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Abstract
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1 Introduction

The main goal of the present work is to investigate asymptotic properties of large rooted bipartite
planar maps under the so-called Boltzmann distributions. This setting includes as a special case
the asymptotics as n — oo of the uniform distribution over rooted 2x-angulations with n faces,
for any fixed integer x > 2. Boltzmann distributions over planar maps that are both rooted and
pointed have been considered recently by Marckert & Miermont ((Lfl) who discuss in particular
the profile of distances from the distinguished point in the map. Here we deal with rooted maps
and we investigate distances from the root vertex, so that our results do not follow from the
ones in (16), although many statements look similar. The specific results that are obtained in
the present work have found applications in the paper (13), which investigates scaling limits of
large planar maps.

Let us briefly discuss Boltzmann distributions over rooted bipartite planar maps. We consider
a sequence q = (g;);>1 of weights (nonnegative real numbers) satisfying certain regularity prop-
erties. Then, for each integer n > 2, we choose a random rooted bipartite map M,, with n faces
whose distribution is specified as follows : the probability that M, is equal to a given bipartite
planar map m is proportional to

H Qdeg(f)/2
i=1

where fi,..., f, are the faces of m and deg(f;) is the degree (that is the number of adjacent
edges) of the face f;. In particular we may take g, = 1 and ¢; = 0 for i # &, and we get the
uniform distribution over rooted 2x-angulations with n faces.

Theorem below provides asymptotics for the radius and the profile of distances from the root
vertex in the random map M,, when n — oo. The limiting distributions are described in terms
of the one-dimensional Brownian snake driven by a normalized excursion. In particular if R,
denotes the radius of M, (that is the maximal distance from the root), then n~'/4R,, converges
to a multiple of the range of the Brownian snake. In the special case of quadrangulations (g2 = 1
and ¢; = 0 for ¢ # 2), these results were obtained earlier by Chassaing & Schaeffer (4). As was
mentioned above, very similar results have been obtained by Marckert & Miermont (16) in the
setting of Boltzmann distributions over rooted pointed bipartite planar maps, but considering
distances from the distinguished point rather than from the root.

Similarly as in (4) or (16), bijections between trees and maps serve as a major tool in our
approach. In the case of quadrangulations, these bijections were studied by Cori & Vauquelin
(5) and then by Schaeffer (19). They have been recently extended to bipartite planar maps
by Bouttier, Di Francesco & Guitter (3). More precisely, Bouttier, Di Francesco & Guitter
show that bipartite planar maps are in one-to-one correspondence with well-labelled mobiles,
where a well-labelled mobile is a two-type spatial tree whose vertices are assigned positive labels
satisfying certain compatibility conditions (see section EZ4for a precise definition). This bijection
has the nice feature that labels in the mobile correspond to distances from the root in the map.
Then the above mentioned asymptotics for random maps reduce to a limit theorem for well-
labelled mobiles, which is stated as Theorem below. This statement can be viewed as a
conditional version of Theorem 11 in ({1€]). The fact that (16) deals with distances from the
distinguished point in the map (rather than from the root) makes it possible there to drop the
positivity constraint on labels. In the present work this constraint makes the proof significantly
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more difficult. We rely on some ideas from Le Gall (12) who established a similar conditional
theorem for well-labelled trees. Although many arguments in Section B below are analogous to
the ones in (19), there are significant additional difficulties because we deal with two-type trees
and we condition on the number of vertices of type 1.

A key step in the proof of Theorem consists in the derivation of estimates for the probability
that a two-type spatial tree remains on the positive half-line. As another application of these
estimates, we derive some information about separating vertices of uniform 2x-angulations. We
show that with a probability close to one when n — oo a random rooted 2x-angulation with n
faces will have a vertex whose removal disconnects the map into two components both having
size greater that n'/27¢. Related combinatorial results are obtained in (2). More precisely, in
a variety of different models, Proposition 5 in (2) asserts that the second largest nonseparable
component of a random map of size n has size at most O(n? 3). This suggests that nl/2=¢ in
our result could be replaced by n2/37¢.

The paper is organized as follows. In section Bl we recall some preliminary results and we state
our asymptotics for large random rooted planar maps. Section Bl is devoted to the proof of
Theorem and to the derivation of Theorem from asymptotics for well-labelled mobiles.
Finally Section Hl discusses the application to separating vertices of uniform 2x-angulations.

2 Preliminaries

2.1 Boltzmann laws on planar maps

A planar map is a proper embedding, without edge crossings, of a connected graph in the 2-
dimensional sphere S?. Loops and multiple edges are allowed. A planar map is said to be
bipartite if all its faces have even degree. In this paper, we will only be concerned with bipartite
maps. The set of vertices will always be equipped with the graph distance : if a and a’ are two
vertices, d(a,a’) is the minimal number of edges on a path from a to a’. If M is a planar map,
we write Fjs for the set of its faces, and V), for the set of its vertices.

A pointed planar map is a pair (M,7) where M is a planar map and 7 is a distinguished
vertex. Note that, since M is bipartite, if @ and a’ are two neighbouring vertices, then we have
|d(7,a) — d(7,a")] = 1. A rooted planar map is a pair (M, &) where M is a planar map and € is
a distinguished oriented edge. The origin of € is called the root vertex. At last, a rooted pointed
planar map is a triple (M, e, ) where (M, ) is a pointed planar map and e is a distinguished
non-oriented edge. We can always orient e in such a way that its origin a and its end point
a’ satisfy d(7,a’) = d(7,a) + 1. Note that a rooted planar map can be interpreted as a rooted
pointed planar map by choosing the root vertex as the distinguished point.

Two pointed maps (resp. two rooted maps, two rooted pointed maps) are identified if there
exists an orientation-preserving homeomorphism of the sphere that sends the first map to the
second one and preserves the distinguished point (resp. the root edge, the distinguished point
and the root edge). Let us denote by M, (resp. M,., M., ;) the set of all pointed bipartite maps
(resp. the set of all rooted bipartite maps, the set of all rooted pointed bipartite maps) up to
the preceding identification.

Let us recall some definitions and propositions that can be found in (16). Let q = (¢;,7 > 1) be
a sequence of nonnegative weights such that ¢; > 0 for at least one ¢ > 1. For any planar map
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M, we define Wq (M) by
WQ(M) = H Qdeg(f)/2>
fE€FM

where we have written deg(f) for the degree of the face f. We require q to be admissible that is

Za= Y Wo(M)< oo
MEMT,p

For k > 1, we set N (k) = (2:_—11). For every weight sequence q, we define

fq(z) = Z N(k+ 1)qpz", 2> 0.
k>0

Let Rq be the radius of convergence of the power series fy. Consider the equation
folx)=1—2"1 2 >0. (1)

From Proposition 1 in (16), a sequence q is admissible if and only if equation ([II) has at least one
solution, and then Zq is the solution of ([Il) that satisfies Zgl fq(Zq) < 1. An admissible weight
sequence q is said to be critical if it satisfies

which means that the graphs of the functions z — fq(x) and « — 1 — 1/x are tangent at the
left of x = Z4. Furthermore, if Zq < Rq, then q is said to be regular critical. This means that
the graphs are tangent both at the left and at the right of Zg. In what follows, we will only be
concerned with regular critical weight sequences.

Let q be a regular critical weight sequence. We define the Boltzmann distribution Bg” on the
set M, ,, by
Wq(M)

BLP(M) =
q ( ) Zq

Let us now define Zér) by
(r) _
ZEEED DN || Xy
MeMy, feF

Note that the sum is over the set M, of all rooted bipartite planar maps. From the fact that
Zq < 00 it easily follows that Zg) < 0o. We then define the Boltzmann distribution B on the
set M, by

Wq(M)

zy)

B (M) =

Let us turn to the special case of 2k-angulations. A 2k-angulation is a bipartite planar map such
that all faces have a degree equal to 2k. If kK = 2, we recognize the well-known quadrangulations.
Let us set
(Ii _ 1)n71

KEN (k)

Ay —
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We denote by q, the weight sequence defined by g, = a, and ¢; = 0 for every i # k. It is proved
in Section 1.5 of (16) that q, is a regular critical weight sequence, and

For every n > 1, we denote by U? (resp. U,’) the uniform distribution on the set of all rooted
pointed 2x-angulations with n faces (resp. on the set of all rooted 2k-angulations with n faces).
We have

BgP (- | #Fm =n) = UL,
By, (- | #Fu =n) = T,

K

2.2 Two-type spatial Galton-Watson trees

We start with some formalism for discrete trees. Set

u=|Jnm,

n>0
where N = {1,2,...} and by convention N’ = {&}. An element of U is a sequence u = u'...u",
and we set |u| = n so that |u| represents the generation of u. In particular |@] = 0. If u =
ul...u™ and v = v'...v™ belong to U, we write uv = u'...u"v'...v™ for the concatenation

of u and v. In particular gu = u@ = u. If v is of the form v = uj for u € U and j € N, we
say that v is a child of u, or that u is the father of v, and we write v = . More generally if v
is of the form v = uw for u,w € U, we say that v is a descendant of u, or that v is an ancestor
of v. The set U comes with the natural lexicographical order such that u < v if either u is an
ancestor of v, or if u = wa and v = wb with a € U* and b € U* satisfying a! < b', where we
have set U* =U \ {@}. And we write u < v if u < v and u # v.

A plane tree 7 is a finite subset of U such that
(i) €T,
(i) ueT\{@}=ueT,

(iii) for every w € 7, there exists a number k,(7) > 0 such that wj € 7 if and only if
1 <j <ky(7).

We denote by T the set of all plane trees.

Let 7 be a plane tree and let { = #7 — 1. The search-depth sequence of T is the sequence
Ug, U1, . . ., ug¢ of vertices of 7 which is obtained by induction as follows. First ug = @, and then
for every i € {0,1,...,2¢ — 1}, w41 is either the first child of u; that has not yet appeared in
the sequence ug, uq, . .., u;, or the father of w; if all children of u; already appear in the sequence
U, U1, . .., U;. It is easy to verify that use = & and that all vertices of 7 appear in the sequence
U0, U1, - - ., ug¢ (of course some of them appear more that once). We can now define the contour
function of T. For every k € {0,1,...,2¢}, we let C(k) denote the distance from the root of
the vertex u;. We extend the definition of C' to the line interval [0,2(] by interpolating linearly
between successive integers. Clearly 7 is uniquely determined by its contour function C.
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A discrete spatial tree is a pair (7,U) where 7 € T and U = (U,,v € 7) is a mapping from the
set 7 into R. If v is a vertex of 7, we say that U, is the label of v. We denote by €2 the set of all
discrete spatial trees. If (7,U) €  we define the spatial contour function of (7,U) as follows.
First if k is an integer, we put V (k) = U,, with the preceding notation. We then complete the
definition of V' by interpolating linearly between successive integers. Clearly (7,U) is uniquely
determined by the pair (C, V).

Let (7,U) € Q. We interpret (7,U) as a two-type (spatial) tree by declaring that vertices of
even generations are of type 0 and vertices of odd generations are of type 1. We then set

7% = {ueT:|uliseven},
T = {ueT:|ulisodd}.

Let us turn to random trees. We want to consider a particular family of two-type Galton-
Watson trees, in which vertices of type 0 only give birth to vertices of type 1 and vice-versa.
Let p = (po, p1) be a pair of offspring distributions, that is a pair of probability distributions
on Z,. If mg and m are the respective means of pg and g we assume that mem; <1 and we
exclude the trivial case ji9 = p11 = d1 where 01 stands for the Dirac mass at 1. We denote by P,
the law of a two-type Galton-Watson tree with offspring distribution p, meaning that for every
teT,
P,u(t) = H Ho (ku(t)) H 251 (ku(t))a

uet? uetl!

where t° (resp. t!) is as above the set of all vertices of t with even (resp. odd) generation. The
fact that this formula defines a probability measure on T is justified in (16).
Let us now recall from (L)) how one can couple plane trees with a spatial displacement in order to
turn them into random elements of 2. To this end, let 1/6“, 1/{C be probability distributions on R¥
for every k > 1. We set v = (vf,v¥)>1. For every 7 € T and z € R, we denote by R, ,(7,dU)
the probability measure on RZ which is characterized as follows. Let (Y,,u € T) be a family
of independent random variables such that for v € 7 with k,(7) = k, Yy, = (Yu1,- .-, Yuk) is
distributed according to 1/(]]g if u € 7Y and according to Vf if u e T'. We set Xg = 2 and for
every v € T \ {@},

Xy=z+ » Y,

u€)D,v]

where |@, v] is the set of all ancestors of v distinct from the root @. Then R, ,(7,dU) is the law
of (Xy,v € T). We finally define for every x € R a probability measure P, , , on by setting

Py 2(d7T dU) = P,(dT)R, (T ,dU).

2.3 The Brownian snake and the conditioned Brownian snake
Let € R. The Brownian snake with initial point x is a pair (e,r”), where e = (e(s),0 < s < 1)
is a normalized Brownian excursion and r* = (r”(s),0 < s < 1) is a real-valued process such

that, conditionally given e, r* is Gaussian with mean and covariance given by

e E[r*(s)] = x for every s € [0, 1],
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e Cov(r?(s),r"(s')) = inf e(t) forevery 0 <s<s' <1.
s<t<s’
We know from ([10) that r* admits a continuous modification. From now on we consider only this
modification. In the terminology of (L0) r” is the terminal point process of the one-dimensional
Brownian snake driven by the normalized Brownian excursion e and with initial point z.

Write P for the probability measure under which the collection (e, r®),cr is defined. Let z > 0.
From Proposition 4.9 in ([1§) we have for every s € [0, 1],

P ( inf r®(t) > 0> =P (m%,fu r0(t) > r%(s) — x> . (2)

te(0,1]

0

Since r” is continuous under the probability measure P, we get that

P< U {teif(lfl]ro(t) > 10(s) —x}) =1,

s€[0,1]NQ

which together with (2]) implies that

P ( inf r*(t) > O) > 0.
te(0,1]

We may then define for every = > 0 a pair (€*,T") which is distributed as the pair (e,r”) under

the conditioning that inf,c(o 1) r®(¢) > 0.

We equip C([0, 1], R)? with the norm ||(f, ¢)|| = || f|l«V |lg|l. where ||f||., stands for the supremum

norm of f. The following theorem is a consequence of Theorem 1.1 in (13).

Theorem 2.1. There exists a pair (8°,7°) such that (€%,T%) converges in distribution as x | 0
towards (°,1).

The pair (”,T) is the so-called conditioned Brownian snake with initial point 0.

Theorem 1.2 in (15) provides a useful construction of the conditioned object (€”,¥°) from the
unconditioned one (e,r"). In order to present this construction, first recall that there is a.s. a
unique s, in (0, 1) such that

0 : 0

r(s«) = inf r-(s

(s:) = inf r(s)

(see Lemma 16 in (18) or Proposition 2.5 in (18)). For every s € [0,00), write {s} for the
fractional part of s. According to Theorem 1.2 in (1), the conditioned snake (°,7") may be

constructed explicitly as follows : for every s € [0, 1],
&(s) = e(s:) +e({s.+s})—2 inf e(t),

sA{sx+s}<t<sV{s«+s}
™(s) = r({s. +s}) —17(s.).
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2.4 The Bouttier-Di Francesco-Guitter bijection

We start with a definition. A (rooted) mobile is a two-type spatial tree (7, U) whose labels U,
only take integer values and such that the following properties hold :

(a) U, = Uy for every v € T

(b) Let v € T! such that k = k,(7) > 1. Let v(o) = ¥ be the father of v and let v(;) = vj for
every j € {1,...,k}. Then Uy, > Uy, —1forevery j € {0,...,k}, where by convention
V(k+1) = Y(0)

Furthermore, if U, > 1 for every v € 7, then we say that (7,U) is a well-labelled mobile.

Let T%°" denote the set of all mobiles such that Uy = 1. We will now describe the Bouttier-Di
Francesco-Guitter bijection from T?Ob onto M, ,. This bijection can be found in section 2 in
(3). Note that () deals with pointed planar maps rather than with rooted pointed planar maps.
It is however easy to verify that the results described below are simple consequences of (3).

Let (7,U) € Tranb. Recall that ¢ = #7 — 1. Let ug, u1,...,us¢ be the search-depth sequence of
7. It is immediate to see that uj, € 7V if k is even and that u;, € 7! if k is odd. The search-depth
sequence of 79 is the sequence wo,ws, . .. ,we defined by wy, = ugy for every k € {0,1,...,(}.
Notice that wy = we = @. Although (7, U) is not necessarily well labelled, we may set for every
veT,

Uf=U, —min{U, :weT}+1,

and then (7,U™") is a well-labelled mobile. Notice that min{U,} : v € T} = 1.

Suppose that the tree 7 is drawn in the plane and add an extra vertex 0. We associate with
(7,U) a bipartite planar map whose set of vertices is

T°U {0},
and whose edges are obtained by the following device : for every k € {0,1,...,(},

e if U =1, draw an edge between wy and 9 ;

o if U;)Lk > 2, draw an edge between wy, and the first vertex in the sequence wyy1,...,we_1,
wo, w1, . .., wg—1 whose label is U — 1.

Notice that condition (b) in the definition of a mobile entails that U, . = > UJ. — 1 for every
k€ {0,1,...,¢ — 1} and recall that min{U/ ,U ..., UJ]LC_I} = 1. The preceding properties
ensure that whenever U;,rk > 2 there is at least one vertex among wyy1,...,We—1, W0, ..., Wg—_1
with label quk — 1. The construction can be made in such a way that edges do not intersect
(see section 2 in () for an example). The resulting planar graph is a bipartite planar map. We
view this map as a rooted pointed planar map by declaring that the distinguished vertex is 0

and that the root edge is the one corresponding to £ = 0 in the preceding construction.

It follows from (d) that the preceding construction yields a bijection V¥, , between Trfwb and
M, ,,. Furthermore it is not difficult to see that V¥, , satisfies the following two properties : let
(T,U) € T¥" and let M =V, ,((7,U)),
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(i) for every k > 1, the set {f € Fas : deg(f) = 2k} is in one-to-one correspondence with the
set {v €Tl ky(T) =k -1},

(ii) for every ! > 1, the set {a € Vas : d(0,a) = [} is in one-to-one correspondence with the set
{veT’: U, —min{U, :weT}+1=1}.

We observe that if (7,U) is a well-labelled mobile then U, = U, for every v € 7. In par-
ticular U = 1. This implies that the root edge of the planar map ¥, ,((7,U)) contains the
distinguished point 0. Then W, ,((7,U)) can be identified to a rooted planar map, whose root
is an oriented edge between the root vertex 0 and wgy. Write Tranb for the set of all well-

labelled mobiles such that Uy = 1. Thus V¥, , induces a bijection ¥, from the set Tranb onto
=mob

the set M,.. Furthermore ¥, satisfies the following two properties : let (7,U) € T;  and let
M=9.(7,U0)),

(i) for every k > 1, the set {f € Fas : deg(f) = 2k} is in one-to-one correspondence with the
set {v €Tl ky(T) =k -1},

(ii) for every ! > 1, the set {a € Vs : d(0,a) = [} is in one-to-one correspondence with the set

fveT?: U, =1}.

2.5 Boltzmann distribution on two-type spatial trees

Let g be a regular critical weight sequence. We recall the following definitions from (1€). Let
g be the geometric distribution with parameter fq(Zq) that is

(k) = Zg ' fo(Zo)", k>0,
and let uf be the probability measure defined by

ZEN(k + 1)qs1

q q

(k) = , k>0.
! fa(Zq)

From (16), we know that u{ has small exponential moments, and that the two-type Galton-
Watson tree associated with u® = (ug, uf!) is critical.

Also, for every k > 0, let v} be the Dirac mass at 0 € R¥ and let v} be the uniform distribution
on the set A; defined by

Ak:{(:cl,...,xk) eZF iy > -1, mo—m > —1,... 0k — Ty > —1,—xk2—1}.

We can say equivalently that v/¥ is the law of (X1,..., X1 + ...+ X)) where (X1,..., Xpy1) is
uniformly distributed on the set By defined by

Bk:{(SCl,...,l'k;—f—l) €{—1,0,1,2,.,_}’€+1 ;x1+...+xk+1:0},

Notice that #Ay = #By = N(k+1). We set v = ((},vF))k>1. The following result is
Proposition 10 in (16). However, we provide a short proof for the sake of completeness.
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Proposition 2.2. The Boltzmann distribution Bg" is the image of the probability measure Puau1
under the mapping ¥, ,,.

PROOF : By construction, the probability measure P a1 is supported on the set Tranb. Let
(t,u) € TP, We have by the choice of v,

Puapa ((t,u)) = PBua(t)Ry(t, {u})
-1
- (HN(kv(t)+1)> Pua(t).

Now,

Pua(t) = H 1o (ko (t)) H 11 (ko (t))

veto vetlt

- H (Zflf (Z, )kv(t)) H ng(t)N(kv(t) + Dk, )41
- q J9\“q

vELO vetl fa(Za)

= Z3" fq(Z)" ZE T fo(Z) T T Nko(t) + 1) [] ahuornr

vetl! vetl!

= Zg' H Ty () +1 H N (ky(t) +1),

vet! vetl

so that we arrive at

Puapa (6, 1) = Zcil H Ak (t)+1-
vet!

We set m = W, ,((t,u)). We have from the property (ii) satisfied by ¥, ,,
Zg! H Qo (t)+1 = BgP (m),
vet!
which leads us to the desired result. O

Let us introduce some notation. Since ug(1) > 0, we have Pya(#7' = n) > 0 for every n > 1.
Then we may define, for every n > 1 and = € R,

Pla = Pu(-|#T"=n),
Play. = Puaya (| #T' = n).
Furthermore, we set for every (7,U) € ,
U=min{U,:ve T\ {2}},

with the convention min @ = co. Finally we define for every n > 1 and = > 0,

@Mq’y7$ = Puq,u,x(' ’Q > 0),

N

Praye = Puava (| #T'=n).
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Corollary 2.3. The probability measure Bg" (- | #Fnm = @ is the image of Plq , 1 under the
mapping V.. The probability measure By is the image of Pya 1 under the mapping ¥,. The
probability measure By (- | #Fn = n) is the image of FSqJ,J under the mapping ¥,.

PRrROOF : The first assertion is a simple consequence of Proposition together with the
property (i) satisfied by W, ,. Recall from section Il that we can identify the set M, to
a subset of M, , in the following way. Let T : M, — M, , be the mapping defined by
YT((M,€)) = (M,e,o) for every (M,€) € M,, where o denotes the root vertex of the map
(M,€). We easily check that Bq”(- | M € T(M,)) is the image of By under the mapping
Y. This together with Proposition [Z2 yields the second assertion. The third assertion follows. [

At last, if g = qy, we set uf = pg”, pf = pd* and p® = (uf, pf). We then verify that g is the
geometric distribution with parameter 1/« and that pf is the Dirac mass at x — 1. Recall the
notation U and T, .

Corollary 2.4. The_pmbabilz’ty measure_UZ is the image of P}« , 1 under the mapping ¥, . The
probability measure U: 1s the image of PZK’M under the mapping V..
2.6 Statement of the main result

We first need to introduce some notation. Let M € M,. We denote by o its root vertex. The
radius R s is the maximal distance between o and another vertex of M that is

Ry = max{d(o,a) : a € Vy}.
The normalized profile of M is the probability measure Ay on {0,1,2,...} defined by

_ #la€Vy :do,a) =k}
B #Vm

Note that Rjs is the supremum of the support of Ajs. It is also convenient to introduce the
rescaled profile. If M has n faces, this is the probability measure on R defined by

A (k) k> 0.

A (A) = Ay (n1/4A)
for any Borel subset A of Ry. At last, if q is a regular critical weight sequence, we set
Pq =2+ Zg g(Zq)-
Recall from section that (e, r) denotes the Brownian snake with initial point 0.
Theorem 2.5. Let q be a regular critical weight sequence.

(i) The law of n='/* Ry under the probability measure Bg (- | #Fm = n) converges as n — oo
to the law of the random variable

L 1/4 0 s 0
<9(Zq—1)) 022114 () ogslér (s) )
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1) The law of the random measure A ynder the probability measure BL(- | #Fyu = n
M a

converges as n — oo to the law of the random probability measure I defined by

z9- [ Y ((Q(%Ll)y (ro -, g;;r(’(s))) at.

(i7i) The law of the rescaled distance n~1/4 d(o,a) where a is a vertex chosen uniformly at
random among all vertices of M, under the probability measure Ba(~ | #Fp = n) converges
as n — oo to the law of the random variable

(s2) (o 0)-

In the case q = q, the constant appearing in Theorem is (4k(k — 1)/9)V/4. Tt is equal to
(8/9)"/* when k = 2. The results stated in Theorem B3 in the special case q = gy were obtained
by Chassaing & Schaeffer (4) (see also Theorem 8.2 in (12)).

Obviously Theorem is related to Theorem 3 proved by Marckert & Miermont (16). Note
however that (1€6) deals with rooted pointed maps instead of rooted maps as we do and studies
distances from the distinguished point of the map rather than from the root vertex.

3 A conditional limit theorem for two-type spatial trees

Recall first some notation. Let q be a regular critical weight sequence, let pu4 = (ug, uf) be
the pair of offspring distributions associated with q and let v = (vf,¥);>; be the family of
probability measures defined before Proposition EZ2

If (7,U) € Q, we denote by C its contour function and by V its spatial contour function.
Recall that C([0,1],R)? is equipped with the norm ||(f, g)|| = || f|l« V lg|l«- The following result

is a special case of Theorem 11 in (16).

Theorem 3.1. Let q be a reqular critical weight sequence. The law under Pq o of

nl/2 4p nl/a

(xquwq —1) C2(#T - 1>t>> ((9<Zq — 1))1/4 VH#T - 1>t>>
4 ’ q
0<t<1 0<t<1

converges as n — oo to the law of (e,r%). The convergence holds in the sense of weak convergence
of probability measures on C([0,1],R)2.

Note that Theorem 11 in (16) deals with the so-called height-process instead of the contour
process. However, we can deduce Theorem Bl from (IL6) by classical arguments (see e.g. (IL1)).

In this section, we will prove a conditional version of Theorem Bl Before stating this result,
we establish a corollary of Theorem Bl To this end we set

Qua = Pl [ke(T) =1),
@uq,u = P,uq,l/,O(' | k@(T)

1).
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Notice that this conditioning makes sense since pg(1) > 0. We may also define for every n > 1,

Zq = Q’uq ( | #Tl = ’I’Z) )
Zqﬂj = Quq,u ( ‘ #Tl = n) .

Corollary 3.2. Let q be a reqular critical weight sequence. The law under quy of

nl/2 4pq nl/4

(xfpc{zq —1) C2(#T - 1>t>> <<9<Zq - 1))1/4 V(2#T — 1>t>>
4 b
0<t<1 0<t<1

converges as n — oo to the law of (e,r%). The convergence holds in the sense of weak convergence
of probability measures on C([0, 1], R)?

PROOF : We first introduce some notation. If (7,U) €  and wy € 7, we define a spatial tree
(Tlwol Ulwol) by setting
Tl — {y :wgv € T},

and for every v € T[wol
U = Uy = Uny-

Denote by Cl*0! the contour function and by V10! the spatial contour function of (7ol {lwol),

As a consequence of Theorem 11 in (16), the law under Qjjq ,, of

VPaZg —1) O (2 (#T1 —1)¢) 9(Zg— 1)\ VI (2 (#TM 1) 1)
1 7 ( 4pq > ok 0<t<1

nl/2
0<t<1

converges as n — oo to the law of (e,r?). We then easily get the desired result. U

Recall that (€”,T°) denotes the conditioned Brownian snake with initial point 0.

Theorem 3.3. Let q be a regular critical weight sequence. For every x > 0, the law under
™

Pra,q of

nl/2 4pq nl/4

(xfpc{zq —1) C#T — 1>t>> <<9<Zq —~ 1))1/4 V(2H#T — 1>t>>
4 b
0<t<1 0<t<1

converges as n — oo to the law of (€°,¥°). The convergence holds in the sense of weak conver-
gence of probability measures on C([0,1],R)2.

To prove Theorem B33, we will follow the lines of the proof of Theorem 2.2 in (12). From now
on, we set u = pu9 to simplify notation.
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3.1 Rerooting two-type spatial trees

If T € T, we say that a vertex v € 7 is a leaf of 7 if k,(7) = 0 meaning that v has no child.
We denote by 97 the set of all leaves of 7 and we write dg7 = 07 NT° for the set of leaves of
T which are of type 0.

Let us recall some notation that can be found in section 3 in (12). Recall that U* = U \ {@}.
If g € U* and 7 € T are such that vg € 7, we define k = k(vg,7) and | = I(vg,7) in the
following way. Write ( = #7 — 1 and ug,u, ..., us¢ for the search-depth sequence of 7. Then
we set

k= min{i € {0,1,...,2¢} :u; = vp},
= max{i €{0,1,...,2C}:u; = vp},
which means that & is the time of the first visit of vy in the evolution of the contour of 7 and

that [ is the time of the last visit of vg. Note that [ > k and that | = k if and only if vy € 07 .
For every t € [0,2¢ — (I — k)], we set

A(vo0) (4) — _ _ ;
C) = Clhy + Ok =) =2 inf - C(o)

where C'is the contour function of 7" and [k — ] stands for the unique element of [0,2¢) such
that [k —t] — (k —t) = 0 or 2¢. Then there exists a unique plane tree 7(*) € T whose
contour function is (). Informally, 7 () is obtained from 7° by removing all vertices that are
descendants of vy and by re-rooting the resulting tree at vg. Furthermore, if vy = u!...u", then
we see that 7y = 1u”...u? belongs to T@). In fact, ¥y is the vertex of 7 (%) corresponding to
the root of the initial tree. At last notice that kg (7 (%)) = 1.

If 7 € T and wy € 7, we set

TWo) = T\ {wou € T : u € U*}.

The following lemma is an analogue of Lemma 3.1 in (12) for two-type Galton-Watson trees.
Note that in what follows, two-type trees will always be re-rooted at a vertex of type O.

Recall the definition of the probability measure Q.

Lemma 3.4. Let vg € U* be of the form vy = 1uf...u2p for some p € N. Assume that
Qu(vo € T) > 0. Then the law of the re-rooted tree T™) under Q,(- | vo € T) coincides with
the law of the tree T™) under Q,(- | Bo € T).

PRrOOF : We first notice that

Quvo €T) = ({u2,u2 + 1,...}) 140 ({ug,u3 + 1,...}) ol ({qu,uZP + 1,...}),

so that
Quvo €T) =Quwo€T) > 0.

In particular, both conditionings of Lemma B make sense. Let t be a two-type tree such that
Tp € Ot and kg(t) = 1. If u € t\ {@, T} we have ky(t) = kz(t()), where we have written @
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for the vertex of £(®) corresponding to u. Thus we have

Qu(T™ =t) = I moku(®) [T mlku(®)

uetO\{@,00} uet!
= H :U’O(ku(%\(%))) H ,U/l(ku(%\(%)))
u€t(®0):0\{ @ v} uet@)>1

~ Q, (:r<vo> :g@o))
= Q. (?(UO) _ t) 7

which implies the desired result. O

Before stating a spatial version of Lemma B4l we establish a symmetry property of the col-
lection of measures v. To this end, we let ¥ be the image measure of ¥ under the mapping
(z1,...,25) € R¥ = (24,...,21) and we set U = (U5, DF))p>1.

Lemma 3.5. For every k > 1 and every j € {1,...,k}, the measures V{‘; and ﬁf are invariant
under the mapping ¢; : Rk — R¥ defined by

¢j(x1,. .o ,.%'k) = (.%'j+1 Ly g — Xy, =T5, L1 — Ljyonony, Lj—1 — .%'j).

PROOF : Recall the definition of the sets Aj and Bj,. Let p¥ be the uniform distribution on Bj,.
Then yf is the image measure of p* under the mapping ¢y, : By, — A}, defined by

(pk(xl,...,.%'kJrl) = (1‘1,1‘1+.%'2,...,.’L‘1+...+1‘k).

For every (71,...,7511) € RF we set pj(z1,...,2541) = (Tj41,. -+, ki1, T1,. .., 25). It is
immediate that p* is invariant under the mapping p;. Furthermore ¢; o pi(z) = ¢, o pj(x) for
every x € By, which implies that ¥ is invariant under ¢j.

At last for every (z1,...,2;) € R* weset S(x1,...,2) = (2k,...,21). Then ¢pjoS = Sopr_jt1,
which implies that 7¥ is invariant under ¢;. O

If (T,U) € Q and vy € 7Y, the re-rooted spatial tree (’]A' (”0),(7 (v0)) is defined as follows. For
every vertex v € 7 (00 we set R
U™ = Uy — Uy,

where v is the vertex of the initial tree 7 corresponding to v, and for every vertex v € T (vo),1,
we set

)
Note that, since vg € 79, v € 70 s of type 0 if and only if 7 € 7 is of type 0.

If (T,U) € Q and wy € T, we also consider the spatial tree (7(“0), 7(%0)) where U(0) is the
restriction of U to the tree T (wo).

Recall the definition of the probability measure Q, , .

Lemma 3.6. Let vg € U* be of the form vy = 1u2...UQf for some p € N. Assume that
Qu(vo € T) > 0. Then the law of the re-rooted spatial tree (70), U0} under Q,z(- | vo € T)
coincides with the law of the spatial tree (T U®)) under Q,,,(- | 1o € T).
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Lemma is a consequence of Lemma B4 and Lemma We leave details to the reader.

If (7,U) € Q, we denote by Ag = Ag(7,U) the set of all vertices of type 0 with minimal spatial
position :
Aoz{UETO:UU:min{Uw:wET}}.

We also denote by v, the first element of Ay in the lexicographical order. The following two
lemmas can be proved from Lemma in the same way as Lemma 3.3 and Lemma 3.4 in (12).

Lemma 3.7. For any nonnegative measurable functional F on 2,

Quz (F (?(”’"),(7(”’")> ]1{#A0:1,vm€807'}) = Quy (F(T,U)(#00T)lyso}) -

Lemma 3.8. For any nonnegative measurable functional F' on €2,

Quo | Do F(T,0™) | = Quu (FIT,U)(#0T) 10
voEANOT

3.2 Estimates for the probability of staying on the positive side

In this section we will derive upper and lower bounds for the probability P} , (U > 0) as n — oo.

We first state a lemma which is a direct consequence of Lemma 17 in (16).

Lemma 3.9. There exist constants cg > 0 and ¢y > 0 such that

n3/2PM (#Tl = n) —

n—oo

n3/2QM (#Tl = n) — 1.

n—oo

We now establish a preliminary estimate concerning the number of leaves of type 0 in a tree
with n vertices of type 1. Recall that m; denotes the mean of p;.

Lemma 3.10. There exists a constant By > 0 such that for every n sufficiently large,

P (I#00T) = mijao(O)n| > n¥/*, #T" =n) < e,

PRrROOF : Let T be a two-type tree. Recall that { = #7 — 1. Let
v(0) =2 <v(l) <... <v(()

be the vertices of 7 listed in lexicographical order. For every n € {0,1,...,(} we define R,, =
(Rn(k))k>1 as follows. For every k € {1,...,|v(n)|}, Ry(k) is the number of younger brothers of
the ancestor of v(n) at generation k. Here younger brothers are those brothers which have not
yet been visited at time n in search-depth sequence. For every k > |v(n)|, we set R, (k) = 0.
Standard arguments (see e.g. (14) for similar results) show that (R, |v(n)|)o<n<¢ has the same
distribution as (R}, hl,)o<n<17—1, Where (R}, h},)n>0 is a Markov chain whose transition kernel
is given by :
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. S(((rl,...,rh,O,...),h),((rl,...,rh,k:— 1,0,...),h+1)) — (k) for k> 1, h > 0 and
Tlv"'arhzov

. S(((rl,...,rh,O,...),h),((rl,...,7“1 — 1,0,...),1)) = 1;(0), where I = sup{m >1:r, >
0}, for h > 1 and r1,...,7, > 0 such that {m >1:r, >0} # &,

e S((0,h),(0,0)) = ui(0) for every h >0,
where ¢ = 0 if h is even, and ¢ = 1 if h is odd, and finally

T'=inf{n>1:(R;, hy,)=(0,0)}.

Write P’ for the probability measure under which (R.,, h},),>0 is defined. We define a sequence

mn)»''n
of stopping times (7});>0 by 7p = inf{n > 0: h;, is odd} and 7}, = inf{n > 7} : h;, is odd} for
every j > 0. At last we set for every j > 0,

1 g =y 1) (0 (1,0

Since #7° =1+ Y, 71 ku(7), we have

P, (\#TO —mn| > n3/4,#’]'1 = n) = P ‘ Xj'» —min + 1‘ > n3/4,77’1_1 <T <7
§=0
n—1
< P ‘ X]’-—mln‘>n3/4—1
§=0

Thanks to the strong Markov property, the random variables X ]’ are independent and distributed
according to u1. A standard moderate deviations inequality ensures the existence of a positive
constant (31 > 0 such that for every n sufficiently large,

P, (|#To—m1n| > i/ #T! :n> §e_”ﬁ1. (3)

In the same way as previously, we define another sequence of stopping times (0}) j>0 by 05, =0
and 0}, = inf{n > 0} : hj, is even} for every j > 0 and we set for every j > 0,

Y',:]l{// <h,/}.
J 0/ +1 = "o’

Using the sequences (0});>0 and (Y]);>0, an argument similar to the proof of () shows that
there exists a positive constant B2 > 0 such that for every n sufficiently large,

P (T = po(O)n| > 0, #T° =) < e, ()
From (@), we get for n sufficiently large,

P (\(#307) — mapo(0)n| > n?4 #T! = n)
< e*nlﬁ + P, <|(#8OT) —mypo(0)n| > n3/4’ |#TO —myn| < n3/4) .
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However, for n sufficiently large,
P, <|(#8OT) —mipo(0)n| > n3/4, |#TO —man| < n3/4)

Ln3/4+m1 n|

= Z P, (](#60’]') — mapo(0)n| > n®4 #7° = k)
k=[-n3/44m1n)

Ln3/4+TI’L1TLJ
< Y BT - mo(0)k] > (1= po(0)n®/, #T = k)
k=[—n3/44myn]
|_Tl3/4+m1nj
< > B(IGT) - mo(0)k] > K #TO = k).

k=[—n3/44mqn)

At last, we use () to obtain for n sufficiently large,
P, (\(#80’]') —mypo(0)n| > n3/4, \#TO —mn| < n3/4> < (2713/4 + 1)670"[’2,

where C' is a positive constant. The desired result follows by combining this last estimate with

@. O

We will now state a lemma which plays a crucial role in the proof of the main result of this
section. To this end, recall the definition of vy, and the definition of the measure Q} .

Lemma 3.11. There ezists a constant ¢ > 0 such that for every n sufficiently large,

ZW(’UW S 807') > c.

PROOF : The proof of this lemma is similar to the proof of Lemma 4.3 in (12). Nevertheless, we
give a few details to explain how this proof can be adapted to our context.
Choose p > 1 such that p1(p) > 0. Under Q. (- | k1(7) =p, kn(T) = ... = kip(T) = 2), we
can define 2p spatial trees {(7",U%),i = 1,...,p,7 = 1,2} as follows. For i € {1,...,p} and
7 =1,2, we set

T ={@}u{lv: liju € T},
Ugj = 0 and Uﬁ = Ulijo — Uys if lijv € T. Then under the probability measure Q, (- |
ki(T) = p, ki(T) = ... = k1p(T) = 2), the trees {(7¥Y,U%),i = 1,...,p,j = 1,2} are
independent and distributed according to Q. Furthermore, we notice that under the measure
Quv(- | ki(T) =p, k11(T) = ... = k1p(T) = 2 ), we have with an obvious notation

({#Tll’l + #712’1 =n-—2p—+ 1} N {UH < 0} N {lenl € 80711} N m {Uu > 0}
2<i<p
N{U™ >0} n ﬂ {T" ={o,1,11,...,1p}, UY > 0}) CA#T' =n, v, € 0T} .
2<i<p,j=1,2
So we have for n > 1+ 2p,

Quy (#T" =n,vm € 00T)
n—2p

> C(Na V)p) Z Q,u,u (#Tl =J,Um € 807) Q,u,u (#Tl =n—j—-2p+1,U> 0) s (5)

J=1
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where

C(p,v,p) = 1 (p)P " 110(2)P 1o (0)PP V1 (00,0 x [0,+00)P~1) 12 ([0, +00)?)* P~ 1.
From (H), we are now able to get the result by following the lines of the proof of Lemma 4.3 in
(19). O
We can now state the main result of this section.

Proposition 3.12. Let K > 0. There exist constants 1 > 0, vo > 0, 71 > 0 and 72 > 0 such
that for every n sufficiently large and for every x € [0, K],

DcQr (U>0)<2
n 9

2

L <P, (U>0) <

3R S

PROOF : The proof of Proposition is similar to the proof of Proposition 4.2 in (12). The
major difference comes from the fact that we cannot easily get an upper bound for #(9y7") on
the event {#7 ' = n}. In what follows, we will explain how to circumvent this difficulty.

We first use Lemma B7 with F/(7,U) = 1u71_y,. Since #’ZA'(”O)’1 = #Tif vg € 0T, we get
Quw (#(OT)Lipr1—n =0y) < Qu (#T' =n). (6)
On the other hand, we have
Quo (#(BT) 1 p11=n,U>0})
> mlNO(O)n@u,u (#Tl =n,U> O) - @u,u (|#(8OT) - mlNO(O)n|l{#T1=n,Q>O}) . (7)
Now thanks to Lemma B0, we have for n sufficiently large,
Qu ([#(00T) — mipo(0)n| g7 —p Uso0})
< n3/4 @u,u (#Tl =n,U> O) + @u,u (#(807)]1{#T1:n,g>0})
+ mapo(0)nQyu (|#(00T) — mapg(0)n| > n®* #T" = n)
0¥ Qu (H#T =1, U > 0) + Quy (#8071 pgeri—n u>03) + mipo(0)ne ™. (8)

From (@), (@) and ) we get for n sufficiently large

IN

(m1po(0)n — n3/4)(@u7y (#T'=n,U>0)<2Q,(#T'=n)+ mluo(O)ne_”ﬂo.

Using Lemma it follows that
2

limsupnQ , (U >0) < ——,
meupnQ, (> 0) m1410(0)

which ensures the existence of 5.

Let us now use Lemma with
F(T,U) = Lipri o g(00T) <mapuo(0)n+nd/a}
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Since #(0y7T) = #(80’?(”0)) if vg € 97T, we have for n sufficiently large,

Quu (#( 07 ) L 471 =, (86T <ma i (0)+n/4 U>O}>

= Qup (#(Ao n 807)]1{#71:7%#(307)§m1uo(0)+n3/4})

= Quu (# Ao N Ty, #(30T)<mw0(0)+"3/4})

> Q (# (Do NOT) > 1, #T' =n, #(0T) < m1yo(0) +n3/4>

> Quo (vm € 0T, #T" = n, #(00T) < mapig(0) + /)

> Quy (vm € 0T, #T" =n) = Quo (FOT) > mapio(0) +n**, #T" = n)

> cQuy (#T =n) — e, (9)

where the last inequality comes from Lemma and Lemma BTTl On the other hand,

QIMV (#(807-) ]1{#T1:n, #(80T)§m1u0(0)+n3/4,QZO})
< (mamo(0)n +n*") Quy (#T' =n, U > 0). (10)

Then (@), () and Lemma imply that for n sufficiently large,

liminf nQj (U > 0) > ¢

n—oo mapuo(0)

(11)

Recall that p > 1 is such that ui(p) > 0. Also recall the definition of the spatial tree
(T[w‘ﬂ, U [“’0]). From the proof of Corollary B2 we have

]P,U,,I/,O (Q > Oa #Tl = ’I’Z) > ]P)u,u,O (k@(T) = 1) kl(T) =D, Ull > Oa E) Ulp > Oa

4701 — gy gl > 702 = = 7lel = {@})
> C?(Mv va)]Pu,V,O (Q > 07 #Tl =n-—- 1)
> po(1)Co(p,v,p)Qpuy (U > 0, #T' =n—1), (12)

where we have set
Co(p, v, p) = po(1)pa (p) o (0)P 14 (0, 400)?) .

We then deduce the existence of v; from (), (I2Z) and Lemma A similar argument gives
the existence of 77.

At last, we define m € N by the condition (m — 1)p < K < mp. For every | € N, we define
1'eU by 1t =11...1,|1!| = I. Notice that vf({(p,p—1,...,1)}) = N(p+1)~L. By arguing on
the event

{ka(T)=k1(T)=...=kizgm2=1,ki(T) = ... = kizm—1(7T) = p},

we see that for every n > m,

@u,u (#Tl =n,U> O) > C3(M, v,p, m)Pu,I/,K (#Tl =n—m,U> O) > (13)

906



with
Cs (v, p,m) = po(1)™ " (p) " 10 (0)™ PV N (p + 1)
Thanks to Lemma B9 ([3)) yields for every n sufficiently large,

2¢q V2 1
i U>0) ——F——+—,
o X s
which gives the existence of s. O

3.3 Asymptotic properties of conditioned trees

We first introduce a specific notation for rescaled contour and spatial contour processes. For
every n > 1 and every ¢ € [0, 1], we set

oy = \/@ CQH#T — 1)t)

nl/2 ’
_ 1/4 _
V(”)(t) _ <9(Z£pq 1)> V(2(i§4 1)75).

In this section, we will get some information about asymptotic properties of the pair (C (n) V("))
under IF’Z vz~ We will consider the conditioned measure

n

@M,V = M,V(' | u> 0)

Berfore stating the main result of this section, we will establish three lemmas. The first one is
the analogue of Lemma 6.2 in (12) for two-type spatial trees and can be proved in a very similar
way.

Lemma 3.13. There exists a constant ¢ > 0 such that, for every measurable function F' on
with 0 < FF <1,

O (F(T.0) <2y (F (TO),00)) 40 (726

where the constant By is defined in LemmalZIl and the estimate O <n5/26_”ﬁ0> for the remain-
der holds uniformly in F.

Recall the notation @ for the “father” of the vertex v € 7 \ {@}.

Lemma 3.14. For every e > 0,

U, — Uy
" sup |v14v|>5 — 0 (14)
Y \ver\fey  nY n—00
Likewise, for everye >0 and x > 0,
= U, — Uy
P, G Uil 0. 15
v (é‘iﬁ’z} myranb ) Baed (15)



PRrROOF : Let ¢ > 0. First notice that the probability measure 1/{C is supported on the set

{—k,—k+1,...,k}*. Then we have Q7 , a.s. or IP’IZL’VJ a.s.,

sup |U, —Uy|= sup |U, —Us| < sup ky(7).
veT\{2} veTO\{o} veT!

Now, from Lemma 16 in (16), there exists a constant oy > 0 such that for all n sufficiently large,
C%Gwmﬁbmw)ge"?
veT 1

P, <sup ky(T) > 6721/4) < e,
veTl

Our assertions () and ([H) easily follow using also Lemma B and Proposition BI2 O

Recall the definition of the re-rooted tree (’]A' (o) U (v0)). Tts contour and spatial contour functions
(Cw0) )y are defined on the line interval [0,2(#7 ) — 1)]. We extend these functions
to the line interval [0,2(#7 — 1)] by setting C)(¢t) = 0 and V) () = 0 for every t €
[2(#T @) — 1), 2(#T — 1)]. Also recall the definition of vp,.

At last, recall that (€°,7") denotes the conditioned Brownian snake with initial point 0.

Lemma 3.15. The law under Q}; , of

pa(Zq — 1) Com)(2(#T — 1)t) 9(Zg — 1)\ /* V) (2#T —1)t)
0<t<1 0<t<1

converges to the law of (€°,¥°). The convergence holds in the sense of weak convergence of
probability measures on the space C(]0,1],R)?.

PRrOOF : From Corollary and the Skorokhod representation theorem, we can construct on
a suitable probability space a sequence a sequence (7,,,U,,) and a Brownian snake (e, "), such
that each pair (7,,U,) is distributed according to Q}.,»» and such that if we write (Cp, Vy) for
the contour and spatial contour functions of (7,,U,) and ¢, = #7,, — 1, we have

(@ Cn(2Cnt)> ’ ((9(2Ol — 1))1/4 Vn(2Cnt)> — (e,10), (16)
0<t<1 0<t<1

nl/2 pqg nl/4 oo
uniformly on [0, 1], a.s.

Then if (7,U) € © and vy € 7, we introduce a new spatial tree (7o), ) by setting for
every w € 7 () ~

U™ = U — Uy,

where W is the vertex corresponding to w in the initial tree (in contrast with the definition of
U0 ") does not necessarily coincide with Uévo) when v is of type 1). We denote by V(%) the
spatial contour function of (7 (%) 7(*0)) and we set V() (t) = 0 for t € [2(#T ) — 1), 2(#T —
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1)]. Note that, if w € 7 (®0) ig either a vertex of type 0 or a vertex of type 1 which does not
belong to the ancestral line of 7y, then

Oy = O
whereas if w € 7 (v0):1 belongs to the ancestral line of 7y, then
i wo) — 7o)
w w °
Then we have R B
sup ‘Uw—Uw‘ < sup  |Uyp —Uyl. (17)
weT (o) weT\{o}

Write v;}, for the first vertex realizing the minimal spatial position in 7. In the same way as in
the derivation of (18) in the proof of Proposition 6.1 in (12), it follows from (@) that

<\/pq—<zq —1) éévfn’@cnt)) ((9<Zq - 1))1/4 Vé“”(zcnt)) 0 0
4 0<t<1 0<t<1

nl/2 4pq nl/4 . T,

n—~o0

uniformly on [0, 1], a.s., where the conditioned pair (", ") is constructed from the unconditioned
one (e,r%) as explained in section Let £ > 0. We deduce from () that

Uy — Uy
Q| sup >e | <Q), sup ’17/4’ >el,
te[0,1] weT\{o} n

where we have written Q for the probability measure under which the sequence (7, Uy, )n>1 and
the Brownian snake (e,1%) are defined. From (@) we get

Q[ sup >e| — 0,
te[0,1] n— o0

and the desired result follows. O

Vi (26t) Vi ™ (26t)
nl/A o nl/A

Vm (2¢,0) V) (2¢,1)
nl/4 o nl/4

The following proposition can be proved using Lemma and Lemma in the same way
as Proposition 6.1 in (12).

Proposition 3.16. For every b > 0 and ¢ € (0,1/10), we can find a,é € (0,e) such that for

every n sufficiently large,

—n €
Q, inf V() > 2q, su COB+vmE)) <] >1—0b.
o (te[6/2,1—6/2} () ve0.48)U1—45.1] ( () ( )> 2

Consequently, if K > 0, we have also for every n sufficiently large and for every x € [0, K],

@nwﬁ inf V(@) > Q, sup COB+ VM) <el| >1—3b,
o (te[&lé] Q te[0,36]U[1—36,1] ( () ( )) 7

where the constant s only depends on pu,v, K.
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3.4 Proof of Theorem

The proof below is similar to Section 7 in (12). We provide details since dealing with two-type
trees creates nontrivial additional difficulties.

On a suitable probability space (£2,P) we can define a collection of processes (e,r?).>¢ such
that (e,r?) is a Brownian snake with initial point z for every z > 0. Recall from section the
definition of (€%,7%) and the construction of the conditioned Brownian snake (€%, t°).

Recall that C([0,1],R)? is equipped with the norm [|(f,g)]| = || flla V |lgll.. For every f €
C([0,1],R) and r > 0, we set

wr(r)= sup [f(s) = f()].

s,t€[0,1],|s—t|<r

Let = > 0 be fixed throughout this section and let F' be a bounded Lipschitz function. We have
to prove that

By (F(C V™)) — B(PE,).

v, x n— oo
We may and will assume that 0 < F' < 1 and that the Lipschitz constant of F' is less than 1.

The first lemma we have to prove gives a spatial Markov property for our spatial trees. We use
the notation of section 5 in (12). Let recall briefly this notation. Let a > 0. If (7,U) is a mobile
and v € T, we say that v is an exit vertex from (—o0,a) if U, > a and U, < a for every ancestor
v’ of v distinct from v. Notice that, since U, = Uy for every v € 71, an exit vertex is necessarily
of type 0. We denote by vy, ..., vas the exit vertices from (—o0, a) listed in lexicographical order.
For v € T, recall that T = {w € U : vw € T}. For every w € TI"l we set

UM

w

= Uy = UM + U,

At last, we denote by 7° the subtree of 7 consisting of those vertices which are not strict
descendants of wvq,...,vy. Note in particular that vq,...,vys € 7% We also write U® for
the restriction of U to 7¢. The tree (7% U®) corresponds to the tree (7,U) which has been
truncated at the first exit time from (—oo,a). The following lemma is an easy application of
classical properties of Galton-Watson trees. We leave details of the proof to the reader.

Lemma 3.17. Let a € (z,+00) andp € {1,...,n}. Let ny,...,n, be positive integers such that
ny+ ... +n, <n. Assume that

"

]P)M,V,J»’ (M =D #T[vlLl =Nt #T[vp]’l = np> > 0.

Then, under the probability measure @ZWE(- | M = p, #7000 =y #T = ) and
conditionally on (T%,U%), the spatial trees

(i, Y . (7o, )

ni —=Nyp

are independent and distributed respectively according to @%V,le e ’Pu,u,va'

The next lemma is analogous to Lemma 7.1 in (12) and can be proved in the same way using
Theorem B11
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Lemma 3.18. Let 0 < ¢ < ’'. Then

Epty (F(C0,V0)) B (F (B gBumt)

21 eY)

sup
C/n1/4§ygc//nl/4

— 0,
n—oo

where B = (9(Zq — 1)/ (4pq))"/*.

We can now follow the lines of section 7 in (12). Let b > 0. We will prove that for n sufficiently
large,

By (F (€™,v®)) ~E(F (&5%)| < 170
We can choose € € (0,0 A 1/10) in such a way that
E(F&,7) - E(F @.5)| <t (18)

for every z € (0,2¢). By taking ¢ smaller if necessary, we may also assume that,

E ((35 sup éo(t)> A 1> <b,  E(we(6e) A1) <D,

0<t<1

E( (3 sup T(t) ) A1) <b,  E(ww(6e) Al) <b. (19)
(=g 70) )

0<t<1

For «,0 > 0, we denote by I';, = ', («, §) the event

Ip={ inf V@ >a,  sup (C(”)(t)—i—V(”)(t)) <eb.
t€[6,1—3] t€[0,36]U[1—35,1]

From Proposition BJ6, we may fix a6 € (0,¢) such that, for all n sufficiently large,
P,yo(Tn)>1-0. (20)
Recall that m; denotes the mean of . We also require that § satisfies the following bound
46(my1 +1) < 3e. (21)
Recall the notation ¢ = #7 — 1 and B = (9(Zq — 1)/(4pq))*/*. On the event T, we have for
every t € [2¢d,2¢(1 — 9)],
V(t) > aB ' nl/t, (22)

This incites us to apply Lemma BI7 with a,, = an'/4, where @ = aB~. Once again, we use
the notation of (12). We write v, ..., v}, for the exit vertices from (—oco,a@n'/*) of the spatial
tree (7,U), listed in lexicographical order. Consider the spatial trees

(70,70 | (rbi) T}
The contour functions of these spatial trees can be obtained in the following way. Set

g = inf{k >0:V(k) > an1/4} M =inf{k > & Ok +1) < C(M)},
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and by induction on 1,

K = inf {k > 0 V() = ant/ Ly =it {k > K Clk+1) < Y

Then k' <[ < oo if and only if ¢ < M,,. Furthermore, (C(k]' +1t) — C(k'),0 <t <1 — k') is
the contour function of T and (V (kP +1),0 <t <I? — kP) is the spatial contour function of
(T[”?},U[U?]). Using (22), we see that on the event I'y, all integer points of [2¢4,2¢(1 — J)] must

be contained in a single interval [k]', ("], so that for this particular interval we have

7~ kP > 2¢(1 - 8) — 265 — 2 > 2¢(1 - 39),

if n is sufficiently large, P a.s. Hence if

Jn 2%
Ep={3ie{l,... M} : 1" —k">2C(1—30)},

then, for all n sufficiently large, I';, C E,, so that

n
M,V,x(

P,,.(E,)>1-b. (23)

As in (12), on the event E,, we denote by 4, the unique integer i € {1,...,M,} such that
I — k' > 2¢(1—38). We also define ¢, = #7 ") —1 and ¥,, = U . Note that ¢, = (I — k") /2
so that ¢, > ((1 — 39). Furthermore, we set

bn = #T[v?"Ll-

We need to prove a lemma providing an estimate of the probability for p,, to be close to n. Note
that p, <n=#T P" as.

VT
Lemma 3.19. For every n sufficiently large,

n

P, (Do N {pn > (1 —48(my +1))n}) > 1 — 2b.

PROOF : In the same way as in the proof of the bound (Bl) we can verify that there exists a
constant B3 > 0 such that for all n sufficiently large,

P, (\C — (my + )n| > 03/ T = n) <e
So Lemma and Proposition imply that for all n sufficiently large,
Pirv (IC = (m1+ Dn| > n¥/4) <. (24)
Now, on the event I';,, we have

n—po=#((TATU) TY) <3 (TATH0)) = ¢ - ¢ < 36C,

since we saw that I',, C E,, and that {, > (1 — 3§)C on E,. If n is sufficiently large, we have
30(m1 4+ 1)n + 36n3/* < 46(my + 1)n so we obtain that

(Pan {¢ < tmut Dt n¥1}) € (00 {pu > (1= 40(m1 + 1)),
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for all n sufficiently large. The desired result then follows from E0) and (24). O

Let us now define on the event E,,, for every t € [0, 1],

(1) VPa(Zg —1) C (ky, +26t) — C (k)

o2 ’
o (Zm DYV (200
t) = 10, oA :

Note that C™ and V(™ are rescaled versions of the contour and the spatial contour functions
of (TW0) T b, ]) On the event E¢, we take C(™(t) = V{")(t) = 0 for every ¢ € [0,1]. Straight-
forward calculations show that on the event I, for every t € [0, 1],

~ /2 ~
c™) - EWw)| < e+ <1— o ) sup C(s) + wen (66),
se|0,

IN

- 174 -
(V<"> (t) — v (t)( e+ <1 - %) sup V™ (s) + wp ) (66).

s€[0,1]

Set N
I =T,0{pn > (1—46(m1 +1))n}.

We then get that on the event fn, for every t € [0, 1],

CO(t) = CW@)| < et 45(m+1) sup CO(s) + g (69), (25)
s€[0,1]

‘V(")(t) - V(")(t)‘ < e 48(my+ 1) sup VO (s) + wp (69). (26)
s€[0,1]

Likewise, we set B
E,=E,N{pn > (1 —46(m1 +1))n}.

Lemma BT implies that, under the probability measure Pu (| En) and conditionally on the
o-field G,, defined by

G =0 ((Ta"”“, Ua"”“) . M,, (#TW“, 1<i< Mn>> :

the spatial tree (7° [vgn}’ﬁ[v?n]) is distributed according to P*" . (recall that Y; = Uyr ). Note
that En € G, and that Y,, and p, are G,-measurable. Thus we have

e (15,0 (E0.70)) = B (1550 (09.7)|5)

- . (11 Euy, (F (C@),v(p)))ppn). (27)

From Lemma BI8 we get for every p sufficiently large,

P ( (C(m, V(p))) _E ( F (éBy/pl/{fo/pl/‘*))‘ <,

vy

w,v,Yn

sup
Sp/A<y<ZEpl/4
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which implies using (), since 3aB/2 < 2aB = 2«a < 2¢, that for every p sufficiently large,

sup
Zpl/a<y<3apl/a

Epuy (F(COV0)) —E(F (@,5))| < 2. (28)

Furthermore Lemma BT implies that

P, <{|n_1/4Yn —al > ?7} N En) — 0.

n—oo

So we get for every n sufficiently large,

Elex <]1 E” (F (C(p)’v(p))> ) _ @/ZV@ (En> E(F (éojfo))‘
P=pn

<2P!,. (En N {]n71/4Yn —al > a/4}>

==}

+E. | 15 s [EL,, (F(c®.v®?)) —E(F @)
o "\ Epacy<sEpyal
P=DPn
<o+E),, (15 s [Ef,, (F (C<P>,V<p>)) _E(F (EO,?O))‘ . (29)
"\ Eplacy<smpal
P=DPn

Thus we use 7)), @X), ) and the fact that p, > 1 — 46(my + 1)n on E,, to obtain that for
every n sufficiently large,

‘IEM” (]1 F <C<") 17<">)) —B (E)E(F (éO,FO))‘ < 4b. (30)
From Lemma BT9, we have IF’M ux(En) > 1 — 2b. Furthermore, 0 < F' < 1 so that (B0) gives
‘ng (F(C’(”) x7<”>)> E(F(éo,fo))( < 8b. (31)

On the other hand, since fn - En and F' is a Lipschitz function whose Lipschitz constant is less
than 1, we have using (Z8) and 4, for n sufficiently large,

B (1, [P (E.70) - )

< 2+E,,, <<4é(m1 +1) szl[épl] é(n)(5)> A1+ W (66) A 1)

+E,,, <<4a(m1 +1) sup V(s )) A1+ W (65) A 1) . (32)

s€[0,1]

By the same arguments we used to derive (BII), we can bound the right-hand side of ([B2), for n
sufficiently large, by

b+ 2+ E ((45(m1 +1) sup 60(8)> A1+ wgo(66) A 1)

s€[0,1]

s€[0,1]

+E <<45(m1 +1) sup FO(S)> A1+ wgpo(60) A 1) .
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From () together with (I, the latter quantity is bounded above by 7b. Since

(fn> > 1 — 2,

o5

we get for all n sufficiently large,
B, (| (609,70 F (0, ve) ) <o

which implies together with (Bl that for all n sufficiently large,

n
TR

(E (F (C(”),V(”)>) _E(F (éo,?o))‘ < 17b.

This completes the proof of Theorem

3.5 Proof of Theorem

In this section we derive Theorem from Theorem We first need to prove a lemma. Recall
that if 7 € T, we set ( = #7 — 1 and we denote by v(0) = & < v(1) < ... < v(() the list of
vertices of 7 in lexicographical order. For n € {0,1,...,(}, we set as in ({16),

Jr(n) =# (TN {v(0),v(1),...,v(n)}) .

We extend Jr to the real interval [0, (] by setting Jr(t) = Jr([t]) for every t € [0,(], and we
set for every ¢ € [0, 1]

Tr) = 2.

We also define for k € {0,1,...,2(},

Kr(k)=1+# {l e{l,....k}:C(l) = [gnf%)l(]C and C(1) is even}.

Note that K7 (k) is the number of vertices of type 0 in the search-depth sequence up to time k.
As previously, we extend K7 to the real interval [0,2(] by setting K7(t) = K7 (|t]) for every
t € [0,2¢], and we set for every t € [0,1]

o = K

Lemma 3.20. The law under @Z,j,l of (7T(t),0 <t< 1) converges as n — oo to the Dirac
mass at the identity mapping of [0,1]. In other words, for everyn >0,

P, <sup | Tr(t) —t| > n) — 0. (33)

tel0,1] n—oo

Consequently, the law under @;},1«1 of (ET(t), 0<t< 1) converges as n — oo to the Dirac mass
at the identity mapping of [0,1]. In other words, for every n > 0,

Eﬁv,l ( sup} |F7(t) — t| > 77> — 0. (34)

tefo,1 n—00
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PROOF : For T € T, we let v°(0) = @ < v%(1) < ... < v9(#7° — 1) be the list of vertices of 7
of type 0 in lexicographical order. We define as in (16)

Grk)=#{ueT :u<"(k)}, 0<k<#7T°-1,

and we set G7(#7°) = ¢. Note that v°(k) does not belong to the set {u € T : u < v°(k)}.
Recall that mq denotes the mean of the offspring distribution pg. From the second assertion of
Lemma 18 in ([16), there exists a constant € > 0 such that for n sufficiently large,

Prl sup  |Gr(k)— (1+mo)k| >n¥*) <e.
0<k<#TO

Then Lemma and Proposition imply that there exists a constant &' > 0 such that for n
sufficiently large,

sz,l ( sup |Gr(k) — (14 mg)k| > n3/4> <e ™. (35)
0<k<#T0
From our definitions, we have for every 0 < k < #7 0 _1and0<n< ¢,
{Gr(k)>n} ={Jr(n) <k}.
It then follows from (B that, for every n > 0
sz,l (nl sup |J7(((1 +mo)k) ANC) — k| > 77) — 0.
0<k<#TO n—oo

Also from the bound () of Lemma BI0 we get for every n > 0,

= n
Pu,v,l <

The first assertion of Lemma follows from the last two convergences.

1
o lgT0 _‘ >n) 0.
mo

n—~o0

Let us set j, = 2n — |v(n)| for n € {0,...,¢}. It is well known and easy to check by induction
that j, is the first time at which v(n) appears in the search-depth sequence. It is also convenient
to set jey1 = 2¢. Then we have K7(k) = Jr(n) for every k € {jpn,...,jny1 — 1} and every
n € {0,...,(}. Let us define a random function ¢ : [0,2(] — Z4 by setting ¢(t) = n if
t € [jn,jn+1) and 0 < n < ¢, and p(2¢) = ¢. From our definitions, we have for every ¢ € [0, 2(],

Kr(t) = Jr(e(t)). (36)

Furthermore, we easily check from the equality j, = 2n — |v(n)| that

t
te[o,zq‘ 2 2| 7 o (37)

We set ¢ (t) = (Lo(2¢t) for t € [0,1]. So D) gives

1
sup t) —t| < - maxC,
t€[0,1] et 1 ¢ [0,2¢]
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which implies that for every n > 0,

P, <Sup lpe(t) —t > n) — 0. (38)

te(0,1] n—oo
On the other hand we get from @B8) that K7 (t) = J7(p¢(t)) for every t € [0,1] and thus

sup |K7(t) — Jr(t)| <2 sup |J7(t) —t|+ sup |ec(t) —t|.
te(0,1] te(0,1] te[0,1]

The desired result then follows from (B3] and (BS). O

We are now able to complete the proof of Theorem The proof of (i) is similar to the proof
of the first part of Theorem 8.2 in (12), and is therefore omitted.

Let us turn to (ii). By Corollary and properties of the Bouttier-Di Francesco-Guitter bijec-

tion, the law of )\5\3) under Bg (- | #Fy = n) is the law under F:z«l of the probability measure
I, defined by

1
<Inag> = g(O) + g n_1/4Uv
H#TO0+1 U;(J ( )

It is more convenient for our purposes to replace Z,, by a new probability measure Z/, defined by
1 —1/4
(In,9) = 270 Z g(n / Uv>-
veTO

Let g be a bounded continuous function. Clearly, we have for every n > 0,

Py ([(Tn9) — (Zhy9)| >n) — 0. (39)

n—oo

Furthermore, we have from our definitions

Tt = g () + [0 (v (220) a0, (40

where the first term in the right-hand side corresponds to v = @ in the definition of Z/. Then
from Theorem B3, (B4) and the Skorokhod representation theorem, we can construct on a
suitable probability space, a sequence (7,,U,)n>1 and a conditioned Brownian snake (&°, V),
such that each pair (7, U,) is distributed according to P" |, and such that if we write (Cy,, V;,)
for the contour functions of (7,,,Uy), ¢, = #7,, — 1 and K,, = Kr,, we have,

uniformly in ¢ € [0,1], a.s. Now g is Lipschitz, which implies that a.s.,

/01 g (n*1/4Vn(2§nt)> dK () — /01 g <(%) v TO(t)> AR a (1)
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Furthermore, the sequence of measures di, converges weakly to the uniform measure d¢ on
[0,1] a.s., so that a.s.

1 4pq 1/4 _ _ 1 4,0q 1/4 —
/O g ((79(201— 1)) ro(t)> ARult) = [ 0 ((79(201_ 1)) 2 ) at. (42)

Then () and ([E2) imply that a.s.,

/01 g (n—1/4vn(2cnt)> dE(t) — 01 g ((%)M TO@)) dt,

which together with ([B3) and (E0) yields the desired result.

Finally, the proof of (iii) from (ii) is similar to the proof of the third part of Theorem 8.2 in
(12). This completes the proof of Theorem

4 Separating vertices in a 2x-angulation

In this section, we use the estimates of Proposition to derive a result concerning separating
vertices in rooted 2k-angulations. Recall that in a 2x-angulation, all faces have a degree equal
to 2k.

Let M be a planar map and let o9 € V)ys. Let o be a vertex of M different from og. We denote
by 8777 the set of all vertices a of M such that any path from o to a goes through og. The
vertex og is called a separating vertex of M if there exists a vertex o of M different from o such
that 83,7 # {o0}. We denote by Dy, the set of all separating vertices of M.

Recall that @: stands for the uniform probability measure on the set of all rooted 2x-angulations

with n faces. Our goal is to prove the following theorem.

Theorem 4.1. For every e > 0,

lim @: (El 00 € Dy 3o € Vi \ {00}, nt/?c < #SK/?’U < 2n1/275) =1.
n—oo
Theorem BTl is a consequence of the following theorem. Recall that U]l denotes the uniform

probability measure on the set of all rooted pointed 2x-angulations with n faces. If M is a
rooted pointed bipartite planar map, we denote by 7 its distinguished point.

Theorem 4.2. For every e > 0,

lim U} (El 00 € Dyp:og # T, nl/?—e < #STT < 2n1/2_5> =1.
n—oo

Theorem BTl can be deduced from Theorem but not as directly as one could think. Indeed
the canonical surjection from the set of rooted pointed 2x-angulations with n faces onto the set
of rooted 2x-angulations with n faces does not map the uniform measure U} to the uniform
measure TU: . Nevertheless a simple argument allows us to circumvent this difficulty.
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Let Mvr,p be the set of all triples (M, €, 7) where (M, €) € M, and 7 is a distinguished vertex of

the map M. We denote by s the canonical surjection from the set M, ,, onto the set M, , which
is obtained by “forgetting” the orientation of €. We observe that for every (M, e, 1) € M,

# (s_l((M, 6,7'))) = 2.

Denote by ﬁg the uniform measure on the set of all triples (M, é,7) € //\an such that M is a

2k-angulation with n faces. Then the image measure of the measure U;} under the mapping s
is the measure Uj.. Thus we obtain from Theorem B2 that

lim U/ (3 00 € Dar = 3o € Var \ {00}, /275 < #8707 < 2n1/2—€> = 1. (43)

n—oo

On the other hand let p be the canonical projection from the set Mvnp onto the set M,.. If M
is a 2k-angulation with n faces, we have thanks to Euler formula

#Vy = (k—1)n+2.
Thus the image measure of the measure TB,? under the mapping p is the measure @: . This
remark together with (E3)) implies Theorem ET}
The remainder of this section is devoted to the proof of Theorem We first need to state a
lemma. Recall the definition of the spatial tree (7%, UM for (7,U) € Q and v € T.

Lemma 4.3. Let (T,U) € TP and let M = U, ,((T,U)). Suppose that we can find v € T°
such that TO0 £ {@} and Ul > 0. Then there exists og € Dy such that o %7 and

#8707 = HTIO,

PRrROOF : Let (7,U) € TP, Write wo,w, ... ,we for the search-depth sequence of TO (see
Section EZ4]). Recall from Section 4 the definition of (U} ,v € 7) and the construction of
the planar map W, ,((7,U)). For every i € {0,1,...,(}, we set s; = 9 if U} = 1, whereas if
U;ji > 2, we denote by s; the first vertex in the sequence wj1,...,w¢_1,wo, w1, ..., w;—1 whose
label is U, — 1.

Suppose that there exists v € 70 such that TV £ {@} and Ul > 0. We set

k= min{i € {0,1,...,(}: w; = v},
I = max{ie{0,1,...,¢}:w; =v}.
The vertices wg, Wy4y1,...,w; are exactly the descendants of v in 7°. The condition U bl >0
ensures that for every i € {k+1,...,l — 1}, we have
U;ri > U;rl = U;rk.

This implies that s; is a descendant of v for every i € {k+1,...,l — 1}. Furthermore s; = s
and s; is not a strict descendant of v if i € {0,1,...,(}\{k,k+1...,l}. From the construction
of edges in the map V¥, ,((7,U)) we see that any path from 0 to a vertex that is a descendant
of v must go through v. It follows that v is a separating vertex of the map M = W, ,((7,U))
and that the set 7[*}0 is in one-to-one correspondence with the set S}y . O

Thanks to Corollary 24 and Lemma B3] it suffices to prove the following proposition in order
to get Theorem Recall the definition of p" = (g, ).
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Proposition 4.4. For everye > 0,

3 n
i P

(3 vo € TO : nl/2—5 < Twl0 < 9p1/2—2  prlwol 0) — 1.

PROOF : For n > 1 and € > 0, we denote by A,, . the event
Ape = {EI vg € TV : nl/278 < 7 loll < 9p1/2=¢ ylvol 5 0} .
Let € > 0 and a > 0. We will prove that for all n sufficiently large,
e v1(Ane) > 1= 3a. (44)
We first state a lemma. For 7 € T and k > 0, we set
ZO%k) = #{v € T : |v| = 2k}.

Lemma 4.5. There exist constants 3 > 0, v > 0 and M > 0 such that for all n sufficiently
large,

P inf Z%k) > Bv/n, supZ°%(k) < Mv/n| >1—a.
a (vﬁﬁkﬂv\/ﬁ *) k>0 )

We postpone the proof of Lemma and complete that of Proposition EE4l To this end, we
introduce some notation. For n > 1, we define an integer K, by the condition

(Wil + Kn[n'/*] < [29vn) < [yv/n] + (K, +1)[n'/4],

and we set for j € {0,..., K,},

B = [y + e,

If 7 € T, we write H(7) for the height of 7, that is the maximal generation of an individual in
7. For k>0,and N,P > 1 we set

Z%(k, N, P) = # {v €T :|v| = 2k, N < #T0 < on (T < 2P} .
We denote by I'y,, C,, - and E,, . the events

L, = ) {ﬁ\/ﬁ < 70 (k](”)) < M\/ﬁ},

0<j<Kn
Cpe = OSQKn {ZO (kj(.n),nl/Q’E,nl/‘l) > n1/4} ’
En,z—: = OSQKn {n1/4 < Z° (k§n)’n1/275’ n1/4) < M\/ﬁ} .

The first step is to prove that for all n sufficiently large,

Pl (Bnz) > 1 - 2a. (45)
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Since I', N C o C B, ¢, it suffices to prove that for all n sufficiently large,

P (TnnCpe) >1-2a. (46)
We first observe that
Kn
P(TanC5) <> P (5\/5 < 70 (k}’”) < Myn, Z° (k](-n),n1/2_5,n1/4> < n1/4> . (A7)
j=0

Let j € {0,...,K,}. We have

P (Bvn < 2° (k) < M/, 2° (K, 01275 n1/1) < nt/4)
_ U\%EJ 5 (Z (kj(.n),nlﬂ_e,nl/4> < pl/4 ‘ 70 (kj(”)> = q> Pyx (ZO (k;j”)) = q) . (48)
q=[Bvn]

Now, under the probability measure Py (- | Z O(k](.n)) = q), the ¢ subtrees of 7 above level 2k](-n)
are independent and distributed according to P,~. Consider on a probability space (',P’) a
sequence of Bernoulli variables (B;,i > 1) with parameter p,, defined by

Pn = Pus <n1/2_5 <H#7° < 2n1/2_5,H(T) < 2n1/4) .
Then HX) gives
Pus (Bvin < 2° (K7) < M/, 2 (K", n!/27% nl/Y) <nl/1)

[My/n ] q
Z P’ <Z B; < n1/4>

q=[Bvn] =1

[M+/n | —1/4
Z e exp (—%) , (49)
q=[Bvn]

IN

IN

where the last bound follows from a simple exponential inequality. However, from Lemma 14 in
(L6), there exists n > 0 such that for all n sufficiently large,

pn = P (n1/275 < #70 < 2n1/2’5) - P, <n1/275 < #70 < 2n1/2*5,H(T) > 2711/4)
> Py (n1/2—6 < #70 < 2n1/2_5) e, (50)

Under the probability measure P, we have #7° = (k —1)#7 1 + 1 a.s., so we get from Lemma
that there exists a constant ¢, such that,

It then follows from (B0) that

n1/4f€/2pn Cpo.
n—00
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From (), we obtain that there exists a constant ¢ > 0 such that

P (5\/5 < Z/S(”) < M+/n, Z (k;](,n)’nl/2—e’n1/4> < n1/4> < M/ne="".
J

which together with (@) implies that
P (TnNCE,) < MEyv/ne ™.

Since K,, ~ yn/* as n — oo, we get from Lemma that, for all n sufficiently large,
PH“ (FTL N Cﬁb,é)

P,@(FnﬂCmE) Sm_a

. (52)

On the other hand, Lemma implies that

Pr(ln) 21—

The bound @H) now follows.

Set Kot
I, = {(nl/ﬂ, i/ 4+ 1,...,LM\/EJ} A

For (po,...,pK,) € I, we set

Enc(po,---,PK,) = ﬂ {ZO (kg.")’nl/z_e’nl/zl) _ pj}.

0<j<Kn

On the event E,.(po,...,pK,) for every j € {1,...,K,}, let v{ < ... = v{;j be the list in
lexicographical order of those vertices v € 7 at generation 2kj(.n) such that n!/2—¢ < #7010 <
2n'/2=¢ and H(T™) < 2n'/4. Note that for every j,j € {1,...,K,} such that j < j/, we have
for every i € {1,...,p;},

max {Jofo] v € W < 2k 4 201/ < 211,

Then, it is not difficult to check that under Py~ ,1(- | Enc(po,--.,PK,)), the spatial trees
{(T[vg], U[”zq), i=1,...,p;,j =1,...,K,} are independent and distributed according to the
probability measure P, (- | n'/275 < #T0 < nl/27¢ H(T) < 2n'/4). Set

T =Puuo (Q >0|n'/?78 <#T° <2n'/?75 H(T) < 2n1/4) .
Since the events E, .(po,...,Pk,), (po,--.,PK,) € I, are disjoints we have,

Purpi(Bne AL ) = > Pu(Buclpo,---px,))

(P0s--PEy ) Eln
X Py ({UM <000 <5 < Kos1 <i <y} | Buclpo, k)

Z P;m (En,s(p(), . ,pKn))(l — wn)p0+---+PKn
(p0’7pKn)eIn

Pu(Ene)(1— wn)(”l/‘ﬂ(KnH)
(1- Wn)(nl/‘q(KnJrl). .

IN

IN
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Now, from Lemma 14 in (16) and (&l there exists ¢’ > 0 such that for all n sufficiently large,
Tu = Pro (U > 0| 275 < 470 < 2t/275) — htl2e,

where 1 was introduced before (Bl). Since under the probability measure Py, we have #79 =
1+ (k— 1)#T! a.s., we get from Proposition that there exists a constant ¢ > 0 such that
for all n sufficiently large,

> _ ¢
T 7 -
= pl/2—e

So, there exists a constant ¢ > 0 such that (B3) becomes for all n sufficiently large,

/

Pus 1 (Bpe NAS ) <e €™ (54)
Finally ([&4]) together with Lemma implies that if n is sufficiently large,

Pl 1 (BneNA; L) <o

Using also (#3)), we obtain our claim (E4). O

PROOF OF LEMMA : Under Pyx, Z° = (Z°(k),k > 0) is a critical Galton-Watson process
with offspring law y ,, supported on (x — 1)Z4 and defined by

16,((k — DE) = pg(k), k=0.

Note that the total progeny of Z° is #7° and recall that under the probability measure P,
we have #7° =1+ (k — )#7T! as.
Define a function L = (L(t),t > 0) by interpolating linearly Z° between successive integers. For
n>1andt >0, we set

1

In(t) = ﬁL(t\/E).
Denote by 1(t) the total local time of e at level ¢ that is,

1!
l(t) = il_l’)r(l) g ; 1{t§e(s)§t+€} dS,
where the convergence holds a.s. From Theorem 1.1 in (6), the law of (I,(t),t > 0) under Pk
converges to the law of (1(¢),t > 0). So we have

liminf P, < inf 1,(t) > B, sup ly(t) < M> >P < inf 1(t) > 8, sup 1(t) < M> .

n—oo <t<2y t>0 Y<t<2y t>0

However we can find 8 > 0, v > 0 and M > 0 such that

)

Pl inf 1(¢)>p3, supl{) <M ) >1-—
<’Y§t§2’7 () & tzg () >

| Q

and the desired result follows. OJ
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