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1 Introduction

The study of tails of distributions is important in theoretical and applied probability. In one
direction, it has been developed in relation to infinitely divisible distributions and their Lévy
measures since early works such as Feller [[16; [17], Cohen [[8], and Embrechts et al. [13]]. It
is known that the two-sided case is harder to analyze than the one-sided case (distributions on
R, = [0,00)). Let (r) be the right tail of a measure 7, that is, 7(r) := n(r,00) = n((r,00)). For
positive functions f(r) and g(r), the relation f(r) ~ g(r) means that lim,_,, f(r)/g(r) = 1. We
define p(s) := f g€ p(dx) for s € R. Denote by p * 7 the convolution of distributions p and 7.

Definition 1.1. Let p be a distribution on R. Suppose that p(r) > 0 for all r € R. Let y > 0.

(1) Wesay p € Z(y) if p(r +a) ~e p(r) for all a € R.

(2) We say p € Z(y) if p € Z(y), p(y) <00, and p * p(r) ~ 2p(y)p(r).

(3) We say p € H(y) if, for some a > 0, p is a distribution on aZ := {0,+a,=+2a,...} with
p({na}) > 0 for all sufficiently large n € Z, and

pUi(n+a}) _

lim Tra
e p({na})
and if p(y) < oo and

oo p({na})

Let ¥ and & denote £(0) and & (0), respectively. The distributions in ¥ and &, respectively, are
called long-tailed and subexponential. Those in &(y) are called convolution equivalent. The class
() is often called exponential class.

We say u € ID, if u is an infinitely divisible distribution on R with Lévy measure v satisfying
v(r) >0 for all r € R. Let u € ID, . We define C, and C* as
u(r u(r
C,:= liminf& and C*:=limsup &
r—oo y(r) r—oo V(1)
If 0 < C, < C* < 00, then we can estimate the tail u(r) by the tail v(r) in a weak sense. That is, for
any € € (0, 1), there is R > 0 such that

Q—-e)Ccv(r)<u(r) <A +e)™v(r) (1.1

whenever r > R. To make the estimate (1.1) more meaningful, we should give the expression of
C, and C*. But the expression is known only in some special cases. See Theorem 1.3 of [27] for
one-sided strictly semistable distributions. However, there is an important case where the tail u(r)
is estimated by the tail v(r) in a stronger sense. Namely, it is proved in Theorem 1.1 of [31]] (Lemma
5.3 of Section 5 below) that if u € &(y) with v > 0, then there is an explicit C € (0, 00) such that

w(r) ~ Ccv(r). 1.2)

Prior to [31]], the case y = 0 is already treated in the one-sided case by [13]] and in the two-sided
case by [24]. There is a lattice-version of the statement above. That is, if u € ¥(y) on R, with
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y > 0, then (1.2) holds with some C € (0,00). See Theorem 2 of [[14]. We do not know whether
the converse is true. Namely, there might be u & UYEO(S/ () U F(y)) such that (1.2) holds with
C €(0,00). Thus we are led to the following two problems.

Problem 1. What is a necessary and sufficient condition in order that 0 < C, < C* < 00 ? In the
case where 0 < C, < C* < 00, what are the expressions of C, and C* or the lower and upper bounds
of them ?

Problem 2. What is a necessary and sufficient condition in order that (1.2) holds with 0 < C < 00 ?
In the case where (1.2) holds with 0 < C < oo, what is the expression of C ?

We will give answers to Problem 1 and to the second question of Problem 2. A partial answer to the
first question of Problem 2 will be given too. Our results are important from the viewpoint of the
asymptotic estimates of the transition probabilities of Lévy processes.

In Section 2 we give definitions of classes such as 0%, 0%, #, and 2 and formulate our main
results in Theorems 2.1, 2.2, and 2.3 and two corollaries. Relations with other works are given in
detail. Section 3 discusses the meaning of ¢ in infinite divisibility. Section 4 studies a bound
separating C, and C* for u € . In Section 5 we prove Theorem 2.1 and its corollaries. In Sections
6 and 7, we prove Theorems 2.2 and 2.3, respectively.

2 Main results

For positive functions f (x) and g(x), the relation f(r) < g(r) means that liminf,_,., f(r)/g(r) >0
and limsup,_,, f(r)/g(r) < co. We introduce some basic classes of distributions on R in addition
to Z(v), &(y), and #(y) in Definition 1.1.

Definition 2.1. Let p be a distribution on R satisfying p(r) > 0 for all r € R.
(1) Wesay pe o if pxp(r)=<p(r).

(2) We say p € 2 if p(s) = oo for all s > 0.

(3) We say p € 9 if p(2r) < p(r).

4 Wesaype o ifp(r+a)=<p(r)forallacR.

The distributions in 0% are called O-subexponential and those in # are sometimes called heavy-
tailed. Those in 2 are called dominatedly varying.

Remark 2.1. Let vy > 0. The classes in Definitions 1.1 and 2.1 satisfy the following inclusion
relations:

DN cLcosSNL.

(i) 2Uu¥ c .

(i) 2V, »o(FMNUAGN c oS coL.

(iv) UYZO.,%()/) cCo¥.

Refer to [[I5}[19; 27] in the one-sided case. The proofs in the two-sided case are similar.
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Let u € ID, with Lévy measure v. Denote by u™* t-th convolution power of u for t > 0. We define
the normalized Lévy measure v(;) on (1,00) by

vy (dx) := ¢y M sy (v (dx),

where ¢y :=v(1,00). Define quantities d* and y* as

v * v (r
d* :=limsup (1)_—(1)()
roco V()(r)

and
y" :=sup{y = 0: li(y) < oo}.

Under the assumption that v(;) € 0.2, we define the following. Let A be the totality of increasing
sequences {A,}° , with lim,_,, A,, = oo such that, for every x € R, the following m(x;{A,}) exists
and is finite:
. BT V(An - X)
m(x; {A,}) := nll_{lc;lo TM
The idea of the use of the function m(x; {A,,}) goes back to Teugels [29]. See Remark 5.1 in Section
5 for richness of the set A. Given a distribution p, define

L(p):= inf J m(x; {A,Hp(dx),

Paken ) o

I*(p):= sup J m(x; {2, Dp(dx).
{Anter J—o

Let B := d* — I.(v(1)) — I"(v(1)). Note that 0 < B < oo whenever v(;y € 0, as will be shown in
Lemma 5.2 (iv) of Section 5. Define u; as the compound Poisson distribution with Lévy measure
1x>13v(dx) and let u, be the infinitely divisible distribution satisfying u = u, * uy. Then, under the
assumption that v(;) € 0%, define

I*(uy) exp(co(I* (v(1y) — 1)) if B=0,

J = B)—1
) I*(uz)exp(cou*(vm)—1))% if B> 0.

We answer Problem 1 in the main theorem (Theorem 2.1 below). Shimura and Watanabe [27]]
solved the first question of Problem 1 in the one-sided case. We will give a method to reduce the
two-sided case to the one-sided case. Concerning the second question, the existing knowledge is
that C, > 1 in the one-sided case and that if moreover u € 5, then C, = 1. See Proposition 2 of
[11] and the proof of Theorem 7 of [[9]]. We can give general lower and upper bounds of C, and C*
by evolving the theory of O-subexponentiality with the help of Teugels’s idea. The most involved
part of our discussion is in finding the upper bound of C*.

Theorem 2.1. Let u be a distribution in ID, with Lévy measure v.
(D 0<C.,<C"<ooifandonlyifvy)€ 0.
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(ii) Let vy € 0. Then 0 < y* < oo and 0 < I(u) < (y™) < J(u) < oo. Moreover

L(w) < C. <u(y", 2.1

and

Ay <c* <Ju). (2.2)

Our results concerning Problem 2 are as follows. The first question in Problem 2 is hard to solve
and our answer (Corollary 2.2 below) is only partial, which is an improvement of Corollary 1.3 of
[27]. It is a long-standing problem for thirty years since [[13} [14] and is still open. Moreover, we do
not know yet whether u € ,(y) implies vy € #(y) in the two-sided case. The second question
is solved by Theorem 1.1 of [I31]] under the assumption that v(;y € £(y) with y = 0. We show in
Corollary 2.1 below that such an additional assumption is not needed.

Corollary 2.1. Let u be a distribution in ID, with Lévy measure v. If (1.2) holds with 0 < C < oo,
then 0 < v* < oo, u(y*) < 0o, and C = u(y*).

Corollary 2.2. Let u be a distribution in ID_ with Lévy measure v. Suppose that there are real numbers
a;,a, with a, # 0 and a,/a, being irrational such that, for a = 0,a4,a,, there is C(a) € (0, 00)
satisfying

u(r+a)~ Cla)v(r).

Then 0 < y* < oo and u € Z(y").

Remark 2.2. Suppose that all assumptions of Corollary 2.2 are satisfied except the irrationality of
a,/a,. Then 0 < y* < 0o and {(y*) < co. In case v* = 0 we have u € &, but in case y* > 0 we may
have u € ) (y*) and u ¢ Z(v").

We present explicit lower and upper bounds of C, and C* for u in (£(y) U 2)NID, in Theorems
2.2 and 2.3 below. The class Z(y) is extensively studied by [7; [10; [12] in the one-sided case and
by [15 [5; [24] also in the two-sided case. Concerning Theorem 2.2 (i), a recent paper [1]] of Albin
contains an assertion that if v(;) € £(y), then u € £(y). However, his proof for y > 0 depends on
an incorrect lemma, as will be explained in Remark 6.1 of Section 6. Braverman [J5] also proved
that if v(;) € £(y) and ¥(1(y) = oo, then u € £(y) for y > 0. Applications of the class £(y) to
Lévy processes are found in [2} [5].

Theorem 2.2. Let u be a distribution in ID, with Lévy measure v. Let y > O.

@ If v1y € £L(y), then u'* € £(y) for every t > 0. In the converse direction, if u'* € £(y) for every
t >0and va) € 0, then V) € g()/)

(ii) Suppose that vy € £(y). Then 0 < C, = li(y) < oo and the following are true:
(1) If d* = 2¥4y(y) < 00, then v(yy € F(y) and C* = C, = u(y) < oo.
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(2) If 2Vy(y) < d* < oo, then v(yy € (L(y)NOFS )N\ (v) and

exp(co(d* —2V(1)(r))) — 1
co(d* = 2V(1y(7))

(3) If d* = oo, then v(1) € £(y)\O and C* = cc.

p(y) < C* < pu(y) (2.3)

Remark 2.3. Let y > 0. There exists u in ID,. such that v(;y ¢ £(y) but u™* € £(y) for all t > 0.
We shall show this in a forthcoming paper. Embrechts and Goldie [10; [12]] conjectured that the
class £(y) is closed under convolution roots. However, Shimura and Watanabe [28] disproved
their conjecture for all y > 0. We do not know yet whether the class £(y) NID, is closed under
convolution roots.

Remark 2.4. Let y > 0. We see from Lemma 5.4 of [24] that v(;y € £(y) implies d* > 2¥4,(y).
The class (0% N Z(y))\F(y) is not empty. We know that there are p and p’ both in #(y) such
that p * p’ is not in & (y). As the classes 0. and £(y) are closed under convolution, this p * p’
isin 0. N %(y). See Lemma 3.1 (iii) of Section 3 and Lemma 2.5 of [[31]]. Hence this p * p’ is in
(0 N Z(y)\Z(y). For example, in the case of y = 0, we can take the distributions in Section 6
of [23] as p and p’. In the case of y > 0, we can take the distributions in the proof of Theorem 2 of
[22] as p and p’. The class £ (y)\ 0 is not empty. For example, in the case of y = 0, a distribution
on R, in Section 3 of [[10] belongs to £\ . In the case of y > 0, any distribution p € £(y) with
P(y) = oo can be taken as p € Z(y)\0F, because p € 0. N £(y) implies p(y) < oo by Lemma
6.4 of [[31]]. Thus none of the cases (1)—(3) in Theorem 2.2 (ii) is empty.

Feller [[16] started the study of dominated variation of infinitely divisible distributions. But his
assertion that vy € 2 implies u(r) ~ v(r) is not true. In the following Theorem 2.3 we clarify the
role of dominated variation in our problems. In the one-sided case, Watanabe [|30]] proved assertion
(i) by preparing a Tauberian theorem similar to Theorem 1 of [20] and Shimura and Watanabe
[27] gave an alternative proof by employing O-subexponentiality. However, they did not discuss the
values of C, and C* for u in 2 NID,. A result weaker than assertion (ii) is given in Theorem 1 of
Yakimiv [[33]]. An application of the class 2 to selfsimilar processes with independent increments is
found in [|30].

Define constants Q, and Q* as

0. tim timing TN
+= i i =

. lim 1 v(r—N)
Q= i imsep =y

= (Q*)_l-

Theorem 2.3. Let u be a distribution in ID with Lévy measure v.
() ue 2 ifand only if vy € 9.
(i) If vy € 9, then 0 < Q, <1< Q" < oo,

1-(1-QJu(—0,0)<C, <1, (2.4)
and

1<Cc*<Q". (2.5)
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Remark 2.5. The class 2N contains all distributions with regularly varying tails. The lognormal
distributions are infinitely divisible and belong to the class % \ 2. On the other hand, the Peter and
Paul distribution belongs to the class 2\ . One-sided strictly semistable distributions with discrete
Lévy measures are infinitely divisible distributions in the class 2 \ & with C, =1 and C* =Q* > 1.
See Theorem 1.3 of [27]]. We show in Example 7.1 of Section 7 that there exists u € 2 NID, such
thatQ, < C, <1< C*" < Q"

3 Class 0% and Infinite Divisibility

The class 0. was introduced by Shimura and Watanabe [27]. They studied the asymptotic relation
between an infinitely divisible distribution on R, and its Lévy measure by using O-subexponentiality.
In this section, we extend their results to the two-sided case. Let 6,(dx) be the delta measure at
a € R. For a distribution p on R, we define
p1(dx) = p(~00,0]80(dx) + 10,00 (x )P (d).

Denote by p™ n-th convolution power of p with the understanding that p%(dx) := 5y(dx). Let
u € ID, with Lévy measure v. In what follows, define u3 as the compound Poisson distribution with
Lévy measure 1,..4v(dx) with ¢ > 1 and let u, be the infinitely divisible distribution satisfying
U = s * uy. We define the distribution v(.) by

Vio(dx) == (7(e)) T ey (v (dx).
We choose sufficiently large ¢ > 1 such that u4(0,00) > 0.

Lemma 3.1. Let p and 7 be distributions on R.

@ If p(r)=<m(r) forsomene 0, then p € 0.

(i) peo& ifandonlyif p, € 0.

(iii) If p,n € OF, then p xn € 0. In particular, if p € 0., then p™ € 0 foralln > 1.

Proof.  First we prove (i). Suppose that p(r) =< 7(r) for some 1 € 6. Then we have
— (‘ —
pxp(r) = ) p(r—ylp(dy)
R

-
= | nr=y)p(dy)= f p(r—=y)n(dy)
J]R R

= | n(r—=yn(dy)=nx*n(r)
Jr

= 7 =p(r). 3.1)

Thus we have p € 0.%. We have p(r) = p,(r) for r > 0. It follows from (i) that (ii) holds. Suppose
that p,n € 0. We see as in (3.1) that

p*n(r)=pxng(r). (3.2)
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Thus we obtain from (i), (i), and Proposition 2.5 of [27] that p, *n, € 0% and thereby
p *n € 0. The second assertion of (iii) is clear. O

Lemma 3.2. Let p be a distribution on R.

DIfpeco0S, thenp c 0L.

(i) If p € 0%, then there is v, € (0,00) such that p(y,) = 0.
({iDIf p € 0, there is K > 0 such that, foralln > 1 and r € R,

P™(r) SK"p(r).

Proof. Suppose that p € 0. Then p, € 0. Let r > 0. By Proposition 2.1 (ii) of [27], we have
pr€0% and p(r+a)=p(r+a)=<p,(r)=p(r) for any a > 0 and thereby p € 0.¢. Thus we
have proved (i). We see from Proposition 2.2 of [27] that if p € 0%, then there is y; € (0, 00) such
that p, (y;) = oo, that is, p(y;) = oo. Thus assertion (ii) is true. Finally assertion (iii) is due to
Lemma 6.3 (ii) of [31]]. O

Lemma 3.3. Let u be a distribution in ID,. Then u € 0% if and only if u; € 0. Furthermore, if
we 0, then fi(r) = i(r) and fiz(r) = o(F(r) = o((r)),

Proof. Suppose that u; € 0. We see from Lemma 3.2 (i) that p;(logr) is in OR. As regards
the definition of the class OR, see [3]]. By virtue of Theorem 2.2.7 of [3]], there is ¢; > 0 such
that e, (r) — oo as r — oo. Furthermore, by Theorem 26.8 of [26]], there is ¢, > 0 such that
Tz(r) = o(e™2"1°87), Thus Ty(r) = o(7(r)) and there is c; > 0 such that T5(r) < c3lg(r). We
obtain that

ulr) = Ju_z(r—y)ul(dy)
R

= Csj ur(r — Y)ur(dy) = capg * up (r) =< pg (r).
R

Choose b € R such that ¢, := uy(b,00) > 0. Then we have

w(r) = f pi(r = yua(dy) = caur (r — b). (3.3)
b+

Hence by Lemma 3.2 (i) we have u(r) < u;(r). It follows from Lemma 3.1 (i) that y € 0.%.

Conversely, suppose that u € 0. It follows that u,(r) = o(u(r — b)) in the same way as above.
Let € > 0. There is a > 0 such that u,(r) < eu(r — b) for r > a. Hence we have

r+
ulr+a) < J Uy(r+a—y)ui(dy) +wuq(r)

—0o0

r+
< ef u(r+a—>b—yu(dy)+uq(r)

—00
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< euxui(r+a—Db)+pu(r)

= ef ur(r+a—>b—yuldy)+u(r)
R

< 6621f a(r+a—y)u(dy)+ni(r)
R
= ec;lm(r—l-a)—l-,u_](r).

Here we used (3.3) in the last inequality. Since u € 0., there is cs > 0 such that u* u(r) < csu(r).
Hence we have (1 — ec;1c5)ﬁ(r + a) < u1(r). Here we can take € satisfying ec;lc5 < 1. Therefore
we see from Lemma 3.2 (i) that there is ¢ > 0 such that u(r + b) < cgu;(r). Combining this
inequality with (3.3), we have u(r) < u(r + b) < u;(r). Furthermore, we have u; € ¢ % by Lemma
3.1 (i). Finally, we see that u(r) < u;(r) and py(r) = o(u1(r)) = o(u(r)). O

Lemma 3.4. (Theorem 1.1 of [27]]) Let u be a distribution on R in ID, with Lévy measure v.
() p(r) =<v(r) ifand only if v;) € 0.

(ii) The following statements are equivalent:

Dueos;

(2) (vq))™ € 0 for some n > 1;

(3) u(r) =< (v(1))™(r) for some n > 1.

Next we present the main result of this section.

Propsition 3.1. Let u be a distribution in ID, with Lévy measure v.
(i) We have 0 < C,.

(ii) C* < oo if and only if v(1) € O.F.

(iii) The following statements are equivalent:

Dueos;

(2) (vq))™ € 0F for somen > 1;

(3) u(r) = (v(1))™(r) for some n > 1.

Remark 3.1.  In Proposition 3.1 (iii), we cannot replace statement (2) by the statement v(;) € 0.
The class ¢ is not closed under convolution roots. See Remark 1.3 and Proposition 1.1 of [27]]
for further details. We see from Proposition 3.1 (iii) that 6. NID, is closed under convolution roots.

Proof of Proposition 3.1. We prove (i). Notice that, for r > 0,

[e8)

B3(r) =€ a"(n) " (v ) (1),

n=1
with a := v(c, 00). Then we have

LONN J T =)
A e Y0l =)
v TS Tvem

ug(dy)
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> e 971,(0) > 0.

Hence C, > 0.

Next we show (ii). We see from Lemma 3.4 that v(;) € 0 if and only if u;(r) < v(r). We find
from (i) that C* < oo if and only if u(r) =< v(r). Suppose that v(;y € 0. Then u;(r) < v(r) and
w; € 0. We see from Lemma 3.3 that y € 0% and u(r) < p,(r). It follows that u(r) < v(r), that
is, C* < 0o0. Conversely, suppose that C* < oo, that is, u(r) <v(r). Let r > 0 and ¢, := 4(0, 00) > 0.
We have

w(r) =z J us(r = y)ug(dy) = crus(r). 3.4
(0,00)

As us is compound Poisson, there is cg > 0 such that usz(r) > cgv(r). Hence we obtain from (3.4)
that c;us(r) <u(r) =v(r) <cg 105(r). This implies that i3(r) < ¥(r). Hence we see from Lemmas
3.1 () and 3.4 () that (V(C))(l) =) € 0% and thEI'Eby V) SR

Lastly, we prove (iii). Lemma 3.3 states that y € 0% if and only if u; € 0.5. We see from Lemma
3.4 that u; € 0.7 if and only if (v(1))"™ € 0. for some n > 1. Thus we have proved that (1) is

equivalent to (2). Suppose that u(r) = (v(1))™(r). Since uz is compound Poisson, there is cg > 0
such that p3(r) = co(v(())™(r). Hence we obtain from || that

crz(r) S T(r) = (V)™ () =< (Vi)™ (r) < 5 ().
This implies that p3(r) < (v())™(r) and thereby we see from Lemma 3.4 that u; € 0 and
(Vo)™ € 0. 1t follows that (v(;))"™ € 0 and thereby u; € 0. Thus we find from Lemma 3.3
that y € 0. Conversely, suppose that u € 0.%. We obtain from Lemmas 3.3 and 3.4 (ii) that

p(r) = pg(r) =< (v)™(r)

for some n > 1. We have proved that (1) is equivalent to (3). O

4 Bound separating C, and C* for u in s

The study of the lower and upper limits of ratios of tails of distributions on R, was initiated by
[[11% 25]] and progressed by [[9; [18]]. Watanabe and Yamamuro [[32]] discussed them for distributions
on R and showed basic diferrences between the one-sided and two-sided cases. In this section, we
study a bound separating C, and C* for u € 5. We need the following lemma of Denisov et al. [[9]).

Lemma 4.1. (Lemma 2 of [[9]) If a distribution p on R, is in 5, then there exists an increasing
concave function h : R, — R, such that

f e™p(dx) < oo and f xe"p(dx) = oo.
R, Ry
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Now we present the main result of this section.

Proposition 4.1. Let u be a distribution in ID, with Lévy measure v.
() u € 2 if and only if vy € .
(i) If vy € ##, then 0 < C, <1 < C* < o0.

Proof. Assertion (i) is obvious by virtue of Theorem 25.17 of [[26]]. We prove only (ii). Suppose
that v(qy € 5. First we show that C* > 1. We have

A _ f As(r = )
QNN RO

for any a > 0. Let r > 0. We have for any k > 1

- us(r+a)
- owv(r)

u4(dy) tg(—a) 4.1)

(V) (1) = V().

Notice that tz(r) = e Ziozl V(c)”(n!)_l(v(c))”*(r). It follows that

B(r+a) = 7O W(e)"(n) (v (r +a)
n=1

A%

e~ ZV(C)"(nl)—lm(r +a). (4.2)

n=1

As v(qy € 5, we have v(.) € #. Suppose that, for some a >0 and 6 > 0,

vy (r+a)
lim sup (C)_— <e
r—00 V(c)(r)

—k5/2

Then there is sufficiently large r, > 0 such that v(ro +ak) <e V(oy(rp) for all integers k > 1.

Thus we have vy(y1) = 71 ffooo e"* v 5(x)dx < oo for y; := 6/(4a) > 0. This is a contradiction.
Thus we have, for any a > 0,

. v(c)(r + a)
limsup —— =
r—oo V(c)(r)

Hence we see from (4.1) and (4.2) that

us(r+a
c* > limsupMu_“(—a)

r—00 V(C)%(T’)

g Ta(ma) 1O
e “;v(c) (n1)~! ‘;(C) = Pl

v

As a — 0o and ¢ — oo, the right-hand side goes to 1. We have proved that C* > 1.

Next we show that C, < 1. The proof is suggested by that of Theorem 4 of [9]. Lemma 4.1 is
applied to v(.). Then we can take a function h(x) of Lemma 4.1. For any b > 0, we consider a
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concave function h,(x) := min{h(x), bx}. Hence there is x; > 0 such that hy(x) = h(x) for all
Xx > x;. Thus we have

J ehb(x)v(c)(dx)<oo and J Xehb(x)v(c)(dx)zoo- (4.3)
Ry Ry

Furthermore, we see from Theorem 25.17 of [26]] that tis(y) < oo for all y > 0. Hence

J (y v0)e" VO, (dy) < J yeP uy(dy) < oo. (4.4)
R R

+

For real a and t, we use the notation of [9] and put altl = min{a, t} and a vV t = max{a, t}. Let
t > 0. We note that (x + y)lt) < x[) + y[t) for x, y > 0. Hence we obtain that

J (x v 0)[Hen O (dx) = J ((x +y) v 0)Lehe (VO (dx)uy (dy)
R
< J (o v 0)! etV s (dx)ug(dy )

+ f (y v 0)[ eV, (dx)uy(dy) = Jy + .
By concavity of the function hy(x), we have hy(x + y) < hy(x) +hy(y) for x,y > 0. Hence
< f e (g (dx) f 0O, (dy).
R, R

Here we see that, for any positive integer n,

J X[t]ehb(x)(v(c))n*(dx)
Ry

<n J J el Tehslarttxmly o (dey) vy (doxy)
Ryx--xRy

n—1
SHJ xi ety (dxy) (J eh”(X)V(c)(dX)> :
R, R,

J x[t]ehb(X)us(dx)
Ry

Thus it follows that

e v(e)"
= e—V(C) Z ( ') X[t] ehb(x)(,v(c))n*(dx)
= v Jr,

<V(c)exp [V(c) ( f ehb(’”wc)(dx)—l)] J xlem 0y (dox), (4.5)
R, Ry
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Therefore we obtain from (4.3) and (4.4) that
J

lim sup <v(c). (4.6)

b—0 J x[t]ehb(x)v(c)(dx)
Ry

Furthermore, we have

f ehb(x),uB(dx) < exp |:V(c) (J ehb(x)v(c)(dx) — 1)] .
R, R,

Thus it follows from (4.3) and (4.4) that
J

f X [t] ehb(x)’\/(c)(dX)
Ry

lim sup
t—00

Jehb(xvo)ug(dX)J yePuy(dy)
Ry

. R
< lim
t—00

=0. 4.7)
f X[t]ehb(x)’\/(c)(d)()
Ry

Let 6; > 0. Consequently, we obtain from (4.6) and (4.7) that, for sufficiently small b and suffi-
ciently large t,

f X[t]ehb(X)‘u(dx)
R,

<v(c)+6;. (4.8)
J X[t]ehb(X)V(c)(dx)
Ry

Let xo > 0. Suppose that u(x) = v((x)(v(c) + 6;) for all x > x,. Here we notice that
J xehe™y(dx) > f J (x + e pa(dx)py(dy)
Ry Ry xRy
> u4(R+)J xe™ s (dx)
Ry

> ,u4(R+)e_V(C)V(c)J xehb(x)v(c)(dx) = 00. 4.9)
Ry

We see from (4.3) and (4.9) that both the numerator and the denominator of (4.8) goes to infinity
as t — o0o. Hence we have

o0
Jx[t]ehb(x),u(dx) J xltem ™) y(dx)
lim inf = = liminf alkl
—00 —00
Jx[t]ehb(x)v(c)(dx) f x[t]ehb(x)v(c)(dx)
Ry Xo+
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o0

ﬁ(x)d(x[t] ehb(x))
Xo+

t—00 o0
%(x)d(x[t]ehb(x))
X

Z V(C)+51.

This contradicts (4.8). Hence we have liminf,_, ., u(r)/v(r) < v(c) + 6;, because x is arbitrary.
Letting 6, | O, we obtain that C, < 1. We see from Proposition 3.1 (i) that 0 < C,. O

5 Proofs of Theorem 2.1 and Its Corollaries

Let y € R. We define the class .#(y) as the totality of distributions p satisfying p(y) < co. For
p € A(y), we define the exponential tilt p(, of p as

Py (dx) = e™ p(dx). (5.1

p(r)

Note that the exponential tilt conserves convolution. That is, for p,n € A (y), (P*1) ) = P ) *¥N(y)-
Let {X j};?‘;o be i.i.d. random variables with distribution v(;y. Let Y be a random variable with
distribution u, independent of {X;}. Define a random walk {S,};2 as S, := Z;.lzl Xjforn=>1and
Sp := 0. Recall that ¢ :=v(1, 00).

Lemma 5.1. Let u be a distribution in ID, with Lévy measure v.

M IfO<y* <ooand u(y*) = oo, then C* = c0.

(i) If 0 < v* < 0o and [u(y*) < oo, then C, < u(y*) < C*.

Proof. Suppose that 0 < y* < oo and f(y*) = co. Since u € #(y) for 0 <y < y%, u exists. We

have pyy = (Us3)(y) * (U4)(y) and U3(y*) = co. Define v1(dx) := e’ v(dx). Note that v, is the Lévy
measure of u,y. Since (u3), is one-sided, we have

(u3) (1) -

i

By using integration by parts, we have

G (r) = e Alr) + . J‘OO e a(t)dt (5.2)
i Ay am |, ’ '
and o
v1(r) :e”f/(r)+)fJ e v(t)dt. (5.3)
r
Thus we see from Fatou’s lemma that
c* U (r
— > limi f‘uﬁ)( )
u(y) r—oo vy(r



A%

< () (r=y)
f_ 11g£f%(u4)(y)(d30

1
ta(y)

f e uy(dy).
0_

Hence we have

(o)
c*> liminfﬁg(y)f e uu(dy) = oo.
rir* 0—

Thus assertion (i) is true. It is clear from Proposition 4.1 that assertion (ii) is true for y* = 0.
Suppose that 0 < y* < oo and ji(y*) < oo. Then we see that u,«, € 5. Define v,(dx) := e’ *y(dx).
Thus we obtain from Proposition 4.1 and (5.2) and (5.3) with replacing y by y* that

¢ limsup @
pO) T e W(r) T
and .
< liminf'uf)(r) <1.
ulys) = o vy(r)
Thus we have proved the lemma. O

Proposition 5.1.  Let u be a distribution in ID . with Lévy measure v. Suppose that v(;y € 0. Then
we have 0 < y* < oo, t(y*) <00, and 0 < C, < u(y*) < C* < 0.

Proof.  Suppose that v(;y € 0. Then we find from Proposition 3.1 that y € 0% C 0% and
0 < C, < C* < 00. We see from Lemma 3.2 (ii) that 0 < y* < co. We see from Lemma 5.1 (i) that
u(y*) < 0o. Thus the proposition follows from Lemma 5.1 (ii). O

Remark 5.1. Suppose that v(;) € 0%. As is mentioned in the proof of Theorem 1 of [29]], there
exists an increasing subsequence {A,} € A of {x,} for each sequence {x,}72, with lim,_,, x, = oc.

Proof. Define T,(y) as
vy, —y)
Tn(.y) = ()——n
V(l)(xn)
Since {T,(y)};>, is a sequence of increasing functions, uniformly bounded on all finite intervals, by
the selection principle (see Chap. VIII of [[17]]) there exists an increasing subsequence {A,} of {x,}
with lim,,_,, A,, = oo such that everywhere on R

. %(An_y)_ . 1_/(An_.y)

lim ———— = lim — =:m(y; {4, }).
n—00 V(l)(kn) n—00 V(ln) "
The limit function m(x; {A,}) is increasing and is finite. That is, {1,} € A. O

Proposition 5.2. Let u be a distribution in ID, with Lévy measure v. Suppose that v(;) € 0 £. Then
we have 0 < I(u) £ C, £ .
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Proof. Suppose that v(;) € 0.£. Define h,(x) := liminf,_,,v(r — x)/v(r). Since vy € 0%, we

have for {1,} € A and x € R,
0 < hy(x) <m(x; {A,}) < o0.

Thus it follows that 0 < ffooo h,(x)u(dx) < I,(u). Choose {A,} € A such that

i - T IP(Y 4+ S, > Ay)

C, = li
e n1P(Xy > Ar)

k—o0

n=0

Define the events A; for 1 < j<nand b >0 as
A] = {X] >7Lk—bandY+Sn>7Lk}.

Let B, :={(i,j):j#1i,1<i<n,1<j<n}. Wehave

P(Y +8,> )= P(| Ja) =D Pa)— > P4 nA).

n
j=1 j=1 (i.))€B,

We obtain from Fatou’s lemma that, for 1 < j < n,

> b+1. .fP(Xj>lk—u)P(Y+Sn—Xjedu)
I P(Xy > Ag)

b+
= J m(u; {A,DP(Y +S,_; €du).

Letting b — 0o, we have

P(A)) «
liminfliminf ————— > m(u; {A,DP(Y +S,_; €du).

b—oo k—oo P(XO > Ak) -

—00

Moreover, we have, for i # j,

I P(A;NA))
imsup ———
k—>oop P(Xo > Ay)
P(Xl > Ak - b)P(X] > A'k —-b)
< limsup
k—00 P(Xo > 2At)
= m(b;{A,})-0=0.

We see from Lemma 3.3 that
klirn P(Y > A)/P(Xy > A,) =0.
—00

Thus we established from (5.4)-(5.8) that

e cIp(Y 4S5, > A
C., = Ilim e %09 ( 1 ©)
Tl'P(XO > Ak)

k—o0 =

59

(5.4)

(5.5)

(5.6)

5.7)

(5.8)



v

00 Cn—ln 0

Ze_co 0 f m(u; {2 DP(Y +S,_; € du)
> k n—1

=1

n!
n —00

A%

o0 o0 Cn
J m(u; {Ak})Ze_con—O'P(Y +S, €du)
n=0 :

_ J m(us P u(du) = L(w).

Thus we have proved the proposition. O

Lemma 5.2. Suppose that v(;) € 0. Then we have the following:

(i) There are some by, by > 0 such that m(x;{A,}) < b1V for all {4} € A and for all x €R.
(i) I*(uy) < oco.

(iii) For distributions p and m, I*(p *n) < I*(p)I*(n).

(iv) 2I*(v(1)) < d* < oo.

Proof. Suppose that v(;) € 0. Let {4,} € A. Define

. . v(r —x)
h*(x) :=limsup ———.
r—o00 'V(r)
Since 0. C 0%, we have m(x;{A;}) < h*(x) < oo and h*(x + y) < h*(x)h*(y). Thus h*(x)
is so-called submultiplicative and by Lemma 25.5 of [26] there are by, b, > 0 such that h*(x) <
b1eP2xV0) Thus (i) is true. Since we see from Theorem 25.17 of [26]] that fi,(y) < oo for any y > 0,
we have (ii) by (i). We see that, for x, y € R,

lim 17(An -y —X) _ m(X+}’; {A'n})
n—oo V(A, —y) m(y; {A,.})

Hence {1, — y} € A for any y € R. Thus we have

o
I'(p*m) = sup m(x; {4, Dp *n(dx)
nter ) oo

r‘OO o0
= sup J m(x +y; {4, Dp(dx)n(dy)
nter oo J oo

r‘OO o0
= sup m(xz{/\n—y})p(dX)f m(y; {A.Pn(dy)
uter oo o
oo 00
< sup m(x; {1, })p(dx) supf m(y; {2, n(dy)
A1end oo Pnter oo
= I'(p)r*(m).

We have, for {A,} € A ands > 0,

PXog+X;>A
oo > d*>limsup (Ko + 1 > 4i)
k—oo  P(Xo>2Ax)
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Letting s — oo, we see that 2I"*(v(7)) < d* < co. O

Proposition 5.3. Let u be a distribution in ID with Lévy measure v. Suppose that v(;y € 0. Then
we have C* < J(u) < oo.

Proof. Suppose that p :=v(;) € 0. We find from Lemma 5.2 (ii) and (iv) that J(u) < oo. Define,
forn >0,
_ P(S,+Y >x)
d, :=limsup ———
X—00 P(XO > x)

Since u € 0% by Proposition 3.1, we see from Lemma 3.3 that dy, = 0. Choose {A,} € A such that

Fors > 1 and n > 1, define

Ag—s)+
I := J P(S,_.1+Y > A, —uwP(X, €du),

—0o0

s+
I, := J P(X, > A —w)P(S,_1 +Y €du),
—00
and
I3:=P(S,_1+Y >s)P(X,, > A —5).

Then we have P(S, +Y > A;) = Z?Zl I;. For any € > 0, we can take sufficiently large s > 1 such
that

I
limsup ————
b, P(Xo > A7)
J B g > A —w)

< (dp—; +€)limsup PX. > A0
0> Mk

k—o0

P(X, €du), (5.9)

—00

and

I3
limsup —————
k—oo PXo > )

. P(X, > A —s)P(Xy>s)
<
< (dp_1+ e)klggo PXy > 1) . (5.10)
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By virtue of the dominated convergence theorem, we see that

I
limsup ————
k—>oop P(Xo > Ag)

s+
= J m(u; (A DP(Sp-y +Y € du)

—00

IA

J m(u; {4 HDP(S,—1 +Y €du) < IF(p V& Us). (5.11)

—00
Note that
li P(XO +Xn > A'k)
imsu
kﬁoop P(Xo > At)
o f T Py > A —w)
> limsu _—=
el ) PG> M)
. PX,> A —$)P(Xy>s)
4+ lim

P(X, €du)

Y P& > MW v g (5.12)
i Py > Ay oS '

Thus we obtain from (5.9)-(5.12) that, forn > 1,
P(Xo+X, > A1)
n < (d_1+e€)limsu
PO T P > &)

(d1 + &) liminf T PX, > M —w)
TR ) TP > A

.
A

+ I (p " i)

P(X, € du)

s+

(dpy +€)(d" - J m(u; {41 (dw) + I (p" D % ).

—0o0

IA

Letting s — oo and € — 0, we have by Lemma 5.2 (ii)

dy < dy_1(d* = L(p)) + ()" 1" (). (5.13)

Noting that d, = 0, we see from (5.13) that

n—1
dy ST'(uy) ) I (p)*(d" = L(p))" ' 7F < c0. (5.14)
k=0

By Lemma 3.2 (iii), we have for x >0

P(S,+Y > x) * P(S,>x—u)
P(Xy > x) = J;OO P(Xy > x) PY € du)
*®  P(Xo>x-u)
= fwK WP(Y S dU)
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nP(Sl+Y >X)

< K"
P(Xy>x) (dy +8),

with some positive constants K and 6. Thus we can use Fatou’s lemma and establish from (5.14)

that

¢ = limsupeo i cd P(S,+Y > x)

X—00 —1 n! P(XO > x)
00 Cn—l
— 0
= e ; nt "
o) Cn—l n—1
< ey T () )L () — L) TR = a(w).
= v k=0
We have proved the proposition. O

Proof of Theorem 2.1. Assertion (i) is due to Proposition 3.1. Assertion (ii) is due to Propositions
5.1-5.3. O

Proof of Corollary 2.1. We see from Theorem 2.1 (ii) that 0 < y* < oo, U(y*) < oo and
C=C,=C"=pu(r"). O

The following is due to Theorem 1 of [13]] and Theorem 3.1 of [24]], and conclusively to Theorem
1.1 of [31]. An interesting history of the establishment of this result is found in [31]]. It has
an application to the local subexponentiality of an infinitely divisible distribution. See [32].
Applications of the class &(y) to Lévy processes are found in [4; [6}; 21]].

Lemma 5.3. Lety = 0. Let u be a distribution in ID, with Lévy measure v. Then the following are
equivalent:

(D) peZ(y)

(2) vy € L (7).

(3) vy € £(p), By) < 00, and i(x) ~ B()P(x).

(4) v(1) € £(y) and, for some C € (0, 00), fi(x) ~ Cv(x).

Remark 5.2. Let y > 0. We see from the above lemma that &(y)NID, is closed under convolution
roots. The class . is closed under convolution roots. Refer to Theorem 2 of [[13]] in the one-sided
case and see Prposition 2.7 of [31]] in the two-sided case. However, we do not know whether the
class &(y) is closed under convolution roots for ¥ > 0, so far. We find from Theorem 2.1 of [32]]
that &(y) on R, is closed under convolution roots for some (equivalently for all) y > 0 if and only
if so is the locally subexponential class on R,

Proof of Corollary 2.2. Let a € R. Note that u* 6_, is also an infinitely divisible distribution on
R with the same Lévy measure as that of y and that u*x6_,(x) = u(x + a). Hence we see from
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Corollary 2.1 that 0 < y* < oo, fi(y*) < oo and C(a;) = u(y*)exp(—y*a;) for j = 1,2. Define a set
E as E := {ma; + na, : m, n € Z}. Then we have, for any a € E,

u(x +a) ~ exp(—y*a)u(x). (5.15)

Note that E is a dense set in R because a /a, is irrational. Thus we have (5.15) foranya € E =R. It
follws that u € £ (y*) and u(x) ~ t(y*)v(x). Thus we conclude from Lemma 5.3 that u € & (y*). O

6 Proof of Theorem 2.2

Albin [1]] asserted that if v(;) € £(y), then u € £(y). His proof in the case y = 0 is complete.
However, his proof in the case y > 0 depends on an incomplete lemma which is stated without
precise proof.

Assertion (Lemma 2.1 of [1]]) Let p € £ () be supported on [0, 00) for some y > 0. Given constants
€ > 0and t €R, pick a constant x, € R such that

M <(1+e)" forx>x,. 6.1
p(x)
Then
w <(1+e)" forx>n(xy—1t)+t. (6.2)
P (x)

Remark 6.1. The assertion above is correct for y = 0. But, we can make the following counterex-
J— o0

ample of this assertion for y > 0. Indeed, let p(x) := fx e “du. Then p € £(1) and the condition

ll is satisfied for x, = 0. Notice that W(x) =(n=-1N7! f;o u" e “du. Let t < 0 and put

c:=1—t. We have

i p(cn—t) . f(;)o(cn —t +u)le~(en—ttu)gy
im ————— = lim
n—oo Hm(cp) n—00 f(;’o(cn+u)n—1e—(cn+u)du
o0
(1+ —t+u)n—1e—udu ~
= e’ lim fO = =e ¢ el

n—00 f;o(l + ﬁ)"_le_“du

Take € satisfying 1 + ¢ < e~ ', The inequality li does not hold for sufficiently large n. The
example for a general y > 0 is analogous and is omitted.

Lemma 6.1. Let p and 7 be distributions on R. Let y > 0.

(i) (Lemma 2.5 of [B1]]) If p,m € £(y), then p xm € ¥£(y). In particular, if p € ¥(y), then
p" e Z(y) foraln>1.
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(i) (Lemma 1 of [5]) If p € Z(y), then, for every a € R, there is a positive constant M(a) which
depends only on a such that, for every x € R and every n > 1,

p(x —a) < M(a)p™(x). (6.3)

The following lemma is suggested by an argument in [[5]].

Lemma 6.2. Lety >0, a € R. Suppose that p € £(y). For any € with 0 < e < 1, thereis b > 0
such that for alln > 1 and for all x € R,

P D*(x 4+ a) < (1 + €)e T pHD*(x) 4+ p™(x +a — b), (6.4)

and

P (x +a) > (1 - e)e " (pMD*(x) — p™(x — b)). (6.5)

Proof. We have

(x—b)+ 00
P (x) = f plx—y)p™(dy)+ J plx—y)p™(dy)
—0 (x—=b)+
= Kj(x)+ Ky(x).
Let 0 < e < 1. Since p € Z(y), it follows that

Plx—y+ad

A==y

<(Q+e)

for sufficiently large b > 0 and y < x — b. Notice that

(x—b)+ —,
plx—y+a)_ n

K1(X+a)=J —————px—y)p"(dy).

o plx—y)

Hence we obtain that, for sufficiently large b > 0,

(1—€)e K (x) <Kj(x+a) < (14 €)e K (x).

Here we have K;(x) < p(™D*(x) and Ky(x) < ;W(x — b). Hence we get (6.4). Furthermore, we
have

£ (x) = p(x) — Ky(x) = pUF D% (x) = ™ (x — b).

Hence we get (6.5). O

Lemma 6.3. Let u be a distribution in ID, with Lévy measure v. Let y > 0. Then u € £(y) if and
only if py € £(y).

65



Proof. As in the proof of Theorem 1.1 of [31]], we see from Lemma 2.5 of [24] that if u € £(y),
then u; € £(y). Conversely, if u; € £(y), then we have u € £(y) by Lemma 2.1 of [[24]. O

Proposition 6.1. Let u be a distribution in ID with Lévy measure v. Let y = 0. If v(1y € £ (), then
ut™ € £L(y) for all t > 0. In the converse direction, if u** € £(y) for all t > 0 and v(;) € 0, then
V(1) S g()f)

Proof. We prove the first assertion. Suppose that v(;y € £(y). Without loss of generality, we
can assume that t = 1. Denote p := v(;) and A, := e‘cocg(n!)_1 with ¢; := v(1,00). Note that
lim, ,, A, 1/A, =0. Let 0 < e < 1. Let N be a positive integer satisfying A,,; < €A, foralln > N.
Define

N 00
ING):= D Ap™(x) and Jy(x):= D Ao ().
n=1 n=N+1
Then p;(x) = Iy(x) + Jy(x) for x > 0. Since p € Z(y), we have by Lemma 6.1 (i)
(I—€e)e Iy(x)<Iy(x+a)<(Q+e)e Iy(x)
for sufficiently large x. We see from Lemma 6.2 that, for all x € R,

o o0
Jy(x+a) < Z A p*(x)(14 €)e 7 + Z A, oD (x +a—b).
n=N+1 n=N+1

By Lemma 6.1 (ii), we have

oo o0
> 2ap Vi x+a—b) = D Agp™(x+a—b)
n=N+1 n=N
< eM(b—a) ) A,p™(x).
n=N

Hence, for all x € R,
Iy(x+a) <A +e)e " JIy(x)+eM(b—a)u(x).

Furthermore, we obtain from Lemmas 6.1 (ii) and 6.2 that, for all x € R,

Gxta) = A= D 4pT )= Y. AptD(x - b)}

n=N+1 n=N+1
0 _ 0 I
> (1= D) Ap™(x) = eM(b) D Ap™ ()}
n=N+1 n=N

> (1- e (Uy(x) — eM(b)E(x)).
In consequence, it follows that, for sufficiently large x,

uilx+a) < (A+4e)e Iy(x)+A+e)e " JIy(x)+eM(b—a)u(x)
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= (A+ee ™ +eM(b—a) n(x),
and

pilx+a) = (1-e)e Iy(x)+(1—e)e ™ (JIy(x) — eM(b)ur(x))
= (A —e)e 7 —eM(b)) By (x).

Thus we obtain that

oy (x +
(1= €)1 — eM(b) < limintPi ™D
e
T (x +
lim sup M <(1+4+e€)e " +eM(b—a).
X—00 iy (x)

IA

Letting € — 0, we can show u; € £(y). Hence we have u € £(y) by Lemma 6.3.

Next we prove the second assertion. Suppose that u'* € £(y) for any t > 0 and v(;) € 5. We
obtain from Lemma 6.3 that u{* € £(y) for any t > 0. Define C,(t) and C*(t) for t > 0 as

)
C*(t).—hrn_l)glf SOk

and

) . ut(r)
C*(t):=1 .
() :=limsup ="

Since ui* is one-sided, we find from Proposition 2 of [[11] that 1 < C,(t). We see from Theorem 2.1
(ii) that C*(t) < J(u{*). Since I"(50(dx)) = 1, we can represent J(u*), for B=0, as

J(u1") = exp(cot(I"(viry) — 1)),

and, for B > 0, as
exp(coBt) — 1
J(pi") = exp(cot(I*(v(yy) = D)———.

CoBt
Thus we have lim,_,oJ (") = 1. Hence we obtain that
lim C,(¢t) =lim C*(t) = 1.
t—0 t—0
Thus we see that, for any a € R,
T(r +a) v(r+a
e 7" = lim lim inf 'ul_— = liminf ¥
t—0 r—oo ,ui*(r) r—00 'v(r)
v(r+a T(r +a)
< limsup ¥ = lim lim sup 'ul_— =e 7%
r—o00 V(T') t—0 rooo ‘ug*(r)
That is, va) € z(}/) O

67



Now we prove Theorem 2.2. We can obtain the same upper bound of C* as in (2.3) again by using
Corollary 2.6 (ii) of [7].

Proof of Theorem 2.2. Note that y* = v. Assertion (i) is due to Proposition 6.1.

Next we prove (ii). Since v(;) € £(y) C 0.2, we see that m(x;{A,}) = e’ for any {A,} € A and
thereby obtain from Proposition 5.2 that

Cy = L(u) = u(y).

Hence we see from Lemma 5.1 (ii) that C, = fi(y) € (0, oo].

Lastly, we prove assertions (1)-(3) in (ii). If d* = 2¥(1)(y) < oo, then vy € & (7). It follows
from Lemma 5.3 that C, = C* = [i(y). Suppose that 2¥(1)(y) < d* < co. Then v(;) € 0L\ ().
We have C* > fi(y) by Theorem 2.1. Next suppose that C* = u(y). Since C, = u(y), we have
u(r) ~ p(y)v(r). As we have v(;) € £(y), we obtain from Lemma 5.3 that v(;) € &(y). This is a
contradiction. Hence C* > [i(y). Since L.(v(y)) = I"(v(1)) = V(1)(v) and I*(uy) = fiy(y), we have
B=d*— 217(1)()/) and

exp(co(d™ — 2¥(1y(1))) — 1

co(d™ = 2v(1y(1))

Thus we have (2.3) by (2.2). If d* = oo, then v(;) € 0. We see from Proposition 3.1 (ii) that
C* = o0. O

J(w) = puly)

Remark 6.2. Let u be a distribution in ID, with Lévy measure v. Suppose that v(;j € 0. Then
u € £ if and only if v(;) € 2.

Proof. Suppose that y € £ and v(;) € 0. Let p := v(yy. Then we have u; € £ by Lemma 6.3.
Thus we see that

p(r)—p(r+1)

u(r)—u(r+1
0= lim par) — ) > e ¢y limsup

— — 6.6
r—oo (1) r—00 (1) 66

Since p :=v(1) € 0, we have p(r) < u;(r) by Proposition 3.1. Hence we obtain from (6.6) that

L P =Bl +1)
m — — Y,
e pr)

that is, v(;) = p € £. Conversely, we see from Proposition 6.1 that if v(;y € £, then u € £. O

7 Proof of Theorem 2.3.

Among the classes in Definitions 1.1 and 2.1, only the classes 2 and 5# are closed under convolution
and under convolution roots, simultaneously. The proof for s is easy and that for 2 is as follows.

Lemma 7.1. Let p and 7 be distributions on R.
@ If p(r) <m(r) for some n € 9, then p € 9.
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(ii) If p™ € 9 for some n > 1, then p € 9.
(iii) If p,m € 9, then p xm € 9. In particular, if p € 9, then p™ € 9 for all n > 1.

Proof. Assertion (i) is obvious by the definition of the class 2. For (ii), suppose that p™ € 9. Since
p™(r) < (pL)™(r), we have (p )™ € 2 and, by Proposition 1.1 (iii) of [27], p, € 2 and hence
pED. IfpneyCc 0, then p,,n, €2 C 0 and (3.2) holds. Thus we see from Proposition
2.3 (ii) of [27] that p, *n, € 2 and thus from (3.2) and (i) that p *n € 9. The second assertion
of (iii) is obvious. O

Lemma 7.2. Let p be a distribution on R.
@) If p € 9, then, foralln>1and a > 0,

(r—a p(r—N
lim sup M < n- lim limsup M (7.1)
r—o0 p(r) N=00 r—00 p(r)
(ii) If p € 9, then there are two positive constants ¢ and c, such that, foralln>1and r > 0,
P (r)
p(r)

<c¢;-no2tl (7.2)

Proof.  First we prove (i). Let {X; };";1 be i.i.d. random variables with a common distribution p. Let
r > a+ (n—1)N; with N; > 0. We have

p™(r—a)

n
=P ZXj >r—a, Xj, > n~1(r —a) for some j,with 1 < j, <n
j=1

n n
SZP ZXj>r—a,XjO>n_1(r—a),XiSleoranyi;éjO
Jo=1 j=1

n n
+ZP ZXj>r—a, Xj0>n_1(r—a), X; > N; for some i # j,
=1 \J=1

<np(r—a—(n—1)N;)+n(n-DpWN)p(n (r —a)). (7.3)
Here, if p € 9, then there are two positive constants ¢; and ¢, such that, foranyn>1and r > 0,

p(n'r)
p(r)
Thus we see from (7.3)) and (7.4) that if p € 9, then

: p™(r—a) - np(r —a—(n—1)N;)
limsup———— < lim limsup —
r—00 p(r) e p(r)
o p(r—N)
= n- lim limsup ———.
N—oo roeo  p(r)

<c¢n“. (7.4)
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As we have

n

n
;W(r) =p ZXj >r | < ZP(X]- >nir)=np(nr),
j=1 j=1

it follows from (7.4) that (ii) holds. O

Lemma 7.3. Let u be a distribution in ID, with Lévy measure v.
D Ifvy)€92,then0<Q,<1=<Q" <o0.

(i) If v(1) € 2 and u is a compound Poisson distribution on R, then

pr—N) _ o (7.5)

C* < lim limsup ————=
T N—oo r—>oop 'V(r)

Proof. We prove (i). Suppose that v(;) € 9. Then we have

v(2r)

1>Q, > liminf

— >0,
r—oo  v(r)

and
1<Q =(Q) ! <.

Next we prove (ii). Let r > 0. Notice that u(r) =e™¢ Zf:l a”(n!)_1W(r), where a :=v(R,) =
v(0) and p := a~v. Suppose that va) € 2. Let N; > 0. Now we can use Fatou’s lemma by virtue of
Lemma 7.2 (ii). Thus we see from Lemma 7.2 (i) that

u(r — N
c* < limsupu
00 v(r)
X an o™ (r — N
< e‘aZ—limsup P (_ ) <Q".
—1 n! r—00 ap(r)
As N; — oo, we get (7.5)). O

Now we prove Theorem 2.3.

Proof of Theorem 2.3.  We prove (i). If v(qy € 9 C 0, we see from Theorem 2.1 and Lemma 7.1 (i)
that u(r) <v(r) and u € 9. Conversely, suppose that u € 2 C 0. Then we see from Proposition
3.1 (iii) that (v(l))k* € 0% for some k > 1 and u(r) < (v(l))k*(r). It follows from Lemma 7.1 that
(v(l))k* €2 and v;) € 9.

We show (ii). Let Y; and Y, be independent random variables with distribution u; and u,, respec-
tively. Suppose that v(;) € 9. It follows from Lemma 7.3 (i) that 0 < Q, < 1 < Q" < co. Since
9 C 5, we see from Proposition 4.1 that C, <1 < C*. Let r > 2N > 0. Then we have

3
W) =PY,+%>r)< >,
k=1

70



Whel’eJl =P(Yl +Y2 >, |Y2| SN), Jz =P(Y1 +Y2 >, |Y1| SN), and.]3 =P(Y1+Y2 >, |Y1| >
N, |Y,| > N). Now we see from Lemma 7.3 (ii) that
P(Y; >r—N)

Jq
lim limsup—— < lim limsup —— < Q™.
N—oo r—>oop'v(r - N—oo r—>oop 'V(r) Q

Since v(1) €9 C 0% C 0.2, we see from Proposition 3.1 and Lemma 3.3 that

i < 1 P(Y,>r—N)u,(r—N)v(r—N) 0
imsu < imsu — — — = 0.
P I v( ) P T —N) Vo -N) v

Using Lemma 7.3 (ii) again, we obtain that

lim limsu
N—oo r—>oop V(r)

< lim limsup{p(Y1 >2 VR
B —0  r—o00 7(2_11‘) v(r)
P(Y, >2"') m(2 ) v(271r)
w27r)  vETlr) v(r)

Consequently, we have obtained (2.5). We have, for {1,} € A, Q, < m(x;{A,}) for x < 0 and
1 <m(x;{A,}) for x > 0. Thus we obtain from Theorem 2.1 (ii) that

P(|Y2| > N)

Pl >N)} _

Ci 2 L(u) = ‘LL[O, ) + Q,u(—00,0) =1 — (1 —Q,)u(—00,0).
Thus we have got (2.4). O

As is mentioned in Section 2, Denisov et al. [[9] proved that if u is a distribution on R, in ## NID,,
then C, = 1. We show in the following example that there exists u € # NID, such that C, < 1.

Example 7.1. Let p be the Peter and Paul distribution, that is,
o
p(dx) =D 27"5,n(dx).
n=1

Let 0 < A < 1. Let u; be a compound Poisson distribution with Lévy measure Ap. Let u, be a
continuous infinitely divisible distribution on (—00,0]. Define u € ID, as yu = uy * uy. Then we
have u € 2 and Q* = 2. Moreover, we can take A sufficiently small such thatQ, < C, <1 < C* <Q*.

Proof. Since v(;y = p € 9, we have u € 2 by Theorem 2.3 and, obviously, Q" = 2. Note that y is
continuous, because , is so. Thus we can take a positive sequence {€,}>° ; such thatlim,_,, €, =0
and

. ‘a(zn - en)
lim e =
n—oo  [(2")

Hence we have

(271 - en)
Cc, < hmmf—
n—oo Ap(2" —€,)
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p(2") . a2")

< lim ———limsup —
n00 (2 — €7) moor AP(21)
< 27Ic*, (7.6)

Let {1,} € A. Note that m(x; {A,}) and I*(u,) do not depend on the value of A. Since m(x; {1,}) <
1 for x < 0, we see that [*(u,) < 1. Thus we have, for B =0,

lim J (1) = lim I* () exp(AI*(p) = 1) = I(u) < 1,
and, for B > 0,

exp(AB) —1

=I* <1.
2B (ug) <

1'111 uw) = l.lll I* Uy ) EXp )\ I* pP)— 1
Hence we obtain frorn Theorem 2.1 (11) that
1<1limC*<lim =I" <1
)Ll OC A1 OJ(‘U,) (uz) 5

that is, I*(uy) = 1 and lim;_,, C* = 1. Thus we conclude from (7.6) and Theorem 2.3 (ii) that, for
sufficiently small A > 0,

27 <1 -271u(-0,0)<C, <27 C*<1<2C, <C*<2.
We have proved all the assertion. O
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