported on I’ the second assertion of Lemma 8.4{follows. [

The next intermediate result we need for proving Lemma|8.1]is a version of Lemma [3.6|for the killed
process. Let

_tN

-E {(1—5N (_tN))l_[aN (;’:N“]

Lemma 8.5. There is a Ggg such that for any s >ty and & : R? — R bounded measurable,

H(i , X5 ty) _E|: s ty _tN)l_[(l_gN (B x+el)):|

(IOg N)*

D @ — ey, DAEY, x,ty)

X€ESy

< Ggall®1112XY  (1)(logN)™°.

‘ [a¥3(2,e%) 1 2, | -

Proof : This is the same as the proof of Lemma 3.6, only we use in place of (25). O

One can similarly obtain the obvious analogue of for the killed process. We leave details to the
reader.

We will finally need an alternative form of Lemma(3.5] It is a cruder estimate but gives better bounds
for test functions which are small in an L' sense. Let logt(x) :=log(1V x).

Lemma 8.6. Assume f : Sy — [0,1] and |f|; = ]lvzxest(x) < 00. There exist constants and
Gz depending on B, such that

1
ELXN(F)] < XN (PN £) + GegexplaggX Y (Dlog NIy [1 +og" ( fhﬂ
Proof : Let ®(s, x) = f(x) and use to get

3
EIXN (] <X PN +E {Z |D1V’i(<1>)|} : (125)

i=2
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Moreover,

3
E {Zwi“(w}
i=2

t 1 N 2 B
<E [J (logN) {Z ®(s, x)((logN )2 + B)(EN (x) + Z pu (@) (x + e)):| ]
0

N XESy eESy

<(1+p)E [ J (logN)® (XN (PN f)+ XN (py * (Piv_sf)))} :
0

By (A7) of [13]], there exists G such that

PN f(x)< {Z Gr(1 +N(t—s))_1f(y)] A< (Gt =) MFh) AL (126)

YESN
Therefore,
3 .
E [Z |Di“(<1>)|]

i=2
t

< G2 + 2B)(log N)? J (L =) MF I AL) BN (1)]ds
0

< Gg(2 + 28)(1 + C,(log N) ') exp(get )(log N)*X Y (1) [ J %du +1f I1} ,
|

flint

where we used Proposition [3.4] (a) at the last line. Lemma [8.6] now easily follows from (125) and
the above. O

We now turn to the actual proof of Lemmal[8.1] By (122),

tNAL

E[xN(1)-xN )] < xyA-PY(M)+E U
0

M3

+E |
Li=2

t
N,3 N N,3 N
+E J a3, M) - dV(w, £ )ds:|
ty At

= %0"‘01/1 +62/2+02/3+02/4 (127)

3
D M,y - dvie, gN))] ds
i=2

J dVi(1—w, Eiv)ds:| +E { (dN2(w,gN) - dsN’Z(\IJ,gsN))ds:|

tnAt ty AL

Below we establish bounds on each of the above terms, and |.|,, denotes the L®-norm on R?. We
claim there is a constant Gy, depending on T, and a Oy > 0 such that for any t < T,

Uy < X5 (1)P(sup B4 > (Ko — 1)L — 3), (128)
u<t

|24 < GrX ) (1)(log Nty (129)
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u<t

|%| < G(XN () + x5 (1)) ((1ogN)—5trm+ P(sup|B>N|,, > (Ko — 1)L — 3)) , (130)

r‘t

0

|%| < G ((logN)‘%ﬂ(Xé’ W +x) (WA + J E[XN(1) —)_(SN(l)]ds) , (131)

r‘t

0

|%| < Gy ((1ogN)—5m(XéV(1) +XN(D)H + J E[xN(1) —)_(SN(l)]ds) . (132)

We start with a bound which will be useful for proving both (128) and (130)). We have

0<1-U(s,y)=1-PY h(y) P(T, <t=s)+P(T, >t s, 1B |oo > KoL —3)

P( sup |B) | > KoL — 3). (133)

ust-—s

=<
=<

Since we assumed supp(XéV ) C I, it follows that for any s > 0

Xy (PSN(l — (s, .))) <X} (1)P(sup|B?|o, > (Ko — 1)L — 3) (134)
u<t

Using (134) for s = 0 we obtain

%o =Xg (1= 9(0,.)) < X5 (1)P(sup|Byloo > (Ko ~ 1)L = 3),
ust

which is (128)).
We next show (129). Using fori=2, for i = 3, and then Proposition [3.4] (a), we obtain

|2 |

IA

ty At
2(1V B)E U ((logN)? + (log N )XY (l)ds}
0
< GXo (1(ogN)’ty,
and we are done. Here the fact that éN < &N means the above bounds trivially apply to §N as well.

Let us turn to the proof of (130). Use for i = 2, Lemma[3.9|for i = 3 to get for suitable 5,7 > 0
and K as in (I6),

(t—tn)*

|| < (Zﬁqm+f<)f E[XN(1—w(s,.)]ds
0

(t—tn)*

+(Gm+ C@)“l_qJHLip(logN)_sJ E[X(1)]ds

0

+(qﬂ+q@)lll—\lfllooE U ”yyz’v(s_tN)ds} , (135)

ty(logN)

N
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Use Lemma [3.5]to bound the first term in (I35)) :

(‘(t_tN)+
E[XsN(l —W(s,.))]ds

(S

0
G

exp(Gegs)X (PN (1 — W(s, .))) + Gg(log N) ™ EI(X N (1) + XY (1)*)ds

IA
e

0
r(e—ty)*

(eXP(CES)XéV(l)(P(Sglz IBOV | > (Ko — 1)L — 3))

IA
e

0

+G(log N)~B3(X Y (1) + XN (1)) ds,

where, to obtain the last inequality, we applied (134). Inequality (130) then follows by using the
above, Proposition [3.4] (a), Corollary[3.11and Lemma [8.4]in (I35).

We now turn to the proof of the critical (132)), and leave the proof of (131) to the reader, as it uses
a similar method.

Use the fact that X < XV with Lemmas 3.9|and 8.5|to get

(t—tn)*
%] < (Grlog N) 8 + Gz(log NY 6 ) |10 f EXN(1))ds
0

, Gl (Ea)®
tN(logN) E[Jnlzz| (s)lds
(t fN)Jr
+(logN>P({0 | ¢, | ez}tN)J E(XN ((s,.)) — XN (¥(s,.)))ds
0

loeN 4 (t—ty) )
(og ) E[ZSL W(s,x) (EYCOPUO e | eady,) B (Y, x,t0)) s .

Using the above, Lemma Proposition (a) and Corollary together with XV < XV we
deduce there exists a Grzz and Ogg > 0 such that

t

|2%,| < cm[(logzv)‘am(xgv(l)+xgv(1)2)+I‘< J ExN (1) -x¥(D)]ds
0

[ (logN)*

(t—ty)
+|E > J (s, x) (AN EY, x, tn) — BV (€Y, x, 1) ) ds]
X€ESy

4 (t—tn)*
+|E “"gN) S J 05, (£GP0 e ] e2}, )~ BV(EY, x, ) ds” (136
0

XESy

By (47) in Rernarkwith 58’ = éﬁv , along with the fact that X¥ < XV the last term in the sum in
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(136) is

log N 4 (t—ty)* 5
: {( EES | v (@ wrtole el - w) ds}
xSy VYO

< Ggllog) 3 ¥/ [JO X as] + g [ L ygm(s)ds] (137
< Gr(X5 (1) + X5 (1)) (log )~ 2/2), (138)

where we used Proposition (a), Corollary and Lemma to get the second inequality
above.
Let us now turn to bound the next-to-last term in the sum in (136)). For 6 > 0 we let

F(6):={xeSynI': inf |x—y| <6}, F(6):={xeSynI': inf |x—y|> 5}
ye(l') ye('y

For x € & (t;/ 3), it is enough to use the straightforward bound

AY(EY, x, ) - AV (Y x, tN)‘ <2B(EN(BL )+ EV(BIF))

to obtain

(logN)*
N

(t—ty)"
f (s, ) (AY(EY, x, tn) — BV (€Y, x, ty) ) ds
xeq(t*)70

<28 f OB S S o) (BB = )+ POBEL = )
0

N xehe{(t;/%WESN
t
(logN)* o .
<2E U ~ [ > e w) (PUBL o > )+ PUBL e > £/ + D 2§SN(w)}
0 we.a (2t 1/3) we.d(2t°)
t
< GroF [(logwf’f (XX OO + 006 + XV (20 ds} , (139)
0

where we used XV < X" and Chebychev’s inequality to obtain the last line above. Use Lemma
then the fact that supp(X, év ) € I and the bound togetforany t < T,

E [(mgN)B J X;V(,af(zt}v/3))ds]
0

C(T)(logN)3f (XN (P(B; € (26/*) + (logNPXY (D)3 [1 +log* (e /)] ) ds

0

A

t ,1/3
C(T)Xév(l)(logN)Bf % AP(B? > (Ko — 1L — 2t)/*)ds
0
+t(log )XY (1)tr/(1 + 71og(log N))
1/3

G (1) ((logN)3 J (tNT /\s) ds+(logN)_1/6), (140)
0

IA

IA
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for some Gy depending on T. We then use (140) in (139) to deduce

log N)* (t=ty)* ) X
(g ) f w(s, ) (BY(EY, %, 0) — AV (EY, x, 1)) ds
xeﬂ‘(ti/g) 0
< GrXy (1)(logN)~1/® (141)

For x € sz(t;,/g)/, we claim that

YN (N _ N N
‘H (i )thN) Ii (§S ,X,tN)‘
2
<N E | eNBEY1 sup [BXTE — x| > t/? 142
_; [g(m) sup |B; | >ty (142)

First the obvious coupling shows that for i = 0,1, 2, §SN (Bf:ei) < ESN (BfNJrei). Furthermore, if the left

side of (142) is non zero, we must have 0 = iN(Bf:ei) < gN(BfNﬂi) =1 for some i € {0,1,2}. For

pXte;

this choice of i we must have B, "' ¢ I’ for some u < ty, and since we supposed x € .o/ (t;,/ %Y this
5X+e;

implies sup,<, |B, ' — x| > t;/ 3. As the left side of ll is at most 1, |l is proved. Now use

(142), then Proposition (a), and finally the weak L"-inequality for submartingales to obtain for
t<T,

4 (t—tx)*
(IOiN) Z f \I/(S,X) (I:IN(ESN’X; tN)_EN(ésN’X’ tN)) ds
0

xed(t;/S)’

(logN)4 t : N s o se He; 1/3
=E Z Z Zg (W)P(Bt;,=W—x,sup |Bul|>tN )ds

N 0 weSy xeud(t;/g)’ i=0 = u<ty
2
< Ca/tXév(l)(IOE%N)BZP(SUP B [? > /%) < GgX Y (1)(log N) . (143)

i—0 Usty

We finally combine (136)), (137), (141)), and (143) to deduce (132]).
Finally, use (127)—(132) to conclude

E[x}(1)-xY(1)] < Ga(Xy (D +X)(1)%) [P(sup BN |oo > (Ko — 1)L = 3)

t
+(log N )~(OmmN(1/6)) J

0
and therefore Gronwall’s lemma completes the proof of Lemma (8.1 O

E[xY(1)-xV(D)] ds}, (144)

8.3 Proof of coexistence, Theorem

This follows from Theorem just as in the proof of Theorem 6.1 of [[6]. Let (agy,a;) € Ri and
(1—-ap) A(1 —a;) < r(n) where r(n) is as in Theorem[1.4] Let 0 < g < 1 and &7 be the Lotka-
Volterra process such that £J(x),x € Z?* are independent Bernoulli(g). By Theorem 1.1.8 in [[11]
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. n ) . L .
there is a sequence v,, — oo such that Vl f Ov £lds = £, asn— oo, and & is a translation invariant
stationary law. Arguing just as in Lemma 8.4 of [[6]] we see that Theorem and its proof imply
D rer2 Eoo(x) = 00 almost surely.

Now interchange the roles of 0’s and 1’s. This means we interchange a, with a; and replace g with
1 —q. All the hypotheses of the previous case still hold and so we also get Y, _,2(1 — &, (x)) = 00
almost surely. O

9 Asymptotics of the non-collision probability for n planar walks

Our main goal in this section is to establish Proposition [1.3|which gives the asymptotic behaviour of
the non-collision probability for n > 2 independent walks started at fixed points.

For X1, ..., X, elements of Z2, we write P, 1,...x, for the probability measure under which B!, ..,B"are
independent rate-1 continuous-time random walks on Z2, with jump kernel p, started at xq, ..., X,,.
When the context is clear we drop Xy, ..., X, from the notation.

We let B = (BY,..,B"), and Y = (Y!,.. y"n-1/2y — (1 — B2 . B! —B" B2 B3 . B2—
B",...,B™! — B"), whose starting points are denoted y, w» Yn(n—1)/2- With a slight abuse we will

sometimes write P, for P, . when working with the differences Y. Note that for any
15X n(n-1)/2 15ee5Xn

i €{l,.,n(n—1)/2},Y' is a rate-2 continuous-time random walk with jump kernel p, but the
coordinates of Y are no longer independent.

Define the non-collision events :

p® ={V1<i<j<n, Vse[t,t], B.#B/}, p™ =p :{ min  7(x; xj)>t}

[t/,e] " [0,¢] 0<i<j<n v

Clearly, P (D(”)) decreases as t increases, and, since we are in Z2, goes to 0 as t — 0o0.
X150 Xy N

As noted prior to Proposition the case n = 2 of Propositionis well-known. Since DE”) requires
the non-collision of n(n — 1)/2 pairs of random walks, the log(t)_"(”_l)/ 2 decay in this Proposition
is perhaps not surprising heuristically. However, even getting a rather crude power law lower bound
requires some work; see Claim [9.7|below. The logarithmic decay for n = 2 suggests that walks will
not collide between large times t and 2t with probability close to one (see Claim for a proof).
Conditioning not to collide in the first time interval should only help this event-see Lemma [9.10
for a preliminary and quantitative version of this. These facts suggest, and help show, that walks
conditioned to avoid one another behave at large times, roughly speaking, like independent ones;
Claim gives a coupling of these walks which provides a precise and quantitative version of
this result. The fact that on this large interval, [t,2t], collision events involving only one pair are
far more likely than collision events involving at least three walks will allow us to give a precise
asymptotic expansion of P(D%';)2 t]) as t — oo (see Lemma [9.12| below), through a careful study of
the case n = 2, which will be our first task in subsection [9.1.3| below. Proposition will follow
easily from this expansion.

Finally, we used the following result in the proof of Lemma (and would have used it in the
omitted proof of (58))). Its own proof will use the coupling mentioned above to provide information
on the distribution of the non-colliding walks at a large time.
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Lemma 9.1. Let n > 2. For any 6 € (0,1/2] there is a constant Ggy depending only on p,n,§ such
that forall t > e

P(Y}| = Vi(logt)® | D) < Gyflog )22

We prove Lemma [9.1]in subsection (9.3

9.1 Preliminaries

Before starting the proof of Proposition (1.3, we need some preliminary results. A key tool is a strong
version of a local limit theorem for the walk with jump kernel p (see subsection[9.1.1]below). It will
allow us to establish bounds on the jump kernel and on its spatial increments, and in particular we
will prove Lemma [2.1]in subsection In subsection we first use the local limit theorem
to show the usual asymptotic bounds on the collision probability of two walks up to time t, when
started at points whose distance is a function of t. Second, although the case n = 2 of assertion (9)
is well-known, we also need a bound on the error.

Although these preliminaries are either direct easy adaptations of classical results, or follow from
well known ones in a straightforward way, we provide short proofs, for the sake of completeness.

9.1.1 Local limit theorem

Let

_ _ 1 lx =y

_ —prpl — _ _

pe(x,¥)=p(x —y)=P(B;, =x—¥), p(x,y)=p(x—y)= Tmog SXP (— vl

and E(t,x) = |p;(x) —p,(x)|. It is well known that uniformly in x, E(t, x) goes to 0 as t — oo, but
we need an error bound.

Proposition 9.2. There exists a constant Gy depending only on p such that for any x € 72, for any

t>0,
Gz
E(t, .X') < tST
Proposition is a simple adaptation of the first assertion of Theorem 1.2.1 in [[9], and its proof
goes along the same lines. The proof also extends to d dimensions leading to a bound of Ct~(@+1)/2,

Proof : We may assume t > 1. For 6 € Z2, let $(0) := Y, _,2 p(x)exp(ifx) be the characteristic
function of the step distribution. Since p is symmetric, the function ¢ takes real values, and the fact
that p is irreducible guarantees that {6 € [—m,7]? : $(0) = 1} = {0}. Furthermore, since p has
three moments, ¢ has a Taylor expansion about the origin:

2|9|2 )
$(6)=1-——+0(I6]). (145)
Thus, there exists r € (0, 1) and p < 1 depending on r such that
o?6? 2 2
p(0)<1- VIOl e (=r,r)":=B(0,r), [¢(0)<p VOe€[-m m]"\B(O,r). (146)
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By the inversion formula,

) = exp(—ix - ) exp(—t(1 — $(6)))d6. (147)
T J—m,m2

Therefore

p(x) = ! exp (—it‘l/zx . a) exp(—t(1 — ¢(at™?)))da

ATt )| vemvep

1
= 4n2t(1(t,x) +J(t,x))

where I(t,x) = f

B(0,r1/8) &XP (—it_l/zx . a) exp(—t(1— qb(at_l/z)))da and, using (146),

lJ(t,x)] < J exp(—o?|al?/4)da +J exp(—(1—p)t)da
B(0,r vVO)\B(0,rt/8) [~7VEmVE12\B(0,rVE)
= O(exp(—o?r2t/4/4)) + O(t exp(—(1 — p)t)).
Recall t > 1. For |a| < rt!/®, using (145)) leads to
exp(—t(1 — ¢ (at™%))) = exp(—o?|al?/2)(1 + lalPO(t /%)),

and thus

I(t,x) = J exp (—it_l/zx-a) exp(—o?|al?/2)da
B(0,rt1/8)

+f exp (—it‘l/zx . a) [exp(—t(l — ¢>(at_1/2)))) — exp(—azlalz/Z)J da
B(0,rt1/8)

27 |x|?
= —exp|— 4+ O(ex —o2r2tl/4)o
= p( 2azt) (exp( /2))

+0o(t71/?) |a|® exp(—c?|al?/2) exp (—it‘l/zx . a) da
B(0,rt1/8)

27 |x|?
= Zexp| - +Oo(t™V2),
o? p( 20%) ( )

where the last display holds because [, |a|? exp(—o2|al?/2) < co and O(et) < O(¢V/2) as t > 1.
R

Combining the bound on |J(t,x)| and the estimate on |I(¢, x)| we deduce Proposition [9.2] O

9.1.2 Further kernel estimates

It follows directly from Proposition [9.2] that for any ¢t > 0,

|x[?

202t

exp(—

p(x) < % + ), (148)

2not

which refines (17). Lemma[2.1]is also a direct consequence of Proposition
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Proof of Lemma[2.1]: Recall, for x € Z2/+/N, that p¥(x) = Npy,(v'Nx), and observe that p} (x) :=
Npy,(VNx)=Dp,(x). For x,y € Z?/+/N, we deduce from Proposition that

2G
Y o) = pl (x + )| < [P () = Dol + )| + VTSR (149)
Moreover, a bit of calculus leads to the existence of a constant Gg such that
|x|? Ix+y[? |yl
exp| — —exp | — < —. 150
P ( 202t P 202t - C[T—m\/? (150)
Combining (149) and (150) yields Lemma 2.1 O

9.1.3 The case n=2
We use the notation

A=DP={v'#0 Vs<t}, Ay, :=D?

[t,t]

Assertion @) in this case is well known, and K, = 2102 (see for instance Lemma A3 (ii) in 3.
The proof of (9) in the case n = 2 relies on the last-exit formula at the origin, for the rate—2 walk
v! started at a point y € Z? (see, e.g., Lemma A.2(ii) of [3]),

t

1=P,(Vs<t Y's1 Z0)+po (¥y)+ Zf Pas(¥)P(A,_)ds. (151)
0

Note that when y = 0 the first term on the right side of the above sum disappears. Also, note that

for any xq,x, such that x; —x, =y,

P (Vs<tY!#0)=P (Vs <t X! #X2)=P, . (A).

We first provide a bound on the collision probability for two walks started at arbitrary points.

Claim 9.3. There exist a constant Gz depending only on p such that for any x,x, € 72, forany t > 1,

Pr (0P < ~EL (14 (logt — 2log(lx, - x,[)*) .
12 logt

The above claim only will be useful when the starting points vary with t and are such that |x;(t) —
x,(t)] >> tP for some B > 0.

We introduce
t(t)=t — t(logt)™2. (152)

Proof of Claim[9.3] : Let y = x; — x5 # O (or the result is trivial). For a rate-2 random walk with
jump kernel p, note that

P(Y! =x —y)=:pP(x — y) = pas(x — y).
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The last-exit formula (151) yields

P o(DP)) = PEs<tY!=0)

t

= pa(¥)+ 2] Pas(¥)P(A,_;)ds.
0

We may use to bound the first term as required, and proving the claim therefore reduces to
bounding the above integral. By @) for n = 2, for any s < 7(t), we have P(A4,_,) < C(logt)™!. By
Chebychev’s inequality, p,,(y) < 402s|y| ™2, and so

lyY2AT(t)
J Pas(¥)P(A,_)ds < Co?|y| (logt)~".
0

Moreover, by Proposition

7(t) C
f Ipas(¥) = Pos(V)IP(A,_)ds < 1—|J’| V< — I
ly[2Az(6) ogt’

and by (17),

f Pas(¥)ds < Glog t) 2.
T(t)

A change of variables shows that fl W2an(e) Pos(¥)ds is bounded by a constant, while

|:/(|2\T(t)p25(y)ds is bounded by C(logt — 2log(]y|)) (use py, < C/s). We deduce the claim from

the above bounds. O
One can adapt the proof in [3] of (9) in the case n = 2 to get sharper asymptotics.
Claim 9.4. There exists a constant Gy depending only on p such that for every t > e,

2

< Cea )
~ (log£)3/2

P( t)_

log t

Proof of Claim[0.4]: Let G(2t) := 2f p(z)(O)ds = thps(O)ds. Proposition [9.2|yields

G(2t)— = (1+o ((ogt)™)). (153)
On the one hand, we have by (151) that 1 > G(2t)P(A,), thus (153) yields the desired upper bound
on P(A,).

On the other hand, applying the last-exit formula (15I) at the origin and at time 2t, we find

2t
1< G(2t)P(A,) + p4(0) + 2J P2s(0)P(Ag,)ds. (154)

t
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By (17), p4.(0) is negligible in the above sum, and we need to bound the above integral. Using the
fact that P(A,,_,) increases with s and (17)), we get

2t—exp(4/logt) 2t—exp(4/logt)
J; Jt

Par(0)P(Ay, )ds < PaOP (i s S B, 159)

where we also used the well-known case n = 2 of (9) in the last inequality above. Moreover, using

(17), we have
2t
exp(4/logt)
2

t—exp(4/logt)
We therefore obtain the desired lower bound on P(A,), and hence Claim[9.4} from the above integral
bounds, (153), and (154). O

A first consequence of Claim is an asymptotic expansion of Py, (A[;27)-

Claim 9.5. There exists a constant Ggz depending only on p such that for any x; # x5 € 72t >
|y = xo[* v e,

log(2)| _ _ Gog
logt |~ (logt)3/%

le,xz(A[t,Zt]) -1+

Proof of Claim : Recall y = x; — x5. In terms of the difference walk,
Py x,(Are2e) = Py (Vs € [, 2t] Y's1 # 0). The last-exit formula (I51)) for the difference walk started
at x; — x, =y, over the time interval [t,2t] (use the Markov property at time t), yields

t

1-Py (Vs € [t,2t] Y,' #0) = pse(y) + ZJ Pacs2s(Y)P(A,)ds. (156)
0

By , uniformly in y, p4.(y) is O(t™1), and the contribution to the above integral for s between
7(t) and t is O((log t)™2), uniformly in y. Therefore we only need to find an asymptotic expansion

(t) .
of 2 f()T Partas(YIP(A,_)ds.

By Claim uniformly in s € [0, 7(t)], P(A,_,) = 2no?(logt)~ 4+ 0((log t)~3/?) (t > e* ensures

that t — 7(t) > e), thus, thanks to |l again we may as well look at 43—5 fof(t)pzwzs(y)ds' Then,

I
by Proposition[9.2} and the definition of 7(t),

4102

4ro? [0
ds —
L Pac+2s(¥)ds ozt

<4mzqﬂJr 1
~ Vt(logt)  (logt)?

t
log t fo l_?2t+2s(y )ds

Using our assumption that t > |y|* and a Taylor expansion of the exponential yields

1
T 402t

Claim follows. O

4mo? log(2)

logt

t
logt Joﬁthrzs(J’)dS—

Finally, we we will need a bound on certain spatial increments of Py ,.(A,).
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Claim 9.6. There is a constant Gyg depending only on p so that if x, y are such that |x| > v/t(log )7
lx — y| <2vt(logt) 2 and t > e, then

|P0,x(At) - Po,y(At)l < C{EW

Proof of Claim[9.6]: By (151 and the remark which follows it, we see that

t
IPo,x(A¢) = Poy (A)] < |pae(x) = pac ()] + 2f 1P2s(0) = P2 (NIP(A,—)ds.
0
As usual we may use to see that the first term in the above sum is less than the required bound,

and we can focus on the integral. Fix a € (0,1/2), and let us look at the above integral for values of
s smaller than t*. By Chebychev’s inequality and the case n = 2 of (9),

e 20
f P2s(x) = Pas(V)IP(Ac—s)ds < o <
0

/ -2
= (e A lyPyloge = 080 (157

where we used our assumptions on |x|,|x — y| to deduce the last inequality above.

For larger values of s, we use Proposition [9.2|to obtain

t

|p25(x) - st(J’)|p(At—s)d5

Jta

t t

|E(2s,x) — E(2s,¥)| P(A,_)ds

IA

Bos () — Be ()P (A, )ds + f

Jto t

t

[ s
= |p2$(x) - p2s(.y)|P(At—s)d5 + Ct_a/z-

Jo

It remains to bound the above integral. Values of s € [t%,(|x|?(logt)™') A t] are easy to deal
with, as the exponential factors produce a negative power of t. The integral over s € [7(t),t]
will be O((logt)™2). We are left with values of s € [|x|?(logt)~!, 7(t)], for which we know that
P(A,_,) < C(logt)™!. To finish the proof, it remains to check that (set the integrals below to 0 if the
lower bound of integration exceeds the upper bound)

7(t)

[P2s(x) = Pas(y)lds + f [D25(x) = Das(¥)lds = O((log £)™1/).

fa_zlxlz(loglog )1/8
| o7 2|x[*(loglog t)71/8

x[*(logt)™!

The first term is easy, since each of the exponential terms produce a term of O((logt)™%*?) for
t > t(6) (use the conditions on x, y here). For the second term, our hypotheses on x, y and lower
bound on s give s~ !||x|?> — |¥|?| < K(loglogt)(logt)™!, and then use a Taylor expansion and the
lower bound on |x| to obtain the desired bound. O

9.2 Proof of Proposition (1.3

.....

notation D).

We first obtain a crude lower bound on P(D,).
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Claim 9.7. There exist a positive constant a depending only on p,n such that for any t > 2, for any
distinct xq, ..., X,

.....

Proof of Claim : Let wq,...,w, € Z denote the first coordinates of x1, ..., x,, respectively. Without
loss of generality we may assume that w; < w, < ... <w,. We also let th, ..., W/ denote the first
coordinates of Btl, ..., B! respectively. Our assumptions on p guarantee that for all j € {1,...,n},

(W/,t > 0) is a rate-1 one-dimensional symmetric random walk whose jump kernel has finite vari-
ance.
We are going to argue that if W!,..., W™ do not collide, neither can X!, ..., X™. There is a small tech-
nical obstruction in the fact that wy, ..., w, are not necessarily distinct even if x1, ..., x,, are. However,
irreducibility of p ensures that there is a positive constant Gz depending only on p,n such that
. 47 .
p (Dl, Vjie{l,...,n} Wi e (wj + 5w +2-4J)) > G (158)

We now bound the probability that the one-dimensional walks W!, ..., W" do not collide on the time
interval [1,2*] by placing them in sequences of disjoint intervals. For j € {1,...,n}, n € N, and
ie€{l,..,n}, welet

; k—1i
—_ . 42 ke
&(k,i,j) := {vse[zk—l,zk—lﬂ],vvge (wj+T,wj+2-4Jﬁk l),
; k—i+1
, 10/9)4 V2 ki
W2]k—i+1€ (Wj+( o) D) ,Wj+2'41\/§k l) }

Clearly, on the event ﬂi;l ﬂ?=1 &(k,1,7), the n walks do not collide on the time interval [1,2*]. By
the Functional Central Limit Theorem, there is a positive constant G5 depending only on p, n such
that for any k > 2, for any i € {1, ...,k — 1}, for any j € {1, ...,n},

P (&(k,i,j) | &k, i+1,))) = G (159)
By redefining (sg we may also assume that
p(mleg(k, k,7)) > Grsg-

It follows from the above that for any k € N,

k—1
P(Dzk) > q%ml_[(qm)n _ Cﬂ?ﬂ((@)n(k—l).
i=1
For t > 2 let k(t) = |logt/log(2)]. Since t — P(D,) is decreasing we have
P(Dt) > P(Dzk(t)+1) > qlgm(qm)n(k(t))’
which yields Claim O

Claim only provides a rather bad lower bound on the non-collision probability, but it is sufficient
to prove that some events which are very unlikely for independent walks, are also very unlikely for
non-colliding walks.

We introduce Z, := infieq1 nn—1)/2} |Ytk|.
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Lemma 9.8. Suppose that the positive h satisfies
lim h(t)*?logt =0, lim th(t)? = +o0.
t—00 t—00

For t > 0, we introduce the stopping time Ty(t) := inf{s > 0 : Z, > +/th(t)}. There exists a constant
Gog depending only on p,n, h such that for any distinct starting points and any t > 0,

P(Ty(t) > t/h(t) | D,) < Gggt 2.

Proof of Lemma[9.8} Let t > 0, and A = 5n(n—1)Gp;. We may assume ¢ > 2 and +/th(t) > 1 without
loss of generality. For this choice of A we have

SUP Py (3 € = 1)/2} £ [V ] < VER(D))
Yiseees yn(n—l)/ZGZ
(2Vth(t)+1)? 1
<n(n—1)/2sup Z Poarn(e2(0,y —x) < T 20th(0)? = >

2
XE€L% |y |<vth(t)

where we used to obtain the second inequality above. Thus, using the Markov property at
times kAth(t)?, k € {2, ..., |h(t)3/%2/Al},

P(Ty(6) > tV/h()=P(  sup  Z < VEh(t)
se[0,t4/h(0)]
< P(Vke{1,..,lh(t)*2/Al}, Zinnqy < VER(E))
Lh(e)2/a)
= l_[ P (Ziaenqeyr < VER(E) | Zg—nyaeney < VER(E))
k=1
Lh(t)=%/2/A]

IA

2 Y155 Yn(n-1)/2
k=1 YirYn(n-1)/2€Z

13 02 /a]
<= :
<(2)

The above and our assumption on h imply P(T,(t) > t+1/h(t)) < t=F for any B > 0, which, along
with Claim[9.7] yields Lemma a

As a consequence of the above, we will be able to bound the probability that two of the non-colliding
walks find themselves unusually close at time t.

sup P (3ie i1, on(n=1)/2}: 1V}, ol < VER(D)

Lemma 9.9. There exists a constant Ggz depending only on p, n such that for all initial points and any

t >e,
t
P ztsiwt <
logt (log t)?

Proof of Lemma([9.9]: Using Lemmawith h(t) = (logt)™!, then the fact that

{Dy, Ty(t) < t(log )2} € {Dry(0), Ty(t) < t(logt) ™/},
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we see that for t > e,

P(Z, < Vt(logt)™!|D,) (160)
_, P(Z, < Vt(logt) ™!, T(t) < t(logt)"V/%,D,)
< Gyt *+ P(0)
_, P(Z, < Vt(logt)™, Ty(t) < t(log t)"2,Dr (1)
< Gogt >+ 0

P(Dr, ), Tu(t) < t(logt)™!7?)
P(D,)

= Gt 2+ P(Z, < Vt(logt)™!| Ty(t) < t(logt)™/2, Dy, (1))

Using the strong Markov property at time Tj(t), we have

P(Z < Vi(logt)™ | Ty(t) < t(logt)™/%, Dy )

<
< sup p Yoo Yn(n-1)/2
Y1 yn €B0,VE(log )~ 1)C)
se[t—t(logt)~1/2t]

(Z < Vt(log t)_l)

n(n—1)
sup —
y1€Zselt—t(logt)~1/2,t] 2

IA

Py, (1% < Vt(logt)™)

IA

where we have used (17) in the last line. Recall the notation A, = DEZ) from the beginning of
Section and again use the strong Markov property at time Tj,(t) to see that

P(D,)/P(Dr,(ry, Ty(t) < t(log t)"1/2)
> P(D,|Dr, ), T(t) < t(logt) /%)

> inf P D
X150 Xy €B(0,/E(log £) )¢ et (D)
nn—1
>1- sup ¥le (A)

x€B0,Vi(ogt) )y 2

C vt -
>1— @[1 +logt—210g[@V1” (by Claim [9.3])

C
>1———[1+2loglogt] >1/2, (162)
logt

providing t > t,. Use (I61I) and (I62) in (I60) to obtain the required inequality for t > t, and
hence for t > e by adjusting Gy O

Lemma 9.10. Fix § € (0,1) and let g : (1,00) — (0, 00) be such that g(t)t=® — oo and
t — g(t) — oo when t — co. There exists a constant Gy > 0 depending on p,q, g such that for any t
such that g(t) > 2e and for any starting points X1, ..., Xp,

Gomg(log t —log(g(t)) + 2loglog(g(t)))

P(D; [ Dyg(py) < og ¢
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Proof of Lemma|[9.10| : By Lemma applied at time g(t), there is a constant G such that for
gt)ze,

P(Zy(ry < V 8(0)(10g(g(1)) ™" | Dg(ry) < Grgg(log t) 2. (163)
Therefore,
P(D{|Dgr)) < Gglogt) >+ P(DS, Zyr) > v/ g(1)(10g(g(0))) ™" | Do)
Guza(log )2+ P(DS | Zy(ry > v/2(0(log(@()) ), D). (164)
(0

Denote by A;”,i € {1, ..., %} the event that there is no collision for the i-th pair up to time t, that

A

is A(ti) ={Vs € [0, ] Ysi # 0}. We have Df = U?g_l)/z(A(ti))c, and it follows that
n(n—1)

sup PO,y((A(tlzg(t))c)-
Y¢B(0,4/g(t)(log(g(£)))™1)

where we used the Markov property at time g(t). Using Claim in the above, we get Lemma
. In the last we may assume without loss of generality that t is large enough so that t — g(t) > 1. O

P(D¢ | Dy(y) < Grgllog £) 2 + 5

Choose 8 € (0,1) such that 2Gy;(1 — 3) = 1 and apply Lemma with g(t) = tP to see that
for any t > (2e)/8, P(D; | D;s) < 1/2. For t = 2e define the sequence uy = t,u, 1 = (up)ﬁ and
N(t) =inf{p : u, < 2e}. We have P(D,) = ﬁ, and it is straightforward to deduce that there exist
constants k > 2, Gz depending only on p,n such that for any t > 1,

P(D,) > Ggflog t)7k. (165)

Choose y > 2k + 4. Applying Lemma with g(t) = t(logt)™", we obtain that for a constant Gy
depending only on p,n,

Grgloglogt

P(Di | Dt(log t)’Y) < log ¢

whenever g(t) > 2e. (166)

Both independent and non-colliding walks should not travel very far up to time t(logt)™". First,
using Markov’s inequality and the fact that p has two moments, we obtain that for constants G, Gz
depending only on p, n, for any t > 1,

j _ -r/4
Pyl,...,yn(nfl)/z (]e{l Sup |Yt(10gt)_y y]| > ﬁ(logt) r )

..... n(n—1)/2}
2
1
nn—1 Y -+~ N1
< Moo ( ost/ T )
2 t(logt)™”
< Gglogt)™"/2 (167)

Then, from (167), (165), and our choice of y, for all t > e,

Py, uonrys (/ sup |V, — Yil > Ve(logt) T4 Dt(logt)y) < Gg(logt) 2. (168)
€{1,....,n(n—1)/2}

Fix t > e. We may couple walks B, B in the following way :
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e both are started at points x1, ..., X,,, which we suppose distinct.

e over the time interval [0, t(logt)~"], B, B are run independently, and respectively under P(- |
Dt(log t)7r ), and P.

e the increments of B and B over the time interval [t(logt)™7, t] coincide.

This coupling, along with (167) and (168)), then yields the following observation. Note that these
two assertions guarantee that the constant Gy below only depends on p, n.

Claim 9.11. For any t > e there exists a probability measure Q] on the set of 2n-tuplets of walk paths
such that the following holds. Let (B, B) be defined under Qt, and both started at X1,y Xy Let Y,
respectively Y be the corresponding n(n — 1)/2-tuplet of differences. Then,

.....

.....

t _V 2/t Yo
° & ('Yf Yiloo > (1ogr)2) = flog 0"

For the last, recall that y > 8.

We are now in position to compute an asymptotic expansion of P(D,, | D).

Lemma 9.12. There exists a constant Ggyy depending only on p,n such that for any distinct x1, ..., Xy,

.....

. n(n—1) () log(2) Gz
v 1,..,— P, |D,)—1 < 1
IE{ PR 2 }, ( 2t | t) + logt |- (logt)3/2’ (169)
n(n—1) 2 2 i) G
V(ib 12) S {1: eeey } :il ;é i23 p m(Azj )C | Dt < T ~2/9°? (170)
2 j=1 ‘ (log t)3/2
n(n—1)log(2) Gz

P(D,5, |D;)—1 < . 171

Proof of Lemma[9.12] : We start by proving (169). We choose y as above and use the notation
g(t) :=t(logt)™" throughout the proof. Without loss of generality we may take t large enough that
g(t) > e, and only consider the case when i = 1.

We are looking for an asymptotic expansion of 1 —P(A(th) | D)= P((A([lt?2 . )¢ | D). In order to exploit

the coupling Claim [9.11] we are first going to establish that there exists a constant G, depending
only on p,n,y such that

-1
™ ¢ Uy @ \¢ M ¢ _ Grgglog(logt)
P ((A[t,Zt]) |Dg(r)) oz =¥ ((A[t,m) |Dt) sP ((A[t,m) |Dg(t)) ( g ) 72
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The upper bound in (172)) follows directly from (166). Let us now establish the lower bound. We

have
d ((A([lr?zr])c | Dt) = P ((A([lt?Zt])c N Dggo,o | Dg(r))
=P ((A([lt?zt])c | Dg(t)) -P ((A([lt?zd)c N Doy |Dg(f)) :
Since DEg(t),t] = U;.inl_l)/z (A([J;(t)’t])c,

n(n—1)/2

@ \° () ¢ m
P (DEg(t),t]m(A[t,Zt]) 'Dg(f)) = 27 ((A[g(t),t]) 0 (4h) 'Dg(ﬂ)‘

Denote T, :={¥ = (¥1, .., Yn(n-1)/2) € (z2)"=D/2  min|y;| > vt(logt)™"} and fix
j€{l,..,n(n—1)/2}. Using Lemma(9.9at time g(t) and the Markov property at time g(t),

/
D\ ala® ) Cem () " (a0 ‘
F ((A[g(t),t]) N (4i20) 'Dg@) = log(t)2 T aeb P @((A[o,t—g(tn) N (AL q2scen)

for some C[fﬂ depending only on p,q, 7.

. c
On (A([JO) (—g( t)]) , either the j-th pair of walks collides on the time interval [0,t — 2g(t)] or on

[t —2g(t),t — g(t)]. Thus for any & € T,

() ¢ ((1) )C
Py ((A[o,t—g(rn) M AL=g0.20-¢(0)]

< Po (A s0isn) ) +Po ((A012s00n) % ey (Aftoerscn)

where we used the Markov property under P, at time t — 2g(t). The first term above is easily
bounded by G(logt)™7, by using a last-exit formula and . More specifically, use the analogue
of with [t —2g(t),t — g(t)] in place of [t,2t]. Moreover, by Claim [9.3]and our definition of
T,, forany % € T,

P, ((Am )) _ 31Gglogllogt)

[0,6—2g(6)] log t
Furthermore, by

sup Py (|Ygl(t)| < Vt(log t)—Y) < C(logt)™".
@/G(ZZ)n(nfl)/Z

Therefore, using the Markov property under P, at time g(t) and Claim [9.3|we get

¢ Clog(logt)
su Py ((A(l) ) ) <C logt -Y 4207
?V’E(ZZ)E”—U/Z v [g(t),t+g(1)] (logt) log ¢

Since y > 2, combining the above inequalities yields the existence of a constant depending only
on p,n,v such that

2
() ¢ (4D ¢\ _ Grmlog(logt)
sup Py ((A[O’t_g(t)]) n(a ) ) < e (173)

o [t—g(t),2t—g(1)] (log t)?
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which completes the proof of (172).

C
Now using Claim[9.11}, P ((A([ILL?Zt]) | Dt(logt)w) = Eq [PBt ((A(tl))c) ] , and

e )5 ()]
< Go(log ) > + @} [, < Vi(log 1) ]

1 1
+Eq [ Pg, ((A(r ))C) ~ P, ((A(t ))C)‘ 1{Zt>mogrr1}1{|Yt—?t|mszﬁaogrr2}} - (174)

The second term of the sum above is bounded by C(log t)~2, by (I7). The third term is bounded by
C(log t)73/2 thanks to Claim Finally, Eq [PBf ((A(tl))c)] = le,XZ(AC[t,zt])’ and our assumptions
on t guarantee we can use Claim [9.5/to deduce that

log(2)
. Me _

EQﬁ |:PBf ((At ) ):| log(t)
By (172), (174) and the above bound, we conclude to (I69).

We now turn to the proof of (170). Without loss of generality we can treat the case i; = 1,i, €
{2,...,n(n—1)/2}, so that Yt = B — B? and Y2 = BX — Bk with k, > 3, k; # k. Either k; # 1 or
k, # 2. For definiteness assume the latter. Then

< Ggz(log )32,

B2 is independent of (Y%, B¥1) and B? is independent of (Y2, BY). (175)

By Lemma [9.9]
P(Z, < ‘/?(108 t)_l | D) < q@(log t)_2~

Therefore, to establish (170), by the Markov property at time t it suffices to consider n independent
walks started at points further apart from each other than /t(logt)™!, and bound the probability
that the first and i,th pairs of walks collide by time t. More precisely, if we let

- - . vt
g = { (V15 e Yn(no1yy2) € (22 D/2 :min|y;| > Togt },
we need to establish
(Dye (i2)yc G 4
sup P-((A Nn(A < ———— Vt>e" (176)
S PN AT = G e

Let us define the stopping times
. i .
Ti:=inf{t >0:Y,’=0},j=1,2, T=T1; AT,

Note that {7t < t} = (A(tl))c U (A(tiz))c, and thus, by Claim there exists a constant G, such that
forany £ € £,

Grmloglogt

for all t > e2. @a77)
logt

Pg(T < t) <
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By Doob’s weak maximal inequality for £ € =,

P:(7 < t(log )y <2 sup P, (|Ys| = 0 for some s < t(log )™
ly11=vt(log t)™!

<2P,( sup (Y| >Vt(logt)™)

s<t(logt)™*

< C(logt)™2.
Therefore for & € 2, and t > 2, using the independence in (I75), we have

P (max(|Y}],1¥2]) < Vt(logt)™®)
< Pe(t < t(logt) ™)+ E(1(t, > t(log t)—4)p(3’;§ EB(B’%, Vi(logt)™®)|Y, B1))
+ E(1(7, > t(log t)—4)p(33,2 eB(B;Z, Vt(logt)™3)|Y’2,B))

< C(logt)2+ sup P(Bsk2 € B(x, Vt(logt)™®)
s>t(logt)™*,xez2
+ sup P(Bs2 € B(x, Vt(logt)™®)
s>t(logt)™4,x€7?
< C(logt)7?, (178)

the last by (17). Thus, by (178)), and the strong Markov property at time T, it follows that for any
EeZ and t > e, we have

(Dye (i2)e -2 c
P-((A N(A < logt +P(T<t max Py, (A
(ADY N APY) < Gryllogt) ™ + P )(yem,mogt)-s)c o J)

Grro(loglog t)?
(log t)?

where we used (177) and Claim to get the last inequality above. This completes the proof of
(170).

(179)

Finally, inequality (171) is a simple consequence of (169), (170), and the inclusion-exclusion for-

n(n—1)

mula applied to D§, ={ J._3 (A(zit) )¢. This finishes the proof of Lemma|9.12 O

It remains to show how Proposition [1.3|follows from Lemma [9.12

n(n—1)
2

Define f(t) := (logt) P(D,), and k(t) := max{i € N : 2! < t}. Since P(D,) is a decreasing
function of t, an easy consequence of (171) is that f(¢t)/f (2k(®) i 1.
—00

Therefore, to establish the first assertion of Proposition it suffices to show that the sequence
(f (2™))men converges to a positive limit.

.....

n(n—1)
m’—l((m+ i+1)) 2
i=0 a1
((m+1) 2

fE™™y=f@emII

P(D2m+i+1 | D2m+i).
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We may use (171) since m > m,, and we deduce that uniformly in x4, ..., x,,

v m m ] nn—-1) 1 o
s =r@n ] (1422 s rom+ 070
nn—-1) 1 Ny
x(l— 2 (m+i)+0((m+l) 32)).

The first term in the product comes from a second order expansion of (1 + x)? for x near 0 and
p =n(n—1)/2. It follows easily that the sequence (f(2™)) is Cauchy. Since f(2™°) > 0, we see by
applying the above to m = my, m’ — oo that the limit of (f (2™)) has to be positive.

.....

of Proposition O

We end this section with an interesting coupling between non-colliding and independent walks.
Although we do not use it here, we feel it may be of future use and is natural in view of the
construction in Claim [9.11] Choose y as in the paragraph preceding Claim [9.11] The constant Gy
below depends only on p,n,y.

Claim 9.13. For any t > e there exists a probability measure Q, on the set of 2n-tuplets of walk paths
such that the following holds. Let (B, B) be defined under Qg, and both started at xq,...,x,. Let Y,
respectively Y be the corresponding n(n — 1)/2-tuplet of differences. Then,

e the distribution of B under Q, is Py,
do not collide up to t.

x,( | D¢), that is, the n first coordinates are walks which

.....

,,,,,

t 7, 24/t Gogloglogt
L4 QZ ('Yt Ytloo > (10gt)7/4) S logt .

Proof of Claim [9.13]: Fix t > e, and distinct x, ..., x,,. We construct B, B in the following way :

e Both are started at x, ..., X,.
e Over the time interval [0, t], we run B under P.
e Over [0, t(logt)™"], we run B under P(. | D,).

e Define B on [0, t] as follows.
For all s € [0, t(logt)~"], B, := B;.
For all s € [t(logt)™,t],B; — By(loge)r := B, — Bt(logt)—y.
Furthermore introduce the non-collision event
D,:={Vse[0,t]Vi,je{l,...n}%i#j,B #B}.

e On D, set B=B on [0, t].

e On ﬁi, we run B on [t(logt)™",t] under P(- | D,), independently of B.
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The second assertion of the claim is obvious from the construction. The first follows from the fact
that the distribution of B conditioned on D, is, thanks to the Markov property at time t(logt)™7,
precisely P(- | D,). It remains to establish the last assertion of the claim.

i
B.—B, } By ,

P (Zi(iogeyr < Vt(logt) ") < Grgflog £)™* 4. (180)

—

65)), and our choice of y,

Using the same method as for establishing Lemma we deduce that

< Grgglog(log t).

. 3 T A
p(Dt):P(Else[t(IOgt) Tl di#] Bs:Bs) - logt

(181)
Moreover, by (168), (166), and our choice of y, for all t > e2,

j _ X —)’/4 < -2
oo (je{l,...i?(g—n/m|Yt(l°gt)_y il > /illogt) |Dt)_qm(logt) - e

From the above construction, (B, — Bt)lﬁt = (Btlog(t)r — Etlog([)—y) 15, Therefore, Il (182
and (181) imply the last assertion of Claim O

9.3 Proof of Lemma

Let Q} be as in Claim and y be as in and (168). Then shows that for any starting

points xq, ..., X,

1
P(Dt|Dt(logt)—Y) > E for t > to = et
So for t >ty and 6 € (0, %], and any starting points x, ..., X,

P(|Y}! = y1l = Vt(logt)° /2| D,)

=< P(|Yt1 - y1| 2 ‘/?(logt)g/z | Dt(logt)’Y)P(Dt(logt)’Y)/P(Dt)
< QLY — y1l = Vt(logt)®/2) x 2
2Gomm (o1 _ 510 2/t
S Goenyp H2AU(I¥! -l = Villog 12— 525 )
2
< (102_%;2 + C(log t)_25,

where Chebychev’s inequality is used in the last line and the constant C depends only on p. It
follows from the above that for some constant C’ depending only on p,n, for any 6 € (0,1/2] and
t>e,

P([Y!| = Vt(logt)® | D,) < C'log(|y;)(log ).

Here note that the inequality is trivial if |y;| > +/t/2 as 6 < 1/2. Lemma follows by dominated
convergence. g
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