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Convergence of the critical finite-range contact process to
super-Brownian motion above the upper critical
dimension:

The higher-point functions

Remco van der Hofstad* Akira Sakai'

Abstract

We consider the critical spread-out contact process in Z¢ with d > 1, whose infection range is
denoted by L > 1. In this paper, we investigate the higher-point functions T(E.r)()_(") for r > 3,
where T(F')(fc') is the probability that, for all i = 1,...,r — 1, the individual located at x; € Z is
infected at time t; by the individual at the origin o € Z¢ at time 0. Together with the results of the
2-point function in [16], on which our proofs crucially rely, we prove that the r-point functions
converge to the moment measures of the canonical measure of super-Brownian motion above
the upper critical dimension 4. We also prove partial results for d < 4 in a local mean-field
setting.

The proof is based on the lace expansion for the time-discretized contact process, which is a
version of oriented percolation in Z¢ x £Z_, where ¢ € (0,1] is the time unit. For ordinary
oriented percolation (i.e., ¢ = 1), we thus reprove the results of [20]. The lace expansion
coefficients are shown to obey bounds uniformly in ¢ € (0, 1], which allows us to establish the
scaling results also for the contact process (i.e., € | 0). We also show that the main term of
the vertex factor V, which is one of the non-universal constants in the scaling limit, is 2 — ¢
(=1 for oriented percolation, = 2 for the contact process), while the main terms of the other
non-universal constants are independent of €.
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The lace expansion we develop in this paper is adapted to both the r-point function and the
survival probability. This unified approach makes it easier to relate the expansion coefficients
derived in this paper and the expansion coefficients for the survival probability, which will be
investigated in [18] .
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1 Introduction and results

1.1 Introduction

The contact process is a model for the spread of an infection among individuals in the d-dimensional
integer lattice Z<. Suppose that the origin o € Z¢ is the only infected individual at time 0, and
assume for now that every infected individual may infect a healthy individual at a distance less than
L > 1. We refer to this type of model as the spread-out contact process. The rate of infection is
denoted by A, and it is well known that there is a phase transition in A at a critical value A, € (0, 00)
(see, e.g., M]).

In the previous paper UE], and following the idea of UE], we proved the 2-point function results
for the contact process for d > 4 via a time discretization, as well as a partial extension to d < 4.
The discretized contact process is a version of oriented percolation in Z¢ x £Z. , where ¢ € (0,1] is
the time unit and Z, is the set of nonnegative integers: Z, = {0} U N. The proof is based on the
strategy for ordinary oriented percolation (¢ = 1), i.e., on the application of the lace expansion and
an adaptation of the inductive method so as to deal with the time discretization.

In this paper, we use the 2-point function results in [@] as a key ingredient to show that, for any
r > 3, the r-point functions of the critical contact process for d > 4 converge to those of the canon-
ical measure of super-Brownian motion, as was proved in ] for ordinary oriented percolation.
We follow the strategy in U?O] to analyze the lace expansion, but derive an expansion which is dif-
ferent from the expansion used in ]. The lace expansion used in this paper is closely related
to the expansion in H] for the oriented-percolation survival probability. The latter was used in
] to show that the probability that the oriented-percolation cluster survives up to time n decays
proportionally to 1/n. Due to this close relation, we can reprove an identity relating the constants
arising in the scaling limit of the 3-point function and the survival probability, as was stated in UE,
Theorem 1.5] for oriented percolation.

The main selling points of this paper in comparison to other papers on the topic are the following:

1. Our proof yields a simplification of the expansion argument, which is still inherently difficult,
but has been simﬁed as much as possible, making use of and extending the combined
16;

insights of [@; ; @] .

2. The expansion for the higher-point functions yields similar expansion coefficients to those for
the survival probability in Hl—Sﬁ, thus making the investigation of the contact-process survival
probability more efficient and allowing for a direct comparison of the various constants arising
in the 2- and 3-point functions and the survival probability. This was proved for oriented
percolation in [i, Theorem 1.5], which, on the basis of the expansion in ], was not
directly possible.

3. The extension of the results to certain local mean-field limit type results in low dimensions, as
was initiated in Iﬁ] and taken up again in m].

4. A simplified argument for the continuum limit of the discretized model, which was performed
in [@)] through an intricate weak convergence argument, and which in the current paper is
replaced by a soft argument on the basis of subsequential limits and uniformity of our bounds.
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The investigation of the contact-process survival probability is deferred to the sequel m:l to this
paper, in which we also discuss the implications of our results for the convergence of the critical
spread-out contact process towards super-Brownian motion, in the sense of convergence of finite-
dimensional distributions @]. See also [@] and [@] for more expository discussions of the var-
ious results for oriented percolation and the contact process for d > 4, and @] for a detailed
discussion of the applications of the lace expansion. For a summary of all the notation used in this
paper, we refer the reader to the glossary in Appendix A at the end of the paper.

1.2 Main results

We define the spread-out contact process as follows. Let C, C Z9 be the set of infected individuals at
time t € R, = [0,00), and let Cy = {o}. An infected site x recovers in a small time interval [¢, t 4 €]
with probability £ +0(¢) independently of t, where o(¢) is a function that satisfies lim, |5 0(g)/e = 0.
In other words, x € C, recovers at rate 1. A healthy site x gets infected, depending on the status
of its neighboring sites, at rate Azyect D(x — y), where A > 0 is the infection rate. We denote the
associated probability measure by P*. We assume that the function D : Z¢ — [0, 1] is a probability
distribution which is symmetric with respect to the lattice symmetries. Further assumptions on D
involve a parameter L > 1 which serves to spread out the infections, and will be taken to be large. In
particular, we require that D(o) = 0 and ||D||,, = sup,.cy¢ D(x) <C L~4. Moreover, with o defined
as

0® =) | IxID(x), (1.1)

where | - | denotes the Euclidean norm on R?, we require that C;L < o < C,L and that there exists
a A > 0 such that

D Ix[F2AD(x) < CL? 22, (1.2)
X
See [16, Section 5] for the precise assumptions on D. A simple example of D is
T{o<lxllo=L}
Dx)=———, (1.3)
(2L+1) -1

which is the uniform distribution on the cube of radius L.
Forr>2,f=(ty,...,t,_1) € Ri‘l and X = (xq,...,x,_1) € ZU D4 we define the r-point function
as

THR) =P (x; €C, Vi=1,...,r —1). (1.4)
For a summable function f : Z¢ — R, we define its Fourier transform for k € [—m, ©]¢ by
Floy=">" ™ f(x). (1.5)
xezd

By the results in ﬂ@] and the extension of [E] to the spread-out model, there exists a unique critical
point A, € (0, 00) such that

o < if A <A =0, ifA<A
J degr(o){ "> TS e ImPA(C £2){ S 1.6
0 =00, otherwise, t1o0 >0, otherwise.

We will next investigate the sufficiently spread-out contact process at the critical value A, for d > 4,
as well as a local mean-field limit when d < 4.
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1.3 Previous results for the 2-point function

We first state the results for the 2-point function proved in ﬂi]. Those results will be crucial for the
current paper. In the statements, o is defined in (1.1) and A in (1.2).

Besides the high-dimensional setting for d > 4, we also consider a low-dimensional setting, i.e.,
d < 4. In this case, the contact process is not believed to be in the mean-field regime, and Gaussian
asymptotics are thus not expected to hold as long as L remains finite. However, inspired by the
mean-field limit in ] of Durrett and Perkins, we have proved Gaussian asymptotics when range
and time grow simultaneously ﬂ?6]. We suppose that the infection range grows as

L,=L; TP, (1.7)
where L; > 1 is the initial infection range and T > 1. We denote by 0% the variance of D = D, in
this situation. We will assume that

d—4
a=bd+T>0. (1.8)

Theorem 1.1 (Gaussian asymptotics for the two-point function). (i) Letd >4, 6 € (0,1AAA
d%‘) and L > 1. There exist positive finite constants A = A(d,L), v = v(d, L) and C; = C;(d)
(i =1,2) such that

2
2 ( L) —Ae™ (1 +o(kPa+07%) +o(Q+ t)_(d_4)/2)), (1.9)
1
. Z|x|27ﬁc(x)=vazt(1+o((1+t)—5)), (1.10)
%[C(O) X
CLA+0) 2 <ol et + GLT A+ 072, (1.11)

with the error estimate in (1.9) uniform in k € R? with |k|?/10og(2 + t) sufficiently small. More-
over,

A.=1+0(L"9, A=1+4+0(L™9), v=14+0(L"%). (1.12)

(i) Letd <4, 6 €(0,1ANAAa)and Ly > 1. There exist A, =1+ O(T ™) for some u € (0, — &)
and C; = C;(d) (i =1,2) such that, for every 0 <t <logT,

Are k oy _ k2 —u 2 -5
(A =e (1+o(rm)+o(kPa+T07)), (1.13)
1 A _ _
——— > IxPepi ) =o?Te(1+0(T7)+0((1+ Te) ™)), (1.14)
TTt(O) x
CLLA+Te) 2 < ||eftll, < e T+ CL74 (1 + Te) ™42, (1.15)

with the error estimate in (1.13) uniform in k € R? with |k|?>/log(2 + T't) sufficiently small.
In the rest of the paper, we will always work at the critical value, i.e., we take A = A, for d > 4
and A = A, as in Theorem [1.1(ii) for d < 4. We will often omit the A-dependence and write

T(tf)(ic') = T%(f) to emphasize the number of arguments of T%(f).
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While T?C(X) tells us what paths in a critical cluster look like, T?C(f) gives us information about the
branching structure of critical clusters. The goal of this paper is to prove that the suitably scaled
critical r-point functions converge to those of the canonical measure of super-Brownian motion
(SBM).

n [E], Durrett and Perkins proved convergence to SBM of the rescaled contact process with L,
defined in - We now compare the ranges needed in our results and in [E]. We need that
a—bd+—>0 ie., bd > =4 m] bd =1foralld > 3, andL2 x TlogT for d = 2, which
is the cr1t1cal case in [I] In comparlson we are allowed to use ranges that grow to infinity slower
than the ranges in ] when d > 3, but the range for d = 2 in our results needs to be slightly larger
than the range in [5]. It would be of interest to investigate whether a range L% x TlogT or even
smaller is possible by adapting our proofs.

1.4 The r-point function for r > 3

To state the result for the r-point function for r > 3, we begin by describing the Fourier transforms
of the moment measures of SBM. These are most easily defined recursively, and will serve as the
limits of the r-point functions. We define

| 2

T — o~ St d
M (k)=e 207, keRY teRy, (1.16)

and define recursively, for r > 3,

t
ME (k) = J dt MP(ky + -+ + k) Z M””) (k)M“ D (kp),  kerd Fer., (1.17)
0

1cy:|I>1

where J = {1,...,r — 1}, J; = J \ {1}, t = min; t;, f; is the vector consisting of t; with i € I, and
t; — t is subtraction of t from each component of ;. The quantity MP(k) is the Fourier transform
of the ™ moment measure of the canonical measure of SBM (see UEOT, Sections 1.2.3 and 2.3] for
more details on the moment measures of SBM).

The following is the result for the r-point function for r > 3 linking the critical contact process and
the canonical measure of SBM:

Theorem 1.2 (Convergence of r-point functions to SBM moment measures). (i) Let d > 4,
A=A, r>2 keRUD Fe(0,00) " and §,L,v,A be the same as in Theorem [1.1(i).
There exists V =V (d,L) = 24 O(L™%) such that, for large T,

“”(\/_) =A@VTY 2 (I (@) +0(T7)), (1.18)

where the error term is uniform in k in a bounded subset of RI—1),

(i) Letd <4, r>2 keRI-D e (0,00) "' andlet 5, Ly, Ay, u be the same as in Theorem|1.1(ii).
For large T such that log T > max; t;,

20 (\/_) (2T)r—2 (Mér_l)(z)+O(T_MA5)), (1.19)

where the error term is uniform in k in a bounded subset of RI—1),
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Since the statements for r = 2 in Theorem|1.2 follow from Theorem/1.1} we only need to prove The-
orem|1.2/for r > 3. As described in more detail in [18], Theorems 1.141.2|can be rephrased to say
that, under their hypotheses, the moment measures of the rescaled critical contact process converge
to those of the canonical measure of SBM. The consequences of this result for the convergence of
the critical contact process towards SBM will be deferred to UTS].

Theorem |1.2|will be proved using the lace expansion, which perturbs the r-point functions for the
critical contact process around those for critical branching random walk. To derive the lace expan-
sion, we use time-discretization. The time-discretized contact process has a parameter ¢ € (0, 1].
The boundary case ¢ = 1 corresponds to ordinary oriented percolation, while the limit € | 0 yields
the contact process. We will prove Theorem for the time-discretized contact process and prove
that the error terms are uniform in the discretization parameter €. As a consequence, we will re-
prove Theorem 1.2/for oriented percolation. The first proof of Theorem [1.2/for oriented percolation
appeared in ].

To derive the lace expansion for the r-point function, we will crucially use the Markov property of the
time-discretized contact process. For unoriented (non-Markovian) percolation, a different expansion
was used in ] to show that, for the nearest-neighbor model in sufficiently high dimensions, the
incipient infinite cluster’s r-point functions converge to those of integrated super-Brownian excursion,
defined by conditioning SBM to have total mass 1. However, the result in ] is limited to the two-
and three-point functions, i.e., r = 2,3. Lattice trees are also time-unoriented, but since there is no
loop in a single lattice tree, the number of bonds along a unique path between two distinct points
can be considered as time between those two points. By using the lace expansion on a tree in [E],
Holmes proved in ] that the r-point functions for sufficiently spread-out critical lattice trees
above 8 dimensions converge to those of the canonical measure of SBM. The lace expansion method
has also been successful in investigating the 2-point function for the critical Ising model in high
dimensions ﬂ?7]. Its r-point functions are physically relevant only when r is even, due to the spin-
flip symmetry in the absence of an external magnetic field. We believe that the truncated version of
the r-point functions, called the Ursell functions, may have tree-like structures in high dimensions,
but with vertex degree 4, not 3 as for lattice trees and the percolation models (including the contact
process).

So far, the models are defined with the step distribution D that satisfies (1.2). In Iﬁ; @], spread-
out oriented percolation is investigated in the setting where the variance does not exist, and it was
shown that for certain infinite variance step distributions D in the domain of attraction of an a-
stable distribution, the Fourier transform of two-point function converges to the one of an a-stable
random variable, when d > 2a and a € (0,2). We conjecture that, in this case, the limits of the r-
point functions satisfy a limiting result similarly to (1.18) when the argument in the r-point function

in (1.18) is replaced by ‘}TLW for some v > 0, and where the limit corresponds to the moment
measures of a super-process where the motion is a-stable and the branching has finite variance
(in the terminology of [b, Definition 1.33, p.22], this corresponds to the (a, d, 1)-superprocess and
SBM corresponds to a = 2). These limiting moment measures should satisfy (1.17), but (1.16) is
replaced by ekt which is the Fourier transform of an a-stable motion at time t.

1.5 Organization

The paper is organised as follows. In Section 2, we will describe the time-discretization, state the
results for the time-discretized contact process and give an outline of the proof. In this outline,
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the proof of Theorem [1.2/ will be reduced to Propositions [2.2 and [2.4. In Proposition 2.2, we
state the bounds on the expansion coefficients arising in the expansion for the r-point function. In
Proposition|2.4, we state and prove that the sum of these coefficients converges, when appropriately
scaled and as ¢ | 0. The remainder of the paper is devoted to the proof of Propositions 2.2/ and
In Sections [3-4, we derive the lace expansion for the r-point function, thus identifying the lace-
expansion coefficients. In Sections 547, we prove the bounds on the coefficients and thus prove
Proposition

This paper is technically demanding, and uses a substantial amount of notation. To improve read-
ability and for reference purposes of the reader, we have included a glossary containing all the
notation used in this paper in Appendix A at the end of the paper.

2 Outline of the proof

In this section, we give an outline of the proof of Theorem (1.2, and reduce this proof to Propo-
sitions [2.2/ and [2.4. This section is organized as follows. In Section 2.1, we describe the time-
discretized contact process. In Section 2.2, we outline the lace expansion for the r-point functions
and state the bounds on the coefficients in Proposition In Section 2.4} we prove Theorem
for the time-discretized contact process subject to Propositions|2.2] Finally, in Section[2.5] we prove
Proposition|2.4] and complete the proof of Theorem|[1.2 for the contact process.

2.1 Discretization

In this section, we introduce the discretized contact process, which is an interpolation between
oriented percolation on the one hand, and the contact process on the other. This section contains
the same material as [@ Section 2.1].

The contact process can be constructed using a graphical representation as follows. We consider
74 x R, as space-time. Along each time line {x} x R, we place points according to a Poisson
process with intensity 1, independently of the other time lines. For each ordered pair of distinct
time lines from {x} x R, to {y} X R, we place directed bonds ((x, t),(y, t)), t = 0, according to
a Poisson process with intensity AD(y — x), independently of the other Poisson processes. A site
(x,s) is said to be connected to (y, t) if either (x,s) = (y, t) or there is a non-zero path in Z? x R,
from (x,s) to (y, t) using the Poisson bonds and time line segments traversed in the increasing time
direction without traversing the Poisson points. The law of {Ct}t€R+ defined in Section[1.2]is equal

to that of {{x € Z% : (o, 0) is connected to (x, t)}}teR+.

We follow ] and consider oriented percolation on Z? x £Z, with € € (0, 1] being a discretization
parameter as follows. A directed pair b = ((x, t), (y, t + €)) of sites in Z% x eZ, is called a bond. In
particular, b is said to be temporal if x = y, otherwise spatial. Each bond is either occupied or vacant
independently of the other bonds, and a bond b = ((x, t),(y, t + ¢)) is occupied with probability

( X) = —&, ifx=y, @.1)
Pely =)= Ag D(y x), otherwise, '

provided that A < ¢ 1||D|| 1. We denote the associated probability measure by IP))L It has been
proved in ﬂ] that IE”’1 weakly converges to P* as ¢ | 0. See Figure|1/for a graphical representation of
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Figure 1: Graphical representation of the contact process and the discretized contact process.

the contact process and the discretized contact process. As explained in more detail in Section [2.2]
we prove our main results by proving the results first for the discretized contact process, and then
taking the continuum limit € | 0.

We denote by (x,s) — (y, t) the event that (x,s) is connected to (y, t), i.e., either (x,s) = (y, t) or
there is a non-zero path in Z? x ¢Z, from (x,s) to (y, t) consisting of occupied bonds. The r-point
functions, for r > 2, t = (t1,...,t,_1) € 821‘1 and ¥ = (xq,...,x,_1) € 2401 are defined as

70 () =P} ((0,0) — (x,t;) Vi=1,...,r—1). (2.2)

5€

Similarly to (1.6), the discretized contact process has a critical value A" satisfying

<00, ifA<A®, - =0, if <A,
e Y, .00 .C lim PA(C, # ) 0 (23)
teez, =00, otherwise, tToo >0, otherwise.

The discretization procedure will be essential in order to derive the lace expansion for the r-point
functions for r > 3, as it was for the 2-point function in ].

Note that for ¢ = 1 the discretized contact process is simply oriented percolation. Our main result
for the discretized contact process is the following theorem, similar to Theorem |1.2:

Theorem 2.1 (The time-discretized version of Theorem(1.2). (i) Let d > 4, A = A", r > 2,
ke RI-D 7 e (0,00)" L, 6§ €(0,1AAA ‘12;4) and L > 1, as in Theorem[1.1(i). There exist
A® =A¥(d, L), v =v©(d, L), V¥ =V¥(d, L) such that, for large T,

fé?g(—w’;—zT) = AV ((A“)?veT) (Mg*”(l?) + O(T—é)), (2.4)
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where the error term is uniform in ¢ € (0,1] and in k in a bounded subset of R4V Moreover,
forany e € (0,1],

£) —d &) —d £) —d £) —d
A9=140(L79), A9=1+0(L"Y), v¥=14+0(L"%), V¥@=2-e+0(L"%). (2.5)

(ii) Letd <4, r > 2, ke RIC—D 7 e (0,00) ! and let §,Ly, A,,u be as in Theorem [1.1((ii). For
large T such that log T > max; t;,

0 () = (2 o) 2 (M ®) +o(179)), (2.6)

Tt oiT
where the error term is uniform in € € (0,1] and in k in a bounded subset of RA("—1),

For r = 2, the claims in Theorem 2.1/were proved in UE, Propositions 2.1-2.2]. We will only prove
the statements for r > 3.

For oriented percolation for which ¢ = 1, Theorem [2.1(i) reproves [IE, Theorem 1.2]. The unifor-
mity in ¢ in Theorem is crucial in order for the continuum limit € | O to be performed, and to
extend the results to the contact process.

2.2 Overview of the expansion for the higher-point functions

In this section, we give an introduction to the expansion methods of Sections[344. For this, it will
be convenient to introduce the notation

A=7%x¢eZ,. 2.7)

We write a typical element of A as x rather than (x,t) as was used until now. We fix A = A%
throughout Section for simplicity, though the discussion also applies without change when A <
AL, We begin by discussniﬂﬁ the underlying philosophy of the expansion. This philosophy is identical
to the one described in [20, Section 2.2.1].

As explained in more detail in ﬂ1—6‘], the basic picture underlying the expansion for the 2-point
function is that a cluster connecting o and x can be viewed as a string of sausages. In this picture,
the strings joining sausages are the occupied pivotal bonds for the connection from o to x. Pivotal
bonds are the essential bonds for the connection from o to x, in the sense that each occupied path
from o to x must use all the pivotal bonds. Naturally, these pivotal bonds are ordered in time.
Each sausage corresponds to an occupied cluster from the endpoint of a pivotal bond, containing
the starting point of the next pivotal bond. Moreover, a sausage consists of two parts: the backbone,
which is the set of sites that are along occupied paths from the top of the lower pivotal bond to
the bottom of the upper pivotal bond, and the hairs, which are the parts of the cluster that are not
connected to the bottom of the upper pivotal bond. The backbone may consist of a single site, but
may also consist of sites on at least two bond-disjoint connections. We say that both these cases
correspond to double connections. We now extend this picture to the higher-point functions.

For connections from the origin to multiple points ¥ = (x1,...,x,_1), the corresponding picture is
a “tree of sausages” as depicted in Figure 2. In the tree of sausages, the strings represent the union
overi =1,...,r — 1 of the occupied pivotal bonds for the connections 0 — x;, and the sausages
are again parts of the cluster between successive pivotal bonds. Some of them may be pivotal for
{o — x; Vj € J}, while others are pivotal only for {0 — x;} for some j € J.

810



=
—

=
)

=
A

X2

A A A A A A A A A A
A A A 4 4 R a A A
A A 4 4 2 2 4 a4 A R
O R S
A A A= A a
A A ry A a A
A A A A A A DN=4a 1o =&
A A A A A AR A & =&
AR A A4 A AR R & A »a
A i A
i N A Y A
At Y U Y Y S N U
AR A DA=4 A—=R R 4 42 R
A § A z%A A A=2 A
2048 4t 2
% A % 1 § A % =1 7
A A A N4 A 1A 4=1 &
A A A A 4 A7 A R
AR A A A A A & R =&
2 3 i =4 &
<<= A
ﬁ A— A
A A A —=a A A A
A A A A AT A R A A R
AR A A N4 A A A A
A A A A 4 A A AR A A
A A A
A A A
A A A
A A A A A
o (0]

Figure 2: (a) A configuration for the discretized contact process. Both A and A denote occupied
temporal bonds; A is connected from o, while A is not. The arrows are occupied spatial bonds,
representing the spread of an infection to neighbours. (b) Schematic depiction of the configuration
as a “string of sausages.”

We regard this picture as corresponding to a kind of branching random walk. In this correspondence,
the steps of the walk are the pivotal bonds, while the sites of the walk are the backbones between
subsequent pivotal bonds. Of course, the pivotal bonds introduce an avoidance interaction on the
branching random walk. Indeed, the sausages are not allowed to share sites with the later backbones
(since otherwise the pivotal bonds in between would not be pivotal).

When d > 4 or when d < 4 and the range of the contact process is sufficiently large as described
in (1.7)-(1.8), the interaction is weak and, in particular, the different parts of the backbone in
between different pivotal bonds are small and the steps of the walk are effectively independent.
Thus, we can think of the higher-point functions of the critical time-discretized contact process as
“small perturbations" of the higher-point functions of critical branching random walk. We will use
this picture now to give an informal overview of the expansions we will derive in Sections[3H4|

We start by introducing some notation. For r > 3, let
J=1{1,2,...,r—1}, Ji=J\{j} (e (2.8)

For I = {iy,...,i;} C J, we write X; = {x;,...,x; } and ¥; -y = {x;, —¥,...,x; —y} and abuse
notation by writing

Pe(x)=p.(x)d,, for x = (x,t). (2.9)

There may be anywhere from 0 to r — 1 pivotal bonds, incident to the sausage at the origin, for the
event

fo—x;}={0o—x; VjeJ}. (2.10)
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Configurations with zero or more than two pivotal bonds will turn out to constitute an error term.
Indeed, when there are zero pivotal bonds, this means that 0 = x; for each i, which constitutes an
error term. When there are more than two pivotal bonds, the sausage at the origin has at least three
disjoint connections to different x,’s, which also turns out to constitute an error term. Therefore,
we are left with configurations which have one or two branches emerging from the sausage at the
origin. When there is one branch, then this branch contains ¥;. When there are two branches, one
branch will contain X; for some nonempty I C J; and the other branch will contain ¥ ;, where we
require 1 € J \ I to make the identification unique.

The first expansion deals with the case where there is a single branch from the sausage at the origin.
It serves to decouple the interaction between that single branch and the branches of the tree of
sausages leading to ;. From now on, we write a function F on A" = Z" x Z' (or on 7" x R} for
the continuous-time model) for a given n € N as

F(xX) = Fp(X) for ¥ =(X,7). (2.11)
The expansion writes 7(X ;) in the form

(%)) =AE) + (B-7)E) = AR + ) BO) t(F; —v), (2.12)

veA

where (f «g)(x) represents the space-time convolution of two functions f, g : A — R given by

(F )= fF(N)glx —). (2.13)

YEA

For details, see Section (3, where (2.12) is derived. We have that
B(x) = (m+p.)(x), (2.14)

where 7(x) is the expansion coefficient for the 2-point function as derived in [@, Section 3].
Moreover, for r = 2,

A(x) = m(x), (2.15)
so that (2.12) becomes
T(x)=m(x)+ (m*p.+7)(x). (2.16)

This is the lace expansion for the 2-point function, which serves as the key ingredient in the analysis
of the 2-point function in [@]E
The next step is to write A(X;) as

AR)= > D By, E)tE N —y1)+al@; ), 2.17)
IC:I#D Y1

where, to leading order, J \ I consists of those j for which the first pivotal bond for the connection to
x ; is the same as the one for the connection to x, while for i € I, this first pivotal is different. The

'In this paper, we will use a different expansion for the 2-point function than the one used in HE]. However, the
resulting 7t(x) is the same, as 7t(x) is uniquely defined by the equation (2.16).
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equality (2.17) is the result of the first expansion for A(X;). In this expansion, we wish to treat the
connections from the top of the first pivotal to X \; as being independent from the connections from
o to X; that do not use the first pivotal bond. In the second expansion for A(X;), we wish to extract
a factor 7(¥; —y,) for some y, from the connection from o to X; that is still present in B(yq, X;).
This leads to a result of the form

ZB(J’pr)T(fJ\I —y1)= Z C(y1,¥2) T(X g —y1) ©(¥; —y¥o) +alX,\, X)), (2.18)
Y1 Y1,¥Y2

where a(X j\;, %) is an error term, and, to first approximation, C(y,y,) represents the sausage at o
together with the pivotal bonds ending at y; and y,, with the two branches removed. In particular,
C(y;,¥,) is independent of I. The leading contribution to C(y1,¥,) is p.(¥1) p:(¥5) with y; # y,,
corresponding to the case where the sausage at o is the single point 0. For details, see Section 4]
where (2.18) is derived.

We will use a new expansion for the higher-point functions, which is a simplification of the expansion
for oriented percolation in Z9 x Z 4 in ]. The difference resides mainly in the second expansion,
i.e., the expansion of A(X ).

2.3 The main identity and estimates

In this section, we solve the recursion (2.12) by iteration, so that on the right-hand side no r-point
function appears. Instead, only s-point functions with s < r appear, which opens up the possibility
for an inductive analysis in r. The argument in this section is virtually identical to the argument in
m, Section 2.3], and we add it to make the paper self-contained.

We define
v(x) = ZB*”(x), (2.19)
n=0

where B*" denotes the n-fold space-time convolution of B with itself, with B*°(x) = §,, .. The sum
over n in (2.19) terminates after finitely many terms, since by definition B((x, t)) # 0 only if t € ¢N,
so that in particular B((x,0)) = 0. Therefore, B*"(x) = 0 if n > t, /¢, where, for x = (x,t) € A,
t, = t denotes the time coordinate of x. Then (2.12) can be solved to give

T(¥;) = (v+A)(¥)). (2.20)
The function v can be identified as follows. We note that (2.20) for r = 2 yields that
7(x) = (v+A)(x). (2.21)

Thus, extracting the n = 0 term from (2.19), using (2.15) to write one factor of B as A«p, (cf,,
(2.14)) for the terms with n > 1, it follows from (2.21) that

v(x)= 5o,x + (v«B)(x) = 5o,x + (v+Axp,)(x) = 50,x + (Txp)(x). (2.22)

Substituting (2.22) into (2.20), the solution to (2.12) is then given by

T(X;) =A(X ;) + (T+p~A)(X)), (2.23)
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which recovers (2.16) when r = 2, using (2.15). For r > 3, we further substitute (2.17)-(2.18) into
(2.23). Let

P(r1,¥2) = D ,pe(v) Cly1 = v, ¥, — V), (2.24)
gI(xy) =Av(fJ) + (Txpe+a)(¥X)), (2.25)
where
a®)=aE; D)+ D, al®p, %) (2.26)
I1CJ: 1#D

Then, (2.23) becomes
(X)) = Z TPW) Yy, —v,y,-v) Z T(E g —y1) TV —yo) + (), (2.27)

Vi.Y1:Y2 ICJy:I1#D

where r; =|J\I|+1 and ry = |I|+1. Since 1 < |I| < r —2, we have that r;, ry < r —1, which opens
up the possibility for induction in r.

The first term on the right side of (2.27) is the main term. The leading contribution to Y (y,¥5) is

P e (1, ¥2) = ¥ (51,26), (¥2,26)) = Y p (W) pe(y1 —Wpe(yo —w) (1 =6y, ,,),  (2.28)

using the leading contribution to C described below (2.18).
We will analyse (2.27) using the Fourier transform. For I C J, we write

K = (k)ier, ki= ki b= (6ers t; =mint, (2.29)

i€l

and abbreviate them to E, k, £ and t, respectively, when I = J. With this notation, the Fourier
transform of (2.27) becomes

t—2e Lo t;=s0
~( (DY — A(r) 7. > (T
% (k)—Z ) D D D Pasknnk) T R R+ PR,
Sop= PH#ICT, s1=2¢ sy=2¢

(2.30)

where Zt<s < Isan abbreviation for Zse [6.t/]NeZ, The identity (2.30) is our main identity and will
be our point of departure for analysing the r-point functions for r > 3. Apart from v and {*, the
right-hand side of (2.27) involves the s-point functions with s = 2, r;, . As discussed below (2.27),
we can use an inductive analysis, with the r = 2 case given by the result of Theorem [1.1]proved in
M]. The term involving 1) is the main term, whereas {” will turn out to be an error term.

The analysis will be based on the following important proposition, whose proof is deferred to Sec-

tions/517. In its statement, we denote <2 ﬁ by Vz and use the notation

(1+sy—s5) @2/ (d >2),
log(1 +s4) (d=2), (2.31)
(145, D/2 (d<?2),

pE  — gls1s2 Tisy<s}
S1552 (1 +51)(d—2)/2
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where

n =3-0 — 651,28552,28' (2.32)

51,82 $1,52

We note that the number of powers of ¢ is precisely such that, for d > 4,

s L]
Db =0(e). (2.33)
$1,59=2€
We also rely on the notation
=14, (2.34)

and, for d < 4, we write 3, =L 4. Then, the main bounds on the lace-expansion coefficients are as
follows:

Proposition 2.2 (Bounds on the lace-expansion coefficients). The lace-expansion coefficients sat-
isfy the following properties:

11026,23(}'1’ J/Z) = Zpe(u)pe(yl - U)Pe(}’z - u) (1 - 5y1,y2)- (2.35)

() Letd >4, k€ (0,IAAA ‘12;4), A =AY and r > 3. There exist Cy, Cé') < 00 (independent of €)
and Ly = Lo(d) such that, forall L > Ly, ¢ € {0,2}, k; € [-m,n]d (i=1,...,r=1), s;, ti €€y
(i=1,2, j=1,...,r — 1), the following bounds hold:

Vi s, 5, (k1 k)l < €y 081 +5)8%(8,, 5, + BIBLT + D), (2.36)

51,52 52,51

ZO0Ol < c 1L+ D), (2.37)
where t denote the second-largest element of {t;,...,t._1}.

(ii) Let d <4 with a=bd — % >0,k €(0,a)and r >3. Let B, =BT " and A, =1+ 0(T™H)
with u € (0,a — &), as in Theorem [1.1(ii). There exist Cw,Cg) < oo (independent of ) and
Lo = Lo(d) such that, for Ly > Ly with L, defined as in (1.7), q € {0,2}, k; € [—m,n]¢

(i=1,...,r=1),s;,t; <eZ,N[0,logT] (i=1,2, j=1,...,r — 1), the following bounds hold:

V5 s, (kas ko)l < Cy 081 +5)Y2(8 5, + BB (B +DE) ), (2.38)
0 < cTr R (2.39)

We will prove the identity (2.35) in Section[4.4] the bounds (2.36) and (2.38) in the beginning of
Section |6} and the bounds (2.37) and (2.39) in the beginning of Section 7.

It follows from (2.36) and (2.33) that for d > 4, the constant V' defined by

1 e -
V():E Z P, 5,(0,0), (2.40)

$1,S0=2€

with A = A%, is finite uniformly in € > 0. In Proposition[2.4 below, we will prove the existence of
lim, o V. The constant V of Theorem [1.2/should then be given by that limit. By (2.28), ||D||,, =
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O(B) and AL’ = 1+ O(p) uniformly in &, we have

Poe2:(0,0) = (1 — & + A%) ( (1-—e+2APe)* - ((1 —e)+ (A(CE)S)ZZD(X)Z) ) =(2—e+0(B))e.

(2—6+O([3)8)A£€)e

Combining this with (2.36)) yields
VO =2—¢+0(B). (2.41)

This establishes the claim on V of Theorem|[1.2(i). For d < 4, on the other hand, § = 3, converges
to zero as T T 0o, so that V' is replaced by 2 — ¢ in Theorem [2.1((ii).

2.4 Induction in r

In this section, we prove Theorem|2.1 for ¢ € (0, 1] fixed, assuming (2.30) and Proposition|2.2| The
argument in this section is an adaptation of the argument in @, Section 2.3], adapted so as to deal
with the uniformity in the time discretization. In particular, in this section, we prove Theorem
for oriented percolation for which ¢ = 1.

For r > 3, we will use the notation
t = the second-largest element of {tq,...,t,_1}, t =min{ty,...,t,_1}. (2.42)

Proof of Theorem 2.1(i) assuming Proposition 2.2. We prove that for d > 4 there are positive con-
stants Ly = Lo(d) and V@ = V(d, L) such that for A = A%, L > Ly and x € (0,1A A A df‘), we
have

~(r) k _ A® 217\ =2 [ xrr-D 7. z —K

) =AY (@OPVO 2 (1 B+ o(+ D)) (r23) (2.43)
uniformly in ¢t > t and in k € RO-Dd with er:_ll |k;|? bounded, and uniformly in & > 0. To prove
Theorem|2.1(i), we take t = T and replace t by Tt. Since, without loss of generality, we may assume
that max; t; = 1 and t; < 1, we thus have that T > T, so that (2.43) indeed proves Theorem|2.1(i).

We prove (2.43) by induction in r, with the initial case of r = 2 given by Theorem [2.1(i):

ity
2 kYo (KVU/E ) _p0 (e —K
Ttl(\/m)—ftl(\/v—\:e)gztl) =A9(e 20t +0((t; + 1)), (2.44)
—4

using the facts that |k|? is bounded, t; < t and k < dT

(2.30). Let r > 3. By (2.37), ¢ (tl)(l_é) is an error term. Thus, we are left to determine the asymptotic
behaviour of the first term on the right-hand side of (2.30).

Fix k with er:_ll |k;|? bounded. To abbreviate the notation, we write

. The induction will be advanced using

kO = ——. (2.45)
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Given 0 <sy <'t, let t, =5, A (t — ). We show that, for every nonempty subset I C J;,

Lyni=So t;—so
(1) (t) ~(r) 7\ ~02) O] () ~ (r1) HG) A(rz) 7
22] Z U RN O RN O B A SN (P R S )
£ Sy=

< Cet™3(t,+ 1) (2.46)

Before establishing (2.46), we first show that it implies (2.43). Since |7, O(k“’)l is uniformly bounded
by Theorem |2.1/for r = 2, inserting (2.46) into (2.30) and applying (2.37) gives

L L
%(tj)(l_ém) — V(e)g Z %So(k(t)) Z A(r1) ( L(ItiI)T(rz) (k;t)) + O(tr_B)é‘ Z (£0 + 1)—K + O(l’r_z_K).
$0=0 ICJ1|I|>1 $0=0

(2.47)

Using the fact that k < 1, the summation in the error term can be seen to be bounded by a multiple
of t!7% < 7%, With the induction hypothesis and the identity r; +r, = r + 1, (2.47) then implies
that

t

~OVTON — A (AU 2. N o) P (rp=1) 2-
FO(R) = AD((APVO) e Yy MY (k) Y MY SO(kJ\I)M > U(k)+0(£"2),
5o=0 Icjy:|I1>1 t

(2.48)

where the error arising from the error terms in the induction hypothesis again contributes an amount
o(t" e Z.i):o(go +1)7% < 0(t""27%). The summation on the right-hand side of (2.48), divided
by t, is the Riemann sum approximation to an integral. The error in approximating the integral by
this Riemann sum is O(et~!). Therefore, using (1.17), we obtain

t/t
2O(K9) = A9 ((A92Vv©r) > J dso M(K) D M (R IMEE ) (Rp) +0(E7%)

0 1cJp:|I1>1 t T

= A®((A9)PV@r)"~ 2M ér/ V(K) 4+ 0(t™27). (2.49)

Since t > £, it follows that t"~27% < Ct"~2(t + 1)~*. Thus, it suffices to establish (2.46).
To prove (2.46), we write the quantity inside the absolute value signs on the left-hand side as

Lp—So t;=so

¢ - © 7.0y 201 ORPE) 200 (S)A(r) 20 N ) (7O
2 2 Pan KR R R -V | (R, R

$1=2¢€ Sp=2¢

— Tl + Tz + T3, (250)
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with

S0 t;—so

=200 (A (R Z Z Py,5,(0,0) =V, (2.51)

tnr—so =
£ sy=

S0 t;—so

Bt ERLEN T B (ki k), 00). @52

fJ\I So =
€ S9=

Lni—Sot;—so

Ty= 3 D (KK

s1=2¢€ sp=2¢

y (f'(jl) o )f(m ( PLOMIIPAGY -(Itil) 72) (k(”)) (2.53)

t—s1—So J\I tr—s9—50 tJ\I —so

To complete the proof, it suffices to show that for each nonempty I C J;, the absolute value of each
T; is bounded above by the right-hand side of (2.46).

In the course of the proof, we will make use of some bounds on sums involving b(g) :

Lemma 2.3 (Bounds on sums involving b;? 52). (i) Let d > 4. For every k € [0,1 A 44 ) there
exists a constant C = C(d, k) such that the following bounds hold uniformly in ¢ € (0, 1]

&)

DT s+ b ) < Ce(1+5)17F, Z b, < Ce(1+5)™". (2.54)
$1,89=2¢ $1,89=
(s1Vsy<s) (51Vsz>s)

(i) Let d <4 with a = bd — %% >0, fix a € (0,a), recall B, = B, T~ and let B, = ;T 2. There
exists a constant C = C(d, k) such that the following bound holds uniformly in ¢ € (0,1]

TlogT
Br D (85 + BB, +bY, )< Chre. (2.55)

$1,80=2€
(s1Vsy>2¢)

Proof. (i) This is straightforward from (2.31), when we pay special attention to the number of
powers of & present in béi),SZ and use the fact that the power of (1 +s;) and of (1 + s, —s;) is
(d—2)/2>1.

(ii) We shall only perform the proof for d < 4, as the proof for d = 4 is a slight modification of the
argument below. Using (2.31), we can perform the sum to obtain

LHS of (2.55) < O(f,)&> Z* (145,)2 /2

2¢<51<TlogT

+ O([J’T2)83 Z 1+ 51)(2_d)/2(1 + 55 — 51)(2_d)/2

2£<s51<5,<TlogT
< 0(B,)e(1+ TlogT) W /2 (1 B (14T logT)(4_d)/2)
SO(ﬁT)E(l-i_[;)T)) (2.56)

as long as a € (0, a). This proves (2.55). O
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We now resume proving (2.46). By the induction hypothesis and the fact that t; < t, it follows that
|‘(r’)(k1 )| < O(t"~2) uniformly in t, and kI Therefore, it follows from (2.36) and the definition of

V(S) in (2.40) that
IT,| < Z Ot )b < 0(et" (¢, + 1)1/, (2.57)

2t S0
or
522t =50

where the final bound follows from the second bound in (2.54).
Similarly, by (2.36) with g = 2, now using the first bound in (2.54),

Lnr—Sot;—so

Tl < Y D5 Galkl P45,k 20 )b0, < 0(et™ (8, +1)7™), (2.58)

$1=2¢€ so=2¢
using that tr_4(£0 +1Ir < tr_3(£0 +1)7" since t > t,. It remains to prove that

|T5| < O(et™ (£, + 1)7). (2.59)

To begin the proof of (2.59), we note that the domain of summation over s;,s, in (2.53) is contained
in sz.zoyj(z?), where

F(D) =10, Lt —s0)] x [0, 1(t, —s0)],

A0 = [%(EJ\[ —50), LAY —50] X [0, t; =501,

5’2(5 =[O0, L — 0] X [%(EI —S0), L —50]-
Therefore, |T5| is bounded by

2

D 2 e k) |2

=05e5(7)

(r1) ( (t)) ~(r9) (k(t)) A(r1) (k(t)) ~(r9) (k(t)) (260)

tnu=s1=so " J\I7 " Tj=s3=s¢ fJ\I—So DAV AR

The terms with j = 1,2 in (2.60) can be estimated as in the bound ( on Tj, after using the
triangle inequality and bounding the r;-point functions by O(t"i~2).

For the j = 0 term of (2.60), we write

~(r1) kO )= 20D k© ~(r1) 2® y _ ~0D 70

TFJ\,—sl—so J\I) t IS0 J\I)+( £ —s1—50 kJ\I) T?J\,—so kJ\I))’ (2.61)
~(2) 20 2(2)  (FO ~ (r2) 7 7202 AG)
B &) =21 KO+ (0 (K- (&), (2.62)

We expand the product of (2.61) and (2.62). This gives four terms, one of which is cancelled by

%(tfl\) S (JtiI)A(rz) (k;”) in (2.60). Three terms remain, each of which contains at least one factor
J\I 20 _

from the second terms in (2.61)—(2.62). In each term we retain one such factor and bound the

other factor by a power of t, and we estimate v using (2.36). This gives a bound for the j = 0

contribution to (2.60) equal to the sum of

PRGN K= (D) (2.63)

51,52 tJ\I_sl_SO tJ\I_SO
(s1,82)€5(10)
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plus a similar term with J \ I and r; replaced by I and r,, respectively.

By the induction hypothesis, the difference of r;-point functions in (2.63) is equal to
A (A2 (£ ((Fny =51 = 50)/6) = £ (B —50)/8) ) O 2(tg + 1)) (2.64)

with f(f) = M(r1 D(kJ\I). Using (1.17), the difference in (2.64) can be seen to be at most O(s;t~1).
Therefore, (2. 63) is bounded above, using (2.54), by

> (0(5 £+ 0t 3 (b, + 1) K))(bf)52+b(€) ) < 0(et™3(ty +1)7%). (2.65)
(s1,50)€H4(T)
This establishes (2.59).

Summarizing (2.57)-(2.59) yields (2.46). This completes the proof of Theorem [2.1i) assuming
Proposition|2.2((i). O

Proof of Theorem|2.1(ii) assuming Proposition The proof of Theorem [2.1((ii) is similar, now us-
ing Proposition|2.2(ii) instead of Proposition|2.2(i) and Lemma|2.3(ii) instead of Lemma|2.3(i). For
d < 4, we will prove that for there are positive constants L, = Ly(d) and such that, for A, and u as
in Theorem [1.1(ii), L, > L, with L, defined as in (1.7), and 6 € (0,1 A A A a), we have

fg)(%) = ((2—e)T)2 (Mif (k) +0(T~ MA5)) (r>3) (2.66)

uniformly in T > £, in £ such that max/_] t; < Tlog T, and in k e RO-D4 with er:_ll |k;|? bounded,
and uniformly in € > 0.

We again prove (2.66) by induction in r, with the initial case of r = 2 given by Theorem [2.1(ii).
This part is a straightforward adaptation of the argument in (2.44)), and is omitted.

We now advance the induction hypothesis. By (2.30) and (2.39),

Lni—So t;—so

f(tj)(l_(’) = Z T(Z)(k) Z Z Z 'l/)sl 52(kj\1,k1) Tiﬁ\) _Sl_so(k g ) Airzis . (EI)_+_O(Tr—2—K)’
50=0 DAICT| s1=2¢ s,=2¢

(2.67)

where, since u € (0,a — &) due to Theorem|[1.1(ii), and since x € (0, a) is arbitrary due to Proposi-
tion[2.2((ii), we may assume x > u without loss of generality.

Below, we will frequently use

Z T(F‘I”“)()?I) <o((1+)1), uniformly in e. (2.68)

X

This is an easy consequence of the already-known results for the 2-point function and certain dia-
grammatic constructions introduced in Section [5.11 We will prove (2.68) in the beginning of Sec-

tion|5.3.2.
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By Proposition[2.2(ii) and Lemma[2.3(ii) and using 5, = 8, T~* and (2.68), we can bound

—2¢e Lni—So t;—so

Z T (k) Z Z Z Lis, 50220260 Ws, 5, (ko kp) 220 SI_SO( J\I) 202 SO(EI) (2.69)

Sp= P#ICT| s1=2¢ s,=2¢
t—2¢ TlogT

SCUE+D YT DT (8, +BIDBY, + DY) <O(T A7),

$o=0 $1,59=2¢
(s1Vsy>2¢)

Fix k with er:_ll |k;|2 bounded. To abbreviate the notation, we now write k™ = k/ 4/ o2T. By (2.28)
and (1.2),
V26,26 (K K) = 3. 26(0,0) = O(e [k PT™H), (2.70)

and, by (2.28) and the fact that A, =1+ O(T "),
Yoo 0:(0,0) =N, 6(2— ) =e(2— &)+ O(eT™H). (2.71)

As a result, we obtain that

t—2¢
~(r) (T — @)(1.(T) A(T) (T) A(T) 71T —2— 2 -3
DEM) =e2—e) D TO*D) ; 0 e ) B (R +O(T 27 + O(IKPT" ).
5o=0 @AICT,

(2.72)

The remainder of the argument can now be completed as in (2.47)—-(2.49), using the induction
hypothesis in (2.66) instead of the one in (2.43). O

2.5 The continuum limit

In this section we state the results concerning the continuum limit when ¢ | 0. This proof will
crucially rely on the convergence of A“), V® and v when ¢ | 0. The convergence of A® and v**
was proved in [n 6, Proposition 2.6], so we are left to study V. When 1 < d < 4, we have that the
role of A®,V® and v are taken by A®) = 1,V = 2 — ¢ and v'*) = 1, so there is nothing to prove.
Thus, we are left to study the convergence of V when ¢ | 0 for d > 4.

Proposition 2.4 (Continuum limit). Fix d > 4. Suppose that A — A and A < A¥ for ¢ sufficiently
small. Then, there exists a finite and positive constant V = 2 4+ O(f3) such that

liﬁ)l Ve =V, (2.73)
£

Before proving Proposition 2.4, we first complete the proof of Theorem|1.2.

© o
Proof of Theorem|1.2l We start by proving Theorem [1.2(i). We first claim that lim, i’?fg (k) =

%?“(l_é). For this, the argument in [@, Section 2.5] can easily be adapted from the 2-point function
to the higher-point functions.
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Using the convergence of Tﬂ (k) together with Theorem [2.1(i) and the uniformity of the error
term in (2.4) in ¢ € (0,1], we obtaln

) iy ) iy ()
JT omm I\ Vrower

. () (©)\277(e) r—2 O (r—1) m_’ -5
= lim A7 ((A”PVT) (MF @77k)+ou*))
— A(A2V ()2 (Mg‘”(l?) + o(T—5)), (2.74)

where we have made use of the convergence of v to v, and the fact that k— M;'”(lz) is continu-
ous. This proves (1.18).

The proof of Theorem|[1.2(ii) is similar, where on the right-hand side of (2.74) we need to replace
AA® vand v® by 1,V@ by 2—¢,V by2and 6 by uAé. O

Proof of Proposition 2.4] The proof of the continuum limit is substantially different from the proof
used in [16], where, among other things, it was shown that A and v'* converge as ¢ | 0. The main
idea behind the argument in this paper also applies to the convergence of A and v*, as we first
show. This simpler argument leads to an alternative proof of the convergence of A® and v*.

For this proof, we use , Proposition 2.1], which states that, uniformly in ¢ € (0, 1],

rm '(0)= AP (14 0(t™@=9/2y), (2.75)

The uniformity of the error term can be reformulated by saying that

(e)
272 (0) = A” (1 4 7,(1)), (2.76)
where
r()= sup |y () =0((t+1)"@4/2), (2.77)
e€(0,1]

Therefore, we obtain that, uniformly in ¢ € (0,1] and t > 0,

28 28
Tt;s (O) A(s) < Tt;e (0) (2 78)
I+y(0) = ~1-y(t) '

(e)
Now we take the limit £ | 0, and use that, as proved in [16, Section 2.4], we have lim, f?; (0)=
i’?“(o), to obtain that

A A)l
7400 <(0
() <liminfA® <limsupA® < %.°(0)

- 2.79
1+y(t) el0 el0 1—y(t) (279

Since A® = 1+ O(f) uniformly in ¢ € (0,1] (cf., (2.5)), we see from that t — 'E?;“e(O)
is a bounded sequence. Therefore, we conclude that also %?C(O) is uniformly bounded in t > 0.
Therefore, there exists a subsequence of times {t;}°, satisfying t; — oo such that ’E?IC(O) converges
as | — oo. Denote the limit of ’E?C(O) by A. Then we obtain from (2.77) and (2.79) that

A <liminfA® <limsupA® <A, (2.80)
el0 elo
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so that lim, ;o A“) = A. This completes the proof of convergence of A®. A similar proof can also be
used to prove that the limit lim, o v = v exists.

On the other hand, the proof in M] was based on the explicit formula for A, which reads

1+ Z 22(0)

s=2¢

1+ Z s 7% ()57 (0)

528

AP = (2.81)

~ (e)
where p?(k) =1— ¢+ AeD(k), and on the fact that S%ﬁ?; (0) converges as ¢ | O for every s > 0.
This proof was much more involved, but also allowed us to give a formula for A in terms of the

()
pointwise limits of 8%7%?; (0)ase | 0.
For the convergence of V), we adapt the above simple argument proving convergence of A). We
use (2.4) forr =3, = (¢t,t) and k =0:

2@ (0,0)=(APVOt(1+7,.(1)), (2.82)

(t t);e

where v,.(t) = O((t +1)~%) uniformly in e. Therefore,

r(O= sup |y.()=0((t+1)7%), (2.83)
£€(0,1]
hence
® ®
HCE 8(0 0 <V® < o 8(0 0 (2.84)
AOPA+y(eNt — T (ADPA—y())e '
Next we let ¢ | 0 and use that the limits
~(3) _ A(3) 5 (e) —
lim2(,.(0,0) = 27 ,(0,0), limA® = A (2.85)
both exist, so that
t? (0,0) +? (0,0)
?’(L <liminfV® <limsup V® < B(L (2.86)
A +y(e)t — elo €l0 A1 —y(O)t

The above inequality is true for any t. Moreover, by (2.68) for |I| = 2, 2% (0,0) is bounded for

a (t t)
large t. Therefore, there are V € (0, 00) and an increasing subsequence {t;};°, with lim;_,, t; = 00

such that

1
lim —%% (0,0) =AV. (2.87)

[—o00 t; (t t)
Since y(t) = o(1) as t — 0o, we come to the conclusion that

V=A%) < 11m1an(€) <limsupV® <A3(A%V) = (2.88)
€l0

ie., lim, o V® = V, independently of the choice of {t;}°,. This completes the proof of Proposi-
tion 2.4} O
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3 Linear expansion for the r-point function

In this section, we derive the expansion (2.12) which extracts an explicit r-point function 7(xX; —v),
and an unexpanded contribution A(X;). In Section 4, we investigate A(X;) using two expansions.
The first of these expansions extracts a factor 7(X;\; —y;) from A(X,) as in (2.17), and the second
expansion extracts a factor 7(¥; —y,) from A(¥;) as in (2.18).

From now on, we suppress the dependence on A and ¢ when no confusion can arise. The r-point
function is defined by

(%) =Plo — %)), 3.1)

where we recall the notation (2.8) and (2.10). Rather than expanding (3.1), we expand a general-
ized version of the r-point function defined below.

Definition 3.1 (Connections through C). Given a configuration and a set of sites C, we say that
y is connected to x through C, if every occupied path from y to x has at least one bond with an

endpoint in C. This event is written as y — x. Similarly, we write

{yiw'c'b,}={y—>5c'J}ﬂ{EIj€Jsuchthatyi>xj}. (3.2)

. . c .. .
Below, we derive an expansion for P(v — X;). This is more general than an expansion for the
r-point function 7(x;), since

{o}
).

T(fj):]P)(O —)fJ (33)

Thus, to obtain the linear expansion for the r-point function, we need to specialize to y = o and
C = {o}. Before starting with the expansion, we introduce some further notation.

Definition 3.2 (Clusters and pivotal bonds). Let C(x) = {y € A : x — y} denote the forward
cluster of x € A. Given a bond b, we define C’(x) € C(x) to be the set of sites to which x
is connected in the (possibly modified) configuration in which b is made vacant. We say that b
is pivotal for x — y if y € C(x)\ C?(x), i.e., if x is connected to y in the possibly modified
configuration in which the bond is made occupied, whereas x is not connected to y in the possibly
modified configuration in which the bond is made vacant.

Remark (Clusters as collections of bonds). We shall also often view C(x) and C?(x) as collections
of bonds, and abuse notation to write, for a bond a, that a € C(x) (resp. a € C?(x)) when aeC(x)
and a is occupied (resp. a € C®(x) and a is occupied).

We now start the first step of the expansion. For a bond b = (x,y), we write b = x and b=y. The
c . . L . .
event {v — X} can be decomposed into two disjoint events depending on whether or not there is

a common pivotal bond b for v — x; for all j € J such that v LR b. Let

E'(v,%;;C)={v =, %} n {? pivotal bond b for v — x; Vj € J such that v LQ} (3.4

See Figure(3 for schematic representations of E'(v,x;C) and E’(v,X; C).

If there are such pivotal bonds, then we take the first bond among them. This leads to the following
partition:
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x

E'(v,x;C) = [ E'(v,%,;C) =

<

Figure 3: Schematic representations of E’(v,x;C) and E’(v,X;;C). The vertices at the top of the
right figure are the components of X ;.

Lemma 3.3 (Partition). For every v € A, X; € A" ! and C C A,

{v LX'J} =FE'(,X;;Q)U U {E’(V,Q;C)r‘l {b is occupied & pivotal for v — x; Vj EJ}}. (3.5)
b

Proof. See Hl—S‘, Lemma 3.3]. O
Defining

A9(v,x;;C) =P(E'(v,%,;C)), (3.6)
we obtain

P(v S, X;) =A9(v,x;;C) +ZP(E’(V,Q; C) N {b is occupied & pivotal for v — x; Vj EJ}).
b
3.7)

For the second term, we will use a Factorization Lemma (see ], and, in particular, [@, Lemma
2.2]). To state that lemma below, we first introduce some notation.

Definition 3.4 (Occurring in and on). For a bond configuration w and a certain set of bonds B,
we denote by w| the bond configuration which agrees with w for all bonds in B, and which has all
other bonds vacant. Given a (deterministic or random) set of vertices C, we let B = {b : {b, b} c c}
and say that, for events E,

{E occurs in C} = {w : wlg € E}. (3.8)
We adopt the convenient convention that {x — x in C} occurs if and only if x € C.

We will often omit “occurs” and simply write {E in C}. For example, we define the restricted r-point
function t¢(v,x;) by

T(v,X;)=P(v — X, in A\ C), 3.9)
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where we emphasize that, by the convention below (3.8), 7¢(v,¥;) = 0 when v € C. Note that, by
Definition 3.1}

(v, %,) = 1(%, —v) = P(v — &,). (3.10)

A nice property of the notion of occurring “in” is its compatibility with operations in set theory (see

, Lemma 2.3]):

{E®in C} = {E in C}*, {ENF in C} = {E in C} N {F in C}. (3.11)

The statement of the Factorization Lemma is in terms of two independent percolation configura-
tions. The laws of these independent configurations are indicated by subscripts, i.e., E, denotes
the expectation with respect to the first percolation configuration, and E, denotes the expectation
with respect to the second percolation configuration. We also use the same subscripts for random
variables, to indicate which law describes their distribution. Thus, the law of C(’f(w) is described by
E,.

Lemma 3.5 (Factorization Lemma UE, Lemma 2.2]). Given a site w € A, fix A > 0 such that
C(w) is almost surely finite. For a bond b and events E, F determined by the occupation status of bonds
with time variables less than or equal to t for some t < 00,

E[L{E in € w)} L{F in A\ w)} | =E, [JL{E in Cw)} E, [1{F in A\CE(w)}] ] , (3.12)

where, as explained above, the conditional expectation E,[1{F in A\C}(w)}] is random against the mea-
sure IP,. Moreover, when E C {b € C®(w)}n{b & C®(w)}, the event in the left-hand side is independent
of the occupation status of b.
We now apply this lemma to the second term in (3.7). First, we note that
E'(v,b;C)N {b is occupied & pivotal for v — x; Vj € J}
={E'(v,b;C) in C®(v)} N {b is occupied} N {b — ¥, in A\ C°(v)}. (3.13)

Since E’'(v,b;C) c {b e C?(v)} and since the event {b —> %, in A\ C?(v)} ensures that b ¢ Cl(v),
as required in Lemma the occupation status of b is independent of the other two events in
(3.13). Therefore, when we abbreviate p;, = pe(g — b) (recall (2.9)) and make use of (3.9)-(3.10)
as well as (3.12), we obtain

}P’(E’(V,Q; C) N {b is occupied & pivotal for v — x; Vj € J})
=E [ﬂ{E'(V,Q;C) in C(v)} 1{b is occupied} ﬂ{z—n'c'J in A\Cb(v)}]

=p,E []l{E’(v,g;C) in €} E[ 1{p—%; in A\E ()} ] ]
oy T = - T - ¢toy
:pr[]]‘E/(V,Q;C) TCb( )(b,xJ)] :pr[]lEl(v,é;C) (T(XJ—b)—P(b C—)XJ ):|, (3.14)

where we omit “in €?(v)” in the third equality, since E’(v, b; C) depends only on bonds before time
tp (where, for x = (x,t) € A, t, =t denotes the temporal component of x).
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BO(v,x;C) : BW(v,x;C) :

Figure 4: Schematic representations of B”(v,x;C) and BY(v,x;C).

Substituting (3.14) in (3.7), we have

P(v 5 %,) = A0, xJ,C)+Zpr[nE«vbc>(r(xj B-p(6<2%))]. ©1s)

On the right-hand side of (3.15), again a generalised r point function appears, which allows us to
iterate (3.15), by substituting the expansion for IP’(b N X ;) into the right-hand side of (3.15).

In order to simplify the expressions arising in the expansion, we first introduce some useful notation.
For a (random or deterministic) variable X, we let

M%) =E[lpqg,0X], BO(v,y;C) = Z M,".c(1) py. (3.16)
b=(-.y)
Note that, by this notation,

A9y, %;;0)=M",  (1). (3.17)

v,X;;C

Then, (3.15) equals
(v -5 £,) =400, 7,0+ > BOw,y: Q)T ~y) = > py MUy o (BB 2 ). (3.18)
y b

This completes the first step of the expansion. We first take stock of what we have achieved so

. . . c . .
far. In (3.18), we see that the generalized r-point function P(v — X) is written as the sum of
A®(v,%;;C), a term which is a convolution of some expansion term B (v,y; C) with an ordinary

r-point function (¥ - y) and a remainder term. The remainder term again involves a generalized

. . cbw) . . .
r-point function ]P’(b —— X;). Thus, we can iterate the above procedure, until no more generalized

r-point functions are present. This will prove (2.12).

In order to facilitate this iteration, and expand the right-hand side in (3.18) further, we first intro-
duce some more notation. For N > 1, we define

(N+1) — (N) (1)
va,C( )_Zpbzv v,by C(MbNxJCN I(X))
by

= MO o e
= 2 l_[pb MO (M2, o (M2 o @) e

by=(by,....by) I=
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where the superscript n of M™ denotes the number of involved nested expectations, and, for n > 0,
we abbreviate C®»+1(b,) = C,,, where we use the convention that b, = v, which is the initial vertex
. (N+1)

in M v.7,C"

Let

AV, % 55C) =M, ;" (1), BY(v,y;Q) = > MY(1)py, (3.20)
b=C.y)

which are both nonnegative and agree with (3.16)-(3.17) when N = 0. We note that A"(v,%;; C) =
B™(v,y;C) = 0 for Ne > min;g; ty, — ty, since, by the recursive definition (3.19), the operation
M®* eats up at least N time-units (where one time-unit is €).

We now resume the expansion of the right-hand side of (3.18). As we notice, we have P(v % 7)
again in the right-hand side of (3.18), but now with v and C being replaced by b and C’(v),
respectively. Applying (3.18) to its own right-hand side, we obtain

P(v -5 %)) = (490, %30 - A0, 750)) + 3 (BY(,y;0 ~ BY(v,y:0)) 7(F, - )

y
— &
+> oy, M, (P(bz 4, xj)). 3.21)
by
Define
o0 o0
AW, ;€)= D (-1DVAY(v,%;;€),  B(v,y;0)= ) (-DVBYV(v,y;C).  (3.22)
N=0 N=0

By repeated application of (3.18) to (3.21) until the remainder vanishes (which happens after a
finite number of iterations, see below (3.20)), we arrive at the following conclusion, which is the
linear expansion for the generalised r-point function:

Proposition 3.6 (Linear expansion). For any J # @, A < A, and %, € AV,

P(v - %,) =AWV, ;0 + Y _B(v,y: Q) 1(%, - ¥). (3.23)
y

Applying Proposition [3.6/to the r-point function in (3.3), we arrive at

(%) =AF,)+ Y By) (&, - y), (3.24)
y

where we abbreviate
A(X;)=A(0,X;;{o}), B(y)=B(o,y;{o}), (3.25)

and similarly for AN (¥;) = A%(0,%;;{o}) and B™(y) = B™(0,y; {o}). In the remainder of this
paper, we will specialise to the case where v = 0 and C = {0}, and abbreviate

(N) _ (N)
MP) =M LX) (N =), (3.26)

0,%
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Figure 5: A schematic representation of the expansion (3.23). The vertices at the top of each
diagram are the components of X, as in Figure (3. In the second parentheses, the connection from
y to X; in each diagram (depicted in bold dashed lines) represents 7(¥; — y).

This completes the proof of (2.12). In the next section, we will use Proposition|3.6 for a general set
C in order to obtain the expansion for A(¥ ).

. . / .
For future reference, we state a convenient recursion formula for M‘(}N;jv_é(X ), valid for N,N’ > 1:

M550 = oo, (M, 00) .27

by, X 5E0N (by_q)

which follows immediately from the second representation in (3.19).

4 Expansion for A(X ;)

We now consider A(X;) in (3.24). Our goal is to extract two factors 7(¥;\; —y;) and ©(¥; —y,)
from A(X;), for some I € J with I # & and some y,,y, € A. Letr; = |[J\I|+1and ry = |I| + 1.
We devote Section|4.1]to the extraction of the first r;-point function 7(¥;\; —y;), and Section 4.2|
to the extraction of the second r,-point function 7(¥; — y,).

4.1 First cutting bond and decomposition of A”(x ;)

First, we recall (3.17) and, by the recursive definition (3.19) for N > 1,

AR ) = ML) = Y by, My (B (' (B, %55 €6,.0) ), (4.1)

by
where the subscripts indicate which probability measure describes the distribution of which cluster.
For example, C, , = C?(b, ,) is a random variable for P, , that is hidden in the operation M )

(cf., (3.19)), but is deterministic for . Therefore, to obtain an expansion for A" (¥ ), it suffices t to
investigate P(E’(v,X;; C)) for given v € A and C C A. In this section, we shall extract an r;-point
function 7(¥;\; — y,) from P(E'(v,X;;C)).
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— C .. S
Recall (3.2) and (3.4) to see that there must be a j € J such that v — x ;. We partition E'(v,%,;C)
according to the first component x ; which is connected from v through C, i.e.,

Ew,i;0=J{tv =30 {560 nfy Sxg
jeJ

N {7 pivotal bond b for v — x; Vi € J such that v -, b}, (4.2)
where we use the convention that

V- (xp,.0x;, )} =0 ifj=1. (4.3)

. . . C . o1s
Because of this convention, for j = 1, the event {v — (xy,...,x;_1)}° is the whole probability
space. If j > 2, then we can ignore the intersection in the second line of (4.2), because {v —

X3pn{v = (x1,...,x;_1)} implies that v — x; in A\ Cfori =1,...,j — 1, so that the event in
the second line is automatically satisfied. We now define the first cutting bond:
Definition 4.1 (First cutting bond). Given that v S x ;, we say that a bond b is the x j-cutting

bond if it is the first occupied pivotal bond for v — x; such that v R b.

Let

F'(v,%,;C) = U {{v — X;in{v . (xq, ...,xj_l)}c Nn{v N x;}n {7 X j-cutting bond}}
jeJ
N {7 pivotal bond b for v —> x; Vi € J such that v N b}, 4.4
which, by definition and (3.4), equals

F'(v,%;;C) = U {{v — XN {v = (xl,...,xj_l)}cﬂE’(v,xj;C)}
jeJ

N {7 pivotal bond b for v —> x; Vi € J such that v =, b}. (4.5)
Then, E'(v,%,;C) equals
E/(VJ')?J; C) = F/(v’fJ;C)

U U U {{v — X n{v i)(xla-“nxj—l)}cn{v ij}ﬂ{b is xj-cutting}}
b jeJ

N {ﬂ pivotal bond b for v — x; Vi € J such that v -, b}. (4.6)

The contribution due to F/(v,X; C) will turn out to be an error term.

Next, we consider the union over j € J in (4.6). When b is the x ;-cutting bond, there is a unique
nonempty set I C J; =J \ {j} such that b is pivotal for v — x; for all i € J \ I, but not pivotal for
v —> x; for any i € I. On this event, the intersection in the third line of (4.6) can be ignored. For a
nonempty set I < J, we let j; be the minimal element in J \ I, i.e.,

jr = min j. 4.7)
jeJ\I
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Then, the union over j € J in (4.6) is rewritten as

U U {{v — X n{v =, (xl,...,xj_l)}c n{v = x;} N {b is x ;-cutting}
jel @#Icy;
Gr=1)

N {b is not pivotal for v — x; Vi € I} N {b is pivotal for v — x; Vi €J \I}}
= U {{v — XN {v <, (xl,...,le_l)}cﬂ {v Lxh} N {b is x ; -cutting}
GAICT
N {b is not pivotal for v — x; Vi € I} N {b is pivotal for v — x; Vi EJ\I}}.
(4.8)

To this event, we will apply Lemma and extract a factor (X, — b). To do so, we first rewrite
this event in a similar fashion to (3.13) as follows:

Proposition 4.2 (Setting the stage for the factorization I). For all ¥; € A"}, any I ¢ J with
I # @ and any bond b,

S C C ) .
fv—x;In{v — (xl,...,le_l)}cn {v —x; } n{bis x; -cutting}
N {b is not pivotal for v — x; Vi € I} N {b is pivotal for v — x; Vie J \ I}
={v — 730 {v =5 (o x5 ) N, 5,0) in € ()
N{b is occupied}ﬂ{5—>fj\1 in A\ C°(v)}, (4.9)

where the first and third events in the right-hand side are independent of the occupation status of b.

Proof. Since {v — X,;} = {v — ¥;} N {v — X\;}, the left-hand side of (4.9) equals ?:1 H;,
where

Hi={v —xX}n{v N (xl,...,le_l)}cﬂ {b is not pivotal for v — x; Vi € I}, (4.10)
Hy ={v — X ;\;} n{b is pivotal for v — x; Vi € J \ I}, (4.11)
Hy={v <, le} N {b is x ; -cutting}. (4.12)

Similarly to (3.13), H, and H; can be written as

Hy={v — b in C®(v)} N {b is occupied} N {b —> X\ in A\ ct(v)}, (4.13)
Hs = {E'(v,b;C) in C°(v)} N {b is occupied} N {b — xj in A\ ct(v)}, (4.14)

so that, also using that E’(v,b;C) € {v — b} and j, € J \ I,
H,NH; = {E'(v,b;C) in C°(v)} N {b is occupied} N {b —> X in A\ cb()}. (4.15)
To prove (4.9), it remains to show that

Hy = {{v — 23 {v 5 (xp,..ox; D) in éb(v)}. (4.16)
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Due to (3.11) and {1,...,j; — 1} C I, (4.10) equals

Ji—1
H,= ﬂ {{v — x; in A\ C} N {b is not pivotal for v —> x;}}
i=1
N ﬂ {{v — x} n {b is not pivotal for v — x;}}. (4.17)
i'el

(i">jp)

When j; = 1, which is equivalent to 1 € I, then the first intersection is an empty intersection, so
that, by convention, it is equal to the whole probability space. We use that

{v — x; (in A\ C)} N {b is not pivotal for v — x;}
={v —x; (n A\CO)}n{v —x; in C(¥)} = {{v — x; (in A\ C)} in C°(v)}, (4.18)

where we write (in A \ C) to indicate that the equality is true with and without the restriction that
the connections take place in A \ C. Therefore, we can rewrite (4.17) as

jr—1
H, = ﬂ {{v — x;in A\ C}in C° (")} N ﬂ {v — x, in CO(v)}, (4.19)
i=1 i'el

">

which equals (4.16). This proves (4.9).
As argued below (3.13), since E’(v, b;C) € {b € €C®(v)} and since {b — X\ in A\ Cb(v)} insures
that b£CP(v), by the independence statement in Lemma the occupation status of b is inde-

pendent of the first and third events in the right-hand side of (4.9). This completes the proof of
Proposition[4.2] O

We continue with the expansion of P(E’(v,X;;C)). By (4.6) and (4.8), as well as Lemma [3.5]
Proposition|4.2/and (3.10), we obtain

P(E'(v,%,;C)) — P(F'(v,X;;C)) (4.20)
= Z Zpr[ll{{v—»?,}n{vL(xl ..... X, -} NE'(v,b;C) in C*(v)} 1{b—% )\, inA\Cb(v)}]
@FIC] b
= Z Zpr[IlE/(v’k;c) Ly —& 3N {v-5(x1,00x;, )} in & ()} Téb(")(g,fj\l)]
@#ICT b
; o - — &w
= > ZprSfb;C(li{v—&,m{vi»(xl ,,,,, X 1)¥ in €2(v)} (r(xj\l—b)—P(b ALY ))
@#ICT b -

where, in the second equality, we omit “in CP(v)” for the event E’(v, b; C) due to the fact that
cbwy

E’(v, b;C) depends only on bonds before time t,. Applying Proposition[3.6 to P(b —> & s\1) and
using the notation

Bs(b,y1;C"(0)) = &5, —B(b,y1;C"(0)), (4.21)
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we obtain
P(E'(v,%,;C)) — P(F'(v,X,;C))
= > 3> M&)Q;C(]l{{v_)f,}m{vi)(xl ..... x; 1)} in €2 (1)} B5(5,y1;éb(v))) T(Xp —¥1)

@AICT Y1 b
— Z Zpb M‘()]’)b;c(1{{v—>;‘c‘l}ﬂ{vi»(xl,...,le_l)}c in Cb(v)}A(B,fJ\I;Cb(v))). (4.22)
@#IC] b -

The first step of the expansion for AN (X ) is completed by substituting (4.22) into (4.1) as follows.
Let (see Figure|6)

a¥(%,51) =B, (F'(0,%,;{0})), (4.23)
and, for N > 1,
(51 =3 oo, My (B (F'(by 213 €,.0)) ). (4.24)
N
Furthermore, for N > 0, we define
B 2) — ™ [ @ = o v .o A
B™(y1, %) —b Zb: prprHMéN (MFN,QNH;CN_l (]l{{bN—>xl}r1{bN—>(x1 ..... xj,-1)}¢ in Gy}
N>YN+1
X B5(EN+l’y1; CN)))’ (4.25)
MR ¥.-9) = ™ [ 2 T . o =
a™(X )\, Xp52) = — Z PbyPby My, (MEN’ENH;CN_I(1{{bN—»x1}n{bN—>(x1 ..... X1} in Gy}
bN’bNJrl
X A(by1, %\ CN))), (4.26)
where we use the convention that, for N = 0,
b,=o, C_, = {o}. (4.27)

Here a®)(X;;1) and a™ (X ;\;,X; 2) will turn out to be error terms. Then, using (4.1), (4.22), and
the definitions in (4.23)—(4.26), we arrive at the statement that for all N > 0,

AR ) =a™(%;;1) + Z (ZB(N)(yl,J?I) (X —y1)+aV & Xy 2)), (4.28)
GAICT N Y

where we further make use of the recursion relation in (3.19).

In Section [4.2, we extract a factor T(X; — y,) out of B(y;,¥;) and complete the expansion for
AM(X ).

4.2 Second cutting bond and decomposition of B*)(y,,X,)

First, we recall that, for N =0,

By, %)) =Zpb1M§1) (]]_{{o—>;'c‘,}ﬂ{o—>(x1 ..... x5, DI in €} Bs (b, ¥1; CO)) ) , (4.29)
by
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aV(¥;;1) : BY(y,, %)) :

Figu_re 6: Schematic representatimls of a®(%;;1), BY(y,,%;) and a®(¥ J\I,_J?I;Z), where
35(b2:}’1§é1) in B(l)(}’bfz) and A(bz,fJ\I;éﬂ in a(l)(fJ\I:i’I;z) become B(O)(bz:}’ﬁéﬂ and
A9(b,, X 15 €1), respectively (depicted in dashed lines), when N = 1.

where, by (4.3), for j; =1, {o — (x1,...,x;,_1)} is the whole probability space, while, for j; > 1
and since j, — 1 € I by (4.7), B®(y,,%;) = 0. For N > 1, we recall (4.25). To extract T(X; — y,)
from B™(y,%,), it suffices to consider

Mf;l,)g;c (1{{v—>f,}n{vi>(x1 ..... x;, ) in €} Bg(b,y1;CP (v )))
=M,}.c (Jl{{v—»'c',} in& ) Bs(b,y1; Cb(v)))
- Mf,l,)g;c (]l{{v—>5c'1}ﬂ{vi>(xl ..... x;, )b in €Y} Bs(b, ¥1; C:”(v))), (4.30)

for any fixed I & J with I # @, v € A, C C A and a bond b, where the second term is zero if j; =1
(see (4.3)). If j, > 1, then both terms in the right-hand side are of the form

Mit)é;c(]l{{véi',}ﬂ{vi)(xl ..... le_l)}ian(v)}B5(B,y1;éb(V)))
= E[]IE/(V,Q;C) L{{y—& 30 {v-"5(x1,00x, 1)} in €W Ba(g,yl;éb(v))], (4.31)

with A = {v} and A = C, respectively. To treat the case of j;, = 1 simultaneously, we temporarily
adopt the convention that

v ey, x )} =0 forj, =1, (4.32)

where  is the whole probability space. (Do not be confused with the convention in (4.3).)

We note that the random variables in the above expectation depend only on bonds, other than b,
whose both end-vertices are in C?(v), and are independent of the occupation status of b. For an
event E and a random variable X, we let

PP(E) =P(E|b is vacant), EP[X]=E[X|b is vacant]. (4.33)
Since C?(v) = C(v) almost surely with respect to 2*, we can simplify (4.31) as

ol [h/@,g;c;) Liv—&} N {0 q,00x ), 1)} Bg(F,yl; C(v))] . (4.34)

To investigate (4.34), we now introduce a second cutting bond:
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Definition 4.3 (Second cutting bond). For t > t,, we say that a bond e is the t-cutting bond for

A L oL . . . . A
v — X if it is the first occupied pivotal bond for v — x; for all i € I such that v — e and t; > t.

Let
H,(v,%;A)={v — X }n{v A, (x1,..,xj,_1)}N {3 t-cutting bond for v A, X},  (4.35)

which, for ¥; = x, equals
H,(v,x;A)={v A, x} N {3 t-cutting bond for v A, x}. (4.36)

Note in (4.34), due to (4.33), b is PP-a.s. vacant. Also, by Definition 4.3} when e is a cutting bond,
then e is occupied. Thus, we must have that e # b. Using (4.34)—(4.35), we have, for j; > 1,

e(#b)
= Z INEb |:]1E’(V,Q;C) ]l{vi)xl- Viel}n{e is t,, -cutting for viﬁc'l}Bg(E,yl; C(V))] . (4.37)
e(#b)

By the convention (4.32), this equality also holds when j; = 1 and A = {v}, so that in both cases
we are left to analyse (4.37). To the right-hand side, we will apply Lemma|3.5/and extract a factor
7(xX; —¥,). To do so, we first rewrite the event in the second indicator on the right-hand side as
follows:

Proposition 4.4 (Setting the stage for the factorization IT). For AC A, t > t,, and a bond e,

{v A, x; Vi e I} N {e is t-cutting for v A, X}
= {H.(v,e;A) in C°(v)} N {e is occupied} N {e — % in A\ C°(v)}, (4.38)

where the first and third events in the right-hand side are independent of the occupation status of e.

Proof. By definition, we immediately obtain (cf., (3.13) and (4.14))

{v A, x; VieI}n{eis t-cutting for v 4, X}
= {{v A, e} N {# t-cutting bond for v LN e} in Ce(v)} N {e is occupied} N {e — ¥, in A\ C°(v)}
= {H.(v,e;A) in C°(v)} N {e is occupied} N {e — ¥, in A\ C°(v)}, (4.39)

which proves (4.38).

The statement below (4.38) also holds, since H,(v,e;A) C {e € C¢(v)}, while e — X} in A\ C¢(v)
ensures that e ¢ C°(v) occurs (see the similar arguments below (3.13) and (4.14)). This completes
the proof of Proposition 4.4. O
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We continue with the expansion of the right-hand side of (4.37). First, we note that B5(E, ¥1;C(v))
is random only when t,_is strictly larger than t7, and depends only on bonds whose both endvertices
are in C(v; t, — ¢), where we define, for T > ¢,),

C(v;T)=C(v)n (2 x [t,,T]), (4.40)
which is almost surely finite as long as the interval [t,,, T] is finite. As a result, we claim that, a.s.,
Bs(b,y1;C(v)) =B5(b,y1;C(v; ty, — &) (4.41)

Indeed, this follows since the first term of B (b, ¥1;C(v)) in (4.21) does not depend on C(v) at all,
while the other term, due to the definition of B(b,y; C(v)) in (3.20) only depends on C(v) up to
time t, —e.

As a result, by conditioning on C(v;t, — ¢) and using Proposition|4.4, the summand in (4.37) for
e # b can be written as

Z Eb [lE’(v,Q;C) ]l{nyl (v,e;A) in € (v)} ]l{C(v;tyl —¢)=B} B5(E, Yis B)1 {e is occupied} 1{e—x; in A\ée(v)}]
BCA

=p, Z BE(E,yl; B) b []l{;s’@»,g;c)rw[yl (v,e:8) N {C(v;ty, —e)=B} in C*(v)} | {e—%, in A\f:e(v)}] s (4.42)
BCA
where the second expression is obtained by using t; < t, < t; and the fact that the event {e is
occupied} is independent of the other events. To the expectation on the right-hand side of (4.42),
we apply Lemma (3.5 with E in (3.12) being replaced by E? | which, we recall, is the expectation for
oriented percolation defined over the bonds other than b. Then, (4.42) equals

Pe Z Bs(b,y;B) P [ﬂ{E’(v,Q;C)ﬁthl (v.&A) N {Cvsty, —e)=B} in &)} P [ 1fe—=, in M& ()} ] ] (4.43)
BCA

=D, Z b [IE/(V,Q;C) L{H,, (v.e;A) in € (W)} L{C(v;ty, —€)=B} B5(B, Y1;B)E[1{e—%, in A\ ()} ] ]

BCA
b L = _ — _ ¢
= Pe Z E [IE/(V,Q;C) 1{H,, (v.A) in &)} LiC(v;t,, ~e)=B} B5(b,y1;B) (’L’(XI —e)—P(e — X )] ,
BCA

where the first equality is due to the fact that the event {¢ — ¥; in A \ C*(v)} depends only on
bonds after t; (= t3), so that [&? can be replaced by E, and the second equality is obtained by using
(3.9)-(3.10). By performing the sum over B C A and using (4.41), (4.43) equals

B ¢ 5 2 = _ W)
p.E’ [RE’M;C) LH,,, (v.e:p)in &)} B5(b,¥1;C(v)) (T(xz —8)—P(e =2 7, )] (4.44)
For notational convenience, we define
My 4 (K) =E° [1p b0 X (4.45)

Note that ]\NJ",’ pcX) = Mf}l)b,c(X ) if X depends only on bonds before t;,. As in the derivation of
(4.22) from (4.20), we use Proposition (3.6 to conclude that, by (4.37) and (4.44)-(4.45),

M‘?’Q;C (]].{V—)fl}ﬂ{vi(xh...,le—l)} B5(E,}’1; C(V))) - ME,Q;C (ﬂHtY1 (v, %;A) Bg(g,yl; C(V)))

=30 bl oLt e in & Bo(b, ¥13C)) Bo(E y53 E(v)) 7(F; — )
Y2 e(#b)

- > M,y (11{th1 (v.e:A)in &)} Bs(b,y1; C(v)) A(e, X ; CE(V)))- (4.46)
¢(#b)
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a(l)(yl>f1;3)+ : a(l)(ylzfl;s)— :

Figure 7: Schematic representations of a”’(y;,X;;3).. The random variable Bs (b, Y1 c(b,)) in
(4.51) for N =1 becomes B®(b,,y;C(b;)) (in bold dashed lines).

The expansion for B™(y,,%;) is completed by using (4.25), (4.30) and (4.46) as follows. For
convenience, we let

M“)(X)— M, b 103 GO (4.47)

Moreover, for a measurable function X(v) that depends explicitly on v € A, we abuse notation to
write

M(N“)(X(b ) = Zp M(N)( v (X(BN))) (N >1), (4.48)

N,QNH;CN—l

where EN in the left-hand side is a dummy variable that has already been summed over, as in the
right-hand side. Using this notation, as well as the abbreviations

c,=C(b,), € =¢C(b,), C.={b,} ad C.=¢,_, (4.49)

we define, for N > 0,

N1, Y2 = Z prHpeM,(jfvff(Jl{H[yl(BN,g;ci)iné?v}Bs(ENﬂ,yl;CN)Ba(E,yz;CfV)), (4.50)

byt1.e
(bys17¢€)
and, for £ = 3,4,
a(y1, %50 =a™(y,, %50, — 14>13a®(y, X150, (4.51)
where
My, %:3), = M&V (1, — Bs(b ;Cy) (4.52)
CYLX53)e= 2, Poya My L By 21500 Bo(Oran Y13 G) ) :
by+1 "
a(N)(ylsz;4)i Z pr+1pe (NJrl)(:[l{th (bN eC:t)mC }B5(bN+11ylzc )A(C xIJCN))
byi1.e
(bN+175€)

(4.53)
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¢V(y1,¥2)s ¢V(y1,¥2)-:
a(l)(ylnfl;4)+ . a(l)(ylafl;él')f :
Figure 8: Schematic representations of ¢™(y;,y,). and a"(y,,¥;;4).. The random

variables Bg(bNH,yl,C(b )), Bs(e, yz,Ce(b )) and A(e, x;;€¢(b,)) in (4.50)-(4.53) become
B(b,,y,;C(b1)), BO(e,y,;C(by)) and A®(e,%;; C¢(b;)), respectively (depicted in bold dashed
lines), when N = 1.

These functions correspond to the second term in the left-hand side of and the first and
second terms in the right-hand side of (4.46), respectively, when (4.46) is substituted into (4.25).
We note that the functions (4.51) depend on I via the indicator 1{j,>1}, which is due to the fact that
both terms in the right-hand side of (4.30) contribute to the case of j; > 1, while for the case of
j; = 1, the contribution is only from the first term that has been treated as the case of A = {b,}.
Now we arrive at

B(N)(}’pfl) —a™(y,X;3) = Z (¢(N)(.V1:}’2)+ - ]l{j1>1}¢(N)(.Y1)y2)—) (X —yo)+ a(N)(}'1:3?I;4))
Y2
(4.54)

where a®™(y4,¥;; () for £ = 3,4 turn out to be error terms. This extracts the factor T(¥; —y,) from
B™(y, ).
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4.3 Summary of the expansion for A(¥,)

Recall (4.28) and (4.54), and define, for N > 0,

a®™(x g, X)) =a™ (X, %52) + Z (a(N)(J’b X1;3)+a™(y,,Xp; 4)) (XN —¥1)s (4.55)
Y1

let a™)(X ) be given by (2.26) and define

a(X;) = Z(—l)Na(N)(fJ), PY1,y2)e = Z(—l)N¢(N)(}'1:}’2)ﬂ:- (4.56)
N=0 N=0

Now, we can summarize the expansion in the previous two subsections as follows:

Proposition 4.5 (Expansion for A(X;)). Forany A>0,J # @ and X; € AVl

A(X;)=a(x,)+ Z Z Cy1,y2) t(Xpn; —y1) (X — ¥2), (4.57)
@#I,C‘Jl y17y2

where
CO1,Y2)=01,¥2): (2 y1)s — (¥, ¥1)-- (4.58)

Proof. We substitute (4.54) into (4.28). Note that, by (4.7), j; > 1 precisely when 1 € I. Thus, also
taking notice of the difference in J \ I, which contains 1 in (2.18), but may not in (4.28), we split
the sum over I arising from in (4.28) as

Z ( Z ¢(¥1,¥2), (X0 —y1) (X —y2)

Y1.Y2 N@AIC]

+ Z (¢(J/1:YZ)+_¢(J’1:J’2)7) T(fJ\I_}ﬁ)T(fI_J’z))

1€IC)

= Z Z Py, y2)e T(X g —y1) (X~ y)

Y1,¥Y2 @#IC];

30 > (60 YD - ¢y ) TE e — ) T(Fr - ¥y)

Y.y @FICh

= Z Z (¢(Y1’}’2)++¢(J’2,J’1)+—¢(J/2,J’1)_) (X —y1) T(X —y2), (4.59)

Y1,¥Y2 @#ICy

where y/,y’ and I’ in the middle expression correspond to y] = y,,¥, =y, and I’ =J \ I on the
left hand side of (4.59). Therefore, we arrive at (4.57)-(4.58). This completes the derivation of the
lace expansion for the r-point function. O

4.4 Proof of the identity (2.35)
Note that, by (2.24), (2.35) is equivalent to

Cs,a(.yl’yz) = C((_)/l,é'), ()’2, S)) = Ps()’l)Pa()’z)(l - 6y1,y2)- (460)
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By (4.58), (4.60) follows when we show that

¢s,£(y1)y2):t = Pa()’l)Ps(J’z)(l - 5y1,y2)- (4.61)
According to (4.50), ¢)(y1,¥2). = 0 unless N = 0. Also, by (4.27), we see that ¢ (y1,y2), =

,€

(,bf;’l( Y1,Y2)-- Therefore, since p,(y1)p.(y2)(1—6,, ,) is symmetric in y,, y,, it suffices to show
that
OO Y2 = D, PopeB” | Lpo pito L Costo) in &0 By (B, (1, €); C(0)) B @, (7, ); €(0)) |
b,e
(b#e)
=pe(y1)pe(y2)(1 =6, ,,). (4.62)
However, this immediately follows from the fact that the product of the two indicators in

EY is 1{p=e=o} (cf., (3.4) and (4.35)) and that, by (4.21), Bs(b,(y,,¢);C(0)) = 8%.(y,.c) and
Bs(e,(y5,£);C(0)) = 83 (y,,¢)- This completes the proof of (2.35).

5 Bounds on B(x) and A(X,)

In this section, we prove the following proposition, in which we denote the second-largest element
of {t;}je; by t = t;:
Proposition 5.1 (Bounds on the coefficients of the linear expansion). (i) Letd > 4 and L >
1. ForA<A®,N>0,teeN, ;€ (ez )V and ¢ =0,2,
0(B)N 5
(1+ t)d-a)/2’

> APz, < 0BV O((L+D)), 5.2)

—

XJ

Z |x|9BM(x) < ((1—€)540+Ae09) 6, Oy o+ &2 (5.1)
X

where the constant in the O(f3) term is independent of ¢, L,N and t (or t in (5.2)).

(i) Letd <4 with a = bd — % >0, B, =BT ¢ witha € (0,a),and L; > 1. For A< A, N >0,
t €eNN[0,TlogT], t; € (eZ, )V with maxje; t; < TlogT and ¢ =0,2,

L,O0(B)O(B,)VN Vol
(1+ t)d-)/2

ZAgj)(zJ) <e0(BNO((1+D) ), (5.4)

=

Xy

D IxITB(x) < (1 - £)840 + A609) 6, Sy + & , (5.3)
X

where the constants in the O(f,) and O(f3,) terms are independent of &,L,, T,N and t (or  in

(5.4)).

In Section we define several constructions that will be used later to define bounding diagrams
for B(x), A(¥), C(¥1,¥,) and a(¥). There, we also summarize effects of these constructions. Then,
we prove the above bounds on B(x) in Section [5.2, and the bounds on A(X;) in Section
Throughout Sections [5-47, we shall frequently assume that A < 2, which follows from (2.5) for
d >4 and L > 1, and from the restriction on A, in Theorem(1.1/for d <4 and L, > 1.
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\SX

(a) + (b) +

cl
cll

V V u=v u=v

Figure 9: Schematic representation of L(u,v;x) for (a) u # v and (b) u = v. Here, the tilted arrows
denote spatial bonds, while the short double line segments at u in Case (a) denote unspecified bonds
that could be spatial or temporal.

5.1 Constructions: I

First, in Section|5.1.1, we introduce several constructions that will be used in the following sections
to define bounding diagrams on relevant quantities. Then, in Section [5.1.2, we show that these
constructions can be used iteratively by studying the effect of applying constructions to diagram
functions. Such iterative bounds will be crucial in Sections to prove Proposition 5.1}

5.1.1 Definitions of constructions

For b = (u,v) with u = (u,s) and v = (v,s + ¢), we will abuse notation to write p(b) or p(v — u)
for p,(v —u), and D(b) or D(v —u) for D(v —u). Let

wlx —u)=(p+7)(x —u), (5.5)
and (see Figure[9)
L(u,vix) = o(x —u) (t+«AeD)(x —v)+ (p+AeD)(x —u) 7(x —v) (u #v),
BVXIZN (AeDt)(x — u) (T+AeD)(x — 1) + (AeD T AeD)(x — ) T(x —u) (u=1v),
(5.6)

where ¢ for u # v corresponds to AeD 7 for u = v. We call the lines from u to x in L(u, v;x) the
L-admissible lines. Here, with lines, we mean ¢(x —u) and (¢ «AeD)(x —u) whenu #v. Ifu=v,
then we define both lines from u to x in each term in L(u,u;x) to be L-admissible. We note that
these lines can be represented by 2-point functions as, e.g.,

(p2eD)x—w)= > > w(b-b)7(t ~b)v(d' ~b). (5.7)
b=(u,1) =)
spatia

Thus, below, we will frequently interpret lines to denote 2-point functions.

We will use the following constructions to prove Proposition 5.1}
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Definition 5.2 (Constructions B, ¢, 2” and E). (i) Construction B. Given any diagram line 7,

(i)

n

say T(x — v), and given y # x, we define Construction Bgpa

T(x — v) is replaced by

+(¥) to be the operation in which

X

T(y —v)(AeD«T)(x —y) = yJ: (5.8)

\%

and define Construction B

temp(Y) t0 be the operation in which 7(x — v) is replaced by

X

D t(b—v) 2eD(B) P((b,b,) —x) = 42V, (5.9)
b=(-.y)

\"

where {b — x} = {b is occupied} N {b — x} and v, =(,t,+¢)forv =(v,t,). Con-
struction B"(y) applied to 7(x — v) is the sum of 7(x —v)J, , and the results of Construc-

tion ngat (¥) and Construction Bgemp(y) applied to 7(x — v). Construction B"(s) is the opera-

tion in which Construction B"(y, s) is performed and then followed by summation over y € 7.
Constructions ngat (s) and Bgemp(s) are defined similarly. We omit the superscript 1 and write,
e.g., Construction B(y) when we perform Construction B"(y) followed by a sum over all pos-
sible lines 1. We denote the result of applying Construction B(y) to a diagram function F(x)
by F(x;B(y)), and define F(x; Bgpat (y)) and F(x; Btemp(y)) similarly. For example, we denote

the result of applying Construction Bgp,(y) to the line ¢(x) by

(x5 Bepat (¥)) = (p+T)(x; Bepar (¥)) = 8,4,y (AeD+T)(x) + p(y) (AeDT)(x —y), (5.10)
where 6, ,(AeD«7)(x) is the contribution in which p of ¢ is replaced by AeD.

Construction £. Given any diagram line 7, Construction £"(y) is the operation in which a line
to y is inserted into the line 7. This means, for example, that the 2-point function T(u — v)
corresponding to the line 7 is replaced by

Zr(u —v;B"(2))t(y — 2). (5.11)

b4

We omit the superscript 1 and write Construction £(y) when we perform Construction £"(y)
followed by a sum over all possible lines 1. We write F(v,y;{(2)) for the diagram where
Construction {(2) is performed on the diagram F(v,y). Similarly, for y = (y4,...,¥;), Con-
struction £(¥) is the repeated application of Construction £(y;) fori =1,...,j. We note that
the order of application of the different Construction £(y;) is irrelevant.
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Z

— (+ 5 other possibilities) — (+ 53 other possibilities)

20(2) R CON

Figure 10: Construction E,(w) in (5.14) applied to F(v,y) = ©(y —v) — 6, . The 6 (= 4+ 2)
possibilities of the result of applying Construction 2;})(2) are due to the fact that L(y, u; z) for some
u consists of 2 terms, and that the result of Construction B"(u) consists of 3 (= 2+ 1) terms, one
of which is the trivial contribution: F(v,y)6, ,. The number of admissible lines in the resulting
diagram is 2 for this trivial contribution, otherwise 1. Therefore, the number of resulting terms at
the end is 54, which is the sum of 6 (due to the identity in (5.13)), 24 (= 4 X 6, due to the non-
trivial contribution in the first stage followed by Construction 2{’(w)) and 24 (= 2 x 2 x 6, due to
the trivial contribution having 2 admissible lines followed by Construction 25”(w)).

(iii) Constructions 20 and E. For a diagram F(v,u) with two vertices carrying labels v and u and
with a certain set of admissible lines, Constructions 2{’(w ) and 2{’(w ) produce the diagrams

F(v, (u); 20 (w) = Y Fv,u;20(w)) = > Fv,u;B"(2) Lw, z3w),  (5.12)

n u,z

F(v, (u); 20, (W) =F(v,w) + F(v, (u); 2, (W), (5.13)

where (u) is a dummy variable for u that is summed over A (therefore, e.g., F(v, (u); 2((22>(w )

is independent of u) and Zn is the sum over the set of admissible lines for F(v,u). We call
the L-admissible lines of the added factor L(u,z;w) in (5.12) the 2®-admissible lines for

F(v,(u); 2((2>(w)). Construction E, (w) is the successive applications of Constructions 2;})(2)

and 20’(w) (followed by the summation over z € A; see Figure[10):
F(v, (y); Eqy(w)) = F (v, (3): 20, (), 2 (w))

=F(v, (1):20, () + D D F (v, (¥); 20, (u), B"(2)) L(w, 23 w), (5.14)

n uz

where Zn is the sum over the 2V-admissible lines for F(v, (y); 2%3)(u)). We further define the
E-admissible lines to be all the lines added in the Constructions 2(}})(z) and 20(w).

5.1.2 Effects of constructions

In this section, we summarize the effects of applying the above constructions to diagrams, i.e., we
prove bounds on diagrams obtained by applying constructions on simpler diagrams in terms of the
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bounds on those simpler diagrams. We also use the following bounds on %, that were proved in
[@]: there is a K = K(d) such that, for d > 4 with any t > 0,

Kp

Ford <4 with0 <t < TlogT, we replace 3 by 3, = LT_d, and o by o, = O(Lf). Furthermore, by
m, Lemma 4.5], we have that, for g =0,2 and d > 4,

%,(0) <K, IV2%,(0)| <Kto?, ID? %[l < (5.15)

cKoif

RS (5.16)

D (zexD)(x) <K, sup [x|9(t, * D)(x) <
X X

for some ¢ < oo, where 7, * D represents the convolution on Z? of the two functions 7, and D.
Again, for d < 4, we replace o8 by o%f3,,
Lemma 5.3 (Effects of Constructions B and (). Let s A min;¢; t; > 0, and let fz (X;) be a diagram
function that satisfies Zfz fr(¥) <F (f;) by assigning l; or I, norm to each diagram line and using
(5.15)-(5.16) in order to estimate those norms. Let d > 4. Then, there exist C;,Cy < 0o which are
independent of €,s and t; such that, for any line n and ¢ =0, 2,

D 1z, (%13 B7(y,)) < (N, 0%5)2(5,,, +€Cy) F(E)), (5.17)
J?I’y
D 1z (%3 07(5,5)) < Co(N, 02)V2(1+5 A £, ) F(T)), (5.18)
)_C'I’y

where N, is the number of lines (including m) contained in the shortest path of the diagram from o to 1,
and t,, is the temporal component of the terminal point of the line n. When d < 4, o in (5.17)-(5.18)
is replaced by o ,.

Proof. The first inequality (5.17), where 557% is due to the trivial contribution in B"(y,s), is a
generalisation of [16, Lemma 4.6], where 1) was an admissible line. For g = 2, in particular, we first

bound |y|* by Ny Zi\’:nl |yi = yi-1l?, where (yo,50) = 0, (¥1,51), (¥2,52); - - - (J’NU,SN,,,) = (y,s) are the
endpoints of the diagram lines along the (shortest) path from o to (y,s). Then, we estimate each
contribution from |Ay;|> = |y; — ¥;_1|* using the bound on IVZ%Si (0)] in (5.15) or the bound
On SUP,y, |Ayl-|2(7:si_SH * D)(Ay;) in (5.16). As a result, we gain an extra factor O(s; —s;_1)o2 or
O(s; — si_l)of depending on the value of d. Summing all contributions yields the factor O(s)o? or
O(s)af. The rest of the proof is similar to that of [@, Lemma 4.6].

To prove the second inequality (5.18), we note that
D R () <20 >0 D (8l + |y — 29 fr, (B B ) T (y — 7). (5.19)
Xy r<sAt, X,y,2
We first perform the sum over y using (5.15)-(5.16) and then perform the sum over z using (5.17).
This yields, for d > 4,

Dyl F () <K YL Y (1214 09s — 1)) f7, (%1 B7(z, 1)

Xy r<sAt, X,z

<KF()o® Y ((Ngr) 2+ (s = Y2 (5, +eCp)

rSs/\tn

—Si-1

< 2(N,s)1/2

< 2K(N,0%)12 (14 Cy (s A t,) F(E)). (5.20)
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For d < 4, we only need to replace o in the above computation by o,. This completes the proof of
Lemmal5.3] O

Lemma 5.4 (Effects of Constructions 2 and E). Suppose that t > 0 for all d > 1 and that t <
TlogT for d < 4. Let f(x) (= fi(x) for x = (x,t)) be a diagram function such that Y, _|x|9f,(x) <
Cr(1+ t)~@=D/2 for ¢ = 0,2, and that f,(x) has at most % lines at any fixed time between 0 and t.
There is a constant ¢ < oo which does not depend on f, %s,Cs and t such that, for d > 4,

' cZsCs P
; |X|qf(<u>;2(<lz)(X, t) < m, (5.21)
hence
Y Cc(1+c&
G+ et B)p (5.22)

;IXqu((u);Em)(x,t)) < AT aEan

When d < 4, f3 in (5.21)-(5.22) is replaced by ;.

Proof. The idea of the proof is the same as that of [@, Lemma 4.7]. Here we only explain the case
of ¢ = 0; the extension to g = 2 is proved identically as the extension to ¢ =2 in [@, Lemma 4.8].

First we recall the definition (5.12). Then, we have

PICEACOED W G W COLUED) [ErHWICOIHITEN) RICES

s<t n o uwyv
s'<s

Since f;(u) has at most £} lines at any fixed time between 0 and s, by Lemma|5.3, we obtain
55 s/ + 8C1
f((w,s);BN(s" ) < Ly ———7- (5.24)
Zn: Zu: (1+5)4/2
By (5.6) and (5.16), we have that, for d > 4 and any u,v € Z¢ and s,s’ < t,

C/81+5(u,s),(v,s/) /3

(14t —sAs)d/2’

Z L((u,s), (v,5); (x, £)) < (5.25)

where we note that t —s As’ = t — min{s,s’}, so that the order of operations is trivially “A" first and
then “—". For d < 4, (3 is replaced by 3,. The factor €%wa.05) will be crucial when we introduce
the 0™ order bounding diagram (see, e.g., (5.36) and (5.63) below). To bound the convolution
(5.23), however, we simply ignore this factor. Then, the contribution to (5.23) from &, y in (5.24
is bounded by ¢’ or ¢’B, (depending on d) multiplied by

) , (14 1t)74/2 (d>2),
> <" x{(1+0)og2+1t) (d=2), (5.26)
/2 — d/2
s (LHs)TE (1 +E=s) (14 £)1 (d<2).
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?@?ilarly, the contribution to (5.23) from £C; in (5.24) is bounded by ¢’f or ¢/, multiplied by (cf.,
, Lemma 4.7])

o . (1+¢)"4/2 (d > 4),
° 1 " )
<X (Q4t) " log(2+t d=4), 5.27
2 Ao AT (+0 2log2+0) (d=4) (5.27)
v<s (1+1¢) (d <4).
The above constants c¢”, ¢’ are independent of ¢ and t. To obtain the required factor (1 + t)~9/2 for
d<4,weuset <TlogT, B, =T " and 3, = p; T2 with a < bd — % as follows:
_ Br(1+ )4 D2 (log(2 + 1))+ o(B,)
14024 (log(2+ 1))’ = < : 5.28
This completes the proof. O

5.2 Bound on B(x)

In this section, we estimate B(x ). First, in Section[5.2.1} we prove a d-independent diagrammatic
bound on B™(v,y;C), where we recall B™(x) = B"(o, x; {o}) (cf,, (3.25)). Then, in Section|5.2.2],
we prove the bounds on B (x): (5.1) for d > 4 and (5.3) for d < 4.

5.2.1 Diagrammatic bound on B (v,y;C)

First we define bounding diagrams for B (v,y;C). For v,w,c € A, we let

0 (tv > tw),
SCOv,w;e) =8, X4 6y (ty, =tyw), (5.29)
(t«AeD)(w —v) (t, <t,),
0 (ty = ty)
SOy, w;c)=(1-6 X v we 5.30
v.wie)=(1-5,.0) {T(W_v) ozl (5.30)

and
SO, w;c) =50, w;c)+S°Y(v,w;c) AeD(w —c). (5.31)

For v,w € A and C C A, we define w_ = (w, t,, — ¢) and

SOy, w;C) = Z (S(O’O)(v, w;c)+SOY(v,w;c)licw)eci(1 — 5C,w7)), (5.32)

ceC
where (c,w) € C precisely when the bond (¢, w) is a part of C. We now comment on this issue in
more detail.

Note that C C A appearing in B(v,y;C) is a set of sites. However, we will only need bounds on
B™(v,y;C) for C = C, for some N. As a result, the set C of sites here have a special structure, which
we will conveniently make use of. That is, in the sequel, we will consider C to consist of sites and
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bonds simultaneously, as in Remark|3 in the beginning of Section (3] and call C a cluster-realization
when

P(C(c)=C) >0 (5.33)

for some ¢ € A.

The diagram S®(v,w;C) is closely related to the diagram ). ...S“(v,w;c), apart from the fact
that S®Y(v, w; ¢) is multiplied by AeD(w —c) in (5.31) and by 1{(c,w)cc}(1 -6, )in (5.32). Inall
our applications, the role of C is played by a C,-cluster, and, in such cases, since (¢, w) is a spatial
bond, AeD(w — c) is the probability that the bond (c, w) is occupied. This factor ¢ is crucial in our
bounds.

Furthermore, we define

I\ I\
=) &
PO>v,y;c) =Sy, (w); C,Z(&)(}')) = w=)e p + C@ (+ 12 other possibilities)
\' \)

(5.34)

and
PO(v,y;€) =S5 (v, (w); C, 2, (¥)), (5.35)

where the admissible lines for the application of Construction 2‘;3}(3/) in (5.34)-(5.35) are
(t«AeD)(w — v) and T(w — v) in the second lines of (5.29)-(5.30). If ¢ = v, then, by the first
line of (5.29) and recalling (5.13) and the definition of Construction B applied to a “line” of length
zero (see below (5.9)), we have

PO(v,y;v) =6, +L(v,v;y). (5.36)

We further define the diagram P (v, y;c) (resp., P*’(v, y; C)) by N applications of Construction E
to PO(v,y;c) in (5.34) (resp., P”(v,y;C) in (5.35)). We call the E-admissible lines, arising in the
final Construction E, the N™ admissible lines.

We note that, by (5.6) and this notation, it is not hard to see that

L(y,u;(z), 2(((’Z)>(w)) = Z Z (2 —u) ppPO(b, w; 2). (5.37)

2 b=(y,")

Therefore, an equivalent way of writing (5.14) is

F(v, (y);20, (=), 20 (w) = > > F(v,y; BMw) Ly, u; (), 20 (W)

n owy

=33 F(v,b;"(2)) p,P(b, w; 2), (5.38)
n 2% b
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where Zn is the sum over the admissible lines for F(v,y). In particular, we obtain the recursion

PY(v,w; Q) =PY 1 (v, (y); C, 2, ((2)), 2] (W)

= ZZ Z PY (v, b; G, £7(2)) pyPO(b, w; 2), (5.39)
n %2 b

where Zn is the sum over (N — 1)™ admissible lines.

The following lemma states that the diagrams constructed above indeed bound B™(v,y;C):

Lemma 5.5. For N >0, v,y € A, and a cluster-realization C C A with min.cct. < t,,
BM(v,y;C) < Z P™(v,b;C)pp. (5.40)

b=(-,y)

Proof. A similar bound was proved in ﬂﬁ, Proposition 6.3], and we follow its proof as closely as
possible, paying special attention to the powers of ¢.

We prove by induction on N the following two statements:

My 2(1) < PY(v,y; ), (5.41)
MR (Liweeyd) < D PY(v,y;C, 0" (w)), (5.42)
n

where Zn is the sum over the N admissible lines. The first inequality together with (3.20) imme-
diately imply (5.40).
To verify (5.41) for N = 0, we first prove

E'(v,y;C) S &(v,y;C)

= U {{{v—>u}0{u—>W}0{W —>y}°{u—>y}}
c,weC
uelh

n{{c=w, u—r>—~w_luf{ctw_, (c,w)ec}}}, (5.43)

where E o F denotes disjoint occurrence of the events E and F. It is immediate that (see, e.g., UTS,

(6.12)]

Ey;0c | J{tv —ubofu—clofe—ylofu—yi}. (5.44)

ceC

ueh
However, when ¢ < 1, the above bound is not good enough, since it does not produce sufficiently
many factors of €. Therefore, we now improve the inclusion. Let w be an element in C with the

smallest time index such that v — w. Such an element must exist, since E'(v,y;C) C {v <, v}
Then, there are two possibilities, namely, that v is not connected to w _ = (w, t,, —¢), or that w _¢C.
In the latter case, since C is a cluster-realization with min ¢ t. < t,,, there must be a vertex ¢ € C
such that the spatial bond (¢, w) is a part of C. Together with (5.44), it is not hard to see that
holds.
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Recall that a spatial bond b has probability AeD(b) of being occupied. We note that, since {u —
w}o{u — y} occurs, and when w # u and y # u, there must be at least one spatial bond b with
b = u, such that either b — w or b — y. Therefore, this produces a factor €. Also, when w # y
and u # y, then the disjoint connections in {w — y} o {u — y} produce a spatial bond pointing
at y. Taking all of the different possibilities into account, and using the BK inequality (see, e.g.,
@]), we see that

M, (D) =E[lpyyc] <PEW,y;0) < P(v,y;0), (5.45)

v,
which is (5.41) for N = 0.
To verify (5.42) for N = 0, we use the fact that

M (Liwee) =B [Ty yi0) Liv—w}] <P(&(v, ;)N {v — w})

< Z POW,y;C LN (w)) = Z ZP(O)(v,y; C,B"(z))t(w — 2), (5.46)
n n oz

where Zn is the sum over the 0™ admissible lines. Indeed, to relate (5.46) to (5.45), fix a backward
occupied path from w to v. This must share some part with the occupied paths from v to y. Let
u be the vertex with highest-time index of this common part. Then, unless u is y, there must
be an occupied spatial bond b = (u, -) such that b — y or b — w. Recall that the result of
Construction B"(g) is the sum of Zn PO(v,y;C)t(w —y) and the results of Construction B;’pat(z)
(2) (cf., (5.8)-(5.9)). Therefore, z in (5.46) is b in the contribution due to
Construction ngat(z), and is b in the contribution from Construction B,?emp
proof of (5.42) for N = 0.

To advance the induction, we fix N > 1 and assume that (5.41)-(5.42) hold for N — 1. By (3.19),
(5.45), (5.35) and (5.32), we have

(N+1) _ (N) (€3]

<D pMyy o (POG.y:E, )
b

and Construction B,

(2). This completes the

=> Py, (ML’Z;C (Licety 1) S°(b, w; ¢, 29(y))
b

c,w

+M,") o (Liewety 1) (1 - Sew )SOV(b,wsc, 2(;3(3/))). (5.47)
Since t. > tp, we can use the Markov property of oriented percolation to obtain

M‘(}A”;;C(]l{(c,w)eél\,,l}) (1-6. )= M&’éc(]l{ceé,v,l}) AeD(w —c). (5.48)

Substitution of (5.48) into (5.47) and using (5.31) and (5.34), we arrive at

MU <D MY (Lieety 1) ppP (D, y3 €). (5.49)
p ¢

We apply the induction hypothesis to bound M](,N;),C(]l{ceCN,l}) (> M™ _(1iceéy_,})) and then use

v,b;C
(5.39) to conclude (5.41).
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Similarly, for (5.42), we have

MR (tweon) = SpMihe(MP o (tweo) ). (5.50)
and substitution of the bound (5.42) for N = 0 yields
MO (Tweead) < D pyM0Y.c (ZP(O) (b,y; CNJ”(W))), (5.51)
b n

where Zn is the sum over the admissible lines for P(b,y;C,_,). The argument in (5.47)—(5.49)
then proves that

MO (Tweed) < D py M) (Lieety3) D PO(b,ysc, £71(w)). (5.52)
b c n

We use the induction hypothesis (5.42) to bound M®") (1{eecy}) (= M) (1Lieety_,})), as well as
the fact that (cf., (5.39)) - -

PO (v,y;GL7w)) = 30" PN (v, b;G,L7 (2)) ppP (b, ;5 2,L7(w)), (5.53)
n % b
where Zn’ is the sum over the (N — 1) admissible lines. This leads to
MR (Liweeyd) < D> PY(v,y5C, 07(w). (5.54)
n
This completes the advancement of (5.42). O

We close this section by listing a few related results that will be used later on. First, it is not hard to
see that (5.42) can be generalised to

My e(lizecy) < PY(v,y; €, U(X)). (5.55)

Next, we let
P™(x)=P™(o0,x;0), (5.56)
By (3.25) and Lemma/5.5, we have

B™M(x) < Z P™(b) py. (5.57)
b=(-,x)

We will use the recursion formula (cf., (5.39))

PO =D > D PU(b; (7(@) ppP ™ (D, x; @), (5.58)
n o a b

where Zﬁ the sum over the N™ admissible lines. This can easily be checked by induction on M
(see also [15, (6.21)-(6.24)]).

We will also make use of the following lemma, which generalises (5.58) to cases where more con-
structions are applied:
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Lemma 5.6. For every N,M > 0,

DD D PU(B: (@), (%) ppP (b, s @, £() < PYH(y; ((%), £(Z)), (5.59)
n a b

where Zn is the sum over the N™ admissible lines for P™(b). Recall that Construction £(X) for
X =(xq,...,x;) is the repeated application of Construction £"i(x;) for i =1,...,j, followed by sums
over all possible lines n; fori=1,...,].

Proof. The above inequality is similar to (5.58), but now with two extra constructions performed on
the arising diagrams. The equality in (5.58) is replaced by an upper bound in (5.59), since on the
right-hand side there are more possibilities for the lines on which Constructions £(¥) and £(Z) can
be performed. O

5.2.2 Proof of the bound on B"(x)

We now specialise to v = o and C = {o}, for which we recall (3.25) and (5.56)-(5.57). The main
result in this section is the following bound on P{"(x) = P™((x,t)), from which, together with
Lemma/5.5] the inequalities (5.1) and (5.3) easily follow.

Lemma 5.7 (Bounds on P{"'). (i) Letd >4andL> 1. For A<AY,N >0, t€¢Z, andq=0,2,

O(ﬁ)lVNO'q

D IxTPY(x) < 808,000 + €2
X

where the constant in the O(f3) term is independent of €, L,N and t.

(i) Letd < 4with bd—% >0, B, =T %and L, > 1. For A < AD N >0, teeZ,N[0,TlogT]
and q=0,2,

,0(8,)0(B,)V N Vol
(14 ¢)d-a/2

D IxlT P (x) € 8q,08,00n,0+ €

X

s (5.61)

where the constants in the O(f3,) and O(f,) terms are independent of €, T,N and t.
Proof. Let
PO (x) = P(x), PN(x) =2 ()2, (x)  (N=1). (5.62)

We note from H1—6|, Lemma 4.4] that the inequalities (5.60)—(5.61) were shown for a similar quantity
to 2™ (x), where L(u,v;x) in [IE, (4.18)] was not our L(u,v;x) in (compare (5.25) with
m, (4.42)]). The main differences between L(u,v;x) in [16, (4.18)] and L(u,v;x) in (5.6) for
u # v is that ¢ in (5.5) has a term 6, , less than the one in [@, (4.17)], and, for u = v, our
L(u,v;x) has a factor A& more than the one in ﬂ?6, (4.18)].

The proof of H1—6|, Lemma 4.4] was based on the recursion relation [’E, (4.24)] that is equivalent to
(5.62). Since A < A¥ < 2 when L is sufficiently large, our L(u,v;x) in (5.6) is smaller than twice
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L(u,v;x)in Ijg, (4.18)], so that [16, Lemma 4.4] also applies to 2™ (x). For N = 0 with d > 4,
we have (cf., (5.36))
Y 2O 0= D PO O =D (8408.0+L((0,0),(0,0%(x,0))) £ L2 9P
~ ) — -~ ) ~ x,0Yt,0 ) > ) ) > = Yt0 (1+t)d/2
(5.63)
The factor O() is replaced by O(f3,) if d < 4. For N > 1, we apply Lemma/5.4 to (5.63) N times.

We now relate 2™ (x) with P®’(x). Note that, by (5.13)-(5.14), we have
PM(x) = P 0((u); 20 (W), 2, (x)) = P2 ((u); 20, (D) + PY((u); 20, ((w)), 2 ().

(u (u

(5.64)
It follows by (5.62) and (5.64) that
N N N
(N) _ (N+M) N (N+M)
PM(x) = Z (M)@ (x)<2 Zga (x). (5.65)
M=0 M=0
where the inequality is due to (]]\\;) < 2N. By Lemma 5.4} we have, for d > 4,
(ch)"V o
4 gp ) 2 \PJ) O
;le PY(x) < 64080080+ € U (N >0), (5.66)
for some ¢ < co. For d < 4, we can simply replace 3"V by B, AS V01 and o2 by a%. Therefore,

) N (N4 NN 2 (cB)™M ot
qpWN q N+M e e
D xlPM () <2V DTN x| M) < 2V Y (5q,05t,05N+M,0+g (1+t)(d_q)/2)
X M=0 x M=0
o, (2cpIN ot
1—cf (1+t)d-/2’
This completes the proof of Lemmal5.7| O

S 5q,06t,06N,0 + € (567)

5.3 Bound on A(X;)

In this section, we investigate A(X ;). First, in Section|5.3.1} we prove a d-independent diagrammatic
bound on AY(v, X, ; C), where we recall A"(¥X,) = A%(0,X;; {o}) in (3.25). Then, in Section|5.3.2]
we prove the bound (5.2) for d > 4 and the bound (5.4) for d < 4 simultaneously.

5.3.1 Diagrammatic bound on A" (v,¥;; C)

The main result proved in this section is the following proposition:

Lemma 5.8 (Diagrammatic bound on AY(v,%,;C)). Forr >3, X; € A"}, ve Aand CC A,

AM(v,%;;C) (5.68)
Z (H{VGC}P({V — X}o{v — fJ\I}) + ZP(O)(V,Z; CU(xX)T(Xpn — Z)) (N =0),
I#2,J 2ZV
> 2 (PY0 50 T(E — )+ PV, 55 CER) ) 7(Epy — 2) (N> 1).
I#3,J 2
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To prove Lemma|5.8} we first note that, by (3.16)-(3.17) and (3.19)-(3.20),

P(E'(v,%;;C)) (N =0),

A(N)(v,fj;c): . e )
Dby Poy My (P(E (bN,xJ;CN_l))) (N >1).

(5.69)

Thus, we are lead to study P(E’(v,%;;C)). As a result, Lemma(5.8 is a consequence of the following
lemma:

Lemma 5.9. Forr >3, X; € A", ve Aand CC A,
P(E/(v,fJ;C)) S Z (R{VGC}P({V —)J?I} (@) {V — J?J\I}) +ZP(O)(V,Z;C,E(J?I))T(X’J\I - Z)).

I1#£2,J 2F£V
(5.70)

Proof of Lemma 5.8 assuming Lemma Since Lemma and (5.69) immediately imply (5.68)
for N =0, it thus suffices to prove (5.68) for N > 1.

Substituting (5.70) with v = b,, C= C,_, into (5.69) and then using (5.51)—(5.52), we obtain
A(N)(vz fJ: C)

< > by (MSY;N;C(IHBNECM}) P({by — X} o {by — %,\})

I#3,J by

+ Z M‘(’IEN;C (p(o)(EN,z;CN,l,E(fI))) (X5 — z))

z;éBN
< Z Z ((ZZP(N1)(V’QN;C;en(EN))pr5FN,z) P({z — x;}o{z — ;‘C’J\I})
I#0J % N by
X
+ (ZZ Z p(Nfl)(v,éN;C;en(c))prP(o)(EN’Z; C,e(fl))) T(fJ\I - Z)) 5 (5.71)
n ¢ by
(by#2)

Y

where Zn is the sum over the (N — 1)*" admissible lines for P*~"(v, b, ; C). Ignoring the restriction
b, # 2 and using an extension of (5.53), we obtain

Y < P™(v,2;C,L(X))). (5.72)

For X, we use (5.36) and (5.39) to obtain

X <33 PY (v, by C;£7(by)) py, PV (by, 3 by)
N by

< ZZ Z P (v, b, C;L"(¥)) py, PO(by, 35¥) = PV (v, 35 C). (5.73)

n Yy by

Finally, we use the BK inequality to bound P({z — X} o {z — X\;}) by 7(¥X; — 2) 7(X;\; — 2).
This completes the proof. O
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Proof of Lemmal5.9! Recall (5.43). We show below that

E@,z;0c | U{{é"(v,z;c)ﬂ{v—>f,}}0{z—>fj\1}}. (5.74)

I1£0,J %

First, we prove (5.70) assuming (5.74). Substituting (5.74) into P(E’(v,X,;C)), we have
P(E'(v,%;;C))
<> Z]P({g(v,z;cm{v —>f,}}o{z—>fj\,}) (5.75)

I#0,J 2

=3 (]l{vec} P(v — F}ofv — 1) + 3 P({80, 500y — F}} oz —uzj\,})).

I1#£3,J 2F#V

For the sum over z # v, we use the BK inequality to extract P(z — X;\;) = 7(X;\; — 2) and apply
the following inequality that is a result of an extension of the argument around (5.46):

P(&(v,z;C)N{v — %;}) < PO(v,3;C,L(X))). (5.76)

This completes the proof of (5.70).
It remains to prove (5.74). Summarising (4.5)-(4.9), we can rewrite E’(v,X; C) as

o ' " C
E'(v,X;;C)= { U {{v —Xin{v — (xl,...,xj_l)}cﬂE’(v,xj;C)}
jeJ
N {3 pivotal bond b for v —> x; Vi such that v LQ}}

U{ U U{{{v—w?l}r‘l{vL(xl,...,le_l)}cﬂE’(v,Q;C)inéb(v)}

@AICT b

N{bis occupied}ﬂ{g—n?J\I inA\éb(v)}}}. (5.77)

Ignoring {v S, (x1,...,x;_1)}° and {# pivotal bond b for v — x; Vi such that v S, b} and using
E'(v,2;C) c &(v, z;C), we have

E'(v,%;;C) C {U{é"(v,xj;c)m{v _’ij}}}
jeJ
U { U U{tsw.s0nw —>f,}}o{z—>fj\l}}}. (5.78)
P#IC] 2

Note that the first event on the right-hand side is a subset of the second event, when I = J; and
z = x;, for which J\ T = {j} and {z — X,\;} = {x; — x} is the trivial event. This completes the
proof of (5.74) and hence of Lemmal|5.9. O
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5.3.2 Proof of the bound on A™(x;)

We prove (5.2) for d > 4 and (5.4) for d < 4 simultaneously, using Lemmas|5.3 and 5.8.
As in Section|2.4] we will frequently use (2.68):

Dl E)<o(@+e) ). (5.79)

pary

X1

where we recall max;c; t; < TlogT for d < 4. For simplicity, let I = {1,...,i}. Then, (5.79) is an
easy consequence of Lemma/5.3:

ZTFI()?I) S Z Tf}i (f[i;Z(xl', tl)) S - < Z Ttl (Xl;ﬁ(x21 tZ):' o Je(xi) tl)) (580)

X7 Xp,X; 150X

First we prove (5.2), for which d > 4, for N > 1. By Lemma|5.8, we have

AM(X;) =AY(0,%,;{o}) < Z Z (P(N)(z)r(fl —2) +P(N)(z;€(f1))) (X5 —2). (5.81)

I1#2,J %

Note that the number of lines contained in each diagram for P*’(2) at any fixed time between 0 and
t, is bounded, say, by ¢, due to its construction. Therefore, by Lemmas|5.3 and|5.7, we obtain

g2o(pN e20(B)N

(N) . -
D PY((z,5):€(xy, 1)) < E ey 1T A) S € G,

Z,X1

(5.82)

and further that

e20(BYN

D PO ((2,5):0x1, 1), 0(xs, 1)) < L(L + Um

2,X1,X3

(14+(sVit)Aty), (5.83)

where we note that 1+ (s V t1) A t5 = 1 + min{max{s, t;}, t,}, so that the order of operations is
naturally first ‘V’, followed by ‘A’ and then finally ‘+’. More generally, by denoting the second-largest
element of {s, f;} by 87, we have

L+ -1 20BN

— (
) (R < o \I-1
;P ((Z:S),Z(XI: tI)) — (g—l)' (1+S)(d_2)/2 (1+St1) > (584)
AT
where the combinatorial factor % is independent of  and N. Substituting this and (5.60)

into (5.81) and using (5.79), we obtain that, since (d —2)/2 > 1,

N)r= ® 1 - _ _ _
XZJ:A(FJ)(XJ)SsO([a’)N Z (EZ mo((tI_S)III 1)0((tJ\1_5)|J\1| h

@0 \ s<t,

-1
3 0((1 +5:)171)

(1 +5)(d_2)/2 O((EJ\I —s)lJ\I|—1))

5SSty

<e0(BNo((1+DV2), (5.85)
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where t = t;. This proves (5.2) for N > 1.

To prove (5.4), for which d < 4, for N > 1, we simply replace O(B)" in (5.84) by 0(B,) O(B,)N !

using Lemma [5.7((ii) instead of Lemma [5.7(i). Then, we use the factor (8, to control the sums

over s € ¢Z, in (5.85), as in (5.28). Since t;; < TlogT, B, = BT and B, = B,T~% with
d

a<bd-— %, we have

Bre . (1457422 <0(B,)(1+ 1, )42 (log(1+1,,))°"* < O(B). (5.86)

SStpyg

This completes the proof of (5.4) for N > 1.

Next we consider the case of N = 0. Similarly to the above computation, the contribution from the
latter sum in (5.68) over z # v (= o in the current setting) equals eO(B(1+ t)"2) for d > 4 and
e0(B,(1+1)"2) for d < 4. It remains to estimate the contribution from P({o — X;}o{o — X

in (5.68).

If ¢ is large (e.g., € = 1), then we simply use the BK inequality to obtain
P({o — X} o fo — i)\ 1) < 7(X) T(X ) (5.87)

Therefore, by (5.79), we have

D AVEN <o+, (5.88)

If ¢ < 1, then we should be more careful. Since {o — X} and {0 — X \;} occur bond-disjointly,
and since there is only one temporal bond growing out of o, there must be a nonempty subset I’ of
Ior J\I and a spatial bond b with b = o such that {b — X/} o {o — X\ ;/} occurs. Then, by the
BK inequality and (5.79), we obtain

2P(lo—Ftofo—yP =D, > D B(Ib—Ftolo —Fph)

Xy @#1'cJ b=(o,")
(spatial)

SZ Z (AeD )X ) T(X )\ 1)

Xy @#AI'ST
<eo(+i)" A+ i)V ) seo(@+ 7).
(5.89)
This completes the proof of (5.2) for d > 4 and (5.4) for d < 4. 0

6 Boundon ¢(y,,¥,).

To prove the bound on lﬁswz(kl, k,) in Proposition 2.2, we first recall (2.24) and (4.58):

Y(¥1,¥2) = Zpg(v)C(yl —V, ¥y —V), Cy1,¥2) =01, ¥2): + (Vo ¥1): — 2 (¥2,¥1)-s
(6.1)
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hence
lﬁsl,sz (k1> kZ) = pe(kl + k2) (qgsl—s,sz—e(kla k2)+ + (ﬁsz—e,sl—s(kb k1)+ - (Igsz—e,sl—e(kb kl )—) . (6'2)

Therefore, to show the bound on lﬁsl’SZ(kl, k,), it suffices to investigate ¢ (¥1,¥,)--

Recall the definition of ¢™(y1,¥,), in (4.50), where Bs(by,,,¥1;Cy) and Bs (&, y; C) appear. We
also recall B™(v,y;C) in (3.20), which is nonnegative, and B5(v,y;C) in (4.21). Let
(N=0),

o
BY(v,y;0)={ "7 6.3
o (O {B(N‘”(v,y;C) W >1), ©3

so that BY”(v,y;C) > 0 and

e8]

Bs(v,y;0) = > (-DVBY(v,y:C). (6.4)
N=0
Let ¢®™MM)(y, y,), be the contribution to ¢™(y,,y,). from BgNl)(ENH,yl;CN) and
BESNZ)(EJ’Z;CE)- Then, ¢®*1"*)(y,,y,), > 0 and

Py )= D, (DN eMN(y y (6.5)

N,N;,N,=0

N,N1,Np)

Now we state the bound on ¢s(1,sz

shown in Section|4.4 that

(¥1,Y2). in the following proposition. Since we have already

pe(y1)pe(y2)(1-6, ,,) ifN=N;=N,=0,

. (6.6)
0 otherwise,

¢§7;N1’N2)(y1, Y2)e = {

(N,N1,Np)

we only need to bound ¢y s,

(2.31)-(2.32))

(¥1,¥9). for sg > s; > ¢ with s, > ¢. For j = 1,2, we let (cf,

ﬁg,Sz = T tjesytje = 3-— 551:52 - 651,(2_j)5552,(2—j)8’ (6.7)
(1+sy—s5) @2/ (d >2),
log(1 +s5) (d=2), (6.8)
(1 +5,) 2742 (d <2),

50)
50— e linsnt
S1,82 (1 _|_51)(d—2)/2

where i =n
$1,52
follows:

51,52

4 N,N7,N. . . .
., and b©_ = b® . Then, the bound on ¢{"}*"? proved in this section reads as
1,52 51589 $1,52

Proposition 6.1. Let A = A, for d > 4, and A = A, for d < 4. Let s, > s; > ¢ with s, > € and
5o < TlogT if d < 4. For q=0,2and N,N;,N, >0 (N > 1 for ¢ """ (y1, y,).),

1,52
D 1yl MN D (yy, ),
Y1,Y2

(845,850 + B) O(B) 14002 (d > 4),

R 6.9
(3, .5y 0+ B OB OB, ool (g <q). O

< (14?0 x {
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The bound on 2 1s,(k1,k3) in Proposition 2.2 now follows from Proposition 6.1/as well as (6.2),
(6.5)-(6.6) and

VL LM ey, kp)| < D 1l (3, Y2 (6.10)

51,82
Y1,Y2

The remainder of this section is organised as follows. In Section|6.1, we define bounding diagrams
for ¢y y,),. In Section we prove that those diagrams are so bounded as to imply

$1552
Proposition [6.1. In Section 6.3, we prove that qbg”f;’NZ)(yl, ¥5). are indeed bounded by those dia-
grams.

6.1 Constructions: II

N,N1,Np)

To define bounding diagrams for ¢,

sy~ (1, ¥2)., we first introduce two more constructions:

Definition 6.2 (Constructions V; and &;). Given a diagram F(y) with two vertices carrying labels
o and y,, Construction V;(y,) and Construction &,(y,) produce the diagrams

F(yiV(y2) = D, F(yil(),20(y,)), (6.11)
(t,=0)
F(yi:6:(y2) = Y. F(y1;B(2),6(@) P*(z,y5;a). (6.12)

(ta=1)

Remark. Recall that Construction £(v) (resp., Construction B(v)) is the result of applying Con-
struction £(v) (resp., Construction B"(v)) followed by a sum over all possible lines 1. Construc-
tion 2”(y,) in (6.11) is applied to a certain set of admissible lines for F(y,) (e.g., the N th admissible
lines for P"(y,)) and the line added due to Construction £(v).

Now we use the above constructions to define bounding diagrams for ¢™(y,,y,).. Define

RY(y1,y2) = PP (yVe, 2)) = Y. PV (yil(),29(y,)), (6.13)
(ty=ty,)
QM(y1,y,) =PW (J’ﬁgtyl (¥2)) = Z P™(y1;B(2),L(a)) P (2,y5;a). (6.14)

(ta>ty,)

Consider, for example,

pspy D Y RP(b,e;€(c))p.P(E,b';c), (6.15)
b= '!yl) e ¢
blZ(‘;)’z)

pspy Y, Y ,QP(b,e;€(c)) p.P(E, b s c). (6.16)
b= '1}'1) e ¢
b/:(',}’2)

We see close resemblance between the bounding diagram for (6.15) and the shown example of
¢ (y1,y,), in Figure(8| and between the bounding diagram for (6.16) and the shown example of
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$D(y,,¥,). (the first of the two figures in Figure(8). Let R*"(y,,¥y,) (resp., Q" (y1,¥,)) be the
result of N’ applications of Construction E applied to the second argument v of R™(y,,v) (resp.,

Q™(y4,v)). By convention, we write R"”(y,¥,) = R™(y1,¥5) and Q" (y1,¥5) = Q™ (¥1,¥5)-
In Section|6.3, we will prove the following diagrammatic bounds on ¢ ™ "2)(y,,y,).:

Lemma 6.3 (Bounding diagrams for ¢“"1"2(y,,y,).,). Let y;,y, € Awith t, >t, >0, and let
Ny,N, > 0. For N >0,

PNy y,), < Z RY™MN2D (yy uy) pe(yy —up) pe(yo — uy), (6.17)

ug,uy

and, for N > 1,

PNy y,) < Z (R(NWl’Nz)(ub u,y) + QWM (yy, uz)) Pe(¥y1 —up)pe(yo —uy). (6.18)

uj,uy

6.2 Bounds on ¢"""?(y,, y,). assuming their diagrammatic bounds

In this section, we prove the following bounds on R**” and Q™":

Lemma 6.4. Let A=A .ford >4, and A = A, ford < 4. Let s5 > s; > 0with s, >0, ands, < TlogT
ifd <4.Let q=0,2and N’ > 0. For N >0,

D il TRy, y2)

Y1:Y2
i 85 5, Onr o+ B)O(B) VNV DA d>4),
S (1 +Sl)q/2 béz)s % ( $1,S9 N’,0 /5) (ﬁ) R OV(S_1)+OV(N/_1) . ( ) (6,19)
. (531,525N’,0 + ﬁT)O([))T)O(IBT) Or (d <4),
and, for N > 1,
, » O(BNN' 154 (d > 4)
9QM )y, <(1+s; /2@ R , ’ 6.20
2 D0 S A B0, XA o o pvgs g<ay, 620
Proposition|6.1]is an immediate consequence of Lemmas 6.4.
Proof of Lemma Let
R™(y1,¥2) =P (y1;4(y5)) 6ty1,ty23 (6.21)
Q™(y1,y2) = Y PV (y1:B(2), B(W)) L(z,W;y,). (6.22)
z,w

By (6.13)-(6.14) and (5.14), we have
N — D .90
R(NN )(}’1,}’2) - R(N) (}’1, (v0>: 2(2,())((‘}1)): E(v1>(<V2)), e 3E(VN/>(<VN’+1>)) 5<VN’+1>’.VZ’ (623)

Q(N’Nl)(J’DJ’z) = Q(N) (}'1, <V0>; 2(0) (<v1>)1 E(vl)(<v2>)a Tt E(VN/)(<VN’+1>)) 5(VN'+1)’y2’ (6~24)

(vo)
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where Construction 25?;(v1) in (6.23) is applied to the N'" admissible lines for P™(y,) and the
added line due to Construction £(v) in the definition of R(y;, v,), while Construction 25?(’)(v1) in

(6.24) is applied to the L-admissible lines of the factor L(z,w;y,) in the definition of Q™ (y,,v)
in (6.22). We will show below that, for s, > s; > 0 with s, > 0, and s, < TlogT if d < 4, and for
N >0,

o(p)'"N o (d > 4),
QR(N) , < 1+ .q/2 b(z) 5 % - 6.95
ylzyl'yl' s15, (V1 Y2) S (L)W 8, s, O(B OBVl (d <4, (625
and, for N > 1,
O N+1 q d > 4 ,
ST YlQ, (1, y2) < (1+5)2 52, By ot @4 (6.26)
Y1:Y2 v 2 O(ﬁT) O(ﬁr) O (d 54)

These bounds are sufficient for (6.19)-(6.20), due to Lemma/5.4. For example, consider (6.23) for
2<d<4withN'=1and 0<s; <s, <TlogT. By (5.13)-(5.14),

R (1, 32) = RO (1,500, 095 20 (72,52)) + 2R (1,0, ()3 20 (01,200, (52,52
+R (1,50, <v>;2<;3 (1,20, (v, 20, (72,55) ) (6.27)
By Lemma 5.3]and (5.24)—(5.25), we obtain
DR ((y1,50) ()32 (v2,52))

Y1,Y2

<D0 D> R (1,50, (0, 0:B"(w, ) L0, £), (w,5); (2,52))

Yuy2 n (v,t),(w,s)

c’ep
<0(B)OBYVN IR B Z(sst S e —TE
$<8 +52_5)
5 \OV(N=1) C 8 /5T .,%1 ° €C1$2
< 08)0B, "D S 2)/2( et Y T ) 629

<87

< O(ﬁT) b2,

where we have used the fact that the number .%; of admissible lines 7 is finite and that R™ has a
finite number %, of lines at any fixed time. In fact, since P has at most 4 lines at any fixed time,
by (6.21), R™ has at most 5 lines at any fixed time. Similarly,

D 20 R0 1200 00,2 ) (2,52))

Y1u.Y2 (v/,t")

. _ .. c'ef3,
<O(B,0(B,) VY b, YT Z(ést teC) G — i

t'<s, s<t’ _S)
& )

~ . s t O /5
< 2 OV(N-1) e €0\ Py
<0(B,)*0(f,) IR > T30 0 ey on 62

S1 <t’ <Sy

< 0(fr) b,
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The contribution from the third term in (6.27) can be estimated similarly and is further smaller than
the bound (6.29) by a factor of f3,. We have shown (6.19) for 2 < d < 4 with ¢ =0, N’ =1 and
0<s;<s,<TlogT.

Now it remains to show (6.25)-(6.26). First we prove (6.25), which is trivial when s, > s; = 0
because R((;V,S)Z(J’LJ’Z) = 0. Let sy, > s; > 0. By applying (5.18) for ¢ = 0 to the bounds in (5.60)-
(5.61), we obtain that, for g =0, 2,

Z 1y119RY (y1,¥2) < (6.30)

$1,52
Y1,Y2

To bound Zyl,yz 1y52R™_ (y1,y5), we apply (5.18) for ¢ = 2 to the bounds in (5.60)—(5.61) for

51552
q = 0. Then, we obtain

C,(1 +52)€2551,52 y o(B) N1 d > 4),
(1+sp)d-0/2 0(B OBV N Vol (d <4).

(6.31)

Z Y2 PRY. (31, ¥2) <

51,52
Y1,Y2

Co(N 4 1)s5(1 +55)e%8; y OBVt (d > 4),
(1+s7)4/2 O(BO(B)VNVal  (d<4),

where we have used the fact that the number of diagram lines to which Construction £(y,,s,) is
applied is at most N + 1. Absorbing the factor N + 1 into the geometric term, we can summarise

(6.30)-(6.31) as

D TVIRY, (1, y2) < (L4572, 6 (6.32)

51,52
Y1,Y2

This completes the proof of (6.25).
Next we prove (6.26) for N > 1 (hence s; > 0). Fori =1 and q =0, 2, we have

L Joey o (d>4),
27 0808, N Vol (d <4).

S e, oy < S (Z|y1|qP(”>((yl,sl);B@’),B(s”)))
N

Y1,.Y2 s’,s"=0

X (supZL((z,s’), (w,s"); (yz,sz))). (6.33)
Wy,

We bound the sum over y; in the right-hand side by applying (5.17) for ¢ = 0 to (5.60)—(5.61), and
bound the sum over y, by using (5.25). Then, we obtain

3 L, (8, v +€eC)S, »+eC O(BN*H1 51 d
@)S € Z (sl,s 1)( 51,8 1)>< (/5)2 O'A _ (d>4)
(145)@ D2 a4~ (145, —s As")/2 0(B,20(f) 1o (d<4)
- o(pN*lod d > 4),
S(1+31)q/2b§2)s x (ﬁ)z o N-1_4 ( ) (6.34)
2| 0(BT0(B,) o (d<4).
For i =2 and g = 2, we have
S1
D1yl Ly < D D (W Ly, — w2 P ((1,51): B(z,s), B(w,s”))
Y1.Y2 s’s""=0 )’I}V’Jz/z
x L((z,5"),w,5"); (¥2,52)), (6.35)
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where, by applying (5.17) to (5.60)—-(5.61) for ¢ = 0 and using (5.25), the contribution from |w|?
is bounded as

|

[P ((y1,81);B(S’),B(W,S”))) (SUPZ L((z,s"), (w,s"); (}’2’52)))
w =Wy

s's"=0 Y1,
- (N + 1)83 s, 5/1(531)51 + £C1)(5sl,su +¢C;) 5 O(ﬁ)N—i—lo_z d>4), 636)
T (s S (Lhsy = As")2 0(B,20(B N 102 (d <4). '

On the other hand, by using (5.60)—(5.61) for ¢ = 0 and (5.15)-(5.16), the contribution from
|y, —wl|? in (6.35) is bounded as

S1

> (ZPW)((yl,sl);B(s’),B(s”))) (supZ v = wlL((z.5), (w,s"); (}’2,52)))
zw Y2

s',s""=0 Y1
- g3 io (55— S//)(5sl,s' + 5C1)(5sl,s” +¢eCy) o oO(pN o2 (d>4), 6.37)
S (s o (1+5,—5 A" 0B, OB, 102 (d<4).

Summing (6.36) and (6.37) and absorbing the factor N + 1 into the geometric term, we obtain

L@
6.35) <s, bsl,s2 X

N+1 .2
{0(/3) o (d>4), 6.39)

O(B)?0(B N 1o (d<4).

Summarising (6.34) and (6.38) yields (6.26) for N > 1. This completes the proof of Lemma|6.4. [

6.3 Diagrammatic bounds on ¢“""2(y,,y,),

In this section, we prove Lemma|6.3| First we recall the convention (4.27) and the definition (4.50)
and (6.3)-(6.5):

¢ (y 1, y0).
= Z prHpeMé’;i)(]l{thl(EN,g;ci)inéfv}BéNl)(BNH,yl;CN)BéNZ)(E,yZ;C;)), (6.39)
byi1.e
(bny17€)

where we recall H,(v,x;A) = {v A, x} N {#t-cutting bond for v 2, x}, as defined in (4.36), and
C, = {EN} and C_ = C,_,. If the factors 1{H,, (by.e:Cs)inC5} and B%Nz)(E,yz; éfv) were absent, then
(6.39) would simplify to 1™ ™(y,) < P¥*™M)(y,). Therefore, our task is to investigate the effect of
these changes.

We will prove Lemma|6.3 using the following three lemmas:

Lemma 6.5. For v,x € Aand t, <t <t,, (cf, Figurel11)

H/(v,x;{v}) cV._.(v,x)= U {fv — 2= x}. (6.40)

z
(tzft_e)
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X O acA

v v

Figure 11: Schematic representations of the events (a) V,_.(v,x) and (b) & (v, x;A).

Moreover, for A C A, let
GP(v,x;A)=H,(v,x;A)NV,_.(v,x), GP(v,x;A)=H,(v,x;A)\ V,_.(v,x). (6.41)
Then,
GP(v,x;A) SV, (v,x), GP(v,x;A) C &(v,x;A), (6.42)
where
svxa= ) U {{{v — z}o{z —w}o{w —x}ofs —x}}

a,weA zeA
(tz=t)

r‘l{{azw, gz w_tUu{a#w_, (a,w)EA}}}. (6.43)

Lemma 6.6. Let X be a non-negative random variable which is independent of the occupation status of
the bond b, while F is an increasing event. Then,

EP[X1p] <E[X1g]. (6.44)

Lemma 6.7. Let y;,¥, € A and X € A/ for some j > 0. For N,N; > 0,

> 00 (1, e B Brasyis€)) D Ry (E)py, (6.45)
1

ZN+1
by 1 b=(-,y1)

Whe_re, on the left-hand side, we have used the convention introduced below (4.48) (i.e., the dependence
on b, is implicit). Moreover, for N > 1 and N; > 0,

Z pr+1Ml(7N+1)(]lgty1 (EN:}'2;CN—1)O{feéN}BESNl)(BNH’yl;éN)) = Z Q(NHVI)(Q’ yz;f(f))pb.

Ont+1
byt1 b=(-,y1)

(6.46)

The remainder of this subsection is organised as follows. In Section 6.3.1, we prove Lemma
assuming Lemmas|6.546.7, Lemma 6.5is an adaptation of [’E, Lemmas 7.15 and 7.17] for oriented
percolation, which applies here as the discretized contact process is an oriented percolation model.
The origin of the event {z -/~ w_} U {w_ ¢ A} in (6.43) is similar to the intersection with the
second line in (5.43), for which we refer to the proof of (5.43). Lemma 6.6 is identical to [@,
Lemma 7.16]. We omit the proofs of these two lemmas. In Section|6.3.2 we prove Lemma 6.7|
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6.3.1 Proof of Lemma|6.3 assuming Lemmas 6.5-6.7

Proof of Lemma 6.3/for N, = 0. First we prove the bound on ¢“"”(y,,y,),, where, by (4.45) and
(4.47)-(4.48),

SNy, ys). = D Phy,Pe N““”( H,, (bNe{bNDBéN”(bNH,yl;CN)) Sz,

by 1
byi1.e
(bny17€)
— ™) [ b (N1 .
= Do DPbyPby,PeMy (E ¥ Ly it L., (yestbuhBs (bN+1,y1,CN)D5z,y2-
by,by 1€
(bnt17€)

(6.47)

Note that, by Lemma 6.5, H,, (EN, e; {b,}) is a subset of Vtyl_g(EN, e), which is an increasing event.

We also note that the event E (by,b b...; C,_,) and the random variable BESNl)(EN 1 ¥1;C,), where

C, = CPv+1(b,), are independent of the occupation status of b, +1- By Lemma/6.6 and using (3.16)
and (3.19), we obtain

(N) (N1) .
6.47) < Z PbyPby,Pe MQN (E[lEl(bN byy15Cre 1)]1Vty _(by, e)Bé1 (bN+1’y1’CN):|) 5E,y2

by,by 1€
(by+17€)
N 7o
Z Pby,,Pe UZ:I)( Vi, 7£(BN,9)B5N1 (bN+1,y];CN)) 5E,y2' (6.48)
byi1se "
(bnt17€)

The bound (6.17) for N, = 0 now follows from Lemma6.7.
Next we prove the bound on ¢™"9(y,,y,)_, where, similarly to (6.47),

¢(N’Nl’o)(}’1;}’2)f (6.49)
(N) b (N)
b ; prprHpe (E " |:]1E "(byb by 1:Cn— 1)]1Ht (bN e;Cy_1) 51 (bN“’yl’C )]) R
e
(byss )

By (6.41), we have the partition

H, (by,e;C, )= G (by,e;C, ) U G? (by,e;Cy_)). (6.50)
Y1 Y1 Y1

See Figure [12 for schematic representations of the events E’ (bN, b,..; C,)nN ny)l (EN,g; C,_,) for
i =1,2. By Lemmal6.5, we have

1 (6.51)

_ . 1 - <1~ . 1 =
E'(by:by418n-1) " Gry) (BnoeiCy—1) = B (b s13Cyon) *Vey —e(bie)’

so that, by (6.48), the contribution from Gﬁly)l (by,e;C,_,) obeys the same bound as ¢ 9(y,,y,),,

which is the term in (6.18) proportional to RN,

For the contribution to ¢™"9(y,,y,)_ from Gg)l (by,e;C,_,), we can assume that N > 1 because

Gg) (by,e;C_,) =P when N =0 (cf., (4.27)). Note that, by Lemma 6.5, ngy) (by,e;Cy_,) is a subset
1 1
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Figure 12: Schematic representations of the events (a) E’ (bN, by C,.)n G?; (EN, e;C, ,) and
1
(0) E'(by, by,13Ci )N GE (b, &5 Gy )

of &, (bN, e;C,_,), which is an increasing event. Therefore, similarly to the analysis in (6.48), we
use Lemma6.6]to obtain

N7,
2. PhPhPeMy) (Ebw (L6 Gy L6 By sy 1155 (bNH’yl;CN)D %2y,

by,by 1€

(byy17e€)

(N) (N)
Z prpr+1peMQN (E[IIE (B byy o En l)llgt (bNeCN ) 51(bN+1>y1> N)]) A

by,by1.€
(byt17¢€)

(N7)
Z pr+1p€ (NH)(]L& (bN e;Cyn_ 1)B5Nl (bNH’yl;CN)) 65,}’2' (6.52)

N+1
byy1.e

(byy17€)

The bound (6.18) for N, = 0 now follows from Lemma|6.7, This completes the proof of Lemma
for N, = 0. O

Proof of Lemma 6.3|for N, > 1. First we prove the bound on ¢®""(y,,y,),, where, by (6.39)-
(6.40), (6.3) and (5.40),

UMY, Y2) S D, Phyy,Pe N(N“)(]lt G e)BgN”(bNﬂ,yl;cN)Bg”(E,yz;éi,)). (6.53)

byt1
byy1,e

(bN+1 #e)

Following the argument around (5.47)-(5.49) , we have

(6.53) < Z ZprH (N“)(ﬂvty _s(bNe)m{cece}BEN”(bNH,yl;CN))peP(”(E,g’;C)peu (6.54)

by
bN+1 e,e’
c =Y3)
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where C, = C®+1(b,,). By (6.45) with = ¢ and (5.38), we obtain

650< S ppe S R, 01()pPOEE )= D pypeR (b, Ey ().
b=(-,y1)

TRk b=(-,y1)
0 =(y2)
BN RV (b,y;200(e),20(e) o
(6.55)
This shows that
MMy yy), < Z pe(¥y1 —u)pe(yy — un) RY™MV(uy, uy), (6.56)

U,Uy

as required.

To extend the proof of (6.17) to all N,, we estimate BESNZ)(E,yz;C;) using (5.40). Since the bound
on B(ENZ)(E, Yo C;) is the same as N, — 1 applications of Construction E to P (e, u,; C;), the bound
follows by the definition of R¥*""2)(y, y,).

The proof of (6.18) for ¢™"N2)(y,y,)_ proceeds similarly, when we use (6.46) rather than (6.45).
This completes the proof of Lemma O

6.3.2 Proof of Lemma

Proof of Lemma6.7|for N; = 0. Since B?)(ENH,yl; C,) = 0%,y (and therefore V, _,and & can
be replaced by thN ) and £’th e respectively),
LN by

_ (N+1) _
LHS of (645) - Z pr*le (:IIVIENJrl (bN,yz)ﬂ{fECN})’

ZN+1
byt1=(,¥1)

([ _ (N+1)
LHS of (6.46) = Z prHMb . (lgth+1+s(ENsYZ;éN71)n{feéN}).

IN+1
by1=(+,¥1)

Recalling the definitions of R" and Q™ in (6.13)-(6.14), we can prove Lemma 6.7/ for N; = 0 by
showing

(N+1) . S
My (nvt% Goyonieety)) S PV BuiVy, (2 LE)  (N20), (657

MéN+1) ]l

by ( gth+1+s(BN,J’2iéN—1)ﬂ{feéN}) < P(N) (QN-H; (g’téNH (}’2),“-’?)) (N > 1)- (6-58)

By the nested structure of M l()N“) (cf., (3.27)),
=N+1

_ (N) (1) _ .
LHS of (6.57) = bEN prMQN (MBN,QN+1§CN1 (]lVfQNH (bN,yz)ﬂ{fECN}))’ (6.59)
LHS of (6.58) = M&( M@ ] (]1 o ) . 6.60
lg:lpbl\’l by, by_1,by,1:Cn-2 gth+1+E(bN,y2;CN—l)m{xecN} ( )
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On the other hand, by the recursive definition of P (cf., (5.58)),

RHS of (6.57) = D py, Y P (b LN P (bys b, 56, Ve, (2) L(F)), (6.61)
by

c

RHS of (6.58) = ) py,,_, ) PY (b, ;l(eNPV(Byrby, 56,6, (1) lEF),  (6.62)

by-1 ¢

where Construction £(c) in (6.61) is applied to the (N —1)™ admissible lines of P® and that in (6.62)
is applied to the (N — 2)™ admissible lines. By comparing the above expressions and following the
argument around (5.47)-(5.49), it thus suffices to prove

&) _ i © =
by.by13Cya (HVIQNH (bN’y2)ﬂ{z€CN}) =P (bN’ =N+1? CN*D VtQN+1 (yz),ﬁ(x)), (6.63)

M(Z)

1 s )<P<> b
by_1.by 7Gx 2( gtéNHJrs(bN,J/z;CN—l)ﬂ{XECN} (

v by G &y (1) U(3). (6.64)

First we prove (6.63). Note that, by (3.16),

LHS of (6.63) = ]P(E (bu>by 3 €)1 Ve, (B ya)NiF € éN}). (6.65)
Using (6.40), we obtain

V,

toyiq

buyds U U{by—stolz —violv —ysdols — 53}, (6.66)

v
(tv=tpy,,)

hence

COEEDY P(E b, G )N EC)
(ty tkN+1)

ﬂU{{BN—>Z}O{Z—>V}O{V — y,}lo{z —>y2}}). (6.67)

2

The event E’(b,,b b,.,;Cy_,) implies that there are disjoint connections necessary to obtain the
bounding diagram P©(b,, b by C,_,). The event {b, — v} (= Uz{{BN —> g}of{z — v}}
can be accounted for by an application of Construction ¢(v), and then {v — y,} o {z — y,} can
be accounted for by an application of Construction 2{’(y,). The event {X € C,} implies additional
connections, accounted for by an application of Construction £(X). By (6.13), this completes the

proof of (6.63).
Next, we prove (6.64). Note that, by (3.19),

LHS of (6.64) = ZP M ( (E (brs b3 €N &, (b, y23 € )N € éN})).

leb CNZ

(6.68)
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Using (6.43) and following the argument below (6.67), we obtain
P(E(Bub, € )N6,  1elbyyaC)nix et}

(E(bw wiGoon U U {{{ENéz}o{zﬁw}o{w—>y2}o{z—>y2}}

c,wely_ ZEA
’ N l(tz>th+1)

N {{c =w, 2z w_tU{cEw_, (c,w)€ C}N_l}}} N{x ECIN}). (6.69)

Similarly to the above, E'(b,,b b,.,;Cy_,) implies the existence of disjoint connections necessary
to obtain the bounding diagram P©(b,,b b, C, ,). The event subject to the union over z is
accounted for by an application of Construction B(u) followed by multiplication of the sum of
SO(u,w;C,_,,29(y,)) over w with t,, > tp, ,,» resulting in the bounding diagram

Y. PO(by,b,,;; €y, B@) SO (u,w; &, 20(y,)). (6.70)
u,w
(tw>tpy,,)

The event {¥ € C,} is accounted for by applying Construction £(X;) to P(b,, b by, C, ,,B(u)) and
Construction £(% ;) to S”(u,w;C,_,,2(y,)), followed by the summation over I C J. Then, by

(5.32) and (5.35), we have

©69)=>, >, Zpr( Y e, (PO by € B, L)) Linsty )

IcJ auw
(tw>thy, )

X SO (u, w; a,29(y,), (%))

My (PO (Brbyni €y B UED) Litam et
X (1= Bqp IS (u, w:a, 2$>(y2),6(fj\1))). (6.71)

Note that P(b,,, b by :C,_,,B(u)) is a random variable (since C,_, is random) which depends only
on bonds in the time interval [th, t,, ] and that t, tb , which is due to (5.29)-(5.30) and
the restriction on t,,. Therefore, by the Markov property (cf (5 48)) and (5.34),

G7D<Y. > PO(wyyalFEn))

o) au

(tathNJr])

ZPbN ;\j byiCn 2(p(O)(bN, by, Gy, B(u), (%)) l{aeéN,l}). (6.72)
We need some care to estimate M.’ (P“”(BN,QNH;C,H,B(u),E(fl))]l{aeélv_l}) in (6.72).

lebN N—2
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First, by (5.32) and ¢, < tp,,, <t We obtain

My 2(p(0)(bN, b, ;€ B, (X)) 11{aeeN,l})
by

S Z (M(D (l{C:aEéNfl}) S(O’O) (BN)V; C, 2(‘?)(21\]+1),B(u),€(f1))

cv by_1,by;Cno2

(ty=tq)

+ M;i s (Litew)ety 1} 1{acty 13) (1 =8, )

X S(O’l) (EN) v; c; 25)0)(QN+1); B(u)7 e(fl))) :

By the BK inequality, the second M on the right-hand side is bounded as

MY (Liewstyat Tacty}) (1= 8¢y )
N-1>PN>“N-2
< Mil) - (]].{CECN_I} (]l{(c,v) occupied}ofaeCy_;} + ]l{(c,v)—»a})) (1 — 60 v )
by-1,by;Cn—2 T
< (M“) (Lic,acty_1}) + M(” (]l{ceCN,l}) 7(a— v)) AeD(v —¢).
by—1,by;Crn—2

Substituting this back into (6.73) and using (IS.SlD and (5.35), we obtain

“ = ( %11\)1 b, 'CN 2 (H{C’aeél\’*l}) pY (BN’ QNH; C’B(u)’g(fl))
c - TN
® =,
+MbN byl Z(E{CECN,l})

14

We will show below that

t(a—v)8°" (b, v;e,20(b,, ), Bw), (%)) <8V (b,,v;c,20(b, . ). B(w),L(X)), L(a)).

Assuming this and using (5.31) and (5.35), we obtain
Z t(a—v)AeD(v — ) SV (b, v;e, 20(b,,,,), B(u),L(%)))

14

< P (b, b,,,;¢,Bw), £(%)),L(a)),

hence
67593 (MY o (Gleactun) OBy e, B0, £GE))
C
+ MY .~ (1cety_}) PO(by, b b,.;¢,B(u),L(X),0(a) |.
by_1.by;Cy—2 +

Further, by a version of (5.55), we have
MY (et ) < PO (B, bys €y (),
n

bN71,QN; N—2

MY (Lieacty ) < ) PO(by oy, by €y, £7(e), (@),
n

by_1,by;Cn—2
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(6.74)
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(6.76)

(6.77)

(6.78)

(6.79)
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where Zn is the sum over the admissible lines of the diagram P(O)(EN,“QN;CN,Z). Using these
inequalities and Lemma 5.6, the sum over b, in the second line of (6.72) is bounded as

by_1,by;Cn—2

ZprMu) i (p(m (EN,QNH;CN_I,B(u),E(a?,)) ]l{aeCN_l})
by

< ;ZZ (PO (Bysr b3 €y €7(0), £(@)) i P (B, by 5 €, B(), £(F 1))

C bN

N> ZN+1°

<P (by sy, by, 3 Gy Bu), £(X)), (), 6.81)

PO (51, by € £7()) P P (B by 3¢ B(w), (%), (@) )

where we have used the fact that the rightmost expression has more possibilities for the lines on
which Construction £(a) can be performed, as in the proof of Lemma|5.6. Finally, by a version of
(6.14), we obtain

©72<D Y, PU(Bys by, G B, L@, 6ED) PO (u,y25a, (%)
IcJ (tazat,;vﬂ)

<PY(by1by, 3G &y (7). 6(X)). (6.82)

This completes the proof of (6.64) assuming (6.76).

It remains to show (6.76). By definition, there is a line, say, T(w — v) for some w with t,, < t,

contained in the diagram function S®(b,,v;c, 20(b,,,,),B(u),£(X[)). We claim that

T(w—v)t(a—v)<t(w—v;L(a)), (6.83)

which readily implies (6.76). To show (6.83), we let P, P® be independent percolation measures
and denote by P"? their product measure. Then, we can rewrite the left-hand side of (6.83) as

T(w—-v)t(a—v)= P(LZ)( U {Yl is (1)-occupied, 7 is (2)-occupied}). (6.84)
Y1:v—ow
Yoiv—a

Taking note of the last common vertex between y; and y, and using the Markov property, we obtain

(6.84) < Zr(z —v)? IP“’Z)( U {)/'1 is (1)-occupied, 17 is (2)-occupied}). (6.85)
zZ

Y iz—W
Y5:3—a
(rinry=iz})

If 2 = w, then the above probability P*?(---) equals T(a—w). If 2 # w (hence 2 # a), then at least
one of v} and y7, has to leave z with a spatial bond. Recalling the definition of Construction B(z)
and applying the naive inequality 7(z — v)? < 7(z — v) to (6.85), we conclude

(6.85) < ZT(W —v;B(2))t(a—2")=1(w —v;{(a)). (6.86)
z/
This completes the proof of (6.83), hence the proof of (6.76). O
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Proof of Lemma 6.7|for N; > 1. First we recall that, by (6.3) and (5.40),

B%Nl)(ENH: Y15 CN) < Z P(Nl_l)(BNH: b; CN)pb’ (6.87)
b=(-,y1)

where, by (5.39),
= P(O)(EN+1,2; éN) (Nl = 1):

N1-D (7 - C — -
p (bN+1,Q, CN) < ZZZP(O)(bN“’g; CN,en(Z))peP(NVZ)(E,Q; z) (Nl > 2).
n z e

(6.88)

Then, by following the argument between (6.72)) and (6.82) and using versions of (6.57) and (5.59),
we obtain that, for N; > 2,

(N+1) _ o) (1 LA
Z Py, My (]lvtyl_s(bN,yz)n{)?eCN}P O (bysrs & CN,Z”(Z)))

=N+1
byt

< DD PV (b3 L7 (), Ve, —o(¥2),6(F)) Py, PO (Byes €5 ¢,£7(2))

by m €

< P (&5 V,, _o(y2), L(F),07(2)) = R (e, y 53 (X), (%)) (6.89)

For N; = 1, we simply ignore £"(z) and replace e by b, which immediately yields (6.45). For N; > 2,
by a version of (5.59), we obtain

LHSof (645) < D, > > > R™V(e,yp((X),L"(2)) p.P™ (€, b;2) py

b:(.,yl) n b4 e

< D RYW(b,y,3 (X)) pp, (6.90)
b=(-,y1)

as required.
The inequality (6.46) for N; > 1 can be proved similarly. This completes the proof of Lemmal6.7. [

7 Bound on a(¥;)

From now on, we assume r = |J|+ 1 > 3. The Fourier transform of the convolution equation (2.25)
is

8o (R = A (B + 3" (7, # (K a7, (R)), 7.1

where t = t; = minje, t; and k = Zjej k;. We have already shown in Proposition|5.1/and (5.79)
that

|Az, (k)] < 114z, I, < e0(Q+ D)), |(Fae %P < 7 elly lpelly <O, (7:2)

where t = £ is the second-largest element of ;. To complete the proof of (2.37), we investigate
the sum Zsfssg |az,—s (k).
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First we recall (2.26) and (4.55) to see that

a™(%;)=a™(X;;1) + Z (a(m(fJ\I,fI;z)

GAICT

+ Z (a(N)(J/LfI; 3)+a™(y,, Xp; 4)) (X — )ﬁ)) . (7.3)

Y1
Let
1 (d >6),

A, =1 log(1+1t) (d=6), (7.4)
(1+0"5 (d<6).

The main estimates on the error terms are the following bounds:

Proposition 7.1 (Bounds on the error terms). Let d > 4 and A = A. For r = |J|+1 > 3 and
N >0,

™) 2 (ﬁ)l\/N r—3
2G| < (Gno D Beo+e o(+D?), (7.5
X5 jeJ
OBIN(1+ BA; _
Zat i - (Xpg,Xp52)| <e (6) 1( p t)O((1+t)r_3), (7.6)
5 te
o) N+1 _
ZZG(N)(}’pr?)) T(X = y1)| < 8% A1+, (7.7)
X; =
lo) 1VN B
DY aM (%4 T(E gy — )| < s% A1+ B3, (7.8)
X; Y1 =

For d < 4 and A = A,, the same bounds with f8 replaced by f3, = ;T % hold.

The bounds (7.5)-(7.8) are proved in Sections|7.1-7.4, respectively.

Proof of (2.37) and (2.39) assuming Proposition 7.1. By (7.3) and (7.5)-(7.8), we have that, for
d >4,

. 1+ BA;
A ) r—3
|ag, (k)| < E E (x ) <o((1+1) )( E 5t ote T4¢ ), (7.9)
N>0! %, jeJ
hence, for any k < 1A %,

> g, ENl = 0(1+ ) (1 N ﬂ)

S=¢€ s=¢ 1+£_5

< o((1 +1) 3 log(1+ f)) (1+BA)<O((1+1)27), (7.10)
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which implies (2.37), due to (7.1)-(7.2).
For d < 4, f in (7.10) is replaced by f3,, and A; = 1+ . Therefore, for any k < a,

t
> las (kDI <0((1+ 8 2log(1+D) B O(T"7),  asT 1 oo, (7.11)
This completes the proof of (2.39). O

7.1 Proof of (7.5)

By the notation J; = J \ {j} and the definition (4.5) of F'(v,%;;C), we have

F'(v,%5;0) S| J{E'v,x;;0)n{v — %, 1}, (7.12)

jeJ
which, by (4.24), intuitively explains why a®(¥,; 1) is small (cf., Figure|6).
Let d > 4. By (5.55), we obtain that, for N > 1,

&3 11 = D> py My (B(E (b x5 €, )0 {y — %, 1))

JEJ by
= > MO (L, eeyt) < ) PYCxj3E(E;)). (7.13)
jeJ jeJ

The same bound holds for N = 0, due to (4.23). By Lemma and repeated applications of
Lemma (5.3 we have that, for d > 4 (cf., (5.82)-(5.84) ford >4 and N > 1),

NV1
ZP(N)((Z’S);E(’?I’ £1)) < 8,00n,00((1+ )Y + 62( o(h)

_OWP) g s
a1+ 714

2,X]
where §z is the second-largest element of {s, t;}, hence
82 O( ﬁ )N V1
(1+¢,) @27

Szo(ﬁ)Nvl
1+t

D P (s 005, E)) < (5tj,05N,0 + )o((1 + DMl
%)

< (5tj,05N,0 + )o((1 +£)73). (7.15)

For d < 4, we only need to replace O(B)NV! in (7.14) by O(B,)0(B,)N"DV0 and use Br(1 +
t)@ /2 <0(B,)(1+t) " fort < t; < TlogT to obtain (7.15) with O(B)¥"! replaced by O(f3,)""™.
This completes the proof of (7.5). O
7.2 Proof of (7.6)

Let

&(N’N/)(fj\l,fl; 2) = Z pr+1M£I:]vill) (]l{BN—>fI}A(N/)(EN+1,f]\l; éN))’ (7.16)

byt
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whe_re we recall the convention introduced below (6.45) (i.e., the r.h.s. of (7.16) does not depend
on by, which occurs inside the M EN ) construction appearing inside M }(JN“)). Then, by (4.26), we have
=N =N+1

o0
@™ (&, %p32)| < DAYy, %5 2): (7.17)
N'=0

To prove (7.6), it thus suffices to show that the sum of @™ (% J\I1,X1;2) over N ’ satisfies (7.6).
We discuss the following three cases separately: (i) |J \I| =1, (i) |[J \I| = 2 and N’ = 0, and
(iii) [J \I| > 2 and N’ > 1. The reason why a(N)(J'c'j,ij;Z) for some j is small is the same as
that for a™’(¥,;1) explained in Section|7.1. However, as seen in Figure 6] the reason for general
a™ (X j\;,%;2) with |J \ I| > 2 to be small is different. It is because there are at least three disjoint
branches coming out of a “bubble” started at o.

(i) If I = J; for some j (hence |J \I| = 1), then we use A" (b,,,,x;;€,) = MYV (1) and (7.15)

by+1,xj5Cy
to obtain
~(N,N") = . _ (N+1) — N (N'+1)
Za (ijij’ 2) - Z Z pr"'lMéNJrl (]]-{bN_’ij} MEN+1,xj;CN(1))
X X; byi1
= D MY (Lb—s, )
J_('J
) O(ﬁ)N+N’+1 )
<) PAHNEN(x (X)) < 2 (14+E)3, 7.18
2P e ) et (7.18)
J

where 3 is replaced by f3, for d < 4.
(ii) If |7 \ I| > 2 and N’ = 0, then we use (5.68) to obtain

&(N’O)(fJ\I,fI; 2)

= Z ( Z ME:;?(]l{EN*’{’?I’ENH}})prHP({bNH —> Xptoiby,, — fJ\(IUI’)})
GAICII N by

+Z Z pr-%—lMgLTl)(R{EN_’J?I}P(O) (EN-Ha Z, CN’E(J?I/))) T(‘)_C’J\(IUI’) — Z)) .

z by 11

(by+17%%)
(7.19)

Following the argument between (6.72) and (6.82) (see also (6.89)), we obtain

Yo Do My (1200 (B 8 0F)) ) < PO (550(R)), By (£)), (7.20)
_bN+1
(by117#2)

where qu (¥;/) means that we apply Construction £(X;/) to the lines contained in P™*V(z; £(X})),
but at least one of |I’| constructions is applied before time t,. This excludes the possibility that there
is a common branch point for ¥ ;- after time t,. Let

@™ (% p\qory X1, X3 2); = 2P (b3 €(0), (%)) ppP(1b — Xy} o {b — Epqom}),  (7.21)
b

a®o (fJ\(IUI’)’fDJ?I’; 2)2 = ZP(NH)(Z;E(fl)azgtz(fl')) T(J?J\(IUI’) - Z). (7.22)

2z
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Then, by (5.55), we obtain

a"O(Xp\p,X32) < Z (duvm (X n\qory, X, Xp52) 1 + a3 (X 0\ qor, X, X 2)2)- (7.23)
GAI'CI\I

To estimate the sums of (7.21)-(7.22) over X; € 74V |, we use the following extensions of (7.14):
Lemma 7.2. For N >0, s <s' and d < 4,

0(B,;)O(B,)N-1vO
(1+s)d=2)/2

stvlvaP(N)((z,s);ﬂ(w,s’),e(f})) < 800n,00((1+ eI + €2 (1 +S_F,)|I|_1,
Z

(7.24)

2 O(ﬁr) O(BT)N (

ZP(N+1) ((Z,S);Z(FILKSS(E}/)) =€ (1 +S)(d_2)/2

z

1+sA max ti)(l +5; WHI=20 (7.25)

ierur
For d > 4, both 3, and p, are replaced by .

We will prove this lemma at the end of this subsection.

Now we assume Lemma [7.2/and prove (7.6). To discuss both d > 4 and d < 4 simultaneously, we
for now interpret 3, and 3, below as 3 for d > 4. First, by (5.79) and (5.89) and using t,\; < t for
|[J\I|>2,|lp.ll; =0(1) and (7.24), we obtain

D a0 (% p oy, B, %52); Se0((L+T0)PVI2) DT P (b (), 6(T) py
b

=

XJ
(tp<t)
<e0((1+DVVIF2) Z. supZP(’”((z,s);f(w,s +¢),L(t)))
s<t W Tz
<e0((1+ DY) 0B, (7.26)
where, for d < 4, we have used
B,(1+ Tlog T)“4~D/2 ( x log(1+ TlogT) when necessary) < 0(B,). (7.27)

Moreover, by (5.79) and (7.25) and using (7.4) and (7.27), we obtain that, if J \ 1 UI’) = {j} (i.e.,
Iur' = J;) and t; = max;¢; t;, then max;e; t; = t and thus

Z G- (Xj,i’[, -7_5[’; 2)2 <e¢ O(ﬁT)O(BT)N ( Z.

__ (143 VI3
(145)d—4/2 j

fJ s<t
<1+t
. &
+ Z — (140D +5 )'Jl-B)
d—2)/2 Jj
szStj (1 +S)( i W—_J’
=1+t
<eO0(fINT A (14 DVI3. (7.28)
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IfJ\(IUI') # {j}, then we use (s = t, <) thaor = t = t;y and thus St = t and simply bound
s Amax;cpp t; by s, so that

2 : « ,O0(B)O(B )" N -
ANO) (22 R E 2 T T [T+ A1) -3
a (xJ\(IUI/))xI)xI/)z)zs & (1 s)(d—4)/2 (1+t)

Xy s<t

<eO0(BIN A (1+DVI73, (7.29)

By (7.23) and (7.26)-(7.29) and using (1 + )™} < (1+t)~!, we thus obtain

O(BT)N(l +[‘§TAE)
1+t

o((1+0)3). (7.30)

Zd(N’O) (‘)?J\I’fl;z) S £

sty
Xy

For d > 4, we only need to replace 3, by f3, as mentioned earlier.
(iii) If |[J \ I| > 2 and N’ > 1, then, by (5.68), we obtain

~ Nr = —
a )(XJ\I’xI;z)

< > ( > oy My (1 2P (b 2 8,) ) (R — 2)

GAI'GIN 2 \ by
+ Z prJrlMEZI-:ll) (]];{BN—H_C'I}P(N/) (BN+17 Z; CN?Z(J?I/)) ) ) T (X’J\(IL.JI/) - Z) . (7.31)
bN+1
Let
a~ (fJ\(IL'JI’))fI;fI’; 2)1 = ZP(NW/H) (Z; f(fl)) (X —2) T(fJ\(IUI’) - Z): (7.32)
b4
d(N’N/) (f\]\(IUI/)? f[, f[l; 2)2 - Z P(N+N/+1) (Z; E(fl)) foz (fll)) T (fj\(IUI/) - Z) ° (7'33)

b4

Similarly to the case of N’ = 0 above, we obtain

5(N’N/)(fJ\1,fI; 2) = Z (a(N’Nl) (Xp\aory, X1, Xp52), + &(N’N/)(fj\(wﬂ),fz,551'; 2)2)- (7.34)
GAI' I\

However, by (5.79), (7.14)—(7.15) and (7.27), we have

A L. .« LO(B)OBIVTN .
ZQ(N’N)(XJ\(IUI/),XI,XI/;z)l S Z 82 d (di2)/2 (1+t)|1|+|J\I‘ 3
3 = (1+5s)
<eO(B NN (14 D)3, (7.35)
Moreover, by (7.28)-(7.29), we have
D@ (FEpnaory £ Ep32), < e OB A 1+ DV, (7.36)

=

Xy
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Summarising the above results and using (1 +£)™' < (14 t)! (since |J| > 2), we obtain that, for
[J\I|>2and N' > 1,

0 3 N+N’+1A_ .
(ﬁT)Ht L1413, (7.37)

(NN 2 2 .
Z aFJ\bFI (XJ\I’ X715 2) <e¢
Xy

for d < 4, and the same bound with /3, replaced by 8 holds for d > 4.

The proof of (7.6) is now completed by summing (7.18) over N’ > 0 or summing (7.30) and the
sum of (7.37) over N’ > 1, depending on whether |J \ I| =1 or |J \ I| > 2, respectively. O

Proof of Lemma|7.2] First we prove (7.24). By the definition of Construction £(w,s’), we have (cf.,
(5.19)

SIVJVpZP(N)((z,s);E(w,s’),E(f})) <sup Z. ZP(N)((Z,S);E(f}),B(y,s”)) Ty_go(W—y)

w s"<(sVipAs' Y2

< D7 ltveolleo 2PV (G sk UE),BG™).  (7.38)

s"<(sVip)As

Moreover, by Lemma5.3]

(7.38) < (Bound on ZP‘N)((z,s);E(E}))) x Z D Gy, +eC)ITg-glloor  (7.39)

s"<(sVEpDAs” M

where t, is the temporal component of the terminal point of the line n in the diagram
P™((z,s);£(t})). The display of (7.39) is a little sloppy, as Zn depends on PY((z,s); £(£;)). How-
ever, since the number of lines in P%™((z,s); £(t;)) is bounded (due to its construction) and (cf., UT6,
(4.45)-(4.46)])

" _g)le m—-djo . JOB)  (d>4),
eyl < (1= 7% +(1 457 X{m&)(dsﬁj e

the sum over s” in (7.39) is bounded in any dimension (due to the excess power of 3, when d < 4),
hence (7.38) obeys the same bound (modulo a constant) as Y, P ((z,s); (7)), which is given in
(7.14). This completes the proof of (7.24).

Next we prove (7.25). Due to Construction ZSS(E}/) (see below (7.22)), the left-hand side of (7.25)
is bounded by

D2 P () Eran), Eo(t))). (7.41)

jer =

By repeated applications of Lemma 5.3/ as in (5.82)-(5.84), but bounding s A t; by s A max;c;op t;
instead of by s as in (5.82), and then using St < 5%, We have
j

(B)O(B)N
“arer

O /
(N+1) O(F o)) < g2 . o -2
EZ p ((2,5),€(f1u1j)) <eg e 14 s A max tl)(l +35z ) , (7.42)

tye
ielur’ oI
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for d < 4, and the same bound with 8, and f3, both replaced by 8 for d > 4. Applying Lemma 5.3
to this bound, we can estimate (7.41), similarly to (7.39). However, due to the sum (not the
supremum) over x; in (7.41), ||Ty_s |« in (7.39) is replaced by ||ty _s/|l; < K, where the running
variable s” is at most s, due to the restriction in Construction / .(x;, t;). Therefore, (7.41) is bounded
by (7.42) multiplied by O(s), which reduces the power of the denominator to (d —2)/2, as required.
This completes the proof of Lemmal7.2] O

7.3 Proof of (7.7)

Recall the definition (4.52) of a™(y,%;3). and denote by a®™"(y,,%;;3), the contribution from
BESN '(by.1,¥1;Cy) (cf., Figure[7). We note that a™¥"(y,,%;;3), > 0 for every N,N’ > 0. Similarly
to the argument around (6.89), we have

N . . . ~(
a™ ) (yq,%;3). < Z Z (Dlagrammatlc bound on Mb’j\:l) (]lHryl (ZN:fﬁC:t)ﬂ{EN_’C}))

byt &V

X pr+1P(N/)(BN+1’ v C)pv,yla (7.43)
where we recall C, = {b,} and C_ = C,_, and define

Pvy, =P:(y1— V). (7.44)

We discuss the following two cases separately: (i) |I| =1 and (ii) |I| > 2.

(i) Suppose that I = {j} for some j. If t; < ¢, (=t, —¢), we use thl(EN,xj;Ci) c {b, — x;}.
If t; > t,, the bubble that terminates at x; (cf., _(6.40)—16.42)) is cut by z4 x {t,} (i.e., Vi, (BN,xj)
occurs) or cut by C, =C,_, if N > 1 (i.e., & +e(by, x5 C,_,) occurs). Therefore,

M(N+1) (]1 (7.45)

byi1 thl(EN’xj;C:t)m{EN—)C})

(N+1)
MbN+1 ( {BN—’{CX'}}) (tj <ty),

(N+1) (N+1) _ N — .
bN+1 ( Vtv(bN X )ﬂ{bN—’C}) szv+1 ( gtv+e(bN’xj;CN—1)ﬂ{bN_’C})l{Nzl} (tl > ty).

By Lemma (6.6 and the argument around (6.47)-(6.48) and (6.52) and using (6.57)—(6.58), we

have

bN+1

[ GRS LU E W CRTIONEDRICED

(N+1) _ _ (N+1) _ (N) .
MbNH (lvtv(bN,xj)ﬁ{bNﬁc}) M byis (]thv(bN,xj)ﬂ{cele}) = ZPN (QNJrl’Vtv(xj)’en(c))’
n

(7.47)

“r(N+1)

( ) M(N+1)( )
by 41 gtv+e(bN X3 Cy- 1)n{bN—>‘—‘} byt 5tv+e(bN X3 Cy_1)N{ceCy}

<3 PV (b, 36, (x)).£7(c)), (7.48)
n
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where Zn is the sum over the N™ admissible lines of P™(b,.,). Therefore, by (5.59) and (6.13)-
(6.14), we obtain

POHN'+1) (v'ﬁ(x )) (t, >t;)
/ ' ’ ’ N

N )(yl,xj; 3), < E Pvy, X ) , 1 (7.49)
” RW+N +1)(v’ xj) + Q(N+N “)(V, x].) (t}’1 < fj).

We use (7.49) to estimate ij ZYl a(N’N/)(yl,xj;B)i T(X;, = y1). By (5.79) and (7.14), the contri-
bution from the case of ty, >t; in (7.49) is bounded as

ty.

ST PO (i (x ) pyy, T(Fy, —¥1) SO+ E )N ST P (v,5);4(1))

X, v s=t; v
(th >tj)

o(B,)
(1+5)d2P
(7.50)

L
<eOBI™N A+ Y e

S:tj

where (1+ EJ]_)“fl_l (=(1+ ij)r_3) can be replaced by (1+£)" 2, since (1+ ij)“1|_1 =1ifJ; = {i}
and t; = max;, ty. The sum in (7.50) is bounded by O(f,) when d < 4, and by

o) (1+¢)C 2 1+00VED2 o)A,
LZO(/@]— SO(ﬁ)( ) < () - (7.51)
(14,72 1+¢; 1+t 1+t

when d > 4. Therefore, we obtain
0 2] N+N/+1A_ B
(7.50) < & (5 T)1 — LA+, (7.52)

where f, must be interpreted as 3 when d > 4.

Next we investigate the contribution from the case of ty, < t; in (7.49). By (5.79) and (6.19)-
(6.20), we obtain

Z Z (R(N“V/“)(V,Xj) + Q(N+N’+1)(v,xj)) DPvy, T(ij - J’1)

N (fyvl’élfj)
< OB O(A+E)MY) D B (Ber, + BB (7.53)

s<t

We note that (1 + ij)lJfl_l can be replaced by (1 + £)" 3, as explained below (7.50). To bound the
sum over s in (7.53), we use the following lemma:

879



Lemma 7.3 (Bounds on sums involving Bf;,). Letr =|J|+1>3. Forany j€J and any I,I' € J
such that @#1' ¢ I,

RUGHES:
b(Z) (5st + ﬁr)ﬁr = 1 - t, (7.54)
s<t +£
D BG4+ BB < 0B A, (7.55)
s<t
s<s'<t;
Z. (1 +s’ Amaxt; ) BEZ;,[D'TZ < EO(ﬁT)zA;. (7.56)
<ty iel’ ’
s<s’ <t1\1/

All B, and fB, in the above inequalities must be interpreted as 8 when d > 4.

We postpone the proof of Lemma|7.3 to the end of this subsection.
By (7.54), we immediately conclude that (7.53) obeys the same bound as (7.52), and therefore,

(ﬁT)N+N +1A

1+t

>3y, 3n(E, —y ) S e NEE 7.57)

X;
This completes the proof of (7.7) for |I| = 1.
(ii) Suppose |I| > 2 and that H ) (by,%;;CL) N {by, —> c} occurs. Then, there are u € Z4 x Z 4+ and
a nonempty I’ & I such that {b, — {c,u}}ofu — X, }ofu — Xp\p} occurs. If such a u does not

exist before or at time t,, then C, = C,_, (hence N > 1) and the event 6"tv+€(BN,5c’ 1:€,_,) occurs,
where

&, re(bi X3 )= U {{66,+:(y 58, )N by — F o {z — Fnp}}. (758)

oAI'Gl (ty >t v)

Since
{thl (EN"’?I;C:I:) N {BN - C}} \ gtv+e(BNa£I; é1\1—1)
C U U {{EN—>{c,u}}o{u—>f1,}o{u —>£I\1,}}, (7.59)

eAICl (ty l<lt )

we obtain that, by the BK inequality,

T+ (]l

bN+1

= Z ( Z l(;,vvi)( By —teayy) P(lu — Xp}of{u — % p1})

@A ST u
(ty=ty)

7 (N 1) -
+ 1{N>1} Z bN:l ( gthrs(BN,Z;CN—l)m{BN_’{C:J?I’}}) T(XI\I/ B Z)) ’ (7'60)

(t>t)

thl (b, %;;C2)N {EN_’C})
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First we investigate the contribution to (7.7) from the sum over u in (7.60), which is, by (7.43),
(7.46) and Lemma/5.6|

> (ZZ > P (b, 1 07(e), 6w)) Py, P (byss Vi) )pv,ylr(m ~¥1)
n

X; wv.yh € byyi
(ty=t)

SP(N+N'+1)(v;e(u))

Note that |I| > 2. By (5.79) and (5.89) and using Zyl Pvy, =0(1)and ¢, < t;\;> We can perform
the sums over X; and y; to obtain

(7.61) < eo((l +Ea )PV + EI)”'—Z) ST PN (v (u)). (7.62)
<+l (tuSto<ty
tust)

Then, by (1+£)"! <(1+ ) ! for |J| > 2 and using (5.18), we obtain

OB)"™ s, OB
Sgl—ﬂ(l-i-t) 32 {;‘mz 8(1+S)

/ /
SI<tyg SSS'AL;

oI . OB . OB+t
Se—T7 (4D 3(29—(1+S,)(d_4)/2+ >, 6—(1+s/)d/21 ) (7.63)

/ /
s'<t £<8'<ty;

where the first sum is readily bounded by O(f,)A;. The second sum is bounded as

(1+) @22 (d>2),
<O(B)(1+1,)*x < log(1 +1tp,) (d=2), (7.64)
I+, )22 (d<2),

Z- 80(/50(1 +6,)*
(1+4s7)4/2

/
L=<l

which is further bounded by O(fS,)A;, using |I| > 2 and t, < t. Therefore,

O(ﬁr )N+N/+1A

t
(7.63) < ¢ - M (148)73, (7.65)

Next we investigate the contribution to (7.7) from the sum over z in (7.60), which is, by (7.43), a
version of (7.48) and (6.46),

I PN I WAREFOVIOER NI

X; V&Y N € by
(tz>ty) ~

<QWHININ(y z50(R )

X Pyy, T(Xn —y1) T(Xny — 2). (7.66)
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By (5.79) and Zyl Pv,y, = O(1) and using the fact that ¢, < ¢, < thy and t, < ty\> We can perform
the sums over X\;» and y to obtain

766) <O L+ B VT A+ E VL) ST ST QU (v, g5 l(% ). (7.67)

S(1+5J\1/|*2 T (tv<t;§£1\1/,
tv<£]\[)
By repeatedly applying (5.18) to (6.20), we have
ZQ?’;N/“)(V,Z; (T < O(B*O(BINV'B2, (1 +5’ A max ti) (143 ), (7.68)
. . iel’ v

V,2

Since s’ < thy» we have s"% < t. Therefore, by (7.56),
I/

(7.67) < OB o((1+DV) 3 (145 Amaxr;) b p2
iel’ ’

s<t

I
s<s'<tpy
OB,
<eg¢ — (1+0)". 7.69
1+¢ a+8) (7.69)

When d > 4, the above f3, is replaced by .

Summarising (7.60), (7.65) and (7.69), we now conclude that (7.7) for |I| > 2 also holds. This
together with (7.57) completes the proof of (7.7). O

Proof of Lemma As we have done so far, 8, and f3, below are both replaced by § when d > 4.
First we prove (7.54). By (1 + E)()v(z—d)/z <A, and t <t for |J| = 2 and using (7.27), we obtain

(14 )2V D/2(log(1 + t;))042

jAe)) <
s bs,fj 5s,fjﬁT =€ (1 n tj)(d_z)/z 5£,tj/3T
o Qa "‘E)%V(?’_d)(log(l +))a
=€ 1 +£ .
(14 )0v@-d2 A
=Ty W= O(B.)- 7.70
e OB <eq 1 0(B) 70

Ford >2,weuse (1+t)" 422 <1+6)7 11+ tj)ov("f_d)/2 and (7.27) if d € (2,4], so that

2_55 ts
*7 ° € o
b(2)>ﬁ2 S /32
; s,t; 10T e (1 +5)(d—2)/2(1 + t; _S)(d—z)/z T
(1 + £,)0VE=D/2(log(1 + ¢,))0as -
- (1+ £)d-2)/2 (B
(1+ )7 D(log(1 + 1)) 0B
: O(p;) < : 7.71

882



For d < 2, on the other hand, we use (7.27) and (1 + tj)_1 <(1+1t)7! to obtain

26,
* 2 @2 N2=d)/2 oo e & ’ 2
Db B+t (log(1+¢;))%2 Y e
S<t S<t
<e0(B,) (141t D2g,
o(B,) o(B,)?
< 14¢)@dD/2g < ) .72
_81+£( +t;) [5T_81+£ (7.72)

Since A; > 1, this completes the proof of (7.54).
To prove (7.55), we simply use (7.27) and t <t to obtain

14 5)0VC=D/2(log(1 +5))%a2 _ .
) 2 & g( < ov(2—d)/2 < _
s§<t BB, < SEQ 2 REBE Br<e0(f)(1+1t) <e0(f;)Ag,

(7.73)
and use t < t, <t for |I| > 2 and use (7.27) twice to obtain
° 1 55 2e
7@ p2 5 <2
DU B0 oy br <20, 7.74)
S<t s<t
s<s'<t,

This completes the proof of (7.55).
Finally we prove (7.56), for d > 2 and d < 2 separately (the latter is easier). For brevity, we
introduce the notation

T, = maxt;. (7.75)

iel’

Note that t;,, A Ty < since I “and I \ I’ are both nonempty. Then, for d > 2,

3— 5 S 552955/29

° ~ &
Z (145" AT) D2 = Z (145 ATy) Z B2
» d—2)/2 _ d-2)/2 "1

SSEJ\I > s<t1\1/ s<s’ ALy (1+S)( / (1+S S)( /
s<s’ <t1\1/

. . 14+ ATy

<eo(f) Y etie LEATE

(d-2)/2

ey (1+5")
1-6 1 [

5 L s 25/5T ° s 28(1 + TI’)ﬁT
< eO(/sT)(Z Ty — . (7.76)
S (s Ty <s'<tp (1457272

where the second sum in the last line is interpreted as zero if Tj; > t}, . The first sum is readily

bounded by O(f3,)A;, whereas the second sum, if it is nonzero (so that, in particular, T;; < ), is
bounded by

e170¢:(1 4+ T,)B A+ 1) P2 (d>4)

Z ; (d_2§/2 = <O(B) (1+Tp) x 4 log(1 +t;,,) (d = 4)
vz, TS (4—d)/2

I\ (1 +£I\I’) (d < 4)

<0(B,) A;. (7.77)
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Therefore, the right-hand side of (7.76) is bounded by eO(f3,)?A;, as required.
For d < 2, we use (7.27) twice and 1+ £}, A Tp <1+ & = Ag to obtain

1 65’ 25[5
Z (1+s"' ATy )b(” B2 <e0(B,) A Z 1,—(“3/2 <e0(B,)*A; (7.78)
555}\1 s'<tpy (1+s")
s<s’ <t,\,/
This completes the proof of (7.56) and hence of Lemma O

7.4 Proof of (7.8)

Recall the definition (4.53) of a®(y,,¥;;4). and denote by a™"1"2(y, X ;4), the contribution
from BgNl)(bNH,yl; C,) and A™(e, ¥}; Cfv), ie.,

—a Ny, %5 4),

Z Dby, Pe My 7 (I{thl (by.esCe) in &3 By P (Dyyr, ¥15 Cy) A (8, X5 C;)). (7.79)
byi1.e
(by417e€)

Compare (7.79) with ¢™"M ) (y, y,), in (6.39) and note that the only difference is that
AN (e, X ;; C;) in (7.79) is replaced by BESNZ)(E,yz; C;) in (6.39) (cf., Figure(8).

Similarly to the proof of (7.6) in Section|7.2, we discuss the following three cases separately: (i) |I| =
1, (ii) |I| > 2 and N, =0, and (iii) |I| > 2 and N, > 1.

(i) Let I = {j} for some j € J. Then, by the similarity of (7.79) and (6.39), we can follow the same
proof of Lemmal6.3 and obtain

|a(N’N1’N2)(y1,xj;4)i{ < Z (R(N+N1’N2)(u1,xj) + Tv=13 QNN (1 x ~)) Puyy,- (7.80)

uy

By (5.79) and (6.19)-(6.20), we obtain

Z Z2:a(N,Nl,Nz)(yl,xj;4_)i T(-f.]j _ yl)

NpL,No20 X5 Y1

< O((l + EJj)lel—l) Z Z Z (REIY;;NI’NZ)(UDX]) + 1v>1) Q(N+N1 NZ)(ulan))
—_———

Ni,Ny>0 s<t Uj,X;

<(+pPi!

<O0(B)™ M Do ((1+87%) D B (8, + Br)Br- (7.81)

By (7.54), we conclude that, for I = {j},

O(B)""N A

r— 3
1+t (1+ t) (7.82)

ZZG(N)(ylsxj;4)i T(X; —y)| <S¢

X
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(ii) Let |[I| > 2 and N, = 0. Then, by (5.68) and following the argument around (6.89), we have
|a(N’N1’0)(}’1,fz§ 4)3:)

SZZpe Z (5‘,,5]?({5—>JE’I/}o{E—>5c’1\I/})—l—ZP(O)(E,z;v,Z(J'c’I/)) T(J'c'[\,/—z))

e g#l'Cl P

X Z Dby, (Bound on 1\7[;?’:1) (H{H% (by.e:Co)N {veby} in é;,}BESN”(BNH,yl; CN))). (7.83)
by17e

By Lemmas|6.5-6.7/and following the proof of Lemmal6.3|for N, = 0 in Section[6.3.1} we obtain

Z pr+1Ml(JI:,:) (H{nyl (BN’E;Ci)m{VGCN} in Cir} B((SNl)(BN+1J Yi; CN))

bN+1

< ZZ (R(MNl)(u,g;E”(v)) + ]l{Nzl}Q(N“’l)(u,g;[”(v)))pu)yl. (7.84)
n u

Therefore, similarly to (7.23), we have

)a(N’Nl’O)(yln ')?I) 4)i| S Z (d(N’Nl’O)(yl, f[l, f]\ll; 4)1 + d(N’Nl’O)(yl, J?I/, fI\I/; 4)2) N (785)
GAI'CI
where

5(N’N1’O)(Y1,f1’,fz\1'§ 4), = Z(R(NWD(H,E;@(E)) + ]l{Nzl}Q(NWl)(u,Q;f(E)))

u,e

X Pyy,Pe P({e — X} o {e — ¥\ 1)), (7.86)
and (cf., (6.55)-(6.56))

&(N’Nl’o)(}’l,fﬂ,fl\ld 4)y = Z(R(NHVLD (u,v;0(X;)) + Lin=13 Q™) (u, v; 3(3?1/)))

u,v

X Puy, T(Xnr —v), (7.87)

First, we estimate the contribution to (7.8) from d‘”’”l'o)(yl,iy,)_c’l\p; 4);. By (5.79) and (5.89) and
following the argument around (7.39), we obtain

S TE NIy, £y Epy A TEgy - 1)

J_C’J Y1
< Z. supZ (RZZ\;TNl)(u,v;Z(w,s’ +¢))+ ]l{NZl}QiN;Nl)(u,V;E(W,S/ + 8)))
s<t W owy ’ ’
s<s'<t,

x 0 (1+ M2+, )PV
I J\I

<e0((1+ DV Z. (Bound on Z (RS:’;Nl)(u,v) + 1v>13Q™ M (u, v)) ) , (7.88)
u,v

s,s’
s<t
s<s'<t;
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where we have used £, <  for |I| > 2 and (1 + {5 )’V = 1if J\ I = {j} and t; = max;, ¢;
(otherwise we use t;\; < t). By (7.55), we obtain

5 O(BT)1V(N+N1) A=

(7.88) <¢ - L+ s, (7.89)

Next, we estimate the contribution to (7.8) from a""*(y,, X, X ;4)2. By (5.79) and repeatedly
applying (5.18) to (6.19)-(6.20), we obtain

DDAy, % i) TRy — 1)
%

Y1
< Z. Z (Rf;”l’l) (u,v; €(t1)) + ]l{Nzl}Qg’V;Nl’l) (u,v;ﬁ(ﬁ,)))

s<tpy WY

/
SSS'<tpp

X O((l + EI\I’)H\I F11+ EJ\I)lj\Il_l )

<+p\I-2

<0(B,) N Do((1+ V%) N (1 +5' Amax ti) b 2. (7.90)
<L\ ier’ st
=J\I
s<s'<tpp

By (7.56), we arrive at

O(BT)l\/(N+N1)+1AE
1+t

(7.90) < ¢ 1+ (7.91)

Summarizing (7.89) and (7.91) yields that, for |I| > 2 and N, =0,

OB
< 1+6) . 7.92
<eg 171 (1+1) (7.92)

Z Z a®™M Oy, X3 4), T(X g —y1)

X; Y

(iii) Let |I| > 2 and N, > 1. By (5.68) and (7.84), we have

a2y, %15 4). |
=33 pe o (PG H ) T(®y — )+ PO (E v, 0F) ) T(E e — 2)
V.2 e @AICI
X Z Dby, (Bounds on Ml(;z:rll)(]l{H[yl(BN,g;Ci)ﬂ{veéN}inf:]ev}BEo-Nl)(ENH,yl;CN)))
byi1.€
(by+17€)
<> > (ZZZ (R(”*”l)(u,g;E”(V)) + Il{NZl}Q(”*N”(u,g;E”(V)))pu,ylpe
G#I'CI U,2 n v e

X (P(Nz)(é,z; v) T(®p — 2)+ P") (g, z; v,ﬂ(i’,/)))) tFEpy—2),  (7.93)
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where, by (5.35), (5.39) and (6.23)-(6.24),
ZZZ (R(N+N1’(u,g;f’7(v)) + ]l{NZI}Q(N+N1)(U,§;f"(V)))Pe
n v e

X (P‘Nz)(E, z;v)1(¥; — 2)+ P (e, 2; V,f(fﬂ)))
= (R“’““’Nz)(u, 2) + 1iv=13 QMM (u, Z)) (X —2)
+R(N+N11N2)(u, z;f(fﬂ)) + ]l{Nzl}Q(N+N1’N2)(U,Z;E(fll)). (7.94)

Then, by repeatedly applying (5.18) to (6.19)-(6.20) and using (5.79) and (7.56), we obtain

Z Z a™M B (yy, X 54). T(X )\ — Y1)

X N
= Z (Z (R(NWLNZ)(”’ 2) + 1iv=13 Q™™ (u, z)) o((1+t)" )
GAI'CI N U,z o)

<(+p)I'-1

+Z (R(N*Nl’Nz)(u,z;E(FI/)) + IL{Nzl}Q(N*Nl’NZ)(u,z;ﬁ(f}/))))
u,z

X O((l + ‘:-I\I’)‘I\I 1+ EJ\I)IJ\Il_l)
<+

< O(BT)l\/(N-l-Nl)—i-Nz—ZO((l_'_ E)IJI—B) Z Z' (1+s) ESS),/;’TZ

@AI'GI  s<tp;
/
SSS'Stpp

O(ﬂT)lv(N+N1)+N2 A;

T (1+10) 3. (7.95)

Finally, by summing (7.92) and the sum of (7.95) over N, > 1, we conclude that, for |I| > 2,

o) 2 1VNA‘ ~
DY My, %3 4). T(®py —y)| < e% (1+1)2. (7.96)
fj Y1 +
This together with (7.82) completes the proof of (7.8). O
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A Appendix: Glossary

In this appendix, we summarize the notation used throughout this paper to improve readability.

Key quantities:

C,
@

infected sites at time ¢t

T.(x)=7(x)=1(x) two-point function

Te(X) =7
D(x)
M"(k)
MV (k)
b=((x,t),(y,t+¢))
pe(x,y)

T (%)

C(x)

Co(x)

7(v, X))

C(v;T)

Constants:

A=A(d,L)
v=v(d,L)

0]

Ar

u

V=v(d,L)

€

AL

A® =A9(d, L)
v =9E(d, L)
Ve =v®(d, L)
p=17"

/3T = LT_d

(¥) = ©(¥) r-point function

coupling function

first moment measure SBM

Fourier transform (r — 1) moment measure SBM
bond for time-discretized contact process

bond occupation probability discretized cp
r-point function discretized contact process
forward cluster of x € A

forward cluster of x € A without using b
restricted r-point function

restriction of C(v) to vertices with time index < T

range parameter

range parameter low dimensions

spatial variance coupling function

extra spatial moment D

infection rate

critical infection rate

growth range in low dimensions

spatial power exponent low dimensions
asymptotic expected number of alive particles
asymptotic spatial variance contact process
exponent error term two-point function

critical infection rate low dim.

exponent error term two-point function low dim
vertex factor contact process

discretization parameter

critical infection rate discretized contact process
asymptotic expected # of alive particles discr. cp
asymptotic spatial variance discr. cp

vertex factor discretized contact process

small parameter lace expansion
small parameter lace expansion low dim
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804
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(Y]
oQ
]
@
o
o]

Definition[3.2, Remark[3
Definition[3.2, Remark[3
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Page[804
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Theorem/1.1, (1.12)
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K
Br=pi1
C, = €1 (by)

Probability measures:

IP;A

A
Ps
IF)b

error exponent in bound ¢ (tI)(k)
error exponent in low dimensions

distribution contact process
distribution time-discretized contact process
conditional law of }P’é given that b is vacant

Sets, elements and related notation:

f(k)
J=1{1,...,r—1}
Jy=J\ {1}
5=\ {j}
by
t =min, t;
A=7%x¢Z,
x =(x,t)
o0 =(0,0)
Xp=1{x;,....,x; }
F(X)=Fe(%)
(f+g)(x)
=J\I|+1
f’z=|1|+1
kI:(ki)iel
kI:ZieIki

L, =minjgr t;

L]
ZtSsSt’ - Zse[t,f’]ﬁEZ+

(&)
51,52

51,52

Fourier transform of f: Z¢ — R
indices for r-point functions

subvector consisting of t; withi € [
minimal element in

vertex space discretized contact process
element of A

origin in A

subvector of ¥ with elements in I € J

space-time convolution in A

subvector k = k ;7 with elements in I C J

sum of components of I_c'I

minimal time coordinate of t;

sum over temporal subset of A

bounding function for spatial sum v,  (x,y)
power of ¢ in spatial sum v,  (x,)
second-largest element of {t,...,t,_1}
rescaled vector Fourier variables

minimal index outside of I
convention
convention
abbreviation
abbreviation
abbreviation
abbreviation
modification ng,
modification béiSz
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Events:

fo —x,}

{y Lfbf}
E'(v,%,;;C)
E'(v,x;C)

{E occurs in C}
{x — x in C}
F'(v,X,;;C)

Q

Hi(v,%;A)
&(v,y;C)
Vt—e(v:x)

G '(v,x;A)
GP(v,x;A)
&(v,x;A)

Expansion coefficients:

A(x))

B(v)

n(x)
B(y;,%)
a(x;;1)
C(y1,¥2)
a(fj\bfl)
Y(Y1,¥2)
¢n(x))
a(x;)
Voe2:(¥1,Y2)
A% (v,%,;C)
Ml(/l,)J'c'J;C(X)
BO(v,y;C)
M, eX)
ANV (v,%,;C)
B™(v,y;C)
A(v,x;;C)
B(v,y;C)
Mg (X)
Bs(v,y;C)
a™(x;;1)
B(N)(}’pfl)
a®™ (% \1,%1;2)
MVb,Q;C(X)

Cr(1) _ xyb
Mb1 x)= Mo,lél;{o}(X)

event that infection o spreads to ¥

connection 0 — X ; through C

key irreducible connection event linear expansion

(2.10)

(3.2)
(3.4), (3.5), (4.2), (4.6)

key irreducible connection event linear expansion 7(x)(3.4), Figure(3] (3.5)

event E occurs in the bond set C
by convention equal to {x € C}
error event first expansion A(X)
whole probability space

key irreducible event for second expansion A(¥ )

bounding event for E’(v,y; C)
bounding event for H,(v,x;{v})

first bounding event for H,(v,x;A)
second bounding event for H,(v,x;A)
bounding event for G (v, x;A)

unexpanded term linear expansion

linear coefficient linear expansion

expansion coefficient for the 2-point function
expansion coefficient first expansion A(X ;)
error term first expansion A(X ;)

expansion coefficient second expansion A(¥)
error term second expansion A(X ;)

vertex function expansion r-point function
error term expansion r-point function

total error term expansion A(X ;)

main contribution to v, ¢, (¥1,¥2)

first unexpanded term linear expansion

operator describing effect of inclusion/exclusion

first term linear coefficient linear expansion

operator describing effect of N inclusion/exclusions

N™ unexpanded term linear expansion

N™ term linear coefficient linear expansion
unexpanded term linear expansion

linear coefficient linear expansion

Kronecker delta minus linear coeff. linear expansion

first error term first expansion AN(¥ ;)

Definition[3.4, (3.11)
Definition 3.4
Page[834

(4.35), (4.36)

(5.43)

(6.40), Lemmal6.5
(6.41)

(6.41)

(6.43), (6.42)

(2.12), (2.17), (3.25), (4.57)
(2.12), (2.14), (3.25)
(2.14), (2.15)
2.17)

17
(2.18), (4.58), (4.57)
(2.18), (4.55)
(2.24), (2.27), (2.30)
(2.25), (2.27), (2.30)
2.26), (4.56), (4.57)
)

o5

A /A /S
==Y N
o @ < @

W
_
\O

NN N
NS S

=S
NN
S

(4.21), (6.4
(4.23), (4.24)

coeff. first expan. AN (X ;) after extracting 7(X\; — ¥,)(4.25)

second error term first expansion A" (¥ ;)

Mff’)fj;c(X ) operator for law [P?
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(4.26)
(4.45)

i
N
~



(1, ¥2).
a™(y,,%;;3)
a™(y,,%;;4)
a(N)(yl,fI;?’)i
a(N)(ylifI;“')i
By (v,y;C)
¢(N’N1’NZ)(y1’y2)i

Bounding diagrams:

p(x —u)
L(u,v;x)
SCO(y, w;c)
SOy, w;c)
SO(v,w;c)
SO, w;C)
POv,y;c)
POv,y;C)
P™(v,y;C)
PM(x)=P™(0,x;0)
R(N+N1,N2)(u1,u2)
Q(N+N1,N2)(u1’u2)

Constructions:

Construction BSpat (¥)
Construction Bgemp(y)
Construction B"(y)
Construction BSpat (s)
Construction B, (s)
Construction B"(s)
Construction B(y)
F(x;B(y))
Construction £"(y)
Construction £(y)
Construction £(¥)
F(v,y;{(2))
Construction 2
Construction 2

Fv, {u); 20, (w))
Construction E,(w)
F(v,(y); Eyy(w))
Construction V;

F(y1;Vi(y2))

expansion coefficients final expansion A"(X ;)
third error term expansion AN(X ;)

fourth error term expansion A" (X ;)

two contributions to a®™(y,%;;3)

two contributions to a®™(y,¥;;3)

N™ contribution to alternating sum for Bs(v,y; C)
contribution to ¢™(y,y,). from

BgV(by.1,¥15Cy), Bg2(€,y2; C2)

convolution 7 and p = p,.
function for Construction 2

bounding diagram for B”(v,y; C)

bounding diagram for B®(v,y;C)

bounding diagram for B™(x)

bounding diagram in bounds on ¢V (y,,y,),
bounding diagram in bound for ¢ ™M) (y,y,)_

addition of spatial bond to line 0

addition of temporal bond to line 7

sum of Constructions Bspat (y) and Btemp(y)
Construction BSpat (¥,s) followed by sum over y
Construction Bl’emp( y,s) followed by sum over y
sum of Constructions ngat (s) and Btemp(s)
Construction B(y) summed over all lines 7
result of Construction B(y) to F(x)

addition of line to 1

addition of line to all lines in diagram

repeated application Construction £(y;), i =1,...,

result of Construction £(z) to F(v,y)

result of Construction 2V to F(v)

Constructions 2(}})(2) and 20’(w) summed over z € A

result of Construction E, (w) to F(v)
bounding construction for ¢y, y,),
result of Construction V,(y,) to F(y1)
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Lemma [5.5
7, Lemma 5.5/

g @
[
a1

.@.@.U"
JUEY Y
0]

Definition|(5.2,
Definition|[5.2,
Definition /5.2
Definition[5.2
Definition[5.2
Definition 5.2
Definition[5.2

above (5.10)
Definition[5.2, (5.11)
Definition[5.2,
Definition[5.2

below (5.11)
Definition[5.2, (5.12)
Definition[5.2,
(5.12), (5.13)

Definition[5.2, (5.14)
(5.14)

Definition 6.2

(6.11)



F(y1;:6.(y5) result of Construction &,(y,) to F(y) (6.12)
Construction &, bounding construction for ¢ ™2 (y, y,)_ Definition|6.2

Construction / (%) Construction £(x;), at least one applied before time t Page|874
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