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On the range of subordinators
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Abstract

In this note we look into detail at the box-counting dimension of subordinators. Given
that X is a non-decreasing Lévy process, which is not a compound Poisson process,
we show that in the limit, the minimum number of boxes of size ¢ that cover the range
of (Xs),, is a.s. of order ¢t/U(4), where U is the potential function of X. This is a
more refined result than the lower and upper index of the box-counting dimension
computed in [2, Ch. 5, Th. 5.1] which deals with the asymptotic number of boxes at
logarithmic scale.
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1 Introduction and Results

In this note we consider the minimal number of intervals that cover the range of a given
subordinator X := (X;)s>0. The problem of studying the set properties of the range of
Lévy processes in general and subordinators in particular have a long history. Various
measures for dimension have been discussed for the range of Lévy processes. We refer
to [2] and [1] for more information on the range of subordinators and to the work of [6],
[7], for results on more general Lévy processes. In this work we improve the results
on the box-counting dimension of subordinators presented in [2, Ch.5] by showing the
a.s. convergence of the random variable that counts the minimal number of intervals
that cover the range of a subordinator up to a given time ¢ rescaled by the potential
function of the subordinator X. Previously the behaviour of the number of intervals has
only been discussed at a logarithmic scale ( see Remark 1.2 ), and even then a precise
convergence has not been available.

Recall that for any subordinator X defined on some probability space (2, F,P), we have
that
E[e %] = "™, forall A > 0, (1.1)

where we call ®: [0,00) — [0, 00) the Lévy-Khintchine exponent of the subordinator X.
The function ® has the representation

O (\) =d\+ /OO (1 —e M) II(dy), (1.2)
0
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On the range of subordinators

where d > 0 is the linear drift of the subordinator X and the measure II, satisfying the
condition fooo min{1, z}II(dx) < oo, describes the intensity and the size of the jumps of
X. In the sequel we shall assume either that the jumps of X are infinitely many on any
finite interval of time (that is, IT (0,00) = c0) or, if the jumps of X are finitely many on
any finite interval of time (that is, IT (0, c0) < c0), that d > 0. This is equivalent to X not
being a compound Poisson process.

Denote by N(¢,d) the minimal number of intervals of length at most § that are needed
to cover the range of X up to time ¢ > 0. The most economic covering of this type is
constructed in the following way: Denote by Ty = 0 and

TV() = inf{t > 0: X, > o},
Tn+1(6) = 1nf{t > Tn(é) X — XTn(ﬁ) > (5},

which clearly implies that {N(¢,d) > k} = {T(0) < t}. For clarity we write Tj(0) = T},
when there is no ambiguity. The minimal covering of the range of X up to any time
t > 0 is the collection of random intervals {(XTH_1 , XTn,_)}{nzo,Tant}- In the following,
we write 7; := T; — T;_; and note that (7;);>1 is a sequence of independent identically
distributed random variables. We will frequently use the g-potentials of X defined by

o 11
U, (6) = /O e P (X < 6)dt = i a]E {e—qﬂ(é)} , forallg>0 (1.3)

and we abbreviate U(d): = Uy(d) = E[T1(d)] noting that the first identity in (1.3) makes
sense even when ¢ = 0. Our aim is to show that U(§)N (t, ) converges to ¢ almost surely.
A case where this would fail is the compound Poisson process case in which it is apparent
that U(0+) > 0.

Theorem 1.1. If X is a subordinator with IT (0, 00) = oo ord > 0, ifII (0, 00) < oo, then

lim U(§)N(t,6) = ¢ (1.4)

almost surely.

Remark 1.2. We note that this result improves the result presented in [2, Ch. 5, Th.
5.1] wherein

In (N In (®
lim inf M T CIGY) B (1.5)
6—0 In (5) A—oo  In(N)
and
. In(N(t,9)) i In(®(N)) —
limsup —————— = limsup —————% =: ind(®). (1.6)
Y EY R e Y @)
The quantity liminfs_.o % is known as the lower box-counting dimension whereas
n i

lim sup;s_,q % is the upper box-counting dimension, see [2, Chap. 5].

Remark 1.3. Note that the relation U(§) < ﬁ, ie. % < U@g) < % for two
1 T

B
absolute constants 0 < €y < Cy < oo, see [1, Ch III,Prop. 1], which leads to 151(71)
3
1 1
| Tn?(l‘s)” almost surely, shows in alternative way, due to Theorem 1.1, that it may happen
i

that ind(®) < ind(®). Theorem 1.1, however, further demonstrates that the scale In ()
is not the right one for In (N (¢,d)) and shows the existence of a correct deterministic
scale even for N(t,0).
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Remark 1.4. The notion of lower and upper box dimension is tightly related to the
notion of packing dimension and packing measure. In fact ind(®) = dimp(X), see
e.g. [2, Chap. 5, p.42], where dimp(X) is the packing dimension of the range of the
subordinator X for ¢ = 1. Moreover, the possible packing measures generated by the
measure functions ¢ have been extensively studied, see [5] for more detail. The notable
conclusion is that unless the subordinator is not of Cauchy type, see [5, Section 4], then
the p-packing measure is either zero or infinity. To our understanding, this does not
allow, these otherwise very refined results, to shed light on the problem we discuss, i.e.
the a.s. behaviour of N (¢, ).

2 Some applications

The first remark is the very precise a.s. behaviour we can obtain for N(¢,4), as § — 0,
whenever d > 0.

Corollary 1. Let d > 0. We have that a.s., forany ¢ > 0, as x — 0,
t

-n" T*n
Yz G Jo L T (y)dy
where f + g(z) = [ f(z — y)g(y)dy and TI(x) =TI (z, o).
The second remark is also immediate but we formulate it for convenience. Note that
the information at logarithmic level, namely using the available results about In (N (¢, d)),
hides away a good deal of precision as to the fluctuations of N(¢,z) which are due

to a second order variation in ® (). This is particularly apparent when a = 0 in the
statement.

N(t,z) ~ : (2.1)

Corollary 2. Let ®(\) ~ A*L()), as A — oo, a € [0,1] and L a slowly varying function.

Then
N(t,9) s ((13) , 2.2)

where I'(z) is the celebrated Gamma function.

Next, we turn our attention to an interesting property that can be deduced using Theorem
1.1. Put

In |Inz|
R Bt E 2.3
f(z) ¢(1n|;nx\) (2.3)
Then it is known from [4] that with I standing for a generic finite interval
lim (inf { Zf(]i) t (Xa)yer C Uli; max I;| < 5}) =1 as. (2.4)
7 K3

The following result shows that usually the efficient covering of the set (X;),., is not
achieved by intervals of length proportionate to §, as § — 0. For any finite collection of
sets As = {i : |I;| < 6} denote by A§ = {I € A : |I| > ¢d}, for any c € (0,1). Then we
have the following result.

Proposition 2.1. Let X be a subordinator satisfying

. ®(z)Inln(x)
lim ——= = 2.5
oo B (z1nln(z)) > (2.5)
then iflimsup,_,o D, c 4, f(1i) < 0o, for some collection of coverings of (X5),,, that is,

(As)s<1, we have that, for any c € (0,1),

&
A,

51—% N1, 5) a.s. (2.6)
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Remark 2.2. Note that using [1, Chap. 3, Prop 1] one checks that ®(z)f(z) > 1. Also
(2.5) may fail to hold whenever ®(x) ~ zL(x), as ¢ — oo with L(z)-some slowly varying
function. However, if ®(z) is not close to linear behaviour then (2.5) does hold and
one deduces from (2.6) that the number of the intervals proportionate to ¢ in efficient
coverings of (X,) ., is of a smaller magnitude than the most economic covering N(1,4).
3 Proof of Theorem 1.1

We start the proof by showing a couple of auxiliary results.

Lemma 3.1. If X is a subordinator with II (0, c0) = oo or, if IT1(0,00) < oo, then d > 0,
the following convergence holds:

}ir% U(6)N(t,0) =t in probability. (3.1)
—
Proof. First note that the definitions above directly imply that P (N (¢,6) > k) =P (Zle ni < t),

where we recall that n; = T; — T;_1. Let us first study the sequence of random variables

M(a,d) = EET] 7;, where [x] = max{n > 0 : z > n}. We compute their Laplace
transform, using the fact that the random variables 7; are independent and identically
distributed, to get

E [eM@D] = (F [e=0n )70 = (E {6*971(5)})[%} .
Using (1.3), namely E [e=T1(9)] = 1 — §Uy(5), we obtain that
E [e—eMm,é)} — olaU(8) 71 In (1-0U4 (5))
We observe that since In(1 —z) + z ~ %, asz — 0,
le(U(8) ™ (n (10U, (8))+0Up (6)) _ [a(U(8))~1150°U5 (6)(1+0(1))

However, from (1.3), using Uy(d) < U(0), we get that

} U3 (6) < a%’((;)) +UF(6) < (14+a)U(6) = o(1)

.

U(s)
since U(0+) = 0 whenever X is not a compound Poisson process. Therefore, we obtain
that

E [e—eM(a,é)} ~ e~ l(U(8) 711006 (8)
Next, we observe that since Uy () < U(9)

UQ((S) o
ue) = {U(é)

a } Us(6) < a. (3.2)

From (1.3) we have that for some independent of X exponential random variable ey with
parameterf > 0

0o eg oo
U)=E [/ 1{Xt<6}dt:| |:/ 1{Xt<6}dt:| + E |:/ 1{Xt<6}dt:| =
0 €g

/ 06—91}/ P(X; <0)dtdv+ E [/ 1{Xt<5}dt1{T1(6)>eg}:| <

€0

8) + UB)P (T1(6) > eg) = Up(8) + o(1)U(6).
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Hence, from (3.2) we get that lims_,[a(U(8)) "1]Us(§) = o and thus

lim E [e‘eM(o"‘s)] —e 9,
6—0

Hence, M («, d) converges to « in probability. Clearly, for every v > 0,
[75y]
PUENELS) > =P S m<t| =P M@0 <.
i=1
The convergence of M (v, d) then implies that

lim P (U(§)N(t,8) >~) = 1ify < t,
6—0

Im P (U(0)N(t,6) >~) =0ify > ¢t.

6—0
O
Next, we deduce a representation of N(1,4).
Lemma 3.2. With N(1,0) specified as above, we have for all j > 0,
d J 1
N (1,6) = N; (j,é) + A4, (3.3)
i=1

where N; (%7 5) are i.i.d. copies of N (%, 5) and —j < A; <0 is an integer valued random

variable.

Proof. The proof can be done easily by induction once one observes that, for any 0 < ¢t <
1, N(1,96) 4 N(t,0)+ N(1—t,0)+ A, where A is either 0 or —1 and N(1 —¢,0) and N(t,9)
are independent. We argue pathwise. It is not difficult to see the following: Up to time ¢
we have some number of intervals that cover the range of the subordinator. At time ¢ we
start a new covering of the remaining time 1 — ¢ and continue the old covering for the
whole length 1. It is easy to see that the new covering of the range on (¢, 1) will exceed
the old covering by at most 1 since in the worst case scenario we have started our new
covering at X; when X; was in an interval of the original covering of the whole (0,1). O
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The next lemma is in fact [8, Lem. 3.1] which we reproduce for clarity.

Lemma 3.3. There is an absolute constant C, > 0 such that for each § > 0 and x > 0

P(N(t,6) > z) <ev® 5, (3.4)
where C, does not depend on X.
Proof. By Markov’s inequality we obtain for arbitrary A > 0 that

P (N(t,8) > z) =P (N(t,8) > [2] + 1)

z]+1

=P [Z m <t
1=1
< M (]E [e—m(a))Dm“.

Using the estimates of [8] for A = 2@ (1) we obtain that

1
5
(E {e"\Tl(‘S)DMH < Lol

and therefore

—[z]—1

P (N(t,8) > z) < 22(5)te=%

It remains to observe that according to [1, Chap.3, Prop.1] there is an absolute constant

C, not depending on the subordinator such that ® (5) < Uc(%,)_ O

Our next aim is to estimate the variance of N(t, ) via its second moment.
Lemma 3.4. For any subordinator X we have that
2

Var(N(t,0)) < E [N?(t,6)] < MUT@ +K (3.5)

where M and K are absolute constants not depending on X.

Proof. We divide

E [N?(t,6)] = E[N?(t,0); N*(t,6)] < b°] + E [N?(t,6); N*(t,8)] > b*]

and we estimate both summands separately. For the rest of the proof we set b = 320a%

U
so that the first summand can be bounded by

1024C2¢2

E [N?(t,6); N*(t,0) < b°] < 720)

For the second summand we obtain from integration by parts
E [N?(t,6); N*(t,0) > b*] = b°P (N*(t,6) > b) +/ P (N(t,0) > /y) dy.
b2
The first summand of the right hand side is now estimated from above using Lemma 3.3

and recalling that b = 32Ca% by

2Cat 3204t

V2P (N2%(t,8) > b?) < b?e T 50 < b
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It remains to estimate

/OOIP(N(t,é) > \/y)dy = b /OOIP (N(t,6) > b\/z) dz,
b 1

2
which we do by using Lemma 3.3 in the following manner

2C,t bz

bQ/ P(N(t,5)2b\/2)dz§b2/ eTH T dz
1 1
=y [TtV
1
o0 t
:2b2/ ye_zlf%)@y_l)dy
1
o [Fu+1 _2ca,
=0 Te v “du
1

< 1024C2¢2 /°° 2ty
e ue U
U6

< 256/ ve Ydv =: K.
0

Lemma 3.5. Let X be a subordinator with II (0, 00) = oo or, if IT (0, 00) < oo, then d > 0.
Then there is a sequence ¢; | 0 such that

U(6;) =1’

for some r € (0,1) and

lim U(6;)N(1,6;) =1 a.s. (3.6)

J—00

Proof. When either IT (0, 00) = oo or, if IT (0, 00) < oo, then d > 0, we have that U(0+) = 0
since P (X; = 0) = 0, V¢ > 0. Since then U(z) tends to 0 as ¢ — 0, we can always choose
d; | 0 such that U(éj) = rJ. Assume without loss of generality that ¢ = 1. From (3.3) of
Lemma 3.2 we get with N;,1 < i < j2, independent copies of N(-,-)

Yi(7?) = U(s;) (Ni (;5) -E [Ni (jlzém

j2

U(S))N(1,8;) = E[UE)N(1,6;)] = Y Yi(5*) + U()) (42 —E[Ap]).

i=1

that

From |A,2| < j? and the choice of §; we get that

lim U(0;)(Aj2 —E[A;2]) = lim 77 (Aj2z —E[A;2]) =0 as.

j—o0 Jj—o0

Then from Chebyshev’s inequality, the i.i.d. property of Y;(;?) and (3.5) we get that for
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eache >0

IN
S
[\
<
[NV}
d
o
Q0’2
S—
=
| — |
=
o
7N
w‘ =
b0’1
N———
| I
A\
|
[N}
=
)
d
o
h@l
N—
+
\

|
mw‘
7 N
[N}
=
3
(&5
o,
N
+
g
N———

and the quantity at the right hand side is summable in j. Hence, the Borel-Cantelli
lemma implies that

Jj—o00
Finally, we proceed to show that
lim U(O)E[N(1,96)] = 1.
6—0

For that purpose put M (6) = U(§)N(1,0) and observe that from Lemma 3.1 and it follows
that

EM@G),MO)<l—¢<(1-¢P(M()<1l—¢)—0, asd—0,
for any € > 0. Moreover, with A5 . = 1{1/(5)>14}, Lemma 3.4 gives together with Holder’s
inequality that

(B [M(8)14,.])% < P? (As0) E [M?(5)] < P?(4s.) (KU*(5) + M).
Therefore, for each € > 0,

(1—eP (M) e (1—¢1+4¢€) <E[M())
< P?(Ase) (KU?(8) + M)+ (1+ )P (M(6) < 1+e).

Therefore from Lemma 3.1

1 —e<liminf E[M(6)] < limsupE[M(5)] <1+
6—0 §—0

and sending € | 0 we get that lims_,o IE[M (6)] = 1 which then from (3.7) yields the result.
O

Now we prove Theorem 1.

Proof of Theorem 1.1. All we need to do is to extend Lemma 3.5 to arbitrary sequences.
Suppose that ‘ ‘
P = U (041) SU(6) <7’ =U (6:).
Then by monotonicity of U(-) and N(1,-) we obtain that
U(di+1)
U(d:)
< U(8)N(1,9)

rU(6;)N(1,6;) =

U(3:)N(1,0:)

1
S U(él)N(17 (57;+1) = ;U(5l+1)N(l, 5i+1)~
As the left hand side converges to r and the right hand side converges to 1/r as ¢ tends

to zero, the proof is finished since r is arbitrarily close to 1. O
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4 Proofs for Applications

We discuss first Corollary 1.

Proof of Corollary 1. The proof follows from Theorem 1.1 and [3, Prop.1] by simple

integration and putting ¢ = 0 since this result discusses the potential density u(z) =
dU (x)
. O
dx

Next we consider Corollary 2

Proof of Corollary 2. The result is immediate from Theorem 1.1 and the fact that

«
U(x) 20 1 2750 T

M(1+4a)® () L(1+a)L (1)

x x

see [1, Ch III, p. 75]. O
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Next we prove Proposition 2.1.

Proof of Proposition 2.1. Let (As);., be a collection of coverings of (X;),<: such that

lim sup Z f(L;) < 0.
6—0 LEAs
Then trivially, for any fixed ¢ € (0,1), and § > 0 small enough with A§ = {I; € As; |I;| >
cd}
> fL) = | A5If(ed) = DIAS|f(3),

I;eAs

where we have used that, for very small § > 0, such that 2 In|lné| > In|Inc¢| > In |In§
In |In ¢d| S 2¢ In|lnd|
P <1n|125c5\) 3% (1n\15n5|) -

since [1, Chap 3., Prop. 1, (6)] together with the monotonicity of ® give for any fixed

c € (0,1) that
<I> In|ln ¢d| SE‘I’ %%lnﬂn(ﬂ :iq, In |In 6] .
cé 2c 3 cd 2c 0

This lower bound together with [1, Chap 3., Prop. 1], the fact that (2.5) and Theorem 1.1
hold, gives an immediate contradiction upon assuming that

0 < lim sup A5 = limsup U ()] A§| =< lim sup ‘Agl‘
s—0 N(1,6) 50 s—0 D (%)

since then we would have, for some K > 0,

’

f(ed) = Df(5),

i : 1 . ® (z) Inln(z)
oo > limsu I;) > Klimsup® | — 0)=Klimsup —————% =
5_)01)1;46 T 5—>0p (5> 7é) a;—)oop ¢ (zlnln(x))
O
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