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Abstract

In this paper we shall derive asymptotic expansions of the Green function and the transition
probabilities of Markov additive (MA) processes (&,,S,) whose first component satisfies
Doeblin’s condition and the second one takes valued in Z%. The derivation is based on a
certain perturbation argument that has been used in previous works in the same context. In
our asymptotic expansions, however, not only the principal term but also the second order
term are expressed explicitly in terms of a few basic functions that are characteristics of
the expansion. The second order term will be important for instance in computation of the
harmonic measures of a half space for certain models. We introduce a certain aperiodicity
condition, named Condition (AP), that seems a minimal one under which the Fourier analysis
can be applied straightforwardly. In the case when Condition (AP) is violated the structure
of MA processes will be clarified and it will be shown that in a simple manner the process,
if not degenerate, are transformed to another one that satisfies Condition (AP) so that from
it we derive either directly or indirectly (depending on purpose) the asymptotic expansions
for the original process. It in particular is shown that if the MA processes is irreducible as
a Markov process, then the Green function is expanded quite similarly to that of a classical
random walk on Z<.
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Introduction

Let (T,7) be a measurable space. Let (§,,S,) (n = 0,1,2,...) be a Markov additive process
(MA process in abbreviation) taking values in the product space T x Z%, namely it is a time
homogeneous Markov process on the state space T' x Z¢ whose one step transition law is such
that the conditional distribution of (§,,, S, — Sn—1) given (§,-1,S,—1) does not depend on the
value of S, _1.

Among various examples of MA processes those which motivated the present work are Markov
processes moving in the Euclidian space whose transition laws are spatially periodic like the
random walk on a periodic graph or the Brownian motion on a jungle-gym-like manifold. These
processes are expected to be very similar to classical random walks or Brownian motions in
various aspects but with different characteristic constants that must be determined. The results
in this paper will serve as the base for verification of such similarity in fundamental objects of
the processes like the hitting distribution to a set as well as for computation of the corresponding
characteristic constants. (Another example is given in Remark 5.)

From the definition of MA process it follows that the process &, is a Markov process on 1" and
that with values of &, being given for all n, the increments

Y, :=5,— 5,1

constitute a conditionally independent sequence. Let p.(£,dn) denote the n-step transition
probability kernel of the &,-process and P¢ the probability law (on a measurable space (€2, F)
common to &) of the process (£,,S,) starting at (£,0). Set pr = pk. We suppose that pr is
ergodic, namely it admits a unique invariant probability measure, which we denote by u, and
that Doeblin’s condition is satisfied. With the ergodic measure at hand the latter may be
presented as follows:

(H.1)  there exist an integer v > 1 and a number € > 0 such that
suppr(§,A) <1—¢ if p(A) <e.

£eT
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If there is no cyclically moving subset for the process &,, this amounts to supposing that for
some constant p < 1,

(H.1") Ip(&, A) — u(A)| < const p” (n=1,2,3,...)

uniformly in A € 7 and £ € T. (See Remark 2 in the next section for the other case.) We also
suppose that

/ u(dg)Ee[vi] = 0, (1)

where E¢ represents the expectation under F.

In this paper we shall derive asymptotic expansions of the Green function (d > 2) and the
transition probabilities of the process (§,,S,) that satisfies (H.1) and (). The derivation is
based on a certain perturbation argument that has already been applied in previous works
on (local) central limit theorems (cf. (6), (20), (11), (18) etc.) or on estimates of the Green
functions (cf. (1), (9)) of MA processes. In our asymptotic expansions, however, not only the
principal term but also the second order term are expressed explicitly in terms of a few basic
functions that are characteristics of the expansion. The second order term will be important in
computation of the harmonic measures for the walks restricted on a half space ((ILf)) (of which
we shall give a brief outline after the statement of a main result) or other regions ((4),(14), (19),
(23).

We introduce a certain aperiodicity condition, named Condition (AP), that seems a minimal one
under which the Fourier analysis can be applied straightforwardly. In the case when Condition
(AP) is violated the structure of MA processes will be studied in detail and it will be shown
that in a simple manner the process, if not degenerate, can be transformed to another one that
satisfies Condition (AP) so that from it we derive either directly or indirectly (depending on
purpose) the asymptotic expansions for the original process. It in particular is shown that if
(€4, 8y) is irreducible as a Markov process on T x Z¢, then the Green function is expanded
quite similarly to that of a classical random walk on Z¢ (Theorems 1 and 2). In the case when
T is countable we also obtain a local limit theorem that is valid without assuming Condition
(AP) nor irreducibility (Theorem [[H). The results obtained here directly yield the corresponding
ones for classical random walks on Z?, of which the estimates of transition probabilities valid
uniformly for space-time variables outside parabolic regions seem not be in the existing literatures
(Theorem 4, Corollary 6).

Other aspects of MA processes have been investigated under less restrictive settings than the
present one by several authors: see ([13) and (9) as well as references therein for renewal theorems

r (21) for large deviations; a general theory of continuous time MA processes (construction,
regularity property, Lévy-Ito-like decomposition etc.) is provided by (2). There are a lot of
interesting examples of MA processes and several of them are found in (1l). The term ‘Markov
additive process’ is used by Cinlar (2). In some other works it is called by other names: a process
defined on a Markov process, a random walk with internal states, a semi-Markov process or a
Markov process with homogeneous second component etc.

The plan of the paper is as follows. In Section 1 we introduce basic notations and the aperi-
odicity condition (AP) and present the asymptotic expansions for the Green function and the
transition probabilities. Several Remarks are made upon the results after that. The proofs of
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the asymptotic expansions are given for the Green function and for the transition probabilities
in Sections 2 and 3, respectively, by assuming that the condition (AP) holds and &, makes no
cyclic transition, whereas the case of its making cyclic transitions and that when (AP) is violated
are dealt with in Sections 4 and 5, respectively. In Section 6 we compute derivatives at 0 of
k(0) the principal eigenvalue of a transfer operator. In Section 7 we show that the characteristic
functions of S,, converge to zero geometrically fast away from the origin. The consequences of
these two sections are taken for granted and applied in Sections 2 and 3. In the last section
four Appendices are given: the first three provide certain standard proofs or statements of facts
omitted in Sections 2 and 3; in the third we review a standard perturbation argument for the
Fourier operator which is introduced in Section 2 and made use of in the proof of the main
theorems.

1 Main Results

Let (£,,S5,) be a MA process on T x Z¢ and pp and Pe the transition probability of the first
component and the probability law of the process, respectively, as in Introduction. We suppose
the conditions (H.1) and () to be true unless otherwise stated explicitly. To state the main
results we introduce some further notation. Let p stand for the integral operator whose kernel
is pr: pf = [pr(-,dn)f(n). Define an R%valued function h on T by

W) = E¢[V1]

and let ¢ be a solution of (1 — p)e = h (p-a.e.) that satisfies u(c) := [edp = 0, which, if it
exists, is unique owing to the ergodicity of pr. We shall impose some moment condition on the
variable Y7, which incidentally implies that h is bounded and that c exists and is bounded and
given by

[e.9]

(&) = (1 =p)h(&) ==1lim }_="p"h(¢). 2)
n=0

(If (H.1") is true, the last series is convergent without the convergence factors, hence c¢(§) =
lim;, o0 F¢[Sy]; see Remark 1 after Corollary 6 and Section 4 in the case when there are cyclically
moving subsets; the convention that (1—p)~! is defined by the Abel summation method as above
will be adopted throughout the paper.)

Put Y, =Y, — c(&n—1) + ¢(&,). Then
E¢Y1] = (h—c+po)(§) =0. 3)
Let @ be the matrix whose components are the second moments of ¥; under the equilibrium
Pui= [ utd)p,
and denote its quadratic form by Q(0):

Q(0) :=0-Q0 := E, (Y1 -0)?, (4)
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where § € R?, a d-dimensional column vector, - stands for the usual inner product in R and
E,, denotes the expectation by P, . Owing to () we have

o1
Q) = lim —E,[S, -0

since S, — So=Y1+---+Y, — c(&n) + c(&o).
We also define functions A* and ¢*, dual objects of h and ¢, by

h*(n) = Eu[-Y1| & =],
and
= (1 o p*)_lh*, (5)
where p* denotes the conjugate operator of p in L?(u): ¢* is a unique solution of (1—p*)c* = h*

such that u(c*) = 0 as before. Alternatively ¢* may be defined as a p-integrable function such
that pu(c*f) = =32 Eu[Yip" f(&1)] for every bounded f.

The transition probability p of the process (&,,.S,) may be expressed as

p((§,2), (dn,y)) == pr(&, dn)ge n(y — ),

where g¢ p(x) = P:[Y1 = z|§1 = n]. We denote by p™ the n-step transition probability which is
defined by iteration for n > 1 and p°((¢,z), -) = d(e.)(+) as usual.

We call the process (&, Syn) symmetricif p((§,x), (dn,y)) is symmetric relative to uxthe counting
measure on Z%. From the expression of p given above we see that it is symmetric if and only

if pr is symmetric relative to pu and ge ,(x) = gn¢(—2) for every x and almost every (§,n) with
respect to pu(d€)p(&,dn). If this is the case, h* = h and ¢* = c.

We introduce two fundamental conditions, one on irreducibility and the other on aperiodicity.

Irreducibility. A MA process (&,,Sy,) is called irreducible if there exists a set T, € 7 with
w(T,) = 1 such that if £ € Ty, 2 € Z¢ and u(A) > 0 (A € T), then for some n

Pel¢, € A, S, = z] > 0. (6)

Condition (AP). We say a MA process (&,,.S,) or simply a walk S, satisfies Condition (AP)
or simply (A P) if there exists no proper subgroup H of the additive group Z? such that for every
positive integer n, the conditional law P[S,, — Sy = - | 0{&0, &, }] on Z? is supported by H + a for
some a = a(&y,&,) € Z? with P,-probability one; namely it satisfies (AP) if no proper subgroup
H of Z? fulfills the condition

Vn>1, P,|3aeZ’ P,[S, € H+alo{é, )] = 1] =1 (7)

Here o{ X} denotes the o-fields generated by a random variable X. (See Corollary 22 in Section
7 for an alternative expression of (AP).)

Condition (AP) is stronger than the irreducibility and often so restrictive that many interesting
MA processes do not satisfy it (some examples are given in 5.2 of Section 5). For the estimate
of Green function we need only the irreducibility, while the local central limit theorem becomes
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somewhat complicated without (AP). In practice the results under the supposition of (AP) are
enough, the problem in general cases of intrinsic interest often being reduced to them in a direct
way as well as by means of a simple transformation of the processes (cf. Section 5).

We shall see in Section 5.4 that the matrix @) is positive definite if the process is irreducible.
Here we see it to be true under (AP). Indeed, if Q(6°) = 0 for some 6° # 0, then for every n > 1,
Eu|(Sp — c(&) + ¢(&)) - 0°> = nQ(0°) = 0, so that S, is on the hyperplane perpendicular to 6°
with P,-probability one, contradicting (AP).

2] :== U\/m, where o := (det Q)1/2d’

provided that @ is positive definite. Multiplication of Q by a constant does not change |z||;
in particular, if Q(6) is of the form ¢2|0|* (hence 02 = 1 E,|V1|?), then ||z coincides with the

We use the norm

usual Euclidian length |z] := y/2} + -+ + 22 for 2 € R.

The Green functions. We define the Green function (actually a measure kernel) G((&, z), (dn,y))
for d > 3 by

G((&, ), (dn,y)) Zp (&), (dn,y))  (d=3).

Put kg = 37 d/zf( (d—2)).
Theorem 1. Let d > 3. Suppose that (&,,Sy) is irreducible and that

sup Ee[|Y1[2T ] <00 if d=3
3

sup Ee[|Y1|T2Tm ) <00 if d>4
3

for some § € [0,1) such that § # 0 if d = 4, and for some nonnegative integer m. Then the
Green function G admits the expansion (as |x| — o)

G((&O),(A,x))=WM(A)+T1+...+ L a m;igw( n) -
(x # 0, A € T) with lim|m|_)oosup£f]Rm(x,g,n)\,u(dn) = 0. Here T, =

N {{x%}/Hde*QHk]u(dn) = O(u(A)/][x\\d*QJrk) with {27} representing a certain homoge-
neous polynomial of x of degree j whose coefficients, depending on n as well as &, are L'(u(dn))-

bounded uniformly in &; and Ty + - - - + T, is understood to be zero if m = 0. Moreover Ty is of
the form

= Hx”ld+2 /A [U(x) + (d = 2)kallz|*(Q ') - (0(5) - c*(n))} pu(dn), (9)

where U(x) is a homogeneous polynomial of degree 3 (given by (30) in Section 2) that does not
depend on variables §,n. If (&,,Sy) is symmetric (in the sense above), then U = 0 and ¢* = c.
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In the two dimensional case we define

G((& ), (dn,9) = 3 [p"((6.2). (dn,y) —p"(€,0),(@n,0)]  (@=2).

n=0

Theorem 2. Let d = 2. Suppose that (&,,Sn) is irreducible and that for some 6 € (0,1)
and some integer m > 0, sup; Ee[|Y12tmH0] < 0o . Then G admits the following asymptotic
exTPansion

fA 96577()

‘.%"d 2+m+0

G((£,0), (A, 2)) = -

5 log||z|| + Ce(A) +Th + - + T +

1(A)

(x#0, AeT). Here T}, and R,, are as in the preceding theorem (but with d = 2) and C¢(dn)
is a bounded signed measure on T (given by (F1) in the next section). Moreover

1

1= [ 0@+ 2@ ) - (9 - ) | wtan)

In Theorems [ and Bl some explicit expressions are presented not only for the principal term but
also for the second order term, i.e. 17, in the expansion of G. The second order term sometimes
plays an important role in applications. In (16) a random walk on a periodic graph, say (V, E)
whose transition law is spatially periodic according to the periodicity of the graph is studied
and the results above are applied to compute the hitting distribution of a hyper plane where the
second order term mentioned above is involved. Typically the vertex set of the graph is of the
form V = {u+~:u € F,y € T} where F is a finite set of R? and I is a d-dimensional lattice
spanned by d linearly independent vectors e, ...,eq € R% The random walk X,, moves on V
whose transition law is invariant under the natural action of I' so that 7(X),,) is a Markov chain
on F, where 7p : V — F denotes the projection, and is viewed as a MA process on T x R,
Suppose that there is a hyper plane M relative to which the reflection principle works so that
if v denotes the mirror symmetric point of v relative to M and u,v € V' \ M, then the Green
function G of the walk X, killed on M is given by G*(u,v) = G(u,v) — G(u,v) if u,v are on
the same side of V separated by M and G (u,v) = 0 otherwise. Let V' be one of two parts
of V separated by M and e a unit vector perpendicular to M. Then under suitable moment
condition one can deduces from Theorems 1 and 2 that for u,v € VT,

o0 (d/2)]det A] | (u () -¢] [+ () -]
T2 Q(e) lv—ul?
as |[v — u| — oo in such a manner that (u-e)(v-e)/|u — v|> — 0, where ¢ = 7p(u), n = 7p(v)

and A is the matrix made of column vectors eq, ..., eqs. The asymptotic formula for the hitting
distribution of M is readily obtained form this.

G*(u,v) = () x {1+o(1)},

In the next result the same assumption as in Theorem 2 is supposed.

Corollary 3. Let d = 2. In the definition of G one may subtract (27o®n) L u(dn) instead of
p"((£,0), (dn,0)); so define G by

G((& @), (dn,y) = Y [P (& 2), (dn.y)) -

n=1

()] (10)

2mo?n
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which only causes an alteration of the constant term Cg¢(A) and an additional error term,
r(x)p(dn) say, of order O(||z||=*) in the expansion of Theorem[: the constant term is given by

(r0®) 7 (=7 +1og(0V2)) u(A)
where 7y is Euler’s constant. (r(x) appears only if &, makes a cyclic transition.)

Corollary Bl is actually a corollary of Theorem ] and Theorem ] below. For a proof, see the end
of the proof of Theorem Bl given in the next section.

We shall prove these results first under the supposition of (AP), and then reduce the general
case to them . In the case when the condition (AP) does not hold, it is natural to consider the
minimal subgroup H that satisfies ([d) and the process, denoted by a,, that is the projection of S,
on the quotient group Z?/H. If the process (&,,a,), which is a Markov process on T x (Z?/H),
is ergodic (namely it has a unique invariant probability measure), then the Green function is
shown to well behave. This ergodicity of course follows from the irreducibility of (&,,Sy,) (see
Lemma [[). On the other hand, if it is not ergodic, the formulae in the theorems above must
be suitably modified for obvious reason.

Local Central Limit Theorem. The method that is used in the proof of Theorems 1 and 2 also
applies to the derivation of local central limit theorems just as in the case of classical random
walks on Z?. We give an explicit form of the second order term as in the estimate of the Green
function given above. The next order term is computable in principle though quite complicated
(cf. Corollary H).

In the expansion of the Green function there is no trace of cyclic transitions of &, (if any), which
is reflected in the transition probability p"((&,z), (A,y)) for obvious reason. In general there
may be cyclically moving subsets of T' so that the set T' can be partitioned into a finite number
of mutually disjoint subsets Ty, ...,Ty—1 (7 > 1) such that for j, k, ¢ € {0,...,7 — 1},

P e A) = € ANT) i €Ty, k=j+( (mod 7). (11)
To state the next result it is convenient to introduce the probability measures p; (j =0,...,7—1)

on T which are defined by
w(A) = T(ANT)  (AeT). (12)

If 7 =1, we set o = p.

Theorem 4. Let 7 and pj be as above.  Suppose that Condition (AP) holds and
supy E¢[|Y1|*9] < oo for some k > 2 and § € [0,1). Then, if € €Tj, AcT,0<(<7—1, and
n=mt+4{>0,

(2ra®n)¥2P"((,0), (A, 7)) (13)

=ex _HxH2 [ j (A)‘Fpn’k(x)} + o0 1 A i
= P 202n Mjye \/Hk_Q_H; ‘.’L”k'i_(s 1 s

as n + |x| — oo. Here a A'b stands for the minimum of a and b; P™*(x) is a polynomial of x
such that P2 =0 and if k>3

P () = %Pfl (%) Tt ﬁPkAQ (%)
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where PjA(y) is a polynomial (depending on &, ¢ as well as A but determined independently of m)
of degree at most 3j and being odd or even according as j is odd or even. The first polynomial
PlA s given by

P = [ [HW/@T0)+ @7y (€)= ) Jusealan) (v € R

where H (defined via {f0) (valid also for the case T > 2)) is a linear combination of Hermite
polynomials (in d-variables) of degree three with coefficient independent of £, A; in particular H
1s 1dentically zero if the process is symmetric.

The error estimate in Theorem Ml is fine: the expansions of the Green functions as in Theorems
1 and 2 can be obtained from Theorem B (except for d = 4) in view of the inequality

o0

— \/ﬁd \/ﬁk_2+6 ‘x’k-i—é +1 — ’x‘d+k—4+6

if d =2,6 >0o0rd=3,6 > 0; and a similar one with C/|z|*T on the right side for d > 5 (we
need to multiply the right side by log |z| for d = 4).

Corollary 5.  Suppose that (£n,Sy) satisfies (AP) and supg E¢[|Y1]°] < co. Then, if & € Tj,
AeT, 0=0,...,m— 1, andn=m7+ ¥,

(227 (€. (4,) (15)
= o (L2 [ + St () - S0 0 (FEE)

as n — oo uniformly for || < C/n and € € T (with C being any positive constant). Here a™(€)
s a certain function on T'.

In the special case when the &, process degenerates into a constant we have the result for a
classical random walk on Z¢ which is an extension of that of Spitzer (22) . Its n-step transition
probability p"(x,y) is given in the form p"(y — x).

Corollary 6. Suppose that the random walk is strongly aperiodic in the sense of (22),
S pt @)z =0 and 3. p'(z)|z|F9) < oo for some k > 2 and § € [0,1). Then

2_\d/2 _ HxHQ k 1 n
(2m0?n)"?p™ () = exp (—m [1 + P" (CC)] t+o N A 2 1)

as n + |x| — co. Here P™*(x) is a polynomial of x as described in Theorem [ except that PJA
therein is independent of A (k(6) in [{0) is nothing but the characteristic function of p').

Remarks for Theorems 1 to 4.

REMARK 1 If there are cyclically moving subsets of T' for the process (§,) as in ([2), the
relation (H.1") does not hold any more. However, under Doeblin’s condition and ergodicity, it

147



holds that for j,k,¢ € {0,...,7 — 1},

(H.1") 5suj;ﬂ) PR, A) — pur(T)| < const p™  if k= j+ £ (mod 7)
el

uniformly in £ € T;,A € 7. (For proof see Doob (d), Section V.5 (especially pages 205-206,
207). The function ¢, defined as a solution of (1 — p)c = h, is obtained by taking the Abel sum
as in (B2) of possibly divergent series > p"h; ¢* may be similarly given. (In the special case when

every T; consists of one point, the process is a deterministic cyclic motion on a finite set and
c=h+(1-7YHph+ (1 —-2r"Hp?h+---+ 77 'p7Lh. For the general case see Section 4.)

REMARK 2 One might consider a class of MA processes which satisfy Condition (AP) and
wish to prove that the estimates as given above hold uniformly for the processes in the class (cf.
(L0), (26)). For expecting such uniform estimates to be true it is reasonable to suppose that the
following bounds hold uniformly for the class:

(i) supg B |[Yi[F0 < C; 3A >0, inflg_; Q(6)/]0 > A

(i) [[(p = Tl < Cp" foralln (p< 1)

(i) 3n°,Ve >0, 3a < 1, supjgse.oe|rmlt E“‘E“ [eiSno 4 ‘ a{go,gno}] ( <a

(provided that 7 is bounded), where II is the principal part of p made of eigenprojections
corresponding to eigenvalues of modulus unity (see Section 6). (For (iii) see (3)) of Section 7.)
Unfortunately it is not fully clear whether the uniformity of these bounds is sufficient since it
does not seem to provide appropriate bounds for derivatives of k(6), My(f) (cf. Section 2 for
the notation).

REMARK 3  For the local central limit theorem the zero mean condition () is not essential.
With the mean vector b = E,,[Y1] we have only to replace x by « — nb on the right sides of (I3
and ([[H) to have the corresponding formulas. The same proofs as in the case of mean zero go
through if h and h* are defined by h(§) = E¢[Y1] —b and h*(n) = b— E,[Y1]&1 = 7], respectively.

REMARK 4 We have supposed the Doeblin’s condition (H.1) to hold, which amounts to sup-
posing the uniform bound of the exponentially fast convergence (H.1”). We may replace it by
the LP(u) (p > 1) bound under some auxiliary condition on py (which is satisfied eg. if 7' is a
countable set), although the estimates stated in Theorems above must be generally not uniform
relative to &y = £ any more. (Cf. (1) for a such extension.)

REMARK 5  The case when the distributions of S, is not supported by any lattice can be
dealt with in a similar way under some reasonable conditions. If the asymptotic formulae are
for measure kernels and understood in a weak sense (cf. the last section of (24)), it suffices to
suppose, in place of Condition (AP), that for some positive integer n°,

Pu[limsup EpJexp(iSye - 0) ya{go,gno}]( < 1] > 0. (16)

|0] — o0

If it is for the density, we need suppose a more restrictive one, eg, the condition that for some

integers n°, k > 1
k
sup [ [EdexpiS,e -0) |6 =] db < o, a7
&n JRI
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which in particular implies that if 2j > &, the conditional distribution of Sj,e with &g, &, being
fixed has a square integrable density. It follows from each of ([H) and ([[7) that for every & > 0

;Fp E, [exp(iSjne - 0) | 0{0,&nc ]| < 1
>e

with positive P,-probability, so that the estimates as given in Section 7 can be verified in a
similar way as therein. It may be worth pointing out that to have an expansion analogous to the
right side of () the first several terms P!, ... , P! must be discarded from the Green function G
since they may possibly behave very badly even when they possess densities.

Let (My,u,) (n > 1) be an i.i.d. sequence of pais of random d x d-matrices M,, and random
d-vectors u, and define {y = I (unit matrix), &, = My --- M,, Sop = 0 and recursively S, 11 =
Sy + &ptiny1. The pair (£,,5,) is then a Markov additive process starting from (1,0). If M, are
taken from the special orthogonal group SO(d), the conditions (@) as well as (H.1) is satisfied
under mild restrictions on the distribution of (Mj,u;) (cf. (1l)). This model is s closely related
to the random difference equation Y, = M,Y, 1 + u,: in fact, given Yy, Y,, has the same
distribution as S, + &,Yo. (Cf. (15), () for more general cases of M,,. )

Other expressions of Q. In some of previous works the covariance matrix @) is expressed in
apparently different forms, which we here exhibit. Define

Q°(0) == 0-Q°0 = B, [(Y1 : 9)2].
Let R be another symmetric matrix defined through the quadratic form:

R(0) = 2B, (-1 - 0)(c(&1) - 6).
Then R(0) = 2u((c* - 0)(h-0)) =2u((h* - 0)(c-6)) and

Q=Q°—R. (18)
In fact from the identity E.[Y7] — ¢ + pc = 0, we deduce the equality
E|Y1-0]> = E.[|Y1- 0 +2{Y1 - 0}{c(&1) - 0}] — |e- 0] + ple- O],

which, on integrating by p, yields ([¥). In particular, if Q is isotropic, namely Q(0) = 02|02,
then o%d = E, |Y1|>+2E,[Y1 - ¢(&1)]. If the process (&, Sy,) is symmetric, then R(0), being equal
to 2u(h - 0(1 — p)~th - 0), is the central limit theorem variance for the sequence h(&,) - @ under

the stationary process measure P,, in particular 0?2 < (det Q°)Y/24 The last inequality is not
necessarily true in the asymmetric case (see Example 6.1 of (16)).

Let m(&,n) be the first moment of the conditional law of Y; given (£y,&1) = (£,7n), namely
m(&,n) = E¢[Y1]&1 = n]. Then h(§) = [ pr(&, dn)m(S,n), and we infer that

RO) = =23 B[ (m(&, &) - 0)(m(En €ns1) - 0) .
n=1
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Let @y, denote the central limit theorem variance for the sequence m(&,,&,+1). Then @,,(0) =

2
E, [(m(ﬁo, &) - 9) } — R(0). Hence @ may be expressed as the sum of two variances:

Q) = B[ | (v~ mi&o.6)) -] | + @ulo). (19)

The expression (H) appears in () and (1), whereas (I8) and ([Id) appear in (18) and (24),
respectively.

2 Proofs of Theorems 1 and 2

Let f be a bounded measurable function on T'. We are to compute
Ef[eisnief(gn)] = Z em.aEE[f(gn); Sp = ‘T]a 0 € R
zeZd

Define the following complex measure kernel:

po(&, dn) = Eele™%: £ € dn) (20)

and let py be the integral operator given by it. Then
Ee[e™ £ (6)] = /().

We regard the operator py as a perturbation of p. In doing so, we suppose for simplicity that
there are no cyclically moving subsets of T' for the process (&,) so that we can use (H.1"). (See
Section 4 in general cases.) Under this supposition it follows that if J, > 0 is small enough
and |0| < do, then there are an eigenfunction ey and an eigen-complex-measure gy such that

Pocy = r(0)eq, 1gPo = K(0)pg, 11(eq) = po(eg) = 1 and
Po = K(0)eq @ pg + o, (21)

with #(0) — 1 as |§] — 0 and limsup,_, [[t7]|*/™ < (p + 1)/2 uniformly for [0] < &, (see
Appendix D). Here ey ® g is a projection operator defined by (ep @ pg)f = po(f)eg. Since it
commutes with py, we have py = [k(0)]"eg ® pg + rjy. Accordingly for n = 1,2, ...

Eele™n 0 £(£,)] = [K(0)]"eq(€)po(f) + T (), (22)

and, on performing summation over n,

5 Ble (6] = ) 1 Refo), (23)
n=0
where we put Re(0) = > oo 1 f(€) (with ryf = f) and
M¢(0) = eg(&)pa(f)- (24)

These are valid only for |#| < d,. We may extend M¢ and x to arbitrary functions that are
sufficiently smooth and |k| < 1 for |0 > J, and define R¢(6) as the remainder. Set A = [—, )¢
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and choose these extensions of M¢ and k so that they vanish in a neighborhood of the boundary
OA. Tt holds that

_ 1 K(O)Me(0) ., 1 it
/TG((g,O),(dn,x))f(n) _ (%)d/A e d«9+W/AR§(«9)e rd9,  (25)

In the rest of this section we suppose that the process (&,,S,) satisfies (AP). (The general case
will be treated in Section 5.) In this proof we further suppose that sup, F¢[|Y1]|™] < oo for every
m =0,1,2,.... (See Appendix A for the case when it is only supposed that sup, Ee[[v1F+0] <
00.) Then for each m both x(f) and M¢(6) are m-times differentiable functions of 6 and there
exists a positive constant r = r,, < 1 such that
sup  [V7E, [ f(&)] = O(™)  (n — o0).
0eA,|0]>6,

Here (and later on without exception) the gradient operator V acts on a function of §. The proof
of this estimate is postponed to Section 7 (Lemma E0l). From it together with (ZII) it follows

that the second term on the right side of (2H) approaches zero as |z| — oo faster than |z|~™ for
every m.

We shall derive in Section 6 the following identities

VE(0) = 05 (0 V)*k(0) = —Q(0); (26)
o, =ie: V)|, _ = —in(e's) (21)
(Proposition and Lemma ET). Here the somewhat abusing notation (6 - V)2k(0) stands
for ) ;0k0;VV;r(0), which may be expressed by another one Tr(6?V?2k(0)), where 62 is
understood to be a d x d-matrix whose (k, j) entry is 60, and similarly for V2. We infer from

28) that 3 6
k() 2)(1+(0-V) k(0)  {6°) +>

1—r(0) Qb 3Q0) ' Q0)

where {6*} denotes a homogeneous polynomial of # € R? of degree k. On the other hand by
E&1) we find that VM (0) = i[c()p(f) — p(c* f)]. It therefore follows that

K(OM(0) _ 2u(f) | iBr(0) = {0°

R0 Q) T Qo) T @e) T (28)
where Bf(f) is a real function given by
V)3

B;(0) = 20 O by 4 ole(epuls) — et 1) 6. (20)

3Q(0)

Let d > 3. Then, following the usual manner of evaluation of Fourier integrals (cf. Appendix
B), we deduce from (ZH) together with what is remarked right after it that for {,n € T,

G((&,0), (dn 2)) = ()

Ula) + (d = 2)kalle|2@Q ') - (e(€) = " (m)

= d

{2} u(dn)
]| 4+6
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where U(x) is a homogeneous polynomial of degree 3 and given by

x| [ 2(0-V)3k(0) _;

In the case when the process (&,,Y,) is symmetric, it is clear that ¢* = ¢; the equality U = 0
follows from Proposition [[§ (iii) of Section 6.

Let d = 2. The proof may proceed as in (25) or (4). We outline it in below to identify the
second order term. The proof is based on the Fourier inversion formula

iSn —ix- do
- [ Gt @nansm = | jngE@ SOpEN (T~ )y
Set )
< £iSn0 _ 2u(f

and make the decomposition

2 L hH d_@ f e—ix-@_ ﬁ
f)/AQ(H)(cosx 0-1): +/A¢§(9)( Ny

Then one deduces that the first integral on the right side equals

L o] + 1(1 2 ) 1/ 2d6 / 2¢="0 dp
o2 eI o 08 S T ) T aB Q) Jraa Q0) 4%’

where B = {0 : Q(0) < 0%} (C A) and ~ is Euler’s constant (cf. (22),(5)). (Here the last integral
is not absolutely convergent and needs to be defined as a principal value in a suitable sense (cf.
Lemma 2 of (8) ).) If we define

_ ) oy k) 240 [ gy A0
C(p ="ton2 = 55 [ - [ o (31)
then
@) = D og ] + el)
—y 2049 p(f)
+ [ vl ZH‘Amcw>wﬂ' 32)
By £]) and (Z3)) we have

iBy(0) , {0°}

QW) Q%)
in a neighborhood of the origin. With this we estimate the sum of the last two integrals in (B2)
as in the case d > 3.

vl(0) = Re(0) +

Proof of Corollary[d This proof amounts to computing the sum Sgl =322 [P"((£,0),(A,0)) —
(2ra?n)"1u(A)] in a roundabout way, which is to result in CgA + Sgl + Ee§ € A = [(—y +
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log 0v/2)/mo?]u(A). In view of Theorem B (see ([4))) and Theorem B it suffices to show that as
|z — o0,

o0
L (e Ctoglel —ytlogovd
lall? /20%n _ 1) _ —log s
> o (© - +O(] (33)

as well as, for dealing with the case when &, is cyclic of period 7 (> 2), that

= O([llI ™). (34)

ZZ oro2(kr +0)  2mo?(kT +j)

o -1 [6—||w||2/202(k7+€) eIzl /207 (kT+j)
k=1 j=0

These estimates will be shown in Section 8 (Appendix C).

REMARK 6 Consider the case when &, makes a cyclic transition and/or S,, does not satisfy
(AP). As in (22) (p.310) we modify the process (&,,S,) by adding 6 € (0,1) of the probability
that it does not move at each step and multiplying by 1 — § the original probabilities: for the
new law Py

Pl =51 =00 =8+ (1 —8)Pefé1 = €,8 = 0].

This transforms the cyclically moving &, into noncyclic one and many processes that do not
satisfy (AP) into those satisfying (AP), but not all as it always does in the case of random walks
on Z% (see Section 5 for a counter example as well as relevant matters). Denoting by p/, & etc.
the corresponding objects for the modified process, we have p’ = 61 + (1 — d)p, ' = (1 — d)h
and ¢ = c¢. Thus

Py =01+ (1 = 8)py = K'(0)eg @ p1g + 1y

with £/(0) = 64+(1—0)x(0) and ry = §(1—ep®pg)+(1—0)ry. In particular, V&/'(0) = (1-0)Vk(0)
(implying Q" = (1 — §)Q etc.) and both uy and ey remain the same. If d > 3, we have
G'=1-67'G;

hence the required estimate of G follows from that of G’ straightforwardly, provided that the
modified process satisfies (AP) for all sufficiently small § > 0.

3 Proof of Local Central Limit Theorem.

By means of the expression (23] together with (Z8]) one can derive an asymptotic expansion of
the transition probability p™(«,df) in a usual manner. Here we first review the derivation of
the expansion in the case when |z|/y/n is bounded above mainly for identification of the second
order term and then discuss it in the case when |z|/y/n is bounded off zero. It is supposed that
7 = 1, namely there are no cyclically moving sets for &, process (see section 4 in the case 7 > 2).

The case |z|/\/n < C. We consider mostly the case k = 5, namely E¢|Y1|°° < oo. Owing to

28l and &7) we see
Me(0) = u(f) +i(c€ulf) = ple"f)) -0+ {67} + -+ (35)
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K(0) = 1= 5QU0) + £(0-VI°R(0) + {0} + -+ (36)
(Remember that M¢(0) = eq(&)po(f).) By the second relation we have

nloglw(0/Vm)] = ~5Q(0) + (0%) +- (37)

1 4
6 )(0) + {6} +

6\/_
Therefore on using (22)

Eele"n 0V g (e,)]

_ 1o (14 0 V)*R(0) {94}+{96} {0°) + {07} +{6°)
" < - o) ) .

i 2 3
< (i) + = 0(§)u(f)—u(6*f)) {0—}+%+ )
Yl Lo, _
{ut + 2z [i(comtn - e ) -0+ 509wt}
+e7 29O [P(g,n) + R(6,n)] (38)

with P(6,n) = n=' ({62} + {6*} + {6%}) + n=3/2({6°} + {67} + {67} + {6°}) and

p( S+ 10F+)
\/ﬁ3+5

|R(8,n)| =0 ( ) for |0 < n'/6

provided that E,|V;°* < co. Now

(2m0%n) /2 /T P"((€,0), (dn, 2)) £ (n)

o

—oxp (2 [+ 1 () 2D 4 Lgmra (ot - )]

B[S0V f(6,)]e™ V" df

o’ 1 : (/1)
- —2Q(0) ,—iz-0//n H
+(27T)d/2 /RdP(H,n)e 2@%¢ d9+o< =mgk (39)
where H,(y) is an odd polynomial of degree three defined by
olellvll?/20° .
Hy(y) = ———— 20 (9. v ~w qp 40
W)= S [, 00 V) R0 i, (10)

so that H(z) := Ho(v/Qx) is a linear combination of Hermite polynomials of degree three.
For the verification one divides the range of integration y/nA into three parts according as
0] < n'/6; nl/S < 10] < Aov/n; 0] > Aoy/n where ), is a positive constant small enough
that x(0)] < 1if 0 < |#] < Ao; use Condition (AP) to estimate the last part with the help of
Proposition B of Section 7.

Since the Fourier transform of a function of the form {Hj}e_%Q(G) is a Gaussian density times
a polynomial of degree j (hence odd or even according as j is odd or even), the formula B9) is
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nothing but the formula stated in the theorem in the case when |z|/y/n is bounded above. The
constant term of the transform being equal to the integral over R? of the function, the constant
a(¢) in the formula (IH) is given by

Je) = 7 [ e
(2m)Y/2 JRra

- ([%Q(G)r — 56 9)'%(0) ~ [4(6 - 9)w(0)] 2>u(f)] a.  (41)

(0 7)2M(0) + 1(0 - V)Me(0)(0 - V)*x(0)

The contribution of P(#,n) with the term —a/(¢)/2n subtracted is bounded by

n~H (lzl/VR)? 4 T (|2l /VR) + -] < Calaf?

for x| < Cy/n; and if supg E¢[|Y1|%] < oo, then that of R(6,n) is bounded by Ca/n?. This verifies
Corollary Bl

The case |z|/y/n > C. Put

U (6) = Bele’™ f(€n)];
and w = z/|z|, V, = w - V. The proof is based on the following identities:

i* |z 2 \d2 [ n N YN 0\ db
(2mo”n) p"((£,0), (dn, x))f(n) = e (Ve ¥n) s (42)
nk/? T Vi A n ) nk/
i* ¥ ]| 20 L
=P [ miwervm gk - 500) A
72 exp( 2n02> /Rde V(e 2% do (43)

(where V¥ = (V,,)F) as well as the relation @2): ¥,,(0) = [k(0)]" M (0) +13 f(€) (where M (6) =
)9y (€)po(f)). The method of using these identities is an extension of that found in Spitzer
(22) in which k = 2. The arguments given below are mostly the same as for the classical random
walk on Z¢, but for the case k > 3 they seem not be in existing literatures.

We are to analyze the difference

Dn(0) := ((Vu)"¥,) (%) # — (Vo)F(e 290,

Lemma 7. If sup, E¢[|Y1]|*1°] < oo, then
€

Da(0) = 320 [P, (0) + nRos(0)]  (10] <) (44)

k+o
with Ry, 1(0) = 0({(1 + |¢9|)/\/ﬁ] ) Here P, 2(0) =0 and for k > 3,

k—2

Pow(0) =" Pi(0)/vn’ (45)

J=1



where P;j(0) is a polynomial of § of degree at most k+3;j. Moreover the function Ry, 1 (y) satisfies

1l (LY (40)

NG

Rn,k(‘g) - Rn,k(9 + 77) =

uniformly in w, 6 and n, provided that |n|,|0] < n'/6

Proof of Lemmal[ll We can expand V'k(f) for m < k into a Taylor series up to the order k —m
with the error estimate of o(|@|*~™%9) to see that

(0 - V)™ (VE'k) (0) o+
(h—m)L/n" ™ +o s

20 (=) = (V) 4+

and for each v =0,1,2,...,

KTV i _ —3Q(0) {‘9J+2} + -+ {6%) ., 1+ |9|k+6
(\/ﬁ) b Z \/_ + \/ﬁk72+5

v k k+0
<—<<7> )

as n — oo uniformly for 4] < n'/S.
The function n=*/2(VE k™) (//n) is expanded in the form

10) = i 3 0 0o () T (35 (a3

J=1

where (n), = n(n —1)---(n — v + 1); the summation extends over all the multi-indices o =
(a1, ..., ) such that

v=u, €{1,2,...,k}; and C, is a certain constant associated with a. Let ¢ = ¢(a) denote the
number of 1 in the sequence a4, ..., «,,. Then we have the dichotomy

(1) L+k=2v ifaq; <2 forevery i,

(2) fl+k>2v if a; >3 for some i.

We accordingly decompose I, = I, ) + Iy @,

The corresponding expansion of (V,,)*(e™ 2Q(6)) is given by
=3 Col-w- QO [-Q( ) ez

where the sum is restricted to those o for which «a; < 2 for every i.
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For the rest of the proof we suppose that k& > 3 (the argument is easily adapted to the case
k = 2). Noticing that n=*/2(n), = /n‘(1+ O(1/n)) if £+ k = v, and

VAVLR(B/VR) = —w - Q0+ ({6%}/V) (1 + o(1)),
(Vo)2k(0/v/n) = =Q(w) + ({0}/v/n) (1 + o(1)),
(1)

we observe that I, ” — I, is of the form

= ‘ 0]\ F+
J

like that required for D,,. As for the terms of 17(12), since |[VIk| < C; (j =1,2,...,k), from each
factor (V™)k(0/1/n) with m > 2 there arises a factor 1/y/n"" 2, so that 11 is also of the same
form as above (but without the term of order 1//n). These together with the smoothness of
M concludes that D,, is given as in [#dl) with P, (6) of the form Zf;f Pj(0)/vn’. (A little
reflection shows that the highest degree term of P;(f) equals (—w - Q)% x {#%} (notice that
(Vurk)(@0/v/n) = —w-QO//n+---), so that its degree is k + 3j. ) It remains to show ([EH). But

this follows from the the facts that among the factors in E8) x and (V)% k with o < k are
differentiable and

o 5Q0)

Vir(y) = VEr(y) =olly =) (y—y —0).
This completes the proof of the lemma. O

We resume the proof of Theorem Hl. First we prove it in the case § = 0. Recalling the basic
relations [@2), [3)), and [22) it is routine (as indicated in the case |z|/y/n < C) to deduce from
Lemma [ that uniformly for |z|/\/n > C,

(2m0%n) /2 / p"((€,0), (dn, 2)) £ (n)

T
2 k
1
e (_l (Y —
202n || N i
where ﬁkn(y) is the polynomial appearing in the Fourier transform of eféQ(e)Pkﬁl(Q). Since both
the formula (H) of Theorem B and the above one are valid uniformly for C' < |z|/v/n < C~}
with arbitrary 0 < C' < 1, the polynomial following e~ llell?/2na* (as its multiple ) on the right

side of the latter must agree with that of the former within the indicated error estimate. This
yields the required formula in the case § = 0.

nk/2

)

In the case § > 0. Let R, j be the function introduced in Lemma [ It suffices to prove that for
r=|z| > Cy/n,

1) _ /d ~10(0) —ia-0/v/ gy _ 1
Jn vn nl/GAe 2R, k() de O<\/ﬁkr‘5>7

and

0 < 1
J? = /nd viT, (—) e w0V gg = o . 49
\/ﬁA\nl/GA( ) \/ﬁ \/ﬁkr‘s ( )
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For the first estimate we are to apply #&). To this end we set 1, , = (7y/n/r)w, where w = x/r,

Then, by virtue of the factor ¢=220) in the integrand, the relation 7, , -x/y/n = m, and the fact
that the volume of the symmetric difference of n*/6A and n'/6A — N is O(r~1y/n - n(dfl)/‘a),
we see that

JO = —/nd / e 2RO R (0 + mo)eTONVIdD + O(r e
nl/6A

d
_ Vn? / (e300 _ =300t By (04 1, )50V
2 Jaea ’ ’

1

d .
+—\/ﬁ / efiQ(e |:Rn k(‘g) - R, k(e + M r)] eim.e/\/ﬁde
2 Jpea ’ ’ '
)

_f_O(Tflefz-:n
Since Ry, (0 + nny) = 0((1 + \0!)k+5/\/ﬁk+5) provided that r > C'v/n, the first term on the
right side is 0(\777177"]/\/5]%5) = 0(1/y/n"r%). On using [@H) the second term also is o(1/y/n " r?).
Thus the required estimate for qul) is established.

For the verification of @) we set o, (0) = (VFW,,)(0//n). Since ¥, is periodic, we have in the
same way as above

1/3

NG @n(e)e*ix""/ﬁde
A\ nl/6A
1 —ix- n —1_—enl/
= 5(\/ﬁ)d/ [0n(8) — 0n (8 + nor)le 0/ VRAG + O e ),
VvV A\nt/6A

For every € > 0, if |0] < ey/n, then |¢,(0) — pn(0 + 1nr)| < Cse~=1192=3 which shows that
the last integral restricted to ey/n A\ n'/6A is dominated by 037475675/”1/3. By Lemma [Z3 the
same integral but restricted to v/n A\ey/n A is estimated as O(r~%e~¢"). These verify ([@J). The
proof of Theorem 4 is now complete. O

4  Cyclic Transitions of &,

We here advance formal analytical procedures for dealing with the case when the process &,
cyclically moves, although what modification is to be done is intuitively clear.

In a such case as describes in Remark 1 (namely pr(§,7;) = 1(§ € Tj—1) for j =1,...,7 (mod
7) with 7 > 2), we have

/Xj—l(f)u(df)m(f,dn) = x;(mu(dn) where x;(§) =1( € T)). (50)

27/ T

Any powers of w = e are eigenvalues, and

T—1
e;(€) =Y WM xi(€)
k=0
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is the eigenfunction of eigenvalue w’; these are orthonormal in L%(u), so that IT; = e; ® (€;p)
(namely II; f = ([ fejdu)e; ), j =0,...,7 — 1, are projection operators that are orthogonal to
one another. By (B) these also commute with p. The remainder r which is defined by

p=My+wl+-+w ', +r

commutes with p and its spectral radius (in L>(u)) is less than 1 by virtue of (H.1”) (see ([B)).
Since Tlph = p(h) = 0 and the divergent series 1 + w’ 4+ w? + --- is summable to (1 — w’)~1
(7 # 0( mod 7)) in the Abel summation method, the function ¢ is given by

c=(1-w) "Mhh+-+ Q- ) L_1h+ ) r"h

n=1

On estimation of the Green function. In the proof of Theorems 1 and 2 given in Section 2 we
supposed that 7 = 1. In the general case we have only to slightly modify it (also cf. Remark 6).
Indeed, instead of (ZII) we have

po = k(0)eg @ pg + k1 (O + - + k1 ()T?_| + 1o, (51)

where H? are the projection operators that commutes with one another and also with py as well
as ep® g, and converges to II; as |#| — 0 and also x;(8) — w’ as |#| — 0. For simplicity consider
the case 7 = 2. Then this merely gives rise to the additional term [r1(6)]"TI{ f(¢) on the right
side of 7). Owing to (AP), if § € A\ {0}, then limsup ||pg\|1L/£(M) < 1 (cf. Proposition 20) and
in particular |k;(0)| < 1. Hence, making summation over n, we have on the right side of (23]
the additional term r1()[1 — 1(0)]'TI{ £(£), which is sufficiently smooth in a neighborhood of
the origin of 8 space so that its contribution is negligible.

On proof of local central limit theorem. The local central limit theorem is sensitive to the cyclic
motion of &,. For its proof we look at the process in intervals of 7. To be precise consider
the MA process (&7, Snr), n =0,1,... as well as the operator p”, and denote by h(™), c(T),pgr)
the corresponding functions and operator. Then (™ = h + ph + ---p" th, and (™) = (1-
p") " 'A") = h + ph + p?h + ---. Hence

M = c, pé,T) = (pp)”. (52)
By the second identity we have the decomposition

Py = M(O)eh @ pp+ -+ A1 (0)e) L@yt + 7, (53)
where eé and Mé are the eigenfunction and eigen-complex-measure of png), respectively, such that
XK€y = Ok jep and xpph = Op ity (J,k=0,...,7 —1; xx(§) = 1(§ € T})). On the other hand
from (BIl) we also have

pj = [r(0)]"eq © pg + [ (0)]TI] + - + [ (0)]TTI)_y + 17
Comparing these two decompositions we first infer that réT) = rj and then, recalling that
H? — II; as |#] — 0 and using the uniqueness theorem for spectral representation of finite
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dimensional linear operator, that all the coefficients A;() and [x(€)]” must coincide with one

another:
K7 (0) = \i(60) = --- = Ar_1(6) = [k(O)]".

Since V&(0) = 0, it follows that V2k((0) = 7V26(0), V36 (0) = 7V3k(0); in particular (or
directly from E¢[Y] = 0)

QU(6) = B, ((S — clea) + (&) -6) = 7Q(6). (54

We apply BR) to (&mr, Smr) with 6 and f replaced by 6/,/7 and

2 (n) = Byl 0VmmHr (&),
respectively. Let p1; = 7xju. Then for £ € T; and n = m7 + /£,
eV f ()] = Ele S NN f ()]
1
= 100 + = [i(Am) - st 1)) - OIVT)
+ 4O PR 1) + -

Observe that ¢'pl =¢* —h*(L+p+ -+ pﬁfl) and

wi(f)) = mye(f) + \/;?w((h* )1 +p - pe’l)(fxw)) +0(1/m)

(notice the identity Tu(gp*(fX;+0)) = pj+e—k(gp*f) (for any g)). We then deduce from these
equalities that for £ € T},

Ee [eiSn.a/\/ﬁf(fn)] (55)
[i(c(f)ﬂﬁré(f) —Mj+e(0*f)) 0+ 2(0-V)*k(0 )ﬂj+£(f)] +}

1

= 62Q(9){Mj+e(f) +

1
VmT
By inverting the Fourier transform as carried out in Section 3 we find the formula of Theorem 4

under the condition (AP). It is noticed that the expansion (B itself is true whether (AP) holds
or not.

5 The Case When (AP) Is Violated.

In this section we consider the case when Condition (AP) is violated, in other words, there exists
a proper subgroup H for which the condition () holds. Throughout this section we denote by
H the minimum of such subgroups. (The minimum exists since the class of H satisfying () is
closed under intersection.) The arguments in this section are mostly algebraic and apply without
the condition (H.1) except for the matters that obviously require (H.1) in this paper.

We divide this section into four parts. In the first one we introduce a new MA process, denoted by
(&n,y Sp), which is obtained from (§,, S,) by a simple transformation and prove that Condition
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(AP) is satisfied for it. In the next part we present several examples, which exhibit certain
possibilities about ergodicity of the process (én) In the third we see that the degenerate case
where the dimension of H is less than d may be reduced to a non-degenerate case. In the last
part the non-degenerate case is considered. It is shown that if (én) is ergodic then the expansions
of the Green function in Section 1 are valid without any modification (this will complete the
proof of the results of Section 1); if it is non-ergodic, the expansions are still valid except for a
constant factor and for a suitable restriction on the combination of initial and terminal points
(depending on an ergodic component). Also as an asymptotic form of transition probability we
present a fairly clear picture in the case when T is countable.

5.1. Pick up a representative, a € Z% say, of each coset in the quotient group Z?/H and let K
be the set of such a’s, so that each z € Z¢ is uniquely represented as z = y 4+ a with y € H,
a € K. According to this representation of x we define mx by g (x) = a. If T=TxK,
this gives rise to the mapping 7' x Z% — T x H which maps (€,2) € T x Z% to (f, y) where
£ = (&, 7k (z)) and & = x — 7 (2); and accordingly the new process, (&,,S,), taking on values
in T x H, is induced from (&,,5,):

N

S, =8, —a, and én = ({n,an) where a, = g (Sy). (56)

Clearly (€,,5,) is a MA process on T x H.

We denote by p; the transition probability for &n, by nga the law of (fn, Sn) starting at ((£,a),0))
e T x H and by Q the covariance matrix of S; — Sy + é(£1) — é(€y) with obvious notation of é.
Clearly

p3((§;a),dn x K) = pr(&, dn);
from this it follows that if ji is an invariant measure for the * process, then
A(dé x K) = p(dg), (57)
which in turn shows Ej[S; — So] = 0.

Proposition 8. For every invariant measure j1, Condition (AP) holds for the process (fn, gn)
that is regarded as a MA process onT' x H.

Proof. We first notice that owing to (), there exists a measurable function a : T x T'— K such
that

Pk (Y1) = a(&o,§1)] = 1. (58)

Since S1 — So = Y7 — a1 + ag, we have a; = i (a0 + a(&o,&1)) a.s. Let H' be a subgroup of H
for which 3a’ € H, Pt o[ S1 — So € H' +d'|o{é1,a1}] = 1 (dji(d€,a)Pe 4-as.). Then, owing to
(BD) as well as independence of Y; from ayg,

Ja' € H, P,[Y1 € H +d +a(&,&)|0{&, &} =1 (P, —as.),

so that H = H’ by the minimality of H. Hence (AP) holds for (&,, Sn). O

5.2. Even when S, is aperiodic in the sense that for every proper subgroup H’ of Z, n({€ €
T :3a € Z% P¢]Y1 € H +a] = 1}) < 1, there are various cases of the process €n: it can be
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cyclic, non-ergodic, or non-cyclic and ergodic as exhibited in the examples given below. If fn is
not ergodic or 7 > 7, the formulas of Theorems 1, 2 and 4 must be suitably modified.

Ezamples. In these examples T' is a quotient group Z/kZ = {0,...,k — 1} with k = 2 or 3;
(&) is noncyclic and S, is aperiodic in the sense stated above except for the example (5); but
Condition (AP) is not satisfied.

(1) Let T=1{0,1}, d = 1; pr > 0 for every entry;
Qee(£1) >0, geerr(x) >0 for £ =0,£2 and g¢,(r) =0 otherwise.

Then S, =&, — &0 +n (mod 2) a.s.(P,); H=2Z, K ={0,1}; &, is ergodic with two cyclically
moving subsets

TO = {(050)5(151)} and Tl = {(0’ 1)’(1’0)}
(2) Let T =1{0,1,2}, d=1; pr(&,n) > 0 if and only if £ # n;
Qee41(0) >0, qeeqo(E1l) >0 and gen(x) =0 otherwise.

Then S, =&, — & —n (mod 2) a.s.(P,); H = 2Z; £, is ergodic and noncyclic.

(3) (This example is a skeleton of the one treated in (26]) where T" is a continuum.)
Let T = {0,1}, d = 2; pr > 0 for every entry;

Gen(x) >0 if £ #nand x € {£1,+i},

Qoo(£(1+1) >0, qa(E(1+14)>0 and ge¢y(xr) =0 otherwise.

Here complex notation is used so that the lattice points are denoted by x1 + ix3. Then H =

~

{z1+izxe : 21+ 22 = 0 (mod 2)}, K = {0,1} (or alternatively K = {0,4}); &, is non-ergodic
with two ergodic components:

T = {(0,0),(1,1)} and T@ = {(0,1),(1,0)}.

Condition (AP) remains violated even after we make the ¢ modification described in Remark 6.
(4) Let T ={0,1,2}, d = 2; pr > 0 for every entry;

QS,S((kvo)) = 07 Q£,£+1((k7 1)) > 07 qf,ﬁ*l((kv _1)) >0 for k= Oaj:la

and g¢ »(z) = 0 otherwise. Then H = Z x 3Z. Observe that the second component of S,, — Sy
is congruent to &, — & (mod 3) (in other words a(§,n) = (0,1 — &) in the proof of Proposition
B)), so that (&,) has three ergodic components. We need to take n°® = 2 for finding H.

(5) Let T = {01}, d = L pr(0,1) = pr(1,0) = T qoa(#1) > 0,qi0(2) >
0 and g¢ ,(x) =0 otherwise. Then &, is cyclic with 7 = 2; H = 2Z; and

Sp=n/2] +1(& =0,§, =1) (mod 2) as.(Py,),

where |a| denotes the largest integer that does not exceeds a; &, is ergodic and cyclic. (See
Lemma [[4 of 5.4.3 for general setting to this example.)

It may well be pointed out that ¢ is related to ¢ in a simple formula (see () and the matrix
@ is often easier to compute by means of the original process (§,,Sy) than the * process.
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5.3. In all the examples above we have K < oo, which, however, is not generally true. Given
a Markov process &, on T satisfying (H.1), we take a measurable function ¢ : T+ Z¢ and an
initial random variable Sy and define S,, by

S = ¢(&n) — ¢(80) + So, (59)

which is clearly MA and satisfies () with H = {0} (moreover for a suitable ¢ the walk S,, may
be irreducible in usual sense if T is large enough). Clearly §K = oo and @ = 0. The converse is
also true.

Proposition 9. Suppose that {(£,€) : £ € T} is T x T -measurable. If H = {0} (namely (1) is
satisfied with H = {0}), then S, is given in the form (&49) with P,-probability one.

Proof. Let H = {0}. Then there exist Z%valued measurable functions ¢, (£,7) (for n > 1) such
that with P,-probability one,

Yn = @1(£TL71) fn) and @1(50) 51) +oF ©1 (gnfla fn) = @n(&Oa gn) (60)

We divide the rest of proof into two steps.

Step 1. By the ergodicity of &, we have n™1¢, (£, &) — 0 (Py-a.s.) since E,[¢1(6n—1,&,)] = 0.
In this step we deduce from it that

©1(£0,€1)1(§1 = &) =0 (Py-as.), (61)

where 1(S) denotes the indicator function of the statement S. Set A = {& € T : pp(&,{&}) >
0}. Then by virtue of @) ¢vn(£, &) = ne1(§,€) for £ € A (p-a.s.). On the other hand for
all k > 1 and for almost all two points ¢ and 1 from A relative to u(d&)ph(¢,dn), we have

the equality @r11(£,m) = ©1(&,€) + 0e(§,m) = @r(&n) + 1(n, 1), showing that ¢1(£,€) for
¢ € A equals a constant element, z° say, except a p-null set of A. It therefor follows that

Onik(€,m) = nz® + @(€,m) on A x A (u(d€)ph (&, dn)-a.s.). This is consistent to what is stated
at the beginning of this step only if z° = 0. Thus we have (EIl).

Step 2. We may suppose pr(§,{£}) > 0 for every £ € T since otherwise we have only to consider
the d-transformation in Remark 6, which owing to (&Il) does not change the function ¢ with
the understanding that ¢1(£,€&) = 0 for all £. It follows that ¢ (£,£) = 0 for every £ and every
integer £ > 1. Let £° € T be such that (B0) holds for all n with Pzo-probability one. Then for
any n and k and for pl.(£°, -)-almost every &,

/pé(é,dnﬂ(son(é",i) +or(&n) = s0n+k(£°,n)) = 1.

By applying the relations ¢ (&,€) = 0 and ph(&, {€}) > 0, we see that for all n and k,

on(87,6) = Pntk(87,€)  for pp(&°, -)-almost every &,

and infer from this that there exists a function ¢ such that for all n,

0(&) = @n(£°,€)  for ph(€°, -)-almost every & .
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Applying Fubini’s theorem we deduce from the equation ¢, (£°,€) + ¢1(£,1m) = ©n11(€°,1) that

©1(&,m) = (n) — (&) for pp(£°, d§)pr (&, dn)-almost all (£, ) for all n, hence for u(d€)pr (&, dn)-
almost all (£,7). The proof of the proposition is complete. O

In general H may be isomorphic to Z™:
H=Z" with 0<m<d,

so that K = oo and Q # 0 whereas Q is not positive definite. In such a case, letting H be the
largest subgroup of Z¢ such that H ¢ H = Z™, we can find another subgroup H° = Z4™ so
that Z¢ = H + H® and K = K’ 4+ H° (direct sum) where K’ = H/H (the quotient group); this
induces the decomposition

Sp = Sn + Q;L + @(&n) — »(&0) + (So — SO - aé) (62)

with ¢ a function on T taking on values in the lattice H° and a], a K'-valued process, such that
if &, = (&n,al,), then (&,,S,) is a MA process on (T x K') x H which satisfies (AP); clearly
#K’ < oo. The proof is immediate from Proposition B

Ezample. Let d =2 and H = {(5k,3k) : k € Z}. Then K = H° = {(2k,k) : k € Z} = Z (hence
K’ ={0}).

Lemma 10. If (¢,,S,) is irreducible (cf. @), then 1K < oo and &, is ergodic, and vice versa.
Proof. If $K = 0o, (€,,S,) cannot be irreducible owing to the decomposition [B2). If &, is not

ergodic, (&,,S,) cannot be irreducible; thus the first half of the lemma. The converse follows
from Proposition B O

5.4. In what follows we suppose that
1K < oo,

which is satisfied under the irreducibility. By virtue of ([EB) limn~1E,|S, — S,|2 = 0; hence
Q = Q, in particular Q) is positive definite according to Proposition B Applications of Theorems

proven under (AP) to the process (S”n, én) yield the expansions of Green functions and transition
probabilities of it, from which we can derive those for (S, ;). In this subsection we obtain such
results in a rather direct way.

Without essential loss of generality we also suppose that S, is irreducible in the sense that for
every proper sub-group H' of Z¢, P,[Y1 € H'] < 1.

5.4.1. The Green function in the case when én s ergodic.

In view of Lemma [ the following lemma completes the proof of the results of Section 1.

Lemma 11.  Suppose that én is ergodic. Then the expansions of the Green functions in
Theorems 1 and 2 and Corollary 8 hold true.

The expansions in Theorems 1 and 2 and Corollary 3 are derived from the estimates of
E¢[e®? f(&,)] in a neighborhood |f] < e. In the proof of Theorem [Tl we shall see that even in
the case when (AP) is violated for the walk S,, the computation based only on such estimates
leads to correct results, provided that fn is ergodic.
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Proof of Lemma [l We first notice that by (BS)

pr((€ a),dn x {b}) = 1(b = mc(a + a6 m)) ) pr(€, d),
and then that if fn is ergodic, the unique invariant measure is given by

A(de x {a}) = (8K) ™" u(de) (63)
since the right side is always an invariant measure for fn

In view of Proposition B we can apply the results of Sections 2 through 4 to the * process with
a Fourier domain A in place of A. If a € K, b =g (x) and . = & + b,

Pn((f; a)v (Av 1‘)) - pn((gv a)v 0)7 (A X {b}7 'ﬁ))
LK . o
= & Ja Ee o€ ¢, € A ay, = ble” % db (64)
since ]A\ = (2m)¢/4K. (For the present purpose we may put a = 0 but this proof will apply
to the nonergodic case.) Owing to the relation S, +b =S, = S, — So + a (P¢-a.s.) and the
additivity property of the walk S,,, we can rewrite the right side above as

HK
(2m)?

/ Ee[e??: ¢, € Aya, =b—a (mod K)|e 0@~ qp. (65)
A

Clearly p; satisfies Doeblin’s condition, so that the distribution of (§,,a,) converges to ji geo-
metrically fast. Suppose 7 = 1. Then, we can discard the event a, = b — a (mod K) and the
factor § K simultaneously up to an error of order o(p}) (with 0 < p; < 1), which results in

Po((§,a), (A, x)) = @ /A Ee[e?0: ¢, € Ale™@=0)dg 4 o(p}). (66)

In carrying out the Fourier integration we use this expression on the e-neighborhood of § = 0
and (B4]) on the rest to follow the computation of Section 2. The case 7 > 1 can be dealt with
as before (see Section 4). This proves Lemma [l O

The next lemma, though not used in this paper, is sometimes useful to translate results for
(&n, Sp) to those for (&,,S,) and vice versa.

Lemma 12. If &, is ergodic, then U = U and for € € T and a € K,
é&a)=c)+a—g and (& a)=c"(€)+a—g. (67)

where g == [1K]™' Y cx a (namely g = [ adfi(§,a) owing to ([G3)).

Proof. Define a function ¢ on T by ©(&,a) = a. Then, since Sy —So=Y1 —ay + ao,

h(€, a) = h(E) — Py +a=(1-D)(c+ ),

showing the first relation of 7). (Recall fi(¢) = 0.) For any bounded function f(&,a),
flep ) = Ezlaof (€1, a1))-
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Noticing pf(§,a) = [pr(§,dn)f(n,7x(a(§,n) + a)) and employing (@3), we also have that if
F&) = (K) ™ X, f(& ),

Al (1= p)f) = pl(c* (1= p)f) = —Ea[V1f (€1, 01)].
Therefore

(" + o)1 =P)f) = —Ep[(V1 — a1 + ao) f (&1, a1)],
which shows the second relation of (). Taking f =1 in ([28), making use of (E7) and looking
at B0) we see U =U. O

5.4.2. The Green function in the case when én s mon-ergodic.

Let én be not ergodic. Then T is decomposed into more than one ergodic components. We
regard K as the quotient group Z%/H.

Lemma 13. Let m be the number of ergodic components of én Then m < K and there exist
a subgroup K' of K and a decomposition T' =3, ¢ g0 T({a)) such that m = §(K/K') and the
class of sets

TUD =3 "T(b—a)) x {b} = > T(b—a)x (), (a)€K/K'

beK (byeK/K'

makes the ergodic decomposition of T =T x K, where (a) € K/K' (a € K) is identified with a
coset a + K' (C K); the corresponding invariant measures are given by

Al (A x {b}) = (ANT((b—a)), AeT,bek, (68)

1
i
respectively.

Proof. Pick up an ergodic component £ C T and set
T(a)={(€T:({a) e E} (a€K),

so that £ =) T(a) x {a}. Since (£, ay) is a MA process on T, namely the distribution of the
increment a, — a,_1 is determined by the value of &,_1 independently of a,_1, for every a € T

T :=>"T(b) x {a + b}
b

must be an ergodic component. If 7@ are distinct from one another, then m = #K and the sets
7@ (a € K) constitute the ergodic decomposition of T if this is the case T (a) must be disjoint
since 7@ are disjoint. (BY) is a consequence of the fact that the measure given by (G3]) and hence
its restriction to any ergodic component is an invariant measure of én In general, if 7@ =1 (@),
then T'(a+ b — ¢) = T(b) for every b, so that 7@ ) =7 Hence K’ := {b e K : T® =T}
is a subgroup of K and we have only to regard T@ as being labeled by a representative of the
classa+ K' € K/K'. O

According to Lemma [[3] the formulas in Section 1 is modified as follows.
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Let GU@°) denote thg Green functiqn for the process restricted on anAirreducible component
{(&,2) : (&7 (x)) € TUDY where TU)) is an ergodic component for (€,) described in Lemma
[I3. Then a version of the formula corresponding to (&) is stated as follows: if

Tk (x) = a, £ € T({a —a%)), mx(y) =b, ACT((b—a")) (69)
and w =1y —x, then

8K/ K" )k
o2 ||w||4=2

GUD((¢,2), (Ay)) —

B %/A () + (d = 2)mallwl(QHw) - (e(€) = () | () + -+

1(A)

(no change except for the factor $(K/K') and for the restriction on the combinations of the
initial point (£, a) and the terminal set A x {b}) .

The modification for two dimensional case is similar.

For the proof we may proceed as for Theorem [[1l except that we divide by $K’ instead of K

when we discard the event a,, = b—a (mod H) in the formula (E0]), which gives rise to the factor
#(K/K') to the right side of (BH]).
We have an analogue of Lemma also in the case when fn is nonergodic: it may read that
U=U and

e =cl§)+ta—g, &§)=c(§)+a—g if {€T((a—a’). (70)

5.4.3. Local central limit theorems.

Under our assumption that $K < oo we have the following result in place of the decompositions
E) and @),

Lemma 14. Suppose that T is countable. There then exist an element e° of K and a mapping
¢ of T into K such that if T =1 (namely &, is not cyclic), then

an = ¢(&n) — (&) +1e® (mod H) PFy-as; (71)
if T > 1, then either {71}) or the following relation holds

an = (&) — &)+ (m+1({l+j>7))e° (mod H) Pea.s.
if n=mr+{, £€T; (0<4,0<T1,m2>0). (72)

Proof. Let ¢ be the smallest positive integer such that p% (&, {¢}) > 0 for some ¢ € T and choose
€° so that ph(€°,{¢€°}) > 0. Foe each n there exists a K-valued function, say ¢, (&,n), such that
an — ap = ¢n(€0,&n) a.s. (¢1 is the same as a(§,n) in [B)). We set € = ¢4(£°,£°). Then as in
the step 1 of Proposition Bl we find that (¢, &) = e if pb(&,{¢}) > 0. The rest of the proof is
done in several steps.

Step 1. Let t = 1. Then necessarily 7 = 1 and ([ZI]) holds with e¢° = é. In fact by the irreducibility
of &, we have p,11(£°,€) = ke + ¢,(£°,€) (mod H) for all positive k and all sufficiently large
n, showing that ¢(&) := ¢,(£°,&) —ne (mod H) is independent of n for all sufficiently large n.
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The required relation now follows from this together with the equation ¢, 11(£°,1) = p,(£°,€) +

¢1(&,m) (mod H).

Step 2. Let t > 1 (thus & # & a.s.) and set ¢/ = t~'e. The set K’ := {ke' +a:a € K,k =
1,...,t — 1} (C t7'Z9) may be naturally considered as a finite additive group in which ke’ 4 a
and le’ + b are identified if (k —£)e’ +a—b =0 (mod H). We show that there exists a mapping
¢ of T into K’ such that

©1(£0,61) = ' (&) — (&) + € as. (73)

For the proof we consider a d-transform of &, introduced in Remark 6. Let U be a random
variable taking on values 0 or 1 with probabilities § and 1 — 9, respectively. Suppose U is
independent of (&,,S,). Let §, = & and define § by & = & f U =1 and & = & if U = 0.
Given af, € K’ arbitrarily, define a} by a] —afy = a1 —ap if U =1 and a}f —ay =€ if U = 0.
Since the distribution of a} — af, does not depend on qy,, this determines a MA process on T'x K’
such that & = &) with a positive probability. Therefore, by Step 1 there exists a mapping ¢ of
T into K’ such that o} — af, = ¢/(&]) — ¢’ (&) + € a.s. But we have a} — a{; = ¢1(£,&1) a.s. on
the event & = & # &, whence ([Z3) must hold.

Step 3. Let t > 1 and 7 = 1. Taking n = kt + 1 with k large enough we infer from (Z3)) that
©n(€°,£°) = ke + €. Since both ¢,(£°,£°) and € are in K, we have ¢ € K, hence ([Il) with
e =cand p = ¢

Step 4. Let 7 > 1. Then as in Step 3 we see 7¢’ € K. Owing to the identity ¢'(&;) = ¢’ (&) + T¢€°
together with the irreducibility of &,, this allows us to choose ¢’ so that ¢’(§) € K for £ € Tj.
Define e® = 7¢’. Noticing ¢'(n)—¢'(§)+ke’ € K ifn € Ty and £ € Ty, we define p(n) := ' (n)+ke’
ifneT, (0<k<T),so that ¢ is K-valued. It is now immediate to see ([(2). O

REMARK 7. (i) In the case 7 > 1 the two conditions ([[Il) and ([2)) are not exclusive of each
other: if 771 € Z?, then on suitably modifying ¢ and regarding 7~ 'e® as an element of K,
which we rewrite as €°, the latter is reduced to the former. On recalling that P,lap = 0] =1

these formulas actually give expressions for the increments a,, — ag when Sy is not necessarily 0.

(ii) The condition ([Z) is equivalently expressed as

ar — ag—1 = P(&) — p(§k—1) + L(& € To)e®. (74)

A recipe for finding e° may be found from ([[Il) and ([4]) as well as in the proof of Lemma [ In
the case when p7.(£,£) > 0 for some & = £° in particular, it is given by e° = a, a.s.(Pe) where
ar is necessarily nonrandom under the premise.

(iii) A simplest example of ([2) is provided by (5) of 5.2 for which 7 = 2. Therein we have
taken Tp = {1},71 = {0} and ¢(0) = (1) = 0, whereas for the alternative choice Ty =
{0}, T = {1} we may set ¢(j) = &;, so that ¢(1) — ¢(0) = 1 (mod 2), and () is written as
an =1+ |n/2] +1(& = 1,§, =0) (mod 2) a.s.(P,).

In the rest of this section we suppose that 1" is countable. This supposition is used only through
Lemma[[d It is recalled that our only hypothesis here is K < oo; the irreducibility may fail to
hold.

Theorem 15. Let ¢ and €° be as in Lemma [T Suppose that T is countable. Then, without
assuming Condition (AP) the local central limit theorems in Section 1 remain true if the right
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sides of the formulas (I3) and ({I3) are multiplied by the function

(#K)1(z = ¢(n) — (&) +ne® (mod H))

()1 (= = on) = 9(&) + (m + 1(¢+j = 7))e” (mod H))

according as (71) or (73) holds.

Proof. Suppose that ([Il) holds for simplicity. Owing to it the transition probability and the
indicator function above vanish simultaneously. To identify the asymptotic form of the former
we set K = {u € [-m, )¢ :u-x € (2n)Z for all z € H}. From the relation S, — a, € H and
an — (p(&n) — (&) + ne®) € H (P,-a.s.) it then follows that if u € K”,

eiSn-(0+u) _ pi(e(&n)—p(80)+ne®)-uiSn-0 P,-a.s.
or on multiplying f(&,) and taking expectation,

(PG+uf)(E) = Py (6i(go(-)—<p(§)+ne°).uf) (&) p-as.. (75)

Recalling what is noticed at the beginning of this proof we apply this identity with f such that
f(n) = 0 whenever = # () — (&) + ne® (mod H), so that it reduces to pj,,f = e“"pyf.
Hence we have only to sum up the contributions of the integrals on neighborhoods of v € K° to
see that the same computation as in Section 3 leads to the desired result owing to the identity
tK° = K. O

From the relation ([Z3) and Proposition B0l we obtain the following corollary.

Corollary 16. For Condition (AP) to be true it is necessary and sufficient that the operator
norm of pg is less than one for each 6 € A\ {0}.

Proof. If the condition (AP) is violated, then we have ([[&) with v € A\ {0} and, taking
fin) = e Mu and @ = 0 therein, pif(§) = el(=¢(&)+ne®)u ghowing that the operator norm of
pu equals 1. The converse assertion follows from Proposition B0 (with m = 0).

It is interesting to describe the ergodic decomposition given in Lemma [[3] by means of ¢ and
€ of Lemma [[4 Let s be the order of e¢° and K° the cyclic subgroup of K generated by
e®: K° =1{0,e%...,(s —1)e°}. The following proposition shows that this K° agrees with the
subgroup K’ of K appearing in Lemma [[3 if (s,7) = 1 (namely s and 7 are relatively prime)
and ([Il) holds. We denote by (a) the coset a + K°.

Proposition 17. Let s, (a) and K° be as above. If the process (én) is ergodic, then K = K°.
Conversely if K° = K, (s,7) = 1 and (71) holds, then the process (én) is ergodic. Generally,
if (s,7) =1 and (71) holds, then the set T'({a)) introduced in Lemma I3 is given by T({a)) =
¢ 1({a — a®)) for some a® € K. In particular, if s = 1, namely e® = 0, then Y .o *({a —
a®}) x {a} is an ergodic component for (€,) for each a°® € K.
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Proof. We consider only the case a® = 0. It is ready to see that >, 0 1({a)) x {(a) is an

invariant set for (fAn)7 hence the first assertion of the theorem. Suppose that (ZIl) holds. Then
for (£,) to be ergodic on this set it is sufficient that for each a € K and a’ € (0),

Pe[3n > 0,0(&) — @(€) +ne® +a' = a,&, € A >0 for p-almost all € € o 1((0))

whenever A C T'((a)) and u(A) > 0. For n = ms + k the equation ¢(§,) — ¢(§) + ne® +d = a
is reduced to ¢(§msik) = a1 — ke® with a1 := p(§) — @’ + a € (a); hence by choosing k so that
w(ANe=({a1—ke°})) > 0, we infer from the assumption (s, 7) = 1 that Pe[Im > 1, @(Emsik) =
a1 — ke, Emsir € Al > 0 for p-almost all € € ¢~=1((0)). Thus the sufficient condition mentioned
above is fulfilled. O

If (s, 7) # 1, the ergodic decomposition may be finer than that given in Proposition [[7 depending
on how the cyclically moving sets T; is related to ¢. For instance, if K" is a subgroup of K
such that K = K’ + K" (direct sum) and the cyclically moving subsets T} are of the form
T; = ¢ H(—je° + K"), then > g ¢ H({a — b)) x {je° + a} is an ergodic component for each
pair (4,0) (j =0,...,s, b€ K"”). In particular, there can be s distinct ergodic components even
in the case K' = K.

REMARK 8. In the case 7" < oo a local central limit theorem for MA processes as given
in Theorem [ (but up to the principal order term) is obtained by Kramli and D. Szdsz (18)
under the condition that the covariance matrix ) is positive definite and (&,) makes no cyclic
transition. Their approach is somewhat different from ours. Keilson and Wishart (17), studying
a central limit theorem for MA processes on T'x R with 7" < oo, show among others that Q) =0
if and only if it is degenerate in the sense that the walk is represented as in ([Bd). Our proof is
applicable to MA processes on T x RZ.

6 Derivatives of x(¢) and M¢(0) at 0

In this section we compute the derivatives of the principal eigenvalue x(#) based on the pertur-
bation method of which we shall review in Appendix D. Let pr and p be a probability kernel on
T and the bounded operator on L*(u) associated with it as defined in Section 1. We suppose
that the basic assumptions mentioned in Introduction ( i.e., (H.1) and (1)) hold.

Let py be the operator with the kernel defined by @0): pgf (&) = E¢[e¥1? f(£1)]. Denote its
principal eigenvalue by k() (for |0| small enough); let ey and pg be the corresponding eigen-
function and its dual object which are normalized so that u(ey) = pg(eg) = 1 as in Section
2.

If E,|Y1|" < oo, then the function x(0) = 1u(pges) = po(Ppl) is k-times continuously differen-
tiable and the k-th derivative satisfies that
VFi(0) — VFR(0') = o(10 — 0'|°) (76)

as |0 — 0’| — 0 and similarly for ep and pg. (See [B) through ([{@I) in Appendix D.)

From p(eg) = 1 it follows that u(V¥eg) = 0 (k = 1,2,...). By differentiating both sides of
#(0) = p(paeg), we have
Vi(0) = n((Vpe)eg) + p(poVeo), (77)
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so that Vk(0) = M(VPol‘g,O) =iE,[Y1]. Thus Vk(0) = 0.

Differentiating the relation ppey = r(0)ey at 0 with the help of Vpg‘e 1 = ¢h we obtain the

identity Zh—i—pVeg‘ = Veg‘e . and rewrite it as ih = (1 — p)Veg‘e to see that Veg‘e 0 ic

(owing to u(Veg) = 0) Taking this into account, we once more perform differentiation to find
that

V2p9‘9:01 + iQVpg‘ c=V2k(0) + (1 — p)v269‘ . (78)

6=0

(Recall the convention that 62 stands for the matrix (6x0;)1<jr<q4.) Integrating both sides by y,
we conclude that V2k(0) = —E,[Y?] — 2E,[Y1c(&1)] = —Q (see [IR)).

Proposition 18. Suppose that E,|Y1[? < oo for j = 1,2 or 3 in (i), (ii) or (iii) below ,
respectively. Then

(i)  Vk(0) =0; Ve o = ic.
(i) (- V)*K(0) = —Q().
(iii) (8- V)3k(0) = —iE,(0- V1) + 3iu((c* —e)- Gm(2)>
where mé ) = = Ee(0-Y1)% (Recall Y1 = Y1 — c(&) + c(&1).)
If the process (&, Sy) is symmetric, then (0 - V)3k(0) = 0.

Proof. The assertions (i) and (ii) have already been proved. For the computation of (8- V)3x(0)
it is more transparent to do it by means of the operator py that is defined by the kernel
e €Oy (€, dn)e P in other words

Bof (&) = Bl f(&1) | & = €] (79)

for bounded f. The corresponding eigenvectors, which are normalized in the same way as ey and
po, are given by ég = e"*Pey /(e %) and fig(f) = p(e™*%eq)ug(e’? f) with the eigenvalue
k(0) being the same. We use analogues of the equalities () and ([[J) for the ~ system. By
the identity Veglg—o = ic, we see that Véy|p—o = 0. Twice differentiating the analogue of ([7),
integrating by p and making use of the identity 1(V*&y) = 0 we obtain

Vi(0) = Mv3f)9‘9=01 * 3MVf)9‘9:O <V269‘9:0>;
also, by the analogue of ([[8), (- V)?&0(¢) = (1 — p)~H(Q(#) — mp)(£). These combined yield
(0 V)Pk(0) = —iE,(0 - V1)? + 3iE, [(f/l 0)(1—p)~H Q) - mg2>>] .
Now (iii) follows from the formula
U], (1=P)7\ = iB, [Ti(l = p) " ()] = inl(e = <)),
which is easily verified on recalling the definitions of ¢ and ¢*. If (§,,S,) is symmetric, then for
=0

)
w:= E,(0 Y1) we have w = —w, showing w = 0, thus (6 - V)3x(0) = O
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Lemma 19. Let ¢* be the function defined by [@). Then

Vao(f)|, = iu(c" ). (80)

0=0

Proof. On differentiating ugpy = x(0)ug it follows that [Vu9p+qug] = Vug‘ . Noticing

6=0 0=
uVpe ) 01 = 0, we may rewrite it in the form

Vue( = que‘ozo(l -p)

0=0

Substituting the identity M(Vpg‘e_of) = iE,[Y1f(&)], we see that Vg e—of =iE, [Yl(l -

p) 1f(&1)| = —ip(c* f). Consequently (&) follows. O
REMARK 9 Introducing the matrix function Q¢,§ € T defined by

Q¢ = —V?pol| _ (€)= 2iVpoe| = Ee[¥? +2Vie(&)),

we obtain from (78 the identity VZeq ,
from pgpy = K(0) g

O(f) =(1-p) " HQ—-Q.)(¢). In a similar way we deduce

Vo((L=p)f)| = Bu[(-¥7 + 26 @)1 + Q) ()]

(f is a R~valued function on T') or; rewriting it,

Viio(f)|,_ = n(f-(1=p)7HQ - QD). where QF = B[V —2¢" G0V | &1 = ¢]-

0=0

These together with (B and the identity Veg‘e 0= ic yield

(0-V)*Me(0) = 0 [u(N)(1 = p) 1@ = Q)(E) + (- (1= p) @ = Q1)) + 2e(E)a(" )]

ee or .) It tollows (see that the third order term in the expansion o 1s of the
(See E) for Me.) Tt follows (see [E£8)) that the third ord in the expansion of G is of th
form

{a*}p(f) 50 [(©u(f) = ple IO -VIk(O) (0 VI Me(0)| _ivg
EGE */A[ @n)'Q(0) Q) ] “

where {z%} is independent of (£,1). There is an occasion where this expression is useful (cf.

(16))-
7 Estimation of f|9|>€ |E[e? 0 f(&,)]|dO

In this section we prove the following proposition. Recall that A = [—7, 7).
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Proposition 20. Let m be a non-negative integer. Suppose that supg E¢[|Y1|™] < oo and Con-
dition (AP) holds for S,. Then, for each € > 0 there exists a positive constant r < 1 such that

if f(§) is bounded,

sup  sup |V Egle? f(g,)]
9N, |0]>¢ E€T

=0(r") (n— o0).

In the proof of Proposition 20 given below we need to express Condition (AP) of the walk S,, in
terms of the characteristic functions

Yen(0) = Be[e™? | & = n]. (s1)
To this end we first prove a preliminary result that we formulate in a general setting.

Lemma 21. Let Xy, A € A be a family of random variables taking on values in Z* and v(d)\) a
probability measure on A and suppose that P[X) = x| is A-measurable. Denote by Fy the support
of the law of Xx: F\ = {x € Z: P[Xy = x] > 0}. The following two conditions are equivalent.
@ fy ‘E{eiX*'e} ‘l/(d)\) =1 for some 6€ A\ {0}

(ii) There is a proper subgroup H of Z% such that v({\: 3a € Z%, F\ —a C H}) = 1.

Proof. For a nonempty set F' C Z9, taking any = € F, we denote by [F] the smallest subgroup
including F' — z. Clearly [F] does not depend on z. Now suppose that the equality in (i) of the
lemma holds true for a # € A\ {0} and let H be the set of all z such that z -6 € 2rZ. Then for

E |:eiX,\-0}
all A, [F\] C H. Since H is a proper subgroup we have (ii). The converse is obvious. O

v-almost all A, = 1, or equivalently, x - 0 € 27Z for all x € [F}], so that for v-almost

Corollary 22. Condition (AP) holds if and only if there exists a positive integer n° such that
for each proper subgroup H of Z¢,

Pu[aa € 2 P,[Sne € H +a|o{€0, &} = 1| < 1. (82)

Proof. It suffices to show that Condition (AP) is violated if for every n® > 1 there exists a proper
subgroup H for which the probability in ([82) equals unity. In view of the preceding lemma this
follows from the inequality

Bl | n =] | < /T |Eele’St? 16 = €] [Bele'Snr? | 6t = )| Peler € d€' [ 6m =]

(1 <k < m) since it shows that if the probability in ([82) equals unity for n°® = m, then it does
for every n°® < m and since if this condition (with the same m) is satisfied by two subgroups, so
is by the intersection of them. O

Studying a Markov chain on Z? with a transition law having a certain periodicity structure
Takenami (24) introduces a condition analogous to that in the corollary P2 and proves it to be
satisfied by the Markov chain under a certain circumstance. Babillot (1I) and Givarc’h () call
a MA process aperiodic if the condition (82) holds with n® =1 for each proper subgroup H.

Proof of Proposition Bl We suppose that the condition of Corollary holds with n°® =1
for simplicity. Let ¢, (0) be defined by [I). From the preceding lemma it then follows that
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Py |ty .e,(8)] < 1] > 0 for every § € A\ {0}. Since (—1) V log [t)g, ¢, ()] is uniformly bounded
and continuous with respect to 0, this yields the inequality

sup B, [(—1) Vlog e, &, (0)]] <0 (83)
6eA, |6]>¢

for every € > 0.
Define py g for A > 0 by

Prof(§) = Ee | exp {A((=1) V1og [ve,, 0)]) } /(6]

From the relation (8d) (in Appendix D) applied with p) ¢ in place of py we see that there exists
a constant Ao € (0,1] such that the circle C,, = {|1 — z| = (1 — p)/2} encloses an eigenvalue of
P)r6, K(A,0) say, and the rest of the spectrum is inside the circle |z] = (1 + p)/2 for all A < Xg
and # € R? and the projection operator IT) ¢ onto the eigenspace of eigenvalue x(A, ) is given
by the integral of the resolvent along the circle C,, as in (). Hence as before we see that (X, 0)
is jointly continuous in (), 6) € [0, A\o] x R% and

Ok

25(0,0) = Eu[(=1) Vlog e, 0)]]-

From the decomposition (pyg)” = [k(X,0)]"IIy g + (rrg)" where the spectral radius of ry g is
less than (1 + p)/2, we see that (uniformly in &)

1 .
Jim —log(pa)"1() = log k(). 6),

which in particular implies that (A, #) is real and non-increasing in A. These combined with

[B3) show that
sup  k(Ng,0) < 1.
9N, |0]>¢

Now, taking a function f(&) such that || f|lcc < 1 we have

n—1
BeleS 611 < B | [T 1600 0)]
j=0
and also

1

Eg[:r[:w@,gm(e)@ < Eg{eXp{"on[(—mvlogng,w(e)n}]

=0
= (p)\o,G)nl(f)
< [(T+0(1))k (X0, 0)]",

where o(1) is uniform both in 6 and in . Consequently

1 A
limsup — sup suplog|Ee[e™"?f(&,)]| < sup  k(No,0) < 1.
n—oo T gcA, |0|>c £€T OEA, |0]>e
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Thus the assertion of the proposition has been proved in the case m = 0. For m = 1 we see

n—1

k—1
|VE§[GZSH'6f(£n)]| < ZEE [ H Ve 6510 ] X Vg g0p0 | X H |¢§j:§j+l|:|
k Jj=0 j=k+1
and we may proceed as above. The cases m > 1 are similarly dealt with. O

By the same argument we verify the following
Lemma 23. Letm be a non-negative integer and 6 € [0,1). Suppose that sup, E¢[|Y1|™ 1] < 00
and S,, satisfies (AP). Then, for each ¢ > 0 there exists a positive constant r < 1 such that if

f(&) is bounded,

sup  sup |V E[e"n 0 £(&,)] — VM Ee [ O £(&)][ = o(Inl°r™)
0, |0|>e €T

as n — oo. Here o(|n|°r™) is uniform for |n| < 1, so that the infinite sum over n > 0 of the
supremums on the left side is o(|n|°).

8 Appendices

A. In this appendix we suppose that E,|Y1|¥"% < oo for an integer k > 2 and § € (0,1) and
A
indicate a method for computing the Fourier transform [((1 — k)"t — 2/Q)) Mg] (y) (y € RY)

under this moment condition (cf. (25) in the case 6 = 0, where it is somewhat involved if d = 3).
Under this moment condition M¢ and x can be expanded in Taylor polynomial of degree k with
the error term o(|0|¥+°). We then observe that

R P {0
) Qo) = g2 SEOREEG)

Here ¢}, is a C* -class function such that 4 (0) = o(|0]*+9) and every k-th derivative of it, V%
say, satisfies

(84)

|V (0) — V“ak(ﬁ’)’ < o(|f — 0”6) (= (v, ... ,Oéd),Zaj = k).

For estimation of Fourier integral of the error term £;(0)/Q?(0) we repeat integration by parts
k—2,k—1or k times according as d = 2, d = 3 or d > 4. To complete the proof of Theorems
1 and 2 it now is sufficient to prove the next lemma.

Lemma 24. Let a(9), |0] < 3/2, be a function such that a(0) = 0 and for some positive
constants 6 < 1 and K,

ja(8) = a(9)] < Kal0 = 0P,
and h(6) a bounded, Borel measurable function such that it is differentiable for 6 # 0 and
IVh(0)] < K/|0]. Let 0 <v <d. Then

/ a(@)@e*m'edﬁ < Clz| ™ log || (|z] > 2m),
9]<1 10|

where the constant C' may be taken as Ay a(Kp + ||h]loo)Kal(1 — 0)8]7 with a constant A, 4
depending only on v and d. If either v < d or a is differentiable for 0 # 0 with |Va(0)| =
O(|6]71%9), then the right hand side may be replaced by C'|z|~°.
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Proof. First we compute the integral restricted on {0 : |z - 0| < 7}. Put
f(0) = a(0)h(6)/10]".

Then, on using |a(6)]| < K,|0|° and v < d,

» do O K, [ 7\°
f(9)€ zx-edQ < KaHhHOO/ — < (—) , (85)
‘/Iz-9<7r,9|§1 w0 <n, o<1 10]47° 6 \zl

d—é
where C1 = 2||hl|loc Jga1 d0'/+/1 410"~ < Agl|hllos/(1 —0). For the remainder of the integral
we may restrict it to {0 : -0 > 7} since the other half is similar. Thus we consider the integral

J= / f(B)e =00,
z-0>7,|0|<1

Let r = |z| and w = x/r and shift the variable § by wn/r so that z -0 is transformed to -0 + 7
and the integral is to

J=- / F(0+wr/r)e”0qg,
x-0>0, |0+wn/r|<1

which differs from — [, o<1 /(0 + wr/r)e”0dh, at most by

C1 K, (27)° N Adllah]|oo

[, <0 <o 10 < o < Ll @10 < S ;

Accordingly

= - — wr/r)]e 0 9.
=5 ) WO = el + 06

Now we apply the assumptions on h and a to have

(Wlhlloe + Kn)Ka _ hllocKa
0)— f(0 <
£0) = 10 +eom /)] < RS e

valid for 6 satisfying x - 6 > m. The estimate of the lemma is immediately inferred from the
following ones: f‘9|<1 |0]7df < oo if v < d;

/ 0]~ @19 g0 = O(r'9); / 10]~%d6 = O(log(1/7)).
z-0>7, [0|<1 z-0>m, |0|<1

If a is differentiable for § # 0 with |Va(0)| = O(|0|71+%), then the integration by parts directly
gives the required estimate of J. This completes the proof of the lemma.

B. Our evaluation of Fourier integrals on the torus A made in Section 3 is based on the following

two formulae (i) and (ii) as well as the results of the preceding section: the former two are used
to dispose of the integral on a neighborhood of origin and the latter ones are on the rest.
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(i) Let D be a d-dimensional bounded domain containing the origin and having piece-wise smooth
boundary OD. Let g be a function on RY of the form {#*}/|0|*** with k a non-negative integer
and s a real number such that s < d. Then for every integer n satisfying n > d — s,

/ 9(0)e™0df = ¢"(x) + Z Bouls ! / (—w-V)"g(0)e%ds  (z € RY).
D o

\w! (i)

Here w = x/|z| and Bp; denotes the boundary integral [, (—w- V)"g(0)e™ 0w -dS; if n=d—s
the last integral is not absolutely convergent and must be understood to be the principal value;
g" denotes the Fourier transform |[gq g(0)e™?dp in the sense of Schwartz distribution on the
punctured space R\ {0}, namely ¢"(z) (z # 0) is identified by the relation [ go" dz = [ g" pdx
to hold for every smooth function ¢ that vanishes outside a compact set of R%\ {0}. Proof is
standard (see eg. Lemma 2.1 of (25)).

(ii) If ¢k is a homogeneous harmonic polynomial of degree k, then for s € R,

1 pr(0)e * X\ (s)pr(—) 1
(27T)d/l;d |9|28 d@zW (k:0,1,2,,8<§(k+d)),

where ’ )
)\k(S) = W_kr(s) if s g_f {0’—1’—2’. . }

and A\ (s) = 0 otherwise; the Fourier transform is in the sense of distribution on R¢\ {0} as in
(i). (Cf. (23) in the case k < 2s; for the other case make analytic continuation as a function of
s.) It is recalled that any homogeneous polynomial {#"} is expressed in a finite sum of the form
en(0) + 10 o2+ .

C. Here is given proofs of B3) and [B4]). For the first one it suffices to prove that

i (er% _ l) — 2logr — 2y + O(r ) (86)

n n

n=1

as 7 — 00. For the proof we make the decomposition

S(CE Dy oy Loy (e

n=1 1<n<r2 1<n<r2 n>r2

.2
er/n

When r is large, the first term on the right side may be written as

—r2/n 1 (k+%)/r2 1
€ _ € _ —1/u —4

n 1/p2 U
1<n<r2 1<n<k 2

—r2/n

where k = |r?| ( the largest integer that does not exceed 72) and similarly for the last term. By
elementary computation we see that for a > 0

a1 1 o
/ —e‘l/“du—f—/ < [e‘l/“ _ 1] du :/ (log t)e tdt + loga,
0 U o U 0

177



where the first term on the right side equals —v. Taking a = (k + %) /r? in the last formula and
combining it with observations preceding it we conclude that

o0 6442/n l k
Z( - —%)Z—’Y+log : Z% r ) (k= 7).

n=1

The requlred relation (B8] now follows from this by substituting 3% =~v+log(k+1/2) +

n= ln

_l’_
e
For the proof of B4) set f(u) = %e_r2/7“ and F(t) = > °_[f(m +t) — f(m)]. Then by the

m=1

same argument as made in &), F'(t) =Y >, f/(m+1t) = ff?rg f(u+t)du+O(r=*) = O(r=)
2
as r — oo uniformly for 0 < ¢ < 1. Hence F(¢/7) — F(j/7) = O(r—*), showing (&) .

D. In this appendix we briefly review a standard perturbation method. Let py and p be a
probability kernel on 7' and the bounded operator on L*(u) associated with it as defined in
Section 1. From the supposition that pr has a unique invariant probability measure, it follows
that the eigenfunction of p with eigenvalue 1 is constant. Suppose (H.1”) to be true (cf. Remark
1) and define the operator II by II = Ily 4 wIly + --- + W™ I, if there is 7 (> 2) cyclically
moving classes for the process &, (see Section 4 for IT; and w) and I = 1 ® p otherwise. Since
pll; =1II;p = wjl'[j, we have IIp = pIl = II?. By a simple computation we see

T— T—1
I = =) xp—e®pm  ((=0,1,...,7—1);

in particular IT" = Iy +1I;+- - -+11,_1 = Z;;é Xk ® g is the projection to the finite dimensional
space spanned by eigenfunctions of eigenvalues 1,w,...,w” 1. Since (p — II)* = p" — [I" =

pH Tl forn=mr+£ ({=0,...,7 — 1), it follows from (H.1”) that

lim sup [|(p — I)"|[}/2 ) < p(< 1) (88)
(Il | o< () denotes the operator norm in L*°(p)). Thus the spectrum other than 1,w, ... ,w” ! is
enclosed by the circle |z| = p. If z ¢ {1,w,..., w1} with |z| > p, the resolvent R(z) = (p—2z)~*
can be represented by a complex measure kernel. Indeed, this is certainly true if |z| > 1, and for
all the other values of z to be considered the resolvents are analytic continuations of one another
by means of finite applications of the formula R(z2) = > oo (22 — 21)"R" " (21) (valid at least
for zp such that (|21 — za|||R(21)| zoe () < 1)-

Let py be the operator with the kernel defined by @0): ppf (&) = Ee[e™ 0 f(&1)]. Let £y denote
the spectrum of py and Ry(z) the resolvent operator of py at z ¢ ¥y, namely Ry(z) = (pg—2)~ L.
Then by the identity pp — z = (p — 2)[I — R(2)(p — pg)], we see

Ry(z +Z )(p — po)"R(2), (89)
n=1

provided |6| is small enough and z is in a compact set of C \ Xy. Since py is continuous (or
smooth under existence of moments) with respect to 6, Ry(z) is also continuous (resp. smooth)
in a neighborhood of the origin. Since p < 1, we can find a positive number J, so that if || < J,
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and r = 3 min{1 — p, [w — 1|}, then the spectrum Y is divided by the circle C, = {|1 — z| = r}
into two parts in such a manner that the part outside C, is contained in one of the open disks
lz| < (1+p)/2, |z —w!| <r,j=1,...,7 — 1, and the part inside continuously moves to 1 as
0 approaches the origin; and that the latter consists of a single eigenvalue, k() say, which is
simple (cf. (12): either p.34 or p.212). Let I1§ denote the projection operator corresponding to
this eigenspace. Then ||(pg — I1§)"|| o () < C[(1 + p)/2]™ and

1
9 =ep @ pg = — Ry(z)dz. 90
o i |, ot (90)

Here ey is an eigenfunction for the eigenvalue x(6) and pyg is a dual object: these may be defined

(if do is small enough) by
1

%Hgl, f1p = pII§, (91)

€y —

with Z(6) = pIIf1, and the product ey ® 1y stands for the operator given by the complex measure
kernel ep(§)pg(dn). They are normalized so that p(eg) = pg(eg) = 1.
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