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Abstract

We show that the empirical eigenvalue measure for sum of d independent Haar dis-
tributed n-dimensional unitary matrices, converge for n — oo to the Brown measure
of the free sum of d Haar unitary operators. The same applies for independent Haar
distributed n-dimensional orthogonal matrices. As a byproduct of our approach, we
relax the requirement of uniformly bounded imaginary part of Stieltjes transform of
T, that is made in [7, Thm. 1].
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1 Introduction

The method of moments and the Stieltjes transform approach provide rather pre-
cise information on asymptotics of the Empirical Spectral Distribution (in short ESD),
for many Hermitian random matrix models. In contrast, both methods fail for non-
Hermitian matrix models, and the only available general scheme for finding the limiting
spectral distribution in such cases is the one proposed by Girko (in [6]). It is extremely
challenging to rigorously justify this scheme, even for the matrix model consisting of
i.i.d. entries (of zero mean and finite variance). Indeed, after rather long series of par-
tial results (see historical references in [3]), the circular law conjecture, for the i.i.d.
case, was only recently established by Tao and Vu [17] in full generality. Barring this
simple model, very few results are known in the non-Hermitian regime. For example,
nothing is known about the spectral measure of random oriented d-regular graphs. In
this context, it was recently conjectured in [3] that, for d > 3, the ESD for the adjacency
matrix of a uniformly chosen random oriented d-regular graph converges to a measure
g on the complex plane, whose density with respect to Lebesgue measure m(-) on C is

1 &d-1

ha(v) == ST@ oM<V (1.1)

This conjecture, due to the observation that y4 is the Brown measure of the free sum of
d > 2 Haar unitary operators (see [9, Example 5.5]), motivated us to consider the related
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Limiting spectral measure for sums of unitary and orthogonal matrices

problem of sum of d independent Haar distributed, unitary or orthogonal matrices,
for which we prove such convergence of the ESD in Theorem 1.2. To this end, using
hereafter the notation (Log, u)? := f; log |z|dp(x) for any a < b and probability measure
v on R (for which such integral is well defined), with (Log, 1) := [, log |z|du(z), we first
recall the definition of Brown measure for a bounded operator (see [9, Page 333], or
[2, 4D).

Definition 1.1. Let (A, 1) be a non-commutative W*-probability space, i.e. a von Neu-
mann algebra A with a normal faithful tracial state T (see [1, Defn. 5.2.26]). For h a
positive element in A, let u;, denote the unique probability measure on R™ such that
7(h™) = [t"duy(t) for alln € Z*. The Brown measure y, associated with each bounded
a € A, is the Riesz measure corresponding to the [—oo, o0)-valued sub-harmonic func-
tion v +— (Log, fijq—y|) on C. That is, yi, is the unique Borel probability measure on C
such that

1
d/La(U) = gAMLog,Ma,dem(vL (1.2)

where A, denotes the two-dimensional Laplacian operator (with respect to v € C),
and the identity (1.2) holds in distribution sense (i.e. when integrated against any test
function ¢ € C°(C)).

Theorem 1.2. Foranyd > 1, and 0 < d’ < d, as n — oo the ESD for sum of d’ indepen-
dent, Haar distributed, n-dimensional unitary matrices {U}}, and (d — d') independent,
Haar distributed, n-dimensional orthogonal matrices {O'}, converges weakly, in prob-
ability, to the Brown measure g of the free sum of d Haar unitary operators (whose
density is given in (1.1)).

Recall that as n — oo, independent Haar distributed n-dimensional unitary (or orthogo-
nal) matrices converge in x-moments (see [16] for a definition), to the collection {ui}le
of x-free Haar unitary operators (see [1, Thm. 5.4.10]). However, convergence of x-
moments, or even the stronger convergence in distribution of traffics (of [11]), do not
necessarily imply convergence of the corresponding Brown measures’® (see [16, §2.6]).
While [16, Thm. 6] shows that if the original matrices are perturbed by adding small
Gaussian (of unknown variance), then the Brown measures do converge, removing the
Gaussian, or merely identifying the variance needed, are often hard tasks. For exam-
ple, [8, Prop. 7 and Cor. 8] provide an example of ensemble where no Gaussian matrix
of polynomially vanishing variance can regularize the Brown measures (in this sense).
Theorem 1.2 shows that sums of independent Haar distributed unitary/orthogonal ma-
trices are smooth enough to have the convergence of ESD-s to the corresponding Brown
measures without adding any Gaussian.

Guionnet, Krishnapur and Zeitouni show in [7] that the limiting ESD of U,,T,, for non-
negative definite, diagonal T,, of limiting spectral measure ©, that is independent of
the Haar distributed unitary (or orthogonal) matrix U,,, exists, is supported on a single
ring and given by the Brown measure of the corresponding bounded (see [7, Eqn. (1)]),
limiting operator. Their results, as well as our work, follow Girko’s method, which we
now describe, in brief.

From Green’s formula, for any polynomial P(v) = [[;_,(v — A;) and test function ¢ €
C?(C), we have that

1The Brown measure of a matrix is its ESD (see [16, Propn. 1])
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Considering this identity for the characteristic polynomial P(-) of a matrix S,, (whose
ESD we denote hereafter by Lg,), results with

1
/Cz/J(v)dLsn (v) =5 /C Ap(v)log | det(vl, — Sy)|dm(v)
1

- 4mn

/CAw(v) log det[(vI, — Sp)(vI, — S,)*ldm(v).

Next, associate with any n-dimensional non-Hermitian matrix S,, and every v € C the
2n-dimensional Hermitian matrix

HY =

n

[ 0 (Sn —vl,) (1.3)

(Sn, —vl,)* 0

It can be easily checked that the eigenvalues of H; are merely +1 times the singular
values of vI,, — S,. Therefore, with v denoting the ESD of H;, we have that

1 1
- log det[(vI, — Sp)(vl, — Sn)*] = - log | det Hy| = 2(Log, v,) ,

out of which we deduce the key identity

1 U
/Cw(v)dLsn(v) = %/CAz/J(v)(Logwn)dm(v) (1.4)

(commonly known as Girko’s formula). The utility of Eqn. (1.4) lies in the following gen-
eral recipe for proving convergence of Lg, per given family of non-Hermitian random
matrices {5, } (to which we referred already as Girko’s method).

Step 1: Show that for (Lebesgue almost) every v € C, as n — oo the measures v,
converge weakly, in probability, to some measure v".

Step 2: Justify that (Log, ") — (Log,v") in probability (which is the main technical
challenge of this approach).

Step 3: A uniform integrability argument allows one to convert the v-a.e. convergence
of (Log,v") to the corresponding convergence for a suitable collection S C C?(C) of
(smooth) test functions. Consequently, it then follows from (1.4) that for each fixed,
non-random 3 € S,

/ Y(w)dLs, (v) — 2i / A (v)(Log, *)dm(v), (1.5)
C T Jc

in probability.

Step 4: Upon checking that f(v) := (Log, v”) is smooth enough to justify the integration
by parts, one has that for each fixed, non-random ¢ € S,

1
/(D Y(0)dLs, (0) > 5 /C VWAL (@)dm(v), (1.6)

in probability. For S large enough, this implies the convergence in probability of the
ESD-s Lg, to a limit which has the density %A f with respect to Lebesgue measure on
C.

Employing this method in [7] requires, for Step 2, to establish suitable asymptotics for
singular values of T}, + pU,,. Indeed, the key to the proofs there is to show that uniform
boundedness of the imaginary part of Stieltjes transform of T, (of the form assumed in
[7, Eqn. (3)]), is inherited by the corresponding transform of 7;, 4+ pU,, (see (1.12) for a
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definition of U,, and T;,). In the context of Theorem 1.2 (for d’ > 1), at the start d = 1,
the expected ESD for |v],, — U,| has unbounded density (see Lem. 4.1), so the imaginary
parts of relevant Stieltjes transforms are unbounded. We circumvent this problem by
localizing the techniques of [7], whereby we can follow the development of unbounded
regions of the resolvent via the map T,, — T, + p(U,, + U;) (see Lem. 1.5), so as to
achieve the desired convergence of integral of the logarithm near zero, for Lebesgue
almost every z. We note in passing that Rudelson and Vershynin showed in [15] that
the condition of [7, Eqn. (2)] about minimal singular value can be dispensed off (see
[15, Cor. 1.4]), but the remaining uniform boundedness condition [7, Eqn. (3)] is quite
rigid. For example, it excludes atoms in the limiting measure © (so does not allow even
T, = I, see [7, Rmk 2]). As a by product of our work, we relax below this condition
about Stieltjes transform of 7, (compare (1.8) with [7, Eqn. (3)]), thereby generalizing
[7, Thm. 11].

Proposition 1.3. Suppose the ESD of R*-valued, diagonal matrices {T,} converge
weakly, in probability, to some probability measure © such that ©({0}) = 0. Assume
further that:

1. There exists finite constant M so that

lim P(|| T[] > M) = 0. (1.7)

2. There exists a closed set K C R of zero Lebesgue measure such that for every
e > 0, some k. > 0, M. finite and all n large enough,

{z:3(2) >n ", |S(Gr, (2))]| > M} C{z:z € U B(z,¢)}, (1.8)

rzeK

where G, (z) is the Stieltjes transform of the symmetrized version of the ESD of
T, as defined in (1.13).

If © is not a (single) Dirac measure, then the following hold:

(a) The ESD of A,, := U,T, converges, in probability, to limiting probability measure
HA.

(b) The measure 14 possesses a radially-symmetric density ha(v) := %AMLog, v¥) with

respect to Lebesgue measure on C, where v := OH Alv| Is the free convolution (c.f.
[1, §5.3.3]), of \, = %((2 + 0_,) and the symmetrized version O of O.

(c) The support of p 4 is single ring: There exists constants 0 < a < b < oo so that
Supp pia = {rew ca<r<b}
Further, a = 0 if and only if [ 272dO(z) = cc.
(d) The same applies if U, is replaced by a Haar distributed orthogonal matrix O,,.

This extension accommodates © with atoms, unbounded density, or singular part, as
long as (1.8) holds (at the finite n-level). For example, Proposition 1.3 applies for 7},
diagonal having [np;] entries equal x; # 0, for p; > 0, ¢ = 1,2,...,k > 2, whereas the
case of T,, = al,, for some o > 0 is an immediate consequence of Theorem 1.2.

Our presentation of the proof of Theorem 1.2 starts with detailed argument for d’ = d,
namely, the sum of independent Haar distributed unitary matrices. That is, we first
prove the following proposition, deferring to Section 5 its extension to all 0 < d’ < d.
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Proposition 1.4. For any d > 1, as n — oo the ESD of sum of d independent, Haar
distributed, n-dimensional unitary matrices {U:}Z,, converges weakly, in probability,
to the Brown measure 4 of free sum of d Haar unitary operators.

To this end, for any v € C and i.i.d. Haar distributed unitary matrices {U}}1<i<q, and
orthogonal matrices {O% }1<i<q, let

1l .__ 0 (UTIL - vIn)
Ul = {(U% L) 0 : (1.9)

and define Ol¥ analogously, with O} replacing U}. Set V'V := Ul if d > 1 and
Viv.=0}lvifd =0, then let

ViU = Vel ok = vy 0 Uy T By T S SR R T1))
n n n n n 0 0 (Ujlc)* 0 ’ ’ ’ )

%, continue similarly for k = d’ + 1,...,d. Next, let G* denote
the expected Stieltjes transform of V,%*. That is,

and replacing U* by OF

1
GE(2) = E[% Tr(zlo, — Vf’“)‘l}, (1.11)

where the expectation is over all relevant unitary/orthogonal matrices {U:, O%,i =
1,...,d}. Part (ii) of the next lemma, about the relation between unbounded regions
of G4 (-), and G¢~1?(.) summarizes the key observation leading to Theorem 1.2 (with
part (i) of this lemma similarly leading to our improvement over [7]). To this end, for any
p > 0 and arbitrary n-dimensional matrix 7,, (possibly random), which is independent of
the unitary Haar distributed U, let

o . |0 T 0 U, 0 O
Y, =T, +pU,+U)) = [T; O} +p{0 O} +‘0{U;§ 0} (1.12)
and consider the following two functions of z € C™,
1
Gr, (2) = 5 Tr(zlon — T,) ", (1.13)
1 -1
Gn(2) = E[% Tr(2Lon — ) |Tn} . (1.14)

Lemma 1.5. (i) Fixing R finite, suppose that 7] < R and the ESD of T,, converges
to some ©. Then, there exist 0 < kK, < k small enough, and finite M. T oo as e | 0,
depending only on R and ©, such that for all n large enough and p € [R™}, R),

S(2) >n " & [S(Gn(2))] > 2Me = Fu(2) € €7, S(Wn(2)) > n™" & (G, (¥n(2))] > M-

& z—n(2) € B(—p,e) UB(p,¢).
(1.15)

The same applies when U,, is replaced by Haar orthogonal matrix O, (possibly with
different values of 0 < k1 < kK and M. 1 o).

(ii) For any R finite, d > 2 and d’ > 0, there exist 0 < k; < k small enough and finite
M, 1 oo, such that (1.15) continues to hold for p = 1, all n large enough, any |v| < R and
some () := ¥&v(-) € C*, even when G,, and Gr,, are replaced by G4 and G4~1,
respectively.

Section 2 is devoted to the proof of Lemma 1.5, building on which we prove Proposition
1.4 in Section 3. The other key ingredients of this proof, namely Lemmas 3.1 and 3.2,
are established in Section 4. Finally, short outlines of the proofs of Theorem 1.2 and of
Proposition 1.3, are provided in Sections 5 and 6, respectively.
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2 Proof of Lemma 1.5

This proof uses quite a few elements from the proofs in [7]. Specifically, focusing on
the case of unitary matrices, once a particular choice of p € [R™!, R] and T,, is made in
part (i), all the steps appearing in [7, pp. 1202-1203] carry through, so all the equations
obtained there continue to hold here (with a slight modification of bounds on error
terms in the setting of part (ii), as explained in the sequel). Since this part follows [7],
we omit the details. It is further easy to check that the same applies for the estimates
obtained in [7, Lem. 11, Lem. 12], which are thus also used in our proof (without
detailed re-derivation).

Proof of (i): We fix throughout this proof a fixed realization of the matrix 7;,, so expec-
tations are taken only over the randomness in the unitary matrix U,. Having done so,
first note that from [7, Eqn. (37)-(38)] we get

Gn(2) = Gz, (Ya(2)) = O(n, 2,¢n(2)) , (2.1)
for 2 (2)
Yn(2) =2 — T+ 20G7(2) (2.2)
and

1
GP.(2) == E{% Te {U, (212, — Yy) '} |Tn} ,

where for all z;, 2, € C*
~ 20(77,, Z1, ZQ)

On,z1,29) = —————,

(n:21,22) = 5 + 2pG7 (1)
with O(n, z1,22) as defined in [7, pp. 1202]. Thus, (2.1) and (2.2) provide a relation
between G,, and G, which is very useful for our proof. Indeed, from [7, Lem. 12]

we have that there exists a constant C; := C;(R) finite such that, for all large n, if
¥(z) > C1n~'/* then

(2.3)

S(Pn(2)) = S(2)/2. (2.4)
Additionally, from [7, Eqn. (34)] we have that

p(Gnl(2))? = 2G75(2) (1 420G (2)) — O (n, 2) 2.5)
where O (-,-) is as defined in [7, pp. 1203]. To this end, denoting
p2Gn(Z)

F(G, = 2.6
(Gn@) = 15 (2.6)
and using (2.5), we obtain after some algebra the identity
O1(n, 2)
2 _ p? - 14 L2RE) ] .
Gal2) [ = P2(Gul)] = FGulo) [1+ 156 @.7)
Since
1
L+20G5(2) = 5 (1 + /11 492G (2)2 + 4pOs (m, z)), (2.8)

where the branch of the square root is uniquely determined by analyticity and the
known behavior of G};(z) and G, (z) as |z| — oo (see [7, Eqn. (35)]), we further have
that

202Gy,
F(Ga(2) = rCn)
1+ \/1+4 (pGn(2))? + 4pO1(n, z)
_ { (2)V/1 4 4(pGn(2))? +4p0i(n,z) p2G(2) ] 2.9)
2 (pGn(2))? + pOi(n, 2) (pGn(2))? + pOr(n,2)1 =
ECP 18 (2013), paper 69. ecp.ejpecp.org
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The key to our proof is the observation that if |3(G,(2))| — oo and O;(n, z) remains
small, then from (2.9), and (2.2) necessarily F(G,(z)) = z — ¥,(2) — =£p. So, if
O(n, z,1,(z)) remains bounded then by (2.1) also |S(Gr, (¢¥n(2)))| — oo, yielding the
required result.

To implement this, fix M = M, > 10 such that 6M_! < 2 and recall that by [7, Lem.
11] there exists finite constant Cy := Cy(R) such that, for all large n, if 3(z) > Cyn~ /4
then

1+ 2pGP(2)| > Cop[S(2)* A1) (2.10)
Furthermore, we have (see [7, pp. 1203]),

Cp?

|O(7’L7Z1,Z2)| < n2|%(2’2)|%(zl)2(%(21) A\ 1) .

(2.11)

Therefore, enlarging C; as needed, by (2.3), (2.4), and (2.10) we obtain that, for all

large n,
~ C
10(n, 2,9 (2))] < P

R BEEE AT~
whenever 3(z) > Cyn~'/4. This, together with (2.1), shows that if |3(G,(2))| > 2M.,
then we have that |3(Gr, (¥n(2)))| > M.. Now, fixing 0 < k1 < k < 1/4 we get from (2.4)
that (¢, (2)) > n~". It thus remains to show only that F(G,(z)) € B(—p,e) U B(p,¢).
To this end, note that

Cp?
n23(2)2(S(z) A 1)

(c.f. [7, pp. 1203]). Therefore, O;(n,z) = o(n~') whenever ¥(z) > C;n~'/4, and so the
rightmost term in (2.9) is bounded by M_ ! whenever |$(G,,(2))| > 2M.. Further, when
I(z) > C1n~ Y4, |¥(G(2))| > 2M. and n is large enough so |O;(n, z)| < 1, we have that
for any choice of the branch of the square root,

|01(n, 2)| <

(2.12)

pGn(2)y/1 4 4(pGn(2))? + 4p01(n, 2)

- VI G EP + 4p0i(n,2)
(bGa(2) + pOr(m,2)

[pGn(2)| =1

<4

)

resulting with |F(G,,(2))| < 3p. Therefore, using (2.10) and (2.12), we get from (2.7)
that if 3(2) > C1n~/* and |3(G,.(2))| > 2M., then

F2(G(2)) — pZ‘ < 6Gn(2)| "t < 6M < 2.

In conclusion, z — ¥,(z) = F(Gn(z)) € B(p,e) U B(—p,e), as stated. Further, upon
modifying the values of x; < k and M., this holds also when replacing U,, by a Haar
distributed orthogonal matrix O,,. Indeed, the same analysis applies except for adding
to O(n, 21, z2) of [7, pp. 1202] a term which is uniformly bounded by n~!S(22)| 71 (S(21)A
1)_2 (see [7, proof of Thm. 18]), and using in this case [1, Cor. 4.4.28] to control the
variance of Lipschitz functions of O,, (instead of U,,).

Proof of (ii): Consider first the case of d' = d. Then, setting p = 1, T}, = Vnd‘“’, and
Y, = V,{iﬂ’, one may check that following the derivation of [7, Eqn. (37)-(38)], now with
all expectations taken also over T,,, we get that

Gt (2) = G (W0 (2)) = O, 2,0 (2)) (2.13)
for some K < co and all {z € C* : §(z) > K}, where

G (2)

PIU(z) = — — 2
1+ 2G5 (2)

) (2.14)
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) 1 )
G (2) = B[ T (Ui (2l — V) Y]

and for any 21,2 € CT,

~ 20 ,
O(n521722) = (n72711) 22) .
142Gy (21)
Next, note that for some C' < oo and any C-valued function f4(U},...,U?) of i.i.d. Haar
distributed {U} }
E[(fa — Blfa)?] < dC|Ifal7, (2.15)

where || f4|| denotes the relevant coordinate-wise Lipschitz norm, i.e.

¥ UL,...,UY = fu(UL,... U~ U, Ui
[ fallr »= max sup |fa ) — fa( )

UL, UL, AU U, = Ulla

Indeed, we bound the variance of f; by the (sum of d) second moments of martingale
differences D, fq := E[fq|U}, ..., Ul] — E[fa|U.,...,U3~1]. By the independence of {U;}
and definition of | f,||z, conditional upon (U},...,U7~!), the C-valued function UJ ~
D; fq is Lipschitz of norm at most || f;||z in the sense of [1, Ineq. (4.4.31)]. It then easily
follows from the concentration inequalities of [1, Cor. 4.4.28], that the second moment
of this function is at most C|| f4]|2 (uniformly with respect to (U_},...,Ui™1)).

In the derivation of [7, Lem. 10], the corresponding error term O(n, z1, z2) is bounded by
a sum of finitely many variances of Lipschitz functions of the form ;- Tr{H (UZ)}, each of
which has Lipschitz norm of order n~!/2, hence controlled by applying the concentration
inequality (2.15). We have here the same type of bound on O(n, 21, 22), except that each
variance in question is now with respect to some function i Tr{H(U},...,U%)} having
coordinate-wise Lipschitz norm of order n~'/2? (and with respect to the joint law of the
i.i.d. Haar distributed unitary matrices). Collecting all such terms, we get here instead
of (2.11), the slightly worse bound

1
10,21, 22)] = O<n|%(22)%(zl)2(%(z1) A)2(S(22) A 1)> (2.16)

(with an extra factor ($(z2) A 1)~! due to the additional randomness in (2972, — T),) ™).
Using the modified bound (2.16), we proceed as in the proof of part (i) of the lemma,
to first bound O(n, z, %" (2)), O1(n, z), and derive the inequalities replacing (2.4) and
(2.10). Out of these bounds, we establish the stated relation (1.15) between Gﬁ”’ and
Gfl‘lv” upon following the same route as in our proof of part (i). Indeed, when doing so,
the only effect of starting with (2.16) instead of (2.11) is in somewhat decreasing the
positive constants 1, x, while increasing each of the finite constants {M.,¢ > 0}.
Finally, with [1, Cor. 4.4.28] applicable also over the orthogonal group, our proof of
(2.15) extends to any C-valued function fy(U!,...,U% O%+1 .  O%) of independent
Haar distributed unitary/orthogonal matrices {U?, O¢ }. Hence, as in the context of part
(i), the same argument applies for 0 < d’ < d (up to adding n~![(22)| 71 (S(21) A1) "2 to
(2.16), c.f. [7, proof of Thm. 18]).

3 Proof of Proposition 1.4

It suffices to prove Proposition 1.4 only for d > 2, since the easier case of d = 1 has
already been established in [12, Cor. 2.8]. We proceed to do so via the four steps of
Girko’s method, as described in Section 1. The following two lemmas (whose proof is
deferred to Section 4), take care of Step 1 and Step 2 of Girko’s method, respectively.

ECP 18 (2013), paper 69. ecp.ejpecp.org
Page 8/19


http://dx.doi.org/10.1214/ECP.v18-2466
http://ecp.ejpecp.org/

Limiting spectral measure for sums of unitary and orthogonal matrices

Lemma 3.1. Let A\, = 1(0_; + 6;) and ©% := ©4"LV B\, for all d > 2, starting at O
which for v # 0 is the symmetrized version of the measure on R* having the density
flo| () of (4.1), while ©-0 = X\,. Then, for eachv € C and d € N, the ESD-s Lya. of the
matrices V,{L” (see (1.10)), converge weakly as n — oo, in probability, to v,

Lemma 3.2. For any d > 2 and Lebesgue almost every v € C,
<L0g7 LVflv”> — <L0g, @d,v>’ (3.1)

in probability. Furthermore, there exist closed Ay C C of zero Lebesgue measure, such
that

/qS(v)(Log,Lufz.Qdm(v)—>/¢(v)<L0g7®d’”)dm(v), (3.2)
C C

in probability, for each fixed, non-random ¢ € CZ°(C) whose support is disjoint of A4.
That is, the support of ¢ is contained for some v > 0, in the bounded, open set

r={veC:y<of<y!

, inf — > . 3.3
nf {Jo—ul} >} (3.3)
We claim that the convergence result of (3.2) provides us already with the conclusion
(1.5) of Step 3 in Girko’s method, for test functions in

S = {¢ € C*(C), supported within Fiiy for some v > 0}.

Indeed, fixing d > 2, the Hermitian matrices Vrf’” of (1.10) are precisely those H; of
the form (1.3) that are associated with S,, := Zle U,i in Girko’s formula (1.4). Thus.
combining the latter identity for ¢ € S with the convergence result of (3.2) for ¢ = A,
we get the following convergence in probability as n — oo,

[ #dLs, () = o= [ Av)Tos, Lyg.ldm(w) » 3= [ Av(w)(Log, ©)dm(v).
c T Je " 21 Je
(3.4)
Proceeding to identify the limiting measure as the Brown measure pq := 5, of the
sum sq := u1 + us + - - - + ugq of x-free Haar unitary operators u;, recall [14] that each
(ui,uf) is R-diagonal. Hence, by [9, Propn. 3.5] we have that ©%" is the symmetrized
version of the law of |s >(C),

/Aw (Log, Gd” dm(v /w V) s, (dv) . (3.5)

In parallel with Step 4 of Girko’s method, it thus suffices for completing the proof, to
verify that the convergence in probability

/wwﬂ&wajwmwaw, (3.6)
C C

for each fixed ¢ € S, yields the weak convergence, in probability, of Lg, to us,.

To this end, suppose first that (3.6) holds almost surely for each fixed ¢y € S, and
recall that for any v > 0 and each open G C F‘i there exist ¢, € S such that ¢y 1 1.
Consequently, a.s.

liminf Lg, (G) >buphm1nf/¢k )dLsg, ( —sup/wk Ydps, (v) = ps, (G).

n—oo n—roo

Further, from [9, Example 5.5] we know that p,, has, for d > 2, a bounded density
with respect to Lebesgue measure on C (given by h4(:) of (1.1)). In particular, since
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m(Aq) = 0, it follows that s, (Aq) = 0 and hence p,,(I'Y) — 1 when v — 0. Given this,
fixing some v, | 0 and open G C C, we deduce that a.s.

liminf Ls, (G) > lim liminf L, (G re) > Jim p15,(G N Ie) = ps, (G). (3.7)
This applies for any countable collection {G;} of open subsets of C, with the reversed
inequality holding for any countable collection of closed subsets of C. In particular,
ﬁx1ng any countable Convergence determining class { fi} € Cy(C) and countable dense
Q C R such that g, S5 '({q})) = 0 for all j and ¢ € Q, yield the countable collection G
of p15,-continuity sets (con51st1ng of interiors and complement of closures of fj_l([q, q)),
q,q € @), for which Lg, (-) converges to us,(-). The stated a.s. weak convergence
of Lg, to us, then follows as in the usual proof of Portmanteau’s theorem, under our
assumption that (3.6) holds a.s.
This proof extends to the case at hand, where (3.6) holds in probability, since conver-
gence in probability implies that for every subsequence, there exists a further subse-
quence along which a.s. convergence holds, and the whole argument uses only count-
ably many functions vy ., € S. Specifically, by a Cantor diagonal argument, for any
given subsequence n;, we can extract a further subsequence j(), such that (3.7) holds
a.s. for Lsnj(l) and all G in the countable collection G of 1, -continuity sets. Therefore,
a.s. LSnN> converges weakly to ys, and by the arbitrariness of {n;} we have that, in
probability, Ls, converges to us, weakly.

4 Proofs of Lemma 3.1 and Lemma 3.2

We start with a preliminary result, needed for proving Lemma 3.1.

Lemma 4.1. For Haar distributed U,, and any r > 0, the expected ESD of |U,, — rI,| has
the density

2 T
V@ == D)+ 17— %)

with respect to Lebesgue’s measure on Rt (while for r = 0, this ESD consists of a single
atom atx = 1).

fr(z) = , Jr=1<z<r+1 (4.1)

Proof: It clearly suffices to show that the expected ESD of (U,, — rI,,)(U, — rI,)* has for
r > 0 the density

1 1
gr(x) = — 2 2
V(@ = =1)?)((r +1)? - z)
To this end note that by the invariance of the Haar unitary measure under multiplication
by €, we have that

. (r=12<a<(r+1)2. (4.2)

BLL Te{U£)] = B TH{(U3)4)] = 0, 4.3)

for all positive integers k£ and n. Thus,
1 *\k k :
E [— Tr {(U, + U}) }] = /2 for k even and 0 otherwise.
n

Therefore, by the moment method, the expected ESD of U,, + U, (denoted EUHJFU;),
satisfies
Ly, v £ 9cosf = e + ¢ where 0 ~ Unif (0, 27).
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Consequently, we get the formula (4.2) for the density g, (z) of the expected ESD of
(U — L) (Un — r1p)* = (1 + 1), — (U, + Uy),

by applying the change of variable formula for z = (1+7%)—2r cos § (and 8 ~ Unif (0, 27)).
O

Proof of Lemma 3.1: Recall [1, Thm. 2.4.4(c)] that for the claimed weak convergence of
Ly,av to ©%?, in probability, it suffices to show that per fixed z € C™, the corresponding
Stieltjes transforms

20 (2) 1= i Tr{(2Lon — V') '}

converge in probability to the Stieltjes transform G%?(z) of ©4?. To this end, note that
each f%?(z) is a point-wise Lipschitz function of {U!}, whose expected value is G%?(z)
of (1.11), and that || f,||z — 0 as n — oo (per fixed values of d, v, z). It thus follows from
(2.15) that as n — oo,

E[(f3"(2) - G2 (2))] = 0

and therefore, it suffices to prove that per fixed d, v € C and z € Ct, as n — oo,
G (z) — GLY(2). (4.4)

Next observe that by invariance of the law of U} to multiplication by scalar ¢*, the
expected ESD of V" depends only on r = |v], with ©"* = E[Ly,1..] (see Lem. 4.1).
Hence, (4.4) trivially holds for d = 1 and we proceed to prove the latter pointwise (in
z,v), convergence by an induction on d > 2. The key ingredient in the induction step
is the (finite n) Schwinger-Dyson equation in our set-up, namely Eqn. (2.13)-(2.14).
Specifically, from (2.13)-(2.14) and the induction hypothesis it follows that for some
non-random K < oo, any limit point, denoted (Gd’“,G?j”), of the uniformly bounded,

equi-continuous functions (G4, G?j:) on {z € C* : (z) > K}, satisfies

G (2)

() = G (yh( i )=z — ————+F— .
G'(z) = G55 " (¥(2)), with ¢(z) 20 ()

(4.5)

Moreover, from the equivalent version of (2.5) in our setting, we obtain that

AGE (2) = =14 \/1 + 4G22 (2)2

for a suitable branch of the square root (uniquely determined by analyticity and decay
to zero as |z| — 0o of z > (G4¥(2), GE(2))). Thus, G(z) = G**(z) satisfies the relation

G(z) — Gd-Lw (z - 2G(z) ) ~0. (4.6)

1++/1+4G(2)?

Since ©%? = ©I~1.v @ )\, it follows that (4.6) holds also for G(-) = G%¥(:) (c.f. [7,
Rmk. 7]). Further, z — G4 17(z) is analytic on C* with derivative of O(z~2) at infinity,
hence by the implicit function theorem the identity (4.6) uniquely determines the value
of G(z) for all 3(z) large enough. In particular, enlarging K as needed, G** = G4 on
{z € C* : 3(z) > K}, which by analyticity of both functions extends to all of C*. With
(4.4) verified, this completes the proof of the lemma. O

The proof of Lemma 3.2 requires the control of 3(G%?(z)) as established in Lemma 4.3.
This is done inductively in d, with Lemma 4.2 providing the basis d = 1 of the induction.
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Lemma 4.2. For some C finite, alle € (0,1) and v € C,
{z €t [SGLY(2)| > 0572} c {E+m ne(0,62),Ee (j:(lj:|11|)—257:l:(l:l:|v|)+25)}.

Proof: It is trivial to confirm our claim in case v = 0 (as G,°(z) = z/(z* — 1)). Now,
fixing r = |v| > 0, let f,.(-) denote the symmetrized version of the density f,(-), and note
that for any n > 0,

SGLU(E +in)| = / e ﬁwderr/ s (@)
| ( )l o—E|>yq (T — E)? +1? ) je—l<ym (T = E)? +17 )
= n
< 1+ sup  fr(x / e ol
[{m:mE\Sﬁ} ( )} o—Bl<ym (&= B)? +n?
< 1+7r[ sup ﬁ(x)} (4.7)
{w:l2—E|< /i)

With I'. denoting the union of open intervals of radius € around the four points +1 £+ r,
it follows from (4.1) that for some C finite and any r,¢ > 0,

sup {ﬁ(x)} < Cie 2.
fi7e
Thus, from (4.7) it follows that

sup ISGL" (B +in)| < C=72,
{En:(E—y/m,E+n)CTe}

for some C finite, all € € (0,1) and r > 0. To complete the proof simply note that

{(B.n): E€T5.,n € (0,e%)} C{(E,n): (B~ /i, E+/n) CTE},

and

sup  |SGLU(E +in)| < e 2. O
E€R,n>e?

Since the density ﬂ,u‘ () is unbounded at +1+|v|, we can not improve Lemma 4.2 to show
that SGLV(z) is uniformly bounded. The same applies for d > 2 so a result such as [7,
Lem. 13] is not possible in our set-up. Instead, as we show next, inductively applying
Lemma 1.5(ii) allows us to control the region where |3(G%(2))| might blow up, in a
manner which suffices for establishing Lemma 3.2 (and consequently Proposition 1.4).

Lemma 4.3. Forr > 0, v > 0 and integer d > 1, let I‘ﬁif C C denote the union of open
balls of radius v centered at +m +r form = 0,1,2,...,d. Fixing integerd > 1, v € (0,1)
and R finite, there exist M finite and x > 0 such that for all n large enough and any
v € B(0,R),

sup{|S(GLV(2)) + S(2) >n ™", z ¢ TH < M. (4.8)

Proof: For any d > 1, v € C, positive « and finite M, set
LRt (M, k) = {2 : (2) > n™", (G (2))| > M},

so our thesis amounts to the existence of finite M and s > 0, depending only on R, d > 2
and «y € (0,1), such that for all n large enough,

T&v(M, k) C T4 Vv € B(0,R). (4.9)
Indeed, for d = 1 this is a direct consequence of Lemma 4.2 (with v = 2¢, M = Ce™2),

and we proceed to confirm (4.9) by induction on d > 2. To carry out the inductive step
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from d — 1 to d, fix R finite and v € (0,1), assuming that (4.9) applies at d — 1 and
~/2, for some finite M, and positive x, (both depending only on d, R and 7). Then, let
¢ € (0,7/2) be small enough such that Lemma 1.5(ii) applies for some M. > M, and
0 < k1 < k < Ky. From Lemma 1.5(ii) we know that for any n large enough, v € B(0, R)
and z € I'4Y(2M,, Ky ), there exists w := & (z) for which

c-weB(-1e)UB(Le) & weTy " (Me,m) ST (M, ) € T9 ),

where the last inclusion is due to our choice of M, and x,. With ¢ < /2, it is easy to

check that 2 — w € B(—1,¢) U B(1l,¢) and w € Fi;;’r result with z € T'4". That is, we

have established the validity of (4.9) at d and arbitrarily small ~, for M = 2M. finite and
k1 positive, both depending only on R, d and ~. O

Proof of Lemma 3.2: Recall [15, Thm 1.1] the existence of universal constants 0 < ¢;
and c; < oo, such that for any non-random matrix D, and Haar distributed unitary
matrix U,,, the smallest singular value s,;, of U,, + D,, satisfies,

P(Srnin(Un + Dn) S t) S tanQ- (410)

The singular values of Vrf“’ are clearly the same as those of S,, — vl, = U,}/ + D,, for
D, = Zz‘l:z Ui — vl,, which is independent of the Haar unitary U!. Thus, applying
(4.10) conditionally on D,,, we get that

P(s5min(V,3Y) < t) < 9002 (4.11)
for every v € C, t > 0 and n. It then follows that for any § > 0 and « < ¢y,

G pe-dla=a) (4.12)

B[ (VDT e ] S 500

Setting hereafter a = ¢;/2 positive and § = 4c¢2/c; finite, the right side of (4.12) decays
to zero as n — oo. Further, for any n, d and v,

E[(\Logl, ng,v>876} < E[I log smin(Vnd’”)lll{ (4.13)

smm(Véi’“)Sn*‘S}} '

Hence, with |z|*log|z| — 0 as  — 0, upon combining (4.12) and (4.13) we deduce that

limsupsupE[<|Log\,Lm5,v>g_5} =0. (4.14)

n—oo veC
Next, consider the collection of sets I“i as in (3.3), that corresponds to the compact
Ag={veC:|vef0,1,...,d}}

(such that m(Ag4) = 0). In this case, v € I'Y implies that {iy : y > 0} is disjoint of the set

I‘f,"“l of Lemma 4.3. For such values of v we thus combine the bound (4.8) of Lemma
4.3 with [7, Lem. 15], to deduce that for any integer d > 1 and v € (0,1) there exist
finite ng, M and positive s (depending only on d and 7), for which

]E[Lvd,v(—y,y)] <2M(yvn™") Yn>ng,y>0,ve Fi. (4.15)

Imitating the derivation of [7, Eqn. (49)], we get from (4.15) that for some finite C' =
C(d,~,6), any e <e™1, n>ngand v € T'Y,

E[<|Log|,LVng,u>fr5 < Celloge|. (4.16)
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Thus, combining (4.14) and (4.16) we have that for any v > 0,

lim lim sup sup I |(|Log|, Ly,a..)5| =0. (4.17)

0 n—oco yerd
Similarly, in view of (4.4), the bound (4.8) implies that
IS(GL(2)) < M, VYzeCN\I4M ve B(O,R),
which in combination with [7, Lem. 15], results with
O (—y,y) < 2My Yy >0,v € I’fy’

and consequently also
lim sup {{|Log|,©%")s} = 0. (4.18)

e d
UEFW

Next, by Lemma 3.1, the real valued random variables X\’ (w,v) := (Log, Ly,q..)° con-

verge in probability, as n — oo, to the non-random X3 (v) := (Log,©®%?)>, for each
v € C and ¢ > 0. This, together with (4.17) and (4.18), results with the stated conver-
gence of (3.1), for each v € ¢, so considering v — 0 we conclude that (3.1) applies for
all v € AS, hence for m-a.e. v.

Turning to prove (3.2), fix v > 0 and non-random, uniformly bounded ¢, supported
within Y. Since {Ly,4.,v € I'{} are all supported on B(0,7~" + d), for each fixed ¢ > 0,
the random variables Y;\* (w,v) := ¢(0) X\ (w, v)m(I'?) with respect to the product law
P:=Px m()/m(I‘if) on (w,v) are bounded, uniformly in n. Consequently, their con-
vergence in P-probability, for m-a.e. v, to Ve )(v) (which we have already established),
implies the corresponding Li-convergence. Furthermore, by (4.17) and Fubini’s theo-
rem,

E[[Y,? - Y] <m(TD)|¢lloc sup B[ X (w,v) = X (w,v)[] =0,

veld

when n — oo followed by ¢ | 0. Finally, by (4.18), the non-random Y. (v) — Y\ (v) as

€} 0, uniformly over Fz. Consequently, as n — oo followed by € | 0,

E[Y,” - YO <E[V,” = v + B[V, = Y| + sup {|Y - Y[}
verd

converges to zero and in particular

[ 60X 0)im(e) - [ o) XQ)dm(w),
C C
in L1, hence in PP-probability, as claimed. O

5 Proof of Theorem 1.2

Following the proof of Proposition 1.4, it suffices for establishing Theorem 1.2, to extend
the validity of Lemmas 3.1 and 3.2 in case of S, = Z?/:l Ui + Zid, O},. To this end,
recall that Lemma 1.5(ii) applies regardless of the value of d’. Hence, Lemmas 3.1 and
3.2 hold as soon as we establish Lemma 4.2, the bound (4.11) on smin(Vf’“), and the
convergence (4.4) for d = 1. Examining Section 4, one finds that our proof of the latter
three results applies as soon as d’ > 1 (i.e. no need for new proofs if we start with U}).
In view of the preceding, we set hereafter d = 0, namely consider the sum of (only)
i.i.d Haar orthogonal matrices and recall that suffices to prove our theorem when d > 2
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(for the case of d = 1 has already been established in [12, Cor. 2.8]). Further, while the
Haar orthogonal measure is not invariant under multiplication by €%, it is not hard to
verify that nevertheless

. 1 k 1 *\k
for any positive integer k. Replacing the identity (4.3) by the preceding and thereafter
following the proof of Lemma 4.1, we conclude that E[Ly1..] = ©* as n — oo, for each
fixed v € C. This yields of course the convergence (4.4) of the corresponding Stieltjes
transforms (and thereby extends the validity of Lemma 3.1 even for d’ = 0). Lacking
the identity (4.3), for the orthogonal case we replace Lemma 4.2 by the following.

Lemma 5.1. The Stieltjes transform G. of the ESD E[Lo1.+] Is such that

{zeC: |3GL(2)] > C=~2) C{E+in ‘€ (0,2),
Ee(+(1+]) -2+ (1+]v])+2) U (i (11 £ v| — 2¢, (|1 £ v]) +25)},

for some C finite, alle € (0,1) and any v € C.

Proof: We express GG1V(z) as the expectation of certain additive function of the eigen-
values of O}, whereby information about the marginal distribution of these eigenvalues
shall yield our control on |3(GL?(2))|. To this end, set g(z,7) := 2/(2? —r) for z € C*,
r >0, and let ¢(0}) := 5 Tr{(zI2, — O}")~'}. Clearly,

n

> g(z87), (5.1)

where {s;} are the singular values of O — vI,. For any matrix A4, and orthogonal
matrix 6n the singular values of A, are the same as those of 5,LAn5:. Considering
A, = O} —vl,, we thus deduce from (5.1) that ¢(0,,020:) = ¢(0%), namely that ¢(-) is
a central function on the orthogonal group (see [1, pp. 192]).

The group of n-dimensional orthogonal matrices partitions into the classes O (n) and
O~ (n) of orthogonal matrices having determinant +1 and —1, respectively. In case
n = 2 + 11is odd, any O,, € O%(n) has eigenvalues {+1,e%% j = 1,... ¢}, for some
0 = (01,...,0,) € [-m,«]*. Similarly, for n = 2¢ even, O,, € O*(n) has eigenvalues
{et"i j=1,... ¢}, whereas O,, € O~ (n) has eigenvalues {—1,1,e*% j=1,... ¢ —1}.
Weyl’s formula expresses the expected value of a central function of Haar distributed
orthogonal matrix in terms of the joint distribution of § under the probability measures
P+ corresponding to the classes OF(n) and O~ (n). Specifically, it yields the expression

G (2) = Blo(0})] = 3B [o(diag(+1, Re(6))] + LB, [6(ding(~1, Re(®))], for n=20+1,

= LB [0(ding(Re(8))] + LBy [6(ding(~1, 1, Re1(8))], for n =20,
(5.2)

where Ry(0) := diag(R(01), R(02),- -, R(6¢)) for the two dimensional rotation matrix

—sinf cosf

R (o) [ cos 6 sme}

(see [1, Propn. 4.1.6], which also provides the joint densities of § under ]Pf).
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In view of (5.1) and (5.2), to evaluate G?(z) we need the singular values of R,(f) —
vly. Since this is a block-diagonal matrix, its singular values are those of the 2 x 2
block diagonal parts R(¢;) — vly for 1 < j < £. Setting v := |v|e'¥ it is easy to check
that the singular values of R(6) — vl are precisely square-root of the eigenvalues of
(14 w2 I — |v|(e "™ R() + €Y R*(6)), which turn out to be 1 + |v|> — 2|v|cos(d + ¥).
Combining this with (5.1) and (5.2) we obtain in case n = 2¢ + 1, that

1 ¢
G () = 5 {0t 11— o)+ S0 S Eitl(e, 1+ fof? — 2fel cos(t + (~1)4))]

k=0 j=1

1 l
(o 11+ 0P) + 30 S Blg(e, 1+ ol — 2ol cos(l; + (~1F9))]} . (5.3)

k=0 j=1

The same expression applies for n = 2¢, except for having the latter sum only up to
j = £ — 1. Next, recall that under P the random variables {0,} are exchangeable, each
having the same density ¢ (-) which is bounded, uniformly in n (see the diagonal terms
in [5, Propn. 5.5.3]; for example, qiﬂ((‘)) = 5 (1 F sin(200)/(2¢sinf)), is bounded by
1/7, uniformly over 6 and ¢). Further, g(z,r) € C~ forallr > 0 and 2 € C*. Hence, for
some C finite, alln >3, v e Cand z € CT,

(G ()] <5309z 11 = )]+ 518 (g(z |1+ o))

+C‘%{%/_ﬁg(z,l+ |v|? —2\U\cos(9:i:w))d9}’. (5.4)

The last expression in (5.4) does not depend on + and is precisely the imaginary part
of the Stieltjes transform of the symmetrization of the probability measure |¢?? — |v]|,
where 6 ~ Unif(0, 27r). While proving Lemma 4.1 we saw that the expected ESD of U}
has the latter law, hence the conclusion of Lemma 4.2 applies for the last expression in
(5.4). To complete the proof, simply note that S(g(E+in, s*)) < 1assoonas |[E+s| > /7
(and consider s = |v £ 1]). O

Now, using Lemma 5.1 for the basis d = 1 of an induction argument (instead of
Lemma 4.2), and with Lemma 1.5(ii) serving again for its inductive step, we obtain
here the same conclusion as in Lemma 4.3, except for replacing Fiﬁ’lvl by the union
fz’” of open balls of radius -y centered at the points +m + 1 £ |v| and +m + |1 £ v| for
m =20,...,d— 1. Turning to prove Lemma 3.2, this translates to taking in this case the

sets F;i which correspond via (3.3) to the compact
Ag:={veC:|v]€{0,1,....d}, or [v£1le{0,1,...,d—1}}

(of zero Lebesgue measure), thereby assuring that {iy : y > 0} is disjoint of fﬁﬁ“ when-
ever v € Ffj. One may then easily check that the proof of Lemma 3.2 (and hence of the
theorem), is completed upon establishing the following weaker form of (4.11).

Lemma 5.2. Forsomec; > 0, ¢ < 0o, the sum S,, of d > 2 independent Haar orthogonal
matrices and any v € (0,1), there exist C' = C’(d,~) finite and events {G,,} determined
by the minimal and maximal singular values of S, such that P(G%) — 0 as n — oo, and
for any n,t > 0,

sup IP(gn N {Smin(V,3?) < t}) < C'ternc? (5.5)
veld

Proof: We use here [15, Thm. 1.3] (instead of [15, Thm. 1.1] which applies only for Haar
unitary matrices), and introduce events G, under which the condition [15, Eqn. (1.2)]
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holds. Specifically, let D,, = diag(ry,79,...,r,) denote the diagonal matrix of singular
values of S,,, ordered so thatr; >, > ... > r, and

1
Gni={rn<- and r >1}.

N}

Let O,, be Haar distributed n-dimensional orthogonal matrix, independent of {Of,i =
1,...,d}, noting that O,, is independent of —0,S,,, with the latter having the same
law and singular values as S,. Further, the singular values of V,%* equal to those of
vl, — S, = O} (vO,, — 0,S,), hence for any n and ¢t > 0,

Go(1) = P(Ga O {min(Vi) < 1}) = P (G N {50in (005 + S) < 1}).
Next, by the singular value decomposition S,, = (O,,)*D,,(O,.)* for some pair of orthog-
onal matrices O/, and O, . Conditional on D,,, O, and O,,, the matrix O, 0,0, is again
Haar distributed, hence independent of D,, (and of G,). Consequently, for any v # 0,

QH,v(t) = P(gn N {Smin(UO;LOnO;: + Dn) S t}) == IP(gn N {|U|5min(0n + Uﬁan) S t})

Now from [15, Thm. 1.3] we know that for some absolute constants ¢; > 0 and ¢ < oo,

P(|0]smin(On + v~ 1Dp) < ¢ | Dy) < (ﬁ)(%) (5.6)

provided [15, Eqn. (1.2)] holds for v=!'D,,, some K > 1 and é € (0,1). That is, when
ri < Klv| and 72 > r2 + 6|v|?. (5.7)

In our setting the singular values of S,, are uniformly bounded by d and |v| € (y,77!)
throughout I“fy. Hence, the event G,, implies that (5.7) holds for K = d/y and 6 = 72/2.
Thus, multiplying both sides of (5.6) by I and taking the expectation over D,, yields
the inequality (5.5) for some finite C' = C’(d, 7).
Proceeding to verify that P(G¢) — 0 as n — oo, recall [9, Propn. 3.5] that O is the
symmetrization of the law u,,, for the sum s4 = u; + -+ + uq of x-free Haar unitary
operators ug, ..., uq, and [9, Eqn. (5.7)] that for d > 2 the measure y,,| on R* has the
density
dpys, d\/4(d — 1) — x2
/;lel _ W((d2 — ;2) ]I[O,Q\/dTl] (z), (5.8)

so in particular both s, ((0,1/2)) and p,,((1,3/2)) are strictly positive. Further, from
Lemma 3.1 we already know that the symmetrization of the ESD vg | of D,, converges
weakly, in probability, to ©%° and consequently, Vs, | converges weakly to i ,[, in prob-
ability. From the preceding we deduce the existence of g € C,(R™") supported on [0,1/2],
such that (g, u1js,)) > 1 and that for such g,

P(rn, >1/2) <P((g,vs,]) = 0) < P(I<97V|sn|> — (9, sa)| > 1/2) -0, (5.9)

as n — co. Similarly, considering g € C(R™) supported on [1,3/2] for which (g, 1) >
1, we get that P(r; < 1) — 0, from which we conclude that P(G%) — 0. O

6 Proof of Proposition 1.3

The main task here is to show that for m-a.e.v € C, the logarithm is uniformly inte-
grable with respect to the ESD of |U,,T,, — vI,|. As shown in [7], setting p = |v|, this is
equivalent to such uniform integrability for the ESD v, of the matrix Y, (per (1.12)).
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The key for the latter is to show that $(G,,(+)) is uniformly bounded on {in : n > n~="1}
for some k1 > 0 and Lebesgue almost every p (see proof of [7, Propn. 14 (i)]). In [7],
this was done under the assumption of [7, Eqn. (3)], whereas here we show that the
same holds under the weaker condition (1.8).
To this end, [7, Lem. 10] yields (analogously to Lemma 3.1), the weak convergence, in
probability, of v to v, as well as the identities and bounds [7, Eqn. (34)-(38)], without
ever using [7, Eqn. (2) or Eqn. (3)]. The same applies for [7, Lem. 11 and Lem. 12]
which validate the Schwinger-Dyson equation [7, Eqn. (38)] for all n large enough, any
I(z) > Cin~Y* and p € (0,R]. We then use Lemma 1.5(i) to bypass [7, Lem. 13].
Specifically, from (1.8), using Lemma 1.5(i) we have that for every ¢ € (0,1/2) and finite
R, there exist finite M; and x; > 0 depending only on R and ¢ such that for every
p€e[RR],

{z:3(2) > n™",|S(Gn(2))| > My} C T5, (6.1)

where I'Y) denotes the union of open balls of radius v > 0 centered at points from the
symmetric subset K + p of R. Having (6.1) instead of the bound (4.8) of Lemma 4.3, we
consider here the closed set Ax := {v € C: |v] € K} such that m(Ax) = 0, the bounded,
open sets I',, v > 0, associated with Ax via (3.3), and the corresponding collection
S C C(C) of test functions. Using this framework and following the proof of Lemma
3.2, we deduce that

(Log, v,) = (Log, "),

in probability for each v € I',, and consequently for m-a.e. v € C. Then, utilizing our
assumption (1.7) on the uniformly bounded support of the relevant ESD-s, we have that
further, for any fixed ¢ € S,

/ 6(0)(Log, v2)dm(v) — / 6(v)(Log, v*)dm(v)
C C

in probability. Since ©({0}) = 0 and © is not a Dirac measure, we know from [9, Thm.
4.4 and Cor. 4.5] and [7, Rmk. 8] that 4 has a density with respect to the Lebesgue
measure on C. Consequently p4(Ag) = 0, and following the same argument as in the
proof of Proposition 1.4, we get part (a) of Proposition 1.3.

For parts (b) and (c) of the proposition see [7, Rmk 8] (which does not involve [7, Eqn.
(2) or Egn. (3)]). For part (d) recall that Lemma 1.5(i) applies even in case U, is replaced
by a Haar distributed orthogonal matrix O,,, as does the relevant analysis from [7] (c.f.
proof of [7, Thm. 18]). Hence, following the same argument as in the unitary case, the
proof is complete once we establish the analog of Lemma 5.2. That is, specify events
G, determined by T;,, such that P(G¢) — 0 as n — oo and

sup P (Gn 1 {[0]smin(On + 071 T) < 1}) < C'tne2, (6.2)

vel'y

for any v > 0, some C' = C’() finite and all ¢, n. To this end, with © non-degenerate,
there exist £ > 0 and b3 > b2 + ¢, such that both ©([0,b_)) and O((b4, M]) are positive.
Consequently, setting T;, = diag(ry,...,r,) with 4 > r9 > ... > r,, it follows from the
weak convergence of Ly, to © (in probability), that P(G;) — 0 for G,, := {r, < b_ and
r1 € [b4, M]} (by the same reasoning as in the derivation of (5.9)). Further, (6.2) follows
by an application of [15, Thm. 1.3] conditional upon 7;, (where [15, Eqn. (1.2)] holds
under G, for v=!T,,, v €I, K = M/v and ¢ = {72, see (5.6)-(5.7)).
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