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1 Introduction

Nonlinear wave equations
Uy, = du+ f(x,u,u, Veu) + g(x,u,u,, Vou) W 1.1

subject to random excitations have been thoroughly studied recently under various sets of hypothe-
ses (see e.g. [6], (7], (8], [100, [12], [13], [14], [22], [23], [25], [26], [27], [28], [29], [30],
1321, [35]], [36], [[37] and references therein) with possible applications in physics (e.g. in relativis-
tic quantum mechanics or oceanography) in view.

The random perturbation has been usually modelled by a spatially homogeneous Wiener process
which corresponds to a centered Gaussian random field (W (t,x): t > 0, x € RY) satisfying

EW(t,x)W(s,y)=(tAs)[(x—y), ts5>0, x,y€R

for some function or even a distribution I' called the spatial correlation of W (see e.g. [37] for de-
tails). The operator .«/ in ((1.1]) is a second order elliptic differential operator, usually the Laplacian.
(More general elliptic operators are considered only in [29]]).

Functions f and g dependent only on u are dealt predominantly and their global Lipschitz continuity
is assumed in most of the papers cited above. Then the Nemytskii operators associated with f and
g are also globally Lipschitzian and existence (and uniqueness) of solutions to may be proved
for rather general spatial correlations I' (which may be a distribution, e.g. the standard cylindrical
Wiener process is allowed if the space dimension is one, or at least a continuous function unbounded
at the origin), the state space (to which the pair (u,u,) belongs) being L2(R%) @ W ~12(R9). If I is
more regular then solutions live in the so called “energy space” WH2(R?) @ L2(RY) (see e.g. [38]
for a discussion of the role of the energy space in the deterministic case).

Locally Lipschitz (or even continuous) real functions f and g are considered in the papers [[10]],
(271, [29], [30], [31] and [32].

Various techniques including Lyapunov functions, energy estimates, Sobolev embeddings, Strichartz
inequalities or compactness methods - have been employed to show existence of global solutions
in this case. These methods require the state space to be the energy space W'2(R?) ® L%(R?) and
the spatial correlation I" to be a bounded function, i.e. the spectral measure y = (27r)§f is a finite
measure (cf. equality below). The assumptions on I" are relaxed in [27] in the case of the
planar domain at a price of assuming g bounded and globally Lipschitz while f(u) = —ululP™!,
1<p<3.

Let us survey the available results in the most important case of a wave equation with polynomial
nonlinearities
-1 M
U = Au—ufulP" +ul'W,  u(0)=u, u(0)=v (1.2)

according to particular ranges of the exponents p,q € (0, 00): It is known that global weak solutions
(weak both in the probabilistic and in the PDE sense) exist provided that (ug, vy) is an #,-measurable
[WL2(RD) N LPTY(RD)] @ L2(RY)-valued random variable, W is a spatially homogeneous Wiener

d ~
process with bounded spectral correlation I" (i.e. u = (27)2 I must be a finite measure) and

p+1
1§q<T<oo. (1.3)
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Under (1.3), paths of (u,u,) take values in [W2(R?) N LPT1(RY)] @ L%(R?) and are weakly contin-
uous in W1 2(Rd)GBLz(]Rd) (see [29]) In the critical case ¢ = —1 , existence of solutions was shown

ifde{l,2}ord >3 and p < d 5 (see [30]). Pathwise umqueness and pathwise norm continuity
of solutions in W1?(R?) @ L2(R?) are known to hold if d € {1,2} orifd >3 and p < d+2 < d+l

4S
irrespective of (1.3). These results were proved in [29], [30], [31] and [32] in a more general
setting (that is, for more general non-linearities). In case dde <p=< % or dd <qg < Zi; some
small additional assumptions are needed. In the subcritical case p < %’ g < ﬁ these results
correspond to the present state of art for the deterministic Cauchy problem
Uy = Au— u|u|P_1’ U(O) = Uy, ut(o) =V (14)
on RY (see [19], [41], [43] and [44]) exactly, whereas there are still some open problems in the
(stochastic) critical case p = d+§, q= SJF; (see the discussion in [[31]]).

The aim of the present paper is fivefold. We want to prove

1. existence of weak solutions up to the critical case g = 1ndependent1y of the dimension of
the spatial domain R,

2. global weak solutions exist for data in the local Sobolev space W1 2(]Rd) ® L2 (RY) and have

trajectories weakly continuous in this local space,

loc

3. solutions in the local Sobolev space satisfy a local energy inequality (Theorem 5.2)),
4. include dependence on first derivatives in the non-linearities in the equation (1.1]

5. study systems of stochastic wave equations, i.e. when f and g are R"-valued.

Let us briefly comment on the issues.

Ad (1): As mentioned above, existence of weak solutions in the critical case ¢ = P*l 45 known

to hold only in particular cases depending on the dimension d. We will prove that no additional
assumption is, in fact, necessary.

Ad (2): To our knowledge, stochastic equations with polynomially growing non-linearities have not
been studied in local spaces yet despite it is well known that solutions of wave equations propagate
at finite speed and the commonly used restriction to global spaces is therefore unimportant. Nota
bene, existence of solutions in global spaces follows trivially from existence of solutions in local
spaces by the energy estimate in Theorem|[5.2] as demonstrated e.g. in Example

As a consequence of the “local” approach to the wave equation (1.1), the second order differential
operator ./ in (1.1)) need not be uniformly elliptic (as is usually assumed) and mere ellipticity of .«
is sufficient (see (2.1))). In particular, .o/ may even decay or explode at infinity, cf. Example and
5.5]

The localization of the wave problem is interesting by itself, though it is not very difficult to establish.
The main importance of the local approach to the wave equation dwells in our primary interest to
prove the subtle existence result in the critical case. We remark at this point that attempts to prove
existence of solutions of in the critical case while studying the wave equation in global spaces
failed (see [29])).
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Ad (3): Energy inequalities are a sort of a twin result to any existence theorem in the theory of wave
equations as the solutions of the wave equation are, in fact, stationary points of certain Lagrangians
and the energy functionals represent their conservation laws (see e.g. Chapter 2 in [42]). On the
other hand, energy inequalities also describe basic behaviour of the solution such as the finite speed
of propagation mentioned above, long time behaviour of the paths or the conditional dependence
on the initial condition (see Theorem [5.2)).

Ad (4) & (5): We are not aware of existence results for stochastic wave equations with non-linearities
depending on first derivatives of the solution (the velocity and the spatial gradient). This issue
is closely related to the fact that we aim at studying systems of stochastic wave equations (1.1).
Such generality is not very substantial for the present paper, however, the corresponding results
are essential in the newly started research in the field of stochastic wave equations in Riemannian
manifolds with possible applications in physical theories and models such as harmonic gauges in
general relativity, non-linear o-models in particle systems, electro-vacuum Einstein equations or
Yang-Mills field theory. These models require the target space of the solutions to be a Riemannian
manifold (see [18], [[42] for deterministic systems and [J3]], [[4] for stochastic ones). For instance, if
the unit sphere S"~! is the considered Riemannian manifold, the stochastic geometric wave equation
has the form

upe = Au+ (IVul? = luPu+ gw,uy, V)W, Julps =1
where g(p,-,-) € TPS”_l, p € S"!, see e.g. [4]. We do not cover these particular equations here
but the present paper is partly intended as a preparation for further applications and as a cita-
tion/reference paper for a companion paper on stochastic wave equations in compact Riemannian
homogeneous space by Z. Brzezniak and the author.
Finally, we remark that our proof of the main theorem is based on a new general method of con-
structing weak solutions of SPDEs, that does not rely on any kind of martingale representation
theorem and that might be of interest itself. First applications were done already in [4] and, in the
finite-dimensional case, also in [[20].
The author wishes to thank Jan Seidler and the referee for a kind helping on the redaction of the
paper.

2 Notation and Conventions

We consider complete filtrations in this paper. We say that a filtration (£%,) on a probability space
(2, Z,P) is complete provided that %, contains all P-negligible sets of . We denote by

e R, the set of all nonnegative real numbers, i.e. R, = [0, 00),

%B(X) the Borel o-algebra on a topological space X,

By the open ball in R? with center at the origin and of radius R,

LP = LP(RY,RY), WhP = whkP(RY, R"),

° Lf:) = Lﬁ) C(Rd,]R”) and Wlﬁcp = Wlﬁcp (R4, R™) equipped with the metrics
21 X1
(w,v) — 21] S min Ll = Vi@l ) - Zl o AL, = Vllykas )}
j= j=
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Ay =W TLA(Br) @ WH(Bg), # =
° %k — Wk+1,2 @ Wk,Z, S = %0,

Hioe =W & L2

loc loc?

9 = 9(R?,R") is the space of R"-valued compactly supported C®-functions,

< is the Schwartz spaces of complex rapidly decreasing C*®-functions on R? ([40]),

&’ is the space of tempered distributions on ., i.e. the real dual space to &,

& 8 the Fourier transformation on %,

° C}’J‘ the space of k-times continuously differentiable functions on R¢ with bounded derivatives up
to order k equipped with the supremum norm of all derivatives up to order k,

e C"([a, b],X) the Banach space of X-valued y-Hoélder continuous functions on [a, b] with the norm

[I(t) — h(s)llx

Il = sup (1ROl - ¢ € [a,b]} +sup{ sy

:a§s<tSb}

where X is a Banach space,

e o/ asecond order elliptic operator

where a(x) is a symmetric, strictly positive, (d x d)-real-matrix for every x € R? and a is a continu-
ous, V\/l})’fo(Rd)-valued function such that

inf {t‘zsup {|a(x)y|Rd Hxlge < 8, |Ylge = 1} t> 0} =0, 2.1
see also Remark 2.1
e 7y various restriction maps to the ball By, for example

) 2 )
Tg i Lig. v —v|g, € L%(Bg) or mg: i, Dz 3lp, €

e Z(X,Y) the space of continuous linear operators from a topological vector space X to a topological
vector space Y and we equip it with the strong o-algebra, i.e. the o-algebra generated by the family
of maps 4(X,Y)>B—Bx €Y, x €X. If X and Y are Banach spaces then £(X,Y) is equipped
with the usual operator norm,

e %,(X,Y) the space of Hilbert-Schmidt operators from a Hilbert space X to a Hilbert space Y and is
equipped with the strong o -algebra, i.e. the o-algebra generated by the family of maps %,(X,Y) >
B—BxeY, xeX,

e C(R,,Z) the space of continuous functions from R, to a metric space (Z, p) and we equip it with
the metric

1
(a,b) = >, min{l, sup p(a(t),b(t)}.
=1 te[0,j]

If, in addition, Z is a vector space, Cy(R,;Z) ={he€ C(R,;Z): h(0) =0},
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e C,(R,;X) the space of weakly continuous functions from R, to a locally convex space X and we
equip it with the locally convex topology generated by the a family || - ||, , of pseudonorms defined
by

lallme = sup |p(a(t))l, meN, ¢eX,

te[0,m]
e { a symmetric C*-density on RY supported in the unit ball and we define

{m(x)=mig(mx),  xeR?,

o ¥= CW(R+, ) X CW(R+: loc)

e capital bold scripts the conic energy functions, i.e. if a measurable function F : R? x R" — R,
x €RY A >0and T > 0 are given then

d d
AT P

k=11=1

F?L,X,T(t) u, V) = J

B(x,T—At)
is defined for t € [0, %] and (u,v) € #,,.

Remark 2.1. The condition (2.1) is equivalent with the following: given R > 0, there exists T > 0
such that the cylinder {(t,x) € R, xR : t € [0,R], |x|ga <R} is contained in a centered backward
cone {(t,x) R, X RY : |x| + tA; < T} where

Ar= sup [la(w)|2. (2.3)

weB(0,T)

3 Spatially homogeneous Wiener process

Given a stochastic basis (€2, Z, (Z;);>0,P), an #’-valued process W = (W, ), is called a spatially
homogeneous Wiener process with a spectral measure u that we assume to be positive, symmetric
and to satisfy u(R?) < oo throughout the paper, provided that

e Wy = (W,9),s, is a real (F,)-Wiener process, for every ¢ € .,
o W (ap +)=aW,(p)+ W,(y) almost surely for alla e R, t e R, and ¢,y € &,

o E{W 01 W, pa} = t{®1, P2) 12y forall t = 0and ¢y, 9, € 7.

Remark 3.1. “Spatial homogeneity” refers to the fact that the process W can be represented as a
centered (Z,)-adapted Gaussian random field (#/(t,x): t > 0,x € RY) so that

P [Wthf Lp(x)‘iﬁ(t,x)dx} =1, pes
Rd

and

E[#(t,x)#(s,y)] = min{t,s}[(x —y), 520, x,y€R?
where I' = (277:)_%,& is a bounded continuous function. The reader is referred to [[5]], [12]], [I36]] and
[37] for further details and examples of spatially homogeneous Wiener processes.
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Let us denote by H,, < &’ the reproducing kernel Hilbert space of the #’-valued random vector
W(1), see e.g. [11]]. Then W is an H ,-cylindrical Wiener process. Moreover, see [5] and [37], if

we denote by L(ZS)(]Rd, w) the subspace of L2(RY, u; C) consisting of all 1 such that 1) = Y (s), Where

Y(s)(-) =y (—), then we have the following result:

Proposition 3.2.
H, = {u: ¢ el ®%,m},
(@L’M, @)HM = f w(x)W(x)dH(x), 1,[’:90 EL(ZS)(Rd).U')-
Rd
The following lemma states that, under some assumptions, H,, is a function space and that multi-

plication operators are Hilbert-Schmidt from H,, to L? (see [30] for a proof). In that case, we can
calculate the Hilbert-Schmidt norm explicitly.

Lemma 3.3. Assume that u(R?) < co. Then the reproducing kernel Hilbert space H u 1s continuously
embedded in Cb(Rd ), the multiplication operator my = {H, > & — g-& € L%(D)} is Hilbert-Schmidt
and there exists a constant ¢ such that

Imell a1, 1200y) = €ligllz2m) (3.1

whenever D € R? is Borel and g € L*(D).

Remark 3.4. A stochastic integral with respect to a spatially homogeneous Wiener process is under-
stood in the classical way, see e.g. [11]], [136] or [37].

4 Solution

Definition 4.1. Let f1,...,f¢ : R? x R" — R™" be Borel matrix-valued functions, let f+1 gd+1 .
RY x R — R™ be Borel functions, u a given finite spectral measure on RY, (Q, Z,(Z,),P) a completely
filtered probability space with a spatially homogeneous (Z,)-Wiener process W with spectral measure
u. An (Z,)-adapted process z = (u,v) with weakly continuous paths in 7, is a solution of

where, for (x,y,2) = (X,¥,2,...,24) € R x R" x ]_[?:O R",

d d
fOLy2) =D flle s+ F 0y, g ym) =D 8 0n )5+ ny) (4D
i=0 i=0

provided that

T
P U {117 Cous),v(5), Tt rgayy + g u(s), v(6), Vol fds| =1 4.2)
0
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holds for every T > 0 and

(u(t), ) = (u(0),¢)+ V(S) p)d (4.3)

(v(),p) = (v(0),¢ +J (u(s), o ¢) d8+f (fCu(s),v(s), Vyu(s)), @) ds

+ J(g(-,u(S),V(S),Vu(S))dVVs,<P)
0

holds for every t > 0 a.s. whenever ¢ € 9.

Remark 4.2. The assumption (4.2) guarantees existence of integrals in (4.3). Let us verify the
convergence of the stochastic integral in . For, let us denote p = g(-,u, v, Vu), let §; @ be
an ONB in H,, (i.e. by Proposition (3.2} (v J) isan ONB in L )(Rd, u)) and let T > 0 be such that the
support of ¢ is contained in By. Then

) Moy = 2, |(PE)Es )
J

= 20y

J

= (2n)™ f
Rd

<

2

e ) (p(s, %), () gt ;(x) dx u(dy)
R4

2
u(dy)

f e ) (p(s,x), (x))gn dx
Rd

2
Llsco

(p(s,x), 0)gn

where ¢, = (21) 4 u(R?) and, by li fot [|E — (p(s)E, cp)lIx (B ds < oo forall t > 0 a.s. Hence,
the stochastic integral in (4.3) is well defined e.g. by [11]].

5 The main result

Assume that
) fl,gl :REXR" - R™" i e{0,...,d},
11) fd-‘rl,gd-i-l . ]Rd X Rn — Rn’
iii) F:RY xR" >R,

are measurable functions, k € R, (a,r),r>o are real numbers such that limg_,,, a,r = 0 for every
r >0, and, forevery y e R", r >0and R > 0,

iv) F(w,-) € CH(RM),

v) fiw,-),g'(w,")eC(RM),ie{0,...,d +1}
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vi) [fO0w, )1 +1g°(w, y)I* <x,

vii)
|| Frm | 1 ghw, ) \ [
a z(w) : +[a"2(w) : <K,
== Frw, ) J ghw.y) J |

Vviii) )gdﬂ(w,y)|2 + {VyF(w,y) —i—fdﬂ(w,y)|2 <kF(w,y),

ix) [f(w,y)| < kF(w,y),

0 Lirngyzrlf W I < agF(w, y),

i) [|Fax(+s Il 1(8,) < 00 where

Frax(x,7) = sup F(x,y) (5.1

lyl<r
hold for almost every w € R9.

Theorem 5.1 (Existence). Let u be a finite spectral measure and let © be a Borel probability measure
on 44, such that

©{(u,v) :€ Ao : [|Finax(-, ()l + Dliprgy <0} =1,  r>0. (5.2)

Then there exists a completely filtered stochastic basis (Q, % ,(Z,),P) with a spatially homogeneous
(Z.)-Wiener process W with spectral measure u and an (Z,)-adapted process z = (u,v) with weakly
continuous paths in #4,. which is a solution of the equation (1.1)) in the sense of Definition and
P[2(0) € A] = ©(A) for every A€ B(H,.)-

Theorem 5.2 (Energy estimate). Let u, ©, k and (Q, Z,(Z,),P, W, z) be the same as in Theorem
let hold and let & € R,. Let G : RY x R® — R, be a measurable function such that

e G(w,") e C{(RMY),
o [gT(w, P +1V,G(w,y) + f(w, y)I* < KG(w,y), y €R™
hold for almost every w € R? and let
©{(w,v) :€ Ay : [Gmax (s [uC + Dy <oo}=1,  r>0
where

Gmax(W: T') = sup G(W: }’), r>0.

lyl<r

Then there exists a constant p € R, depending only on the numbers u(R?) and max {x, %} such that,
given x € Rd, T >0,

A> sup [law)lz, (5.3)
weB(x,T)

a non-decreasing function L € C(R,) N C?(0, 00) such that

rL'(r)+ r?max{L”(r),0} < KL(r), r>0, (5.4)
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the estimate

E {1A(z(0)) sup L(G(r,z(r)))} < 4eP'E {1,(2(0))L(G(0,2(0)))} (5.5)
rel0,t]

holds with the convention 0 - co = O for every A€ B(#,.) and t € [0,T/A] where G = G, , 7 is the

conic energy function for G defined as in (2.2).

Remark 5.3. Let us observe that Theorem is a sort of extension of Theorem that claims
that the particular solution constructed in Theorem satisfies the infinite number of qualitative
properties (i.e. given whichever entries G, L etc.) in Theorem We however cannot exclude, at
this moment, the possibility of existence of a weak solution of for which is not satisfied.

5.1 Examples

Example 5.4 (Local space). Let a € (—00,2), let a;,b; : RI*! — R, i € {0,...,d} be bounded
measurable functions continuous in the last variable, let A: RY — R, B : R“*! — R be measurable
functions such that B is continuous in the last variable, let B> < pA for some p > 0, let A be locally
integrable, let

p+1 a a .
0<p, 0=g=——, Fisg5, rn=sg i€{l...d}

let © be a Borel probability measure on 5, such that

f AGO)|u()PH dx < oo, r>0
B,

holds for ©-almost every (u,v) € #4,. and let u be a finite spectral measure. Then the equation

" d 6, du p—1
e = (L IxDBu+ | ao(x,w + Y1+ ey, w o= —AGulud

i=1 t

} w (5.6)

has a weak solution z = (u,v) with weakly #,.-continuous paths, with the initial distribution ©
and

d
du
+ [bo(x,u)uf+2(1+|x|)%'bi(x,u -
i=1 t

sup J AGOu(t, x, )P dx < oo, r>0 (5.7)
te[0,r] JB

r

holds a.s. where W is a spatially homogeneous Wiener process with spectral measure u. It is

straightforward to verify that the hypotheses i) - xi) at the beginning of Section |5/ hold if we put
F(x,y)zA(x)(li;lJrl +1) and a, g = Sup,sgt (t +1) L
Example 5.5 (Global space). The equation

d
Uy, = Au—i—ao(x,u)ut—i—Z:ai(x,u)uxi—qulp_1
i=1

+ | bolx,wu, + Z b; (x, u)uy, + bgiq (o, u)|ul? W (5.8)
i=1
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is a particular case of (5.6) with a = 3; =y; =0,A=1 and B = by, so we know, by Example
which we develop here further, that if a;, b; : R SR, i €{0,...,d + 1} are bounded measurable
functions continuous in the last variable,

© is a Borel probability measure on # such that u € LP*! holds for ©-almost every (u,v) € # and
u is a finite spectral measure, that the equation (5.8) has a weak solution z = (u,v) with weakly
HG,c.-continuous paths, with the initial distribution ©® and W is a spatially homogeneous Wiener
process with spectral measure u. Notwithstanding, the estimate (5.7) can be further strengthened
to

sup  (llz(Ollse + llu(t)llp+1) < oo, r>0, a.s. (5.9)

te[0,r]

by applying Theorem on the function G(x,y) = |y[P**/(p+ 1)+ |y|?/2, L(x) = x and A = 1
(which satisfy the assumptions of Section [5). In particular, paths of the solution z are not only
weakly #,.-continuous, but weakly 5-continuous a.s.

Proof. The assumptions of Theorem are satisfied by a direct verification so if we define
Hp={(u,v) € # : [[(w,v)ll ¢ + llullpps» <R},  R>0

then, for a fixed p > 0 independent of z, R and T,

2 p+1 2 p+1
E 1 (+(0))sup ll2(rlI3, . ||U(r)||Lp+1(BT7[) 4Pt 1(w, VI3, N ||u||Lp+1(BT)
RS 2 p+1 B m| 2 ptl
- 4 ot Rz + Rp+1 C
et | — =:
- 2 p+1 LR
holds for every T > 0 and t € [0, T) by Theorem|[5.2] Letting T — 0o, we obtain
+1
Iz, I
E1l 0 + <cC
He (2( ))Srlélf [ 2 bt <Cir
by the Fatou lemma. Thus
+1
lz(r)I12, a5
P | 14.(2(0))su + <00, R>0|=1
|:HR(())r§ItD|: D) p+1
whence we get (5.9). O

6 Guideline through the paper

The present work generalizes the state of art in the five directions mentioned in the Introduction.
Let us, though, illustrate the progress with respect to the most related paper [29]] on the example of
the equation

Uy = Au+ f(u)+ g(w)dw (6.1)
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in the global space WH2(R9) @ L2(R?). Here, the nonnegative function F is just the potential of
—f,i.e. f+ VF =0 (provided it exists) and its purpose is to control the growth of the norm of
the solutions in the energy space - see the apriori estimates and which generalize the
conservation of energy law in the theory of deterministic wave equations (see e.g. [38]).

If the equation (6.1)) is scalar, existence of a weak solution of (6.1) was proved, independently of
the dimension d, in [29] provided that, roughly speaking, f and g are continuous, the primitive
function F to —f is positive and

2
If (O] + [g(t)] “o

|t|1—r>noo F(t) ’ (6.2)

i.e. only the case of subcritically growing polynomial nonlinearities ¢ < (p + 1)/2 was covered
for the equation (cf. the hypothesis (1.3)). The condition (6.2) was induced in [29] by the
method of proof in global spaces and it was not surprising because it just accompanied the Strauss
hypothesis lim|;|_, |f(t)[/F(t) = 0 on the drift in the deterministic equation (see [44]) by the
expected hypothesis limj;|_,q | g(t)|?/F(t) = 0 on the diffusion. However, the subtle arguments in
Sectionbased on the local nature of the equation show that mere eventual boundedness of |g|?/F
is sufficient for the proofs to go through and, consequently, the critical case g = (p + 1)/2 for the
equation ([1.2) is covered.

The proofs of both Theorem and Theorem are based on a refined stochastic compactness
method (adapted from [[17]) which consists in the following: a sequence of solutions of suitably
constructed approximating equations is shown to be tight in the path space of weakly continuous
vector-valued functions & = C,, (R, Wlﬁcz) x C,(R,, leoc)' This space is not metrizable hence the
Jakubowski-Skorokhod theorem [21]] is applied (instead of the Skorokhod representation theorem)
to model the Prokhorov weak convergence of laws as an almost sure convergence of processes on a
fixed probability space to a limit process which is, eventually, proved to be the desired weak solution.
Apart from the Jakubowski-Skorokhod theorem, another novelty of the method relies in the fact that
the identification of the limit process with the solution is not done via a martingale representation
theorem (which is not available in our setting anyway) but by a few tricks with quadratic variations

(see Sections[9]and [10)).

Let us briefly comment on the structure of the proofs: The stochastic Cauchy problem is
first reduced (by a localization in Section to the global Hilbert space W12(R?)@® L%(R?) where an
apriori estimate (8.4) independent of the localization is proved. The stochastic compactness method
is then applied in two steps:

First, existence of a weak solution with W 2(R?)@ L?(RY)-continuous paths is established in Section
EI for sub-linearly growing Lipschitz functions f = (f!), g = (g') using the apriori estimate (8.4),
where the nonlinearities are simply mollified by smooth densities. This step is not trivial since the
Nemytski operators associated to f and g are not “locally Lipschitz” on the state space W12(R%) @
L2(RY) - yet, the stochastic compactness method is employed in its standard form (see e.g. [2], [17]
or [29]).

Subsequently, a refined apriori estimate adapted to finely approximated nonlinearities is
established in Section 10| and the full strength of the stochastic compactness method based on the
Jakubowski-Skorokhod theorem is carried out in Section[11]which is also the core of the paper. The
technicalities are caused mainly by the local space setting of the problem. Finally, Theorem is
proved collaterally in Section
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7 Localization of the operator .o/

Our differential operator .o must be localized first in order general theorems on generating C,-
semigroups can be applied. For, let us define the C!-function h : R — [0,1] by

h(t)=1, te(—oo,1], h(t)=(2t-1)(t—-2)%, te]l1,2], h(t)=0, te€[2,00),

¢™(x) :=h(|x|/m)x, xeRY, meN. (7.1
We may verify quite easily that ¢™ is diffeomorphic on {x : |x| < 11+1{} and also on {x : 11+1%/?7 <

|x| < 2} hence the set B,,, N [¢™ € C] is negligible for the Lebesgue measure whenever so is
C € B(R?Y), hence ao ¢p™ is uniformly continuous on R¢, belongs to W *(R?) where

5<a°¢’”)_132m2—<¢m) "51, jefl,....d}, meN

ox; ax X;

and if we define

. d d g5 N
o :ZZaxi (ajjo¢ )E , meN (7.2)

J
then we have the following result which concerns a realization of the differential operator .e#™ in L2

on the Sobolev space W22, states its funcional-analytic properties and allows to introduce a matrix
infinitesimal generator of a wave Cy-group.

Proposition 7.1. For m €N, it holds that
e the operator ./™ with Dom .o/™ = W22 is uniformly elliptic, selfadjoint and negative on L,

Dom (I — Vafm)% = W2 with equivalence of the graph norm and the W2-norm,

the graph norm on Dom .&¢/™ is equivalent with the W22-norm,

the operator

0 I
9" = ( o™ 0 ), Dom ¥™ = W22 g w12
generates a Cy-group (S{") on the space wh2e L2

the graph norm on Dom %™ is equivalent with the W22 & W 2-norm.

Proof. The operator .™ is selfadjoint e.g. by a consequence of Theorem 4 in Section 1.6 in [24],

the operator
I
(i 3)

is skew-adjoint in Dom(I — .o m)% @ L? hence generates a unitary Cy-group by the Stone theorem
(see e.g. Theorem 10.8 in Chapter 1.10 in [|34]). The operator

(7o)
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is bounded on Dom(I — .« m)% ® L2 so Y™ generates a C,-group by Theorem 1.1 in Chapter 3.1 in
[134].

The equivalence of the graph norm on Dom .¢#™ with the W22-norm follows from Theorem 5 in
Section 1.6 in [24]. O

We close this section by introducing the localized conic energy function relative to F and to the
operator .#™ analogously to (2.2). Toward this end, given x € R, T > 0, A > 0 and a measurable
function F : R? x R" — R, we define

Fm,l,x,T(t: u, V) = f

B(x,T—At)

d d
{%ZZ(akz o¢p™) <”xkf”xl >]R” + %lvlén + F(y, u)} dy (7.3)

k=11=1

for t € [0, %] and (u,v) € #,,.

Remark 7.2. Observe that the integrand in (7.3)) coincides with the integrand of (2.2) on the cen-
tered ball B,,, hence the localized conic energy function F,, ; , r relative to F and to the operator
/™ is really a “localization” of the conic energy function F, , r relative to F and to the operator .¢/.

8 Alocal energy inequality

In this technical section we shall establish a backward cone energy estimate that, on one hand,
makes it possible to find uniform bounds for a suitable approximating sequences of processes that
will later on yield a solution by invoking a compactness argument, and on the other hand, imply
finite propagation property of solutions of (1.1)).

Proposition 8.1. Let m €N, T > 0, let U be a separable Hilbert space and W a U-cylindrical Wiener
process. Let a and f3 be progressively measurable processes with values in L2 and %,(U, L?) respectively
such that

T
P [ f {2 + 1BGI, 12} ds < oo] =1 8.1
0
Assume that z = (u,v) is an adapted process with continuous paths in 5 such that
t
<u(t)) (p)LZ = (u(o)a (p>L2 + f <V(S), (P)LZ dS (8-2)
Ot t t
(), )z = (v(0), )2 +J (u(s), #™p)2ds +J {als), ¢)p2ds +f (B(s)dW,, @) 12
0 0 0

holds a.s. for every t > 0 and every o € 9. Assume that F : RY x R" — R, is such that

(@) F(w,-) € CY(R") for every w € RY,
(b) F(-,y) measurable for every y € R"
(c¢) and
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{F(w,y) |V, E(w, )|

w|l<ryeR"} < oo, r>0.
et MEDY }

Fix x € R4 and A so that .
A= sup [la(¢™(w))ll>

weB(x,T)

where ¢™ was defined in (7.1), and consider the conic energy function F = F,, ; . r for F (see (7.3)).
Assume also that a nondecreasing function L : R, — R is of C?-class on [0, 00) and put

1 /7 2 1 / 2
V(tz) = SLF(2)) D (v B(0er) fagpge, ey + 5 L L DIBOIL, 4 paier—roy
l
+ L(F(t,2)(v, Vo FCu) + alt) p2gpca, 720y 8.3)

for t € [0, 1] and z = (u,v) € # where (¢;) is any ONB in U. Then

t

L(F(t,z(t))) < L(F(r,z(r)))+j V(s,z(s))ds

t
+ J L'(F(s,2())(v(s), B(s)dW,) 2, T-25)) 8.4)
-
is satisfied for every 0 <r <t < % almost surely.

Proof. By density, (8.2) holds for every ¢ € W22 and if we test with ¢ = £2(¢ — .#™) 21 for € > 0
and v € L? then

u(t)

u.(0)+ J v.(s)ds
0

ve(t) Vs(0)+f [ ™ue(s) + ae(s)] d5+J Be(s) dW;
0 0

holds for every t > 0 a.s. where

2(e— g™ %y, v,= eXe— ™) 2y, z

u€: € (u€?v€)
a,= ee—d™ %, BE= ee—g™PE], € U

m |l

and the integrals converge in Dom .¢#™ = W22 whose norms are equivalent by Proposition If
F/:RY x R" — R, satisfies

i) Fi(w,y) =0 for every w € R? and |y| > j,
ii) Fi(w,-) e C®(R") for every w € R?,

iii) sup {lD}’,Fj(w,y)l Nzl <rye R”} < oo for every multiindex y and r > 0
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then

F=F

s €CP([0,T/A] x W2 @ W>?)

as
lelliz@ney.y < 2lell2lVell, @ ewh?

holds for every y € R? and r > 0. We may thus apply the Ito formula (see [11]]) on L(F/(z,)) to
obtain

L(F(t,2.(t)) — L(F/ (1,2,(r))) =
- lf L'(F (5,2 (SODIF C, ue ()N 11 ome.r—2sy) 45
L3 ] 9u(s) du,(s)
>33 fauod )< e, o >Rn
- &ftL’(Fj(sz(s)))”v ®|; ds
2 . et € L2%(8B(x,T—2s))

ot o d d ] Oug(s) ve(s)
r L(F](S,Zg(s))){L 2.2 (@iod )< dx; ° xy >R” “

(x, T—2As) i=1 k=1

ds
LY(@B(x,T—2s))

At )
- EJ L'(F/(s,2(5)))

_+_
[

[t . .
LB (s, 2 (D) { (Ve(5), ™10, (5) + €0 5) + VU1 2 gy} 05

('t

_|_
[ S—

L'(F/(s,2.(s))) { (ve(s), ﬁg(s)dvvs>L2(B(X,T—7\S))} ds

r

t
+ E f L/(Fj(s)Zs(s)))nﬁe(s)||;2(U)L2(B(X,T_7Ls)) dS
r

+
_ e

1 S
+ 5 zz: fr L' (FI(s,2,(5)) (ve(s), Be()er) faaia.r—nsyy 45 (8.5)

for every 0 < r < t < T a.s. We may, in fact, find the functions F/ satisfying i)-iii) even so that

iv) F/(w,-) — F(w,-) uniformly on compacts in R", for every w € RY,

v) V,F iw,)— V, F(w,-) uniformly on compacts in R", for every w € R,

vi) and
su {Fj(w,y) |vaj(W’y)} wl<ryeR'je N} < 00, r>0.
1+]|yl? 1+1yl
Thus
lim;_, o, F/(t,2,(t, w)) = F(t,2,.(t, w)), te[0,T/A],

sup {Fj(t,zg(t, w)):te[0,T/A],je N} < 00,
hm]—>oo ||va](, u&‘(ta (JJ)) - va(') ue‘(t: C‘)))||L2(B(X,T—7Lt) =0, te [O: T/A])
sup {19, FC (6 oDl aten e - £ € 10, T/20j € N} < o0
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for every w € Q. Moreover, by the Gauss theorem,

o o g {2 2%:) .
L(X,T—ls) [ZZ(aiko¢ )< axi ’ 3xk >Rn+<v6(s)’ﬂ uE(s))R" ds

i=1 k=1

d d
ou.\ Y — X
X[ o) Bt
dB(x,T—2As) Xi [ gn —AS

i=1 k=1

1
n 2
f Vel {Zu(aowwgnz] dy
3B(x,T—2s)

<
=1
1
n 1 2
< 2 f vl [Zn(azowmgnz} dy
IB(x,T—As) =1
1
d d 2
du, 9du,
. AJ |57 a0 ¢m)< > dy
OB(x,T—As) ;Z dx;” Ixi
d d
du, Ju,
< ||V ”Lz(aB(xT As)) E ZZ(aiko¢m)<5: 8_)('k> . (86)
i=1 k=1 L R L1(aBx,T—25))
so, after applying and letting j — oo in (8.5)),
L(F(t,2,())) — L(F(r,2,(r))) <
t
+ f LG, 2 (5 { (76090, €6 (5) + V, FCo (D)) o rnyy } 45
)
t
+ f L/(F(S,ZS(S))){<V€(5), ﬁs(s)dI/VS>L2(B(x,T—ls))} ds
1
+ 5 L(F(sz(s)))nﬁg(s)||gw(3(” 2o 45
1
+ 52 f L"(B(s,2:(5))) (Ve (5), Be($)er) T2(pe 72y 45 8.7)
1 r

forevery 0 < r <t < T a.s. by the Lebesgue dominated convergence theorem and the convergence
theorem for stochastic integrals (see e.g. Proposition 4.1 in [33]]).

Now, since
sup le%(e = /™) 2|42y < o0 and lim [le¥(e - ™) 29— gl =0, pel?,
e>1 -

there is

lim[ sup |[lz.(t, w) —2(t, w)llwregrz + sup  [F(t,2,(t, w)) —F(t,2(t, w))|
€700 | te[0,T/A] te[0,T/A]

sup {||z.(t, w)|lwr2gr2 + F(t,2.(t,w)): € >0,t € [0,T/A]} <00

for every w € Q so we get the result from (8.7) by the Lebesgue dominated convergence theorem
and a convergence result for stochastic integrals (e.g. Proposition 4.1 in [33]). O
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9 Linear growth + Global space case

We first prove existence of weak solutions for a localized equation with regular nonlinearities. The
proof is based on a compactness method: local energy estimates yield tightness of an approximating
sequence of solutions. This sequence converges, on another probability space, to a limit due to the
Jakubowski-Skorokhod theorem and finally, it is shown, that this limit is the desired weak solution
of the localized equation (9.1J).

Lemma 9.1. Let p be a finite spectral measure on R%, let m € N, let v be a Borel probability measure
supported in a ball in #, let f1,g' : R? x R" - R™" fori € {0,...,d}, f4*!, g+ : R x R" - R"
be measurable functions such that

sup {If\(w, Y+ Ig'w, Y)| : w| <1, y €R"i€{0,...,d}} < o0

d+1 d+1
w, + w,
sup e )l H g™ (v, )l w|<r,yeR"}; <oo,
1+]yl

iW, - iW)
sup{|f( y1) = f( }’2)|:|W|Sr’yl¢y26R",i€{0,...,d+1}}<00
ly1 = yal
iW, - iW:
p{|g( }lll) g(| yz)l:|W|S1’,)’17’53’2€Rn,i€{0,---7d+1}}<o°
Y1— X2

hold for every r > 0. Then there exists a completely filtered stochastic basis (Q, F,(Z,),P) with
a spatially homogeneous (Z,)-Wiener process W with the spectral measure u and an (Z,)-adapted
process z with continuous paths in € which is a solution of the equation

U = "dmu + ]'Bmf('a U, Uy, VU) + ]-Bmg(') u,uy, vu) W (91)

in the sense of Section[d|with the notation (4.1), (4.1, v is the law of 2(0) and B,, is the open centered
ball in R? with radius m.

The proof of Lemma [9.1| will be carried out in a sequence of lemmas. For, let us introduce the
mappings f : # — S and gy : £ — £,(H,, ) defined by

0
Selw.v) = le(f°(-,u)(:k*v)+2?=1fi(-,u)(¢k*uxl.)+fd+1(.,u))’

0
(wv) =1 d ¢, &€H,

& P\ g0 Wik )+ Sy g (L uy,) + g w) g
Lemma 9.2. For every k € N, there exists a completely filtered stochastic basis (%, ¥, PX) with a
spatially homogeneous (ﬂ'tk)-Wiener process W with spectral measure u and an (gf)-adapted process
zk = (uk, vF) with #¢-continuous paths such that v is the law of zX(0) under P* and

t t

2*(6) = SMz*(0) + J S;”_sfk(zk(s))ds—i-f S™ g (z"(s))dwk,  t>o.

0 0
Moreover, for every p € [2,00), there exists a constant K[(),lz) = Kl(ji,g, Fpvca such that
sup ||z*(s < , ,Le .
EX sup [N <K', kleN 9.2)

s€[0,]
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and, if ¢ € (1,00) and y > 0 are such that y + % < 1 then there exists a constant KCSZZ) =

2
K@

such that
L,m,y,q.f,g,a>™,cv

k[4,k (2)
E*||lv (t)”cr([oz] w-12) <K, k,l e N. (9.3)
Proof. The mappings f; : € — 5 and g : 5€ — %,(H,, 7¢) are Lipschitz on bounded sets and
have at most linear growth hence there exists a completely filtered stochastic basis (2, Z*, PX) with
a spatially homogeneous (gtk)-Wiener process Wk with spectral measure y and an (ﬁt")-adapted

process zX with #-continuous paths such that v is the law of zX(0) under P* and

t

25 () =s;“z’<(0)+J

0

t
ST fi(z"(s)) ds +f ST g(ZFGNAWS, 20
0

by e.g. [[11]] extended in the sense of Theorem 12.1 in Chapter V.2.12 in [39]] whose generalization
to SPDE is possible and can be proved in the same way as in [39]) since

(9™z,2) — || II? z € Dom 4™

Dom (I— M”)ZGBLZ - Dom (I-g™)2 @12

hence the square norm of the local solution szH
Dom (I— JZ,(m)Z ®L?
k

so z" is a global solution in the sense of . ) by the Chojnowska-Michalik theorem (see [9] or
Theorem 12 in [33]]).

By Proposition applied on T > 0, x = 0, I(r) = log(1 + rP) for p € [2,00), F(y) = |y|?/2,
1
Ao = sup,,egd ||a(¢™(w))l|2, with the notation Fr =F,, ; o and

1 d d
Foo(u,v)=5f {ZZ( a;0¢™) (u >Rn+|v|§n+|u|2n}dy,
Rd

cannot explode in finite time and

i=11=1
there is 1
L(F(t,25(£))) < L(F1(0,25(0))) + My (t) — 5 (Mri)(0)
— 1)Fy (s, 2¢
+ o f p(pl +12P (:(ZD(SDII k(s )”Lz(B NG uk(s), vE(s), Vu"(s))lle(B By ) 98

+ = f U(Fr(s, 2NN, u(8), v (), Vi (DT By zg0) 49
' J UG5, DIzl Glszgs, s
0

+ f (B (s, 25 NIVl 2ga,y lIF € (), 56D, Vi 6Dl g2, 08,
0

1
< Z(Foo(zk(o)))+MT,k(t)_£<MT,k>(t)
C1+F2(z(s) © 14 F(z(s))
+ KL 1+ F2(s,25(5)) ds+KJO L+ F .k
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for t € [0, T /2] by Lemma [3.3|where K depends only on p, ¢, m, a, g, f and

<vk(s), g(.’ uk(s), vk(s), vuk(S)) dvvsk>L2(BmﬂBT_zos)

- ¢ Fl;_l(s,zk(s))
MT,k(t)_pJ;) m

for t € [0,T/Ay]. Thus, letting T — 0o, we obtain
1
[(Fo(2(1))) < 1(Fo(2(0))) + My (£) — E(kat) + 2Kt

for t € R, by the Lebesgue dominated convergence theorem and a convergence result for stochastic
integrals (e.g. Proposition 4.1. in [133]) where

Mi(t) = fo t%<vk(s),g(-,uk(s),v"(s),Vu"(s))dm">Lz(Bm), tER,,
MW = p*Y JO t : - %p;((j 8))]2 (VH(52, £ (5 v (5, Tk (5))ey )y s
< e[ O ol et L,
< K, Lt [fi‘gp;((j((;)))]z (1+F (25 ()% ds <Kst, teR,.

Hence, applying the exponential on both sides, we get

sup F2(z5(t)) < eX'[1+F (2K(0))] sup eMO-zMIO  peR,

s€[0,t] se[0,¢]
SO
EX sup P2 (z(1)) < o {EWHF@O(zk(O))]Z}i{Ek sup eZMk<s)—<Mk><s>}2
s€[0,t] sef0,t]
< 2Ke*kt {]Ek eZMk(t)—<Mk>(t)}% < 2K16(2K+K73)t {Ek ezmk(t)—z(kar)}%
< 2Kle(21<+%3)t

by the Doob maximal inequality for martingales and the Novikov criterion, where

KZ=EF[1+F2 (z%(0))])* = J [1+F2 (2)]%dv < 0.
H

1
Since FZ, is an equivalent norm on #, we have proved |l
Next, by the Chojnowska-Michalik theorem (see [[9] or Theorem 12 in [33]])

t
Pk |:J uk(s)ds Dom,vzfmi| =1, teR,
0
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and

t

V(D) = vH0)+ ﬂmf

0
V() = vR0)+ .M () + Ip(6) + I5(1)

uk(s)ds + fk(z)(zk(s))ds+J g Pk (s) dwk 9.4)
0

almost surely for every t € R, where f, @ and g(z) are the second components of f; and gy,
respectively, and the integrals converge in L2 We get that

IV o ey S 4270 [EX VOIS +BX ™ L2 o i
S 1o 1Y RS o | Y O
< 427 [EF VO + cem B I I g g
+ 2 BN o FERILI ]
2 2
< Ca,)/,q,l,f,g,m (1 +Ek S:Eépt] ||Zk(5)||3g) < Kl( )
by the inequality (18) in the proof of Lemma 4 in [29] and (9.2). O

Lemma 9.3. The sequence of processes (zX) constructed in Lemma is tight in the space & =
Cu(Ry; loc)>< Cu(Ry; loc)

Proof. It holds, by the Chojnowska-Michalik theorem (see [9] or Theorem 12 in [33]]), that

t

uk(t)zuk(0)+f vE(s)ds, teR, (9.5)
0

almost surely where the integral converges in L2. So, if y € (0, 1) then

WMl vz < (X +1D) sup (125l -
se[0,]

Hence, if we fix € > 0, g € (1,00) and y > 0 such that y + é < % and we assume

1

PN
Cll>(2+l) ?(Kq K ) ,

there is
Pk [ sup ||k w2y + ||u* Mlerrozzey)) > al} <
s€[0,1]
a; 2+l
<P [Sup 12()l| 5 > } s( ) EX sup [|z%(s)|1% <—Z
s€[0.1] 2+1 q s€[0,1] 4
and

P* |: sup ”V (S)HLZ(BI) + “Vk(s)“CY( [0,11; W‘lz) > ali| S
s€[0,1]
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k k aQ k k q
< P sup 1Ol > 5 |+ I Ollogonms > 3 |
sel0,1] 2 T

2q
< (2)7 |2 s O B O s | < 5
the sets
¢, = {h €C, (R WD IRl Looco,swr 2,y T TRller o2y < al}
C = {h € Cy(Ry; L) = 1Al pooo,se28,0) + Ihllerepogm12) = az}
are such that C; x C, is compact in & by Corollaryand Pr[zkeC; xC]>1—¢. O

We may now proceed to the proof of Lemma Fixing an ONB (¢;) in H,, by the Jakubowski-

Skorokhod theorem applied to the & x Cy(R,; RY™ H) valued sequence (25, (W(e))),)x, there
exists

a subsequence (k;), a probability space (2, #,P) with

C(R,; #)-valued random variables Z/, j € N,

a %-valued random variable Z,

Co(Ry; RY™ Hy).valued random variables B/, j € N and f3
such that

i) the law of (2%, (W¥i(e;)),) under PXi coincides with the law of (Z7, 87) under P on

B(C(Ry; 7)) ® B(Co(R,; RI™Ha))

ii) (z7,p’) converges in % x CO(]R+;]RdimHH) to (Z,5) on Q.

Remark 9.4. We point out for completeness that tightness of the sequence (zk, (Wk(el))l)k in & x
Co(Ry; RIMH) follows from Lemma and from the fact that all (W*(e;)), have the same Radon
law on the Polish space Co(R.; RY™ ) for every k € N. Consequently, the sequence (W (e;)); is
tight in Co(R_; RI™ Hu),

Remark 9.5. It should be also noted that the random variables Z/ are %-valued by the Jakubowski-
Skorokhod theorem. However, since z and Z/ have the same law on % and z" are C (Ry; H)-
valued, we conclude that Z/ may be assumed to be C(R.;#)-valued satisfying the property i)
above without loss of generality as C(R.; #) is a measurable subset of & by Corollary[A.2]

Lemma 9.6. If p € [2,00) then

E sup |Z7)% < K, jleN 9.6)
se[0,1]

E sup [ZGI < K, JleN 9.7)
s€0,] ’

where K;Ell) is the same constant as in .
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Proof. The mapping

2
C(Ry; #)—> R, :2— sup ||z(s)||;;
s€[0,1]

is continuous hence Borel measurable and so

j 2 . . 2 1 .
E sup [|Z/(s)I2 =E5 sup l2Ns)II% <K,  jleN
s€[0,l] se[0,1] ’

by the property i) and

E sup [|IZ(s)I%2 <liminfE sup [|Z/(s)II%2 <k'),  j,leN
se[0,1] J=0 sefo,1] P

by the Fatou lemma and the property ii).
Corollary 9.7. The process Z has weakly continuous paths in € a.s.

Lemma 9.8. It holds that

t

U(t):U(0)+f V(s)ds, teR,
0

almost surely where the integral converges in L2.

Proof. The mapping

t

C(Ry;#) = Rz = (u(t), ¢) — (u(0), ) — f (v(s), ) ds
0

is continuous hence Borel measurable for every ¢ € 2 and so

t

<Uf(t),<p>=<Uf(0),<p>+f (Vi(s),p)ds, teR,
0

holds almost surely for every j € N by the property i) and (9.5). Letting j — 0o, we get

t

{Ut), )= (U(O),SD)JrJ (V(s),p)ds, teR,
0

P-a.s. by the property ii). The result now follows from and density of 9 in L2.
If we define the complete filtration

Fr=0(0(2(s),B(s):s€[0,t])U{N € F : P(N)=0}), teR,
then the following results.

Lemma 9.9. The processes 1, 32, B3, ... are independent standard (%, )-Wiener processes.
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Proof. Let us consider the sequence (¢;) from Corqllary let0<s<t,JeEN,0<s;<---<5; <
s, let hy : (R2) x (RE™Hu) — [0,1] and hy : RY™Hr — [0, 1] be continuous functions and define

K= (65 00012) g cys Wy (@, (W (e )
= (6 00012) ey B0, B
2 = ((@61)01)12) ey B, BG))

for j € N. Then, for every j € N,

R
I

f X (W (e) = W, (e ))) P = J ho(X;) AP J ha (W, () — W () AP
ki j Qb

ki j
by PXi-independence of o((Wtkj (&) - Wskj (& ))5€Hu) and ﬂ'skj . So, by the property i),

E {ho(Z (B (6) = B/())} = Eho(Z)ER (B () - B(s)),  jEN
whence
E {ho(2)1(B(t) — B(s)} =Eho(Z)IEh(B(t) — B(5))
by the property ii) and we conclude that

E {151 (B(0) — B(s)} = P(EER, (B(0) — B(5))

holds for every F, € &, whenever s < t, i.e. o(f(t) — f(s)) is P-independent from &%,. Since
(BI(6) = BI(S).-.-. B(6) = B()) and (W, (1) — W, (ey), ..., W, " (e) — W (e,)) have the normal
centered distribution with covariance (t —s)I; for every j,l € N and 0 < s < t by the property i)
preceding Remark and the fact that W% are cylindrical Wiener processes on H .. by Section 3, we
conclude that (5;(t) — B:(s), ..., B;(t) — B;(s)) has the normal centered distribution with covariance
(t —s)I; as well, as B/ — f8 on Q by the property ii) preceding Remark The proof of Lemma
is thus complete. O

Corollary 9.10. Let (¢;) be the previously fixed ONB in H,,. Then the cylindrical process
W () =D B(O)E )y, EE€H, >0
1
is a spatially homogeneous (&,)-Wiener process with spectral measure U.
Lemma 9.11.

Proof. Fix ¢ € 9 and define the continuous operators

t

df:CR; #) > Riz = (v(t),0) = (v(0), ) — f [(w(), ™) + (P, ) | dr
0
TiCRy; #) o Rz — J (g2 (=(r))e;, ) dr
0

DK:C(R,; #)—R:z — ZJ (&2 (=(r)e;, 9)?dr
1 0
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where fk(z) and g](f) are the second components of f; and gy, respectively. Then, fixing 0 <s < t
and with the notation of the proof of Lemma

Eho(2;) {dff(zf) . dskf(Zj)} — BN hy(X)) {dff(zkf) . dskj(zkf)} =0 9.8)
Eho(2) {d}’ (2))B](t) - D (27) - & (2))6] () + D (2))} = 9.9)
=N ho (X)) {d;’ (W, (e) — D () — 4 W (e) + D (54) } =0
Eho(2) {(d(2)))? - DY (27) - (d(21))* + Dy (2))} = 9.10)
=B ho(X) { (4 (29002 = D (5 = (&7 (&"))? + DY () } = 0
by the property i) since, by (9.4),

t
di‘f(zkn:f gGENaWT,  ceRr,
0

is an L2(Q%)-integrable martingale in L2 by (9.2) and Lemma and the integrals (expectations)
in (9.8)-(9.10) converge by (9.2) and (9.6)). Since

. . kil . k; .
sup E ||, (2))]7 + 1Dy (2D + Dy (2] < o0
jeN

for every r e Ry, l € Nand q > 0 by (9.6), we get
Ehy(Z){d; —d;} =0

Eho(%){dtmt)—dsﬁl(s)— J (e e, o) dr} =0

Eho(%) {(df)z ~ (d,)? —Zf (@@ e ¢)’ dr} =0
1 S

by the property ii) where

t

de = (V(t),so)—W(O),SO)—J [(U(r), d™o) + (FP(2(r)), 0) ] dr

0
f(Z)(Z) = 1Bmf(" u,v, vu)
g(z)(z) = ]-Bmg(')u: v, vu)

In particular, the processes
_ ‘ (2) 2 . (2) 2
d, d-B— | (eP@r)e, o) dr, d®=>| (822 e, ) dr
0 1 Jo

are (Z,)-martingales hence the quadratic variation

<d - f <g<2>(2(r))dwr,<p>> =0
0
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and so

t t

(U, @™) + (FP(Z(r), ¢)] dr +f (6P dw,,¢).

0

(V(£), ) = (V(0), ) + J

0
Thus Z is a solution of (9.1). Moreover, by the Chojnowska-Michalik theorem (see [9] or Theorem
13 in [33]),

m t m 0 t m 0

holds a.s. for every t € R, , hence paths of Z are /#-continuous almost surely. O

10 General growth + Local space case

In this section, we use the existence result for the localized equation and mimic the com-
pactness method of the previous section based on the local energy estimates, tightness of an
approximating sequence of solutions, convergence to a limit on another probability space due
to the Jakubowski-Skorokhod theorem and final identification of the limit with a solution. The
construction-approximation procedure is, however, much more refined this time.

Lemma 10.1. Let k € R,. Then there exists a constant p € R, depending only on k and c (see
Section [2) such that the following holds: If f1, g’ : RY x R" — R™" for i € {0,...,d} and f9*+1, gd+1:
RY x R" — R" are measurable functions satisfying the assumptions of Lemma m €N, zis an
H-continuous solution of , L : R, — R, is a continuous nondecreasing function in C?(0,00)
satisfying with k, if T > 0 and x € R? satisfy B(x,T) C B,,, if F : RY x R" — R satisfies the
assumptions (a)-(c) in Proposition [8.1|and, for every y € R", there is

1FOw, YI*+1g%(w, y)I* <« (10.1)
n n X f]%((W;_V) 2 1 g}k(w,y)
a 2(w) : +|a 2(w) : <k (10.2)
JZ] k=1 f](]i(wy .V) ]Rd g;lk(wa }’) ]Rd
g (w, YIIP+ |V, Fw, y) + f4 (w, y)I* < kF(w, y) (10.3)

for a.e. w € B(x, T), if A satisfies and F = F, , 1 is the conic energy function for F defined as in
then

E { 1y, sup L(F(r,z(r)))} < 4e'E {10, L(F(0,20))} (10.4)
rel0,t]
holds for every t € [0, T /A] and every Q, € Z,.

Proof. Define I.(r) = log(e + L(e + 1)) for r € Ry and ¢ > 0, put e(t) = Fp,; , r(t,2(t)) for
t € [0, T/A] and write shortly

f(z)=f(,u,v,Vu), g(z)=g(-,u,v,Vu) for z=(u,v) € #4,,.
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Then, by Proposition|[8.1]
L(e(t)) = L(e(0))+M,(t)— ( &) ()
L"(e+
* —Z f - +f(£ f“())))<v(s),g(z(s))e»;w(xf_m ds
L'(e +e(s))
+ —Z J pry ey [GCON NIRRT

Jf L'(e+e(s))
0

+ e+ L(e+e(s))

(v(s), Vy F(,u(s)) + f (2(s))) 12B(x, T-25)) dS

S L)+ PO+ M)~ (MO, 1 0,T/2]

almost surely by (8.4) and Lernrnawhere p(x) = (12¢*k + 4Kk + 1)k and

M= [ Letres) daw, 0,T/2
(t)= . m(v(ﬂ,g@(s)) ) L2(B(x,T—5)) t€[0,T/A]

as, for every s € [0, T/A],

2 0 2 d+1 2
8GN r—2sy = 3ls ("“(s))v(3)||L2(B(x,T—As))+3Hg ("”(S))HLZ(B(X,T—AS))
2

< 12ke(s)
L2(B(x,T—2s))

d
31> gt uls )y (s)
i=1

and, analogously,
2
|9, FCou) + £ GO [fapnrneyy S 12560
Hence, almost surely,

Le +e(t)) < eP™ [+ L(e + e(0))] eMe(O=2 MO t €[0,T/A].

Since

L
(t)—Z f [H(Ls(:j(:())))} V5D, 8 N)er g gy s < 246670, €€ [0,T/2],

there is
E sup {1900[6(0)<5]L(8+e(s))} < PR sup Y11(s) (10.5)
se[o, s€l0,t]
< MR sup [Y11(s)]?

se[o,t] 272

4ePIE [Y; 1 (0717

IA

— 4ep(K)tE {Y (t)€4 (t)}
gelox’c 4oty Yy 4(t)
_ gelo g {1gynie(0)=s [€ + L(z + (O]}

IA
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by the Doob maximal inequality for submartingales where

ﬁz
Y, 5(6) = 1o nre(0)<s) L€ + L€ +(0))]% fMO= 5 MO ¢ e 0, T]

is a martingale for every a, 8 > 0 by the Novikov criterion. Now, we get the claim by letting £ | O
(Fatou’s lemma on the left hand side and Lebesgue’s dominated convergence theorem on the right
hand side) and & 1 co (Levi’s theorem on the left hand side) in (10.5). O

With the notation A; defined in (2.3)), given r > 0, let T, be the smallest radius of the base of a
backward cone
{(t,x)eR, xR x|+ tAp < T}

that contains (houses) the cylinder [0, ] x B, and, given m € N, let r,, be the radius of the largest
cylinder [0, ] x B, for which the radius of the housing backward cone

{(t,x) Ry xR : |x| + tAp <T,}

is not larger than m, i.e. T, < m. We can define these radii by

Trzinf{T>0: >r}, rm=sup{r>0:T, <m}. (10.6)

1+Ar
Remark 10.2. Observe that T, < oo for every r > 0 and r,,, € (0, m] satisfy r,, T oo by (2.1).

Given r > 0, let use define extension operators

Erp(x)= (x), x| <r
Erp(x)= —n,(x)e(2:(x)), |x[>r

2d
E;p(x) =v(x) - Wnr(g’r(X))w(g’r(X)), 0<|x[<r

(10.7)

for ¢ : B, — R" and v : R? — R" where 1), (x) = n(x/r) and 7 is a smooth [0, 1]-valued function
such that n(x) =1 if |x| <1 and n(x) = 0 if |x| > 2 and 2.(x) = r?|x|2x.

Lemma 10.3. For every p € [1,00], the operator
e E, maps LP(B,) continuously to LP(R®),
e E” maps LP (RY) continuously to LP(B,),

e E’ maps WL2(RY) continuously to WO1 ’Z(Br),

1
WE N ocirs,) ey + E: N 2e,r,)) < Caps ||E:<”—<5(W1,2’W01’2(Br)) <c¢q (1 + ;)

and

J (E. 0, ) gn dx=f <<,0,E:‘1p>Rn dx
R4

B,

hold for every ¢ € LP(B,), ¢ € LY(R?) whenever p,q € [1, 00] are Holder conjugate exponents.
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Lemma 10.4. Let k € R,, R>0, 6 >0, d, = [%] +1, vy >0, pe(1,00)such that }f—lr% < %
Then there exists a constant p € R, depending only on R, d, p, k, o, 6, y and ¢ (see Section 2] and
) such that the following holds. If f{, g : R x R" — R™" and f9*1, gd*1 : R4 x R" — R" are
measurable functions satisfying the assumptions of Lemma (9.1, m € N, z is an #-continuous solution
of , F :RY x R" — R, satisfies the assumptions (a)-(c) in Proposition and, for every y € R",

the inequalities - l hold for a.e. w € By, . If, for every y € R",
IF9 (w, y)| < kF(w,y)  forae. we B, AR (10.8)

and F, =F,_ o is the conic energy function defined as in for the function F then

p ~
E {I[FrmAR(O,z(O))Sé] IE, v(-A rm)”CY([O’R]’W};d*,Z)} <p

where the space W;d*’z is defined in Appendix@

Proof. There is

Iy hllyy oo <cilllliz, 0 heLd,
IEr, hllg-a.2 = callhlia, 0, he Ly, (10.9)
2,2
||Ermﬂmh||§v 0.2 < c2Q, ar(h,h), heW.”
where
C1 = 1, Co = || g ”,‘Z(Wd*’z,L‘x’)) C3 = A‘R
ifR<r,
€= ||Er||_g(L2(B,),L2), Cr = | < ”_ﬂf(Wd*’Z,L‘x’)”E;knﬁf’(L“,L‘”(Br)): 3= Ar||Ef||$(w1’2;wg’2(Br))
if R>r and

d d 1 2
oh' oh
QS(hl’hZ): f a;; <—,—> dw.
; JZZI Bs axi 3 Xj RA
Observe that max {c;, ¢9, c3} can be dominated by a constant ¢ that depends only on d, R and r, by

Lemma Let us prove just the third inequality in case R > r as the other cases are straightfor-
d,,2
ward. For let ¢ € W, Then

g = [ (Ermhgedw= [ (bt} dw
R

B,

Zd:ij[a{ <3hw>} <ah a¢>]d
= —A<a;{—, —a; ( —,— w
i=1 j=1JB, 3x1 H axi R H 3xi axi R™
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where ) =Efp € W01’2(Br) by Lemmam So

1
(B ™ 0) | < 2QE (W)l llyags

1
S ArQr% (h, h)HE;‘k”iﬂ(Wl2,W012(Br))||(’0||wl2
< allellyae.
If we define the processes
t
L(t)= v(0), L(t)= [, u(s)ds,

t t
I()= [ 15, f(205), Vu(s))ds, I,(t)= [ 15, g(-2(s), Vu(s))dW,
where the integral I, converges in W12 and the integrals I5, I, converge in L2 then
P[I,(t)eW?? =1, P[v(t)=1(t)+.™L,(t) +I3(t) + 1,(t)] =1, teR,

by the Chojnowska-Michalik theorem (see [9] or Theorem 13 in [33]). Since E. o .&/™ can be
extended to a linear continuous operator from W2 to W};d*’z by |l ,

E, v(t)=E, Li(t)+E, o"I,(t)+E, I3(t)+E, I4(t), teR,

. —d,2 .
in W, """ a.s. Since

d
1o, Vu(ONs, o = R || FOCuME)+ D FCoule)uy, ()
i=1

LZ(Brm/\R)

+ I,
1
< RE(1+22)K3F o (6,2(0)) +KF, aa(t,2(1))
= CRr,dx [1 + FrmAR(t:z(t))]
<

180,200, Vu(O)Zy, S 12KF, rr(6,2(0))
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holds for every t € [0, r,, AR], we get, using (10.9),

1 1
1Es il crtor mytosy S ctlvOllizg, o S22 sup  Fp a(e,z(0),
mem t€[0,rpAR]

%mAR (J. ubyan, [ u(bydb)

E, ™I 42y < ¢c3(1+R su
I, ZHCY([O’”"AR]’WRd R o )O§s<t§prm/\R (t—s)"
P 1
J, Q2 \g(u(b),u(b))db
< ¢3(1+R") sup
0<s<t<r,AR (t—s)
1
< ¢(1+RNDRYT  sup F2 o(t,2(t))
te[0,rmARy]
I Bl oty S HRIRT sup G20, V(s
,r
< CR,d,K,’)/[]‘+ sup Frm/\R(t;Z(t))]
te[0,r,,AR]

p p
E {190||ErmI4||CY([O,I‘m/\R],W};d*’2)} S C]_E {IQO||I4||CY([0;rm/\R]’L2(Brm/\R))}

rm/AR
S Cd,p,)/,R]E { ]-QO fo ||g() z, vu)||;2(HwL2(Brm/\R)) dS}
rm/AR
< egpnE { 1o, L IgCn, Vol ds}
<

P
(12K)12)chcd’p’y’RE{lﬂo sup FfmAR(t,z(t))}

te[0,r,AR]

where Qy = [F, Az(0,2(0)) < o], the estimate of I, follows from the Garsia-Rodemich-Rumsey
lemma [[16]], the Burkholder inequality (see e.g. [33]]) and Lemma [3.3] Altogether,

E{1 E, v| <
{ (8, (@281 Er, VI, (o teay [ S CaRroenpins

by the inequality (10.4)). O]

11 Compactness

The present section is the actual core of the paper. We list all preliminary results and assumptions
prepared and discussed in previous parts of the paper (Section[11.I)) and then we carry out, in a few
steps, the refined stochastic compactness method as indicated in Section [6] That is to say, we prove
tightness of a sequence of solutions of approximating equations (Section[11.2)), then we verify the
assumptions of the Jakubowski-Skorokhod theorem and prove that the limit process yielded by
this theorem is the solution of claimed in Theorem (Sections -[11.8), whereas the
proof of Theorem [5.2]is given simultaneously in Section[11.6]
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11.1 Assumptions

Let
i)
ii)

iii)

iv)

v)

Vi)

Vii)

viii)

iX)

u be a finite spectral measure on RY,
© be a Borel probability measure on 4.,
foreverymeNandi € {0,...,d},
gl tRIXRT S R™™ and It g0t R X R" - R”
be measurable functions satisfying the assumptions of Lemma[9.1]

for every m € N, F,, : RY x R" — R, be measurable functions satisfying the assumptions
(a)-(c) of Proposition (8.1}

Kk € R, be such that (]10.1[)-(]10.3[) and (]10.8[) hold for (frfl,gfn :ief0,...,d+1}), F,, and
y € R" for a.e. w € B,,,, for every m € N,

fori €{0,...,d},
Fig i RIXRY SR pdHl gdtl pd g gn L gr o pLRI xR SR,
be measurable functions such that, for a.e. w € R4, there is
fow,) = fiw,),  ghw,)—=g'w,),  Fyu(w,-)—F(w,)
uniformly on compact sets in R" for every i € {0,...,d + 1},
with the notation , , z™ = (u™,v™) be #-continuous (F#")-adapted solutions of
Uy = Au+1g fin(-,2,Vu) + 15 g,(-,2, Vu)dw™

on completely filtered stochastic bases (™, Z™,(Z#["), P™) for some spatially homogeneous
(Z[")-Wiener processes W™ with spectral measure u, such that z™(0) is supported on some
ball in ## (with a radius dependent on m) for every m € N (see Lemma and

lim [P [mr(zm(0)) €] —© [np€-]||=0 (11.1)

holds for every R > 0 where the norm is taken in the total variation of measures on %B(3)
and 7p : # — H; is the restriction operator (see Section [2)),

it hold that
© {(u,v) € Ay : |IF (W1 gy < 00} =1, R>0 (11.2)

where F* =supF,,,
given r > 0, &, be an extension operator on L2(B,) and on W'2(B,), i.e.
& :L*(B,) — L RY), & :wl3(B,) - Wwhi(RY) (11.3)

are linear continuous operators such that §.h =h a.e. on B,,
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x) us define the processes

Z™(t) = (U™(0), V(1)) := (&, u™(t Arp),E, v (tATy)),  tER,

where r,, and E, were defined in (10.6) and (10.7),

xi) it hold that
J sup{F*(w,y) : ly| <R}dw < o0, R>0, (11.4)
Bg

xii) given r > 0, there exist ag = a, for R > 0 such that limg_,,, ag = 0 and

w3l < agFp(w,y), Iyl =R (11.5)
holds for every m € N and almost every w € B,.

Remark 11.1. Observe that (11.1)) implies P™ [Z™(0) € -] — © weakly on 54,.. Indeed, let &, :
#¢. — #¢ be a continuous linear extension operator, i.e. £,z =z a.e. on B,, and let ¢ : #,. — [0, 1]
be a uniformly continuous function. Then, for every ¢ > 0, there is r > 0 such that

lo(z) — (& (m (2D <&, 7€ Ay

lim J
m—00 %

and the claim follows from Theorem 2.1 in [[1]].

Thus
@(Z2™M(0))dP™ = f pd®e

‘MOC

oc

Remark 11.2. Observe also that, given R > 0, the real valued sequence ||F,,(-, U™(0))|l (g, is tight
in R, . Indeed, there is

P" [1IFnC U™ Oy >8] = P [IFnC mr@™ 011z, > 6]
IP™ [R(z"(0)) €] —© [nre-]|
© {(w,v) : IIF ()l 15, > 5}

erm +© {W) : [IF*C Wl > 6}

for m € N such that r,,, > R where &g, — 0 by (11.1). Tightness follows from (11.2).

IN 4+ 1A

11.2 Tightness
Lemma 11.3. The sequence of processes (Z™) is tight in & = C,, (R, Wlicz) x Cyp (R, leoc)'

Proof. Let € € (0, 1), let us define

Flw,y)=F,(w,y)+y?/2,  F'(w,y)=Fw,y)+Iyl*/2

and consider their conic energy functions

Fm,k = (Fm)lTk/\rm’O’Tk/\rm’ Fz = (F*)O,O:Tk
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for k € N defined as in (2.2) with the notation (2.3) and (10.6). Let also p € (1,00) and y € (0,1)
satisfy y + % < % and let d, = [%J + 1. Since

188w, >+ |V, Fp(w, )+ g (w, y) 2
= 1g4M w, )P+ IV, Fulw,y) +y + g4 (w, y)?
208X (w, y)2 + 2|V, Fou(w, y) + 351 (w, y)I? + 2|y |2

<
< 2k +4)F,(w,y)

the assumptlons - are satisfied for x, F,, for every y € R" and a.e. w € B,, for
the constant k wh1ch depends on K and p, and so Lemma and Lemma_ applied on F,, and

L(x)= x5 yield, for every 6 > 0,

" A
f sup 2 (6,2"(0)dP" < 4Pk f B2 (0,2™(0))dP™
(B (0,27(0))<8] tE[0kAT] [F . (0,27(0))<6]
< 4ePksh
where p = p¢ . , SO
sup [[UM(OIS 1505+ sup [IVT(OIY, } dP™ < Cy5 (11.6)
f[ﬁmk(o 2M(0))<8] {tE[O k] WA(B) te[0,k] LB
as
sup [[U™(Ollwrzp,) < max{l, &t sup [[u"(Ollwrz,,, )
te[0,k] te[0,kAry,] m
sup [[V"(t)ll 2p,) < max{l, ak} sup [V ()llz2s,,, )
te[0,k] te[0,kAry,]
IO a5,y IV (O, < 2max{a, BEn(t,z"(0), € [0,kAr,]
where
ar = sup [la~ (w)],
wEBTk
ak = maX{”Er ||$(L2(B )LZ(Rd))ﬁ ” ||=‘Z’(W1 2(B, )Wl 2(R4)) ¢ me N 'm < k}
and
lo™® 2 T IV i }deSCk,a (11.7)
J[ka(o m(0))<5] { C7([0,k],L2(By)) Cr([0,k], W, %)

by Lemma-for some C; 5 € R, depending alsoon ¢, a, p, d, v, (rj)jen (Er))jen, (6,)jey and x
since

U™ e to,x;1208,0) < max {1, i} |:||um(0)||L2(Bk,\r y+2k  sup (VD)2 )}
m te[0,kAr,] "

where
fjk = maX{”éorm||$(L2(Brm),L2(Rd)) :meN, 'm < k}
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Since

P" [Fy(0,2M(0) >8] = P [E,(0, 77, (z7(0)) > 5] < © [Fpu(0,77) > 5]

+ sup
AB(Hr, )

= Epi+0 [F(0,)> 6] <y +0 [F;(0,-)> 5]

P[4, (z"(0)) €A] - © [y, EA]‘

holds for every m,k € N and 6 where the norms are in the total variation of measures on Hr,,
taking (11.1) and (11.2) into account, we can find 6, > 0 and a; > 0 so that

1
6-4k.2P.C P
. {—kﬂ

P B (0,2(0)) > 6 | <

3.4k’ €

holds for every m, k € N. Then

P [ sup [[U"lw12g,y + 1U™ lor(rok1;L28,) >ak:|
te[0,k]

IA

o o a
P™ [y (0,2m(0)) > ¢ | +P™ [Fm,k(o,zm(O))S ko sup (UM lyrzga,) > Ek}
te[0,k]

~ ag
P [Ral0.5™O0 = 84 107 lerqopirsy > 5 |
€ 2P { €
< +— sup [1U™ 115 5+ 10" g o :12 }dIP’" <=
3.4k ai (B (0.27(0)<5,] \tel0 k] WH2(By) CY([0,k];L2(By)) 4k
by (11.6) and (11.7), and analogously
P [ sup [[V™(l12g,) + ||Vm||m([0 kw2 > ak:| < ik
te[0,k] AWk 4
If
1,24 .
Ky = {heCyR; W) Ihllpoomr2me + IMlleroizme < @ k €N}
K, = {h € Cy(Ry; L7 ) : 1Al pooqo k)12, + ||h||C7([0,k];W;d*’2) <a.ke N}

then K; x K, is compact in & by Corollary B.1]and
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11.3 Skorokhod representation

Since Z™ are tight in % by Lemma|[11.3]

NEmC U™ O (1) dken

are tight in RN (where T were defined in -) by Remark- and P™ [Z™(0) € -] converge to
© weakly on ﬁﬁoc by Remark[11.1] i.e. Z™(0) are tight in 4, by the Prokhorov theorem, fixing an

ONB (¢;) in H,, we may apply Theorem [A.1|on the sequence

(Z™(0),Z2™, (W™ (e, (IFmC, UmODN 1 Dken) : Q™ = Hoe X Z X Co(Ry; REIMH) x RY

to claim that there exist

e a probability space (2, #,P),

e asubsequence mj,

C(R,; #)-valued random variables z/ = (w,v) defined on 0,

CO(]R+;]Rdim Hu).valued random variables 8/ = ([o’lj), B = (f3;) defined on €,
. ]RT-Valued random variable v = (v; )y defined on Q,

e a %-valued random variable z = (u, v) with o-compact range defined on Q
such that
@ (Z™,(W™i(e));) has the same law under P™ as (z/, 8’) under PP on the space
B(C(Ry; ) x Co(Ry ;s RE™ i)
for every j €N,

(i) (z/,B’) converges to (z, ) on  in the topology of % x Co(R_; RI™ Hu),

(iii) z’(0) converges to z(0) on Q in 4.,

(iv) ||Fm]_(-, uj(O))IILl(BTk) converges to v, for every k € N on Q.
Definition 11.4. We also define, for completness,

i 1 d, g du(0) ou(0)
vk=vk+5f ZZaU< = + [u(0)2, + [v(0)|2, | dx
By j Xj RrR™

X i=1 J

for k e N.
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11.4 Property of 3
Let us define
=0 (c(v,z2(s),B():s<tHU{Ne F :P(N)=0}), t>0.

Apparently, the filtration (Z,) is complete. The proof of the following Lemma is analogous to the

proof of Lemma

Lemma 11.5. The processes 31, 2, B3, ... are independent standard (%, )-Wiener processes.

Corollary 11.6. The cylindrical process

W(&) =D BN )y, EE€H, t>0
l
is a spatially homogeneous (%,)-Wiener process with spectral measure (.

11.5 Property of u

Lemma 11.7. There is

t

(u(t), )12 = (u(0), @) 2 +J (v(s),p)p2ds, 20
0

almost surely for every ¢ € 9.

Proof. If ¢ is supported in B, and t € [0, rmj] then
J

(UM(t), )2 = (UM(0), )2 = (u™(t), )2 — (u™(0),¢) 2
t t
= f (vMi(s), )2 ds :J (VMi(s), )2 ds
0 0
The rest of the proof is analogous with the proof of Lemma O

11.6 Energy estimates

Lemma 11.8. Let T > 0 and x € RY, let G™ : RY x R" — R, satisfy the assumptions (a)-(c) in
Proposition let G :RIXR" > R 4 be a measurable function such that G™(w, -) converges to G(w, -)
uniformly on compact sets in R™ for a.e. w € R, let & € R, be such that

g (w, P+ |V, G (w, )+ £ (w, Y <RG™(w,y), y€ER", m>|x|+T

holds for a.e. w € B(x,T), let A satisfy , let L : R, — R, be a continuous function in C2(0,00)
satisfying (5.4) with & and define G* = sup,,,cy G™. Assume that

0 {(u,v) € A : 1G* (W)l <00} =1,  R>0. (11.9)
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Then, for A€ %B(#6,.) and with the convention 0 - 0o =0,
E {1A(zf(0)) sup L(G™i(r, zf(r)))} < 4eP'E {lA(zj(O))L(GmJ(O, zf(O)))} (11.10)
rel0,t]

holds for every t € [0, min{rmj, T/A}], j € N such that Tm; = |x|+ T and

E {1A(z(0)) sup L(G(r, z(r)))} < 4eP'E {1,(z(0))L(G(0,2(0)))} (11.11)

refo,t]

holds for every t € [0, T /A] where p depends only on ¢ and max {k,k} and G™ = G}' . and G =Gy , r
are the conic energy functions for G™ and G defined as in (2.2).

Proof. The inequality (11.10) follows from (10.4) in Lemma and (i) in Section|11.3|as

E {IA(Zj(O)) sup L(Gmf(r,zj(r)))} = E™ {1A(me(0)) sup L(Gmf(r,me(r)))}

rel0,t] relo,t]

= E™ {IA(me(O)) sup L(Gmf(r,sz(r)))}

rel0,t]
< 4eP'EM {1,(Z™(0)L(G™(0,2™(0))}
= 4eP'E™ {1,(2™(0))L(G™(0,Z™i(0)))}
= 4ePE {1,(z/ (0)L(G™(0,2/(0))} .

Let ¢ be a continuous density on R with support in (1,2), let ¢ be the second antiderivative of
—) (i.e. a C?(R)-function such that ¢” = —) on R) and ¢(0) = 0, ¢’(0) = 1. Then ¢(t) =t on
(—00,1], ¢” <0< ¢’ <1onR and ¢ is constant on [2,00). If we define ¢, (t) = kp(t/k) for
t €R, k €N then

o ¢i(t)=t on (—oo,k],

e ¢/ <0< ¢; <1onR,

e ¢, is constant on [2k, 00),

o t¢(t) < ¢y (t) for t € Ry (which holds by monotonicity of ¢, (t) — t¢;(t) on R,).

holds for every k € N. Consequently, L, = L o ¢ € C(R,) N C2(0, 00) is nondecreasing and satisfies
(5.4) with the constant & for every k € N. Hence, if h : 54,. — [0, 1] is continuous, 7, and &, are
extension operators as in Remark and Tm; 2 max {|x|+ T, T/A} then

E {h(é”R(TER(Zj(O)))) sup Lk(ij(r>Zj(rD)}

re[0,t]

IA

4¢P 'E {h(&x(ma(2' (0))))L(G™(0,2/(0)))}
4eptL(¢(2)) Hij [ﬂR(zmj(O)) € :l -0 [TCR < :| ||total variation on (%)

IA

+ 4ePfJ h(&r(mr(2)))Li(G™i(0,2))dO© (11.12)
7

oc
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holds for every k e N, R € [0, rmj] and t € [0,T/A] by (11.10). Applying Fatou’s lemma on the LHS
of (11.12) and the Lebesgue dominated convergence theorem on the RHS of (11.12), we obtain,
letting j — oo,

ref0,t]

E {h(é’R(ﬁR(Z(O)))) sup Li(G(r, Z(r)))} S4eptf h(&r(ntr(2)))Lik(G(0,2))d©
A

oc

for every t € [0,T/A] and m € N by (11.1), (11.9) and (ii), (iii) in Section as L is a bounded
nondecreasing continuous and eventually constant function. Since &g o 7ty : 54, — F6,. converges
uniformly to identity on #,. as R — oo, we get

E {h(z(O)) sup L (G(r, z(r)))} §4eptf h(z)L;(G(0,2))d®© (11.13)
74

ref0,t]

oc

for every t € [0,T/A] and k € N by the Lebesgue dominated convergence theorem. Consequently,
holds also for h = 1 where K is closed in 4,., whence also for every F-set and every
Borel set K C 4, by regularity of © = P [2(0) € -] (Remark [11.1). The claim now follows from
Fatou’s lemma when letting k — oo, applied on the LHS, since L; < L for every k € N, applied on
the RHS. O

11.7 Martingale property

Let us remind the reader that the integrals in the following Proposition converge by the assumption

v) in Section and by (11.11).
Proposition 11.9. Let ¢ € 9. Then

t

(v(t),p) = (V(O),¢)+f (u(r),ﬂfso)dﬂrf (f Gu(r), v(r), Vu(r)), ¢) dr
0

0

+ f(g(-,U(r),V(r),Vu(r))dWr,w)
0

holds a.s. for every t > 0 where W was defined in Corollary

Proof. Let k €N, let ¢ € 2 have support in B, and, throughout this proof, consider only j € N such
that m; 2 Tp, 1.e. j 2 jo for some j, and it holds that

k<Ti<rm <T, <mj;  j=]o.

Fixing 0 < s < t < k, we consider the sequence (y;) from Corollary[C.1] LetalsoJ € N, 0 <s; <
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- <y <5, let 1 (R x (RI™HL) x RY — [0,1] be a continuous function and define

grmAumj(Sio A rm-)
X} - E ]vmf(s- AT J) » iy
Tmj fo 71y 12/ iy <J

: ((mﬁ”f(en)l, o (W (e, (Hij(-, &, UM ()

%
I

LI(BTP))peN)
LI(BTp)) peN)

hs : R, — [0,1] (11.14)

&X},x7)

x; = (((Zj(sio),wil)LZ)io,iISJ’ﬁj(sl)’""ﬁj(sj)’(HF’"J'(.’uj(OD

2 = (@), 05)12) <y B, BV )

for j > j,. If

is any continuous function with support in [0, §] such that hs = 1 on [0,5/2] then we also define
continuous mappings

dé:C(RJr;,%”) - R
wv) = hs(Fy (0,u(0),v(0))) [(v(g), ¢) — (v(0), )]

q
- ha(ﬁmJ(O,u(O),V(O)))J (u(r), o p)dr
0

—  hs(Fy, (0,u(0),v(0))) fq (fn, G u(r), v(r), Vu(r)), ) dr
DM:C(Ry;#) — R i
wv) - ha(f?mj(O,u(O),V(O)))Jq(gmj(-,u(r),V(r),Vu(r))ez,w)dr
Dézc(&;%) - R ’

q
W) - hg(ﬁmj(o,u(O),v(O)))Zf (g, Cou(r), ¥(r), Vu(r)ey, )2 dr
1 0

for g € [0,k], j = jo and [ indexing the ONB (¢;) in H,, that satisfy

|d)(2)| + D} (2)] + ID](2)| <K L5, ozop<s)[1+ up Fpn, (1,2(r))] (11.15)
re[0,k

for g € [0,k], z € C(R,; 5£), j = jo, L up to dimH,, and for some K =Ky i s a ».c @S

LIS

W fm, Cu(r), v(r), Vu(rDlprs,) < ((8K)%Lebd(3k)+'<)[1+ij(r,2(r))] (11.16)

g, G (P v (), Vu Doy < (GROBER, (12(r)
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holds for every r € [0,k] where F,, = (Fm)lrk,O,Tk is the conic energy function for F,,(w,y) =

F.,(w,y)+|y|?/2 defined as in ll Also, for every p > 0, there exist constants K, depending also
ond, k, k, a, ¢ and c such that

E sup [Idj(z)P +|DJ' @) + D)@ | <K, < o0 (11.17)
q€[0,k]

holds for every j > j, and every [ by Lemma|11.8/and (11.15). Hence

E#(%;) {d{(zf) — d;'(zf)} — E™ A#(X;) {dg(zmi) . dg(sz)} ~0 (11.18)
E(2;) {dl(2)B)(0) - DI (2)) — dl(2))6]5) + DIV (2 } = (11.19)
=& XN { W (e) = DI (™) — dl )W (e) + DI (5™} = 0
E(2) {(d](2))* - D}(z) - (di(2)))* + Di(z))} = (11.20)
= E" (X)) {(d}(z™))? — D}(z") — (d(z™))? + DI(z™) } = 0
by the property (i) in Section [T1.3]since, by vii) in Section [T1.1}

q
di(z™) = h;(Fy (0,2™(0))) J (om0, v (1), VU () AW, )
0

for every q € [0, k] which is an L2(Q™ )-integrable (,gl'tm 7)-martingale by (11.17) and (i) in Section
Since v) in Section [11.I|was assumed, it holds that

ndx =
R JB

hmf <f°( w(r)V(r), ¢ (FOCulrV(r), 9) . d (11.21)

]—)

J—00

J < . ; 8u1(r) >
lim | (5 WD e
By

hmf <g21( W)V (reg, ¢
By

R? JB

<f(u( ) (,),so> dx
X R"

i (w0 500) o = [t
m gm( w(r)) e,y dx (r)) e, P dx
J—00 Bk xl R J l R"

for every r € [0,k], land i € 1,...,d on Q by (ii) in Section It remains to deal with conver-
gence of the terms i = d + 1. To this end, by the Lebesgue dominated convergence theorem, (ii) and
(iii) in Section and v) and xi) in Section [11.1} there is

]—)

[

dx = ( g2 u(rW(r)e, ¢ ), dx
i
(

lim

. f Ry (i, (0,2 (0, D)t (W (1, ) = hs (@ (@))f 1 (, u(r, )| dx =0
I J B[ w (r,w)lgn <R] J

for every R > 0 and every (r, w) € [0,k] x Q such that
hs (DN T ulr, @), < .

1081



But

hs(Vi(w)) sup ||fd+1(':u(r:w))”L1(Bk) < klp<s1 sup [[F(,uln o))l (11.22)
rel0,k] rel0,k]

K1 su F(-,u(r,w
[(0,2(0))<5] rE[OI’Jk] IIF (-, u( ))”Ll(BTk—rxrk)

IA

by v) in Section as F(0,z(0)) < ¥, on Q, where F = Flrk,O,Tk is the conic energy function defined
as in (2.2)) for the function F(w, y) = F(w, y)+|y|?/2, so the LHS of (11.22)) is in L(£2) as so is the
RHS by (11.11). Consequently,

Jj—o0

k
lim E f J [, (0,2 O, W (1) = Ry (FOF 1 ()| davdr =0
0 JBN[|w(r,w)lzn<R] /

holds for every R > 0 by the Lebesgue dominated convergence theorem. On the other hand

k
0 JBiN[|w(r,w)|gn>R]

k
i rE J hg(f"mj(o,zj(())))”ij(',uj(r))”Ll(Bk)dr
0

hs (B, 0,2 ODFE (W) dxdr <

IA

k
< ak,REJ 11§, (0.2(0)<s] 1P, (-, u](r))HLl(BTk,rlTk ydr
0

< rCikse

holds for every R > 0 by (11.5) and (11.11) where limg_,, o) g = 0, and

k
lim IEJ f |hs(#Of ¢ u(r)| dxdr =0
R=eo Jo Jpentiwi(rne)izn>R]

by the Lebesgue dominated convergence theorem based on (11.22) so

k
lim JO (B, (0, 2/ (ODFEH(,w (1) = hs(7)f 41, u(r) 1L1 5, dr=0
and, altogether with (11.21), (11.16), (11.10), (11.11) and (11.17),
lim E ‘dé’(zf)—dq.p:o, qel0,k], p>0 (11.23)

j—oo

where
q q
dy = hs(Vy) [(V(CI), @) —(v(0), ) — f (u(r), o p)dr — f (f G ulr),v(r), vu(r)), ¢) dr}
0 0
with the notation (4.I). Finally, fix [ and define

nj(rw,x) = bR (0,21(0,0)) (g4 0, w(r, 0, x))e (), 9(x) )

n(r,w,x) = hs(#()) (g9 Cx, ulr, w,x))e(x), 9 (x)) 4 -

RrR"
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Then 7; — 7 in the measure Leb; ®P ® Leby for variables (r, w, x) € [0,k] x Q X By. Since, for any
p>0,

k k
P P
EJ ||77](T" w, )||P£2(Bk) dr < k2 ||(Pel ||§00(Bk)]EJ‘ l[li'mj (0,2(0))<0] FTZle(rJ Z(T')) dr < Cp
0 0

~P
2

k k
p e p y
E JO InCr, 0, M2, dr < K5l @]l B fo Liso0p=o1F

for some C, = Cp, 5 i «c,c,p,1 DY (11.11),

k 2
lim EJ (J l[mj_mﬂ]Ifr)j(r, w,x)—n(r,w,x)ldx) dr=0
170 Jo B,

by the Lebesgue dominated convergence theorem,
1
k 2
dr S C |:Ef J 1[|7lj_77|>1] dx dr:| —0
o JB

k
]Ef (J 1[|nj_n|>1]|'f)j(r,(1),.x')_T](T,CL),X)ldX)
0 By,

1 1
by a double application of the Cauchy-Schwarz inequality where C = 4Leb}(B;)C; so, altogether
with (11.21)), (11.16), (11.10) and (11.11),

k
lim EJ

holds for every . Whence

(r,z(r))dr <C,

2

2

h5(ﬁ‘mj (O) Z](O))) <gmj(', Zj) Vuj)el’ ()0> - hﬁ(f/k) <g(: zZ, vu)ela 90> dr=0 (11.24)

lim E [IDj’l(zj) —DLP+|Di(z) - D |P] -0, gqe[0,k], p>0 (11.25)
im00 q q q q
for every [ by (11.17) where

q
Dé = h5(17k)J (g(,u(r),v(r), vu(r)e, ¢) dr, q € [0,k]
0

q
D, = hém)ZJ (gCu(r), v(r), Vu(r)e, ¢)* dr, g€ [0,k]
I 0

with the notation li This is indeed clear from (11.24) if dimH,, < co. If dimH,, = oo then

00 k k
EY. [hé(f*mj(O,zf(O)))f (gmj(-,zj,Vuj)ez,<p>2dr+h§(0k)J (3(,2,V)e;, ) dr} <
=T, 0 0

IA

k k
Skey B |:h§(f"mj(0,zj(0)))J f"mj(r,zj(r))dr—l-h%(n?k)J f"(r,z(r))dr:|
0 0

EZC

0

IA
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by (11.16), (11.10) and (11.11)) where C = C, 4 . and

o0
— 2
810 - Z ||(pel||L2(Bk) - 0
=1,

as [y — oo by Lemma The convergence results (11.23)) and (11.25) together with (11.18))-
(11.20) imply

E (%) {d, — d;} =E#(Z){d.fi(t) - D! — d;fi(s)+ D} =0
Es(%){d? =D, —d?+D,} =0

which means that (dg)seqo,4] is an L?(Q)-integrable (Z,)-martingale whose quadratic variation and
cross variation with f3; satisfy (d), = D, (d, ), = Dé for g € [0,k] and [ € N. Thus

<d —f hs(Vi) (g(,z(r), Vu(r)) dw,, <P)> =0
0

k

where W was defined in Corollary(11.6/lwhence the claim is proved after we let & — 0o as h5(V;) — 1
on . O

11.8 Approximation of nonlinearities

We use the C!-functions
" :R" >R : y = h(|ylgn/m)y
introduced analogously as in where h : R — [0, 1] is the same as in and smooth mollifiers
{m t R" = R, @ {(y) = m"{(my) supported in B 1 introduced analogously as in Section 2| that
satisfy ||, || 1(gny = 1 for every m € N. We first make a convention that functions f i g',F in Section
satisfy the assumptions therein for every w € R? and not for almost every w € R?. This poses no
loss of generality since redefinition of these functions by 0 on an Leb-exceptional set of w € RY
does not modify the definition of a solution in Section |4, We then find numbers n,, > 0 such that
the sets
O, = {x €By, ¢ sup Flx,y) < nm}

ly|<2m
satisfy
1
Lebg (Bom \ Op) < S meEN,
we put

f,;l(W;y) zf fi(W)Z)Cm(y —Z)dZ, w eRd: y ER"
RTI

gfn(w,y)=f g w,2)n(y —2)dz, weR! yeR"

er
forie{0,...,d},

farw,y) = lom(W)J (™Y@ M (W, ¢" (@) m(y —2)dz,  weR?, yeR"
-
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and

gatt(w,y) = lom(W)f (™))" (w, o™ (@) m(y —2)dz, weR?, yeR"
Rn

Fn(w,y) = 1om(W)J F(w,¢"(2)m(y —2)dz, ~weR?, yeR™
RTl

If we realize that ¢ ™[B,] € B, N By,,, r > 0 and the matrix norm

(™Y (2)|| < min{2,12h7(|z|/m)},  zE€R"

holds for every m € N then, concerning the assumptions in Section|11.1}

iii), iv) are satisfied apparently,

in v), the inequalities (10.1), (10.2) hold for x, the inequality (10.3) holds for 4k and the
inequality (10.8) holds for 2k,

vi) holds as almost every x € R? belongs eventually to every O,,,

the laws of 2™(0) under P™ in (11.1) are constructed as follows: Let z, be an 4, -valued
random variable on some probability space (2, #,P) with the law ©, let £,, € 9(RY) satisfy
£, =1 on B, and let a,, > 0 satisfy P[||&,,2°|,» > a,,] <2 ™ for every m € N. Denote by

L, the law of 1[”5mzo””5am]§mzo and let z2™(0) have the law t,,. Then 2™(0) is supported on
some ball in 52, (11.1) holds and vii) is satisfied,

xi) holds as

sup F*(x,y) < sup F(x,y)e€ L'(Bg),
l¥I<R |y|<R+1

xii) is satisfied as |frg+1(w,y)| < 2kF,,(w,y) holds for every w € RY, y € R" and m € N;
so we may put &,z = 2k if r > 0and R € (0,2). If r > 0,R > 2, |w| < r, |y| = R then
fa ¥ (w, y)| < I + I, where

L= 215 (W) 1w, g @Iy —2) d
[lzI=R-1]n[|$™(z)[>(R—-1)2]

2, =1 Fn(w, y)
1
I, = 12-15 (w)  RE(l/m)If W, 9Ty — 2) d
[Iz2[=R-1]N[[¢p™(2)|<(R-1)2]
< 12-R-1)4 K- Fp(w,y)

IA

as |z] >R — 1 and |¢™(z)| < (R — 1) imply

(R-D: _ R=1)’
22 T R-1):

ha(Jz]/m) <

so we put
1
(Nlr’R = max {2(1,,}@, 12x(R—1)" 4 } S R>2.
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A The Jakubowski-Skorokhod representation theorem

Theorem A.1. Let X be a topological space such that there exists a sequence {f,,} of continuous func-
tions f,, : X — R that separate points of X. Let us denote by & the o-algebra generated by the maps

{fm}. Then

(j1) every compact subset of X is metrizable,
(j2) every Borel subset of a o-compact set in X belongs to &,

(j3) every probability measure supported by a o-compact set in X has a unique Radon extension to the
Borel o-algebra on X,

G4) if (u,,) is a tight sequence of probability measures on (X, &), then there exists a subsequence (my),
a probability space (2, Z,P) with X-valued Borel measurable random variables &, & such that u, is
the law of & and &, converge to & on ). Moreover, the law of £ is a Radon measure.

Proof. See [21]]. O

Corollary A.2. Under the assumptions of Theorem iff Z is a Polish space and b : Z — X is a
continuous injection, then b[B] is a Borel set whenever B is Borel in Z.

Proof. Since the map F = (f, f5,...) : X — R is a continuous injection, Fo b : Z — RY is also a
continuous injection. Let us take a Borel set B C Z. Since both Z and R are Polish spaces, we infer
that (F o b)[B] is a Borel set. Therefore b[B] = F~'[(F o b)[B]] € X is Borel set too. O

B The space C,(R,; Wk’p(Rd,R”)), k>0,1<p<o0

loc

Let us introduce the spaces

Wof  ={f eWP@®RLRY: f =00nRI\B,}, 120
W, =Ww'P(B,) (=0
WP = (W)Y, 1=0

where l, +1i=1.
Pp
Lemma B.1. The maps J and L defined by
K o0
T WP w)s f o (flg )y € | JWFP @B, w),
m=1
r o0
L: Cy(Ry;WiP) > ks ((hls, o Ve € | | G ([0, m], W P(B,0))

m=1

are both homeomorphisms onto closed sets.

Proof. The proof of Lemma [B.1]is straightforward. O
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Corollary B.2. Let a = (a,,) be a sequence of positive numbers and let y >0, 1 <r,p <00, —00 <[ <
k satisfy

S| =

l
7 (B.1)

Qul =

<

=S| =

Then the set
k,
K(a):={f €C,(Ry; Wlocp) : ||f||Loo([o,m],wk,p(Bm)) + ||f||cy([0’m]’wln,1r) <a, meN}

. . . . k,p
is a metrizable compact set in C,,(Ry; W, ’").

Proof. Let us define a set A,,,, m €N, by
Am = {h € Cw([o’ m], Wk’p(Bm)) : ”h”LOO([o’m],Wk:P(Bm)) + “h“CY([O,m],Wﬁ,’I) = am}-

Then K(a) = L7*(]],An). It is enough to show that each A, is a metrizable compact in
C,([0,m],W*P(B,)). Indeed, if this is the case then A := l_[mAm is a metrizable compact and
hence, since by LemmaB.1|R(L) (the range of L) is closed, ANR(L) is a metrizable compact. There-
fore, as by Lemma L71:R(L) - Cy(Ry; Wlﬁ’cp ) is a continuous function, K(a) = L™'[ANR(L)]
is a metrizable compact. To this end let us fix m € N and let {¢;} be a dense subset of
(WkP(B,))*. Denote by 7 the locally convex topology on C,, ([0, m], W*P(B,,)) generated by the
semi-norms f — sup,<,, |@;(f(t))|. It is easy to see that T coincides with the original topology of

C,,([0,m],W*P(B,.)) on the set A, defined by

A = {h € C,([0,m], WP (B)) : 1Al oo po,m) whe(s,) < Am}-

Hence the set A,, is metrizable. The compactness of A, follows from the classical Arzela-Ascoli
Theorem. Indeed, the balls in (W*P(B,,),w) are compact metrizable spaces - towards this end,
let (hj) be an A, -valued sequence. By the diagonal procedure we can find a subsequence h;,
such that h; (t) is weakly convergent in WkP(B,) for every t € [0,m] N Q. Since in view of the
assumption by the celebrated Gagliardo-Nirenberg inequalities, see e.g. [15], W*P(B,,) €
Wi{ continuously and h; are bounded in C” ([0, m], Wi;[), the sequence v(h;, (t)) is convergent for
every v € (Wi{)* and every t < m. And since h; is uniformly bounded in Wlf,;p and (W%{)* is
dense in (Wf,;p )", the sequence ¢ (h; (t)) is convergent for every ¢ € (Wlf,;p )", hence h; (t) is weakly
convergent in Wﬁ;p for every t < m. If we denote by h the pointwise limit of h;, it is easy to show

that p(h; ) — ¢(h) uniformly on [0, m] for every ¢ € (Wf,;p)* and that h € A,,. O]

Proposition B.3. The Skorokhod representation theorem holds for every tight sequence of proba-
bility measures defined on the o-algebra generated by the following family of maps
k,
{CR;WP)S f = (9, f(0) €R}: ¢ € 2(RE,R™), t €[0,00).

Proof. By the Jakubowski-Skorokhod theorem [21]], it is sufficient to verify that there exists a se-
quence ji : C,(R,; Wlﬁcp ) — R of continuous functions that separate points of C,, (R ; Wllg’cp ). For, let

¢ be a countable sequence in (Wlléf )* separating points of Wlﬁcp . Then ji o(f) = px(f(@)), k EN,
q € Q. do the job. O
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C A measurability lemma

Let X be a separable Fréchet space (with a countable system of pseudonorms (|| - || )xen, let X
be separable Hilbert spaces and i : X — X linear mappings such that [|i,(x)llx, = llx|lx, k = 1.
Let ¢, ; € X;, j € N separate points of X;. Then the mappings (¢ ; © ix)x jeny generate the Borel
o-algebra on X.

Proof. Denote by o the o-algebra generated by the mappings (¢y ; © i) jen and denote

Vi = {p €X} : p oiy is 0p-measurable}.

Then Vj is a closed dense subspace in X, hence Vi = X, . There exists v, ; € X; such that

lzllx, =sup [y ;(2)l,  x €Xy,
JEN

and so the mapping

o0
x = p(x,y) =Y 27 ¥ min{1,sup [ ; 0 ix(x) — 9y j o ix (I}
k=1 J

is oy-measurable for every y € X. Consequently, the open balls in X are o,-measurable, and since
every open set in X is a countable union of open balls in X, every open set in X is in oy, O

Corollary C.1. There exists a countable system @, € 2(RY, R") such that the mappings

W2 she (hp) 2 €R,  keEN

generate the Borel o-algebra on lezz whenever m > 0.
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