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Abstract

Brownian areas are considered in this paper: the Brownian excursion area, the Brownian
bridge area, the Brownian motion area, the Brownian meander area, the Brownian double
meander area, the positive part of Brownian bridge area, the positive part of Brownian
motion area. We are interested in the asymptotics of the right tail of their density function.
Inverting a double Laplace transform, we can derive, in a mechanical way, all terms of an
asymptotic expansion. We illustrate our technique with the computation of the first four
terms. We also obtain asymptotics for the right tail of the distribution function and for the
moments. Our main tool is the two-dimensional saddle point method.
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1 Introduction

Let Bex(t), t € [0,1], be a (normalized) Brownian excursion, and let Bex := fol Bex(t) dt be its
area (integral). This random variable has been studied by several authors, including Louchard
[14; '15], Takédcs [22], and Flajolet and Louchard [8]; see also the survey by Janson [10] with
many further references. One reason for the interest in this variable is that it appears as a limit
in many different problems, see [22] and, in particular, [8] for examples and applications.

It is known that By has a density function fex, which was given explicitly by Takacs [22] as a
convergent series involving the zeros a; of the Airy function and the confluent hypergeometric
function U:

26 5 4
fex(z) = ;{205/36_”1U(—6, g;vj> with v = 2|a;[*/272%. (1.1)
7=1

(The existence and continuity of fex follows also from Theorem (3.1 below.) A related expansion
for the distribution function P(Bex < z) was found by Darling [4]. (We must use the Vervaat
construction [29] to relate his result to Bey; see [10] and the discussion surrounding eq. (11)
in Majumdar and Comtet [16].) The series expansion (1.1) for fex and Darling’s result readily
yield asymptotics of the left tail of the distribution, i.e., of fex(z) and P(Bex < x) as © — 0, see
Louchard [15] and Flajolet and Louchard [8] (with typos corrected in [10]); it is easily seen that
with a; ordered with |a;| < |az| < ..., only the first term in the sum is significant for small z
because of the factor e™".

The main purpose of this paper is to give corresponding asymptotics for the right tail of the
distribution of Bey, i.e., for the density function fex(z) and the tail probabilities P(Bex > x) for
large x. This is important for large deviation properties in the above-mentioned applications.
For large x, the expansion (1.1]) is not very useful since many v; are small, and to find asymptotics
has been a long-standing mathematical question with only some weak results obtained so far,
see (1.4) below. We have the following very precise result.

Theorem 1.1. For the Brownian excursion area, as x — 00,

fox(m) ~ 72\7{6%26‘6‘"’”2 (1.2)

and

P(Bex > x) ~ 6\\//5:106_6502. (1.3)

More precisely, there exist asymptotic expansions in powers of x~2, to arbitrary order N, as
T — 00,

72\/6 2 _6x2 ]. _92 5 _4 25 -6 9N
«(1) = —— 1=z - — - +--4+0 ,
fex() ﬁxe ( 5% 1306 © 16656 % (z72)

61/6 2 1 1 7
]P)BX _ V>, . bz 1— — -2 - -4 v -6 o) —2N )
(Box > ) = — e < %7 e’ mess” T TOET)
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Unlike the left tail, it seems difficult to obtain such results from Takéacs’s formula (1.1) for fey,
and we will instead use a method by Tolmatz [26; 27; 28] that he used to obtain corresponding
asymptotics for three other Brownian areas, viz., the integral By, := fol | By (t)| dt of the absolute

value of a Brownian bridge By, (t), the integral By, := fol |B(t)| dt of the absolute value of a

Brownian motion B(t) over [0, 1], and the integral By, := fol By, (t)+ dt of the positive part of
a Brownian bridge. (An application of By, can be found in Shepp [21].)

The (much weaker) fact that —InP(Be > x) ~ —622, i.e., that
P(Bex > ) = exp(—62” + o(z?)), (1.4)

was shown by Csorgé, Shi and Yor [3] as a consequence of the asymptotics of the moments E B,
found by Takdcs [22], see Section 9. It seems difficult to obtain more precise tail asymptotics
from the moment asymptotics. It is, however, easy to go in the opposite direction and obtain
moment asymptotics from the tail asymptotics above, as was done by Tolmatz [27; 28] for By,
By, and By, ; see again Section 9 In particular, this made it possible to guess the asymptotic
formula (1.2) before we could prove it, by matching the resulting moment asymptotics with the
known result by Takacs [22].

An alternative way to obtain (1.4) is by large deviation theory, which easily gives and
explains the constant 6 as the result of an optimization problem, see Fill and Janson [7]. This
method applies to the other Brownian areas in this paper too, and explains the different constants
in the exponents below, but, again, it seems difficult to obtain more precise results by this
approach.

Besides the Brownian excursion area and the three areas studied by Tolmatz, his method applies
also to three further Brownian areas: the integrals B,e := fol | Bie ()| dt, Bam = fol | Bam(t)| dt

and By, = fol B(t)4+ dt of a Brownian meander By,e(t), a Brownian double meander By, (t),
and the positive part of a Brownian motion over [0,1]. We define here the Brownian double
meander by By, (t) := B(t) —minp<,<1 B(u); this is a non-negative continuous stochastic process
on [0,1] that a.s. is 0 at a unique point 7 € [0,1], and it can be regarded as two Brownian
meanders on the intervals [0, 7] and [7, 1] joined back to back (with the first one reversed), see
Majumdar and Comtet [17] and Janson [10]; the other processes considered here are well-known,
see for example Revuz and Yor [20].

We find it illuminating to study all seven Brownian areas together, and we will therefore formu-
late our proof in a general form that applies to all seven areas. As a result we obtain also the
following results, where we for completeness repeat Tolmatz’s results. (We also extend them,
since Tolmatz [26; 27; 28] gives only the leading terms, but he points out that higher order terms
can be obtained in the same way.) We give the four first terms in the asymptotic expansions;
they can (in principle, at least) be continued to any desired number of terms by the methods in
Section [6; only even powers 72k appear in the expansions.

Theorem 1.2 (Tolmatz [26]). For the Brownian bridge area, as x — oo,

26 g2 1 5 1 4, 25 4 s
)= 260 (14 L2y L 0 ,
forlw) = =€ ( T vt Thee” TOET)

1 1 a2 1 _ 1 _ 155 _ _
P(Bbr>l’):\/ﬁl’ 16 6 (1_36:[; 2+m$ 4—46656$ 6+O($ 8)>
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Theorem 1.3 (Tolmatz [27]). For the Brownian motion area, as x — oo,

fom(z) = ~= €~ l+—a2——a*+— 20408

V2 5 5 22 2591
P(B =——a e (1 a2t ot - a1 0 (278 ).
(Bpm > ) \/3?93 e T +81x r33 & (z7°)

Theorem 1.4. For the Brownian meander area, as x — 00,

- Y I S S L S -8
fme(z) = 3V3 ze (1 57 Tk +5832x +0(z7%) ),

1 5 235
P _ —322%/2 1— -2 -4 —6 -8\ )
(Bme > ) V3e 5% —1-1621: ra30 ¢ +O(:1: )

Theorem 1.5. For the Brownian double meander area, as r — 00,

26 —3z2/2 L L 4, 29 6 -8
fam () ﬁe +6x +18a: +648x +0(z7%) ),

2v/2 1 2 211
P(Bim > ) = \/\3[? g~ le=3e%/2 (1 ~3 72+ 9 e 618 z %40 (x8)> )

Theorem 1.6 (Tolmatz [28]). For the positive part of Brownian bridge area, as x — o0,

_ Vb _ 14221 - -6 -8
Jort (@) = “e <+36$ s181” Tasese” O )>’
1

1 ) 65 907
P(B . _ -1 _—6z 1— — -2 -4 —6 9] -8 )
(Bory > ) = o= < 5% temsi® 1secaa” TOET)

Theorem 1.7. For the positive part of Brownian motion area, as xr — 00,

1 1
i) = S22 (14 g = ot A a0,

NG 36 T 15552 ©

1 2 11 193 2537
P(B =—a e 21— —a?t a2 10 (7))
(Bome > 2) Vor € 367 Toas” pigd’ T (=)

It is not surprising that the tails are roughly Gaussian, with a decay like e~ for some constants
c. Note that the constant in the exponent is 6 for the Brownian bridge and excursion, which
are tied to 0 at both endpoints, and only 3/2 for the Brownian motion, meander and double
meander, which are tied to 0 only at one point. It is intuitively clear that the probability of a very
large value is smaller in the former cases. There are also differences in factors of x between By,
and Bey, and between By, and Bi,e, where the process conditioned to be positive has somewhat
higher probabilities of large areas. These differences are in the expected direction, but we see no
intuitive reason for the powers in the theorems. We have even less explanations for the constant

factors in the estimates.

As said above, the weaker result (1.4) for the Brownian excursion was obtained from moment
asymptotics by Csorgé, Shi and Yor [3], and the corresponding result for the double meander,
P(Bym > ©) = exp(—32?/2 + o(z?)), was obtained in the same way by Majumdar and Comtet

16, 17).
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Remark 1.8. If we define By, := fol By, (t)— dt, we have By, = Byt + Byr—; further, By, — 4
Bhr+ by symmetry. Hence, for any z,

P(By: > x) > P(Bpy > x or By > 1)
= P(Bprs > ) + P(Bpy— > x) — P(Bpps > = and By~ > z)
> QP(Bbr+ > a:) — 2P(Bbr > 21’).

By Theorems/1.2 and [1.6, the ratio between the two sides is 1 + %x” + O(x™); hence, these
inequalities are tight for large x. This shows, in a very precise way, the intuitive fact that the
most probable way to obtain a large value of By, is with one of By, and By,— large and the
other close to 0.

The same is true for By, and Bpnt+ by Theorems (1.2 and It is interesting to note that for
both By, and By, the ratio P(B > z)/2P(B4) = 1+ %22 + O(z~*), with the first two terms
equal for the two cases (the third terms differ).

Remark 1.9. Series expansions similar to (1.1) for the density functions fur, fom, fme and fam
are known, see [23; 24; 25; 17;10]. As for the Brownian excursion, these easily yield asymptotics
as x — 0 [10] but not as x — 0.

Tolmatz’s method is based on inverting a double Laplace transform; this double Laplace trans-
form has simple explicit forms (involving the Airy function) for all seven Brownian areas, see
the survey [10] and the references given there. The inversion is far from trivial; a straightfor-
ward inversion leads to a double integral that is not even absolutely convergent, and not easy
to estimate. Tolmatz found a clever change of contour that together with properties of the Airy
function leading to near cancellations makes it possible to rewrite the integral as a double integral
of a rapidly decreasing function, for which the saddle point method can be applied. (Kearney,
Majumdar and Martin [13] have recently used a similar change of contour together with similar
near cancellations to invert a (single) Laplace transform for another type of Brownian area.) We
follow Tolmatz’s approach, and state his inversion using a change of contour in a rather general
form in Section[3} the proof is given in Section[8. This inversion formula is then applied to the
seven Brownian areas in Sections/4-/6. Moment asymptotics are derived in Section 9]

A completely different proof for the asymptotics of P(By, > x) and P(Bpy, > «) in Theorems [1.2]
and 1.3/ has been given by Fatalov [6] using Laplace’s method in Banach spaces. This method
seems to be an interesting and flexible alternative way to obtain at least first order asymptotics
in many situations, and it would be interesting to extend it to cover all cases treated here.

We use C1,Co,... and cq,c9,... to denote various positive constants; explicit values could be
given but are unimportant. We also write, for example, C1(M) to denote dependency on a
parameter (but not on anything else).

2 Asymptotics of density and distribution functions

The relation between the asymptotics for density functions and distribution functions in Theo-
rems [1.1H1.7/ can be obtained as follows.

Suppose that X is a positive random variable with a density function f satisfying

f(z) ~ az®e ", xr — 00, (2.1)
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for some numbers a,b > 0, @ € R. It is easily seen, e.g. by integration by parts, that (2.1)
implies

P(X >z) ~ %xa_le_bxg, x — 0. (2.2)

Obviously, there is no implication in the opposite direction; X may even satisfy (2.2) without
having a density at all. On the other hand, if it is known that holds with some unknown
constants a, b, «, then the constants can be found from the asysmptotics of P(X > x) by (2.2).

The argument extends to asymptotic expansions with higher order terms. If, as for the Brownian
areas studied in this paper, there is an asymptotic expansion

flx) = % b7? (ao + asx P+ agx T+ + O(x_QN)) , xr — 00, (2.3)
then repeated integrations by parts yield a corresponding expansion
P(X >zx) = 201 p—ba? (af + ahr 2 + dyz™ + -+ O(z™2N)), T — 00, (2.4)

where a, = ag/(2b), ab = ag(a — 1)/(2b)? + az/(2b), ...; in general, the expansion (2.3) is
recovered by formal differentiation of (2.4), which gives a simple method to find the coefficients

in (2.4)).

3 A double Laplace inversion

We state the main step in (our version of) Tolmatz’ method as the following inversion formula,
which is based on and generalizes formulas in Tolmatz [26; 27; 28].

Fractional powers of complex numbers below are interpreted as the principal values, defined in

C\ (—o0,0].

Theorem 3.1. Let X be a positive random variable and let v(s) := Ee X be its Laplace
transform. Suppose that 0 < v < 3/2 and that

1
I'(v)

/00 e ih(s%?) s ds = U (x), x>0, (3.1)
0

where W is an analytic function in the sector {z € C: |arg z| < 57/6} such that

U(z) =o(lz|™), z — 0 with |arg z| < 57/6, (3.2)
U(z) =0(1), |z| — oo with |arg z| < 57 /6. (3.3)
Let . . . ;
\I/*(Z) — e27r1/1/3\I/(6271'1/32) _ 67271'1/1/3\11(67271'1/32). (34)
Finally, assume that
U*(2) = O(|2]79), |z| — oo with |arg z| < /6. (3.5)
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Then X is absolutely continuous with a continuous density function f given by, for x > 0 and
every & > 0,

SF( ) 5/2—v 2u/3 5/3
f(l') - 87T2l 5

/ / exp (272 sec 0¥ — e (¢ sec 0)*/27/2)
—7/2 Jr=0
e(1=2/3)10 (5o )T/ 27V =5/2% (rel?/3) dr d6.  (3.6)

Note that U* is analytic in the sector |arg z| < §, with, by (3.2) and (3.3),
U*(2) = o(|z|™"), z — 0 with |arg z| < %, (3.7)
T*(2) = O(1), 2] — oo with |arg 2| < % (3.8)

However, we need, as assumed in , a more rapid decay as |z| — oo than this.

Remark 3.2. In all our applications, ¥ is, in fact, analytic in the slit plane C \ (—oo, 0], and
(3-2) and (3.3) hold in any sector | arg z| < 7 — §; thus ¥* is analytic in | arg z| < 7/3, and (3.7)
and (3.8) hold for |argz| < m/3 — 4.

Remark 3.3. To obtain Tolmatz’ version of the formulas, for example [26, (30)] (correcting a

typo there), take v = 1/2 and U* as in (4.5) below, and make the substitutions x = A, £ = a\/3

~2/3

and r = ap secf.

We prove Theorem in Section 8, but show first how it applies to the Brownian areas.

4 The function V* for Brownian areas

For the Brownian bridge area By, we have v = 1/2 and, see e.g. [10, (126)],
_91/6 Ai(2 13 z)

U(z) = AT (4.1)
which by the formula [1, 10.4.9]
Ai(2e®2/3) = 1e2m/3(Ai(2) F iBi(2)) (4.2)
and its consequence
AT (2e2271/3) = LeFm/3(AY(2) F iBY(2)) (4.3)
together with the Wronskian [1, 10.4.10]
Ai(2)Bi'(z) — AY(2)Bi(z) = n 1 (4.4)
by a simple calculation leads to, as shown by Tolmatz [26, Lemma 2.1], see (4.7) below,
T (z) = 2/ i (4.5)

AV (21/32)2 + BY (21/32)2°
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It seems simpler to instead consider /2 Bp,. Note that, by the simple change of variables
s — 235 and z — 273z in (3.1), if (3.1) holds for some random variable X and a function
W, it holds for v/2X and 27%/3¥(271/3%). We use the notations ¥y, and Uy for the case
X = /2By, and obtain from (4.1) the simpler

Ai(z)

Wi (2) = — AV(2) (4.6)

and thus, by (4.2), (4.3) and (4.4),

A1 (z) FiBi(2)
4 :|:7r1/3\I/ :t27r1/3 :I:37r1/3
Z ¢ zi: e i'(z) FiBi'(2)

B (Al( ) FiBi(z ))( '(z) £ iBi(z ))
N zi: + Ai'(2)? + Bi'(2)? (4.7)

Up, (2

T

_ 21
A(2)2 + Bi'(2)%

For the Brownian excursion area Bex we have v = 1/2 and by Louchard [15], see also [10, (80)],

2
d [ AY(21/32) AY/(21/32)
i} — 5/6 — 21/2 21/3 o 23/2 4.8

(2) dz (Al( 173,) Ai(21/32) i (4.8)

Again, it seems simpler to instead consider v/2 Bey, for which we use the notation ¥e, and W},
We have, see Louchard [15] and [10, (81)], or by (4.8) and the general relation above,

o d (AT(R)\ L (AT(2)\?
Vex(2) = 2 (Ai(z)> =2 (Ai(z)> -2z, (4.9)
and thus by (4.2), Q4—BD and (4.4)
\If* Z:l:eiWI/3\If ( :i:27ri/3z)

_ otmi/3g ( F2ri/3 Ai'(z) FiBi'(2)\* E2mi/3
‘Zi< 2($ EES o) IR
» (2) F iBi'(2))?(Ai(z) + iBi(z))’
o T3 /3

=2 Z e (AI(Z) + Bi(z)2)2 0
B (AV(2)Ai(z) + Bi'(2)Bi(z) T ir1)”
a QE:IF (Ai(2)? + Bi(2)?)*
87 1i(Ai(2)Ai'(z) + Bi(z)Bi'(z2))

(Ai(2)? + Bi(2)?)? '

(4.10)

The Brownian motion area By, is another case treated by Tolmatz [27]. Note that in this case
v = 1. For v/2Byn, we have by Takdcs [24], see also Kac [11], Perman and Wellner [19], and
[10, Section 20 and Appendix C.1], v =1 and

Al(z)

Uhm(z) = AR (4.11)



where we use the notation, see [10, Appendix A],

AT(2) = / ™ i) dt = % - /0 " Ai(1) dt. (4.12)

If we further define

BI(z) := /0 ) Bi(t) dt, (4.13)

we have by (4.2)
- / Ai(t) dt
0
- ei27ri/3/ Ai(tei%ri/?)) dt

L aanigs / (Ai() F iBi(r)) dt
0
Al(z) F 3iBI(z).

(4.14)

Nl w\r—t Wl = Wl

[\’)

N[ =

Consequently, using (4.11) and (4.3)),

\Ijb Z ieiQm/?’\I] ( i27ri/32)

m

— i37r1/31 AI( ):FIBI( )
Z]F Al( ) FiB1(2)
(1 — AI(z) FiBI(z)) (Al'(2) £ iBi'(2))
- Zi AT + BT ()2

— 2iB i'(z) = AI(2)Bi'(2) — Ai'(2)BI(2)
Ai'(z)? + Bi'(2)? :

(4.15)

For the Brownian meander, or more precisely v/2 Bue, by Takécs [25], see also [10, Section 22
and Appendix C.3], holds with v = 1/2 and

Wine(2) ifég (4.16)
Consequently, using (4.14) and (4.2),
\I’* Zie:tm/?)\p ( :|:27ri/32)
_ z) FiBI(2)
Z qE i) (4.17)
(1 — AI(z) FiBI(2)) (Ai(z) + iBi(2)) ‘
a Z ! Ai(2)? + Bi(2)?

Bi(z) — Al(z)Bi(z) — Ai(z)BI(z).

=2 Ai(2)? + Bi(2)?
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For the Brownian double meander, or more precisely v/2 By, by Majumdar and Comtet [17],
see also [10, Section 23], holds with v =1 and

Al(z)\?
L = . 4.1
w6 (55) e
Consequently, using (4.14) and (4.2),

Z:l:eiQm/g\I’ ( :|:27ri/3z)

z) FiBI(2)
_Z ( ﬂFlBl() )
:Zim_MU T iBI(2)) (Ai(2) £ Bi(2))”
: (Ai(=)? + Bi(=)?)’

4 ((1 = AI(z))Ai(z) + BI(2)Bi(2)) ((1 — Al(z))Bi(z) — BI(2)Ai(z))
(Ai(2)? + Bi(2)?)? '

U (

m

(4.19)

The positive part of a Brownian bridge is another case treated by Tolmatz [28]. For v/2 By,
by Perman and Wellner [19], see also Tolmatz [28] and [10, Section 22 and Appendix C.2], (3.1)
holds with v = 1/2 and

Ai(z)
21/2Ai(2) — Ai'(2)

\I’br+(2) =2
Consequently, by (4.2), (4.3) and (4.4)),

‘ljbr_i'_ Z:l:eﬂ:ﬂ'l/.g\l, ( :|:27Ti/32)

(4.20)

— Zi2e:|:7rl/3 Al( :t27”/3 )
etmi/3, 1/2A1( +27i/3 ) Ai/(eiQﬂ'i/Sz)

i(z) FiBi(2)
2 Z = 21/2(Ai(z) F iBi(z)) — eT3™/3(Ai'(z) FiBi(2))
B Ai(z) FiBi(z)
= 22 “F72Ai(z) + AT(2)) T i(='?Bi() + BI(2))
5 Z :i: ) FiBi(2)) (21/2Ai(2) + Af'(2) £i(21/?Bi(2) + Bi'(2)))
(21/2Ai(z2) + Ai'(2))* + (21/2Bi(2) + Bi'(2))*
4ir~!
(21/2Ai(2) + Ai'(2))* + (21/2Bi(z) + Bi'(z))*

A

(4.21)

For the positive part of a Brownian motion, or more precisely v/2 By, by Perman and Wellner
[19], see also [10, Section 23 and Appendix C.1], (3.1) holds with » = 1 and

2~ 12Ai(2) + Al(2)

Uhm+(2) = 212Ai(z) — Ai'(2)

(4.22)
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Note that this ¥ is singular at 0, but still satisfies (3.2). By (4.2), (4.3), (4.14]) and (4.4),
\Ilbm+ Zie:l:Qﬂl/?)\I, ( :|:27Ti/3z)

B N Lomi/3 6:|:7r1/3 1/2A1( +27i/3 )+Al(e:t27ri/3z)
Z ¢ T3 12 A (e2271/32) — AY (¢2271/37)

27 H2( Al( ) FiBi(z)) + 1 — Al(2) FiBI(z)
Zi: izl/2 Ai(z) FiBi(z)) — e¥371/3(Ai(2) F iBi'(2))

27 12A0(2) +1 — Al(z 1/2Bi(z) + BI(z
- zi: = 1/2A1) )+ AV <z§)) ((1/2131< >(+) BY'(z 3))) (4.23)
( _1/2A1 ) +1—Al(2)) (+/%Bi(z2) + Bi'(z))
a (z1/2A1 + A¥'( ) (21/2Bi(z) + Bi'(z ))2
(2~ Y2Bi(z) + BI(z)) (1/2Ai(2) + Ai'(2))
B 1( 1/2Ai(» ) +AV(2)) + (2'2Bi(2) + BI(2))
ey (1 — AI(z)) (21/?Bi(z) + Bi'(2)) — BI(2)(2Y/2Ai(2) + Ai'(2)) + 2~ /2771
(z1/2Ai(z) + AY (z)) (zl/zBi(z) + Bi/(z))2

Note that the functions Wpy, Vex, Ypm, Yme and Pqy, given above in (4.6), (4.9), (4.11), (4.16),
(4.18) are meromorphic, with poles only on the negative real axis, because the only zeros of Ai
and Ai’ are on the negative real axis |1, p. 450]. The functions Wy, and Wy, in and
(4.22) are analytic in the slit plane C\ (—o0, 0], since Tolmatz [28] showed that z'/2Ai(z) — Ai(2)
has no zeros in the slit plane; see Appendix|A for an alternative proof. In particular, all seven
functions are analytic in the slit plane. Furthermore, all except Wpy,1 have finite limits as
z — 0, and in particular they are O(1) as z — 0 so holds. By (4.22), we have Wy (z) ~
2~1/2Ai(0)/Ai'(0) and thus ¥y, = O(|z|~1/?) as z — 0; since in this case v = 1, (3.2) holds
for Upm4 too.

Next we consider asymtotics as |z| — oo. The Airy functions have well-known asymptotics, see
[1, 10.4.59, 10.4.61, 10.4.63, 10.4.66, 10.4.82, 10.4.84]. The leading terms are, as |z| — oo and
uniformly in the indicated sectors for any § > 0,

7T_1/ 4 3/2
Ai(z) ~ — /A2 |arg(z)| < 7w — 0, (4.24)
7T_1/2 3/2
Ai'(2) ~ —Tzl/‘*e*% /3, |arg(z)| < 7 — 0, (4.25)
n1/2 3/2
Al(z) ~ — 273/4722/8, |arg(z)| < 7 — 0, (4.26)
Bi(z) ~ 7T71/2271/46223/2/3, |arg(z)| < m/3 — 0, (4.27)
Bi/(2) ~ 1~ 1/2,1/422%%/3, larg(z)| < 7/3 — 6, (4.28)
BI(z) ~ 7 1/2,73/4¢25°2/3 |arg(z)| < 7/3 — 6 (4.29)

It follows by using (4.24), (4.25) and (4.26) in (4.6), (4.9), (4.16), (4.11), (4.20), (4.22) that in
all seven cases (3.3) holds; more precisely, ¥(z) ~ 27" as |z| — oo with |arg z| < m—4. (For real
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z > 0, this is always true, as follows from (3.1) by the change of variables s = ¢t/z and monotone
(or dominated) convergence.)

Turning to U*, we observe first that, by (3.4), in all seven cases, U*(z) is analytic in | arg z| < 1/3.
Next, (4.24)—(4.29) show that, as |z| — oo in a sector |arg(z)| < m/3 — 4§, Ai, Ai’, AT decrease
superexponentially while Bi, Bi’, BI increase superexponentially. Hence, we can ignore all terms
involving Ai. More precisely, (4.7), (4.10), (4.15), (4.17), (4.19), (4.21), (4.23) together with
(4.24)—(4.29) yield the asymptotics, as |z| — oo with (for example) |arg z| < 7/6,

U (2) = BZ;T(_:; (1 +0 (6_823/ 2/3)>, (4.30)
W (e) = s (140 (77, (4.31)
U (2) = Bi?(iz) (1 +0 (6*223/ 2/3)), (4.32)
U (2) = B?(iz) (1 +0 <e—2z3/ 2/3)), (4.33)
U (2) = 4i BBiI((;))Q (1 +0 (e—2Z3/ 2/3)), (4.34)
i7r71 _4,3/2
Yorel2) = (21/2131(42«) +Bi’(z))2 (1 +0 <e = /3>)’ (4.35)
Vim(2) = 21/2B1(22)1+ Bi'(z) (1 +0 (6_223/2/3»' (4.36)

In all seven cases, ¥* decreases superexponentially in the sector; in particular, holds. It
is remarkable that in all seven cases, W(z) decreases slowly, as z='/2 or z~!, but the linear
combination ¥*(z) decreases extremely rapidly in a sector around the positive real axis; there
are thus almost complete cancellations between the values of U(z) at, say, argz = +27i/3.
These cancellations are an important part of the success of Tolmatz’s method.

We have verified all the conditions of Theorem [3.1. Hence, the theorem shows that the variables
have continuous density functions given by (3.6).

5 The saddle point method

We proceed to show how the tail asymptotics for the Brownian areas follow from Theorem
and the formulae in Section [4] by straightforward applications of the saddle point method. For
simplicity, we give first a derivation of the leading terms. In the next section we show how the
calculations can be refined to obtain the asymptotic expansions in Theorems [1.1H1.7.

We use E € {br, ex, bm, me, dm, br+, bm+} as a variable indicating the different Brownian
areas we consider. We begin by writing (4.30)— , using (4.27) and (4.28), as
2

UL (2) = ha(z)e =2, (5.1)

where Vb = Yex = Yors = 4/3 and Ypm = Yme = Ydm = Ybm+ = 2/3 (note that these cases differ
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by having two or one points tied to 0) and, as |z| — oo with |arg z| < /6,

(2) (5.
(2) (5.
(2) (5.
hme(2) ~ 2im!/221/4 (5.
(2) (5.
(2) (5.
(2) (5.

ot ot ot ot ot Ot Ot
0 1 o WU W o

)
)
)
)
)
)
)

We write the right hand sides as ih,(z),...,ih{, . (z), and thus these formulae can be written
hz(z) ~ iha(2), (5.9)

where h{ (2) = 22712 1Y (2) = 82, and so on.

Consider, for simplicity, first the cases = € {br, ex, me, br+} where v = 1/2. We then rewrite
as, using fZ for the density of v/2 Bz,

fi(x) = 273 / / Fo(r,0)e092:) qr dg (5.10)
—7/2
where, with v = =,
=3/2 . .
Fy(r,0) := %6219/3@60 0)3r2hz(rel?/3), (5.11)
@o(r,0;2, &) := Ex7%3 sec Ot — el (EsecO/r)3/% — y13/2619/2, (5.12)

Remember that £ is arbitrary; we choose &€ = pa®/? for a positive constant p that will be chosen
later. Further, make the change of variables r = #4/352/3. Thus,

= PQ»’UB/S/ / Fi(s,0; a:)e’”Q‘Pl(S’G) dsdf (5.13)
—7/2 Js=0
where
1 i 3.~ i

Fi(s,0;z) = 47r3/2i62 013 (sec 0)3s™2/3 hz (2113531013, (5.14)
¢1(s,0) :== p(1 +itand) — P25 el (sec 0)3/2 — ysel?/2, (5.15)

In particular,
Re p1(s,0) = p— p*2s7 (cos 0)7Y/2 — yscos(0/2). (5.16)

In the cases Z € {bm, dm, bm+} when v = 1, we obtain similarly
w/2 (9]

f2(x) = p3/2x7/3/ Fi(s,6; :L')exz‘“(s’e) dsd@ (5.17)
0=—m/2 Js=0
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where
1 .
Fi(s,0;x) = mela/g’(sec 0)°/25™4/3 g (/3 2/3£10/3) (5.18)
and ¢ is the same as above.
Consider first # = 0; then

©1(5,0) = Repy(s,0) = p— p*/2s7" — s, (5.19)

which has a maximum at s = sg := p3/4y~1/2. In order for (s0,0) to be a saddle point of ¢, we

need also 5
0= =2 (s0,0) =ip —ip*s™ — Jins =i(p - §0/*7?) (5.20)

and thus

3’71/2>4 _ <9l)2 - {97 = € {br,ex, br+}, (5.21)

2 4/ " 19/4, E e {bm,me,dm,bm+}.
With this choice of p, we find from (5.15) and that the value at the saddle point is

(5.22)

p _37 E S bl“,eX, br+ s
o1(50,0) = p— 2412 = P _ { { }

3 —3/4, E € {bm,me,dm,bm+}.

This yields the constant coefficient in the exponent of the asymptotics. We denote this value by
—b = —bz=, and have thus, using (5.20),

p = 30, PP Ay12 = 9y, (5.23)

Further, by (5.23) and (5.22)

9/2, = b b
50 = p3/4771/2 —9py ! = /2, € {br, ex, br+}, (5.24)
9/4, = € {bm,me,dm, bm+}.
The significant part of the integrals in (5.13) and (5.17) comes from the square
Q= {(s,0) : |s — s0| < logz/x, 0] <logz/x} (5.25)

around the saddle point, as we will see in Lemma 5.1 below. We consider first this square.
By (5.14), (5.18) and (5.2)—(5.8), uniformly for (s,0) € Q, as x — oo,

1;2(/12) 565/3h%($4/33(2)/3), E € {br, ex, me, br+},

Fi(s,0;2) = (5.26)

1:;(21)354/371%(934/383/3), E € {bm, dm, bm+}.

For the exponential part, we let s = so(1 + u/x) and § = 2v/x, and note that @ corresponds to

Q' = {(u,v) : |u| < (logz)/s0, |0| < (logz)/2}. (5.27)
A Taylor expansion yields, for (u,v) € @', after straightforward computations,

p1(5,0) = —b— 2buz ™ + 2ibuvar ™ — bvz ™2 + O(([uf® + [v)z ™). (5.28)
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Hence,

// ez2<p1(s,9) dsdf = 2301,—2 // e—bw2—2bu2+2ibuv—bv2+o(1) du dv
Q /

_ 280$—26—bw2 (/OO /oo e—2bu2+2ibuv—bv2+o(1) dudv + 0(1)>
0 0
s (5.29)

2 i 0(1)>

_ -2 —bx?
= 2spx” “e (7[' b

28()7Tx_2 — b2
V30

Further, fo‘ez2W1(S’9)‘ dsd#@ is of the same order. Consequently, if we write

Gi(s,0; 1) == Fi(s,0; x)er‘pl(S’o),

then (5.29) and (5.26) yield

L4o(1) *2/3h0:(x4/35(2)/3)x—26—b12 7

23760
0;x)dsdf =
//QGl(S, ,{L') S 140(1) 71/3h05(x4/353/3)x—26—bz2’

[1]

€ {br, ex, me, br+},
(5.30)

[1]

337550 € {bm,dm, bm+}.

For the complement Q¢ := (0,00) x (—7/2,7/2) \ @, we have the following.

Lemma 5.1. For every N < oo, for large x,

// |G1(s,0;x)|dsdf = O<mfN€,bzz).
Qc

We postpone the proof and find from (5.13), (5.17) and (5.30), using (5.23),
. 2L3£582/Sh05(x4/383/3)$2/36_b$2, = € {br, ex, me, br+1,
f* ) ~ ™
\é%?sal/ShOE(x4/383/3)x1/36—b$27 = € {bm, dm, bm-+}.

Substituting the functions hZ implicit in (5.2)—(5.8) and the values of p, b and so given in
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(5.21)—(5.24), we finally find

\/gp 1 b2 2\/3 2
fi(z) ~ sy te T = T e (5.31)
g NS NGs
* 4\/3/) 2 —bx? _ 36\/§ 2 —3x2
feX(’Z) ~ 77_‘_.%' e = 71’ e y (532)
. VB0 172 b2 V3B a2
fom(2) ~ sg teTh = Xl /A (5.33)
NZ3 N3
* 12 _per_ 3V3 —322 /4
fre(2) ~ V3 psy ' “xe =—5 e , (5.34)
% 3p —1/2 _pg2 2\/§ -3 2/4
~ oYl o? 2V S 3w .
fdm(z) \/TT' S0 € ﬁ e ’ (5 35)
‘ V3p - V3
fini(2) ~ 5 wﬁjsole e (5.36)
) V3p 12 per V3 g
Jomy (2) ~ 20 Viemhat = OV e, (5.37)

Recall that these are the densities of v/2Bz. The density of Bz is f=(x) = V2 fi(v/2x), and
we obtain the leading term of the asymptotics in Theorems [1.141.71 The leading terms of the
asymptotics for P(Bz > x) follow by integration by parts, as discussed in Section

It remains to prove Lemma 5.1l We begin by observing that by (3.7), (5.1) and (5.2)—(5.8),

|h(z)] = O(|z] + || 1), |arg z| < /6. (5.38)

Hence (5.14) and (5.18) show that, with some margin,

|F1(s,0;2)| < Cy (3323_1 + x_Qs_g)(cos )73 (5.39)
and thus by (5.16), for x > 1,
|G1(S, 0; l’)‘ < 02$2(COS 0)—3 (8_1 + 8—3)epgg2_z2A(9)s*1_a;2B(0)s’ (5‘40)

where A(6) = p*/?(cos§)~'/2 and B(#) := cos(/2). We integrate over s, using the following
lemma.

Lemma 5.2. Let M > 0.
(i) If A and B are positive numbers and AB > 1, then

/ sTMLem AT =B 45 < Oy(M)(B/A)M/2em2VA, (5.41)
0

(ii) If further 0 < 6 < 1, then

/‘ | sTM—le=AsTI=Bs g < Oy (M) (B/A)M/2e~(2+62/2)VAB, (5.42)
s—+/A/B|>8y/A/B,s>0
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Proof. (i): The change of variables s = \/A/Bt followed by t + ¢t~1 for ¢t > 1 yields

/OO S—Me—Asfl—BSE _ (B/A)M/Q /OO t—Me—\/ﬁ(tﬂH)ﬂ
0 s 0 t
(5.43)

1 .
_ (B/A)M/Q / (t_M + tM)e—\/E(tfl-l-t)%
0

For t € (3,1) we write t = 1 — u and use (1 —u)™' +1 — u > 2 + u?; hence the integral over
(%, 1) is bounded by

C5(M)/ o~ VAB(2+u?) 4., < CG(M)e_z\/E
0
For t € (0, %) we use
(M VABI < Cr (M) (AB) "MV < Cr(M);
hence the integral over (0, 1) is bounded by

1/6 »
Cr(M) / e VABIT2 4t < 0 (M)e3VAB, (5.44)
0

(ii): Arguing as in , we see that the integral is bounded by

(Brayw? [ et 2
0

1/(1+6)

The integral over (0,1/6) is bounded by , and the integral over (1/6,
1/(1+9)) by

CS(M)Q—\/E(H(SH/(H&)) < Cy(M)eVABC+/2), 0

Proof of Lemmal5.1. Returning to (5.40), we have B()/A(6) < ~/p*/3 and
A(0)B(0) = p*/3~(cos 0) /2 cos(0/2). (5.45)
Noting that p?/3y = (2b)2 by (5.23) and

cos(0/2)2  cosf+1 1 1 9
= = — >
cos @ 2cos 2+2<:os9_1+610 ’ 01 < /2,

we see that
A(0)B(0) > 2b 4+ co6. (5.46)

Hence Lemma 5.2 applies with A = 22A(6) and B = 2?B(6) when x? > 1/(2b) and shows, using
(5.40), that for every 6 with |0| < 7/2,

G1(s,0;2)|ds < Coz?(cosd =3 gpa® —4ba? ~2cra?0?
/0 G (5, 0; ) (cos) i

e 1.2 292
:ngz(COSG) 3e—brT—cgz®0”

1616



For |0| close to m/2, we use instead of (5.46)
A(0)B(6) > c4(cos )4, (5.48)

another consequence of (5.45). Hence, (5.40) and Lemma [5.2(i) show that if ¢ > 0 is small
enough, and |f| > 7/2 — ¢, then

h G1(s,0;z)|ds < Crox?(cosf —8pa’—csa®(cos 6) 71/
| 1G5, 0:0)1 s < Cuoa?cost) 10
< Cllefbx2fc4:1;2/2.
Moreover, (5.45) implies that if |#| < 1, say, then
A(0)/B(0) = so + O(6?).

Hence, if |0| < (logz)/z and |s — so| > (logx)/x, then, for large z,

s~ VABBE)| > 2L > o5 /AG)/B )

and Lemma [5.2(ii) implies, using (5.46)), that if |§| < (logx)/z, then

J G (5,6;2)| ds < Cppa?ep 7 -cslog?
|s—so|>logz/x, s>0 (550)

< Cl3e—baz2—07 (log )2 ]

The lemma follows by using (5.50) for || < (logx)/z, (5.49) for |#] > w/2 — €, and (5.47) for
the remaining @, and integrating over 6. O

6 Higher order terms

The asymptotics for fz(z) obtained above can be refined to full asymptotic expansions by stan-
dard methods and straightforward, but tedious, calculations. With possible future extensions in
view, we find it instructive to present two versions of this; the first is more straightforward brute
force, while the second (in the next section) performs a change of variables leading to simpler
integrals.

First, the asymptotics (4.27) and (4.28)) can be refined into well-known asymptotic series [1,
10.4.63,10.4.66 (with a typo in early printings)]; we write these as

Bi(z) = 7T_1/22_1/462z3/2/3ﬁ0(2’), (6.1)
Bi'(z) = n /2142233, (), (6.2)
with
Bo(z) = 1—1—32_3/24—ﬁz_3+--~+0(z_3N/2) |arg(z)| < 7/3—0 (6.3)
48 4608 ’ - ’
T 32 495 3 —3N/2
—1- = 222 < _ .
Bz =1- 2 DoY) () <w3-0 (64)
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where the expansions can be continued to any desired power N of 23/2, Similarly, (4.29) can be
refined to an asymptotic series

BI(z) = 7~ Y/2,73/4e2" /38 _, (2), (6.5)
with
41 9241
B-1(z) = 1+18273/2—1—mz”%—---—i—O(z*SN/z), |arg(z)| < 7/3 — 0; (6.6)

this is easily verified by writing (4.13) as BI(z) = BI(1) + [, t~'Bi”(t) dt followed by repeated
integrations by parts, as in corresponding argument for AI(z) in [10, Appendix A]. The coeffi-
cients in are easily found noting that a formal differentiation of yields (6.1). (They
are the numbers denoted f in [10].)

Hence, by (4.30)—(4.36), (5.9) can be refined to, for |argz| < 7/6,

he(z) = ihS () (hlg(z) +0 (e—%"’/ 2/3)), (6.7)
where

Bl (2) = Bi(2) 2 —14 %z—fi/? b (6.8)

Bl (2) == Bi(2)fo(2) 3 _ - %z—w b (6.9)

hi(2) = Bi(z) ! =1+ 4—78273/2 ..., (6.10)

AL (2) = Bo(z) ! ::1—-£%z*&”-+..., (6.11)

B (2) = B fo()2 —14 %z—3/2 b (6.12)

Mo (2) 1= ((Bo(2) + AU/ 2 =14 52 4 (6.13)

B (2) = ((Bo(2) + B1(2))/2) " =1+ 11532_3/2 4o (6.14)

By (6.3) and (6.4), hlE has an asymptotic series expansion
hi(z) =1+d72732 4 d523 4+ 1+ 0(z3N2),  Jarg(z)| < 7/3 -3, (6.15)

for some readily computed coefficients d%; moreover, we can clearly ignore the O term in (6.7).

Next, by Lemma (5.1, it suffices to consider (s,0) € @ in (5.13) and (5.17). We use (6.7) and
(6.15) in and (5.18) and obtain, for example, for = = ex,

243 11
= (ew(sec 0)'s ™ =S¢ (sec0)s a2 4 4 O(x*QN)). (6.16)
T

F1(579;$) =

We substitute s = so(1 + u/x) and § = 2v/z as above and obtain by Taylor expansions a series
in =1 (with a prefactor 2*/%) where the coefficients are polynomials in u and v.

Similarly, the Taylor expansion (5.28) can be continued; we write the remainder term as R(u, v; x)
and have
R(u,v;z) = r3(u,v)z ™ + -+ O(x—2N72), (6.17)
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for some polynomials 7 (u,v). Another Taylor expansion then yields
¥ Rluwiz) r(u,v)z ™t + - 4 Oz, (6.18)

for some polynomials 7} (u,v). We multiply this, the expansion of Fy and the main term
exp(—bx? — 2bu? + 2ibuv — bv?), and integrate over @; we may extend the integration domain to
R? with a negligible error. This yields an asymptotic expansion for f(z), and thus for fz(z),
where the leading term found above is multiplied by a series in ™!, up to any desired power.
Furthermore, it is easily seen that all coefficients for odd powers of =1 vanish, since they are
given by the integrals of an odd functions of u and v; hence this is really an asymptotic series
in z72.

We obtain the explicit expansions for f=(x) in Theorems [1.1H1.7] by calculations with Maple.
The asymptotics for P(Bz > x) follow by integration by parts, see Section [2.

Remark 6.1. In particular, since hgr L= %hgr and hgm L= %h%m, the leading terms for br+ and

bm+ differ from those of br and bm by a factor % as discussed in Remark[1.8. The second order
terms in k' are different, as is seen above; more precisely, h%)r L= hkl)r — iz*:g/ 24+ 0(273) and
h%)m L= h%)m — %2*3/ 2+ 0O(273); it is easily seen that if we ignore terms beyond the second, this
difference transfers into factors 1 — (4s0) "tz 2 and 1 — (8s0) “tx 2, respectively, for fZ, which
in both cases equals 1 — %x*Q, and thus a factor 1 — 3—16:13*2 for f=, which explains the difference

between the second order terms in fi, or fom, and 2f1 or 2fym; cf. again Remark [1.8]

7 Higher order terms, version II

Our second version of the saddle point method leads to simpler calculations (see for instance,
Bleistein and Handelsman [2]). We illustrate it with Bey; the other Brownian areas are treated
similarly. We use again (5.13)), and recall that by Lemma (5.1, it suffices to consider (s, #) close
to (s0,0) = (9/2,0).

We make first the substitution s = %(sec 6)3/24,~1 (this is not necessary, but makes the integral
more similar to Tolmatz’ versions). This transforms (5.13) into

/2 00 )
fr(z) = / Folu, 0; 2)e"*#249) dy, g, (7.1)
0=—mn/2 Ju=0

where, by (5.14), (5.15), (5.21), (6.7), (5.3), (6.9), for u bounded, at least,

8128/3
473/24
162z €l? 1 9\2/3_4/3 -2/3 i0/3
() »
162 4 10 33 2,10/2
73/2u(cos §)3  2m3/2(cos 6)3/2
6e10(1 4 itan)3/2
" )

FQ(U,H; JI) =

e2i9/3(se(} 0)2 (%)—2/3 ufl/ghex((%)2/31‘4/3“72/3(;9/3 sec 0)7

©o(u,0) = 9(1 + itan ) — 6uel’ —
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The saddle point is now (u, §) = (1,0), and in a neighbourhood we have, cf. (5.28), with v = u—1,
@2(u,0) = =3 — 6v% — 3ivd — 367 + O(|v]> +|0)*). (7.5)

The function 9 has a non-degenerate critical point at (1,0), and by the Morse lemma, see e.g.
Milnor [18], Lemma 2.2, we can make a complex analytic change of variables in a neighbourhood
of (1,0) such that in the new variables ¢o + 3 becomes a diagonal quadratic form. (The Morse
lemma is usually stated for real variables, but the standard proof in e.g. [18] applies to the
complex case too.) The quadratic part of (7.5) is diagonalized by (v, 6) with v = 0 — i0/4; we
may thus choose the new variables % and 6 such that @ ~ o and 0 ~ 6 at the critical point, and
thus

u=1+a—i0/4+O(|a* +10?), (7.6)
0 =0+0(af*+07%), (7.7)
pa(u,0) = —3 — 60* — 262 (7.8)

Note that the new coordinates are not uniquely determined; we will later use this and simplify
by letting some Taylor coefficients be 0. In the new coordinates, (7.1) yields,

fo (@) ~ / / Fy(@, 0; )3 =67 +30) 1 (g 6) da df, (7.9)
0Ju

where F3 is obtained by substituting u = u(@,6) and 6 = 6(a,6) in (7.2) and J(@,0) = %% -
du 00

o0 0n is the Jacobian. Recall that, up to a negligible error, we only have to integrate in over
a small disc, say with radius log z/z; this becomes in the new coordinates a surface in C? as the
integration domain in (7.9). The next step is to replace this integration domain by, for example,
the disc {(@,0) € R? : |a2 + 0> < (log z/x)?}, in analogy with the much more standard change
of integration contour in one complex variable. To verify the change of integration domain,
note that if F'(z1, 29) is any analytic function of two complex variables, then F'(z1, z2) dz1 A dzo
is a closed differential form in C? (regarded as a real manifold of dimension four), and thus
/. an F(21,22) dz1 A dza = 0 by Stokes’ theorem for any compact submanifold M with boundary
OM. In our case, it follows that the difference between the integrals over the two domains equals
an integral over boundary terms at a distance =< logz/z from the origin, which is negligible.
(The careful reader may parametrize the two domains by suitable mappings g, %1 : U — C2,
where U is the unit disc in R?, and apply Stokes’ theorem to the cylinder U x [0,1] and the
pullback of F'(z1,22)dz1 A dzg by the map (w,t) — (1 — t)vo(w) + th1(w).)

We next change variable again to w = zu, t = 26, and obtain by (7.9)
fala) ~ a2 / / Fy(w/z, t/z;2) ] (w/z, t/z)e 5" =5 dw dt, (7.10)

integrating over (w,t) € R? with, say, w? + > < (logz)2. To obtain the desired asymptotics for

=, and thus for fey, we mechanically expand F3 and J in Taylor series up to any desired order
and compute the resulting Gaussian integrals, extending the integration domains to R2.
We illustrate this by giving the details for the first two terms in (1.2). We have, cf. and
(7.7), expansions

w=1+1a—i0/4+ ar@® + b + O(|a)® + |6]),

0 =0+ a0 + asal + O(|af® + 0]%),
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where we, as we may, have chosen two Taylor coefficients to be 0. To determine aq, ..., oy, we
substitute into w2 (u, d). We obtain from (7.4), up to terms of order three,

©a(u,0) ~ —3 — [66% + 962 /8] + (6 — 1201 )a@® + (—3iay — 120 — 151/2)0a>

9a4 . 33 59 - 9063 151 ~3
(s ) (2 1)

Annihilating the coefficients, cf. (7.8)), leads to a linear system, the solution of which is

ay =1/2, ay = —83i/72, ag = 5i/24, ay =19/9.

This leads to the Jacobian
. 510 284 o o
Furthermore, by (7.3), with w = z@ and t = a:é,

- 162z* 16223 /5, 5 5 o
F3(1,0;2) = Fa(u,0;2) ~ s + W<th—w> + O (2 (1 +w” +t%)).
Integrating in (7.10) yields the leading term

* 36\/§ —3z
fex(x) ~ 1172 :1:26 3v? (711)

together with correction terms of order ze3%° that all vanish by symmetry, since they involve
. . . 2
integrals of odd functions, plus a remainder term of order e™3%".

The next term in the expansion of 37’ fa. is thus the constant term. To find it, we try, again
setting some Taylor coefficients to 0 as we may,

o~ 1+ (G —i0/4) + a(ari + aob) + a(B1a% + Boid + ($362),
0 ~ 0+ 0(a30 + astt) 4+ 0(B40° + Bl + Fs02).

We obtain now
©a(u,0) ~ —3 — [6a% 4+ 962 /8] + (3/2 — 1261)u* + (—131i/6 — 3ify — 120:)3°0

+ (—9064/4 4 2627/288 — 123 — 3if35)a602 + (=935 /4 + 5351/96 — 3ifs) 16>
+ (—1283/768 — 9055,/4)6*.

We set for instance G4 = 0. This gives
B1=1/8,82 = —131i/72, 3 = 16867/10368, 35 = 4493i/1296, s = —1283/1728.

The Jacobian becomes

- 284 5if 179 2405, _~ 379 -
J(0,0) ~ 14 | == - == — gt a0 — 2242 .
(@9) +<9 24>+<72“+648‘“ 384 )
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The first term in (7.3) becomes

162z% 1622 /5 - _ 't o 1143, - 621 -,
and the second is
B 3322
T o2

Collecting terms, the coefficient of 2 in F3(w/x,t/z)J(w/z,t/x) equals

B 1296w? — 99248iwt + 2565t2 33
6473/2 om3/2°

Multiplying by exp(—6w? — %tQ) and integrating yields the contribution

»—8V3

- 7.12
T (7.12)

to the integral in (7.10). So, finally, combining (7.11) and (7.12),

i} 31/2¢—3a>
fox(w) ~ iz [362” — 8],

which fits with the first two terms for fex(z) in Theorem [1.1. More terms can be found in a

mechanical way.

8 Proof of Theorem 3.1

Let T ~ I'(v) be a Gamma distributed random variable independent of X and let X7 := T3/2X.
Then T has the density I'(v)~'#*~!e, ¢t > 0, and thus X7 has, using (3.1), the Laplace
transform

Yr(u) = Ee "X = By (uT??2)
=) [T e tar
0
= F(y)l/ 1/}(83/2)'&72”/35”7167“_2/35 ds
0

= u_QV/B\I/(u_2/3), u > 0.

(8.1)

By (8.1) and our assumption on ¥, ¢ extends to an analytic function in C\ (oo, 0]. Furthermore,
X7 has a density g on (0,00), because T3/2 has, and it is easily verified that this density is
continuous. We next use Laplace inversion for Xp. The Laplace transform ¢ is, by (8.1), not
absolutely integrable on vertical lines (at least not in our cases, where ¥(z) is bounded away
from 0 as z — 0), so we will use the following form of the Laplace inversion formula, assuming
only conditional convergence of the integral.
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Lemma 8.1. Let h be a measurable function on R. Suppose that the Laplace transform 71(2) =
2 h(y)e™*¥ dy exists in a strip a < Rez < b, and that o € (a,b) is a real number such that the

o
generalized integral f::f: e“ﬁ(z) dz exists in the sense that the limit lima_.o sS4 exists, where

o+iA B
sS4 = / e"*h(z) dz.
o—iA

If further x is a continuity point (or, more generally, a Lebesgue point) of h, then

o+ioco 5
/ e**h(z)dz := lim sy = 27ih(z).

—ioco A—oo

Proof. By considering instead e”?Yh(y), we may suppose that o = 0. In this case, h is integrable
and h(it) = h(t), the Fourier transform of h, and the result is a classical result on Fourier
inversion. (It is the analogue for Fourier transforms of the more well-known fact that if a
Fourier series converges at a continuity (or Lebesgue) point of the function, then the limit
equals the function value.) For a proof, note that if s4 converges as A — oo, then so does the
Abel mean fooo ye Y454 dA as y — 0, and this Abel mean equals 27i times the Poisson integral
25 7 ty(u? + )~ h(z — u) du, which converges to h(z). O

We verify the condition of the lemma with h = g and ¢ = 1, recalling that g = ). Thus, by

(8.1),

1+iA 1+iA
54 ::/ e“*p(z)dz :/ e"’“"zz’z”/?’\ll(z’2/3)dz.
1-iA 1-iA

We may here change the integration path from the straight line segment [1 — iA, 1 + iA] to the
path consisting of the following seven parts:

v1: the line segment [1 —iA4, —A —iA],
v2: the line segment [-A — iA, —A —i0],
v3: the line segment [—A — i0, —e — i0],
74: the circle {eel : t € [—m, 7]}

v5: the line segment [—e +i0, —A + i0],
v6: the line segment [—A 4 10, —A + i4],

v7: the line segment [—A + 14,1+ iA].

(Here, 3 could formally be interpreted as the line segment [—A —in, —y/e? — n? —in] for a small
positive 7, taking the limit of the integral as n — 0, and similarly for the other parts with +i0.)
Letting A — oo, we see that we essentially change the integration path from a vertical line to a
Hankel contour; however, we do this carefully since, as said above, the integral along the vertical
line is not absolutely convergent.
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We now first let ¢ — 0. By (3.3),

/ 6x2272u/3\11(zf2/3) dz =0 (51721//3) -0,
Y4
and, again by (3.3), the integrals along ~3 and 75 converge to the absolutely convergent integrals
—i0 A
/ emzz—QV/fi\Ij(z—Q/?)) dz = / e—acpp—2u/3627rui/3\1j(627ri/3p—2/3) dp
—A-i0 0

and

—A+i0 A ' _
/0 ea:zz—2u/3\11(z—2/3) dz = _/O e—xpp—Qy/3€—27rV1/3\I/(6—271'1/3’0—2/3) dp,
i

which together make
A
I :—/ e*””pp*2”/3\11*(p*2/3) dp.
0

Hence, for every A > 0,

sa=14+ </ —|—/ +/ +/>e”z_2"/3\11(z_2/3)dz.
71 Y2 6 vy

Now let A — oo. By (3.2),

1
/ "W BY(273) dz =0 (/ et dt> =o(1),
7 —00

and similarly f’vz = o(1), f% = o(1), f’w = o(1). Finally, I4 — I, and Lemma 8.1 applies and
yields the following.

Lemma 8.2. For every x > 0, we have

g(x) . 1 / efxpp721//3\]:]*(p72/3) dp, (82)
0

"~ 2ri

where the integral is absolutely convergent by (3.7) and (3.8).

By the change of variables p = u=3/2, may be rewritten as

3 [ -
g(z) = — e 3/2u”_‘f’/2\1f“(u) du, x > 0. (8.3)
4ri 0

We can here, using (3.7) and (3.8), change the integration path from the positive real axis to
the line {re'¥ : v > 0}, for every fixed ¢ with |¢| < Z. Consequently, we further have, for z > 0

and |¢| < &,

3 . [ . .
g(x) = .e(”3/2)‘“’/ exp(—673“"/2xr*3/2)r”*5/2\11*(re“") dr. (8.4)
4ri 0

The right hand side of (8.4) is an analytic function of = in the sector {z : |argx — 3¢/2| < 7/2},
which contains the positive real axis; together, these thus define an analytic extension of g(x)
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to the sector |argz| < 3m/4 such that (8.4) holds whenever |argz| < 3m/4, |p| < § and
largz — 3¢/2] < /2.
We next find the density of X from g by another Laplace inversion. Assume first, for simplicity,

that we already know that X has a continuous density f on (0,00). Then t3/2X has the density
t=3/2f(t=3/2z), and thus (using t = z?/3s), for z > 0,

g(z) =T()"! /OOO e (3 20) de

oo (8.5)
= F(V)_I:E2V/3_1/ €_$2/388V_5/2f(3_3/2) ds.
0
Let
F(s) = s"75/2f(s73/%). (8.6)
Then (8.5) can be written, with z = y3/2,
o
g% = F(l/)_ly”_3/2/ e Y F(s)ds, y > 0. (8.7)
0
In other words, F' has the Laplace transform
)= [R5 ds =T "g*). y>0. (8:8)
0

Since this is finite for all ¥ > 0, the Laplace transform F is analytic in the half-plane Rey > 0.
Hence, using our analytic exytension of g to |arg z| < 37/4,, (8.8) holds for all y with Rey > 0.
Consequently, by standard Laplace inversion, for every s > 0 and every £ > 0 such that the
integrals are absolutely (or even conditionally, see Lemma|8.1) convergent,

1 E+ioco . (v E+ico . .
Fs) = 5= - eV F(y)dy = 2(7Ti)/§ ey 2 g(y*) dy. (8.9)

—100

We have for (mainly notational) simplicity assumed that X has a density. In general, we may
replace the density function f in (8.5) and (8.6) by a probability measure p (with suitable
interpretations; we identify here absolutely continuous measures and their densities as in the
theory of distributions). Then F' is a (positive) measure on (0, 00), and its Laplace transform
is still given by (8.8). The fact, proved below, that F is absolutely integrable on a vertical line
Rey = & implies by standard Fourier analysis that F' actually is the continuous function given
by (8.9), and thus the measure u too is a continuous function; i.e., X has a continuous density
f as asserted, and (8.5) and (8.6) hold.

We change variables in (8.9) to § := argy € (—7/2,7/2), that is y = £(1 +itan @) = Esec(f)el.
We further express g(y*/?) by (8.4) with ¢ = #/3 (which satisfies the conditions above for (8.4));
this yields, assuming absolute convergence of the double integral,

3 (v)

w/2 S )
F(s) = 4o /9 o / :Oexp(fs(1+itan9)*619(58600)3/27“_3/2)

eU20/3010¢5/27v (g0 )T/ 27V PV =5/2W* (re1/3) drr df.  (8.10)
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To verify absolute convergence of this double integral, take absolute values inside the integral.
Since

Re(ei9(§ sec 6?)3/27“*3/2) > 53/2(560 0)1/27“*3/2,
the resulting integral is, using (3.5) and (3.7)), for fixed s and £ bounded by

014(575)/ / 6_63/2(5%9)1/27“73/2(8660)7/2_V7“V_5/2 min(r_”,r_ﬁ) drdé.
o Jo

We split this double integral into the two parts: 0 < 0 < 1 and 1 < 6 < co. For 0 < 0 < 1,
sec# is bounded above and below, and it is easy to see that the integral is finite. For 6 > 1,
tanf < secf < 2tan6, and with ¢ = tan 6 we obtain at most

o0 o0 .
Cis / / =& I8/ 2 -0 v=5/2 ey (r=",r=%) drdt.
1 Jo
Substituting ¢ = r3u, we find that this is at most
© 3/2,1/2 0
C’15/ e &Ry 32y du/ PO min(r*”,rfﬁ) dr < oo.
0 0

This verifies absolute convergence of the double integral in (8.10) for every £ > 0, which implies
absolute convergence of the integrals in (8.9). Consequently, (8.9) and (8.10) are valid for every
s> 0and £ > 0. We now put s = z~2/3 in (8.10) and obtain by the sought result (3.6).

Remark 8.3. We have chosen ¢ = 6/3, which leads to and, see Remark (3.3} the formulas
by Tolmatz [26, 27, 28]. Other choices of ¢ are possible and lead to variations of the inversion
formula (3.6). In particular, it may be noted that we may take ¢ = 0 for, say, |0| < 1; this
yields a formula that, apart from a small contribution for |#| > 7 /4, involves U*(z) for real x
only. However, we do not find that this or any other variation of simplifies the application
of the saddle method, and we leave these versions to the interested reader.

9 Moment asymptotics

Suppose that X is a positive random variable with a density function f satisfying (2.1). Then,
as r — 00, using Stirling’s formula,

EX" ~ /OO ax" e 07 4y
ao > 1)/2—1_—b
:2/0 (et /21—ty g,

_ gb—(r+a+1)/2p<w> (9.1)
2 2

g () )

(o o ro\T/2
= (I\/’E(2b) ( +1)/2T /2 (Td)) .

(It is easily seen, by an integration by parts, that the same result follows from the weaker
assumption (2.2).)

For the Brownian areas studied in this paper, Theorems[1.1H1.7/thus imply the following.
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Corollary 9.1. Asn — oo,

EB" ~ 3\/§n<126>n/2, (9.2)
EBE ~ V2 (E)m, (9.3)
EB ~ 2 ( " (9.4)
EB", \ﬁnlﬂ(”e)"/2 (9.5)
EBdm~2\f< ) "2 (9.6)
BB (12e>n/2 (9.7)
EBL,, ~ }(36)”/2. (9.8)

Most of these results have been found earlier: (9.2) by Takacs [22], (9.3) by Takécs [23] and
Tolmatz [26], (9.4) by Takacs [24] and Tolmatz [27], by Takécs [25], (9.6) by Janson [10],
(9.7) by Tolmatz [28]; Takacs used recursion formulas derived by other methods, while Tolmatz
used the method followed here. Note that, as remarked by Tolmatz [28], EB[ , ~ %EB& and
similarly E B} 1 s EBL ., cf. Remark [1.8.

bm>
In the opposite dlrectlon, we do not know any way to get precise asymptotics of the form (2.1) or
(2.2) from moment asymptotics, but, as observed by Csorgd, Shi and Yor [3], the much weaker
estimate (1.4) and its analogue for other Brownian areas can be obtained by the following special
case of results by Davies [5] and Kasahara [12]. (See [9, Theorem 4.5] for a more general version
with an arbitrary power z” instead of 22 in the exponent.)

bm+ 7

Proposition 9.2. If X is a positive random variable and b > 0, then the following are equivalent:

~InP(X > z) ~ bz, x — 00,
(EXn)l/nN %7 n — 00,

1
ln(EetX) @tQ t — oo.

Returning to , we obtain in the same way more precise asymptotics for the moments if we
are given an asymptotic series for f or P(X > x). For simplicity, we consider only the next term,
but the calculations can be extended to an asymptotic expansion with any number of terms.
Thus, suppose that, as for the Brownian areas, (2.1) is sharpened to (2.3) with N > 2. Then,
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also using further terms in Stirling’s formula,

EX" = %b*(”ﬂwl)/?p(%m) n % b*(n+a71)/2F<%“_1 )

)

1 n+a+1 2
_ ~p—(ntatl)/2 & _9
2b F<7) (ao + agbn +O(n ))

2
_ Jar(op (a2, a2 (T \?
27(2b) n (26b>
-1
. <a0 + <a0a 1 + % + 2a2b> n~t 4+ O(n_2)> .

In particular, for the Brownian excursion, where by Theorem (2.3) holds with o =2, b =6,

ap = 72,/6/m and as = —8,/6/m,

W1\ 9+2—16 L
EBGX_T@(TQ@) n(12++0(n ))

n
o /2 5 (9.9)
=32 1—— ).
3V2 (126) " < 12, O )>
If we, following Takacs [22], introduce K,, defined by
—n/2p)
EB" — 4/ 27" 4n) K.,
I'((3n—1)/2)
further applications of Stirling’s formula shows that (9.9) is equivalent to
3n\" 7
Kn=(2m) Y2 12(22) (1 - — 2y ). 1
2m) 2 (50) 36n O (9.10)
Again, the leading term is given by Takdcs [22], in the equivalent form
1 /3\n
K, ~ —<7> (n—1)! as n — o0o. (9.11)
2w \4
Takéacs [22] further gave the recursion formula (with Ky = —1/2)
n—1
3n—4
K, = ”4 Ko+ Y KiKnj, n>1, (9.12)
j=1

It is easy to obtain from (9.11) and the refined asymptotics

n
K, = i(z) (n—1)! <1 - % + O(n_2)> : (9.13)
which is equivalent to (9.10). and, by recursion, (9.13) can be extended to an asymptotic
expansion of arbitrary length. (Another method to obtain an asymptotic expansion of K,
is given by Kearney, Majumdar and Martin [13].) Hence (9.9) (also with further terms) can,
alternatively, be derived from (9.11) and (9.12)) by straightforward calculations. However, as said
above, we do not know any way to derive Theorem 1.1 from this. (Nevertheless, the calculations
above serve as a check of the coefficients in Theorem 1.1.)
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A Proof that /zAi(z) — Ai'(z) has no zeros

The double Laplace transforms for the positive part areas By,+ and Bpyi have both the de-
nominator /zAi(z) — Ai'(z), and it is important that this function has no zeros, whence ¥} .
and Wy . are analytic in the slit plane C\ (—o0,0]. This was proved by Tolmatz [28] (for the
same reason), but we give here an alternative proof that does not need the careful numerical

integration done by Tolmatz. (Our proof is, like Tolmatz’, based on the argument principle.)

Lemma A.1 (Tolmatz [28]). The function \/zAi(z) — Ai'(2) is non-zero for all z = rei® with
r >0 and 0] <.

Proof. We use the notations

((2) = §2°2,
f(2) = V7 (VZAi(z) - Al (2))
9(z) = O f (2).

Note that these functions are analytic in the slit plane C\ (—o0,0] and extend continuously to
(—00,0] from each side, so we can regard them as continuous functions of rel with r» > 0 and
—7 < r < 7, where we regard the two sides re*™ = —r 410 of the negative real axis as different.
(The reader that dislikes this can reformulate the proof and study zAi(z?) — Ai’(22) for Re z > 0;
this avoids the ambiguities of square roots.)

We will use the argument principle on g(z) and the contour vz consisting of the interval from 0
to —R — i0 along the lower side of the negative real axis, the circle Rel for —m < 6 < 7 and the
interval from —R + i0 back to 0, where R is a large real number.

First, fix a small 6 > 0. By (4.24) and (4.25), as |z| — oo,

f(z) ~ 243, larg z| <7 — 4. (A.1)

Next, assume 0 < arg z < 27/3 —§. Note that then arg(—z) = arg(z) — 7 € (-7, —7/3 — ) and
thus

(~2)P =22 ((-2) = e OP() = i (2). (4.2)
Furthermore, we have as |z| — oo with |arg z| < 27/3 — § the expansions [1, 10.4.60,10.4.62]
Ai(=2) = 7274 (sin(((2) + ) (1+ 0(¢™) —cos(¢(2) + 7) - O(CTH)
Ai(=2) = 772214 (< cos(¢(2) + ) (1 + 0(C) +cos(¢(2) + ) - 0CTH)
and thus
F=z) = 21/ (COS(C(z) + g) (1+0(¢C™Y) —isin(¢(2) + g) (1+ O(C‘l))).
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In the range arg z € (0,27/3 — 0), further I((z) > 0, and thus by Euler’s formulas

‘cos({(z) + %)’ +

Hence, as |z| — oo with argz € (0,27/3 — ¢), using (A.2).

()

sin(C(2) + g)’ <

n ‘e—m(z)

< 263(2) — 9 ‘e—i«z)

f(=z) = M @I/ (1 1 O(¢TY)) ~ (—2) e,

Consequently, (A.1) holds as |z| — oo with —7 < argz < —7/3 — 0 too. Since f(zZ) = f(z), it
holds for 7/3 + § < argz < 7 too, and combining the three ranges, we see that as |z| — oo, for
all |arg z| <,

f(z) ~ 2, (A.3)

and thus
g(2) = 214 (1 + 0(1)). (A.4)
Consider now f(z) on the lower side of the negative real axis, i.e. for z = re™i" = —r —i0, r > 0.

Note that then Ai(z) and Ai’(z) are real and z/? purely imaginary. Since Ai and Ai’ have no
common zeros, and Ai'(0) # 0, f(—r —i0) # 0. Moreover, f(0) > 0, and as r grows from 0
to 0o, f(—r —1i0) is real at » = 0 and at the zeros —r = a; of Ai, and imaginary at the zeros
—r = aj, of Ai’. Consider continuous determinations of arg f(z) and arg g(z) along the neagtive
real axis, starting with arg f(0) = argg(z) = 0. It is easily seen that arg f(z) then is —7/2 for
z =a}, —m for z = ay, and so on, with arg f(a; —i0) = —kn. Furthermore, for z = —r — i0,

arg g(z) = arg f(2) + S((z) = arg f(2) + %%23/2 =arg f(z) + %7’3/2.

In particular, using the asymptotic formula [1, 10.4.94] for the Airy zeros ay,

2 3m(4k — 1) Y
arg g(ag) = —mk + 2|ap]?? = -7k + = 2 ——L (1 + O(k™?)

Consider now a continuous determination of arg g(z) along the contour vg, with R = |ag| for a
large k. On the part from 0 to —R — i0, the argument decreases by —n/4 + O(k~1) by (A.5),
and on the half-circle from —R —1i0 to R, it increases by (A.4) by 7/4+0(1), so the total change
from 0 to R is o(1), i.e., tends to 0 as k — oo. Since furthermore g(R) > 0, the change is a
multiple of 27, and thus exactly 0 for large k. By symmetry, the change of the argument on the
remaining half of yg is the same, so the total change along g is 0, which proves that g(z) has
no zero inside g for R = |a| with k large. Letting k¥ — oo, we see that ¢g(z) has no zeros. [
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