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Abstract

Motivated by [CH23], we provide a construction of the Brownian Web [TW98, FINR04],
i.e. a family of coalescing Brownian motions starting from every point in IR? simultane-
ously, as a random variable taking values in a space of (spatial) R-trees. This gives a
stronger topology than the classical one (i.e. Hausdorff convergence on closed sets of
paths), thus providing us with more continuous functions of the Brownian Web and
ruling out a number of potential pathological behaviours. Along the way, we introduce
a modification of the topology of spatial R-trees in [DLG05, BCK17] which makes it a
complete separable metric space and could be of independent interest. We determine
some properties of the characterisation of the Brownian Web in this context (e.g. its
box-counting dimension) and recover some which were determined in earlier works,
such as duality, special points and convergence of the graphical representation of
coalescing random walks.

Keywords: Brownian Web; random trees; Brownian Castle.
MSC2020 subject classifications: 60G.
Submitted to EJP on February 9, 2021, final version accepted on June 27, 2023.

Contents

1 Introduction 2
1.1 Alternative topologies and relation to previous characterisations . . . . . . 5
1.2 Outline of thepaper . . . . . . . . . .. . . . .. .. .. 6

2 Preliminaries 7
2.1 R-treesinanutshell . .. ... ... ... ... . ... ... ... ... ... 7
2.2 Spatial R-trees . . . . . .. e e 9
2.3 Directed R-trees and theradialmap . . ... ... ... ... ........ 19
2.4 Alternative topologies . . . . . . . . . ... 21

*Supported by the Institute of Mathematical Statistics (IMS) and the Bernoulli Society. GC gratefully
acknowledges financial support via the EPSRC grant EP/S012524/1 and the UKRI FL Fellowship MR/W008246/1.
MH gratefully acknowledges financial support from the Leverhulme trust via a Leadership Award, the ERC via
the consolidator grant 615897:CRITICAL, and the Royal Society via a research professorship.

TCurrent maintainer of class file is VTeX, Lithuania. Please send all queries to latex-support@vtex.lt

*University of Warwick, CV4 7AL, UK. E-mail: giuseppe.cannizzaro@warwick.ac.uk

$Imperial College London, SW7 2AZ, UK and EPFL, 1015 Lausanne, Switzerland.

E-mail: m.hairer@imperial.ac.uk


https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/23-EJP984
https://ams.org/mathscinet/msc/msc2020.html
https://vtex.lt
mailto:latex-support@vtex.lt
mailto:giuseppe.cannizzaro@warwick.ac.uk
mailto:m.hairer@imperial.ac.uk

The Brownian Web Tree

Figure 1: A typical realisation of the Brownian Web: coalescing Brownian trajectories em-
anate from every point of the plane simultaneously. Trajectories are coloured according
to their creation time/age.
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1 Introduction

The Brownian Web is a random object that can be heuristically described as a
collection of coalescing Brownian motions starting from every space-time point in R?,
a typical realisation of which is displayed in Figure 1. Its study originated in the PhD
thesis of Arratia [Arr79], who was interested in the Voter model [Lig05], its dual, given
by a family of (backward) coalescing random walks, and their diffusive scaling limit. It
was rediscovered by Téth and Werner in [TW98], where they provided the first thorough
construction, determined its main properties, and used it to introduce the so-called true
self-repelling motion. A different characterisation was subsequently given in [FINRO4]
where, by means of a new topology, a sufficient condition for the convergence of families
of coalescing random walks was derived. Later on, further generalisations via alternative
approaches appeared, e.g. in [NT15] - motivated by the connection with Hastings-Levitov
planar aggregation models —, in [BGS15] — where the optimal convergence condition
was obtained and a family of coalescing Brownian motions on the Sierpinski gasket
was built -, and in [GSW16] — where the Brownian Web was used to study the scaling
limit of the genealogies of a population. For an account of further developments of the
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Brownian Web and the diverse contexts in which it emerged, we refer to the review
paper [SSS17].

In most (but not all, see e.g. [GSW16]) of these works, the Brownian Web is viewed as
a random (compact) collection of paths ¥ in a suitable space of trajectories. Elements
of W are pairs (¢,7) with ¢t € R and 7: R — R such that furthermore 7 (s) = 7 (¢) for s > ¢.
In the present paper (similarly to [Ald93, GSW16]), we focus instead on another of its
characterising features, namely its coalescence or tree structure, clearly apparent in
Figure 1. The main motivation comes from the companion paper [CH23] in which such a
structure is used to construct and study the Brownian Castle, a stochastic process whose
value at a given point in R? equals that of a Brownian motion indexed by the Brownian
Web. Since the characteristics of the Brownian Castle are given by backward (coalescing)
Brownian motions, in what follows we will (mainly) consider the case in which paths in
W run backward in time (the so-called backward Brownian Web [FINRO04]).

To carry out this programme, we would like to view ¥ as a metric space with metric
given by the intrinsic distance, namely the distance between two points (¢;,7;) is given
by t1 + t2 — 27, where 7 is the largest time such that 71 (s) = m2(s) for all s < 7. More
precisely, we view the Brownian Web as a (random) quadruplet C,ﬁw « (ﬂbﬁv , *tw, dtw, Miw)
such that (ﬁbtv, *tw, dtw) is a pointed locally compact R-tree, namely a connected locally
compact metric space with no loops (see Definition 2.1) and such that lew: ylfw — R?is
an embedding into IR?. (In the above identification of f7biw with a set of elements of the
type (t, ), one would simply set M,fw(t, ) = (¢, 7(t)).)

The goals of the present article are: identify a “good” space in which the quadruplet

iw lives and in which we can uniquely characterise its law; determine a suitable topology
under which such space is Polish and that allows for a manageable characterisation of its
compact subsets; show that standard approximations to the Brownian Web converge in
this (stronger) topology. Let us remark that the choice of the space and topology thereon
is done in such a way that the Brownian Castle in [CH23] is continuous (in a suitable
sense) as a map from such space to the set of cadlag functions.

First, we introduce the space T2, a € (0, 1), whose elements are spatial R-trees, i.e.

sp’
quadruplets of the form { = (7, x,d, M) in which

1. (Z,%,d) is a pointed locally compact R-tree,
2. M, the evaluation map, is a locally little a-Hélder continuous map from .7 to R?,
i.e. for all K C .7 compact

lim sup sup [[M(3) — M(3')||/d(3,5')* =0,
€705eK d(s.5")<e

3. M is proper, i.e. the preimage of compact subsets is compact.
In Tg, we identify elements ( = (7 ,*,d, M) and (' = (J',%',d', M') if there exists a
bijective isometry ¢:  — .7’ such that ¢(x) =« and M o p = M.

Before commenting on the reason why we require the previous properties and
introducing a metric on Tg, under which it is complete and separable, we state and
prove (one of) the main result of the present paper, namely the characterisation of the
law of the Brownian Web (Tree).

Given any finite tuple (z1,...,2,) C RR? and writing 2z; = (¢;,7;), let X be the
unique (in law) R™-valued continuous martingale (but with time running backwards,
i.e. E(Xs| %) = X, for s < t where ¥ = o¢{X, : r > t}) such that, setting r;; = sup{t <
t; At X;(t) = X;(t)} (in particular 7;; = t;), one has

0 ifleTij,

t—00 7;; —t otherwise,

lim Xl(t) =Z;, <Xi,Xj>(t) = {
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so that in particular X;(t) = z; for all ¢ > ¢;. In other words, the X;’s are Brownian
motions starting at z; at time ¢; that are independent until the first time they meet, at
which point they coalesce. We then set d;; = 27;; — t; — 1.

Theorem 1.1. There exists a unique (in law) random element ¢ = (7, *,d, M) of Tg,
with the following properties

1. M(x) = (0,0),
2. for any fixed z € R?, there almost surely exists a unique 3, € .7 such that M (3,) = z,

3. for any finite tuple (z1,...,2y) C IR?, the law of {d(32,,32,) }i,j<m Is the same as the
law of {d;; }; j<m constructed just above,

4. for any fixed countable dense subset & C R?, the set {3, : z € D} is almost surely
dense in 7.

Thanks to this theorem, the backward Brownian Web Tree (which will be defined in
Definition 3.10) is the random variable C}fw = (y,jw , *tw, dtw, Miw)' whose law is uniquely
characterised by points 1-4 above.

Proof. The existence of a random variable satisfying these properties follows by the
existence part of Theorem 3.8 below. Regarding uniqueness, it suffices to note that prop-
erties 2 and 3 guarantee that any two candidates ¢ = (.7, *,d, M) and { = (7, %,d, M)
can be coupled in such a way that d(3.,3./) = d(3.,3./) almost surely, for all z, 2’ € . It
follows from property 4 that, setting ¢(3.) = 3., this extends to an isometry p: .7 — 7.
Since M (3.) = M (3.) = z by assumption, the continuity of M and M immediately implies

that M = M o ¢ so that, since one also has () = * by property 1, ¢ = ( in T, O

We will give the precise definition of the metric we endow T, with in Section 2.2.
Heuristically, under this metric, a sequence {(, = (I, *n, dn, M)}, converges to ¢ =
(7, %,d, M) provided that

1. the pointed R-trees converge in a local version of the Gromov-Hausdorff topology!,
2. the evaluation maps M,, converge to M locally uniformly and in a-Holder sense,
3. the size of the preimage of compact balls via the M,, converges.

Let us comment on what these conditions entail and why we require them. The first
condition takes into account the metric structure of the R-trees and morally says that
the metrics d,, converge to d. In the present context, this ensures that couples of
distinct paths which are close also coalesce approximately at the same time. The locally
uniform convergence of the evaluation maps can be thought of as a control over the
sup-norm distance of paths and is somewhat similar in spirit to that of [FINRO4]. The
control on the a-Holder distance was added in order to make the space T, complete.
Indeed, as pointed out in [BCK17, Remark 3.2], if we remove Holder continuity of M
from the definition of Tsap and from its metric, then it would no longer be complete (see
Remark 2.11 below). We require the evaluation maps to be proper as we want to prevent
the existence of infinite sequences of points that are all pairwise of order 1 distance apart
in .7 but whose image under M comes infinitely often arbitrarily close to a given point
in R? (see Remark 2.13 for more details). Since we need this property to be preserved
when taking limits, we included the third condition above.

We stress once again that the definition of our topology and the related definition
of the Brownian Web given in the present paper, is motivated by the construction of
the Brownian Castle in [CH23]. In particular, while if we only wanted to provide an
IR-tree characterisation of the Brownian Web the first two points above would have

1For an introduction in the case of general metric and length spaces we refer to the monograph [BBIO1],
and to [Eva08] for the specific case of R-trees.
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been sufficient, the control on the Holder regularity and the properness will play a
crucial role in [CH23]. Indeed, the covariance of the Brownian motion indexed by the
Brownian Web, ﬂbt, is fully determined by the metric structure of the R-tree. Such
a structure is related to the Euclidean distance on R? via the evaluation map, which,
if Holder continuous, provides a mean of comparison between the two metrics. On
the other hand, the Brownian Castle is a random map on R?, so that we need a right
inverse to the evaluation map M, called tree map (see [CH23, Definition 2.12]), which
assigns to every point in R? its “rightmost” preimage in the tree. In order to retain
any control on the regularity properties of the tree map, properness turns out to be
essential. More precisely, the “Brownian Castle” studied in [CH23] is obtained by taking
a Brownian motion indexed by a Brownian Web Tree and then view it as a map R? — R
by precomposing it with the tree map. Properness is essential to guarantee that this
procedure is stable under approximations.

1.1 Alternative topologies and relation to previous characterisations

Over the years, a variety of topologies on spaces of IR-trees have been considered. The
one outlined above is similar to those in [DLG05, BCK17], with the additional condition
about the Holder continuity and properness of the evaluation map. In [DGP11, KL15,
ALW16, GSW16], the authors introduce so-called marked metric measure spaces, formed
of triplets (7, d, 1) in which (.7, d) is a metric space and p is a locally finite measure on
7 x I, for I a complete and separable metric space. The measure p should be thought of
as equal to v(dr) ® d,(,)(du) for v a locally finite measure on 7 and x: .7 — I a “mark
function”. Upon taking I = IR?, the mark function plays a similar role to the evaluation
map M above. In our context a natural choice of measure v would be the length measure,
but this is only o-finite and not locally finite as the above references require. In principle,
we could artificially add a locally finite measure (necessarily with full support), but this
would cause additional complications for no benefit in our setting.

With respect to the classical construction of the Brownian Web, in terms of a family of
paths, notice that it is not always possible to view a family of paths as an R-tree (trivially,
the paths might not be coalescing) and, conversely, there is no canonical way to associate
a collection of paths to a generic spatial R-tree (think of the case in which segments
in the tree backtrack so that they cannot be viewed as functions of one coordinate).
In Definition 2.20 below, we define a subset Dg, C TS, of “directed trees” for which
the association is meaningful and prove that, as suggested by the heuristic description
above, our topology is strictly finer than that in [FINRO4] (see Proposition 2.25). While
this ensures that many of the results obtained for the Brownian Web (existence of a dual,
its properties, special points) can be translated to the present setting (see Section 3.3),
convergence statements in Tg, do not follow from those previously established. This is

remedied in Section 3.2, where a convergence criterion to Cﬁw is derived.

As shown in [CH23], there are two main advantages of the characterisation of the
Brownian Web outlined above. First, it allows to preserve information on the intrinsic
metric on the set of trajectories, which in turn is at the basis of the properties and the
proof of the universality statement for the Brownian Castle in [CH23, Theorem 1.4].
Moreover, the R-tree structure (together with local compactness) automatically endows
%iw with a o-finite length measure (see [Eva08, Section 4.5.3]) that can be useful in
many contexts and, for example, could provide a more direct construction of the marked
Brownian Web of [FINRO6]2. Moreover, this is the measure that gives the white noise

2The marked Brownian Web is built from a Poisson marking of the double points of the Brownian Web, i.e.
points from which two trajectories originate. As these points correspond to points in the skeleton of the dual
web, the marking is obtained by considering the Poisson random measure with intensity given by the length
measure on the dual web.
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arising in the construction of the Brownian Castle, which is also one reason why we do
not attempt to distort the tree in a way that could potentially lead to better compactness
properties.

At last, we mention that in [Ald93, Sec. 4.2], Aldous sketched the construction of
a random RR-tree corresponding to a mesh of the Brownian web as a limit of specific
approximations with nice exchangeability properties. His work builds on a very general
and rather “soft” construction, but provides relatively little information about the random
tree obtained in this way. (His random trees are tree-like closed subsets of ¢t so for
example even local compactness is not guaranteed.) On the other hand, the present
paper provides a global construction of the Brownian Web (in space-time, as opposed
to the one at fixed times of [GSW16]) as a random R-tree satisfying a number of useful
properties.

Many fascinating random IR-trees have been studied, such as Aldous’s CRT in [Ald91a,
Ald91b, Ald93], the Lévy and Stable trees of Le Gall and Duquesne and their connection
to superprocesses [DLGO05], and display interesting relations to important statistical
mechanics models, e.g. the Brownian Map and random plane quadrangulations [L.G13,
Miel3], the scaling limit of the Uniform Spanning Tree and SLE [Sch00, BCK17], just
to mention a few. As expected, the law of the Brownian Web as a random IR-tree is
different from those alluded to above (see Corollary 3.11 and Remark 3.13) but it would
be interesting to explore further this new interpretation in light of the aforementioned
works to see if extra properties of the Brownian Web itself or the Brownian Castle
of [CH23] can be derived.

1.2 Outline of the paper

In Section 2, we collect all the preliminary results and constructions concerning
R-trees which will be needed throughout the paper. After recalling their basic definitions
and geometric features, we introduce, for a € (0,1), the spaces II"SC;), of spatial R-trees,
and their “directed” subset Dg,. We define a metric which makes them complete and
separable, and identify a necessary and sufficient condition for a subset to be compact.
In Section 2.4, we compare the metric above and that of [FINR04], and show that the
former is stronger than the latter.

Section 3 is devoted to the Brownian Web and its periodic version [CMT19]. At first
(Section 3.1), we provide another characterisation of its law on IDS“p and determine some
of its properties as an IR-tree, such as box covering dimension and relation to [FINRO4].
Then, we state and prove a convergence criterion (Section 3.2) and, in Section 3.3, we
describe its dual and the so-called “special points”.

At last, in Section 4 we first show how to make sense of the graphical construction of
a system of coalescing backward random walks (and its dual) in the present context and
conclude by deriving its scaling limit.

Notation

We will denote by | - |. the usual Euclidean norm on R¢, d > 1, and adopt the short-
hand notation |z| = |z|. and ||z|| £ |z|. for z € R and RR? respectively. Let (.7, d) be a
metric space. We define the Hausdorff distance dy between two non-empty subsets A, B

of 7 as
di(A,B) = inf{e: A° C Band B° C A}

where A€ is the e-fattening of 4, i.e. A°={3; € J: dw € As.t. d(3,w) < }.
Let (7,d, ) be a pointed metric space, i.e. (7,d) is as above and x € .7, and let
M: 7 — R? be a map. For 7 > 0 and « € (0, 1), we define the sup-norm and a-Hélder
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norm of M restricted to a ball of radius r as

) de r) de M(3) — M(v)|e
D sy MG, (M E s I
3€Ba (1] 5.E By (+.1] (3, 1)

d(3,0)<1

where By(x,r] C 7 is the closed ball of radius r centred at %, and, for § > 0, the modulus
of continuity as

w(M,8) = sup  |M(3) — M(w).. (1.1)

3,WwEBG(*,7]
d(3,w)<é

In case .7 is compact, in all the quantities above, the suprema are taken over the
whole space .7 and the dependence on r of the notation will be suppressed. More-
over, we say that a function M is (locally) little a-Hélder continuous if for all » > 0,
lims_,o (570[0.)(7‘) (M, (5) =0.

Let I C R be a compact interval and D(I,R}) be the space of cadag functions on I
with values in R, = [0, c0), endowed with the M1 topology that we now introduce. For
f € D(I,Ry), denote by Disc(f) the set of discontinuities of f and by I'y its completed
graph, i.e. the graph of f to which all the vertical segments joining the points of
discontinuity are added. Order I'; by saying that (z1,¢1) < (z2,%2) if either ¢; < t2 or
t1 =ty and |f(t; ) —z1] < |f(t7) — x2|. Let Py be the set of all parametric representations
of Iy, which is the set of all non-decreasing (with respect to the order on I'y) functions
of: I — I'y. Then, if I is bounded, we set

B (F,9) Z1A inf oy = oyl

99

(with || - ||c denoting the supremum norm) and d$;, (f, g) to be a topologically equivalent
metric with respect to which D(I, R, ) is complete (see [Whi02, Sec. 12.8] for an example
of metric which makes the space complete). If instead I = [-1,00), we denote by f (®)
the restriction of f to [—1,¢] and define

dai(f,9) = / e (LA (FD,g1)) dt. (1.2)
0

which is well defined in view of Theorem 12.9.2 and eq. (9.1) in [Whi02].
At last, we will write a < b if there exists a constant C' > 0 such thata < Cband a =~ b
ifaSbandb < a.

2 Preliminaries

In this section, we gather all the results on R-trees which will be necessary in the
sequel. At first, we summarise some of their geometric properties.

2.1 [R-trees in a nutshell
Let us begin by recalling the definition of R-tree given in [DLGO05, Definition 2.1].
Definition 2.1. A metric space (7, d) is an R-tree if for every 31,32 €

1. there is a unique isometric map f;, ;, : [0,d(31,32)] = -7 such that f;, ;,(0) = 31 and

f31’32 (d(51732)) = 32,
2. for every continuous injective map q: [0, 1] — Z such that ¢(0) = 31 and ¢(1) = 32,

one has

Q([07 1]) = féhzﬁz([oa d<31a32)]) .
A pointed R-tree is a triple (7, *,d) such that (7,d) is an R-tree and x € 7.
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Remark 2.2. We do not call such spaces rooted because in the sequel we will also be
considering general metric spaces for which there is no notion of root.

For an R-tree (,d) and any two points 31,32 € Z, we define the segment joining
31 and 3, as the range of the map f;, ;, and denote it by [31, 32]. For every three points
31,32,33 € 7 there exists a unique point w € .7 such that [31,33] N [32,33] N [31,33] = {w}.
We call w, the projection of 3; onto [3;, %], for i, k, j distinct elements of {1, 2, 3} (see for
example [Chi01, Chapter 2.1] for basic properties of R-trees).

Definition 2.3. [CMSPO08, Definition 2] Let (7,d) be an R-tree and r > 0. A segment
[31,32] €  has r-finite branching if the set of points to € [[31, 32] which are the projection
of some point 3 € 7 onto [31,32] with d(3,w) > r is finite. An R-tree .7 is said to have
r-finite branching if every segment of . does.

Given 3 € .7, the number of connected components of .7\ {3} is the degree of 3, deg(3)
in short. A point of degree 1 is an endpoint, of degree 2, an edge point and if the degree
is 3 or higher, a branch point. The following lemma is taken from [CMSP08, Lemma 3].

Lemma 2.4. Let (7,d) be an R-tree, 3o € 7 and let .¥ be a dense subset of 7. The
following statements hold:

1. If 3 € 7 is not an endpoint for 7, then there exists w € . such that ; € [30, 0].
2. If . is a sub-R-tree of 7, i.e. (%, d) is itself an R-tree, then every point of 7 \ .
is an endpoint for 7.

Notice that the connected components of .7\ {3} are themselves R-trees, i.e. subtrees
of 7, and they are called directions at 3.

Definition 2.5. [CMSPO08, Definition 1] Let (7 ,d) be an R-tree, 3 €  and {7 : i € I},
where I is an index set, the set of directions at 3. Forr > 0, we say that .7; has length
> r if there exists w € 7; such that d(3,w) > r. The R-tree .7 is r-locally finite at 3 if
the set of all directions at 3 of length > r is finite, and it is r-locally finite if it is r-locally
finite at 3 for every 3 € .

An important notion for us in the context of R-trees, is that of end. To introduce it, we
follow [ChiO1, Chapter 2.3] (see also [Eva00, Section 2]). A subset L of an IR-tree .7 is
linear if it is isometric to an interval of IR, which could be either bounded or unbounded.
For ; € 7, we write L, for an arbitrary linear subset of .7 having ; as an endpoint and we
say that L; is a 7 -ray from ;3 if it is maximal for inclusion. We also say that rays L; and L;
are equivalent if there exists w € .7 such that L; N L;: is a ray from . The equivalence
classes of 7 -rays are the ends of .7. Clearly, every endpoint determines an end for .7
and we will refer to them as closed ends, while the remaining ends will be called open.
By [Chi0O1, Lemma 3.5], for every 3 € .7 and every open end } of .7, there exists a unique
 -ray from 3 representing T which we will denote by [3, 7). Moreover we say that { is an
open end with (un-)bounded rays if for every 3 € 7, the map i; : [3, ) — R4 given by

;;(r0) =d(3,w), wesT) (2.1)

is (un-)bounded.

We conclude this section by showing how the geometric structure of an R-tree
is intertwined with its metric properties. The following statements summarise (or
are easy consequences of) results in [ChiO1, Theorem 4.14], [BBIO1, Theorem 2.5.28]
and [CMSPO08, Theorem 2, Proposition 5].

Theorem 2.6. The completion of an R-tree is an R-tree and an R-tree is complete if and
only if every open end has unbounded rays. Let (7 ,d) be a locally compact complete
R-tree, then

(a) 7 is proper, i.e. every closed bounded subset is compact,
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(b) 7 is r-locally finite and has r-finite branching for every r > 0,
(c) 7 has countably many branch points and every point has at most countable degree.

2.2 Spatial R-trees

Now that we discussed geometric features of R-trees we are ready to study the metric
properties of the space of IR-trees. We will focus on the so-called a-spatial IR-trees, which
is a subset of the space of a-spatial metric spaces that we now introduce.

Definition 2.7. Let o € (0,1). The space of pointed «-spatial metric space Mg, is the
set of equivalence classes® of quadruplets ( = (7, ,d, M) where

- (Z,x%,d) is a complete, separable pointed metric space such that every bounded
closed subset is compact,

- M, the evaluation map, is a locally little a-Hélder continuous proper* map from
7 to R?. For any point 3 € 7, we define the projections M,;(3), M,(3) € R as
M(3) = (M(5), Ma(3)) € R

/

We identify ¢ and (' if there exists a bijective isometry ¢ :  — ' such that p(x) = *
and M’ o ¢ = M, in short (with a slight abuse of notation) ¢(¢) = ¢’. We denote by T,
the subset of Mg, whose elements ( are such that (.7, ,d) is an R-tree®.

Remark 2.8. We will also consider situations in which the map M is IR x T-valued,
where T = R/Z is the torus of size 1 endowed with the usual periodic metric d(z,y) =
infrez |x — y + k|. We denote by Mg, ,er the space of periodic pointed a-spatial metric
spaces.

In what follows, we will denote subsets of Mg, and Mg, ., with the same notation
except for the addition of a subscript “per”, standing for periodic, in the latter case. It
will always be immediate to see how the definitions, statements and proofs need to be
adapted in order to hold not only for the space § we are considering but also for its

periodic counterpart Sy, .

For any spatial metric space ( = (7, *,d, M), we introduce the properness map
b R — Ry, a map whose role is to “quantify” the properness of M. For r < 0, b¢(r) =0,
while for » > 0 we set

be(r) = sup d(x,3), (2.2)
3: M(3)EA,

where A, = [—r,7]? C R? and in the periodic case A, = AP = [—r 7] x T.

Lemma 2.9. Let a € (0,1) and ¢ = (7 ,*,d, M) € Mg,. Then, the properness map b¢
in (2.2) is non-decreasing and cadlag.

Proof. The function b, is non-decreasing by construction, so that at every point r > 0 it
admits left and right limits. To show it is cadlag, it suffices to prove that lim,, b¢(s) =
b( (7“)

Notice that, for every s > 0, since M is proper and A; is closed, there exists 35 €
M~'(As) such that b¢(s) = d(x,35). Let s,, be a sequence decreasing to r and, without
loss of generality, assume M (35,) € As, \ A,. Using the properness of M once again,
M~Y(A4,) is compact so that {35, }»», C M ~1(As,) admits a converging subsequence. Let
3 be a limit point. By construction, d(x, 35, ) > d(x, 3,) for all n, therefore d(*,3) > d(*, 3,).

3The collection of all quadruplets as described here is not a set, but since every metric space .7 in which
bounded closed subsets are compact has the cardinality of the continuum, one can see that the collection of
equivalence classes is indeed set-sized.

“Namely such that lime—0 sup;e r SUpg(; 37y<e 1M (3) — M(3")||/d(3,5')™ = O for every compact K and the
preimage of every compact set is compact.

5Note that by Theorem 2.6(a) in any complete locally compact R-tree, closed bounded subsets are compact.
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But M(3) € A, since M is continuous, so d(x,3) < d(*,3,). It follows that b, (s,) =
d(*,3s,) = d(%,3) = d(*,3,) = b, (r) which completes the proof of the statement. O

To turn IMg‘p into a Polish space, we proceed similarly to [BCK17], but we introduce
two conditions taking into account the Holder regularity and the properness of M
respectively. Recall first that a correspondence € between two metric spaces (7, d),
(J',d') is a subset of 7 x 7’ such that for all 3 € .7 there exists at least one 3’ € J for
which (3,3') € 6 and vice versa. The distortion of a correspondence € is given by

dis € < sup{|d(3,w0) — d'(3',w")| : (5,5), (w, ') € 6}, (2.3)
and allows to give an alternative characterisation of the Gromov-Hausdorff metric.

Leta € (0,1) and ( = (7, *,d, M), (' = (', +',d', M') € Mg,. Let € be a correspon-
dence between .7 and .7'. We set

c e 1 .
A E S disE+ sup [M() — M)

(3,3')€%6 (2.4)
+sup 2" sup  [ha(d(3,10)) 650 M — n(d (3, 0)) Oy w0 M|
neN (3:3"):(0,0")€G

where for every n, ¥, (z) = ¥(2"z) and ¢ is a smooth function bounded above by 1, which
is 1 on [1,2] and 0 outside [271, 4] (so that in particular its first derivative 9, is uniformly
bounded, modulo absolute constants, by 2). We can now define

AS(C¢) = AL, ) + da (be, ber) (2.5)
where dy; is the metric on the space of cadlag functions given in (1.2) and

ALG = nf ARG (2.6)

*')€EG
In view of Lemma 2.9, the metric above is well-defined.

Before proceeding let us comment on the summands at the right hand side of (2.4). As
we pointed out above, once we take the infimum over all the correspondences, the first
term gives us the Gromov-Hausdorff distance between (.7, x,d) and (.7, ', d") by [Eva08,
Theorem 4.11], which is a natural way to compare different metric spaces. The second
term just measures the sup-norm distance between the maps M and M’, while the third
is a generalisation of the usual a-Ho6lder metric. To make a comparison, if .7 = .7, the
latter can be easily seen to be equivalent to the more familiar sup; ¢ o d(3,10) (|05 0 M —
050 M ’ll. Now, in the present setting, we need to be able to measure the Holder distance
between functions which are not defined on the same space. The natural way to go
beyond the same metric space case is to use the only way we have to “connect” .7
and .77, i.e. the correspondence 6. Hence, we replace the supremum over 3,10 €
with that over couples (3,3'), (w,t0’) in €. On the other hand, we need to make sure we
are comparing the increments of M and M’ over points whose distance has the same
order. The functions ,,’s play exactly this role — they guarantee not only that this is
the case but further that d(3,w),d’'(3’, ") ~ 27™, so that we can substitute the d(3, )~
appearing in the classical definition, with 2™* ~ d(3,10)~*, d'(3/, ')~ .

Proposition 2.10. For a € (0,1), let M¢ (resp. T¢) be the subset of Mg, (resp. Tg)
consisting of compact metric spaces (resp. R-trees). Then, (M¢, Agp) is a complete
separable metric space and T¢' is closed in IM¢'.

Proof. We begin by verifying that A, is a metric. By definition, it is clearly non-

negative and symmetric. Concerning the triangle inequality, it holds for the second
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summand in (2.5) by [Whi02, Theorem 12.3.1], while for the first we argue as follows.
Let (1, ¢2, ¢3 € MZ, and 6; 2, 62 3 be two correspondences between .71, % and %, 3
respectively. Then, upon choosing

613 ={(31,33) € 71 x B : 32 € T such that (31,32) € Gr2, (32,33) € G235}

it is immediate to see that Aif”((l, (3) < Agflv2(§1, C2) + Agﬁﬁ(gg, (3), which easily
implies the triangle inequality for Agp.

In order to show that the metric is positive definite, notice first that Ag (¢,¢’) =0
implies AZ,(¢,¢") = 0 = di1(be, ber). Invoking [Whi02, Theorem 12.3.1] once more, we
immediately have that b; = b;. Hence, we are left to show that there exists a bijective
isometry such that ¢(¢) = ¢/, for which we argue similarly to [CHK12, Lemma 2.1]. Since
AZ,(¢,¢") =0, for every € > 0 there exists a correspondence 6° such that A‘Sfi ¢, ¢ <e.
Let T be a countable dense subset of 7 and let o°: T — 7' be such that (3, v°(3)) € 6°.
By construction,

|d(3i35) — d'(9° (i) " (3))l <e,  and  [[M(3) = M'(6°(3:))ll <e. (2.7)

Since ' is compact, we can find a subsequence in ¢ such that for all 3 € T, ¢°(3)
converges to some element ¢(3) € J'. By (2.7), we immediately deduce that ¢ is a
distance-preserving map on 7" such that, for all 3 € T, M(3) = M'(¢(3)). Further, by
reversing the roles of ¢ and ¢’ we can find a distance-preserving map v from .7’ to 7.
Since ¢ o v is an isometry from 7’ to itself and .7’ is compact, ¢ o ¢ must be bijective
(see [BBIO1, Theorem 1.6.14]), which then implies that ¢ is itself bijective and satisfies
e(¢) =¢".

We now show completeness. Let {(,}, be a Cauchy sequence in (Mg, Af)). As an
immediate consequence, the sequence {(.7,, ,,d,) }» is totally bounded in the space of
(pointed) compact metric spaces. Moreover, it is not difficult to see that

sup (| Moo +sup 2™ " w(M,,27 ™)) = C < 0o (2.8)

In order to construct the limit, we proceed as in the proof of [BBIO1, Theorem 7.4.15].
Notice that, since the sequence {(J,, *n,dn)}n is totally bounded, by [BBIO1, Theorem
7.4.15], for any ¢ > 0 there exists N(¢) such that, for all n, .7,, admits a finite e-net of
at most N(¢) elements. Now, we recursively set Ny = N(1) and N, = N1 + N(1/k),
and for each n we let S,, = {37'}; be a countable dense set of .7,, such that the first N
elements form a 1/k-net for .7, and 3 £ %,. Then, passing at most to a subsequence,
for every i, j, the limits lim,, . dn(37,3}), lim,— 00 My (3;') can be shown to exist via a
diagonal argument. Let .7 = {3:}: be an abstract countable set and define a semimetric
d and a map M on it, by imposing
d(3i,3;) = lim du(3f',37)  and  M(3) = lim M,(37) . (2.9)
We then set .7 to be the metric space obtained by taking the completion of .7, .7 being
the quotient space on 7 in which points at distance 0 are identified. .7 is a compact
metric space and is the Gromov-Hausdorff limit of .7,’s. It is also easy to see that M is
itself little a-Holder continuous and we let M be the unique little a-Holder extension
of M to the whole of .7. Further, the sequence {b¢, }» is Cauchy in the space of cadlag
functions endowed with the M 1-topology, and therefore converges to a cadlag function b
by [Whi02, Theorem 12.8.1 and Theorem 12.9.2].
It remains to show that {¢,}, converges to ¢ = (.7, *,d, M), where * = 3,, and

f

that b = b;. Let k € IN, N;, be as above and ¢ = 1/k. Set S5 = {37 : i < Ny},
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5S¢ = {3, : i < Ni} and notice that, as shown in the proof of [BBIO1, Theorem 7.4.15],
def

S¢ is an e-net for .7. Define (5 = (SZ, %, dn, M,,) and (¢ = (S¢, *,d, M). By the triangle
inequality, we have

Agp(Cv Cn) < Agp((a CE) + Agp(cea sz) + Agp( 7613 Cn) = Al + A2 + AS . (2.10)

Thanks to Lemma 2.12 below, A; and A3 are converging to 0 so that we only need to
control A,. For the latter, let G,, = {(3i,3%) : @ < Ni}. Then, (2.8) and (2.9) ensure that
the assumptions of Lemma A.1 are satisfied, so that also A; converges to 0. At last, since
AZ,(Cn, ¢) converges to 0, Lemma 2.15 immediately implies that b = b;.

For separability, note that according to Lemmas 2.12 and 2.15 below, any element { =
(7, *,d, M) € M% can be approximated in IM? by (¢ = (¢, x,d, M), where .7° C J is a
finite e-net of .7. Hence a countable dense set of M¢ can be obtained by considering the
set of metric spaces with finitely many points whose respective distances are rationals,
endowed with maps M which are Q?-valued.

To complete the proof of the statement, note that, as an immediate consequence
of [Eva08, Lemma 4.22], T is a closed subset of M. O

Remark 2.11. As pointed out in [BCK17, Remark 3.2], without the Holder condition in
the definition of Agp, the space of spatial metric spaces (IR-trees in their setting) with
the metric comprising only the first two summands at the right hand side of (2.4) is not
complete while, if we did not assume the function M to be little Holder continuous it
would lack separability. Indeed, note that the space of a-Hoélder continuous functions on,
say, R? endowed with the usual Hélder metric is not separable. On the other hand, the
subset of little a-Holder continuous functions (corresponding to the assumption made in
Definition 2.7) is the closure of smooth functions with respect to the usual Holder metric

and thus in particular it is separable.

Lemma 2.12. Let o € (0,1), ¢ = (T, *,d, M) € M%. Leté > 0, T C .7 be such that
*x € T and the Hausdorff distance between T and .7 is bounded above by ¢ € (0,1) and
define { = (T,*,d, M|T). Then

¢ ~ —a/2
AL (¢,0) S 67 Pw(M, V) (2.11)
Proof. The proof is provided in Appendix A. O

Let us now turn to the non-compact case. As we will only ever work with IR-trees, from
now on, apart when explicitly stated, we will formulate and prove the results directly for
T, This in particular will allow us to use a number of statements from the literature
which have been proved only for length spaces.

We begin by introducing a suitable metric on Tg,. For ¢ = (T ,*,d, M) € Tg, and any
r >0, let

¢ E (T w d, M©) (2.12)

where .7 (") £ By(x, ] is the closed ball of radius r in .7 and M (") is the restriction of M

to 7("). We define Ay, as the function on TS, x TS, given by

+o00o
BanlC)E [T e LA AL )] dr o+ dun (b b
0

=: Agp((,¢") + dm(be, ber).

(2.13)

forall ¢, ¢’ € Tg,.
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Remark 2.13. The presence of the term di (b¢, ber) in particular rules out the following
type of example. Consider the R-tree given by one infinite branch e embedded into R?
as [0,00) x {0}, as well as branches e,, for n > 1 that are embedded as [0,n] x {0} and
merge with e at (n,0). This tree lies in the completion of T, under Ay, but does not lie
in Tg,.

In general, properness guarantees that we cannot have a tree { = (7, *,d, M) € TS,
admitting a sequence of points 3, € Z such that |M(3,)| < 1 and d(3x,3m) > 1 for all
n,m. Indeed, since bounded subsets of .7 are precompact (by the definition of local
compactness), having a sequence such that d(3,, 3.») > 1 for all (m,n) guarantees that
lim,, o0 d(3n, %) = 400, s0 lim,,—, oo |[M (3,)| = 0o by properness.

Theorem 2.14. For any a € (0,1),

(i) Ay in (2.13) is well-defined on T;"p X TSC;, and is a metric,

(ii) the space (T, As,) is separable and complete.

We will first show point (i) and separability, then state and prove two lemmas, one
concerning the properness map while the other the relation between Ag and Ay, and a
characterisation of the compact subsets of Tg,. At last, we will see how to exploit them
in order to show completeness.

Proof of Theorem 2.14(i). We begin by proving that Ay, is well-defined on T, x Tg,-
Since (") and .7’ (") are compact as both .7 and .7’ are locally compact by assumption,
¢, "™ e T so that A (¢, (")) makes sense. To see that the first summand
in (2.13) is well-defined, we note that the map r — A, (¢, ¢’ (") is cadlag. Indeed, by
the triangle inequality we have

ALCUFD ¢ ) < AL C) + AL ¢ ) + AL, ¢ )
which, by switching the roles of r and r + ¢, immediately implies that
AL (), ¢ ) — AL, ¢ N < AL, ) + AL, ¢ ).

Since 7" and .7’ (") are closed by definition, it is not difficult to see that the Hausdorff
distance between .7("t¢) and .7 (") as well as that between .7’ (") and .7’ "+9) is going
to 0 as ¢ — 0. Hence, Lemma 2.12 implies that the right hand side is converging
to 0. For the existence of left limits instead, let (") £ (7(") « d M) be such that
() is the closure U5/>0§(T_5/) and M is the restriction of M to 7", and define
¢ = (g () & &' M (")) similarly. Then, replacing ¢(”) and ¢’ (") with () and ¢’ (") in
the argument for the right continuity, we can show that Ag (¢ (r=¢) ¢’/ (*=2)) converges to
AL, ¢ ).

We now prove that A, is indeed a metric. As in the proof of Proposition 2.10, we
only need to focus on the first summand in (2.13) and show it satisfies the axioms of
a metric. Positivity and symmetry clearly hold, while the triangle inequality follows
by the fact that it holds for A . For positive definiteness, we argue as in [ADH13,
Proposition 5.3]. Assume Ag (¢,¢') = 0. Then, since r — AZ (¢, ¢’ M) is cadlag,
AL (¢ (), ¢" (M) = 0 for every r > 0 and consequently there exists an isometry ¢, from
T to 7' (") for which ¢,.(¢) = (. For every n, k positive integers, let {3/""};<x, , be a
1/k-net of 7™ with 5g’k £ s and N, ;. < oo be its cardinality. Notice that, since for every
m > n, o, is distance preserving, the sequence {gom(gz“k)}mzn is bounded for every
n,k and ¢ < N, ;. Via a diagonal argument, it is then possible to find a subsequence
such that p(37") £ lim,, e @m(31°") exists for every n,k and i < N, . Clearly, ¢ is
distance preserving on {37"}, ».; and, for any n, k given ({37}, +.i) is a 2/k-net for

EJP 28 (2023), paper 102. https://www.imstat.org/ejp
Page 13/47


https://doi.org/10.1214/23-EJP984
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Brownian Web Tree

7' (") Hence, @({5?k}nkl) is dense in 7’ and since {3?”“}%;671' is dense in .7, ¢ can be
uniquely extended to a bijective isometry on .7. At last, the continuity of M and M’
imply M’ o ¢ = M which ensures that ¢(¢) = ('.

To show separability, given ¢ € Tg, and r > 0, let R = diam(M (7 ())). Then, the
definition of the metric implies Ay, (¢, (") < e " Ve %, so that any element of T, can
be approximated arbitrarily well by elements in T¢'. Since, in view of Proposition 2.10,
the latter space is separable, and thanks to Lemma 2.16 convergence in Agp implies
convergence in Ay, separability on Ty, follows. O

Lemma 2.15. Let a € (0,1), {¢u = (Fh; *n,dn, M) }nen be in T, (resp. M) and let
¢ = (J,%,d,M) be such that Ay, ((y,C) (resp. Ac(Cn,C)), converge to 0 as n — oo.
Assume further that for every r > 0 there exists a finite constant C' = C'(r) > 0 such
that

be, (1) < C', (2.14)

uniformly over n € IN. Then, M is proper; so that in particular ¢ € Tg, (resp. ¢ € Mg),
and dy (b, , be) converges to 0.
Proof. We only show the statement for {(,, = (95, *n, dn, Mp) bnen C Tg,, as the proof
does not rely on the R-tree structure of the metric spaces and the case of IM¢ is the
same but simpler.

We begin by proving that M is proper (which in the compact case is obvious). Let r > 0
be fixed and 3 € .7 be such that M (3) € A,. Then, by (2.14) and since Ag,(¢y,¢) — 0,
there exists R > 0 such that 3 € By(*, R] and for every n we have both that M, (A, ) C
By, (¥n, R] and that there exists a correspondence 6% between .7 (/) and F for which
en = Agff(g,(ﬁ’,g(m) — 0. Without loss of generality, we can take R > C'(r + 1) + 2,
so that, in view of (2.14), for every n, M, (A,11) C Bg,(*n,R]. Now, let 8Z be a
correspondence between .7(® and " such that ¢, & A;;@f(g,(,’{%((R)) — 0. Let
3n € 7" be such that (3,3n) € BE. Then, |M,,(3,)| <1 + &, so that, thanks to (2.14),

d(3,*) <be,(r+en)+2e, <C'(r+e,)+ 2e,,

which implies that M is proper. Hence, ¢ € Ty, and, by Lemma 2.9, b, is cadlag.

It remains to prove that b¢, converges to b;. [Whi02, Theorem 12.9.3 and Corollary
12.5.1] ensure that it suffices to show that b¢,(r) — b.(r) for every r at which b, is
continuous. Let r € Disc(b)¢, R > be(r) V C'(r) and 6% and ¢, be as above. Notice that

[be(r) = be, ()] = |be(r) = sup  dn(¥n,3n)| < ‘bc(r) - sup d(%3)| +en.
3n :Mn(ﬁn)EAr dn :Ain(én)eAr
(3:3n) €67 (3:3n)€%6,)

Now, for (3,3n) € Gn, if M(3) € A,._., then M,(3,) € A, while if M,,(3,) € A,, then
M (3) € Arye, which implies that

be(r —en) —be(r) < sup d(%,3) — be(r) < be(r+ep) —be(r)
3n 3Mn(3n)eAr
(3:3n)€Gn

from which the conclusion follows. O

Lemma 2.16. For any a € (0,1), the identity map from (T, Ag)) to (Tg,, Agp) is contin-

uous.
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Proof. Let {(,}n,( C T¢ be such that Agp(g‘n, ¢) converges to 0. In particular,
dwi (be, ,be) — 0 as n — oo so that we are left to show that lim,, Ag, (¢, ¢) = 0.

Let € > 0 and m € IN be such that 2"*w(M,27™) < e. Since Ag,((n,¢) — 0, for n big
enough, there exists a correspondence 6,, between .7 and .7, such that

sup |d(3,10) — dn(3n,10,)] <€, sup  |M(3) — M@Gn)l| <e.  (2.15)
(3,3n),(10,10,)€G, (3:3n)E€E€n

Let r > 0 be fixed. Our goal is to show that there exists a correspondence G, such that
the assumptions of Lemma A.1 are satisfied. Note that clearly, since Ag,((,,¢) — 0 we
have uniform bound on the modulus of continuity of Mr(f) and M) so that (A.1) clearly
holds. For (A.2), we proceed as in [BCK17, Proposition 3.4]. Namely, we define 6], as the
correspondence which contains the pair (3, 3,) provided that either 3 € .7(") 3, € F"
and (3,3n) € 65, Or 3, € %T) (resp. 3 € F()y and 3 (resp. 3,) is the closest point in
T ™) (resp. %T)) to 3’ (resp. 3,,) such that (3, 3,) € 6, (resp. (3,3,) € 6,). To be more
precise, since .7 and 7, are R-trees and in particular length spaces, we will take 3 to be
the point on the segment connecting * to 3’ such that d(x, ;) = r and similarly for 3.

Assume (3,3,) € 6! \ 8, is such that 3, € ,%L(T) and 3’ is as above. Then, by the first
bound in (2.15)

r+d(;,3) =d(x3) +d(3,5") =d(x,3") <d(*p,3n) +e<r+e,

which implies
d(3,3') <e. (2.16)

For (3, 3n), (0,10,,) € 6, N6, thanks to (2.15) there is nothing to argue. If instead, say,
(3,3n) € 6" \ 6, is such that 3, € 7 and 3’ is as above, by (2.16), we obtain

|d(5, m) - dn(ﬁm mn)‘ < d(ﬁvﬁ/) + |d(3/7 m) - dn(3n7 mn)l <2

and we can argue similarly if also (w,w,,) € €% \ 6,,. The bound on the difference of the
evaluation maps instead reads

1M (3) — My, (30) |l < ||5573’M|| + ||M(5/) — My (30)] < ||M||ocd(3a3/)a +ese”

where we used the a-Holder continuity of M. Collecting the previous bounds, we
immediately see that (A.3) holds, so that by Lemma A.1 Ag( 7([)7 ¢(") converges to 0 and
the statement follows at once. O

Proposition 2.17. Let o € (0,1) and A be an index set. A subset d = {(, = (T, *a,
do, M) : a € A} of T, is relatively compact if and only if for every r > 0 and € > 0 there
exist

1. a finite integer N(r;¢) such that uniformly over all a € A,
N, (7,7,€) < N(rie) (2.17)

where Ny, (%(T)7 g) is the cardinality of the minimal e-net in 7" with respect to
the metric d,,
2. a finite constant C' = C(r) > 0 and § = 6(r,e) > 0 such that

sup |M,||) < C  and sup 6w (M,,d) < e, (2.18)
a€A a€cA

3. a finite constant C' = C’(r) > 0 such that (2.14) holds uniformly over a € A.
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Proof. “<="Let {(, = (T, *n, dn, My)}n C 4 be a sequence satisfying the three proper-
ties above.

We want to extract a converging subsequence for {(,}, and construct the corre-
sponding limit point. The limit space is built as in [ADH13, Sections 5.2.1 and 5.2.2] so
we briefly recall the construction and try to follow the notations therein as closely as
possible. For r > 0, £, k € N and any 7, let 4, ,(.7,) = A \ %Tﬁ?ik) and ¢, = (27F,
By [ADH13, Lemma 5.4] and (2.17), there exists a 2~*~!-net of Ay, 1(.%,) with at most
N(41;27%=2) elements, let it be %), - Let Sp ;. be the union of Ay, () NG}, ; for
0 < k' < k, which is a 27%~1-net for Ay, 1(7,) whose cardinality is bounded above by
N(0g;27F=2) =30 N([£,27F12%;27%~2). As in [ADH13, eq. (5.3)], we write S} , as

Sp U {ka} = 50 u= (k,£,49) € Up, 1}

where Uy, , = {(k,£,i): 0 < i < N(£,;27%72)} and we set U to be the union of all the
U, 1 for k,¢ € IN.

Now, notice that, for every u,u’ € U, both the sequences {d" (37, 31)}» and { M, (37) }n
are bounded - the second claim following by the first condition in (2.18). Hence, via
a diagonal argument, upon passing to a subsequence, we can ensure that for every
u,u’ € U they converge. Let T = {3 }ucv be an abstract countable set and define a
semimetric d and a map M onit, by imposing

d(3u,3w) < lim dy(3i,a0)  and  M(z) = lim Ma(3) - (2.19)

We then set .7 to be the metric space obtained by taking the completion of .7, .7 being
the quotient space on 7 in which points at distance 0 are identified. [ADH13, Lemma
5.7] ensures that .7 is a length space, while we can see it is an R-tree as the four point
condition (see [Eva08, Definition 3.9 and Theorem 3.40]) can be immediately shown to
hold by (2.19) and the fact it holds for each of the .7,,’s. As in the first display in [ADH13,
Section 5.2.2], we set Ue-:,k to be the union of Ujy-x , for 0 < j < ¢, and

Sy e E{uiucU) ) and  SPLE{liueUl ) (2.20)

[ADH13, Lemma 5.6] ensures that, for every ¢, k, S , is a 27 %-net for .7 (“*), which in
particular implies that 7 is locally compact. Moreover, by condition 2. and the second
formula in (2.19), we have that M is locally little a-Holder continuous so that we can set
M to be the unique locally little a-Holder continuous extension of M to 7.

By condition 3. and Lemma 2.15, once we prove that Ay, (¢, ) converges to 0, where
(= (T, *,d, M) and * = 39 ), we are done.

To do so, let » > 0 and k € N be fixed and define ¢ = [2%7] and ¢ = 2%, Set
Chk = (S35 *, dny M) and ¢OF = (S{ 4 *, d, M). By the triangle inequality we have

c T T c r 4 c Ly L.k c Ok A0k
AL CM, ) <ALECM, ) + AL, CHF) + AL (CHF,¢hM)
5 (2.21)

+ AL (G ) + ALGW, ) = ) Ar
i=1

As we pointed out above SZk and SZ’,: are e-nets for .7 (“*) and %Z’“), respectively. Hence,
by Lemma 2.12 and (2.18), all the A;’s, for ¢ # 3, can be controlled by quantities which
are vanishing as k — oo, so that we only need to focus on As. For this in turn, the second
condition in (2.18) implies (A.1) while, upon choosing 6/, o (30 3u): u € UZ:k} we see

that (2.19) gives (A.2). Hence, the assumptions of Lemma A.1 hold, so that also A3 — 0.
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Since for every r > 0, Agp(g“), ,(f)) — 0, it follows that so does Ay, (¢, () and the
proof of “<—=" is concluded.

“=" Let o be relatively compact in Tg,. Then, property 1. holds by [BBIO1, Theorem
7.4.15], while property 3. by [Whi02, Theorem 12.12.2] on the necessary condition for a
set to be compact in the strong M1 topology on the space of cadlag functions. For the
second property, notice that since d is totally bounded, for any € > 0 and r > 0 there
exist n € N and {¢; : kK =1,...n} such that o is contained in the union of the balls of
radius e~ "¢/4 centred at (. Hence, if { € B((x, e "¢/4), then we have

AL, ) < ¢ (2.22)

which implies that there exists a correspondence 6 between .7 (") and ﬂk(r) such that
ASE (¢, C,gr)) < /4. Since ||Mc||%) < e/2 + || M, | by the triangle inequality,

sup [|Mc[|$) < £+ max || M, ||, (2.23)
Ced k=1,....n

oo — 4

and the first bound in (2.18) follows. For the others, let § > 0 and = € IN the largest
integer such that 27" < §. Then,

sup one sup ||wn(d(57 m))ézmeﬁ - wn(dk(ﬁk, mk))63k7mkMCk ”
n>n (3+3%),(10,10,)EB (2.24)
<sup 2 sup b (d(3, )80 Mc — Y (di (ks 108)) 85, 00 Mo, | < 5

n€N (3,3k), (0,10, )EC

so that, once again, the second bound in (2.18) can be obtained by applying the triangle
inequality and choosing the minimum ¢ for which sup,.,, s—w (M, ,8) <e/2. O

Proof of Theorem 2.14(ii). To prove completeness, it suffices to show that, if {(,}, is
a Cauchy sequence in Tg then the conditions of Proposition 2.17 are satisfied. Now,

if {¢,}n is Cauchy, then for every r > 0, {C,(f)}n is Cauchy with respect to Ag), which
implies that the sequence converges so that 1. holds in view of [BBIO1, Proposition
7.4.12], 2. can be seen to be satisfied by arguing as in (2.23) and (2.24), and 3. follows

by the fact that D([—1,00),R}) is complete with respect to dy;. O

We conclude this section with a lemma that will be useful in the construction and
characterisation of the Brownian Web. It guarantees that, under certain conditions, we
can build an a-spatial IR-tree inductively, by “patching together” pieces of branches.

Lemma 2.18. Let o € (0,1) and ¢, = (I, *n, dn, M,,) be a relatively compact sequence
in Tg,. Assume that for every n < m € IN there exists an isometric embedding ¢y, ., of I,
into J,, such that t, m(*n) = *m, tnk = Lmk © lnm fOrn < k < m and My, 0 tym = M,.
Then, the sequence ¢, converges to ( = (7 ,*,d, M) and for every n € IN there exists an
isometric embedding v, of 7, into 7 such that 1, (%) = *, ty, = Ly © tn,m fOr m > n and
M o, = M,,. Moreover, 7 £ U,, tn(F) is dense in 7 and M is the unique continuous
extension of M on 7, the latter being defined by the relation M o, = M,, for all n.

Remark 2.19. A similar statement was given in [EPWO06, Lemma 2.7]. The formulation
is a bit different since we do not have a common ambient space and the trees we consider
are spatial. One reason why we cannot directly reuse that result is that it is not clear
a priori that relative compactness in T, implies relative compactness of the images in
Un Iy, /~ with the natural equivalence relation induced by the consistency maps iy, »
(and part of our proof consists of showing that this is indeed the case). This is because
the optimal correspondence between .7, and .7, may differ from the one given by ¢y, 1.
Take for example the trees (7, %) = ([0,1],1/3) and (.7, %) = ([0,1/3],1/3). Then, for
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the natural correspondence € suggested by our notation, one has dis€ = 2/3, while
the correspondence € mapping = € .7 to 2 /3 —x €  is also an isometric embedding
but has dis® = 1/3. This shows that the condition in [EPW06, Lemma 2.7] assuming
that the (,, are Cauchy as subsets of a common space in the Hausdorff topology may a
priori be stronger than the relative compactness assumed here. (A posteriori it is not, as
demonstrated by the fact that 7 is dense in .7.)

Proof. We will limit ourselves to the case of 7, compact, the general case easily follows
from the definition of the metric Ag.

We begin by constructing the limit space. Let 7 = (| ], J,)/~, where ~ is the
smallest equivalence relation such that 3 ~ ¢y, (3) for every n < m and every 3 € 7,
and let x € .7 be the equivalence class containing all the x,. We define d on T xT
by setting, for ; € 7, w € F, with n < m, d(3,10) = d,,(tn.n(3), ), which is clearly a
metric on Z. Forn € N, let tn: Tp — 7 be the canonical embedding, which can be
easily seen to be an isometry such ¢, = ¢y, 0 Ly, for all n < m, and T = U, tn(T0). At
last, let M: .7 — R? be the map defined as M (3) < M, (.;'(3)) for 3 € 1,(Z,), so that
Mo tn = My,

We will first show that (9 ,%,d) is totally bounded and M is little a-Hélder continuous.
For the first, recall that, since the sequence (, is relatively compact in T, by point 1. of
Proposition 2.17, for every € > 0 there exists N(¢) € IN such that

sup Ny, (T, e) < N(e). (2.25)

We now make the following claim.

(C) for every € > 0 there exists n. € IN such that for all n > n. and 3 € ¢,,(.7,,) there is
w € v, () for which d(3,w) < e.

To prove (C), assume by contradiction that there exists £ > 0 such that the claim fails, so
that there exists a sequence 3, with 3, € ¢,(.7,) and such that d(3;,3;) > ¢ for all i # j.
Setting k = N () + 1, this yields a é-separated set for .7, whose cardinality is greater
than N (¢), thus yielding a contradiction.

We now show that 7 is relatively compact, i.e. that for every € > 0 it has a finite
e-net. Let £ > 0 be fixed, n. be as in (C), and S; be an e-net for .7,,_, which can be chosen
finite since .7,,_ is compact. It then follows from (C) that ¢,_(S:) is a 2e-net for 7.

To show the little Holder continuity of M, let 3,1 € .7 be such that d(3,w) < 4. Then,
there exist m,n, with n < m, such that j € +,(7,) C t;n () and w € 1,,(Z,,,), so that, in
particular, d,, (¢, (3), ¢} (t0)) = d(3,w) < J. Hence,

57 M(5) = M(w)|| = 67| My (e, (3)) — M (13," (1))

<6 w(My,0) <6 *supw(M,,,0) (2.26)
and, since {(, } is relatively compact by assumption, the right hand side converges to 0
as § — 0 in view of point 2 of Proposition 2.17.

We are now ready to construct the limit point {. Let .7 be the completion of 7 with
respect to the metric d, M the unique little Holder continuous extension of M to .7, and
set ( = (.7, *,d, M), which, by the above discussion, belongs to T, It remains to show
that the sequence {(,},, converges to (. We apply Lemma A.1. Condition (A.1) is implied
by (2.26), so that we only need to find a correspondence for which (A.2) holds.

For n > 0, we then set ¢, = inf{e > 0 : n. < n}, with n. as in (C), and we define
G, =1{(;,3) € 7 x T : d(n(3),3') < en}. This is a correspondence by the definition
of ¢, and one has dis6,, < ¢,. The second part of (A.2) follows from (2.26), so that the
proof is complete. O
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2.3 Directed R-trees and the radial map

As mentioned in the introduction, we would like to view the backward Brownian Web
as a flow. More specifically, at any time ¢ and position x, we want to be able to follow a
backward Brownian trajectory starting at x at time ¢. These trajectories will be encoded
by the branches of our IR-tree and should not be allowed to cross.

In the following definition we identify a subset of the space of a-spatial R-trees whose
elements possess a notion of direction in time and satisfy a monotonicity assumption,
both imposed at the level of the evaluation map M. Henceforth we use the following
shorthand notation. Given an R-tree .7, elements 39,31 € 7, and s € [0, 1], we write 3,
for the unique element of [30,31] with d(30,3s) = sd(30,31)-

Definition 2.20. For a € (0,1), we define the space of directed a-spatial R-trees, Dg, C
T, consisting of those elements ¢ = (7, *,d, M), whose evaluation map M satisfies the
following additional conditions®.

(1) Monotonicity in time. For every 30,31 € 7 and s € [0, 1] one has

Mi(35) = (My(30) — d(30.35)) V (M (31) — d(3s,31)) - (2.27)

(2) Monotonicity in space. Assuming (1) holds, for every s < t, interval I = (a,b) and
any four elements 30, 30,31,31 such that M;(30) = M:(30) =t, M(31) = M:(31) = s,
My (30) < Mz (30), and M ([30,31]), M ([30,31]) C [s,t] x (a,b), we have

M, (3r) < My (3r) (2.28)

for every r € [0, 1].
(3) There exists an isometry v,: Ry —  such that ¢.(0) = x and

Mi(1(s)) = My(x) — s. (2.29)

Note that (2) also makes sense in the periodic case if we restrict to intervals (a, b) that
do not wrap around the whole torus.

Remark 2.21. The first condition guarantees that geodesics are V-shaped and that the
“time” coordinate moves at unit speed. Together with the first, the second condition
enforces the statement that “characteristics cannot cross”. They are still allowed (and
forced, in our case) to coalesce but their spatial order must be preserved. The last
requirement says that the tree is oriented and has a direction which corresponds to the
direction of time, i.e. the characteristics move indeed backward in time.

Remark 2.22. We denote by If)gp the subspace of T, defined in exactly the same way but
with V replaced by A in (1) and in (3) the isometry ¢, such that ¢,(0) = % and M;(t.(s)) =

s — My(x) for s > M,(x). Note that ¢ = (7, *,d, M) — —C = (F,*,d,—M) € DZ, is an
isometric involution.

First notice that it is not difficult to show that the properties in the previous definition
are consistent with the equivalence relation in Definition 2.7, i.e. if there exists a
bijective isometry ¢ such that ¢ o { = ¢’ and ( satisfies the conditions above then so does
¢’. In other words, the space D¢, is a well-defined subset of Tg,. In the next proposition,
we study important properties of Dg,.

Proposition 2.23. Let « € (0,1). Then,

1. the set IDg, is closed in Tg,,

6Recall Definition 2.7 for the definitions of M; and M,,.
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2. any (= (T,x,d, M) € IDg, is such that 7 has a unique open end T which satisfies
My(w) = My(3) — d(3, ) . (2.30)
forallyj € 7 andw € [3,1).

Proof. We first prove that IDg, is closed. Let {¢("},, C IDg, be a sequence converging to
¢ € Tg,. Since ( is directed if and only if, for every R > 0, ¢ () is monotone and (3) holds
for every s € [0, R], and since A, (¢™®), (7)) — 0 for every R > 0, it suffices to restrict
to the compact case.

We start with monotonicity in time. Take 39,31 € 7, let 6,, be a sequence of corre-
spondences such that lim,, A;’;@” (¢™,¢{) — 0 and let 37 be such that (37,3;) € 6,. For
any s € [0,1], let 35 € .7 and 37 be defined as above. For every n, let 35(n) € 6,, be a
point for which (37,3s(n)) € 6€,. Then, by the triangle inequality and the definition of
correspondence, 3s(n) belongs to a compact ball centred at, say, 30. Hence, the sequence
{3s(n)}n is precompact. Now, for any limit point 3; € .7 we have

d(3i,3s) — d(3is35)| <|d(3i,3s) — d(3i,3s(n))] +
|d(3i,35(n)) — d" (37, 35)| +1d" (37 35) — d(3i+35)]
=|d(3i,3s) — d(3i,3s(n))] +
|d(3i,35(n) — d" (57, 35)| + fi(s)|d" (37, 37) — d(3i,531)]

where fy(s) = s while f1(s) =1 — s and in the last step we used the definition of 3, and
37. Now, all the terms at the right hand side are converging to 0, which implies that 3
must be such that d(3;,3s) = fi(s)d(30,31)- The point 5 is therefore unique and given by
3s, so that the sequence {35(n)}, converges to 3s. It then follows that

Mi(3s) = lim My(5s(n)) = lim M{(55) -

Since furthermore lim, o d"(37,37) = d(30,31) and lim, . M (37) = M.(3;) by the
definition of Agl’)%", the claim follows.
Regarding monotonicity in space, we perform the same construction, whence we get

M, (35) = nhﬂngo M (35) < nlggo M (35) = My (3s)

as required.

For the last property, let s € [0, R] and 37 € .7 be such that (:7(s),3s(n)) € ™. Then,
arguing as above, there exists 35 € 7 such that d(35(n), 35) converges to 0 as n — oo,
which, as (%", %) € 6", satisfies

d(*,535) = lim d(x,35(n)) = lim d"(+",12(s)) = s.
Further, by continuity of M, M;(35(n)) and M, (*™) respectively converge to M;(3s) and
M, (*), we also have
Mt(ﬁs) = Mt(*) - S.

Therefore, upon defining the map ¢, (s) ] 3s, we immediately have that ¢, is an isometry
and satisfies (2.29).

We now move to the second part of the statement. The third property in Defini-
tion 2.20 implies that any directed R-tree ( = (7, *,d, M) is unbounded, since M is
continuous and .7 is complete. Therefore, .7 must have at least one unbounded open
end. By property (3), the isometry ., is such that L, = t«(R4) is an unbounded ray in 7.
As ends are equivalence classes of rays, let T be the unique (necessarily) open end such
that L. = [*, ). Now, (2.29) implies that (2.30) holds for 3 = x and any w € [*,1). It then
suffices to apply the monotonicity in time, i.e. property (1), to see that it must hold for

any ;3 € 7. O
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Thanks to the previous proposition, we can introduce, in the context of directed trees,
the radial map. This is a map on the R-tree that allows to move along the rays.
Definition 2.24. Let o € (0,1], ( = (7,*,d,M) € IDg, and t the open end with un-
bounded rays such that (2.30) holds. The radial map o:  x R — 7 associated to ( is
uniquely defined by postulating that

0(3:8) € [3:1) . Mi(0G,s)) =sANM3) . (2.31)

If instead ¢ € ]Dgp, the radial map ¢ is defined in the same way but with V instead of A.

2.4 Alternative topologies

Before detailing our alternative construction of the Brownian Web, we show how the
topology introduced above relates to that of [FINRO4]. To describe the latter, let first le
be the completion of R? with respect to the metric ¢ in [SSS17, eq. (6.1)] given by

tanh(zq)  tanh(zo)

t1,21), (t2, 22)) = | tanh(t1) — tanh(ts)| V —
o((t1, 1), (t2,22)) = | (t1) (t2)] Ty T+ 6]

for all (t1,21), (t2,72) € R%. (See [NRS15, Fig. 3] for a cartoon illustrating the geometry
of the resulting compactification of R?.) A backward path 7 in IR? with starting time
Or € [—00,00] is a continuous map R > ¢ +— (¢, 7(t)) € R? with 7(t) = 7(0,) forall t > 0.
We define a metric d on the space II of such paths by

dn (71, 72) o |tanh(oy, ) — tanh(o., )|V sup tanh(m (1)) — tanh(ma(t))

(2.32)
t<om Aow, | LA L |t

for all 71, w9 € II. Since (II, dyy) is a Polish space, so is the space # of compact subsets of
II endowed with the Hausdorff metric (see [SSS10, Lemma B.2]).

Let a € (0,1), ¢ = (J,%,d,M) € Dg,, and g, (’s radial map defined according
to (2.31). For 3 € .7, define

m,(t) = My (o(3,t)),  forallt < M(3). (2.33)
Since ; € II by continuity of M, we have a map
D >(¢( K() ={m 37} Cl, (2.34)

where the bar denotes closure with respect to the metric in (2.32).

Proposition 2.25. Let a € (0,1). For every ¢ € Dg,, K(¢) is compact and the map
¢ = K(() is continuous from IDg, to % .

Remark 2.26. Defining I and % in the same way, except that now =(t) = 7(o,) for
all t < g, and < is replaced by > in the right-hand side of (2.32), we also have a map
K: 1]5§p — % given by K(¢) = —K(—¢).
For the proof of the previous proposition we will need the following two lemmas. For
the first, define
NfE{(rell:3t<o,st (t,7(t) € [-R,R*},

and, for 7 € II, write 7' € II for the stopped path such that

m(R) ift>R,
Onr =0g , ) =< w(-R) ift<—R,
mw(t)  otherwise.
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Lemma 2.27. Let & be a subset of IT and, for R > 0, let &% c TI be defined as
/REE (7f . 1 e ANTIE}. (2.35)
If for all R > 0, the family of paths in R% is equicontinuous then R is relatively compact.

Proof. Our main ingredient then is the fact that, since |1 — tanh R| < e~ %, one has the
bounds

x >R = o((t,x),(t,0)) <e B Vt,

r<—-R = o((t,x),(t,—o0)) <e B Vvt, (2.36)
2

2R = olte)ty)< 5 Yoy

Writing 7~ for the path with 0.+ =tand 7 (s) = +oo, it follows that for every « € II
and every R > 1 one has dy(m, ') < 2/R. If furthermore « ¢ II%, then d (7,7} ) A
dn(m, 7, ) <2/R.

It remains to note that, given ¢ > 0, we can cover &£/ with finitely many balls of
radius £/2 by Arzela-Ascoli, so that R N I1¥ is covered by the balls with same centres and
radius . The complement of II” on the other hand can be covered by finitely many balls
of radius ¢ centred at elements of type 7 for t € eZ N [—4e~1,4e71]. O

The next lemma highlights the fact that if two directed trees are close then also the
respective rays must be close in a suitable sense.
Lemma 2.28. Let « € (0,1) and (1, (2 € Dg,. Letr > 0 and assume there exists a

correspondence € between 7" and 7" such that Agg@(g{”, ¢{") < e for some £ > 0.
Let (31,32) € € and define a new correspondence Cy¢ as
Ce =B U{(01(31,9), 02(32,8): —7 <5< My(31) A May(32)} (2.37)

Then,

1 . — r) _a
5 disCe + sup [|Mi(3) — Ma(5)] Se+[Mif|Qe
(3:3)€C%

Proof. Let (31,32) € € be as in the statement and —r < s < M (31) A M2,4(32). Let

3s € 71 be such that (35, 02(32,5)) € €. Notice that for any (o1, tv3) € 6, by the triangle

inequality and the assumption A& ( ) 7y < &, we have

|di(01(31,5),101) — d2(02(32,5),102)| < d1(3s,01(31,5)) +dis6 < dy(3s,01(31,5)) + 2¢

which means that we only need to focus on d; (35, 01(31, s)). Now, if o(31, s) belongs to the
ray starting at 35, by (2.30), we have

di1(3s,01(31,8)) = M1,4(3s) — M1,t(01(31,8)) = Mi14(35) — 5 < M2 (02(32,5)) +e—s<e.
Otherwise,
di(3s,01(31,5)) = d1(3s,31) — d1(31,01(31,5)) < da(02(32,5),32) + € —di(31,01(31,5))
= Mgﬂt(jg) —S+e— Ml,t(ﬁl) + s < 2¢.
Therefore, we immediately conclude that disCy < 4e. Concerning the bound on the
evaluation maps, we have
M1 (01(31,8)) — Ma(02(32, )| <[[M1(01(31,5)) — Mi(3s)
+[[M1(35) — Ma(02(32,9) | S M| + &

where we exploited the Holder continuity of M, the bound on d; (35, 01(31,5)) and the
fact that (35, 02(32, s)) € 6. The conclusion follows at once. O
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We are now ready for the proof of Proposition 2.25.

Proof of Proposition 2.25. Let ¢ = (7,%,d, M) € Dg, and K(() be as in (2.34). By
definition, M~!(Ar) C By(x,b:(R)] and, since .7 is a tree, if 3 € By(*,b:(R)] then
0(3,8) € By(x,be(R)] for all s € [-R, M,(3)]. Moreover, M is a-Holder continuous on
Ba(*,b¢(R))], therefore K (¢)F as defined in (2.35) consists of equicontinuous paths and
Lemma 2.27 implies that K(¢) € %.

Let now {¢" = (I, %",d", M")}, C D, be a sequence converging to ¢ € IDg, with
respect to Ag,. In view of Proposition 2.17, the evaluation maps M" are uniformly
proper and have uniformly bounded a-Holder norm when restricted to balls of fixed size.
Hence, arguing as above, we see that U, K (¢™) is relatively compact in IT which, thanks
to [SSS10, Lemma B.3], implies that the sequence {K(¢™)},, is relatively compact in #
with respect to the Hausdorff topology.

It remains to show that K ({™) converges to K ({) in #. By [SSS10, Lemma B.1], we
need to prove that for every 7; € K(() there exists a sequence 7;, € K((") such that
dn(my, 75, ) — 0, and that, if {r;, }, is a sequence such that 7;, € K((,), then any of its
cluster points 7 belongs to K ().

We begin with the first. Let 3 € . and ¢ > 0. Pick C > 0 big enough so that
3 € Bu(*,C] and sup,, ben(e7!) < C. Let n be sufficiently large so that there exists a
correspondence 6, between By(x,C] and By (+", C] with A e (¢(D) (™ (D) < e, Let
3n € Bgn(x™,C] with (3,3,) € 6, and define 7; and 7, as in (2.33). Since |M;(3) —
M} (3,)| < ¢, it follows that | tanh(o,) — tanh(o,, )| <e.

To estimate the distance between 7;(s) and m;, (s) for s < o, Ao, , we first consider
the case s > —¢~!. Since C is large enough so that ¢"(3,, s) € Ba» (*", C], we can apply
Lemma 2.28 and get

I7m5(8) = 75, (8)] = | Ma(0(5,8)) = M7 (0n(3ns 8))| S €+ | M| (2.38)

L we use again the last bound of (2.36). Combining these bounds, we obtain

For s < —e~
dn (75, 75,) S €.

We now turn to the second. Let {7, }, be a sequence such that 7;, € K((,), ™ be
one of its cluster points. Passing at most to a subsequence (which we will still index by
n) we can assume dr(m;, ,7) converges to 0. Our goal is to show that there exists 3 € 7
such that 7 = 7;.

Let R be big enough so that for all n, 3,, € Bg, (*,, R], which must exist since the
evaluation maps M™ are uniformly proper and 7;, converges in d;. Moreover, since 7"
is a directed R-tree, 3,, € By, (*,, R] implies that for every t € [~ R, M (3,)], 0n(3n,t) €
Ba, (%, R]. Let R > R and 6, be a correspondence such that lim,, Agé (¢, ¢ (B)) =
0. Since 3, € By, (%, R] and " is a directed R-tree, for every ¢t € [—R, M{*(3,)],
0n(3n,t) € Ba, (%o, R]. Hence, for n € N and t < M (3,) A 0, there is 3;(n) € 7 such
that (0n(3n.1),3:(n)) € €. As AL (¢, (™)) and di(r;,, ) converge to 0, for any
s,t > —R we have

11717:11 |d(5t(n)735(n)) - dn(@n(ﬁn, t), Qn(ﬁn, 3))| =0 (2.39)
i V(30 (1)) — M (g (3. )] = 0 = lim [ M, o)) — 7() | = 0. (2.40)

For every t € [—R, 0], the set {3:(n)}, C Ba(*, R] is bounded, and therefore relatively
compact. Hence, via a diagonal argument, we can find a subsequence in n such that
for every t in a countable dense subset D of [~R, o] containing o, 3:(n) converges
toz € U, Let 3 £ 3, and note that by (2.40), for every t € DF M, (3;) = =(t) and
M;(3:) = t, so that in particular M, (3) = 7(0) and M;(3) = o.. We now want to show that
3t = 0(3¢), which in turn, since ( is a directed R-tree and by the definition of the radial

EJP 28 (2023), paper 102. https://www.imstat.org/ejp
Page 23/47


https://doi.org/10.1214/23-EJP984
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Brownian Web Tree

map o, follows if we prove that d(3,3:) = d(3, 0(3:)). To see this latter point, note that
by (2.30) and (2.31), we have

d(3, 0(3,1)) = My(5) =t = lim M (50) — £ = lim d (3, 0" (3 1)) = d(3,531)

where the last step follows by (2.39). As a consequence, we have shown for every ¢t € Df‘,
m(t) = My (3:) = M, (0(3,t)) = m;(¢), so that the same equality holds for any R, as R was
arbitrary, and ¢, by continuity of m and M. Therefore the proof is concluded. O

In general, we cannot expect the map K to be injective. Indeed, there is no mechanism
that a priori prevents different branches of the tree to be mapped via the evaluation
map to the same path.

In the following definition, we introduce a (measurable) subset of IDg‘p whose elements
satisfy a condition, the tree condition, which allows to distinguish two rays in the tree
based on their images under the evaluation map.

Definition 2.29. Let a € (0,1). We say that ( = (7,*,d, M) € Dg, satisfies the tree
condition if

() for all 31,32 € 7, if M(31) = M(32) = (t,x) and there exists ¢ > 0 such that
M(0(31,8)) = M(0(32,5)) forall s € [t — e,t], then 31 = 32.

We denote by IDg,(t), the subset of DS, whose elements satisfy (t).

Condition (t), guarantees that different rays on the tree under study are mapped, via
the evaluation map, to paths which cannot agree on any open interval up to the time they
coalesce. Alternatively said, (t) is equivalent to requiring that M is segment-injective, i.e.
that if two segments of positive length have the same image under M then they coincide.
More precisely, the segment-injective property is

() if 31,32,31,35 € 7 such that d(31,32) A d(31,35) > 0 satisfy M([51,32]) = M([51,32]).
then [51,52] = [51, 35]-

It is not difficult to construct examples of directed trees for which (t) does not hold,
while it clearly does if the evaluation map is injective. However, we cannot expect the
evaluation map of the Brownian Web to be injective because of the presence of special
points from which multiple trajectories depart (see Section 3.3). In the following lemma,
the proof of which is immediate, we provide a less trivial example.

Lemma 2.30. Let a € (0,1) and ( = (7, x,d, M) € Dg,. If there exists a dense subtree
T of 7 such that (T, *,d, M|T) satisfies (t) then so does (. Moreover, the subset of DS,
whose elements satisfy (t) is measurable with respect to the Borel o-algebra generated
by Agp in (2.13).

Proof. The first part of the statement follows by Lemma 2.4 point 2. For the second, it
suffices to observe that the set ]Dg‘p(tn_l) C "Il"s‘;, n € IN, whose elements are such that (t)
holds for e = n~", is closed and clearly D, (t) = UpenIDZ, (t,-1). O

We conclude this section by showing that on IDg,(t), K is indeed injective.
Proposition 2.31. Let a € (0,1) and IDg,(t) be given as in Definition 2.29. Then, the
map K in (2.34) is injective on IDg, (t).

Remark 2.32. Even though the map K is injective on IDg, (t), it is not on any open subset
of Dg, and the set IDg,(t) is not closed. To see this, let ¢ = (7, ,d, M) € Dg,(t). Now,
add to .7 a branch of arbitrary finite length and impose that the image of the new branch

via the evaluation map is contained in M (7). We can clearly do so in such a way that
the new spatial-tree (’ is again directed.
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Now, ¢’ does not satisfy condition (t), K (¢{) = K(¢’) and upon tuning the length of the
extra branch, we can make it arbitrarily close to (.

Proof. Let ¢, (" € IDg, be such that (t) holds and K(¢) = K(¢’). Then, forall 3 € 7
there exists a unique element ¢(3) € .7’ such that 7; = 7,(;) and therefore not only
M(3) = M'(¢(3)), but M(o(3,s)) = M’ (' (3, s)) for all s. To show that ¢ is the required
isomorphism, assume by contradiction that there exist 31, 320 € Z such that d(31,32) #
d'(o(31),¢(32)) and let 5, § < M;(31) A M(32) be the first times at which o(31, 3) = 0(32, 5)
and 0'(¢(31),8) = 0'(¢(52),5') respectively. Since d(31,32) # d'(#(31), ¥(32)) we have
5 # § so that, without loss of generality, we can assume 5 > §'. Since .7 is a tree, we
must have

M'(¢'((51),5))) = M(0(31.5)) = M(0(32,5)) = M'('((32),5))) Vs €[s,5],

which, by (t), implies that ¢'(¢(31),3) = 0'(¢(32), 5). Hence, d(31,32) = d'(©(31), ¥(32)) and
we reach the required contradiction. O

Remark 2.33. In the periodic case, let I, be the set of backward periodic paths
endowed with the metric d%er whose definition is the same as in (2.32) but in the second
argument of the maximum the inner metric is replaced by the periodic one, i.e. for
m1, To € ey and t < on, A 0r,, we take infrez |1 (t) — m2(t) + k|. Let Hper be the set of
compact subsets of II,., with the Hausdorff metric. Then, Propositions 2.25 and 2.31

remain true, which means that the map K : Dg, ., — #per defined as in (2.34) is
continuous and its restriction to D, .. (t) is injective.

3 The Brownian Web Tree and its dual

Here, we provide an alternative (and finer) characterisation of the Brownian Web so
to be able to view it as a directed spatial R-tree.

3.1 An alternative characterisation of the Brownian Web

In this section, we will build both the standard (or planar) backward Brownian Web
and its periodic (or cylindric) counterpart as given in [CMT19]. Since the two con-
structions are almost identical, we will mainly focus on the first and limit ourselves
to indicate what needs to be modified in order to accommodate the second (see Re-
marks 3.1, 3.7, 3.9).

Consider a standard probability space (2, &, IP) supporting countably many indepen-
dent standard Brownian motions {W,f }ren starting at 0 and running backward in time,
i.e. from 0 to —co. Fix a countable dense set D = {z, = (ts,z;) : k € N} of R?, with
zo = (0,0). Then, build inductively a family of coalescing backward Brownian motions
{wik }ren such that 7T‘2Lk starts at xzj at time ¢;. As in [FINRO4, Section 3], one way to do
so is to set 7}, (t) = W (t) and then define ¥ (t) = ), + Wy (t — t;,) for all 7, < t < ty,
where 7 is the largest value such that xj, + W]j(Tk — tx) = 7%, (7)) for some ¢ < k, and
for t < 7, 7, (t) = m¥,(t). The construction guarantees that even though ¢ may not be
unique, the definition of wi is.

For every n € N, let 7}(®) £ {(t,n}) : t < tyx, k < n} and F%(D) be the space
defined as before but in which & is free to range over all of N. Now, for n € N = NU{oc},
consider the equivalence relation ~ on .7}(®), given by

(t,7},) ~ (t,7%,) if and only if 7¥,(s) = 7} (s) Vs <t (3.1)

Zi j
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fort <t; At; and 4,j < n. We now introduce (}(D) = (ZH(D), ¥+, d*, M}?), as

THD) E Tu(D)/ ~,

n

3.2
t+s)—2¢t¢§(7ri ﬂi), (3.2)

5 zir N zj

My ((s,m8), M2 (s, 8)) (5,78, (5)),

23 Zi

def

where i, j < n and, in the definition of the ancestor metric d*, 7}, (r*, m) = sup{r <
tAs:mh(r)= Wﬁj (r)}.

Remark 3.1. The construction in the periodic setting is analogous. Indeed, it suf-
fices to replace the family of backward Brownian motions { By}, with a family of peri-
odic ones defined via By*™ % By mod 1, take a countable dense set BP" = {wy;, =
(skyx) @ k € N} of R x T, build {75 *},cn as before and define (ho+(@Per) =
(FPerh (D), x4, db, MPer 2" 1) as in (3.2).

The construction above readily implies a number of properties each of the Cﬁ(@b)'s
enjoys. Indeed, for every n € IN finite, (}(9) is a spatial R-tree which is monotone in
both space and time, and it further satisfies property (3) in Definition 2.20 as can be
readily seen by setting ¢,: Ry — 7}(D) as t.(s) = (s, wé). Moreover, as a consequence
of the fact that Brownian trajectories are o/-Hélder continuous for any o/ < 3, M}®
is little a-Holder continuous for any « € (a/,1/2). In other words, for every n € IN,
(;(2) € Dg,. In the next proposition, we will show that the sequence {(} (D)}, is not
only tight in Tg, for any o < 1 /2, but it actually converges to a unique limit in Dg, which
can be explicitly characterised starting from (¥ ().

Proposition 3.2. Let @ be a countable dense of R? containing (0,0) and, for n €
N, let (H(D) = (THD), +4, db, M}?) be defined according to (3.2). Then, for ev-
ery a < 3 the sequence {(}(2)},en converges in TS, to a unique limit (H(D) =
(THD), x+, db, M+?)e D2, where .74(D) is the completion of 75(2) and M*? is the
unique continuous extension of M¥;? to all of 7+(D).

Moreover, for any fixed 6 > % and all r > 0 there exists a random variable ¢ = ¢(r) €

R depending only on r such that for alle > 0
Ny (T4 (D), e) < e, almost surely, (3.3)

where Ny (74 (") (D), ¢) is defined as in (2.17), i.e. it is the cardinality of the minimal
e-net in I+ (") () with respect to d*.
At last, almost surely M%? is surjective and (t), given in Definition 2.29, holds.

Proof. We fix & once and for all for the duration of this proof and therefore suppress its
dependence in the notation. By construction, the sequence {(}},, of a-spatial R-trees
is such that for every n € N, ¢} is embedded into C}LH, and, as argued above (} € Dg,.
Hence, Lemma 2.18 and part 1. of Proposition 2.23 guarantee that, provided that the
sequence is tight in TS, it converges to a unique ¢+ = (74, ", d", M*) € DZ, which
further satisfies (3.3), M+ is surjective and (t) holds.

Since every (! is canonically embedded in ¢, = (7%, x4, d¥, ML), if we show that,
almost surely, Z)ﬁ (which is an R-tree and hence, by Point 2 in Theorem 2.6 so is its
completion) is locally compact and MY, is proper and uniformly little a-Hélder continuous
on bounded balls, then we have a bound uniform in n on both the size of the s-nets of
balls in .7+ and the local modulus of continuity of M}, so that tightness of the sequence
follows readily from Proposition 2.17.

Let r > 1. We start by introducing an event on which T (") is enclosed between
two paths. Let R > r, Q% be two squares of side 1 centred at (r 4+ 1,+(2R + 1)) and
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2+ = (t*,2%) be two points in & N Qﬁ, respectively. By the non-crossing property of our

coalescing paths, on the event

Er d—ef{ sup |7r$(s)\ <R, sup \Wii(s) — xi\ < R} (3.4)
0>s>—r tE>s>—r

any element (s, 7}) € 7 ") with 2 = (t,x) € D is necessarily such that s € [—r,t A 7]
and 7Ti'_ (s) < mi(s) < Wi+ (s). Moreover, by the reflection principle, we have

P(ES) < clge*’%f (3.5)

where EY is the complement of Er in (), and (' is a positive constant independent of r
and R.

Now, in order to show that, almost surely, 902 ) is relatively compact, note that we
can brutally bound

P(3e € (0,1] : Na(T ,e) = Ke™?) < Y P(Na(F 7, 277) > K2/ 1)

n>1

The following lemma implies (3.3) (and in fact that P(c¢ > K) < 1/ VK) and consequently
relative compactness.

Lemma 3.3. There exists a constant C = C(r) > 0 such that

P(Na(T% M, e) > Ke™3/%) < \/% (3.6)

uniformly overe € (0,1] and K > 1.

def

Proof. Let R > r and set R = 3R + 1. For to,t1 € R, to > t1, we define
Snlto 1) 2 {ols,11) : ML) > to and MY (o6, 10) € [FR. B} B.7)

where g is the radial map of .7, { defined as in (2.31), and set nr(to, t1) to be the cardinality
of Zr(to, tl) By the definition of 7 4, n%(to,t1) has the same distribution as the quantity
fi(to, t1; R R) of [FINRO4, Definition 2.1], which is almost surely finite by [FINRO4,
Proposition 4.1].

Consider the numbers L. and the times t; given by

=) 8 €]
Ld_f[ﬂﬂ e —ki, k=0,... L —1, (3.8)
where, for € R, [z] is the least integer greater than . We now claim that, on the event

ER,
Lo—1

Z (15, 11 (3.9)

Indeed, if (¢,7}) € ﬂoﬁ ") for some t € R and 2 € 9, then by definition of the met-
ric t € [-r,r] and 7Ti'_ (t) < 7wHt) < wi+(t), since we are on Er. Then, there ex-
ists k € {0,...,L. — 1} such that t € [t ,t;] and, consequently, a unique element
3€E R(tk+1, tx+2), necessarily belonging to ,%ﬁ’ (T), such that, by the coalescing property,

o((t,m}), 15 5) = 3. Since d*((t,7}),3) < /2 < &, (3.9) follows. Therefore, we obtain
PN (T ™) 2) > N) SIP(EIC%U{Zn £ 15.) >N}) (3.10)
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E N 1 = R/ 4e C \/; B2 C LER

< P(ET - E <O Y—e 3 et

<P(ER) + kZ:1 [ (th thr)] < 1 ¢ +2\ﬁN’

for some constant C5 > 0, where the last inequality follows from [SSS17, Proposition
6.2.7]. Setting N = Ke—3/2, it suffices to choose R = V'K to obtain (3.6). O

We now focus on the Holder continuity of the map Mio L%ﬁ’ ) In this case, it suffices
to show that

lim sup P (sup{|| ML, (3) = ML G| : 3,5 € T st dH(3,5) <e} <e”) =1, (3.11)
e—0

for any fixed o < 1/2 (then taking at most an even smaller o one deduces the little
Holder property). We claim that, on the event Fy, Mio [ﬂoﬁ’ (") is a-Hblder continuous
provided that the paths 7!, 2 € 9, restricted to the box A, z = [, 7] x [~ R, R] satisfy a
suitable equi-Holder continuity condition. The latter can be stated in terms of a modulus
of continuity of the form (see also the proof of [SSS17, Theorem 6.2.3])

L () E sup{|ri(s) — 7t (t)| : 2 €D, MY (s, 7)) € Arg, t € [5,5+¢€]}

for e € (0,1). Indeed, on Eg, assume ¥,  (¢) <e%/2 and let (s,m8), (¢, wi,) e 7™

be such that d*((s, 7}), (t,7%,)) < e. Then, necessarily, M (s, 7}), ML (s,7%) € A, r and
both s — Ti (7t wi,) and t — Ti (7t wi,) < . Therefore, by the coalescing property,
1ML (s, wh) = ME (s, 75| = [k (s) = 7 ()] V [t — s
< (Imd(rd (ks wh)) = mb(o)] + Ik (e, wh)) = b (O]) V [t = 5] < &

zr g

The following lemma concludes the proof of (3.11).

Lemma 3.4. There exists a constant C = C(r) > 0 such that

e* 2a—1

c _
IP<\I/yot7RJ.(5) > ?> < 52“7%8 € (3.12)

uniformly overe € (0,1].

Proof. We proceed similarly to what was done in the proofs of [FINRO4, Proposition B.1

and B.3] and in [SSS17, Theorem 6.2.3]. We introduce the grid G; = {(ne,me*/4) :

m,n € Z}NA, r. Forany zy = (to, zo) € G;. r, we define the rectangles R = [to+e/4,to+

/2] x [zg — 7e® /32,29 — 5e*/32] and R}, = [to +¢/4,to — /2] x [xo + 5e* /32,20 + T /32]

and consider two points 25 € & N RE. Let wii be the backward Brownian motions
0

starting from zgt respectively.

Assume now that ¥, . () > £*/2, then there exists a path 7}, z € 9 such that
|t (s) — mi(t)| > /2, for some s for which (7}(s),s) € A, g and t € [s — ¢, s]. Then, pick
the closest point zg = (to,z0) € G%,,., for which |r}(s) — zo| < e*/8 and [s — to| < e. By
1

the coalescing property of our paths, it follows that necessarily one between e must
0
be such that
sup |mty (to — h) — x| > /32,
hefo,2e] 0
Let E5,(20) = {supre(0,2¢] "R'i'i (to — h) — x| < €*/32}, then, again by the reflection
’ ’ 0

principle we have

P(Ef U (Ef,)") SP(ER) + Y P((E,(20)))

2G5,

EJP 28 (2023), paper 102. https://www.imstat.org/ejp
Page 28/47


https://doi.org/10.1214/23-EJP984
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Brownian Web Tree

V2r+1 _ r2 Rr _ _2a-1
< ClTe L+ CSme )
and upon taking R = ¢!, (3.12) follows. 0O

We now want to show properness of M

%, which is a direct consequence of the
following lemma.

Lemma 3.5. There exists a constant ¢ > 0 independent of r such that for any K > 0
sufficiently large

(3.13)

H)<b4io(r) > K) < CJF

where b& is the properness map given in (2.2).

Proof. Let R > 1 and consider two squares Q7 of side 1 centred at (r + 1, £(r + R+ 1)).
Let #* = (i*,7%) be two points respectively belonging to Q7 NP, and without loss of
generality, assume i+ =~ = {. Let 7%, be the two paths starting from z*. For K > 4r,
we introduce the event

def

. K
EE = { sup 7T:2~L, (s) < —r, inf ~7rzir(s) >, THW?J?) >r— —} , (3.14)
' —r<s<i —r<s<i 2

where in 7+ we omitted the subscript since we imposed ¢t = . Notice that on E,{{ "
for any point (s,7¢) € J% such that MY (s,7}) € A,, by the coalescing property, the

trajectories of both 7r$ and wﬁ, after time s must be confined between those of W; and

m%_. Therefore, d*((r},s), (r5,0)) < 2r — 274(n}, , 7} ) < K, so that one has
P(be (1) = K) < PEE,))

independently of the choice of R. The reflection principle yields a bound of the type

o : R 1
P((EE,)") < C’ge_RT +C% : (3.15)

for some constant C > 0, and (3.13) follows at once, upon choosing R 2 VK. O

Since @, which is dense in IR?, is contained in M+?(.7+), and M+ is proper, surjectiv-
ity follows. At last, (1) in Definition 2.29 is a direct consequence of the fact that, almost
surely, it holds for % (2) by construction and Lemma 2.30. O

Remark 3.6. Almost surely, the map M+ is continuous and proper on .7} (%). More-
over, it is bijective on its image (endowed with the usual Euclidean topology) by con-
struction, hence M+? : T+ (D) — M+W?(7%(D)) is a homeomorphism.

Remark 3.7. The previous proposition remains true if instead of the sequence Q}l(%) we
take (P°"H(DPeT), PP being a countable dense set of R x T. The proof is actually simpler
since it is not necessary to introduce the event in (3.4). In the periodic setting, the
convergence happens in TS, .., the limit (PH(DPer) = (ZPerH(D), x, dF, MPer+2™)
belongs to Dg, .., and Mpcr,¢,gz>per(zfcr»l(gb)) =R xT.

The next theorem introduces and uniquely characterises the law on the space of
directed trees of the random variable which in the sequel we will refer to as the Brownian

Web tree.
Theorem 3.8. Let a < % There exists a IDg,-valued random variable (éw = (9&,, *tw,
df ., M} ) with radial map o', such that
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1. for any deterministic point w = (s,y) € IR? there exists almost surely a unique point
w,, € ;% such that M (w,) = w,

2. for any deterministic n € N and w1 = (s1,41),---,Wn = (Sn,yn) € R?, the joint
distribution of(leW (04 (104, +)))iz1,..n is that of n coalescing backward Brownian
motions starting at wq, ..., w,,

3. for any deterministic countable dense set % such that 0 € 9, let %t be the point
determined in 1. associated to 0. Define L (D) = (T1(D), %%, d*, M}?) as

TH(D) Z {o" (W, t)  w=(s,y) €D, t < s}

— Ny ) (3.16)
Moo’ (Q (munt)) = Mbw(g (munt))
and d* to be the ancestral metric in (3.2). Let T+(D) be the completion of TL(D)
under dt, MLQ’ be the unique little a-Hélder continuous extension of M%? and
CHD) & (THD), #+,d*, M+). Then, CH(D) = G,

The law of (lfw is uniquely characterised by the properties above and almost surely, Ciw
satisfies (3.3) for all § > 3/2, lew is surjective and (t) in Definition 2.29 holds.

Proof. Let & be a countable dense set of R? containing 0. Thanks to Proposition 3.2, for
a < % ¢+(2) almost surely belongs to D¢, so, if we show that it satisfies properties 1.-3.
above, then the existence part of the statement follows.

In order to prove 1., let w = (s,y) ¢ &, and consider two sequences of points

25 = (t5,25) € D for which there exist two constants c* > 0 such that

C1 _ + Co
- <z, <y<z, <y——7

s<tr <s+|r,® and s<tl <s+ |z,

For every n € N, let wii be the two backward Brownian motions starting at z* respec-

tively. Denote by 7,, = Ttl', o (Fi i +(7,) the time and spatial
point at which they coalesce. Define A,, as the triangular region in R? with vertices z;*
and (1,, X,,), the base being given by the segment joining 2, and z;}", while the sides by
the paths (r, 7! ()= 5,5, (1, Wj: (M)t 5rr,

In the prootn of [FINRO3, Proposition 3.1] the authors show that the event

5 - _
;,Tf‘ZI) and X, —77277(7'”) =7

E, = {Wﬁ,(s) <y< wj+(s), Th>s—1/n,|X, -yl < n_1/4}
occurs infinitely often. Hence, for any sequence z,, = (t,, Tm) € D converging to w, for
all n € IN large enough there exists m,, € IN such that, for all m > m,, z,, € A,. The
coalescing property then implies that for every m1, mo > m,,

di((tmnﬂ'iml ), (tmzaﬂiw)) < (tm, + tmz) —27, < (t"n —8) + (tmy, — 5) + 2/”-

In other words, for any z, = (tm,zm) € D converging to w, (tm, T} )men is Cauchy in
5 (D) therefore it converges in .7+(P) to a unique point w,, which, by continuity of
M+?, is necessarily such that M?(t,,) = w.

Moreover, by construction we know that o*((tn,, 7} ),t) = (7} ,t) for all t < i,

Zm
and, since at 7, the ray starting at tv,, must have coalesced with that starting at
(m¢ ,tn), we must have g*(10,t) = o*((n} ,t,),t) for any ¢ < 7,,. Hence, the sequence

Zpotn

of paths (—oco,tm] > ¢ — MI?(o*((tm,7t ),t)) = MEP?(t, 7t ) converges to

7 Zm

(—00,8] > t = M}?(o*(w,,t)) in II, where II is given as in Section 2.4. Since
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(ME2 (0" ((tm, 7} ), 1)))i<t,, is distributed according to a backward Brownian motion
starting at 2, (M}?(0%(t.,,t))i<s is itself distributed according to a backward Brown-
ian motion, but starting at w.

For 2., let w1, ..., w, be n deterministic points in R? and w,,,,...,w,,, be the points
in 7+(2) determined by applying 1. Thanks to the last part of the proof of 1., if z,,, =
(tm., Tm,) is a sequence in & converging to w;, i € [n], then the paths (M2 (., wim )i
converge to (M}?(o"(ty,,"))ic[m in II". Since the first are distributed as coalescing
backward Brownian motions starting from (z,,,...,#m, ), it is easy to see that the
limit will be also distributed according to coalescing Brownian motions starting from
(wl, ey ’U}n).

We now prove 3., for which we proceed as follows. Let &’ be another countable dense
set in IR? containing (0,0). We want to determine a suitable coupling of (*(®) and {*(2)
under which they are almost surely equal. We first construct ¢+(2') as in (3.2) and
Proposition 3.2. Then, we build (¥ (@) = (L (D), #*, d*, M+2") inside ¢+(2) according
to (3.16). Obviously ¢+(%’) and (+(D’) are equal in distribution, and the latter is such
that 7HD') € THD), ¥ =« and M+2.THD') = M+, Therefore, if we are able
to show that .7¢(@’) coincides with .7+(%), we are done. We claim that if z € & and
3. € (D) is the unique point such that M+?(3,) = z (which holds by 1.) then ;. also
belongs to .7+(2’). Notice that if this is the case then for all z € D, 3. € THD'). It
follows that all the rays starting from these 3,’s are contained in T +(2') and hence also
the closure of their union, which by construction is .7+(%). Hence, the proof of 3. is
complete once we show the claim.

Let z € @ and 3, € 74D) be as above. Let w, = (s,,y,) be a sequence in @’
converging to z in IR%. By 1., we know that for all n there exists a unique point 3,,, in
T+D) such that M+?(w,,) = w,, and since .7} (D’) C .7+(D) and, by construction, there
is a unique point in .7} (') whose image is w,,, it follows that 3,, € .7}(2’). Now, the
map M+? is proper and the sequence {w, }, is bounded, therefore the sequence {3, }n
is also bounded and it converges along subsequences. Fix one of these subsequences
(that, with a slight abuse of notation, will still be indexed by n) and notice that by
continuity of M+? and uniqueness of 3., we necessarily have that (3, ), converges to 3.
in 7+(®). Now, since {3,, }» converges, it is Cauchy and since it is contained in .7} ('),
the limit must belong to .7 +(%').

It remains to argue uniqueness and the properties of the limit. Uniqueness imme-
diately follows since conditions 1-3 above imply conditions 1-4 in Theorem 1.1. On the
other hand, we have just shown that (+(9) satisfies 1-3 and, by Proposition 3.2 also the
other claimed properties, so that the proof of the statement is concluded. O

Remark 3.9. The theorem above remains true upon replacing conditions 1.-3. with
lper-s 2per- and 3pe,., obtained from the former by adding the word “periodic” before any
instance of “Brownian motion”, and taking the periodic version of all objects and spaces
in the statement.

Definition 3.10. Let a < % We define backward Brownian Web Tree and periodic back-

: ) 1
ward Brownian Web tree, the D¢, and D¢, ., random variables gﬁw = (T *tw, dtw, Mkfw)
and (PSF = (GRert yPend Pt NPty whose distributions is uniquely characterised
by properties 1.-3. in Theorem 3.8 and 1,¢;., 2per- and 3p¢,. in Remark 3.9. We will denote

their respective laws by ©;,_(d¢) and ©P*(d().

As a first property of the Brownian Web tree, which can be deduced by Theorem 3.8
and the results stated therein, we determine its Minkowski, also known as box-covering,
dimension. Recall that the box-covering dimension of a (compact) metric space (7', d) is
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given by

o log Ny(T,
dimy oy (T) 2 Tim 128 Ya(T:€) (3.17)

e—0 loge™!
when this limit exists.

Corollary 3.11. Let ¢}, = (F%, %\, d}.., M ) be the Brownian Web tree of Defini-
tion 3.10. Then, almost surely ?bfﬂ has box-covering dimension %

Remark 3.12. In [DEF100], the authors consider a family of coalescing particles start-
ing from every point on the circle and, in Theorem 11.2 of that article, show that, as a
metric space, it has Hausdorff dimension equal to 1/2. Translated to our setting this
says that the periodic Brownian Web at a fixed time slice has Hausdorff dimension equal
to 1/2.

Proof. According to (3.17), it suffices to determine almost sure upper and lower bounds
for N, (ﬂbivé(r), ¢) of the same order, for all » > 0. Now, the upper bound follows by the
bw

fact that, by Theorem 3.8, almost surely Z)tv satisfes (3.3) for all § > 3/2. For the lower

bound, we need to show that almost surely for all » > 0, k > 0 there exists a random

constant C' = C(r,x) > 0 such that W, (ﬂi’ ) €) > Ce"~ 2. This in turn follows at once,
bw

bw

provided we prove that for all § > 0, » > 0 and « > 0, there exists K > 0 such that
PN, (27 e) < Ke=2) <3, foralle e (0,1]. (3.18)
bw

We now fix §,7, k. To control the probability on the left-hand side of (3.18), by the
reflection principle, we know that we can find ¢ < 0 and = > 0 such that the event

Boo ® { sup |l ) (s)l < %, sup |y () = al < 5, mho(mly 07l ) < 5 )
s€(t,0] s€(t,0]

has probability bigger than 1 — /2. Notice that, on E; ,, (lew)*l([t, 0] x [x/4,3z/4]) C
def

ﬁfv;m. Define L. = [t/e] + 1 and t; = —ke, k =0, ..., L. — 1. Therefore, arguing as in
the proof of (3.9) we have

L:.—1

~L7(T) T (1E 4E
Nyt (T 758) = Z 0" (s ths1)

k=0

where, for b < a, n%(a,b) is the cardinality of Z,(to,?1) defined as in (3.7), but with the
interval [—R, R] replaced by [x/4, 3z/4]. Then, we have

r J r _z
PNy (Fo,e) < C*78) < 24 P(Bro N {Wy (Fi17,2) < €71
s L.—1
. k—3
=3 +]P( Z " (th, ti) < Ce 2) :
k=0

For the right-hand side, we notice that for any K > 0 we have

L.—1
IP( >0t tig) < Ce“*g) (3.19)
k=0
L-.—1 L.—1
_3 ~
=P Y (ttin) S C | O (8 ) — Bl (6, 1)) > K)
k=0 k=0
L.—1 L-—1
_3 ~
(30wt ti) < O | YD 070 ) — B 1)) < K)
k=0 k=0
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Now, the first summand is bounded above by

S V(SR (6t
]P(‘ Z (" (s thr) — Eln" (1, iH)])‘ > K) < ( = )
k=0
3.20
_1 L1 L1 B ( )
<& ' Z Var(n® (5,5, 1)) < 25 1 B (5, 5.1)] < e=5/2
~ K ko Tkl *~7§: Bl S =5
K? 15 K? —= K2

where in the penultimate step we used that 7, is negatively correlated [GSW16, Lem-
ma C.4], so that [GSW16, Lemma C.5] implies that its variance is bounded above by
twice its mean, and in the last step we exploited [SSS17, Proposition 6.2.7]. At this
point, suitably choosing K = O(6~'/2¢75/%) we see that the right-hand side of (3.20) is
bounded above by §/2 while the second summand in (3.19) vanishes.

Collecting the estimates obtained so far, (3.18), and consequently the lower bound,
follow at once. O

Remark 3.13. The previous corollary shows in particular that the law of the Brownian
Web trees on the space of R-trees is, as expected, singular with respect to that of the
scaling limit of the Uniform Spanning Tree in two dimensions. Indeed, the latter has
Hausdorff dimension 5/8 [BCK17] and the Hausdorff dimension is always greater than
or equal to the box-counting one (see e.g. [Edg98, Chapter 1]).

In the following Corollary, we establish the relation between the Brownian Web Tree

of Definition 3.8 and the Brownian Web constructed in [FINRO4], which is a simple
consequence of Theorem 3.8 and the results in Section 2.4.
Corollary 3.14. Let Ciw and (lffvr’i be the backward and backward periodic Brownian
Web trees of Theorem 3.8 and Remark 3.9, and K be the map defined in (2.34). Then,
K (C,ﬁw) is a backward Brownian Web according to [FINRO4, Theorem 2.1] and K ((ﬁmper)
is a backward cylindric Brownian Web according to [CMT19, Theorem 2.3].

Proof. To prove the statement it suffices to verify that K (¢}, ) and K (Ciwper) satisfy (o),
(¢) and (4¢) in [FINRO4, Theorem 2.1] and [CMT19, Theorem 2.3], respectively. This is in
turn an immediate consequence of the definition of K and properties 1.-3. in Theorem 3.8
and 1pcr.-3per. in Remark 3.9. O

3.2 A convergence criterion to the Brownian Web tree

In this section, we want to derive a criterion that allows to conclude that the limit
law for tight sequences of directed spatial R-trees is @tw.
Theorem 3.15. Let a € (0, 1) and {(, } be a tight sequence of random variables in Dg,
with laws ©,, and assume that the following holds.

(I) Foranyk € N and (deterministic) z', ..., 2% € R? there exist sequences 3, € T, i =
1,...,k such that lim,, ., M, (3!) = 2* almost surely and such that (M, (0,(3%,"))):
converges in law to k coalescing backward Brownian motions.

(IT) For every h >0

1
—limsup sup O, (#{o(w,t—h) :we M (I,,.)}>3) =%0 (3.21)
€ n—oo (t,z)eR?
where I; ;. = {t} x (x — e,z +¢).
Then ©,, converges weakly to O}, .
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Remark 3.16. In view of Corollary 3.14, the Brownian Web tree and the Brownian Web
are strictly connected so that it is not surprising that the convergence criterion stated
above is extremely similar to [SSS17, Theorem 6.6.5]. As a matter of fact, requiring
the sequence (, to be made of directed trees allows us to talk about paths, while the
fact that we are dealing with monotone trees enforces the non-crossing condition. That
said, even though Proposition 2.25 guarantees continuity of the map K assigning to any
directed tree a compact subset of II, as highlighted in Remark 2.32, K is not injective in
any open subset of IDg, but only on Dg“p(t) and the inverse map is not continuous, even
when restricted to IDg,(t). This means that we cannot infer convergence in Dg, from
[SSS17] (see Remark 3.17 for an example illustrating this).

Proof. Let K be the map defined in (2.34). At first, we want to show that the sequence
{K((,)}n converges in law to the backward Brownian Web. To do so, notice that
Proposition 2.25 implies that, since {(,}, is tight, so is {K((,)}». Further, as ¢, € Dg,
for every n, K((,) is supported on compact subsets of II formed of non-crossing paths.
Hence, by [SSS17, Theorem 6.6.5], the convergence of {K((,)}» to the (backward)
Brownian Web is guaranteed, provided we show that (/) and (B2) therein hold. The
former is a direct consequence of (I) in the present statement. The latter instead follows
by (II) since

#on(w,t—h) 1w € My (Lpe)} = #{Mp(0n(to,t — 1)) : v € M, (Iiwe)}, (3.22)

and the right hand side above equals 1k (¢, )(t,&;2 — €, 2 +¢) > ng(c,)(t, &2, +¢€), where
7 is defined in [SSS17, eq. (6.52)].

Now, since the sequence (, is tight by assumption, it converges along some subse-
quence. Let ( = (7, x,d, M) be a limit point, g its radial map and denote by O its law
on IDg,. K is continuous by Proposition 2.25, hence, K((,) converges to K (¢), which by
the above is a backward Brownian Web. Further, by Proposition 2.31 K is injective on
IDg, (), so that by Proposition 2.25, it remains to show that ( satisfies (t).

Since K (¢) is a Brownian Web, almost surely for every point z € Q? there exists
a unique path 7, € K(() starting at z and therefore, on an event of probability 1,
K(¢) can be taken to be the closure of {m.: z € Q?} in II. For every z € Q?, we
choose 3, € 7 such that M(3,) = z. This point clearly exists but a priori might not
be unique - if this is not the case we only pick one. Then, we define 7 as the closure
of T = {0(32,5): 2 = (z,t) € Q% s <t} C J with respect to the metric d on .7 and
M as the restriction of M to 7. Note that, by construction (7T, x,d, M |T) satisfies (t),
hence so does f e (ﬁ, *,d, ]\Zf) in view of Lemma 2.30. Furthermore, the definition of
K in (2.34) together with the fact that K (¢) is the closure of {r.: z € Q*} in II, implies
that K({) = K(¢). In particular, the conclusion then follows if we show that 7 = .7.

We claim that if .7 C 7, then there exist a,b,t, h € Q such that

#{o(o,t —h) 1w e M (Tap)} > #{o(0,t —h) : w e (M) (Iiap)} (3.23)

where .., = {t} x [a,b]. Indeed, let 3 € .7, z = (s,y) = M(3) and 7 > 0. Since ¢ € Dg,,
M is locally a-Holder continuous which implies that there exists C' > 0 such that

|M(o(3,5 —h)) — M(3)| <Ch®, forallh <h

where h is chosen in such a way that » > Ch®. Let y', v, s,, and h,, be sequences in
Q such that y converges to y & r, s,, converges to s, h,, converges to 0 and, for all n,
Yy <y—Ch®, yt >y+Ch® and s—h/2 < s, —h,, < s. Then, M (0(3,5,)) € {sn} x[y5, ¥;"].
Now, if for all a,b,¢,h € Q, (3.23) were an equality, then for all n, 03,80, — hn) €

{o(tv, 5, —hy) : w e (M)~ (I } C 7. But the sequence {g(3, s, — hn)}s is Cauchy

SniYn ﬁlj: )
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in .7 and since the latter is complete, o(3,s) € 7 for every s sufficiently small, so that
taking s to 0, we get that 3 € 7.

The previous claim implies that the probability that .7 \ T # () is bounded above
by the probability that there exist a,b,t,h € Q such that (3.23) holds. Hence, if we
show that for every a,b,t,h € Q fixed, the probability of (3.23) is 0 we are done. Fix
a,b,t,h € Q,a <b. For N € N, let

N def w b—a

z; =a+je, forj=0,...,Nande= N

and z (t x;). By construction, there exist unique points 3§V € 7 such that M (35\’ )=
M (3; z forall j =0,...,N. Hence,

N _

) =

O (#{olw,t—h) : 0 € M~ (Iup)} > #{o(w,t — 1) : w € (W) (Tus)})

< Jlim @(#{g(m t—h):weM (Iyap)} > #{oGY.t—h) : j=0,....N}) .

Moreover, since as soon as two rays in an IR-tree touch, they coalesce (otherwise one
could form a cycle), #{o(to,t — h) c1w0 e M Ipap)} > #{0G),t—h) : j=0,...,N}
if and only if there exists i = 1,..., N such that #{o(to,t — h) : v € M~1(I, )} > 3,
,N)

where, fori = 1,..., N, y¥ denotes the mid-point of the interval (z¥ ;,z). In other

words,

6(#{Q(mat - h) S LIS Mﬁl(It,z,s)} > #{Q(ﬁ;‘vat - h) : |J| § N})
N
< Y o (#olwt—h) i we ML,y )} >3)
oo N
SN sup O (#{o(w,t—h) : we M (I, <)} >3)
(t,y)ER?
< Nlimsup sup O, (#{Q(m,t —h) e M, (I be)}h > 3)

n—oo (t,y)ER?

which converges to 0 as N — oo by (3.21), and the conclusion follows at once. O

Remark 3.17. The first part of the proof above shows that, given that {(,}, is tight and
satisfies conditions (I) and (II), the sequence {K((,)}, converges to the Brownian Web.
In light of Propositions 2.25 and 2.31, one might wonder whether tightness in IDg, of a
sequence {(, }, C IDg,(t) together with convergence of { K ({,)}n in I can directly 1mply
convergence of {Cn}n in IDg,.

The answer is no as the following example shows. For all n odd, let (,, be the directed
tree given by one infinite branch e embedded into R? as {0} x (—oo, 0], while for n even
let ¢,, be the directed tree given by the same e together with a branch e,, embedded
as {(&=£,—t): t € [0,1]}. Clearly, the sequence {¢, = (F, *n,dn, My)}n C Dg,(t) and
is tight in IDg, but it does not converge - the odd subsequence is constant while the
even one converges to the directed tree formed by two branches e U e, where e, is
embedded as {0} x [-1,0] and the two branches meet at (0, —1). At the same time,
{K(¢n)}n converges in II to the set {7 :t < 0} for 7o) identically equal to 0 on
(—o0,t].

3.3 The double Brownian Web tree and special points

A crucial aspect of the backward Brownian Web is that it comes naturally associated
with a dual (see e.g. [TW98, FINRO06]), which is given by a family of forward coalescing
Brownian motions starting from every point in R? or R x T, in the periodic case. In the
next theorem we will see how it is possible to devise such a duality in the present context
and characterise the joint law of the Brownian Web Tree in Definition 3.10 and its dual.
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Theorem 3.18. Let o < 1/2. There exists a IDg,, x ID“ -valued random variable “ =

(s ) Gre = (Fis #ies dies Mi,), + € {1, 1}, whose law is uniquely charactensed by
the following properties

(i) Both —ggw « (ﬂbTW, ki o dgw, MJW) and gﬁw are distributed as the backward Brow-

nian Web Tree in Definition 3.10.

(i) Almost surely, for any 3* € 7' and 3’ € ;| , the paths M} (o*(3*,)) and
M} (¢"(3",")) do not cross, i.e. forall Ml ,(57) < s1 < s2 < My, ,(3%)

T 1, ("G s)) — My, (e (54 s0)) > 0, (3.24)
i=1,2

where Ql' (resp. o') is the radial map of(éw (resp. ng).

Moreover, almost surely CbT € IDg,(t) x @gp(t) and ng is determined by thw and vice-

versa. Finally, (K (wa), (wa)) is distributed according to the double Brownian Web
of [SSS17, Theorem 6.2.4].

Remark 3.19. Here, given a random variable (X,Y) on some product Polish space
X x Y, we say that X is determined by Y if the conditional law of X given Y is almost
surely given by a Dirac mass.

Proof. Throughout the proof, we will adopt the notation and conventions of Section 2.4.

Notice at first that, by Theorem 3.8, any ]Dg‘p X ]lﬁ%-valued random variable for
which (i) holds, almost surely belongs to D, (t) x @gp(t).

Now, let (W, W1) be the # x #-valued random variable constructed in [SSS17,
Theorem 6.2.4] and K the map in (2.34). Since W+ is distributed as the backward
Brownian Web, by Corollary 3.14, W+ = K (¢} ) and W= —WH = _K (¢! ) = K(=¢,),
where the first equality is due to [SSS17, Theorem 6.2.4(a)] and the last is a consequence
of Remark 2.26. Therefore, (W, W) € K (ID% (t)) x K (DS (t)) almost surely so that, by
Proposition 2.25 and Remark 2.26, there exists a unique couple ((y 1, () € DG, (t) x
DS, (t) such that (K (Cw), K (Gwr)) = (W+, WT). By Proposition 3.2 and Theorem 3.8 we
also have Cﬁ)w € IDg,(t) almost surely so that, since K((y1) = K((éw) and K(—(pr) =
K({iw), (Cwe, Gt ) satisfies (i). The definition of the map K in (2.33) and (2.34) combined
with [SSS17, Theorem 6.2.4(b)] ensures that (ii) holds for ({y -+, yr+). The fact that (e
is determined by (yy . is a direct consequence of the fact that this is known to be true for
W+ and W' and that K is invertible on ID%(t).

We argue uniqueness. Let ((,(’) be another random variable in IDg, x H§§‘p which
satisfies (i) and (ii). Now, (t) holds for both ¢ and ¢/, while (i), (ii) and (2.34) ensure that
(K(¢),K(¢')) satisfies [SSS17, Theorem 6.2.4 (a)-(b)]. Hence, the conclusion follows by
the uniqueness part of [SSS17, Theorem 6.2.4] and Proposition 2.25. O

Remark 3.20. In the periodic setting Theorem 3.18 remains true upon replacing all the
objects and spaces appearing in the statement with their periodic counterparts. The
proof follows the exact same lines but uses Remarks 3.9 and 2.33 instead of Theorem 3.8
and Proposition 2.25.

Definition 3.21. Let o < 5. We define the double Brownian Web tree and double peri-

odic Brownian Web tree as the Dg, x ID(" and Dg, ., X IDSp per-valued random variables
=N (ol g‘bw) and (P VT & (¢pen l, Efvr’T) given by Theorem 3.18 and Remark 3.20. We

w111 refer to ¢! and (*"" as the forward (or dual) and forward periodic Brownian Web
trees.
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We denote their laws by O}l (d(¢t x ¢T)) and ©PZ*1(d(¢t x ¢1)), with marginals
0},(d¢), ©] (d¢) and OF*(d(¢), O T(d¢) respectively.
Remark 3.22. The proof of Theorem 3.18 heavily relies on the results of [FINROG]
(summarised in [SSS17]). Clearly, it would have been possible to construct the double
Brownian Web tree directly starting from a countable family of (independent) forward
and backward standard Brownian motion, turning it into a perfectly coalescing/reflecting
system (see [STWO0O, Section 3.1.1]) and follow the same procedure as in (3.2), Proposi-
tion 3.2 and Theorem 3.8.

As a first consequence of the duality the Brownian Web tree enjoys we show that
each of the RR-trees ﬂbTW and ﬂfw has a unique open end with unbounded rays. This end
should be thought of as the point at (&)co where all the Brownian motions coalesce. We
will see in Proposition 3.27 below that the periodic Brownian Web tree, instead, has
(exactly) two open ends with unbounded rays which are connected by a unique bi-infinite
edge.

Proposition 3.23. Let ng and C,ﬁw be respectively the forward and backward Brownian
Web trees. Then, almost surely, the R-trees ﬂb¢w and ﬂbTw have precisely one open end
with unbounded rays, which we denote by t' and ' respectively. These are precisely the
ends of Proposition 2.23, so that in particular

lim M} (3) = —co and  lim M/ () = 0.

3=t =17

Proof. We prove the result for C?JW the other being analogous by duality. Notice that the
statement follows if we show that for every » > 0 almost surely there exists a compact
RC ﬂbTW with ﬂbz;(r) C &, such that for all 3,3 € &° the path connecting 3 and 3’ does
not intersect ngv;(r)_ Thanks to the double Brownian Web tree we are able to exhibit an
explicit compact set for which the latter claim holds. Let » > 0 be fixed, & be a countable
dense set in IR? containing 0 and recall that, with probability one, Céw = (HD).

Using the same notation and conventions as in the proof of Proposition 3.2, let Eg, - be
defined according to (3.14). Set 7 = THW?,@,), X= 7%+ (Tn) = wé, (1) and let Ay be
the triangular region of IR? with vertices 7* and (7, X), base given by the segment joining
ZT and z~, and sides formed by the paths (s, ﬂé, (8)i=>s>r0 (8, ”j+(3))tt>s>7- On E]]{T,

def

Ay is compact and the properness of M]IW guarantees that so is Ay = (Mgw)‘l(AN). By
point (ii) in Theorem 3.18 paths in the forward and backward Web trees do not cross,
therefore Z)TV;(T) C Ay and the path connecting any two points in &%, cannot intersect
ﬂbTV;(T). Hence, it remains to argue that there is an almost surely finite NV for which the
realisation of Ciw belongs to Eﬁ[_r. This in turn is a direct consequence of (3.15) and a
standard application of Borel-Cantelli. O

We are now interested in deriving properties of the inverse maps (M; )~! and
(MPem)=1, for - € {1,]}, and how these are related to the degrees of points in the
R-trees I, and Z>"". We begin with the following proposition, which is a translation
in the language of the present paper of [FINRO6, Proposition 3.10].

Proposition 3.24. Let ¢/ = (¢!, ¢t,) and (1P = (¢1P, (P*") be the double and
double periodic Brownian Web trees. Then, almost surely for every point z = (t,x) € R?

(M)~ (2)]
(ML) @) —1= > (deg(sh) — 1) (3.25)

i=1

where {3'}; are the points in (M )~'(z) and |(M;,,)~"(2)| denotes the cardinality of
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(M, )~ (z). The relation (3.25) holds as well with the arrows 1, reversed and for their
periodic counterpart.

Proof. As usual we will focus on the non-periodic case, the other being analogous.

We claim that for all z = (t,2) € R?, |[(MY,)"'(z)] = mi,(2) and the right-hand
side of (3.25) coincides with m? (z), where m? . (z) and m? (z) are defined according
to [FINROG, (3.11) and (3.10)] and respectively represent the number of distinct paths
“leaving” and “entering” the point z for the backward Brownian Web (by removing the
superscript b and reverting the arrows the same holds for the forward by duality).

Indeed, for every 3* € (M]fw)*1 (2), denoting by o the radial map associated to Ciw, we
have that (—oo,?] 3 s~ M (0'(3%,5)) is a path from z. On the other hand, deg(3*) — 1
corresponds to the number of rays in the tree which coalesce at or reach 3. Notice that,
since almost surely Ciw satisfies (t), the image of the rays coalescing or reaching 3 as
well as that of the rays from points in (Méw)‘l(z) are distinct so that the claim follows.

Now, by Theorem 3.18 (K (Cﬁw), K ((gw)) is distributed as the double Brownian Web
and almost surely leﬁ € DG, (t) x Ibgp(t). Since moreover the restriction of K to IDg,(t)
is bijective on its image thanks to Proposition 2.25, (3.25) is a direct consequence
of [FINROG, Proposition 3.10]. O

We are now ready to classify the different points in IR? or in R x T based on the
meaning they have for the (periodic) Brownian Web tree (and its dual) as we constructed
it.

Definition 3.25. Let ¢}l = (¢! ,¢!.) be the double Brownian Web tree. For- € {1,]},
the type of a point z € R? for ¢; , is (i, j) € IN?, where

[(M;,) ™ (2)]
i= ) (deg(;)—1) and j=|(M;,)"(2)].

=1

Above, {3; : i € {1,...,|(M; )" (2)|}} = (M)~ (2). We define SiT,j (resp. Sij) as the
subset of R? containing all points of type (i, j) for the forward (resp. backward) Brownian
Web tree. For the periodic Brownian Web (P! = (¢?T ¢P"}), the definition is the
same as above and the set of all of points in R x T of type (i, j) for the backward (resp.
forward) periodic Brownian Web tree, will be denoted by Sfjw (resp. Sﬁjr’T ).

Theorem 3.26. For the backward and backward periodic Brownian Web trees C,ﬁw and
Civ’fer, almost surely, every z € R? (resp. R x T) is of one of the following types, all of
which occur: (0,1), (1,1), (2,1), (0,2), (1,2) and (0,3). Moreover, almost surely, for every

teR

- Sg’l has full Lebesgue measure on IR? and Sg,l N{t} x R has full Lebesgue measure
in{t} xR,

- Sfl and 5372 have Hausdorff dimension 3/2 while Sil N{t} x R and S&Q N{t} xR
are both countable and dense in {t} x R,

- SfQ has Hausdorff dimension 1, S;l and S&S are countable and dense while S%_; N

{t} xR, Sf’Q N{t} xR and Séﬁ N{t} x R have each cardinality at most 1.

For deterministic times t, 52{1 N{t} xR, SfQ N{t} xR and S&S N{t} x R are almost surely
empty. Upon reversing all arrows, the properties above hold for the forward and forward
periodic Brownian Web trees.

Proof. Arguing as in the proof of Proposition 3.24, the statement follows immediately
by [FINROG6, Theorems 3.11, 3.13 and 3.14]. O
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Thanks to the classification above, we can now prove one of the features that distin-
guishes the Brownian Web tree and its periodic version. In the next proposition, whose
conclusion was first noted in [CMT19], we show that the periodic Brownian Web tree
possesses a unique bi-infinite path connecting its two open ends with unbounded rays.
Proposition 3.27. For- € {|, 1}, let (07" = (25" «pe" dye', MP"") be the periodic
backward and forward Brownian Web trees of Definition 3.21. Then, almost surely,
each 77+ and Z;°°"" has exactly two open ends with unbounded rays and a unique
bi-infinite edge connecting them.

Proof. Since ﬂbgfr’i and Zfifw are periodic directed trees, we already know they have
one open end with unbounded rays, and this is the one for which (2.27) holds (for the
forward periodic Web see Remark 2.22). Denote them by {* and {' and let g}, and

gger be the radial maps introduced in Definition (2.24). Similarly to (3.7), for ty,t; € R,
to < t1, we introduce

Zh(to. t1) = {ohe(3,11) = 5 € Z2T and MPT(5) < to}
B (t,to) = {0he(3,t0) 5 € F2TY and MPpt(5) > t1}

and set n%(to, t1) and n%r(tl, to) to be the cardinality of EqTr(tO, t1) and E]ir(tl, to) respectively.
We inductively define the sequence of stopping times

m Zinf{t >0 : ph(0,8) =1}
o inf{t > 1,1 : anr(Tk_l,t) =1}.

These stopping times coincide (in distribution) with those in the proof of [CMT19,
Theorem 3.1], where it is further showed that almost surely limy_,, 7, = +00.

Now, by definition, for every k > 1, there must exist a point z;_; € T x {71} such
that |(MP"")~1(2,_1)| > 2 and the distance of (at least) two elements in (MP ")~ (z;,_;)
is 2(1x — Tk—1). By (3.25) and Theorem 3.26, it follows that there exists exactly one point
(Mé"f,r’i)‘l(zk,l) whose degree is greater or equal to 2. Denote it by 3;. Then the map

Bt R — FP given by

B\L(S) def Qlﬁer(zka S)a for s € (Tk',—th']
0ber(30,8)  fors <0.

is not only well-defined by Theorem 3.18(ii) but also uniquely defined since so is the
choice of the point 3,. The map 3+ shows that there are exactly two open ends with
unbounded rays, and ﬁl(lR) is the unique linear subtree of ﬂbgver’i satisfying the properties
in [ChiO1, Lemma 3.7(i)]. O

4 The Discrete Web Tree and convergence

In this section, we introduce the discrete web and its dual, and show that, as a couple,
they converge to the Double Brownian Web Tree of Definition 3.21.

4.1 The Double Discrete Web Tree

We begin our analysis with the spatial tree representation of a family of coalescing
backward random walks and its dual. The construction below will directly provide a
coupling between forward and backwards paths under which one is determined by the
other and the two satisfy the non-crossing property of Theorem 3.18(ii).

Let § € (0,1] and (2, o4, IPs) be a standard probability space supporting four Poisson
random measures, p, pf, il and 4. The first two, uf and pff, live on St ¥R x §Z, are
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(]
Figure 2: On the left: graphical representation of the realisation of the Poisson processes
" and p®, and their dual i* and 4® which respectively live on $} and $. The red and
blue lines illustrate the restrictions of the backward and forward paths 7+° and ﬂT’gh) to

(ty) 0,9
the interval [0,¢]. On the right: the paths starting from = and z in the interpolated tree.

independent and have both intensity v\, where, for every k € §Z, \(dt,{k}) is a copy of
the Lebesgue measure on IR and throughout the section

def 1
7=7(5)=@~ (4.1)

The others live on Sg = R x 6(Z + 1/2), and are obtained from the formers by setting,
for every measurable A C S§

pE(A) = pf(A—6/2)  and  Af(A) = pk(A+6/2). (4.2)
Here, A = §/2 is the translate of A in the spatial direction, i.e. A4 6/2 = {2 =+ (0,6/2) :
z € A}.

From now on, we will adopt the convention of writing z € y, - € {R, L}, if yu;, ({2}) = 1.
We represent the Poisson points of p%, uff, 42 and 4ff with arrows as follows. If z € ul
(resp. uf) then we draw an arrow from z to z — § (resp. z + §), and similarly for ﬂﬁ and
,&5, as shown in Figure 2. We also define

uzz{zfé:zGuﬁ}U{er(S:zGuf}, (4.3)

and similarly for ,&,f. (Here, T stands for “tip” since uz denotes the collection of all tips
of arrows.)

Let us now introduce two families of random walks. We define {r}%(s)}.<;, for
z = (t,y) € S¢, as the random walk going backwards in time, “following the arrows”
determined by 1/ and pF, and, for z = (t,y) € S}, {n1*(s)},>¢ as the forward random
walk which follows those of 4% and /1%, as shown in Figure 2. (By convention, if z is the
start of an arrow, then 7}° and 7% start by going downwards / upwards.) These are
almost surely well-defined p,% and uf are disjoint with probability one and, for all z € Sé
and 2 € S}, 719 is caglad (or cadlag if we run time backwards from +oo to —oco), while
2’5 is cadlag. Moreover, {71}, and {71';6}5 are coalescing families of paths starting
from every point in Sﬁ and Sg respectively, which do not cross.

™

Definition 4.1. Let § € (0,1], v as in (4.1), uﬁ and uff be two independent Poisson
random measures on S} of intensity v\, i” and i** be given as in (4.2) and {wgﬁ}zesk

and {7‘(;6}2 cst be the families of coalescing random walks introduced above. We define
)

the Double Discrete Web Tree as the couple (' % (¢}, ¢]), in which
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- (= (T, 5, ds, MY) is given by setting 75" = S%, x5 = (0,0), My the canonical
inclusion, and

di(z,2) =t + 1" — 2sup{s <t At : wp0(s) = 7¥°(s)} . (4.4)

- g « (%T, *g,dg,MéT) is built similarly, but with *g = (0,0/2) and the supremum
in (4.4) replaced by inf{s > t V1’ : 7l(s) = 71°(s)}.

Notice that neither the Discrete Web Tree Cj nor its dual are directed spatial R-trees.
Indeed, even though they satisfy the conditions of Definition 2.20 and Remark 2.22 the
evaluation maps are discontinuous (but (75, *j, dj) is still a complete random IR-tree as
7% and 71% are caglad and cadlag, respectively).

To circumvent this technical issue, we introduce two connected subsets of R?, 8§
and Sg obtained by interpolating the Poisson points of x’ and i, « € {L, R}, and which
will represent the image of modified evaluation maps. Fix a realisation of v, « € {L, R},
and consider uz; as in (4.3). Given z = (t,z) € Si, we then define z+ as follows. Let
th=sup{s <t : (s,2) € pfUpL U T} and set z+ = (t+, 717 (t})). We then define Sy
as the union of all closed line segments joining z to z+ with z € pff U 2 U pZ. Given
z=(t,z) € Sg and setting 2" = (1, 7) with tT = inf{s > ¢ : (s,2) € uf Upkupl}, we
write M § (2) € S§ for the unique element on the line segment joining 2" to z* with the
same time coordinate as z (see Figure 2 on the left). The set Sg is defined similarly, but
with time reversed. It is immediate to see that, almost surely, the sets Sj and Sg are
well-defined and connected. With the previous construction at hand we are ready for the
following definition.

Definition 4.2. In the same setting as Definition 4.1, we define the Interpolated Double
Discrete Web Tree as the couple fy = (g%, 5;) in which (; = (Jy5, %5, ds, M3), » € {1, 1},
and (5, *5,dy5) coincides with that of (§, while the evaluation map Mj is defined as just
described.

Proposition 4.3. For any ¢ € (0,1] and « € (0, 1), almost surely the interpolated double
Discrete Web tree cff in Definition 4.2 belongs to Dg, x H5§p and the evaluation maps
M 5, € {1, 1} are bijective on S;. Moreover, it satisfies the following two properties

(is) *fg +6/2= C} where —fg +6/2% (%T’*g,d;fM; +5/2)

(ii;) almost surely, for every 3* € J;" and 3" € J;' there exists ¢ € {+1,—1} such that
for all M],(37) < s1 < s2 < My, (%)

T O (" ", 1)) = M (0% (5", 54)) + 2¢8) > 0 4.5)

i=1,2
At last, almost surely, for- € {1,]}

sup || M;(3) — M;(3)|| <6 (4.6)
3Ty

where M; are the evaluation maps of the double Discrete Web Tree in Definition 4.1.

Proof. The proof of the statement is an immediate consequence of basic properties
of Poisson random measures and the definition of the sets S(% and S}. We only notice
that (4.5) would be the same as the non-crossing condition in (3.24) if the summand 2¢d
were not there. Since the families of random walks {7}°}. and {7‘(;6} ; are non-crossing,
the Double Discrete Web Tree of Definition 4.1 satisfies (3.24), which, together with (4.6),
immediately implies (4.5) for the interpolated discrete web. O
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4.2 Tightness and convergence
We are now ready to show that the family {C}T}g is tight.

Proposition 4.4. Let o € (0,1) and, for§ € (0, 1], let @f be the law on IDg, x @gp of the
Interpolated Double Discrete Web Tree f (55 , 55) of Deﬁnitjon 4.2 and denote by 05

with - € {1,]} the law of (;. Then for any o € (0, %) the fam11y@ is tight in IDg, x IDO‘ .
Furthermore, for any 6 > 35 3 andr > 0, the fo]]owmg holds

Jim lim inf ©; (Vz—:e(O 1], Na(7™ ) < Ke ) 1. 4.7)

Proof. Let us point out that since by Proposition 4.3(is), —fg +4/2 L §§ it suffices to

show that the family {6?}5 is tight in IDg,. Again by Proposition 4.3, for every § > 0

the probability measure @ is supported on D¢, hence point 1 of Proposition 2.23

sp’
guarantees that we only need to prove tightness of {@g }s in Tg,, for which in turn
we invoke Prokhorov’s theorem and the characterisation of compact subsets of Tg, in
Proposition 2.17. Notice that point 1. therein is implied by (4.7), while points 2. and 3.

can be easily seen to hold provided that for all » > 0,

hmhmmf@g(sup{HM(g,) — M) : 5we T diG ) <e) < ga) -1, (48
cl0 840

c e 1 < _
Il(lgo hr(rﬁglf O5(be(r) < K)=1. (4.9

These can be shown by following the same strategy and estimates as in the proof of
Proposition 3.2, so that below we will adopt the notation and conventions therein.

Notice at first that, for any z = (¢, ) in a countable dense set & of R?, if {z;}s is such
that for all § € (0,1], 25 € $; and {25}; converges to z, then, by Donsker’s invariance
principle, the backward random walk @(}5 defined above converges in law to a backward
Brownian motion 7} started at z.

Let {zgt}g C Qﬁ N (S5) be sequences converging to z*. Denoting by EY, the event Eg
in (3.4), but in which z¥ is replaced by zgt, we see that the previous observation implies

11%%1& Ps(ES) = P(ER) (4.10)

so that (3.5) holds. Moreover, the analog of [FINRO4, Proposition 4.1] (see also [SSS17,
pg 326]) for random walks ensures that forall R, » >0 and a < b

lim sup Es[n’ (a, b)] < E[n%(a, b)) (4.11)
510

where 1% (a, b) is the cardinality of Zr(a,b) given in (3.7) and E; is the expectation with
respect to IPs. Thanks to (4.10) and (4.11), we can argue as in Lemma 3.3 and obtain
that there exists a constant C' = C(r) > 0 independent of § such that for all K > 0

C
lim sup IPg(Ny 9(T),5 > Ke )< —
nsup Pa(Na( 77, €) > Ke™?) <
so that by Borel-Cantelli (4.7) follows.
As in Proposition 3.2, the uniform local Hélder continuity of the evaluation maps Mé¢

can be reduced to properties of the paths 7+9. For fixed R and r, let

WO (e) = sup{|rt(s) — nto(t)] : z € Ss, M}(s,ﬂ'j‘s) €N R, tE[s—g,s]}

If Uo(e) < ‘1/4 for every ¢ > 46, then for every (s, 7+, (t,75°) € 7" such that
d¥((s,m4%), (t,75°)) < e, we have
Ot
M} (s, m40) — My (t,75° )\<25+?<5
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where we exploited the triangle inequality and (4.6). Therefore, (4.8) follows at once if

lim sup lim inf ©F (¥0(e) < e%/4) = 1. (4.12)
e—0 =0

This in turn follows from the same arguments as in the proof of Lemma 3.4, together

with the fact that if {2 915 and {zy 915 are sequences of points in REnN (Sg) converging

to zg and 2, € D respectively, then

limianP(;( sup |40, (to — h) — 20| < ea/32) = P(E5,, (20)) .
540 hel0,2e] %0 ’

Finally, (4.9) can be proved by proceeding as in Lemma 3.5 and adapting the definition
of the event E{{T in (3.14) as done for E above. O

In the following theorem we show that the Interpolated Double Discrete Web tree
converges in law to the Double Brownian Web Tree.

Theorem 4.5. Let o € (0,1/2) and, for 6 € (0,1], @f be the law on IDg, x ]IADSP of the
Interpolated Double Discrete Web Tree C}T in Definition 4.2. Then, asd | 0, @ﬁT converges
to O}, weakly on Dg, x DZ,.

Proof. Thanks to Proposition 4.4, the sequence {55“ = (5(%, @)}5 is tight in IDg, x ]Dgp.
Moreover, Proposition 4.3 (is) and (iis) imply that any limit point (T = (¢¥, ¢¥) must be
such that —¢T = ¢ and the non-crossing property holds. In view of Theorem 3.18, the
statement then follows once we show that fg — Cﬁw in law as 6 — 0. To do so, we will
apply Theorem 3.15, for which we need to verify the validity of (I) and (II).

Clearly, for any z',...,2" € R?, if {z}}; is such that z} € S5 and 2} — 2’ as § — 0,
then (7725())7 converges in law to a family of coalescing Brownian motions starting at

24 ,zk. Since furthermore (4.6) holds, (I) follows.

For (II), our construction implies that, for any ¢,z € R, h,e > 0, #{gﬁ(m,t —h)w e
(M) (L)} = fis(t,t + h;x — e, + €), where gf is the radial map of (} and 75 was
defined in [FINRO4, Definition 2.1]7. For the latter, the statement was shown in the proof
of [FINRO4, Theorem 6.1]. O

A Some proofs

In this appendix, we provide the proof of some of the statement of Section 2.2. We
begin with a useful lemma.

Lemma A.1. Let o € (0,1) and {(, = (T, *n, dn, My ) fnenufoo) C MS,. Assume that

lim 6™ sup w(M,,d)=0 (A.1)
6—0 neNU{co}

and that there exists a sequence of correspondences 6" between 7, and 7, such that
(*TL) *OO) 6 %n/

lim dis€" =0  and lim  sup ||Mn(n) — Mx(3)|| =0. (A.2)

n—oo n—oo (371 3)6%"

Then, Ag,(Cn, () converges to 0 in the limit n — oo.

"The subscript § stands for fact that in [FINRO4, Definition 2.1], 7} was defined for families of Brownian
motions, that in 7)s are replaced by random walks.
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Proof. Notice that by the definition the metric Agp in (2.6) and Lemma 2.15, to conclude
that lim,, AZ,(Cn, () = 0, it suffices to show that lim, A;i,‘@"(gn, () = 0. For this in
turn, (A.2) directly implies that the first two summands in (2.4) converge to 0 so that we
only need to focus on the latter.

Let 1 > ¢ > 0, m € IN be such that 2™*w(M,2™) < e. By (A.2) there exists n. ,, € N
such that for all n > n, ,,

dis€™ <e2™™ and sup || My, GGn) — Moo (3)]| < 2277 (A.3)
(3n:3)€E6™

Let (3n,3), (1v,,t0) € €™ and consider first the case of m > m + 2. Then, since 1, is
bounded above by 1, we deduce

”wm(dn(ﬁnv mn))ézn,mnMn - me(doo (5a m))aé,mMOOH
< UJ(Mn, 2—m+2) + W(Mooa 2—m+2)

<gmm=De(gmegqup  w(M,,27™)) $e27me,
neNU{co}

(A.4)

where in the last step we used (A.1).

If instead m < m + 2, there are two cases to be considered - either both d.. (3, ) and
dp(3n, 10,) lie in the support of ¢, or one of them does not, say d,, (3,,w,). In this latter
scenario, by the first bound in (A.3), d;,(3,,1,) < €27™ + doo(3,10) < €27™ 4 27mH+2 <
2-m+3 as ¢ < 1. Hence, in either case d,,(3,,,) < 27™"3. Then, invoking the second
bound in (A.3) and using ¢,, < 1, we get

19 (dn (30, mn))éan,mnMn — P (doo (3, m))éz,,mMOOH
< D IMu(ln) = Moo (O[] + [thm (doo (3, 10)) = Grm (dn s 00) 183, 10, Mo |
te{sm}

o _ (A.5)
S 27+ |0Ym | oo ldoo (3, 10) — di (3, 105 )| sUp w(Mp, 2 m+3)

< g9mam | ggm-ig—(m-3)a (2(”1*3)“ sup w(M,, 2*m+3)) < gp—ma
where, in the third step, we used ||0¢, || < 271! and the first bound in (A.3), while in
the last step we exploited (A.1) and the fact that || 0¢ || S 2™.
In conclusion, we have shown that for any n > n. ,,

sup 2" sup ||wn(dn(3n;mn))63mmnMn _wn(doo(é,m)) (537me” <e
meN (3n»3), (10, ,10)EBT
from which the result follows at once. 0

Proof of Lemma 2.12. The proof follows closely that of the above lemma. Let €° be the
correspondence given by {(3,3') € .7 x T : d(3,3) < }. Then, for every (3,3'), (o, w’) €
®9%, we have

|d(3,0) —d(3',w')[ <20, [[M(3) = MG < [[M]lad(3,5)" < | M]|ad”

so that the first two summands in (2.4) are controlled. For the other, let (3,3), (v, w’) €
®’ and m € N be the biggest integer for which 2= < /5. Then, for m > m + 2, we
bound ,, by 1, so that

[ (d(3,10)) 55,00 M — 1y (d(3, 107)) 857 or M| < 2w (M, 27™H2)
< 27m(§7 20( M, V5)).
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For m < m + 2 we proceed as in (A.5) and get

14 (d(3, 10)) 85,10 M — P (d(5, 10)) 05 wor M|
< 1105, M| [[9ro 000 M| + 10 (35 10)) = W (5, 10)) 11657100 M|
S W(M,0) + |00 d(5, w) — d(3', w") w(M, 2777
S 276w (M, 6)) + 62m2 (M (2(mmag, (A, 27 M)
S 276 w(M,6) + V6),

from which the result follows at once. O
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