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1 Introduction
Let af)") = (agn)(i,j), 1<1i,j <n),n>1,be asequence of real matrices. Hoeffding’s (1951) com-
binatorial central limit theorem asserts that if 7 is a uniform random permutation of {1,2,...,n},
then, under appropriate conditions, the distribution of the sum

n

S(()n) = Za(()n)(i, (1)),

i=1

when centered and normalized, converges to the standard normal distribution. The centering is
usually accomplished by replacing ag") (i,j) with

a1 = alV, ) —al () —all, )+ alt (),
where
n n
aP(+,7) = Y ao(i, ) Al +) = Y ali, );
i=1 j=1
n
d(()")(+,+) = n2) ayi,j).

1

This gives S0 = S(()n) - ES(()H), and the variance VarS™ = Var S(()n) is then given by
n
EO@P = (-1 {d"a, )
i,j=1

Bolthausen (1984) proved the analogous Berry—Esseen theorem: that, for any n X n matrix a,

sup |P[Sy — m(a) < x3(a)] — ®(x)| < CA(a),

x€R

for a universal constant C, where ® denotes the standard normal distribution function,

So :=leao(i, n(@), m(a) = n"! _Zla‘)(i’j) = ES,,
i= i,j=
2(a):=(n-1)"1 Z a2(i,j) = VarS, (1.1)
ij=1

(we tacitly assume n > 2 when necessary) and

TN SR o RPN
A@) = 5 iJZ::1|a(l>J)|

is the analogue of the Lyapounov ratio.

In this paper, we begin by proving a functional version of Bolthausen’s theorem, again with an
error expressed in terms of a Lyapounov ratio. When centering the functional version Sy(t) :=
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Z}Ztlj ap(i, m(i)), 0 < t <1, it is however no longer natural to make the double standardization that

is used to derive d@ from a,. Instead, we shall at each step center the random variables a(i, 7w(i))
individually by their means a,(i,+). Equivalently, in what follows, we shall work with matrices a
satisfying a(i,+) = 0 for all i, but with no assumption as to the value of a(+, j). For example, if we
have ay(i, j) = b(i) + c(j), then d(i, j) = O for all i, j, and hence Sy = ESy = nay(+,+) = n(b+¢) is
a.s. constant. However, we are interested instead in

Lnt]

S(t) := > ag(i, m(i)) — doi, +)},
i=1

giving S(t) = leztlj {c(=(i)) — ¢}, a non-trivial process with a Brownian bridge as natural approxi-
mation.

We thus, throughout the paper, define the matrix a by
a("’]) = Clo(i,j) - C_lo(i, +): (12)
so that a(i, +) = 0. Correspondingly, we define

[nt]
S(t) = Y a(i,n(D)) = So(t) —ESo(t).

i=1

We then normalize by a suitable factor s(a) > 0, and write
Y(t) == s(a)7'S(¢) =s(a) " (So(t) — ESy(t)); (1.3)

this can equivalently be expressed as
1 n
Y :=Y(n) = —= ) a(i,®({))J;/p, (1.4
op3 /

where J, (t) := 1, 17(t). In Theorem 2.1, we approximate the random function Y by the Gaussian
process

n
Z =) Wiy, (1.5)
i=1

in which the jointly Gaussian random variables (W;,1 < i < n) have zero means and covariances
given by

1 n
VarW, = —— » a*(i,1) =: o;;
ar W; nsz(a);a (i,D) Tiis
1 n
Cov(W;,W;) = —m;a(l,”a(]ﬂ) =i 0ij, [#].

(1.6)

A simple calculation shows that Cov (a(i, 7(i)), a(j, ©(j))) = sz(a)al-j for all i, j, and thus the covari-
ance structures of the processes Y and Z are identical. The error in the approximation is expressed
in terms of a probability metric defined in terms of comparison of expectations of certain smooth
functionals of the processes, and it is bounded by a multiple of the Lyapounov ratio

. 1 S - - 13
A@) = 5 iJz::1|a(l,J)| . 1.7)
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The normalization factor s(a) may be chosen in several ways. One obvious possibility is to choose
s(a) = §(a) defined in (1.1), which makes VarY (1) = Var Z(1) = 1. At other times this is inappropri-
ate; for example, as seen above, §(a) may vanish, although we have a non-trivial Brownian bridge
asymptotic. A canonical choice of normalization is

2 R L - 27
() = n-1i;“ (i, /), (1.8)

or, for simplicity, n™* Z? i=1 a’(i, j), which makes no difference asymptotically. In the special case
where a(+, j) = 0 for each j, as with the matrix d, this gives s?(a) = §%(a), so VarY (1) = VarZ(1) =
1, but in general this does not hold. In specific applications, some other choice may be more
convenient. We thus state our main results for an arbitrary normalization.

In most circumstances, such an approximation by Z = Z depending on n is in itself not particularly
useful; one would prefer to have some fixed, and if possible well-known limiting approximation.
This requires making additional assumptions about the sequence of matrices a™ as n — oco. In
extending Bolthausen’s theorem, it is enough to assume that A (a) — 0, since the approximation
is already framed in terms of the standard normal distribution. For functional approximation, even
if we had standardized to make Var Y (1) = 1, we would still have to make some further assumptions
about the a'™, in order to arrive at a limit. A natural choice would be to take a"™(i, j) := a(i/n, j/n)
for a continuous function a: [0,1]?> — R which does not depend on n. We shall make a somewhat
weaker assumption, enough to guarantee that the covariance function of Z(™ converges to a limit,
which itself determines a limiting Gaussian process. The details are given in Theorem 3.3. Note that
we require that A®™(a)log? n — 0 for process convergence, a slightly stronger condition than might
have been expected. This is as a result of the method of proof, using the approach in Barbour (1990),
in which the probability metric used for approximation is perhaps not strong enough to metrize
weak convergence in the Skorohod topology. Requiring the rate of convergence of A™(a) to zero
to be faster than 1/log? n is however enough to ensure that weak convergence also takes place: see
Proposition (3.1}

The motivation for proving the theorems comes from the study of permutation tableaux. In Sec-
tion|5, we show that the boundary of a random permutation tableau, in the limit as its size tends to
infinity, has a particular shape, about which the random fluctuations are approximately Gaussian.
The main tool in proving this is Theorem 3.3} applied to the matrices a(()”)(i, 7)== 1<

2 The pre-limiting approximation

We wish to show that the distributions of the processes Y and Z of (1.4) and (1.5) are close. To
do so, we adopt the approach in Barbour (1990). We let M denote the space of all twice Fréchet
differentiable functionals f : D := D[0,1] — R for which the norm

£l = sup{|f W)I/(1+ [wlI*)} + sup{|IDf W)II/(1+ [[w]*)} 2.1
weD weD
+sup{ID*f W)II/(1 + lwID} + sup {[ID>f (w +h) — D*f (w)Il/IInll}
weD w,heD
is finite; here, || - || denotes the supremum norm on D, and the norm of a (symmetric) k-linear
form B on function in D is defined to be ||B|| := supyep. |jpj=1 IB[h)]|, where h® denotes the k-
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tuple (h,h,...,h). Our aim is to show that |Eg(Y) — Eg(Z)| is small for all g € M. We do this by
Stein’s method, observing that, for any g € M, there exists a function f € M satisfying

g(w) ~Eg(2) = (Af)w) := ~DfF W)W+ Y. oy D> W) imdynls  (2.2)

ij=1

and that
If 1 < Collgllns (2.3)

where C, does not depend on the choice of g: see, for example, Barbour (1990, (2.24), Re-
mark 7 after Theorem 1 and the remark following Lemma 3.1). Hence it is enough to prove that
E(«f)(Y)| < el|lf ||y for all f € M and for some small ¢.

Theorem 2.1. Let Y = Y(n) and Z be defined as in (1.4) and (1.5), with 7 a uniform random
permutation of {1,2,...,n}, and A(a) as in (1.7), for some n x n matrix a(i, j) with a(i,+) = 0 and
some s(a) > 0. Then there exists a universal constant K such that, for all f € M,

[E(e/ )Y < KA@IIS [[p-

Thus, for all g € M,
[Eg(Y) —Eg(Z)| < CoKA(a)llgllm,

with Cy as in (2.3).

Proof. We begin by noting that

1 n
EDf(Y)[Y] = EZE{Xin(Y)[Ji/n]}, (2.4)
i=1
where X; := a(i, ©(i)). We then write
1 n
E{X;Df (Y)[Ji/nl} = ;Za(i, DE{Df (Y () [Jy/n] | (@) = 1} (2.5)

=1

Now realize 7/ with the distribution £ (7| (i) = ) by taking 7 to be a uniform random permuta-
tion, and setting

n =, if n(i) = [
(@) =1 #(a7'0) =j; 7'(k) = nk), k¢ {i, 7 (D},
if n(i) =j # L
This gives
Y(n') = Y(n)+Ay(n) =: Y'(n), (2.6)
where

s(@)Ay(n) = {a(i,1) — a(i, ()W, + {a(n ™ (), n(D) — alm ™ (1, DI r-10y/n5 2.7)
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and Y’(7) has the distribution £(Y (7)| (i) =1). Hence, putting (2.6) into (2.5), it follows that

1 n
—EX,Df (NUinl} = —— Y a(, DE{DF (Y () + Ay () i/} 2.8)
( ) ns(a) &

Using Taylor’s expansion, and recalling the definition (2.1) of || - ||,;, we now have

IE{DF (Y + Ai)Ji/nl} = BADF (VI Ji/n]} — BAD?f (V) [Ji/ms A1}

< If Bl Al (2.9)
where, from (2.7),
AN < {s(a)} {lal, DI+ la@i, (@) + la(z (D), w())] + lalz~ (D), DI}, (2.10)
and thus
lA;(mI* < {(4)}2{612(1',1)+az(i,ﬂ(i))+a2(ﬂ_1(1),ﬂ(i))+a2(77:_1(l),l)}.
Laborious calculation now shows that
ns(a);]lZm(z DIENAG P < 3( 52 1lZ|a(l WP = CiA), (2.11)

for a universal constant Cy; for instance,

ns(a)22|a(l D s2(a )E{az(“_l(l),”(i))}

i=1I=

< ZZm(l 1)|{ 2(i,l)+ ZZ a*(k, 1)}
ns (a)l = VA&
< nsg(a)lZ“Z{—mo Ot 1) 2 +2la(k, )’}

n

= e )Zchz DP.

i=1[=

Thus, in view of (2.8), when evaluating the right hand side of (2.4), we have

EDf(Y)[ ] (2.12)

= ZZa(l D(E{DF (V)[Jijnl} + EAD2F (V) i/, A} + 1,

2

where || < CiA(D|If |-

Now, because a(i,+) = 0, the first term on the right hand side of (2.12) is zero, so we have only the
second to consider. We begin by writing

D*f (V)i Aul = D*f(Y)Jijn, BEAy] +D*f (V) [Ji/n, Ay —EA] (2.13)
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From (2.7), it follows easily that

E{D*f (V)Ji/mEAy]} = {s()} a(l DE{D*f (Y)[J 1}

s 5 |
(n— 1)S(a) ;a(r, DE{D f(Y)[Jl/er/n]}_

Substituting this into (2.12) gives a contribution to EDf (Y)[Y] of

1 ZZ a?(i, DE{Df (V)T 1}

i=1 1=

mzza(l DY alr DEDF (1) Uy o]}

i=1I[= r#i

ZollE{DZf(Y)[Jff,i]} +ZZairE{DZf(Y)[Ji/n,Jr/n]},

i= i=1 r#i

nsz(a)

(2.14)

(2.15)

from (1.6). Thus, from (2.2), (2.12) and (2.13), and noting that (2.15) cancels the second term in

(2.2), we deduce that
EC/ )Y < Imil+1nal,
where
Imal < )ZZmo DIE{D*f (V) [y Ay — EA Y.

i=1[=
It thus remains to find a bound for this last expression.

To address this last step, we write
E{sz(Y)[ l/na ll EAll]}

= Z PEAD?f (V) Jin, Ay — EA] I n(D) = j, n (D =k},

j.k=1

(2.16)

(2.17)

where pj :=P[n(i) = j, n~1(1) = k]; note that p;; = 1/n, and that pjx =1/n(n—1)for j #1, k #1i.

We then observe that, much as for (2.6),
Y'(n) = Y(m)+ Al (n) ~ 2(Y(m)| =) =j,n~ (1) = k),
where, for j # 1, k #1,

s(@A (1) = {[a(i, j) — a(i, ©(D))Ji/n + [alk, D) — alk, w(k))1Ji/n
+ [a(n™ (D), m(k)) — a(n ™ (D), D -11/m
+ [a(n™' (), m(@)) — al ™ (), D 10y P iyt ntostt
+{la(i, j) — a(i, n())Jijn + [alk, 1) — a(k, )]k /n
+ [a(n ™ (D), n(D)) — a(m ™ (1, DV 10y iyl ntio=jt
+{la(i, j) = a(i, D] + [a(k, 1) — a(k, £(k)) i /n
+ [a(n (), (k) — a(m ™ (5D, DI n-1¢jyn} Lin(i)=1}»
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and
s(a)Agl;li(n) = [a(i,D) = a(i, n(i))]J;/n + [a(m~ YD), n(i)) — a(n~L(D), l)].]na(l)/n. (2.20)

Then A;; = Ay (m(i), n~1(1)) is measurable with respect to o(7(i), 7~1(1)), and

D PAED?F (V)i Ay — EAy] | (D) = j, 7 (1) = k}

j=1k=1
= Y pREDA (Y + Al )i Mg k) — EAL T}
j=1k=1
n n
= Y pRED (V) Ui/ Mg k) — EAy T}
j=1k=1
n n
+ D D DHED?F (Y + Al ) igm A, k) — EAy]

R
— D*f(Y)ijn> Au(i, k) —EA, T} (2.21)

Now, since 2?21 Yoie1 PikAu(j, k) = EAy, the first term in (2.21) is zero, by bilinearity. For the
remainder, we have

ID?f (Y + AL ;Wi 2, k) = EAy] = D2 f (V) gjn, Ay, k) — EAy ]|

< F el A 1A Gy O+ IEA 1}, (2.22)
so that, from (2.17),
1 n n n n
nal < ||f||MmZZ|a(i,1)|ZijkEuAg,;jku{nAu(j,k)||+||EAH||}. (2.23)
i=11=1 j=1lk=1

Here, from (2.7), (2.10) and (2.19), each of the norms can be expressed as 1/s(a) times a sum of
elements of |a|. Another laborious calculation shows that indeed

n2l < CoA(D)If I

and the theorem is proved. O

3 A functional limit theorem

The pre-limiting approximation is simpler than the original process, inasmuch as it involves only
jointly Gaussian random variables with prescribed covariances. However, if the matrix a can be
naturally imbedded into a sequence a™ exhibiting some regularity as n varies, and if n is large, it
may be advantageous to look for an n-independent limiting approximation, in the usual sense of
weak convergence. Unfortunately, the approximation given in Theorem2.1lis not naturally compat-
ible with weak convergence with respect to the Skorohod metric, and something extra is needed.
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With this in mind, we prove the following extension of Theorem 2 of Barbour (1990). To do so, we
introduce the class of functionals g € M° ¢ M for which

gl = llglly + sup [g(w)] + sup IDg(w)]| + sup ID*g(w)| < oo.
weD weD weD

Proposition 3.1. Suppose that, for each n > 1, the random element Y, of D := D[0, 1] is piecewise
constant, with intervals of constancy of length at least r,. Let Z,, n > 1, be random elements of D
converging weakly in D to a random element Z of C[0,1]. Then, if

[Eg(Y,) —Eg(Z,)|l < Cr,llgllye (3.1)

for each g € M°, and if 7, log*(1/r,) — 0 as n — oo, then Y,, — Z in D.

Proof. First note that, by Skorohod’s representation theorem, we may assume that the processes Z,
and Z are all defined on the same probability space, in such a way that Z,, — Z in D a.s. as n — oo.
Since Z is continuous, this implies that ||Z,, — Z|| — 0 a.s.

As in the proof of Barbour (1990, Theorem 2), it is enough to show that
P[Y, € B] - P[Z € B] (3.2)

for all sets B of the form mlslsL B;, where By ={w € D: ||w —s;|| < v;} for s; € C[0,1], and P[Z €
0B;] = 0. To do so, we approximate the indicators I[Y,, € B;] from above and below by functions
from a family g := g{e,p,p,7n,s} in M?, and use (3.1). We define

g{S,P,P,n,S}(W) = ¢p,n(hs,p(w_s)))
where .
hep() = ( f (2 4y o) " = e+ y 2,
0

and ¢, ,(x) := ¢((x — p)/n), for ¢: RT — [0, 1] non-increasing, three times continuously differ-
entiable, and such that ¢(x) =1 for x < 0 and ¢(x) =0 for x > 1. Note that each such function g
is in M°, and that ||g||;;0 < C’p?e~2n~2 for a constant C’ not depending on ¢, p, p, n,s, and that the
same is true for finite products of such functions, if the largest of the p’s and the smallest of the &’s
and 7’s is used in the norm bound.

Now, if x € By, it follows that g;(x) =1, for

2)1/2

g = glev,p,ri(L+€7)7%,n,s.4,

for all €, p,n. Hence, for all ¢, p, n,
L L
plvae () B < B{[ Jaw} < E{[ [a@n} +craCip®en™n ™, 33
1<I<L i=1 i=1

where y := min;<;<; v;. Then, by Minkowski’s inequality,

ha,p(z_sl) < hs,p(Zn_Sl)+||Zn_Z||p < hs,p(Zn_sl)+||Zn_Z||-
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Hence, if p, — 0o as n — oo and ¢ is fixed,
liminh, , (2, = ;) 2 liminfih, , (Z = 5) = 12, = ZI} = (2 +12 =5,V
a.s. It thus follows that, if ||Z —s;|| > y;, and if n,, — 0 as n — oo, then
liminfih,,, , (Zy—s) =0} = (%] +12 =siV2) > ri(1+eH?

a.s., and so g;,(Z,) = 0 for all n sufficiently large, where

Sin = glevn P ri(L+ )V, n,, 5.

Applying Fatou’s lemma to 1 — 1_[1L=1 21.(Z,), and because P[Z € dB;] = 0 for each [, we then have,

L L
limsupE{l—[ gln(Zn)} < E{limsupl_[gln(zn)}
i=1 i=1

n—oo n—00

IA

L
([ [ulz-sll<n}) = Pizes).

i=1

Thus, letting p,, — oo and n,, — 0 in such a way that Tnp,%nrjg — 0, it follows from (3.3) that
limsup,_,. P[Y, € B] <P[Z € B], and we have proved one direction of (3.2).

For the other direction, fix 6 > 0 small, and let & > 0 be such that, if ||Y,, — s;|| = y;, then
leb{t: |¥,(6) = = 7;(1 - 0)} = (5 A7), (3.4)

where leb{-} denotes Lebesgue measure. Such a & exists, because the collection (s;, 1 <[ < L)
is uniformly equicontinuous, and because the functions Y, are piecewise constant on intervals of
length at least r,,. Hence, for such Y,,,

Pegp(fa—s1) 2 1ife? + (1= 0212(5 A 1),
and thus g;(Y,) = 0, where, for any p and 7,
g = glerp (e +(1—0)DY2(5 A Lr) P —n,m,5}
Thus, for any p and h, I[Y, € B;] > g/ (Y,), and hence
L L
P[Yne N Bl] > E{l_[g;‘(Yn)} > E{l_[gl*(Zn)} —CT, Chp2(ey) 3 (3.5)
1<I<L i=1 i=1

Now suppose that ||[Z — s;]| < y;(1 — 60). Then there exists an a > 0 such that a.s. ||Z, — s;|| <
v1(1 — 6) — a for all n sufficiently large. This in turn implies that

heyop. (Zn—s51) < {27P+1Z, —siIPH? < yi{e? + (1 -0 —ay; 1 )?H/?

< i+ @ - 022 (5 A Lr) P =,
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for all n large enough, if ), — 0 and p,, — oo in such a way that r; /Pn

g;.(Z,) =1 for all n large enough, where

— 1. This in turn implies that

gzkn = g{Sprn’ YZ(SZ +(1- 9)2)1/2 (6 A %rn)l/pn ~ Mn> nn:sl}' (3.6)
Hence .
E{liggfl_llgfn(Zn)} > IP[ M {1z sl <71 - 9)}]. 3.7)
i= 1<I<L

Applying Fatou’s lemma, and recalling (3.5), we now have a.s.

liminfP[v,e (] B 2 linn_l)g}flE{ﬁgfn(Zn)} > E{ligglfﬁgfn(zn)}, (3.8)
i=1 i=1

n—00
1<I<L

provided that also Tnp,%nf — 0: this can be arranged by judicious choice of p,, - coand n,, = 0
if, as assumed, 7,log*(1/r,) — 0. Hence, since 8 was chosen arbitrarily, it follows from
and that

liminfP[Y, € B] = P[Z € B),

and the theorem is proved. O

Note that, in Barbour (1990, Theorem 2), restricting to functions g satisfying (2.32) of that paper is
not permissible: the bound (3.1) is needed for functions in M, that do not necessarily satisfy (2.32).

Remark 3.2. The assumption that Y, is piecewise constant can be relaxed to Y,, being piecewise
linear, with intervals of linearity of length at least r,,; in particular, this allows processes Y,, obtained
by linear interpolation. The only difference in the proof is that, if ||Y,, —s;|| = y;, then |Y,,(ty) —
si(to)l > (1 — 8/4)y; for some ty. Thus, by the assumption on Y, and the continuity of s;, there
exists an interval I, of length at least [,, := %rn A&, with t; as an endpoint, on which Y,, is linear and
Is;(t)—s1(t)| < Oy;/4. A simple geometrical argument now shows that |Y,,(t)—s;(t)| > (1—-6/2)y;

in a subinterval of length at least 61,,/8, at one or other end of I,. Hence, (3.4) can be replaced by
6
leb{t: |V, (t)—s|=7,(1—-6)} > E((S ATy),
and the rest of the proof is the same.
We now turn to proving a functional limit theorem for the sums derived from a sequence of matri-
ces a’™, n > 1. Supposing that s(Y(a) > 0, we define functions

nt] n

L0)= DZZZ(a@(z D)%

i=1[=1

nt] lnu] n

( s(”)(a))z ZZZ (n)(l l)a(”)(] D,

i=1 j=11=1

(3.9
g (t,u) =

for 0 < t,u < 1. Note that if we choose s (a) by (1.8), then f,(1) = (n — 1)/n — 1. Conversely,

if f.(1) converges to a limit ¢ > 0, then s(W(a) differs from the value in (1.8) only by a factor
-1/2

c +o(1).
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Theorem 3.3. Suppose that f, — f and g, — g pointwise, with f continuous, and that
A(”)(a)logzn — 0. Then there exists a zero mean continuous Gaussian process Z on [0,1] with
covariance function given by

Cov(Z(t),Z(u)) = o(t,u) := f(t Au)—g(t,u), (3.10)

and Y, — Z in D[0,1].

Proof. Fix n > 2. We begin by realizing the random variables Wl.(") as functions of a collection
(X1, 1,1 > 1) of independent standard normal random variables. Writing X; :=n"! Z?:lX i1, We set

1 _ n
() . WG (X — X)) () . (n)
Wi = = (DX —X); W™ ;:1 Wi (3.11)

Direct calculation shows that, with &;; the Kronecker delta,

il

n
Cov(Wl.(n),Wj(n)) = ZCOV(W(H) (”)) (3.12)

Y 1
= Z (n — 1)(3(n)(a))2 a(n)(i, l)a(n)(], l)(5l] _ n_]-)’
=1

in accordance with (1.6), so we can set

n

Z, = Z W . (3.13)
i=1

Now Theorem 2.1 shows that [E{g(Y,)—g(Z,)}| < CA(”)(a)||g||Mo for any g € M?; furthermore, the
process Y, is piecewise constant on intervals of lengths 1/n, and, by assumption, A™(a)log?n — 0.
Hence, in order to apply Proposition 3.1, it is enough to show that Z, — Z for a continuous Gaussian
process.

Write Z,, = ngl) — Zr(lz), where

|nt] n

zZW(t) := s<")(a) — D> a™, Dxy,

i=11[=1
. el . (3.14)
Z@(¢t) = (i, DX
G s(”)(a)\/nlel:;: (L, DX,

The process Z, (1) is a Gaussian process with independent increments, and can be realized as W ( fn(~)),
where W is a standard Brownian motion and fn(t) nf,(t)/(n —1). Now f is continuous, by
assumption, and each f, is non-decreasing, so f, — f uniformly on [0,1], and hence W(f,(-)) —
W(f(-))in D[0, 1]. Since the latter process is continuous, it follows that the sequence ZT(ID is C-tight
in D[0,1].

2363



To show that Z,(lz) is also C-tight, we use criteria from Billingsley (1968). For 0 <t <u < 1, it
follows from (3.14) and Hoélder’s inequality that

n |nu]

@) — 7@ 12 — 1 o 21
Elzn (U) Zn (t)| ( 1)(s(n)(a))2 Z( nZtJ+1 (l,l))
1 n [nu]
< (n) .,l 2
= = DE™(a)? (lnu] — [nt )zlll LnZtJ:H(a (i,D)
< fn(l)w.

Hence, since Zr(lz) is Gaussian, we have

ElZPw) - zBO* = 3EIZP W) - zP (0 < (fn(l)w) : (3.15)
Thus, if 0 <t <v<u<1landu-—t>1/n, it follows that
E{1ZPW) - zP(0)P1zP W) - 2P )P}
< VEIZP0) - 2201 EIZP ) - Z2 )]
< 2 (A I gy o (3.16)

the inequality is immediate for u — t < 1/n, since then |nv] € {|nt], |nu]}.

Now, for any 0 <t <u <1, we have
n
Cov (20, 2P(W) = —ga(t,w) — g(tw).

Hence there exists a zero mean Gaussian process Z® with covariance function g, and the finite
dimensional distributions of Zr(lz) converge to those of Z(3). By (3.15) and Fatou’s lemma, E|Z®)(u)—
ZA)* < 3fn2(1)(u— t)? for any 0 < t <u < 1, so that, from Billingsley (1968, Theorem 12.4), we
may assume that Z @ e C[0,1]. From (3.16) and Billingsley (1968, Theorem 15.6), it now follows
that Zr(lz) — Z® in D[0,1]. Thus Zr(lz) is C-tight also.

Now, since both {Zr(ll)} and {Z,(lz)} are C-tight, so is their difference {Z,}. From and (3.12), for
t,ue[0,1],

Cov(Z,(t),Z (u))— fn(t/\u)— —gn(t u) — f(tAu)—g(t,u),

so that the finite dimensional distributions of Z, converge to those of a random element Z of
C[0, 1] with covariance function o (t,u), as required. O
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4 Rate of convergence

Under more stringent assumptions, the approximation of Z, by Z can be made sharper. To start
with, note that it follows from the representation (3.11) and (3.13) that Z,, can be written as a two
dimensional stochastic integral

n
Z(t) = ————— a,(v,w)K(dv,dw) 4.1)
: sM(a)vn—1 1,(O)x1 .

with respect to a Kiefer process K, where I,(t) := [0,n !|nt]], I := [0,1] and

a,(v,w) = a™([nv],[naw]). Recall that the Kiefer process K has covariance function

Cov (K (vq,wq),K(ve,wy)) = (v{ Avy —v1v5)(W] Aw,) and can be represented in the form K(v,w) =
W(v,w)—vW(1,w), where W is the two-dimensional Brownian sheet (Shorack & Wellner 1986, (5)
p. 30 and Exercise 12, p. 32). Thus K is like a Brownian bridge in v, and a Brownian motion in w.

In this section, we let s(a™) be given by (1.8). Hence if, for example, the functions a, converge
in L, to a square integrable limit a (not a.e. 0), then,

n

1 1

-1

3 5P = llagl; — o2 = f dVJ dw a®(v,w) = |lall3,
0 0

and the limiting process Z can be represented as
Z(t) = oglf a(v,w)K(dv,dw), (4.2)
[0,t]1xI

enabling a direct comparison between Z, and Z to be made. Since a, —, a, it follows that

t 1
fa()— f(t) = 0;2J dvf dw a?(v,w);
o7 (4.3)

t u 1
g.(t,u) — g(t,u) := U;ZJ dvf dxf dw a(v,w)a(x,w),
0 0 0

with f continuous, as required for Theorem 3.3, and that Z has covariance function o(t,u) as
defined in (3.10). For the following lemma, we work under silghtly stronger assumptions.

Lemma 4.1. Suppose that a, — a in L,, where a is bounded and not a.e. 0, and that, for some
0<pB <2
lg(t, )+ g(u,u) = 2g(t,u)] < Cllu—tl’,  0<t<u<l. (4.4)

Define a™ :=||al| /||l < 00 and &,(v,w) := ||a||£1{an(v,w) —a(v,w)}. Then, for any r > 0, there
is a constant c(r) such that

Bsup |Z,(6) — Z(O)] > c(r){llenlla + (@* + Cn B2} /logn] < n,
tel

where Z is as defined in (4.2).
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Proof. Define &,(v,w) := man(mw) — agla(v,w). We start by considering t of the form
i/n, 1 <i<n,so that
Z (t)—Z(t) = f &,(v,w)K(dv,dw).
[0,t]xI

From this and the representation K(v,w) = W(v,w) — vW(1,w), it follows that max,; E{Z,(t) —
Z(t)}? < ||,112, and hence, from the Borell-TIS maximal inequality for Gaussian processes (Adler
and Taylor 2007, Theorem 2.1.1), we have

P [ max
ten—1{1,2,...,n}

f A, WIK(dv, dw)| > 1Pl logn | < n,
[0,t]xI

if c;(r) is chosen large enough. However,
a, a

lloally  llally”

€n

from which it follows that
1Eall2 < 2llenllo-

It thus remains to consider the differences Z,(t) — Z(t) for t not of the form i/n. Between n™*|nt ]|
and t, the process Z, remains constant, whereas Z changes; hence it is enough to control the
maximal fluctuation of Z over intervals of the form [(i — 1)/n,i/n], 1 £ i < n. Here, we use the
Fernique-Marcus maximal inequality for Gaussian processes (Leadbetter et al. 1983, Lemma 12.2.1),
together with the inequality

|o(u,u) + o(t,6) = 20(t, )] < C2t —ulf +(a*)|t —ul,

to give the bound

P[max sup |Z(v)—Z((i—1)/n)|>cz(r)(Cg+a+)n_(ﬁ’\1)/2\/logn] < sn,

<i<n i i
I=i=n [
n n

if c5(r) is chosen large enough, and the proof is now complete. O

Note that, under the conditions of Lemma (4.1 the requirements for Theorem are fulfilled,
provided that A(™(a) — 0 fast enough. This is true if also, for instance, for some ¢ < 00, ||, ||lo <
c|lallo for all n, since then AM(a) < 2catn /2 for all n large enough. Combining Theorems
and|[3.3 with Lemma 4.1 then easily gives the following conclusions.

Theorem 4.2. Under the conditions of Lemmal4.1} and if also ||, ||« /||@||« is bounded, then Y, —4 Z
in D[0, 1], for Z as defined in (4.2), and, for any functional g € M,

[Eg(Y,) —Eg(Z)
< c{A™(@)+n +{lleglly + (@ + CIn P 2} /logn} |Igllyo,

for some constant C.
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Proof. We note that

IEg(Y,) —Eg(Z)] < [Eg(Y,) —Eg(Z,)|+Elg(Z,) — g(Z)].

The first term is bounded using Theorem|[2.1] whereas, for any a > 0,

Elg(Z,) —¢(2)| < 2sup|gW)IP[[|Z, = Z|lxc > a]l +a sup IDg(w)l
we

weD

g llm, 12PLI|Z, = Zl|oo > a] +al,

IA

and the theorem follows by taking a = c(1){|le,lly + (a® + Cg)n_(ﬁ“)/z}\/logn and applying
Lemma4.1jwith r = 1. O

5 The shape of permutation tableaux

We begin by studying the number of weak exceedances in a uniform random permutation 7T on
{1,2,...,n}; we shall suppress the index n where possible. The number of weak exceedances is
defined to be the sum er.l:l I;, where I; := 1¢,(;)>;;. The process Sy(t) := leltlJ I; is thus of the kind
studied in the introduction, with a(i, j) := 1y;<j;. Simple calculations show that EI; = ay(i,+) =

(n—1i+1)/n, and thus

a@i,j) = a™(i,j) = 135 -1+ G- 1D/n, (5.1)
2n — 1
ESy(k/n) = C2n—k+1) (5.2)
2n
Hence, as n — 00,
ESy(t) = nt(1—1t/2)+0(1). (5.3)

Further, although we will not need it, fori < j,

n—-i)(n—j+1)
(n—1n ’

n—i
E{;|I;=1} = T E{L;I;} =

which makes it possible to calculate variances and covariances exactly. Higher moments can be
computed exactly, too.

We now turn to the approximation of S(t) := Sy(t) —ES,(t). We first note that
la(i, ) = a(i/n,j/n)| < n7%,

where a(t,u) := 1y, — 1+ t, so that |a,(t,u) — a(t,u)| < 2n~! for |t —u| > n~!, and that
la,(t,u) —a(t,u)| <1 forall t,u €. Thus a, — a in L,, with

||OL||§ = 1/6; ||£n||% < 18/n; at = \/E,
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and ||a,|lw/llalls is bounded. Calculation based on (4.3) shows also that, for 0 <t <u <1,
t
fl) = 6J x(1—x)dx = 3t%—2¢3;
0

g(t,u) = 6J f {(1-xvy)-(1-x)1-y)}tdxdy
0 JO

= 3t%u—t3— %tzuz,
and that we can take 8 = 2 in (4.4). Hence we can apply Theorem 4.2, and defining Y,, by (1.3)

with (1.8), conclude that Y¥,, — Z in D[0, 1], with convergence rate O(n‘l/ 2,/log n) as measured
by M,-functionals, where Z is the Gaussian process given by (4.2):

72(t) = V6 {1z — 1 +VIK(dv,dw).
[0,t]xI
Note also that
Y, (6) = v/6/n{Sy(t) —nt(1—t/2)} +0(n"?), (5.4)

indicating that the approximation can be simplified, as in the following theorem.

Theorem 5.1. Let S(()n)(t) = S 1 yhere Ii(n) := 1y msy and ™ is a uniform random per-

i=1"i °

mutation on {1,2,...,n}. Write u(t) := t(1 —t/2). Then
Y, = n1/2 {S(()") —nu} —4 Z in D[0,1],
where Z is a zero mean Gaussian process with covariance function & given by

G(t,u) = co(tu) = ¢(f(D-glt,w) = 3021 —u+Ju?) - 22,
0<t<u<l.

The number of weak exceedances of a permutation is one of a number of statistics that can be
deduced from the permutation tableaux introduced by Steingrimsson and Williams (2007). Such a
tableau is a Ferrers diagram (a representation of a partition of an integer n = ry +- - - +r,,, with parts
in decreasing order, in which the i’th row consists of r; cells; here, rows of length 0 are permitted)
with elements from the set {0, 1} assigned to the cells, under the following restrictions:

1. Each column of the rectangle contains at least one 1;

2. There is no O that has a 1 above it in the same column and a 1 to its left in the same row.

The length of a tableau is defined to be the sum of the numbers of its rows and columns, and the set
of possible tableaux of length n is in one-to-one correspondence with the permutations of n objects.
In particular, under the bijection between tableaux and permutations defined by Steingrimsson and
Williams (2007, Lemma 5), the lower right boundary, which consists of a sequence of n unit steps
down or to the left, has its i-th step down if Il.(") =1 and to the left if Il.(n) = 0. Hence the Theo-
rem|5.1]above, together with (5.3), provides information about the asymptotic shape of the lower
right boundary I',, of the tableau corresponding to a randomly chosen permutation. Let the upper
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left corner of the Ferrers diagram represent the origin with the x-axis to the right and the y-axis
vertically downward, so that the lower right boundary runs from (n—Sy(1),0) to (0,Sy(1)): then I,
consists of the set {(n — So(1) — I + So(1),So(1)), 0 < I < n}, linearly interpolated. Hence, n™'T", is
approximated within O(n™!) by the curve

(G- 14+ 2 (F(0) - D), 21— (1 - 2] +n 2T (0), 0 < e < 13,

where ¥, is as defined in Theorem|5.1.

Corollary 5.2. As n — oo, n™'T",, can be approximated in distribution by

{GI1 -1 +n 2 (Z(0) = Z,(1)), 3[1 = (1 = )] +n 2 Z, (1)),
0<t<1},

with an error o(n~1/2).

In particular, as can also be seen more directly, n~'T",, converges in probability to the deterministic
curve

(G -*L,31 -1 -0, 0<t<1}={(x,y)€[0,00)* : x +y =3 —(x — ¥)*},

an arc of a parabola.
Another statistic of interest is the area A, of such a tableau, which is given by the formula

A, = Z?zl I; Z;’:i +1(1 = I;), again because of the bijection above. Direct computation yields the

expression

n

Ay = ) Soli/n) = 385(1) = 38o(1)

i=1
= Z{i(l —i/2n) + V/nY,(i/n)} - 3{(n/2) + Vn¥,(1)}
i=1

— H{(n/2)+ vaT,(1)}
5n% —2

- = +n3/2{n_1§?n(i/n)—%?n(l)}

- %{\/ﬁ?n(]-) + n?n(]-)z}-

This leads to the following limiting approximation.

Corollary 5.3. As n — o0,
n32 A — 5_nZ -, N(0,-1)
noogq d > 1447

Proof. By the continuous mapping theorem and Slutsky’s lemma, it is immediate from Theorem (5.1
that

5n? 1,\ ~
—3/2 _ _1
n (An 24) —y JO Z(t)dt 2Z(l).
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1~ ~
Now the random variable {fo Z(t)dt — %Z (1)} has mean zero and variance

1 1 1
J J a(t,u)dudt—J a(t,1)dt+}¢&(1,1),
0 0 0

with & as in Theorem 5.1} and this gives the value 1/144. The corollary follows. O

Note also that the number of rows in the permutation tableau R, = Sy(1); hence Theorem (5.1
implies also, using 6(1,1) =1/12,
n~1/2 (Rn - %n) —4 (0, ﬁ .

This, however, does not require the functional limit theorem; it follows by the arguments above from
Hoeffding’s (1951) combinatorial central limit theorem, and it can also be shown in other ways, see
Hitczenko and Janson (2009+).

Acknowledgement. We are grateful to the referee for a number of helpful suggestions.
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