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A tail inequality for quadratic forms
of subgaussian random vectors
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Abstract

This article proves an exponential probability tail inequality for positive semidefinite
quadratic forms in a subgaussian random vector. The bound is analogous to one that
holds when the vector has independent Gaussian entries.
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1 Introduction

Suppose that = (z1,...,2,) is a random vector. Let A € R"*™ be a fixed matrix. A
natural quantity that arises in many settings is the quadratic form ||Az||? = 27 (AT A)x.
Throughout ||v|| denotes the Euclidean norm of a vector v, and || M|| denotes the spec-
tral (operator) norm of a matrix M. We are interested in how close ||Az|? is to its
expectation.

Consider the special case where z1,...,z, are independent standard Gaussian ran-
dom variables. The following proposition provides an (upper) tail bound for || Az||%.

Proposition 1.1. Let A € R™*" be a matrix, and let ¥ := AT A. Let x = (x1,...,2,) be
an isotropic multivariate Gaussian random vector with mean zero. For allt > 0,

Pr ||| Az||? > tr(X) +2«/tr(22)t+2||2|\t} <et.

The proof, given in Appendix A.2, is straightforward given the rotational invariance
of the multivariate Gaussian distribution, together with a tail bound for linear com-
binations of x? random variables from [2]. We note that a slightly weaker form of
Proposition 1.1 can be proved directly using Gaussian concentration [3].

In this note, we consider the case where = (z1,...,z,) is a subgaussian random
vector. By this, we mean that there exists a ¢ > 0, such that for all o« € R",

E[exp (a'x)] < exp (||0¢H202/2) )

We provide a sharp upper tail bound for this case analogous to one that holds in the
Gaussian case (indeed, the same as Proposition 1.1 when o = 1).
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Tail inequalities for sums of random vectors

One motivation for our main result comes from the following observations about
sums of random vectors. Let ai,...,a, be vectors in a Euclidean space, and let A =
[a1] - - Jan] be the matrix with a; as its ith column. Consider the squared norm of the
random sum

n 2
[Az|* = ||} aiz; (1.1)
i=1
where z := (21,...,x,) is a martingale difference sequence with E[z; | 21,...,2;-1] =0
and E[z? | x1,...,7;_1] = o2. Under mild boundedness assumptions on the w;, the

probability that the squared norm in (1.1) is much larger than its expectation
E[l|Az(*] = 0 ) [lasl|* = 0® tr(AT A)
=1

falls off exponentially fast. This can be shown, for instance, using the following lemma
by taking u; = a;x; (see Appendix A.1).

Proposition 1.2. Let uy,...,u, be a martingale difference vector sequence, i.e.,
E[ui|u1,...,ui,1}:07 forallizl,...,n,
such that

n
S E[wil® [ur, ... uiq]< v and fugl| < b
=1

foralli =1,...,n, almost surely. For allt > 0,

|

After squaring the quantities in the stated probabilistic event, Proposition 1.2 gives
the bound

n

D u

i=1

> v+ V8ut + (4/3)bt| < et

|Az|* < 0% - tr(ATA) + 02 - O (tr(ATA)(\/Z +t)

+ tr(ATA)max|ai||<t+t3/2>+m,ax||az-ll2f2>
with probability at least 1 — e~¢
constant).

Unfortunately, this bound obtained from Proposition 1.2 can be suboptimal when

the z; are subgaussian. For instance, if the z; are Rademacher random variables, so
Pr[z; = +1] = Pr[xz; = —1] = 1/2, then it is known that

| Az||? < tr(ATA) + O («/tr((ATA)2)t + |\A||2t) (1.2)

with probability at least 1 — e~¢. A similar result holds for any subgaussian distribution
on the z; [1]. This is an improvement over the previous bound because the deviation
terms (i.e., those involving t) can be significantly smaller, especially for large t.

In this work, we give a simple proof of (1.2) with explicit constants that match the
analogous bound when the z; are independent standard Gaussian random variables.

when the z; are almost surely bounded by 1 (or any
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2 Positive semidefinite quadratic forms

Our main theorem, given below, is a generalization of (1.2).

Theorem 2.1. Let A € R"*" be a matrix, and let ¥ := AT A. Suppose that r =
(z1,...,2y) is a random vector such that, for some p € R™ and o > 0,

Elfexp (a” (z — )] < exp (||als/2) 2.1)

forall « € R™. Forallt > 0,

Pr

12 \1/2
|Az|)? > 02~(tr(2)+2«/tr(EQ)t—i—QHEHt) tr(Zpup”)- 1+2( 1% t) <e .
tr(X2)
Remark 2.2. If = 0, then the assumption (2.1) implies E[x] = 0 and cov(z) < 021. In
this case,
B[ Az]] = tr(Z cov(a)) < 0? (%), var(|[Az]?) = O(o* tx(52),

so probability inequality may be interpreted as a Bernstein inequality. If p = 0 and
o =1, then the probability inequality reads

Pr [ |AZ]|2 > tr(%) + 2¢/tr(22)t + 2||E|\t} <et,
which is the same as Proposition 1.1.

Remark 2.3. Our proof (via (2.2), (2.4), and (2.5)) actually establishes the following
upper bounds on the moment generating function of || Az||? for 0 < n < 1/(202||X])):

E [exp (n]|Az|?)] < E [exp (O'QHATZHQU + /fATz\/%ﬂ

ot tr(X%)n® + || Ap*n
1—202|| Xy

< exp <02 tr(X)n +

where z is a vector of n independent standard Gaussian random variables.

Proof of Theorem 2.1. Let z be a vector of n independent standard Gaussian random
variables (sampled independently of z). For any a € R",

E [exp (2" a)] = exp ([|a[?/2) . (2.2)

Thus, for any A € R and ¢ > 0, we have the following decoupling (which holds, in fact,
for any random vector x):

Elexp(A\z"Az)] > E [exp (A\2T Ax) ‘ | Az|* > €:| -Pr[[|Az|® > €]
/\2
2> exp (25) -Pr[||Az|]? > €] . (2.3)
Moreover, using (2.1),

Elexp (Az"TAz)] = E [IE [exp (AzTA(x — )

z] exp (/\zTAu)}

A2o?
<E |:eXp (2ATZ||2 + /\;NATzﬂ . (2.4)
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Let USVT be a singular value decomposition of A; where U and V are, respectively,
matrices of orthonormal left and right singular vectors; and S = diag(y/p1, - - -, /Pm) iS
the diagonal matrix of corresponding singular values. Note that

lolls =D pi=0x(2), ol =D pF = tx(2?), and |[|pllec = maxp; = | 2.
i=1 =1

By rotational invariance, y := U z is an isotropic multivariate Gaussian random vector
with mean zero. Therefore |ATz||> = :TUS?U"z = p1y? + -+ + puy2 and p ATz =
vy = viy1 + - + Vpyn, where v := SV 7 (note that ||v||? = ||SV T ul|? = ||Aul/?). Let
v :=\20%/2. By Lemma 2.4,

n 27 n P 272 Tl 27 o2
exp (vay%U Z%‘yiﬂ < exp (pllw+ leller™+ v/ (2.5)
i=1 i=1

E
1= 2[|pllooy

for 0 <~ < 1/(2||p|loc)- Combining (2.3), (2.4), and (2.5) gives

lpll3y* + ||V||27/02>
1- 2”/0”00’7

Pr [ Az? > ] < exp (67/02 ol +

for 0 <~ < 1/(2||p|loc) and & > 0. Choosing

2|[plloeT 1 l1olI3

2 2 oo 2

e = o2(lpls +7) + [w)2y /14 20T ana 4= Y (T E—
o113 2]1plloo 10113 + 2[plloo™

we have

2 pllocT
A2l > o2 (loll +7) + ]2 /1 + D=
B
lell3 lolloo 2l pllocT lell3 , ( lollso
<exp|— 1+ — 1+ —— =exp| — h1
( 2lol12 ollZ e 20012 "\ Tol3

where h;(a) := 1+ a — /1 + 2a, which has the inverse function h;'(b) = v/2b + b. The
result follows by setting 7 := 2+/||p||3t + 2| p|| ot = 21/tr(Z?)t + 2| X|2. O

The following lemma is a standard estimate of the logarithmic moment generating
function of a quadratic form in standard Gaussian random variables, proved much along
the lines of the estimate from [2].

Pr

Lemma 2.4. Let z be a vector of n independent standard Gaussian random variables.
Fix any non-negative vector o € R’} and any vector f € R™. If0 < A < 1/(2||a||), then

log E

- " 2)\2 2 9
xp (Azo‘ﬂﬂszﬂvz)] < Jafur 4 1elBX° +11515/2

i=1 i=1 I —2faflcoA

Proof. Fix A € R such that 0 < XA < 1/(2]|o|), and let n; := 1/v/1 —2a;A > 0 for
1=1,...,n. We have

o0

E [exp ()\aizf + 5121)] = / exp (7212/2) exp ()\aiziz + ﬁzzi) dz;

oo V2T

) e (g )
=1, ex L exp | —=— (i — bin; dz;
n p( 5 o P35, (zi — Bini)
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SO

log I
i=1 i=1

exp <)\Zaiz? + Zﬁi%)] = %Zﬁf?ﬁ + % Zlogn?.
i=1 i=1

The right-hand side can be bounded using the inequalities

1 < 1< I o= o= (200) | c||2N2
=Y logn? = =2 log(l —2a\) = = < P —
D P el e e
and
- 18113/2
E Bin; < O
1=2[aflecA’

i=1

Example: fixed-design regression with subgaussian noise

We give a simple application of Theorem 2.1 to fixed-design linear regression with the
ordinary least squares estimator.

Let z1,...,x, be fixed design vectors in R?. Let the responses yi,...,y, be random
variables for which there exists ¢ > 0 such that

o (S50 o (501

for any o, ..., a, € R. This condition is satisfied, for instance, if
yi = Elyi| + &
for independent subgaussian zero-mean noise variables ey, ..., e,. Let ¥ := Y1 | ;2] /n,

which we assume is invertible without loss of generality. Let

-1 (711 Z%M%])

be the coefficient vector of minimum expected squared error (i.e., E[n=' >0 (28 —
y;)?] = min!). The ordinary least squares estimator is given by

B 1 n
! (n ; xi%) .

The excess loss R(B) of B is the difference between the expected squared error of B and

that of 3:
R =B | LS @5 | - B | S wrs- y>] .
It is easy to see that - -
R(B) = |55 - )| = HZ “72,) (3~ Bl
By Theorem 2.1,
o?(d +2Vadt + 2t)

—t

R(B) >

s e
n

Note that in the case that E[(y; — E[y;])’] = o for each i, then

~ 0'2
BIR() = 25

so the tail inequality above is essentially tight when the y; are independent Gaussian
random variables.
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A Standard tail inequalities

A.1 Martingale tail inequalities

The following is a standard form of Bernstein’s inequality stated for martingale dif-
ference sequences.

Lemma A.1 (Bernstein’s inequality for martingales). Letdy,...,d, be a martingale dif-
ference sequence with respect to random variables x4, ...,z (i.e., E[d;|z1,...,z;_1] =0
foralli=1,...,n) such that |d;| < band > | E[d?|z1,...,x;_1] <v. Forallt >0,

Pr [Z d; > V2ut + (2/3)bt] <et
=1
Proposition 1.2 is an immediate consequence of the following folklore results, to-
gether with Jensen’s inequality. Lemma A.2 is a straightforward application of Bern-
stein’s inequality to a Doob martingale, and Lemma A.3 is proved by a simple induction
argument.

Lemma A.2. Letuy,...,u, be random vectors such that > ;" | E[||lu;*u1,...,ui—1] <v
and ||u;|| < b foralli=1,...,n, almost surely. For allt > 0,
Pr [ Zul —E{ Zui ] > V/8ut + (4/3)bt] <e .
i=1 i=1

Lemma A.3. If uy,...,u, is a martingale difference vector sequence (c.f. Proposi-
tion 1.2), then B(| 327, w;|] = S, Bfl|ui]|?).

A.2 Gaussian quadratic forms and y? tail inequalities

It is well-known that if 2 ~ A(0,1) is a standard Gaussian random variable, then 22
follows a 2 distribution with one degree of freedom. The following inequality from [2]
gives a bound on linear combinations of x? random variables.

Lemma A.4 (x? tail inequality; [2]). Letq,...,q, be independent x? random variables,
each with one degree of freedom. For any vector v = (vi,...,7,) € R!} with non-
negative entries, and any t > 0,

n
Pr [Z Yigi > |17l + 24/ 17113t + 2||’r||oot] <e .
i=1
Proof of Proposition 1.1. Let VAV be an eigen-decomposition of A" A, where V is a
matrix of orthonormal eigenvectors, and A := diag(ps,. .., p,) is the diagonal matrix of
corresponding eigenvalues p1, ..., p,. By the rotational invariance of the distribution,
z := V Tz is an isotropic multivariate Gaussian random vector with mean zero. Thus,
|Az||?> = 2TAz = p12i+- -+ pn22, and the 27 are independent 2 random variables, each
with one degree of freedom. The claim now follows from a tail bound for x? random
variables (Lemma A.4). O
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