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Abstract: Let B (t), ¢ € [~1,1], be the fractional Brownian motion with Hurst
parameter H € (%, 1). In this paper we present the series representation

BI() = agtéo + Y a ((1 — cos(jmt))E; + sm(jm)gj) . te[-1,1]
j=1

where a;,j7 € NU {0}, are constants given explicitly, and &;,j € NU {0}, gj,j € N, are
independent standard Gaussian random variables. We show that the series converges
almost surely in C[—1,1], and in mean-square (in L*(Q2)), uniformly in ¢ € [—1,1].
Moreover we prove that the series expansion has an optimal rate of convergence.
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1 Introduction

Let B (t),t € R, denote the H-fractional Brownian motion (H-FBM, FBM). We
recall that the H-FBM is the only Gaussian process with H-self-similar and stationary
increments, and almost surely (a.s.) continuous sample paths. H-self-similarity means
that for all ¢ > 0

B (ct) £ HBH) (), (1)

i.e. the processes on the two sides of the sign 4 have the same finite dimensional
distributions. The parameter H, called Hurst parameter, can be in the interval (0,1).
For H € (%, 1) the stationary increment processes of BU?)(t) are long-memory, while for
H e (0, %) they are not. Thus the former case is more important, therefore we consider
that case, i.e. for the rest of the paper H € (%, 1) is assumed.

It is clear that self-similarity makes it possible to derive the FBM on any finite interval
[—c, c] from its version on [~1,1]. By this reason we regard the statements for BU7(t)
defined on [—1, 1].

Since process BU)(t), t € [~1,1], has a.s. square integrable sample paths, i.e. BH)(.) €
L?([—1,1]), it seems to be useful to deal with its Fourier series expansions. For example,
one can evidently use the complete orthonormal system

{% sin(jmt), cos(jmt) : j € N} , (2)

and expand BU)(t) into the form

BM(#) =g+ Y (cj sin(jrt) + Cos(j7rt)> . tel-11], (3)

j=1

where coefficients (;, 7 € NU{0}, @, 7 € N, are obviously random variables with centered
Gaussian distribution. However, they are not uncorrelated, meaning that neither are
independent. Thus, the obvious expansion (3) is of little use, e.g. when the aim is to
simulate FBM. Of course one could use an other system of deterministic functions of
some sort, but it is an important requirement that the coefficient random variables be
independent. (E.g. the Karhunen—-Loeve representation would be suitable, if it were
known.) Nevertheless, it is far from trivial to find such an expansion for the FBM. In
this paper we present one, which is of the form

B (t) = agtéo + Y _ ay ((1 — cos(jmt))E; + sin(jm)é}) , te[-1,1], (4)
j=1
where
B I'(2 — 2H) 1
“ T NBE-LI-H)2H -1

— 55—

I(2-2H) - o emel
4 = \/B(H T3 gy oe (e 2H L igm) (), G e,
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I, B, and v are the gamma, beta, and complementary (lower) incomplete gamma func-
tions, respectively. Moreover, &;, j € NU {0}, &, 7 € N, are independent standard
Gaussian random variables.

Note that if one found the form of (4) in which function ¢ is also expanded (with respect
to system (2)), i.e. the form of pure sine and cosine expansion (3), one would have no
luck since the coeflicient random variables

G = Zagfj,
j=1
j+1 2 ¢ ;
G = (=17 —aoé+a&, jeEN,
g
G = —a;&§, JjeEN,

would not be independent.

It must be stressed that recently Dzhaparidze and van Zanten have given a series ex-
pansion for the FBM, which is similar to (4) without the term agt&y, see [1]. It is based
on sine and cosine functions also, but the frequencies are the roots of Bessel functions,
so it is somewhat more complicated than (4).

The main result of this paper is Theorem 1, in which representation (4) is stated exactly.
The proof is based on the fact that the FBM can be approximated by scaled integrated
gamma-mixed Ornstein-Uhlenbeck (I'MOU) processes; see [3] for the 'MOU process
and this approximation. On the other hand the I'MOU process can be simply expanded
into a pure sine and cosine function series of the form

coéo + Z ¢ (sin(jwt)fj + cos(jwt)%) . te[-1,1],
j=1

where ¢;,j € NU {0}, are constants, and §;,j € NU {0}, gj,j € N, are independent
Gaussian random variables. Thus, the scaled integrated 'MOU process can be repre-
sented in the form

cotéo + ch ((1 — cos(jmt))&; + sin(jﬂt)g}) , te[-1,1].
j=1

Notation o is used frequently hereafter, which means that the quotient of its two
—00

sides converges to 1 when N — oc.

We remark that the above mentioned expansion in [1] is rate-optimal in the sense intro-
duced in [4]; the proof can be found in [2]. Rate-optimality means the following:

Definition 1 Let us consider the a.s. uniformly convergent series expansions of BI)(t),
€ [-1,1], of the form

B(H)(t) = Zgjfj(t% te [_17 1]7 (5)
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with independent Gaussian random variables £;,7 € N, and continuous deterministic
functions f;(t),7 € N. Such a series expansion is called rate-optimal if it holds for its
convergence speed that

E sup & fi(t)
te[—1,1] N

N const. N~ \/log(N). (6)

j=

In [4] it is proven that this convergence speed is really optimal, i.e. there can be no series
expansion of the form (5) with a convergence speed faster than (6), and convergence
speed (6) can be achieved.

Now expansion (4) is also rate-optimal. This statement as well as the one about the
mean square convergence rate are formulated in Theorem 2. The method for proving
the rate-optimality part is taken from [2].

The outline of the rest of the paper is the following. In Section 2 the main theorem,
Theorem 1 is stated and proved. Section 3 includes Theorem 2 about the rates of
convergences. In Section 4 an application, the simulation of FBM, is presented.

2 The series expansion

Let us first fix a few notations and conditions. The stochastic processes in this paper
are considered on the time interval [—1,1]. The beta function is denoted by B(p, q),

[e.e]

L(p,z) = /z”_le_zdz,

z

and
z

Ao = [oieds (7)

are the incomplete gamma function, and the complementary incomplete gamma func-
tion, respectively, with complex argument z. In both cases the principal branches are
considered. Do not confuse the former gamma function with the gamma distribution
['(p, A) with density function

AP e
fF(p,)\)(x) = F(p)mp 16 A , T > 07

which is also used in the following. The space of continuous functions on [—1,1] is
denoted by C[—1, 1]. Every random element is defined on the same probability space 2.
L*(€2) denotes the space of square integrable random variables. See [3] for the TMOU
process to be discussed later. The notation I'MOU (H — %,)\) is also used when it is
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important to indicate the long-memory parameter H — % € (O, %) 2 and scale parameter
A > 0. The 'MOU (H — %, )\) process is denoted by Y, (¢). Not all the constants are
denoted individually; in many cases they act simply as ‘const.’; always understood as
positive constants.

The main statement of the paper is the following theorem.

Theorem 1 Let H € (3,1). Then the FBM B (t), t € [-1,1], can be represented in
the form

B(H) (t) = aotfo + Z aj ((1 o COS(j’iTZf))gj + Sln(jﬁt)g;) RS [_17 1]7 (8)
j=1
where
B ['(2—2H) 1
o= \/B(H—%,%—H)QH—F ©)

['(2—-2H) o .  \—H-1 .
v \/B< Ty gy e T H L) ) e (10

and &;,7 € N U {0}, gj,j € N, are independent standard Gaussian random variables.
The series converges a.s. in C[—1,1], and also in L*(Y), uniformly in t € [—1,1].

Proof. The proof is based on the fact that the H-FBM can be approximated by scaled
integrated 'MOU (H — %, /\) processes, see [3]. On the other hand the TMOU (H — %, )\)
process Y, (t) can be expanded simply into a pure sine and cosine function series of the
form

Ya(t) = oMo+ D ¢s(A) (sin(mt)e; + cos(imt)g;) b [1,1)

where ¢;(A),j € NU {0}, are constants, and ¢;,j € NU {0}, gj,j € N, are independent
standard Gaussian random variables. Hence, the scaled integrated I'MOU (H — %, )\)
process can be represented in the form

1 H-32 / . — . .. ~
m)\ 20/Y>\(u) du = co(N)t&o + ;cj(/\) ((1 —cos(jmt))&; + Sln(]“)@) )

te[-1,1].

These steps will be detailed in the following.

*Note that in the original paper [3] the parameter h = H — % is used.
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First the TMOU process Y)(t) is expanded into a sine and cosine function series. For
this purpose let X, (¢) be a stationary Ornstein—Uhlenbeck (OU) process with parameter

a < 0, that is,
t

Xo(t) = / 1) 4B (),

where B(t) is a Brownian motion. The covariance function of process X, (t),

1
Rxa (t) = —eo‘m,

—2«

being an even function in L?[—1, 1], has the following Fourier cosine series expansion:

1
RXa (t) = _€a|t|

—2«
00 - 11)
1 « 11— (—1)]€ . (
:ﬁ(l_e )‘i‘ZmCOS(]Wt), tE[—l,l],
j=1

Now we use the fact that the covariance function of the 'MOU (H — %,)\) process is
the mixture of OU covariance functions, where the mixing distribution has the density

function
oo

o) = 2oy @) |

0

1

g ran Wy, (12)

see [3], Section 2.1. The mixing parameter is —«. Thus, using (11), for the covariance
function of the 'MOU (H -3 )\) process Y, (t)we have

Ry, () = / Ry (£)f—a(x)dz

]

(% (1 - e_x) + ]z: % COS(th)) foolz)dx (13)
where

1—(=1)e®

PR foa(zx)dz, jeN. (15)
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The exponent 2 used in the previous notations can be clarified by observing the non-
negativity of the right hand sides of (14) and (15). It is also easy to see that in (13)
it was legitimate to change the order of the integral and the infinite sum by Fubini’s
theorem. Due to (13) Ry, (t — s) can be factorized as

Ry, (t — s) = ca(\) + Zc (cos(jmt) cos(jms) + sin(jnt) sin(jnws)), s,t€[—1,1],

(16)

which results in the sine and cosine series representation
Yi(t) Ao + Z ci(A <cos (jmt)&; + sm(ymﬁ)@) te[-1,1], (17)

with independent standard Gaussian random variables &;, j € NU {0}, gj, j € N. Here
the function series also converges a.s. in L?[—1, 1], on the one hand by virtue of Parseval’s
relation, on the other hand because

o0

Zc? (52+§2><oo a.s.

owing to Kolmogorov’s two series theorem. Now let us integrate (17) to obtain

t

/Y,\(u) = co(N)t&o + Z CZ(;\) <(1 —cos(jmt)) & + sin(jmf)@-) a.s.,

0

(18)
te[-1,1].

When obtaining (18) from (17), it was legitimate to change the order of the integral
and the infinite sum, because—as it was mentioned above—the function series in (17)
converges a.s. in L%[—1,1], thus its integral from zero to ¢, considered as an L?[—1,1]
inner product converges a.s..

In the next step the convergence

t

1 3
7)\H_5/YA (u) du e B () as.,

[e=]
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(see [3] Section 3, Property 4) is applied. Together with (18) it yields

B0 = o | ey [
2 0
1
G (ili% (V) 16 (19)
N30 e
—l—}\ii% 2. ji;]() <(1 — cos(ymt)) & + sm(ywt)@-)) a.s.,
te[-1,1].

Now the question is whether the following limits exist, and if they do, whether they have
any closed form:

lim (AH 2c](/\)> —7, jeNui{ol. (20)

A—0
Using (14) and (12), in the case j = 0 we obtain

o0 [e.o]

1_ —
APFIZIGE(3) = X2 / SRR /

x—i—y

0
= //(1—6 @ f%yéfH 1 —Az+y dydx

§ r+y

2 0 0

L // (1—e ) o t3yst dyd (21)

Sy ere— —e y ydx
oG -H) “y

by Lebesgue’s dominated convergence theorem. After a change of variables the inner
integral can be put into closed form:

[y gyt (3L
/y x+ydy—x B<2 H H 2). (22)
0
Replacing (22) into (21) yields
3 _ _1\ 7
lim ()\QH 3 0()\)) — B (2 3H7H 22) /(1 — e ) 2Hdl'
0 rG-1)




Similarly for j € N we have

2H -3 2 2H-3
A )= A / x2+] 7r2 2$fr(s HA)(x)/x—I—yf (77H)\)(y)dydx
0 0
2 T 71— (—1)ie® 1
— 5 // 2( l 62 xg_HyE—H Tty ddeL’
CG-my] ] e Ty
2 1—(=1)e* 1
= 2// e eyt Ly
AHO(F(%_H)) ) Te+ e r+y

2B(2 —H. H-1 . -
— (2 ’ 2) / 1 x272Hd$ _ (_1)]/ Zj_ = 2.1,272de
i Vs
0
(24)

also by Lebesgue’s dominated convergence theorem. Using the Fourier transform and a
bit of integral calculus one can show that

222 gy — T(2 — 9HD 1 Re (& (F(H-2)"")P(2H — 1, —ibt) ) |
O/ xQ + b2 ( ) ( ( >> (25)

t>0,0>0.

The substitutions b = jm, t =0, and b = jm, t = 1 in (25) lead to

Y R | 1\ /3 N

- Mg p(p-\r(2-H
/372+‘7'27T291j ) 2( 2) (2 )(‘m ’
0

and

o0

/ s ij%? 2?2y = (=1YT(2 — 2H) (jm)' 7" Re (ie"™ T (2H — 1,ij7)) ,
0
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respectively. Thus, (24) can be rewritten as

—I(2 = 2H) (jm) 2 Re (ie ™I (2H — 1, z'j7r))>

Re (ie”™ T (2H — 1,ij7r))>(j7r)12H

1 .
— 2B (H —5:2—2H | Re (ie™ ™y (2H — 1,ijm)) (jm) ",
jeN.

To sum up, the answers to the question raised in (20) are the following:
. H-3 1 1
lim </\ ch(A)) —\B(H -2 2H)——
A—0 2 2H — 1

lim (AH-%cj(A)) - \/B (H - % 2 2H) V2Re (ie—mH~(2H — 1,ijm)) (jm)? 1,

N

A—0

jeN. (26)
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Returning to (19) we obtain the representation of BU)(t), t € [-1,1]:

B0 = =y (gn (N Eeo(n)) t6o
(27)

- g (O )

1
gm

[ Te—am i N
= \/B LI ) (mt§o+;\/2Re (ie=mH~(2H — 1,ij7))

((1 — cos(jmt)) & + sin(jwt)%))

x (jm) 7% (1 = cos(jmt)) & + sin(jmt); ) ) , (28)

which coincides with (8-9-10). The limit and the infinite sum in (27) could be changed
for the following reason. On the one hand for each j € N the convergence in (26) is
monotone increasing (see (23)), and on the other hand for all ¢ € [—1, 1] the series in

(28) is a.s. absolutely convergent. The latter a.s. absolute convergence follows from the
fact that

V2Re (ie=™H~y(2H — 1,ijm)) = |2 / v2H=2 cos(v)dv

< \ 2/1}2H—2 cos(v)dv
0

= /2T'(2H — 1) sin(7H) < oo,

and from Kolmogorov’s two series theorem.

The series in (28) converges in L*(Q2), uniformly in ¢ € [—1,1]. To prove this, take into
account that the terms of the series in (28) are orthogonal random variables, and use
(29) to obtain

2

E <\/2Re (ie=i™H~y(2H — 1,ij7)) (jﬂ)fH*é <(1 —cos(jmt)) & + Sm(jwt)é)) (30)

< 8[(2H — Dsin(rH) (jm) 2%, jeN.
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With regard to the a.s. convergence in C[—1, 1], it follows from the inequality

sup ‘\/QRe (te=mH~(2H — 1,ij7)) (jw)fH*é ((1 — cos(jmt)) & + sin(jmﬁ)%—)‘

te[—1,1]

< VITEH ~ Dsm(rH) (m) "7 (2161 + |6

)

and from Kolmogorov’s two series theorem. =

3 Rate of convergence

Let us consider the series expansion of Theorem 1, and introduce a notation for the
truncated series:

N

B () = aotéo + 3 a5 (1= cos(jmt))¢; +sin(jnt)§; ) (31)

j=1

The following theorem is about the rate of mean square (L?(£2)) convergence and C'[—1, 1]
convergence of B](VH) (t) to BHA)(¢).

Theorem 2 1) The rate of uniform convergence in L*(Q2) of the truncated series series
B](VH) (t) is at least of the order N=H | that is, to be more ezact,

(H) 2 . \—1-2H 2 _1-92H N —H
sup \/E(B(H)t - B t) <9 E jm ~ £\ =T NH (32
te[-1.1] ( ) N ( ) — ‘ ( ) N H ( )

j=N+1

2) The rate of convergence in C[—1,1] can be characterized by the asymptotic relation

B suw ‘BH) BJ(VH)(t)‘ ~  const.N"H/log(N). (33)

N—o0
Proof. 1) We have

sup B (B (1)~ BY (t)>2

te[—1,1]
2 — 2H N : _H_1
al ) qup S E <\/2Re (ie—mH(2H — 1,4jm)) (jm) 2
2’ 2 ) te[-1,1] j=N+1

B(H
(34)
( (1 —cos(jmt))&; + sm(ywt)@))z

- 2
<4 ) Gm T N g TN,
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where the inequality follows from (30).
2) We follow the method of proof of [2]. Consider the partial sum processes

2n—1
Sn(t) = Z a; ((1 — cos(jmt))&; + sin(jwt)%}) , neN,
].22"71
and
2n—1 N
SO T ((1 — cos(jmt))E; + sin(jme)gj) , neN, <L <om
j=L
Clearly we have
Sn(t) = Span-1 (1), (35)
and
BU®) ~ BY(0) = S+ 3. Sult) (36)
k=n+1

where n € N is such that 2" ' < N +1 < 2.
First we prove that

E sup [Snr(t)] = O(/n27™) asn — occ. (37)

te[—1,1]

Let ¢ > 0 be arbitrary. Let us cover the interval [—1,1] with K(e) = O(1) (as
e — 0) intervals of length 2¢. Let us denote the intervals by I;, and their centers by ¢;,
i=1,...,K(g). Then we have

E sup |S,r(t)|<E sup [Spr(ti)|+E sup sup |S,p(t) — Snr(u)l. (38)

te[—1,1] 1<i<K(e) 1<i<K(e) tu€l;

The two terms on the right hand side are estimated separately.

The first term can be bounded by using the inequality of Lemma 2.2.2 in [5] (with
Y(x) = e*” — 1 there) and the equivalence of the norms of Gaussian random variables:

E  sup \ n.r(ti)] < const.y/logK(e) sup 1/ E (Sn.L( (39)

1<i<K(e 1<Z<K(6
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Similarly as in (34) we have

E(S,n(t:))=E (Z_ a; ((1 — cos(jmt;))&; + sin(jmfl-)g))
T2-2H) ‘= — —— g1
=3 (H-1.2- ) J:ZL E (\/2Re (iemimH~(2H — 1,ijm)) (jm)

< (1~ cos(jmt)) & + sin(jmt)§;) )

2n—1
< const. E j_l_QH
Jj=L

2n—1

< const. Z j_1_2H
j:2n71

< const.272H
(39) and (40) yield the bound

E sup |S,r(t;)] < const.\/logK (e)2

1<i<K(e)

for the first term of (38).
To estimate the second term of (38) we first mention that by (29)

a; < (jm) 7, jeN.

Thus we have

E sup  sup [Sun(t) = Sn(u)]
1<i<K () tu€l;

2n—1
<E sup sup » q <|cos(j7ru) — cos(jmt)] |€;] + |sin(jmt) — sin(jmu)|
1<i<K(e) tuel; =L

2n—1

1

< const.c E VE H
j=L

2" —1

1
< const.c g VE H
j:2n71

< const.EZ”(%_H).
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Summing up we obtain the estimate

E sup |S,.(t)] < const.y/logK (£)27"# + const.e2" n(5-H), (42)

te[—1,1]

Now, choose ¢ = 47" and recall that K(g) = O(2). Then in (42) the first term can be
bounded by const.,/n27"#, and the second term by const.2 " (A+2) | Hence

E sup |S,(t)] < const.y/n2 .
te[—1,1]

Thus we have proved (37).

It seems now that we can shortly complete the proof of (33), since by (36) we have

nN+1 Z Sk

k=n+1

E sup B(H ’— sup
te[—1,1) [—1,1]

(43)
< E sup |Spni1(t)|+ Z E sup [Sk(t)].

te[-1,1] k=nt1 €LY

Now applying (37) and (35) together with (43) yields

E sup |BW(t) - B](VH)(t)‘ < const./n2~ ™ + const. Z VE2H

te[—1,1] k=n+1

< const.\/n2 "H

< const.\/log NN’H,

which was to be proved. m

Apart from the constant factors the convergence rates in Theorem 2 are the same as
those in Dzhaparidze and van Zanten’s expansion, see [1] and [2]. In the former pa-
per the authors mention, and in the latter they prove, that their series expansion is
rate-optimal in the sense given in [4]; see Definition 1. By the second statement of
Theorem 2, the expansion of this paper is also rate-optimal.

4 Application: simulation of FBM

Series representations are especially usable for simulation. The truncated series repre-
sentation (31) is of the form of the linear combination of easily computable deterministic
functions. Only the numerical computation of coefficients a; may involve difficulties be-
cause of the complementary incomplete gamma function. We have used the ’'gammainc’
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function of MATLAB to compute the complementary incomplete gamma function. Orig-
inally it accepted real arguments only, while in (31) an imaginary argument is needed.
However, after rewriting it works well also for the complex input argument z (see (7)).
This is because it uses the continued fraction expansion of the complementary incomplete
gamma function, and that expansion is convergent for all complex arguments except for
negative reals. The simulation algorithm based on the series expansion of this paper
is fast and easy to program. We have written the simulation program, and here we
demonstrate the fitting of its output to the FBM. The simulated sample path on the
time interval [0, 1] based on 1000 equidistant points was converted by the transformation
(1) into a sample path on the time interval [0, 1000], and the difference series was taken.
In Figure 1 one of the two graphs is the estimated spectrum (averaged periodograms of
10 independent realizations) of the difference series. The other curve is the theoretical
spectrum of the fractional Gaussian noise (FGN, difference series of the FBM). The
value of the Hurst parameter H = 0.9, the accuracy ¢ = 10™* (note that the standard
deviation of BH)(1) is ~1.39), and the value N = 7308 for the truncation limit was
computed from the equation £ = the right hand side of (32).

12

10 N

@
4 |
2 - -
0 | | | et AAag, o Aoy —_— i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
frequency
Figure 1: Figure 1 The estimated spectrum of the approximate FGN simulated by (31),

and the theoretical spectrum of the FGN.
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