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Abstract

Two-sided sharp Green function estimates are obtained for second order uniformly
elliptic operators in non-divergence form with Dini continuous coefficients in bounded
C'! domains, which are shown to be comparable to that of the Dirichlet Laplace
operator in the domain. The first and second order derivative estimates of the Green
functions are also derived. Moreover, boundary Harnack inequality with an explicit
boundary decay rate and interior Schauder’s estimates for these differential operators
are established, which may be of independent interest.
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1 Introduction

Consider the following elliptic operator in non-divergence form on R? with d > 3:

d 32
Lf(z) = ; aij(aﬁmﬂm (1.1)

where (a;;())1<; j<a is @ symmetric d x d matrix-valued function on R? that is uniform
bounded and elliptic; that is, there exists a constant Ay > 1 such that for all z € R¢ and
¢eRY,
d
AP <) ag(@)&g < Mol¢l (1.2)

i,j=1
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Green function estimates for second order elliptic operators with Dini coefficients

Throughout this paper, we assume that the entries a;;(x), 1 < ¢,j < d, are Dini
continuous in the sense that

d
> laij(x) = aij(y)| < L]z —y|) forallz,y € R and 1 <i,j <d. (1.3)
i,j=1

Here () : [0,00) — [0,00) is an increasing continuous function with ¢(0) = 0 and
fol £(t)/tdt < oo such that there are positive constants ¢y and « € (0, 1] so that

LR)/L(r) < co(R/r)* forall0<r < R<1. (1.4)

Examples of such functions include £(t) := log®(2/(t A 1)) for any 8 < —1. Here and
in what follows, we use := as a way of definition. For a,b € R, a V b := max{a,b} and
a A'b:=min{a, b}.

The main purpose of this paper is to establish sharp two-sided estimates as well as
first and second order derivative estimates with explicit boundary decay rates for Green
functions of such an £ in bounded C'+! domains in R%. In particular, we are interested in
whether the Green function of £ in a bounded C''! domain D is comparable to that of
the Laplacian in D.

1.1 Prior results

In analysis and PDE, the Green function of an elliptic operator £ in D is the fun-
damental solution of the elliptic Poisson equation Lu = —f in D with zero boundary
condition, while in probability theory, the Green function is the occupation density of
the diffusion process associated with £ stayed in D before exiting. Many times in the
literature, one of these two notions of the Green function is used but without being
properly and rigorously identified to the other. There is an extensive literature on Green
functions of elliptic differential operators, for instance, [34] and the references therein.
Here we concentrate on those related to pointwise bounds of Green functions, which are
the main topics of of this paper.

When A(z) := (a;;(x)) is the identity matrix, that is, when £ is the Laplace operator A,
upper and lower bound estimates of the Green function for A on a bounded C'*! domain
are derived in Griter and Widman [23] and Zhao [39], respectively. These estimates
are sharp in the sense that the upper bound is a constant multiple of the lower bound,
and the boundary decay rates are given explicitly in terms of the distance function to
the boundary. Sharp two-sided Green function estimates for the Laplacian in bounded
Lipschitz domains are derived in [6], where the boundary decay rate function is implicit
and is given in terms of the Green function itself with one variable fixed.

In fact, in Griter and Widman [23, Theorems 1.1 and 3.3], the existence of Green
function is established for any divergence form operator £(*) on any bounded domain
in R? for d > 3 with measurable coefficients that is uniformly elliptic and bounded.
The following upper bound estimate is obtained in [23] for such £(*) with coefficients
satisfying Dini condition (1.3)-(1.4) in a bounded domain satisfying a uniform exterior
sphere condition:

Gp(z,y) < ¢ — | 1A Op(x) 1A el C) forz,y € D, (1.5)
lz —yl |z —yl lz -yl

where 0p(z) = inf{|x — 2| : z € D} is the Euclidean distance from x to D¢. Upper bounds
for the derivatives of Gp(z,y) up to the second order are also given in [23, Theorem
3.3]. These results improve an earlier well-known result of Littman, Stampacchia and
Weinberger [33]. When £() = A, its Green function Gp in a bounded C''-domain D, as
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mentioned above, is in fact comparable to the function on the right hand side of (1.5).
However, this comparable lower bound estimate in general does not hold for the Green
function of £(*), even on smooth domains such as balls. In other words, the Green
function Ggs> for £(*) is in general not comparable to that of G4 even when D is a ball.
This is because were it true, then the harmonic measures of £(*) and the Laplacian A on
0D would be mutually absolutely continuous to each other; see the proof of Proposition
7.3 in Ancona [1] or [9, Theorem 2.2]. The latter is true if and only if the coefficients of
L) are globally continuous and the modulus of continuity along some non-tangential
direction at each boundary point of the ball is bounded uniformly by a function 7 that
satisfies the Dini-type condition fol n(t)2t*1dt < oo; see [8, 20]. Thus for a divergence
form elliptic operator £(*), if its Green function in a ball is comparable to the classical
Green function (of the Laplacian), then the diffusion coefficients of £(5) should at least
be globally continuous and satisfy certain Dini-continuity condition.

We also mention that for a divergence form elliptic operator £(*), under a certain local
energy condition (LH) with parameters py € (0,1] and Ryax > 0 on weak £-harmonic
functions in D vanishing on part of the boundary, it is shown in [27, Theorem 3.13] that

5 Ho (5 Mo
Gp(z,y) < ¢ ) (1 A p() ) (1 A D(y)) for z,y € D with |z —y| < Rpyax.
|z —y| lz —yl |z —yl L.6)

This estimate is weaker than that of (1.5). No information is given in [27] on the optimal
value of g in the condition (LH) even when D is C?2-smooth. According to [27, Corollary
4.4], the (LH) condition holds for £ in those bounded domains D that there exist some
constants C' and R > 0 so that

|B(z,r)\ D| > C|B(z,r)| forallze€ dD andr € (0, R).

Here B(z,r) denotes the open ball with radius r cenerted at z, and for a Lebesgue
measurable A C R¢, we use |A| to denote its Lebesgue measure.

Unlike the case of divergence form operators, the Green function GCD(x, y) for non-
divergence form operator £ on R? in a smooth domain D can be locally unbounded
away from the pole even when A(x) is uniformly continuous, bounded and elliptic; see
Bauman [5]. Consequently, without additional regularity assumption on A(zx), G5 (x,y)
may not be bounded by c|z — y|>~¢. When A(x) satisfying (1.2) is Hélder continuous, it is
shown in Hueber and Sieveking [24] that the Green functions of the non-divergence form
operator £ on bounded C''! domains are comparable to that of the Laplace operator.
This comparability result fails on bounded Lipschitz domains even for elliptic operators
with constant coefficients. Indeed, it is illustrated in [24, Section 4.2] that when D is a
unit square, there is an elliptic operator £ on R? having constant coefficients so that GED
is not comparable to G5.

Recently, Hwang and Kim [25] showed that the non-divergence form elliptic operator
L of (1.1) with coefficients satisfying a Dini mean oscillation condition admits a non-
negative function G4 (z,y) on D x D \ diag for any bounded C*! domain D C R? with
d > 3 as the fundamental solution to its adjoint operator £* in D so that

Gh(z,y) <cle—yf~" and |V,Gh(z,y)| < cle -yl (1.7)

on any bounded C*! domain D and |D2G%(x,y)| < c|z — y|~¢ on any bounded C*Pn
domain D. Here diag stands for the diagonal set {(x,z) : « € D} of D x D, and for

. . . 2
a function f, V.f := (3% f, -, 3% f) denotes its gradient, D2f = (#awjf)lsi,jﬁd
. . . . . 2 o d 02 2 1/2
is the Hessian matrix of second derivatives and |Df| = (X7 ,_, | 5702 /1 ) '". Here

the diffusion coefficients (a;;(x))1<i j<q Oof L is said to satisfy a Dini mean oscillation
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condition if

! Wa; (r) ..
——Zdr < foreveryl<i,57<d, (1.8)
0 T
where ) )
wau (’I") ‘= sup a’b(y) - Q; (Z)dz dy
z€R4 |B($,7”)| B(z,r) ! ‘B<£a7ﬂ)| B(z,r) !

Dini mean oscillation condition is weaker than Dini condition but stronger than the
uniform continuity. In fact, by [25, Lemma A.1], there are continuous functions a};(z) so
that a;(x) = a;;(z) for a.e. on R and

d
> lag;(x) — af; (W) < p(lz —y|) forall z,y € RY, (1.9)
ij=1
where
d " Wa,, (8)
p(r):=c Z / —4~ds.
i,j=1"0 s
Note that .,
1 o (s)In(1
/ LUPNEPS / Wayy (5)0(/5) (1.10)
0 r — Jo S
i,7=1

If the right hand side is integrable, then the functions {a};(z),1 < 4,j < d} are Dini
continuous. The above function Gﬁ(x,y) from [25] is the Green function of £ in D
in the sense that for any f € LP(D) with p > d/2, G5 f(z) = [, G5 (z,y)f(y)dy is in
W2P(D) N W,"(D) and is a strong solution for Lu = —f in D with zero boundary value
on 0D; see [25, Remark 1.14]. Its relation to the occupation density in D of the diffusion
process associated with £ is not given in [25]. Similar results have been obtained in
Dong and Kim [18] for Green functions of £ on bounded C*!' domains D in R? but with
1+ log dilzn_l(y?) in place of |z — y|>~? for the upper bound estimate of G4 (z,y). These
upper bounds on Gf,(m, y) are not sharp as they do not give boundary decay information
near 0D. We remark that from the gradient estimate in (1.7) for bounded C'-domain D
in R? with d > 3 and the property that z — G%(x,y) vanishes on D from Theorem 2.3(i)
below, one can deduce that

L c p(z)
Gh(z,y) < P— (1/\ |:z:y> forx,y € D (1.11)
for some constant ¢ that depends on d, ¢, \; and D; see Remark 2.1(iii).

As one can see from the above, obtaining sharp two-sided Green functions of elliptic
operators either with less regular coefficients or in less smooth domains is a challenging
and delicate problem. In this paper, we are concerned with sharp two-sided Green
function estimates for non-divergence form elliptic operators with less regular coef-
ficients in bounded C'!'-domains. A natural and interesting question is whether for
non-divergence form elliptic differential operator £ with Dini-continuous coefficients,
Gf)(m, y) is comparable to that of the Laplacian in every bounded C*! domain D C R%. In
this paper, we give an affirmative answer to this question. As an important consequence,
we show that the harmonic measure for such an operator £ is comparable to that of
classical harmonic measure (of the Laplacian) in any bounded CV! domain. We further
derive its derivative estimates that contain the explicit boundary decay information; see
Theorem 1.1 below. The crux of the study is on deriving boundary decay of G%(IE, y) in
y-variable and the comparable lower bounds of G4 (z,y) as well as the dependence of
the comparison constants.
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1.2 Main results of this paper

Throughout this paper, we assume for simplicity that the dimension d > 3. The
approach of this paper works for d = 2 as well but one needs to replace the Newtonian
potential kernel |z — y|?>~¢ for d > 3 by a suitable logarithm potential kernel in d = 2.
Hereafter, unless otherwise specified, £ is the non-divergence form operator of (1.1) on
R? with Dini continuous diffusion coefficients {a;;(x);1 < i,j < d} satisfying (1.2)-(1.3).
Since A(x) is uniformly continuous, bounded and uniformly elliptic, it is well known
(see [37, Theorem 7.2.4]) that the martingale problem for (£, C2°(R%)) is well posed and
its solution forms a conservative strong Markov process X that has continuous sample
paths and strong Feller property. Moreover, by [37, Lemma 9.2.2], X has a transition
density function p(t, x, ) with respect to the Lebesgue measure on R?. For any open set
D, define 7p := inf{t > 0: X; ¢ D} the first exit time from D by the process X. Denote
by XP the subprocess of X killed upon leaving D. We show that for any bounded C'!
domain D in RY, there is a unique jointly continuous non-negative function Gp(z,y) on
D x D\ diag so that for any non-negative f € C.(D),

E, [/TD f(Xs)ds] :/ Gp(z,y)f(y)dy foreveryx € D. (1.12)
0 D

We call Gp(x,y) the Green function of X in D. It is shown in Theorem 2.3 that Gp(z,y)
is the same as the Green kernel G4 (x,y) defined analytically in [25]. Thus, Gp(x,y) can
also be called the Green function of £ in D.

Recall that an open set D in R¢ is said to be C''! if there exist a localization radius
Ry > 0 and a constant Ay > 0 such that for every Q € 8D, there exist a C! function
¢ =¢q : R — Rsatisfying ¢(0) = V¢(0) = 0, [|V|loc < Ao, [V (2)=V(y)| < Aolz—yl,
and an orthonormal coordinate system CSq : y = (y1,+ ,Ya—1,Ya) = (§,ya) € R x R
with its origin at @) such that

B(Q,Ro)ND ={y=(9,y4) € B(0, Ro) in CSq : ya > ¢(7)}.

The pair (Ry, Ao) is called the characteristics of the C! open set D. Without loss of
generality, throughout this paper, we assume that the characteristics (Ry, Ag) of a C*!
open set satisfies Ry < 1 and Ay > 1. An open connected set will be called a domain in
this paper.

Suppose D is a bounded C!'! domain in R¢ with C*! characteristics (Ry, Ag). We
denote by G5(r,y) the Green function of the Laplacian A in D. It is shown in [23,
Theorem 3.3] and [39, Theorem 1] that there is a constant C' = C(d, D) > 1 such that for
x#yin D,

c-! <1/\ dp(r) > (1/\ dp(y) ) <GB (z,y)< C <1/\ dp() ) (1/\ dp(y) )

|z — y[d—2 lz =yl |z — 9l =z —yld2 lz —yl |z — 9
(1.13)

In fact, the constant C' = C(d, D) above can be taken to be dependent on D through
d, Ao, Ry and diam(D) only. Here diam(D) stands for the diameter of the domain D. We
state this as Theorem 5.1 and give a proof in the Appendix of this paper.

The following is the main result of this paper, which is the summary of Theo-
rems 3.7, 4.4 and 4.8.

Theorem 1.1. Let £ be a second order differential operator on R of non-divergence
form (1.1) satisfying the conditions (1.2)-(1.3), and X the diffusion process associated
with it. Suppose D is a bounded C'*'! domain in R? with characteristics (R, Ag). There is
a unique jointly continuous non-negative function Gp(z,y) on D x D \ diag so that (1.12)
holds for any f € C.(D). Moreover, the following holds.
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(i) Gp(x,y) is jointly continuous in D x D \ diag, and for each y € D, x — Gp(z,y) is
C?in D\ {y}.
(ii) There exists K1 = K1(d, Ao, ¢, Ao, Ro, diam(D)) > 1 such that for every z # y in D,

o ZT“ (1 " iD—(xy)|> (1 " |iD—(yy)>

K 5 5 (1.14)
<Gy < — 5 (M D<x>) <Mn(y>).
|z —y |z — yl |z —y|
(iii) There exists Ky = Ks(d, Ao, ¢, Ao, Ry, diam(D)) such that
K )
IV.Gp(z,y)| < . (1/\ D(y)) for any  # y in D. (1.15)
|z —yl |z —yl

(iv) There exists K3 = K3(d, A, ¢, Ag, Ry, diam(D)) such that for any 1 <,5 < d,

2 —1
aG,:)(ac,y)‘ < Ks i (1/\ Op(y) ) (1/\ 6D(x)> for any x # y in D.
Oz; 0z |z —y| |z —y| |z —y| 116)

Remark 1.1. We point out that the dependence of the above coefficients K;, 1 <i < 3,
on diam(D) (as well as in other places and cases throughout the paper) is on an upper
bound of diam(D) rather than on the exact value of diam(D). This can be seen through
the following scaling argument. For each A\ > 0, let Xt(’\) = AXj/x2. It is easy to check
that the infinitesimal generator of XV is

£ e
iU

2,j=1

Denote by GY) the Green function of X» in the domain D. Then the Green function
Gp(z,y) satisfies the following scaling property

Gp(r.y) = XG0, Ny), @,y € D.
For any bounded C''! domain D; with characteristics (R, Ag) and diam(D;) < diam(D),

let \; := diam(D) 14 follows from the scaling formula above with D; in place of D that
diam (D7)

Gp, (z,y) = /\f_ng\)ilD)l(/\ﬂ?,/\w), z,y € D1. (1.17)

Note that A\; > 1, then a;;(-/ A1) satisfies the conditions (1.2)-(1.3) with the same modulo
of continuity function ¢, and \; D; is a bounded C'*! domain with characteristics (R, Ag)
and diam(\ D;) = diam(D). Applying (1.14)-(1.16) to GE\’}B()\W, A1y) and together
with (1.17), this yields that the constants K;,7 = 1,2, 3 in Theorem 1.1 hold uniformly for
any bounded C!! domain D; with characteristics (R, Ag) and diam(D;) < diam(D) in
R4,

The following is an immediate consequence of Theorem 1.1(i) by the proof of [1,
Proposition 7.3] or [9, Theorem 2.2]; see Theorem 3.8 and its proof for more details.
Other implications of the Green function estimate (1.14) are given below in Corollary 3.9
and Theorem 3.10.

Corollary 1.2. Under the setting of Theorem 1.1, the harmonic measure of X in D is
comparable to that of Brownian motion in D. More specifically, there is a constant
Co = Co(d, Mo, ¥, Ao, Ry, diam(D)) > 1 such that for every « € D,

—1 9p() dp(x)
1 9D b
Cy = Z|da(dz) <P (X;, €dz) <C - z|da(dz) on dD,

where ¢ is the Lebesgue surface measure on 9D.
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The Green function estimates in Theorem 1.1 significantly improve the results in
Hwang and Kim [25], where some upper bounds on Gp(z,y) and its derivatives are
derived but without the boundary decay factor, at the expense of assuming a slightly
stronger Dini continuous condition on the diffusion coefficients {a;;(z)}1<; j<a here. It
also extends the main result of Hueber and Sieveking [24], where the two-sided Green
function estimates (1.14) are obtained for non-divergence form operator £ with Holder
continuous coefficients under the framework of Brelot spaces and harmonic sheafs. Our
estimates give sharp pointwise two-sided global bounds of Green functions, up to the
boundary. In order to get precise boundary decay rates, our current approach use the
pointwise Dini condition (1.3) on the diffusion coefficients {a;;(x)}1<; j<q in a crucial
way; see, for example, the proof of Lemmas 2.6, 2.7 and 2.9. It is an open problem
whether the main results of this paper can be extended to non-divergence form elliptic
operators whose coefficients satisfy Dini mean oscillation condition. As mentioned
earlier, for second order elliptic operators of divergence form with Dini continuous
coefficients, the corresponding Green function upper bound estimates as well as the
derivative estimates have been obtained in Griuter and Widman [23, Theorem 3.3] on
bounded domains satisfying uniform exterior sphere condition.

1.3 Methodology and novelties of our approach

In this paper, we employ both analytic and probabilistic methods, including Levi’s
freezing coefficient method. We first show in Theorem 2.3 that the Green function
Gp(z,y) of L constructed analytically in [25] coincides with the occupation density of
the L-diffusion X in D as given in (1.12). This identification enables us to study the
properties of Gp(z,y) by both analytic and probabilistic techniques.

The Levi's freezing coefficient method is an effective tool in the heat kernel analysis
for non-divergence elliptic operators in R%; see [21]. But it seems that this method has
rarely been used in the study of sharp Green function estimates in bounded domains.
Different from heat kernel in the parabolic case, the Green function Gg)(x, y) of the
differential operator Zf =1 aij(z)#;% in D with z frozen and its derivatives blow
up along the diagonal of D x D. This causes challenges in identifying the kernel
constructed by the Levi’s freezing coefficient method in the elliptic case with the Green
function defined as the fundamental solution for the elliptic operator £. We overcome
this difficulty by first considering C'! domains AD for small A > 0 and carrying out
an approximation scheme by smoothing out the singularity along the diagonal and
establishing a weak convergence locally in the Sobolev space W??(\D). We are then
able to identify the kernel obtained via the Levi’s freezing coefficient method with the
analytic notation of the Green function G p in Theorem 2.8 for sufficiently small A > 0.
The Levi’s freezing coefficient method combined with a testing function method and
a probabilistic argument allows us to obtain in Theorem 2.12 sharp two-sided Green
function estimates on AD for sufficiently small A > 0.

To obtain the two-sided estimates of Gp(z,y) of £ in a general bounded C*! domain
D, we patch the “interior” Green function estimate with the boundary decay rate of
Gp(z,y) in z and y. We mainly use a suitable dual process of the subprocess X of X
in D, together with the two sided Green function estimates in C''! domains with small
diameters to establish that Gp(z,y) is comparable to the Green function of Brownian
motion in D. Moreover, the two-sided Green function estimates enable us to obtain a
Poisson integral representation for non-negative £-harmonic functions in a bounded
C"! domain, to directly establish the boundary Harnack principle for £ with explicit
boundary decay rate, and to identify the Martin boundary and minimal Martin boundary
with the Euclidean boundary for any bounded C':! domain; see Theorems 3.8-3.10.

Derivative estimates of Green functions with an explicit boundary decay rate play
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a crucial role in the study of sharp two-sided Green function estimates with explicit
boundary decay rates of diffusion operators under drift perturbations and non-local
perturbations; see, e.g. [15] and [11]. As 2 — Gp(z,y) is L-harmonic in D \ {y},
when A(x) is Holder continuous, derivative estimates on x — Gp(z,y) can be deduced
from the upper bound of Gp(z,y) and the interior Schauder’s estimates for £-harmonic
functions (see [22, Theorem 6.2]). However, to the best of the authors’ knowledge, there
is no readily available literature on the interior Schauder’s estimates for £ with Dini-
continuous coefficients. We derive the gradient estimate on Gp(x,y) through the identity
from Levi’s freezing coefficient method. But this method does not work for deriving
the second order derivative estimates on Gp(z,y) as some integrals involved become
divergent. To overcome this difficulty, we use a variant of the integral representation of
the Green function G g(x,y) of £ on small balls in terms of the Poisson kernel of Brownian
motion starting from y in a C''! subdomain of B in Lemma 4.5. This combined with the
second derivative estimate |V2Gg(z,y)| < c|lz — y|~? on balls from [25] enables us to
obtain the second order derivative estimates on Gp(x,y). Along the way, we establish
the interior Schauder’s estimates for harmonic functions of £ in Theorem 4.9, which
extends the known results in literature for non-divergence form elliptic operators with
Holder coefficients to those with Dini coefficients.

The rest of the paper is organized as follows. Let D be a bounded C'! domain in R%.
In Section 2, we identify the Green kernel G%5(z,y) defined analytically in [25] with the
occupation density function Gp(z,y) of the £-diffusion process in D. We next show that
the Green function can also be constructed recursively by the Levi’'s freezing method on
AD with sufficiently small A > 0. This property together with a testing function method
and a probabilistic argument enables us to obtain in Theorem 2.12 sharp two-sided Green
function estimates on AD for sufficiently small A > 0. In Section 3, we derive two-sided
estimates on the Green function Gp(z,y) of £ in any bounded C'! domain D. Using
this estimates, we derive a Poisson integral representation for non-negative £-harmonic
functions on bounded C''! domains and establish the boundary Harnack principle for £
with explicit boundary decay rate. We further identify the Martin boundary and minimal
Martin boundary of £ in D with its Euclidean boundary for any bounded C*! domain
D. In Section 4, we derive the first and second derivative estimates of Gp(z,y), and
establish interior Schauder’s estimates for harmonic functions of £ with Dini coefficients.

Notation. Throughout this paper, we use the capital letters C7,C5, -+ to denote
constants in the statement of the results, and their labeling will be fixed. The lowercase
constants ¢y, co, - - - will denote generic constants used in the proofs, whose exact values
are not important and can change from one appearance to another. For any open set
D C R¢, C.(D) and C?(D) denotes the space of continuous functions with compact in D
and the space of C? smooth functions with compact support in D. For p > 1, LP(D) (resp.
LfOC(D)) denotes the space of LP-integrable (resp. locally LP-integrable) functions on D
with respect to the Lebesgue measure on D. For integer £ > 1 and real number p > 1,
WP (D) (resp. Wlﬁf(D)) is the space of all LP-integrable (resp. locally LP-integrable)
functions on D whose distributional derivatives up to and including order k are also
LP-integrable (resp. locally LP-integrable). We use diag to denote the diagonal of the
product domain D x D.

2 Green function estimates for small C!'! domains

Let D be a bounded C'>! domain in R?. In this section, we first identify the Green func-
tion G4 (x,y) analytically constructed in [25] with the Green function Gp(z,y) defined
as the occupation density of the diffusion process X associated with £ in D. We then
use the Levi’s freezing coefficient method and a testing function method together with a
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probabilistic approach to derive sharp estimates on G p(z,y) uniformly for sufficiently
small A > 0.

The next two lemmas holds for any non-divergence form operator £ of (1.1) with
bounded, continuous and uniformly elliptic diffusion coefficients. Recall that there is
a conservative diffusion process X = {X;,t > 0;P,,x € Rd} associated with £, as the
unique solution to the martingale problem (£, C2°(R?)). For an open set D C R%, denote
by 7p :=inf{t > 0: X; ¢ D} the first exit time from D by X. We first prepare two lemmas
that will be needed later. These two lemmas hold for any uniformly elliptic operators £
with continuous diffusion coefficients A(x). Recall that Ay > 1 is the ellipticity constant
in (1.2).

Lemma 2.1. For each zy € R? and any ball B(xz,r) in R? with radius r > 0,

Ey [7B(2e,m] < Aor?  for every x € B(o, 7).
Proof. This result is well known. For reader’s convenience, we provide a proof here. Fix
zo € RY and r > 0. Define f € CZ(R?) so that f(z) = |x — 2¢|? on B(zo,7) and f(z) > r?

on B(zg,7)¢. Since X is the solution to the martingale problem (£, C2°(R%)), we have
by (1.2) that for every = € B(zo,r) and t > 0,

]EI [f(XtATB(wO,r)):| Z ]E1 |:f(Xt/\TB(z0,,,,) )i| - f(x)
tATB(zg,m)
=E, [/ ﬁf(XS)ds} > Ao "B [t A TB(z.m)] -
0
Taking ¢ — oo, it follows from the monotone convergence theorem that

E;E [TB(:L’O,T)] S AO hglogf Ew [f(XtATB(xU,T)):| S )\Orz-
O
Lemma 2.2. Let D be a bounded C*! domain in R¢. Then for any f € C.(D) and
p € C(0D) and for every p > d/2,
TD
u(z) = Ey [p(Xr)] + Ey {/ f(Xs)ds] , €D, (2.1)
0

is the unique function in leo’f(D) N C(D) so that Lu = —f a.e. in D and u = ¢ on dD.
When ¢ = 0, the above unique solution is in W2?(D) N C(D) with u = 0 on dD.

Proof. For any f € C.(D), ¢ € C(0D) and every p > d/2, by [22, Corollary 9.18],
Lu=—fin D and u = ¢ on dD has a unique strong solution u € Wfo’f(D) NC(D). Let
¢ € C2°(R%) be non-negative with support in B(0,1) and [, ¢(x)dz = 1. For e > 0,
define forz € D, :={x € D: ép(x) > ¢},

ue(z) = /D e (( — y)/euly)dy = /D et (y/e)u(z — y)dy

and

fe(z) == /D e~ ((x —y)/e) f(y)dy = /D e~ (y/e) f(x — y)dy.

Note that u., f. € C*(D.)NC(D.) and Lu. = —f. on D.. Let ¢y > 0 be fixed and small.
For any ¢ € (0,e9) and ¢ > 0, by Ito’s formula,

B [1c (X, )] — ) =B [ [ 2neas] = m [ [ g
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for every x € D,,. Note that f. converges uniformly to f on D, as ¢ — 0. In view of
Lemma 2.1, we have by taking ¢ — oo and then letting € approaching to zero along a
decreasing sequence in the above display,

u(r) = I, [/OTDEO f(Xs)dS} + E, {u(XTDE0 )] for every xz € D, .

Now letting ¢g — 0 along a decreasing sequence shows that

u(@) = B, [u(Xr,)] + E, [ I f<xs>ds} — E, [p(X,,)] + E, [ [ f(Xs)dS]

for every z € D.

When ¢ = 0, it is known (see [22, Theorem 9.15]) that the Dirichlet problem Lu = — f
has a unique solution in W2?(D) N Wy?(D) for any p > 1. Since D is a bounded C'**
domain in R¢, W2?(D) c C(D) for any p > d/2 by the Sobolev embedding theorem [22,
Theorem 7.26]. It follows that u is continuous on D with v = 0 on &D. So this solution
has a representation (2.1) with ¢ = 0. O

Denote by £* the adjoint operator of £. A solution of £*v = f in D is defined to be a
function v in L}, (D) such that for any ¢ € C°(D),

loc

/v(y)ﬁw(y)dy:/ f@)e(y) dy.
D D

Theorem 2.3. Suppose the diffusion coefficient (a;;(x))1<i <4 of £ is of Dini mean
oscillation, and D is a bounded C''! domain in R? with characteristics (Rg, Ag). There is
a unique jointly continuous function Gp(-,-) on D x D\ diag so that

E, {/OTD f(Xs)ds] = /DGD(;E,y)f(y)dy, z €D, (2.2)

for every f € C.(D). Moreover, Gp(z,y) has the following properties.

(i) Foreach z € 9D and y € D, hmi:ﬁ Gp(z,y) =0.
(ii) For each subdomain V with D\ V # (),

Gp(z,y) = E,Gp [(X+,,y)] foreveryr € Vand ye D\V. (2.3)

(iii) There exists C = C(d, Ao, ¢, Ry, Ao, diam(D)) > 0 such that

Gp(z,y) < Clz —y[*~* forz,y € D. (2.4)

(iv) For each fixed x,y € D,
CGD(-,y) = —5{_,/} and ﬁ*GD(J?, ) = —5{1} (2.5)

in the sense that for every ¢ € L?(D) with p > d/2, Gp¢(x) := [, Gp(z,y)d(y)dy
is in Wi’f(D) for every p > d/2 satisfying LGp¢ = —¢ a.e. in D, and G, ¢(y) :=
Jp Gp(z,y)¢(x)dx satisfies L*G}dp = —p a.e. in D.

) Gp(z,y) = G5(x,y) for any z # y € D, where G%5(z,y) is the Green function of £
in D defined analytically in [25].
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Proof. Since A(z) = (a;j(x)) is uniformly elliptic and bounded, and is of Dini mean
oscillation, by [25, Theorem 1.9 and p.34], there is a unique non-negative function
G%(x,y) that is jointly continuous on D x D \ diag so that for each f € LP(D) with
p>d/2,

u(y) :/ G5 (z,y) f(z) dz. (2.6)
D
is the unique solution of
L'u=—f inD with yjirélaDu(y) =0. (2.7)

Moreover, G4 (x,y) has the following property: there is a constant ¢ = ¢(d, Ao, ¢, D) > 0
so that

G5(x,y) < clr —y** and |V,G5(x,y)| < clr —y[*~? for every x,y € D with z # y,
(2.8)
and when D is ¢%Dini

|D2G5 (2, y)| < |z —y|~? for x,y € D with x # y. (2.9)

(The continuity of G4 (-, y) in D\ {y} and G4(z,-) in D\ {z} are shown in [25, p.34 and
p.36], which combined with (2.8) yields that G4 (x, y) is jointly continuous on D x D\diag.)
By [25, Remark 1.14], for each g € L4(D) with ¢ > d,

o(z) = Ghg(z) == /D G5 (2, y)g(y) dy

is in W24(D) N W, %(D) and is a strong solution of

Lv=—g a.e.inD with lim w(z) =0. (2.10)
r—2z€0D

Note that by the Sobolev embedding theorem (see, e.g., [22, Theorem 7.10]), Wol’q(D) C
Cs(D), the space of continuous functions on D that vanishes on dD. This together with
Lemma 2.2 yields that for any f € C.(D),

/ G5(z,y)f(y) dy = B, [/TD f(Xs)ds} for every x € D. (2.11)
D 0

When D is a bounded C''! domain. Let B be an open ball in R? with radius diam(D)
that contains D and define

Gp(z,y) = G5z, y) — B, [G5(Xrp,y)] forz,y € D with a # y. (2.12)

By Lemma 2.2, for each fixed y € D, z — v(z,y) := E, [G5(X;,,y)] is a function in
VVfof(D) N C(D) with L,v(z,y) = 0 in D and v(x,y) = G5(v,y) on dD. Hence z
Gp(z,y) is continuous on D \ {y} and for each z € 9D and y € D, lim=-= Gp(z,y) = 0.
That is, = — Gp(z,y) is continuous on D \ {y} after we set Gp(z,y) =0 for x € dD. In
view of (2.8), there is a constant ¢ = ¢(d, Ao, ¢, diam(B)) > 0 so that

Gp(z,y) < Gh(z,y) < cle —y[>~¢ foreveryx #ye D.

Since G%(x,y) is jointly continuous on B x B\ diag, by the dominated convergence
theorem, y — E, [G%(X-,,y)] is continuous on D \ {z}. It follows that y — Gp(z,y) is
continuous on D \ {z}.
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We next identify Gp with G4 and show that Gp(z,y) has the property (2.3). For
every f € C.(D), it follows from the strong Markov property of X and property (2.11)
with B in place of D that for every z € D,

| iy ; [ sceas [ f(Xs)dS]

- [ o] B e, [ 00 ]

- E, :/OTD f(XS)ds} +1EI/DG§(XTD,y)f(y)dy-

I
5

That is,
D
E, {/ f(XS)ds] :/ Gp(z,y)f(y)dy foreveryz € D.
0 D
We conclude from (2.11) that
Gp(z,y) = G5(x,y) pointwise on D x D\ diag (2.13)

as both functions are continuous in y there. Thus we have established that Gp(x,y) has
all the desired properties stated in the theorem except (ii).

Suppose V is a subdomain of D with D\ V # (). For any f € C.(D\ V), we have
by (2.2), the strong Markov property of X and the Fubini theorem,

/DGD(x,z) 2)dz =E [/ F(X ds}:Ez UTDf(XS)ds]
= B |Bx, [ 0] =B | [ Gt ar@e] = [ EG( 2]

Consequently, Gp(z,2) = E, [Gp(X,,, 2)] for a.e. and hence for every z € D\ V as the
functions z — Gp(z,z) and E, [Gp(X,,, 2)] are both continuous in z € D\ V in view
of the upper bound estimate of G%(x,y) in (2.8). Taking z = y establishes (2.3). This
completes the proof of the theorem. O

In the following, we will use Levi’s freezing coefficient method to derive Green
function estimates on G p(z,y) uniformly for sufficiently small A > 0. For this, define
for each fixed z € RY,

d

32
LH = 3" ai(2) 55— (2.14)
ULy

4,j=1

Let U be a connected open subset of R?. For each fixed z € R?, denote by G%f) the Green
function of £(*) in U. We search for Green function Gy (z,y) of £ in U of the following
form

Gu(a,y) = G (x.y) + / G (2, 2)gu (= y)d= (2.15)
U

for some function gy (z,y). Formally applying £ on both sides in z, we have

“Sy@) = LOGD () / £OGE (- 2)(@)gu (= y)dy
= —o,(a) + (LD — LG (-, y)(x) - gu(z,y)
+ / (£ — LGS (-, 2)(@)gu (2 v)dy.
U
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Here 4, stands for the Dirac measure concentrated at y. Setting
95 (@) = (L) = LGP () (@), (2.16)
we see that gy (z,y) should satisfy the following integral equation
_ (0 (0)
gU(m,y)——gur(x,y)-%ul;gU (z,2)gu (2, y)dz. (2.17)

Applying the above equation recursively, it indicates that gy (x,y) is given by

=> g (2,y) (2.18)
k=0
whenever it converges, where
g((]kﬂ)(x,y) = / gg)) (x7z)g(Uk)(z,y)dz for k > 0. (2.19)
U

We will show in Lemma 2.6 and Theorem 2.8 that for U = AD when ) is sufficiently
small, g\p defined by (2.18) is convergent absolutely, and the function defined by the
right hand side of (2.15) is indeed the Green function of £ in AD.
Recall that
Po(z z)':ﬂ z € B(0,r), z € dB(0,r)
i ) . U_}d/r ‘x _ Zld’ ) ) 3 )

is the Poisson kernel of the Laplacian (or equivalently, of Brownian motion) in the ball
B(0,7) in RY, where wy is the surface area of the unit sphere in R.

Lemma 2.4. Let 2o € R? and r > 0 and h be a harmonic function with respect to A in
B(zg,r), then there exist positive constants ¢; = ¢x(d) > 1, k = 1,2 such that

|Vh(z)| < cih(x)/r and |D2h(z)| < cah(z)/r?* for x € B(xo,r/2).

Proof. Without loss of generality, we assume xy = 0. There are ¢, = ¢x(d) > 1, k= 1,2
such that for « € B(0,r/2) and z € 9B(0,3r/4),

_Pr(z,2)

Pr(xvz)
37_/4 | | ‘D§P3T/4(JU,Z)| < e

VP /a(2,2)] < =@ )2

(2.20)

Note that h(x) = faB(o 3r/4) Ps,.)4(x,2)h(2)o(dz), where o(-) is the surface measure of
0B(0,3r/4). Hence, by (2.20), the conclusion is obtained. O

Suppose D is a bounded C*! domain in R? with characteristics (Ro,Ao). By the
Brownian scaling, it is well known that for any A > 0,

GLp(z,y) = N279G5(x/ )\, y/)\) for every z,y € AD, z # y. (2.21)

By Theorem 5.1 and (2.21), there is a constant C' = C(d, Ag, Ry, diam(D)) > 1 such that

forany A > 0
-1
|z _Cy|d_2 (1 A 5)‘D(x)> (1 A OAp(y )> < GSp(z,y)

[z =yl [z =y

< () ()

for all z # y in AD.
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Lemma 2.5. Suppose D is a bounded C''! domain in R¢ with characteristics (R, Ao).

For each z € D, the Green function Gg)(x, y) of £(*) exists and is a smooth function
in D x D\ diag. Moreover, there exist constants Cy, = Cx(d, Ao, Ag, Ro,diam(D)) > 1,
k =1,2,3, such that for every A > 0, z € R¢ and z # y in AD,

- f;;d—Z (1 A 5,\D(33)> (1 A 5AD(Z/)> < Gf\%(x,y)

|z — y |z —

C 5 5 (2.23)
< <1/\ AD(@")) <1Aw<y>>;
and
& o) .
VG ()] < z —md1<h\m—y|’ (2.24)
”_qe Cs San(y) San(@)) !
a%&%Gﬂxxyﬂ_|x_yw<1A:E_m)<ﬁA|x_y> ) (2.25)

Proof. Denote by A(x) = (a;;(z)) and AY/?(x) its symmetric square root. Let W be a
standard Brownian motion in R%. Fix z € R?. It is easy to prove that the generator of the
affined transform A'/2(z)W of W is L*). Let D, := {A~'/2(2)y : y € D}. Then

G\D(,9) = [A()|~2GRp (A2 (2)x, A7V2(2)y), @,y € AD, (2.26)

is the Green function of £(*) in D. Note that D, is a C*! domain in R¢ whose C%!-
characteristics depend only on Ry, Ag and the uniform ellipticity constant Ay of the
matrix A(z), while the bounds on the diameter of D, depend only on that of the diameter
of D and ). the desired estimate (2.23) follows from (2.26) and (2.22) for GfDZ

Foreach fixedy € AD,, . — GQDZ (x,y) is harmonic with respect to A in B(z, (dxp.(x)A
|z —y|)/2). Hence, for z,y € AD, with z # y, we have by (2.22) and Lemma 2.4 with
r = (0xp,(x) Az —y|)/2 and zy = z that

oxp. (¥)

V.GA (z, §C2(1A N Ly e D, (2.27)

| s, (@) |z — yld T |z — 9| 7Y

92 ‘ c3 ( 8o (y)) ( dxp. (@) ) -
—GY, (zy)| < 1A 222 1A 22 , € AD,, (2.28)
Bmdw; -0 S g (1M 2y E .

where ¢ = ¢i(d, Ao, Ao, Ro,diam(D)) for k = 2, 3. The estimates (2.24)-(2.25) then follow
from (2.26) and (2.27)-(2.28). O

Let g( ) gc) and gp be defined by (2.16), (2.19) and (2.18). In the following, we
assume the diffusion coefficients (a;;(x))1<i j<a of the non-divergence form operator £
of (1.1) are ¢-Dini continuous satisfying condition (1.3). Recall that £(-) : [0,00) — [0, 00)
is an increasing continuous function with ¢(0) = 0 and fo t)/tdt < co such that there
are positive constants ¢y and « € (0, 1] satisfying (1.4).

Lemma 2.6. Suppose D is a bounded C''! domain in R¢ with characteristics (R, Ag).
There exist positive constants 6, = 61(d, Ao, ¢, Ao, Ry, diam(D)) € (0, Wm()) and C4 =

Cy(d, X, 4, Ao, Ry, diam(D)) such that for any A € (0,61], gap(z,y) = > 1o 0gM)(x Y)
converges absolutely and locally uniformly on (AD) x (AD) \ diag with

Uz —y|) dap(y)
T < €, <C
l9ap (7, )] kzo‘g/\D vl Y= y|? Sap(a)

for z £y € AD. (2.29)
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In particular, gxp(z,y) is jointly continuous on (AD) x (AD) \ diag. Moreover,

aan(z,y) = ¢\ () + / 9 (x,2)gAp(2,y)dz for x # y € AD, (2.30)
AD

where g\ (z,y) = (L&) — LO)GY (-, ) (2).

Proof. Let rp(z,y) := dxp(x) + dap(y) + |z — y|. Then
man(@,y) < |z =yl +dp(z) < [v =yl + dxp(y) (2.31)

and
ap(y) +1z =yl <rap(z,y) <2(0xp(y) + |z —y|) forevery z,y € AD.

Note that since for a,b > 0,

a 2a

a
<1IA=KL 2.32
a+b b~ a+b’ ( )
we have by (2.25) that
0? ( 4C3  oap(y) rap(z,y) dxp(y)
AW () ()| < : I 4Oz — | . (2.33)
O0x;0x; w0 Y)(@)] < |z —y|? rap(z,y)  dap(x) sle =] Ap()
where Cj is the positive constant in (2.25). Hence,
|%ﬂxmzwdﬂ—dwawmm@n
82
Z laij(x) — aij(y)| 07,07, G(y)( y)(x) (2.34)
i,j=1 J
< 4035(|33 - ydll) In(y)
lz —yl* dxp(z)
For simplicity, let ¢; := 4C5. We claim that for n > 0,
Uz —y|) o
|g>\D z,y)| < 27" (Jz = D) oo (y) x#y€eND. (2.35)

[z —yl¢ dxp(z)’
Suppose that (2.35) holds for n = k& > 0. Note that by (1.4), we have for |z1| < |z2] < 1,

s £(|z4])
>~ >~ C0
|zo|® = |z2|® ((|22l)’
that is,
|21 | EXE

for |l‘1| < |l‘2| < 1. (236)

W(aal) = “e(lal)

Thus, we have for z,y, z € AD with diam(AD) < 1/2,

& — y|? (Jo — 2| +]z —yD? _  (2lz — 2|V 2]z —y])? d<m—zw v—md)
< ¢ <¢ <cp2 + .
(e —y) =z —z[+]z—y)) = @z — 2| v2lz—y[) = 7 \lz—=2)) " |z —yl)

Hence, for z,y, z € AD with diam(AD) < 1/2,

(e —z)) £z —yl) a(Uz—=)  z—yD)\ €z —yl)
. < ¢g2 . 2.37
PR P N P R P A
By (2.34), (2.35) with n = k, and (2.37), for A < 1/(2diam(D)),
(k) 2 ok L7 — 2]) 0ap(2) (]2 — y]) dap(y)
T,z z, < 72
‘g)\D( )g)\D( y)‘ 1 |ZL'—Z|d 5)\D() ‘Z_y|d 5)\D(Z)
{(lz —yl) dxp(y) (f(lx—ZI) f(z—yl))
< 227 Fe2d + (2.38)
[z —y|? drp(x) \ [z =2 = |z—yl
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Hence,
k+1 0 k
185 (2, )] < A 10 (2, )9 (2, 9)| d2

par1-k 2 = y)) () /Adim@)f(ﬂdr
[z —yl¢ dxp(z) Jo r

Let #; be small enough such that for A < 6; A

<wcc

2d1am(D) 4

wd01002d+2/ —dr < 1.
o<r<Adiam(D) T

Then for \ € (0,6,],

195D (2, y)] < 0127(k+1)5(\x —yl) §AD(y)7 v 4y eAD. (2.39)
|z = y|* éxp(x)
Thus (2.35) holds for n = k+1. In view of (2.34) and the mathematical induction, we have
proved the claim (2.35), which holds for any bounded C'**! domain D with characteristics
(Ao, Ro) and A € (0, 61]. Consequently,

|z —yl) dxp(y)

=91 oxp(z) forx #y e AD.

lgxn (@ y\<Z|g§’Bx y)| < 26
k=0
This proves (2.29) with Cy := 2¢; = 8C5.
Note that in view of (2.16), gg\% (z,y) == (L™ — E(y))Gg\%(~7 y)(x) is jointly continuous
n (AD) x (AD) \ diag. Fix zg,yo € AD. Let €9 = (dap(x0) A drxp(yo) A |To — yo|)/8 and
5 € (0,20). By (2.38),

k
sup / 199 (2, 2)9$) (2, 9) | d
ADNB(z,0)

z€B(z(,20)
y€B(yg,e0)
|z — ) |z — |z —
<Botept sup [ UEZ)n() / (<|x 2) , 4z yd)>dz
zggizo,so; |z —y|? dap(x) ADNB(z,8) |z — 2| |z — v
Yy Y0,€0

YR e T RV-IC) N ( / fo—=) , o / ((2|z0 = yol) dz)
B Ba;6)(

(|ro—y0l/2)¢ 6xp(20) z€B(z0,60) (z,6) |z — 2|4 lzo — yol/2)?

0224~ 1 E(2lzo — yol) Sxp(y )) <wd/0(5£(;)ds+2d€(|2|%y0|)|3(0a5)|>

lzo — yol? dap (2o Yol?

(2.40)
converges to 0 as § — 0, where the second inequality holds due to |xg — yo|/2 < |w —y| <
2|zg — yo| for w € B(xp,e0) and y € B(yo, o). In the same way, we can show that

lim  sup / |g(0)( )ggkl))(z, y)|dz = 0. (2.41)
60 =€B(20.0) JADNB(y,0)
y Y0:€0)

Moreover, in view of (2.35),

lim  sup / \gg\%(x, z)gg\%(z, y)|dz = 0. (2.42)
=0 Igﬁgwo 0) J{zEAD:6Ap (2)<5}
Yy Y0,€0)

On the other hand, it follows from (2.35), Holder’s inequality and the bounded conver-
gence theorem that for any w € B(zg, ) and § € (0,&q),

. 0 k
Jim 1{5w<z>>a}g§,§(:c, )9\ (2, y) dz
B(x,6)°NB(y,5)° (2.43)
0 k
= / 1{5w(z)>5}95\[))(w7 Z)QE\D)(Z, y)dz
B(w,6)°NB(y,5)°
EJP 28 (2023), paper 36. https://www.imstat.org/ejp
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uniformly in y € B(yo,c0). Since gf\g(x y) is jointly continuous on (AD) x (AD) \ diag,

we conclude from (2.40)-(2.43) by mathematical induction that g(kJrl)(ac7 y) is continuous

in x € B(xg,e0) uniformly in y € B(yo,eo) for every k > 0. Similarly, one can prove
(ki1 )(x,y) is continuous in y € B(yo, ¢) uniformly in « € B(zo,¢) for
every k > 0. Consequently, gyg (z,y) is jointly continuous on (AD) x (AD) \ diag for every
n>0.As Y77, gy}),(:z, y) converges to gxp(z,y) locally uniformly on (AD) x (AD) \ diag
by (2.39), gxp(x,y) is jointly continuous on (AD) x (AD) \ diag. Identity (2.30) follows

W (@, y). O

by induction that g,

directly from the estimate (2.39) and recursive definition (2.19) of g

Lemma 2.7. Suppose D is a bounded C''! domain in R¢ with characteristics (R, Ag).
Let 0, be the positive constant in Lemma 2.6. There exists a positive constant Cs =
C5(d, Mo, ¢, Ao, Ry, diam(D)) such that for any A € (0, 6],

z C’5 0 .
G(M))(x7z)|g>\D(z7y)|dz < W <1 A AD(y)) on (AD) x (AD) \ diag. (2.44)

AD |z — y

Moreover, [, Gf\%(a:, 2)gap(z,y) dz is jointly continuous in (x,y) € (AD) x (AD) \ diag
and for each y € AD,

li =
xﬁ(})r(r}l\D) GAD(Z‘ 2)gap(z,y)dz = 0.

Proof. Let rap(x,y) := 0xp(z) + dap(y) + |x — y|. Note that
o)+ |z —y| <raplz,y) <2(0xp(x) + |z —y|) forevery z,y € AD. (2.45)
By (2.31)-(2.32), (2.23) and Lemma 2.6, for A € (0, 6,],

1 oxp(2) £z —yl) dap(y)
|z — 292 rAp(,2) |2 —y|? dap(2)

G(Azl))(xv Z)Ig)\D(Z, y)‘ < 40104

(2.46)
4C1Cy  dap(y) (|$—y|d_2€(|2—y|)TAD(%Z/))
T e =yl 2 rap(z,y) \ |z — 2772 |z —y|? rap(z,2)
Note that by (2.45)
[z —y[* 2 |z = y|) ran(z,y)
|z —2[9=2 [z —y|* rap(z,2)
[z =y Uz —yl) |z — 2]+ ]2 — y[ + drp(x)
S A eyl Ja— 2]+ oan(a)
< 4(2ku<{|90—ZI,IZ—y\})Hé(lz—y\) |z — 2|+ |z — ¥l
- |z — 2|42 |z —yl? |z — 2|
- 4(2max{|9372|,|zaz/\})”Hﬁ(lzfy\)
- |z — 2|41 |z =yl
1 1
< 2d+1€(|z—y)< + )
Iz—yld |z — z[@" 1tz — y|
2(( Ulz = 2]) £z — yl) |z — 2|
S 2d+1( +1 .
yw Hemnl o= Ty 210 (e = 2) |2 =]
< 2d+1( . ($—2)<z—y|) x—z)
y|d {lz—y[>] 1} |z — 2|4 |z — 2 |z —
o gann (202 2]
- Iz—yld |z — 2|
(2.47)
EJP 28 (2023), paper 36. https://www.imstat.org/ejp
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where the second to the last inequality is due to (1.4). Hence, we have by (2.46)
and (2.47),

27301 Cy Sxp(y) Uz —yl) |z — =)
el T,z z,y)|dz < / <2 + ¢ ) dz
/AD w2l ds < a0 G ) o e =gl T o2

< 272+ c0)C1iCy Gxn(y) /Adiam(mw U 4,
S =yl ol o

2 232+ 00)C1Ca Gan(y) /1 ((r)
B 0

wqg—=dr forx#y € AD.

|z — y|i=2 rap(,y) r
(2.48)
This establishes (2.44).
It follows from (2.46) and (2.47) that
2d+3(9 1) U]z — |z —
6L ot < LR o) (1) tlo=2))
|z — yld~ (T y) \ [z =yl |z — 2| (2.49)

< 27%(2 + ) C1Cy (ﬁ(lz—yl) f(lI-Zl))

|z — y|d=2 |z —y|d |z — 2|4

By a similar argument as that for (2.40)-(2.43), one can show that f/\D GE\ZL))(:U, 2)gap (2,
y) dz is jointly continuous in (z,y) € (AD) x (AD) \ diag.
Finally, we prove that for each y € AD and @ € 9(AD),

lim Gg\%(x, 2)gap(z,y)dz =0 (2.50)

Fixy € AD and Q € 9(AD). Let e € (0,dxp(y)/2). By (2.49) and the dominated conver-
gence theorem,

lim G(Z) 2 2y)dz
ADOB(Q,&/Q}BIHQ/AD\B(Q’E) \p (@ 2)gap(2,y)

(2.51)
= / lim Gg\z[))(x, 2)gap(z,y) dz = 0.
AD\B(Q.¢) 7@
On the other hand, by (2.49),
s [ Gl
2EADNB(Q,e) JADNB(Q,e)
20+3(2 C.C |z — |z —
< sw ( +03121 1 / (Jz ZCP (2 yy &
zEADNB(Q,¢) |z — y| ADNB(Q,e) |z — 2| |z — vl
5 2-d Ul —
<233 4 )1 ( w<y>) wp [ Memd,
2 2eADNB(Qe) J|o—z|<2e [T — 2]
5 2—d Uls —
+ 2d+3(2 + 60)0104 ( AD(Z/)) / 7“2 y(l) dz
2 ADNB(Q,e) |z — v
o\ ) ¢(diam(AD))
<2d+32+ccc(m / wg——= ds + ~——"22|B(Q,¢)| ) = 0
< (2+ )10 | = W oo () 2)7 |B(Q,¢)|
as € — 0. This combined with (2.51) establishes (2.50). O

The following result is a key step of this paper. It shows that the kernel obtained via
Levi’s freezing coefficient method defined on the right hand side of (2.15) through (2.16)-
(2.19) with AD in place of U is indeed the Green function G,p when A > 0 is sufficiently
small.

EJP 28 (2023), paper 36. https://www.imstat.org/ejp
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Theorem 2.8. Suppose D is a bounded C!'! domain in R? with characteristics (R, A).
Let 6, be the positive constant in Lemma 2.6. Then for any A € (0, 64], the Green function
Gap of £ in AD satisfies equation (2.15) with AD in place of U; that is,

Gyp(x,y) = Gf\%(x,y) +/ Gf\%(x, 2)gap(z,y)dz for xz #y e \D. (2.52)
AD

Proof. For A € (0, 6,], define
CNT'AD(x,y): AD (z,y) / GAD x,2)9\p(2,y)dz, xF#y € AD. (2.53)

The crux of this proof is to show that for each C'2°(AD) function 1, Gy p(x) = [ D Gy o
Y)Y (y)dy is in Wz P(AD) for any p > 1 and EG,\Dw = —t a.e. on AD. Once this is estab-
lished, we can use mollifier and Ito’s formula to show that & ap(x,y) is the occupation
density of the diffusion process X associated with £ in AD and hence identify it with the
Green function G,p(z,y). However, due to the singularity of the second derivative of
Gf\%(x, z) along the diagonal and the intertwined z in the second derivative of G&%(x, z),
it is difficult to show directly the weak differentiability of G pt(z) and to establish the
property LG Ap¥% = —¢ a.e. on \D. To overcome these difficulties, we use an approxi-
mation procedure to smooth out the singularity of GE\ZE),(J:, z) along the diagonal. Some
ideas of this approximation are motivated by those from [22, Lemma 4.2] which is for
the C?-derivatives of the Newtonian potentials of the Laplace operator. But in our case,
since the differential operator £ has less smooth coefficients and the form of G\p(z, )
is much more involved, our argument is significantly different from that of [22, Lemma
4.2] and the proof here is much more delicate.

The proof of this theorem is pretty long. We divided it into three parts and part (I) is
further divided into three steps. Let 5 € [0, 2] be a C*°(R) function satisfying

nt)=0 for t<1, and n(t)=1 for t>2

and 0 < 4p(t) <2,|4n(t)| < 4 for t € R. We define for € € (0,1), n-(z,y) = n(|lz — y|/e)
in RY x RY Let (G\}n.) (2, ) = G («, y)ne(w, y). Then (G\}ne)(w,y) = 0 for [z —y| < ¢
and (G\Y)n.)(x,y) = G )(sr y) for |y — x| > 2¢. Define

G (@,y) = (Gipne) () + A (G (@ 2)grn(zy)dz @ £y €D,
(I) We claim that for any ¢, € C>°(AD),

lim [ ¢(2) LGS (x) da = —/ b(2))(z) da. (2.54)

=0 /aD AD

We prove this through the following three steps.
Step 1: We prove that for any ¢, ¢ € C°(AD),

i [ 2. ( | @ >w<y>dy) b(z) dz

e—0

/ (LD — LYGY) (2, 9)0(y) dyd(x) dz — | (x)¢(x) dz.
AD JAD

AD

(2.55)

Note that by the estimates (2.23)-(2.24) and (2.33), there exists ¢; = ¢1(d, Ao, Ro, Ao,

EJP 28 (2023), paper 36. https://www.imstat.org/ejp
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diam(D)) > 1 such that for each z,y € AD,

d
sup > Dy (G ) (@ + b))

|h[<éxp(x)/4; 521

Z (D GSY - 1) (@ + hyy) + DG (x + hyy) - Dy + hyy)
1,7=1
+ G (@ + hyy) - Dygne( + h,y)|
Soly) 2 .4 _
—d OxD\Y 1—d 2—d
<ci  sup y <|37+h— W+g|$+h—y| +;2|$+h—y| )1|a:+hy>a/2

|h|<éxp(z)/4

d. —d[o9DY)
<2dcie (26”3( )+2>

Thus, by the dominated convergence theorem,

|h|<5)\D(:L‘)/4

Dy [ (G (@, y)(y) dy = / Dis (G (- 0) (@) () dy.
D AD

Hence, £, [,, G Dne(x YUy dy = [, p Lx(GE\%nE)(a:,y)w(y) dy. We divide the integral

into two parts
~/)\D / Lo(Gne) (@, y)u(y) dyo(z) da

- / / (£ — LO) G, y)b(y) dyd(z) dx
AD JAD

+ AD AD g;y)(G&%ne)(x,y)w(y) dyo(z) dz

:le + ]2

For the first term, by the Dini condition (1.3) of a;;, (2.23)-(2.24) and (2.33), there exists
Co = C(d, /\07 Ro, Ao, dlam(D)) such that

(2.56)

I8 = 2GS - G w0l dy
d
<Y [ el = )] D56 - DyG - Wl
Yy—x £

ij=1

d
< Il [ Uz = yD (1D (G, )| + 1D G () dy
i,j=1 ADN{|y—=z|<2e}
d
<> Il | Uz = gD (IDigne(,9) |G . )+ | Dine () I DGR 2, w)]) dy
ij=1 ADN{|y—=|<2e}
d
+2 3 [l [ (e = DID G (. v)) dy
ij=1 ADN{|y—z|<2e}

- - - —a0p(y
<eallils | e = (1 =P 4 27 e g oy 22D g
ADn{\y z|<2e} \D

(lz = yl)
o0 d
=2 (20+ x ( )) HwH /{|x—y§2€} “T - y|d Y

1
< <2O+ )nwoo / wa gs,
drp(z) {0<s<2¢} s

(2.57)
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which converges to 0 as ¢ — 0 uniformly on any compact subset of AD, where the second
to the last inequality holds due to dyp(y) < diam(AD) < 1. Hence, for each ¢ € C°(AD),

Jim A ) A e - LOVGE ) (@, y)0(y) dyd(z) da

e—0

(2.58)

Next, we consider I, in (2.56). For any ¢,¢ € C°(AD), by Fubini theorem and
integration by parts,

lim / LD (G )z, 9)(y) dye(x) do
AD JAD

e—0

- 1 V(G x z) dz
- [ ( [ 06w ot d )w@)dy

e—0

e—0

C lim ( £§9)¢(I)(G§%UE)($7y)d$> (y) dy
AD AD
-/ ( z;y>¢<x>ag%<x,y>dx) W(y) dy
AD AD

= m (v) () )
e ( | LPO@)G D e (0)dr ) vy) dy

. 1
- AD 2 1Bl 0 OD)] ( . ¢<w><—1s<y,e>><w>dx> Wly) dy
= [ swrway 2.59
AD

In the fourth equality we used the dominated convergence theorem and the fact that for

1 ) c1 1 Co
— _G\W¥1 < 1 dw < ———=
By, e)n (D) 0 00 @) S FESTRDY .y =i Bwe (WA S T s

by considering two cases separately: (i) when |z — y| > 2¢, then |z — w| < |z — y| for
w € B(y,¢); (i) when |z — y| < 2¢, then B(y,e) C B(z, 3¢) and so

C1 1

1 d
1B(y,e) N (OD)| Jxp |z — w]?2 B(y.e)(w)dw
s S,
1B(y:€) N (AD)] Jp(a,3e)ap & = wl|?™?

€2 2 c3 Cyq
< < < .
B |B(ya€) N ()\D)|€ - gd*Q - |£E _ y|d,2

In the fifth equality, we used the fact that for f € LP(AD), GE\% f is a weak solution to
LWy = —fin AD. Combing (2.58) with (2.59) yields the desired property (2.55).
Step 2: We prove that for any ¢, ¢ € C>°(A\D),

iy £ [ (G onn o] wote) dyas
e=V JADxAD AD

://\D o {/AD(EQ(L.I) — Eg(cz))G(A%(x,z)gw(z,y)dz} (y)o(z) dy dx (2.60)

- / / oap () (y) dy(z) de.
AD JAD
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By a similar argument in (2.57),

[ e~ 26w 2) - 6w - oo ) [0l d dy
AD JAD

4 2 2 2
<|[¥]loo / / (| — =) ( GO (x,2) + Z|D,GO) (w, 2)| + 2|DijG&,;<x,z>)
AD JADN{|z—z|<2e} 3 g

“gap(z,y)| dz dy
(2.61)

Let rap(z,y) := dap(x) +Irp(y) + |z —y|. In view of (2.23), (2.32), (2.45) and Lemma 2.6,
for any € € (0, (0xp(x) A |z — y|)/4), the first integral in the right side of (2.61) satisfies

4
/] Ul — =)= G (@, 2)lgap (2 )| d= dy
AD JADN{|z—z|<2e} €
sl—fclcu/ / (o — 2l — ofp-a- 202 Uz =u) ol) 4,
€ AD JADN{|z—x|<2e} map(T,2) [z =yl dxp(z)

<0048 / / oo aptlz =D e =sl)
€2 6xp(x) Jxp ADN{|z—x|<2e} |z —z|¢ |z —y]

<640,y / Al — =) </ == dy) dz
oxp () Japn{jz—a|<2er 17— 2| Ap 12—l

1 1 2e
§6401045 @ / wdE(TT) dr/ wd@ ds,
AD 0 0

where the second inequality is due to ryp(x,z) > dyp(z) and drp(y) < diam(AD) < 1
Similarly, by (2.24) and Lemma 2.6, the second integral in the right side of (2.61) satisfies
for any ¢ € (0, (0xp(x) Az —y|)/4),

/ / \:cfz\) 1D;GS7) (2, 2)ll9ap (2, 9)| dz dy
AD JADN{|z—z|<2e}

§—0204/ / (e — 2o — o420 Uz=v) anl)
€ AD /\Dﬂ{\z z|<2¢} rap(z,2) [z —y|* dxp(2)

<CyC, 8 dAn(y / / | Uz — FP €(|Z—y(l) dz dy
e 0xp(z) Jap Japng)-— w\<2g} |z —2[* [z —y]

1 £(r) £(s)
§1602045>\D( )/0 " dr/o WdT ds.

By (2.33) and Lemma 2.6, the third therm in the right side of (2.61) satisfies for any
€ € (0, (6xp(z) Az —yl)/4),

/ / Uz — 2)| Dy G, 2)aan (2 )| de dy
AD JADN{|z—z|<2e}

i Uz — =]) Brp(2) £z — 9]) dan(w)
SCC/ / dzdy
o AD ,\Dm{|z z|<2e} |z — 2|4 Sxp(x) [2—y|? dap(2)
— N (s —
< ¢y, 22 / / Uo—z) = —vl) 4 4,
63D (%) Jap Japnflz—a|<2ey [T — 2% 2=y

2e
S 0304 1 / (T) dT/ wd@ ds.
xp(z) Jo T 0 s

Hence, by the three inequalities above and (2.61),

lim / / (L&) — LOYCD ) (@ 2)gan (. y)b(y) d= dy
AD JAD

e—0

/ / LD — LG (2, 2)95p (2,9)0(y) dz dy
AD JAD
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uniformly on any compact set of AD. Therefore,

e—0

/ U / L = LG (. 2) 90 (2. y)v(y) d dy} o(x) d.
AD LJaD JaD
By a similar argument of (2.59), for any ¢, € C°(A\D),

lim / ) / ) / sl G no) (@, 2)grn (2, y)dz(y) dye() da

e—0

=t [ [ ([ £06n160) e ) (o) dy

e—=0

- /AD /w (/)\D £6(@)(G5pme) @ Z)dx) (2, y)(y) dzdy
/)\D /m ( )\D£ ()G (e, Z)dx) 90 (2,9)¢(y) dzdy

- -/ ( ; ¢(z)gw<z,y>dz> (y)dy.

The desired property (2.60) follows from (2.62) and (2.63).
Step 3: Recall that

GS) () = (GYn) (@, y) + A (G ne) (@, 2)gap (2, y)dz, x # y € AD.
D

By Steps 1 and 2 and the definition of g)p(x,y), for any ¥, ¢ € C°(AD),

hm o(x) LG E[))w(m)dx

AD

= lim [ L, [ GOz, n)0ly) dyd(z)da

e—0

AD AD
~ lm / / W o) (@, y)e(y) dyd(x) da
AD AD

e—0

im - (=) )(x, z z z z)dr
1 /Mf /AD/AD@ADn (&, 2)9ap (2 ) d=tp(y) dyd(z) d

e—0

= [ vwewars [ (00 - 068 w0) vio) dvote) ds

- / oap (@, y)0(y) dyd(z) da
AD

(] - 068w o e )i ) wio) dote) da

= [ v
AD

This establishes the claim (2.54).

iy [ [ || e = 206 @ o i) d: dy} 6(z) da

(2.62)

(2) (2)

-/ /DHO‘B” (AD”( )~ Lae) (e ) g2 ()0 ddy

(2.63)

(2.64)

(2.65)

(II) Next we claim that there exists ¢ = ¢(d, Ao, ¢, Ro, Ag, diam(D)) such that for any

e>0,

1
< .
[l Gldy < ez s

(2.66)
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Due to the cut-off of singularity along the diagonal by 7., we have by Lemma 2.5 that
T = GE\%(JL‘, y)is C*™ in AD \ {y} for each y € AD and

LG9 (2,y) = Lo (GO ), y) + / LGS ()i

To prove (2.66), we first prove that there exists a constant ¢ = ¢(d, Ao, ¢, Ry, Ao, diam(D))
such that for any ¢ > 0,

2 1
[ G @ el dedy < e . (2.67)
ADXAD dan()
Note that
Em(GE\%nE)(x, z) = ne(x, z)Eng\%(x, z) + Gg\%(cc, 2)Lone(z, 2)
d (2) (2.68)
n Z ai;(2) 0G\ h(x,z) On.(x, z)

8:1?i 8$j

4,J=1

Note that G{?)(-,z) is C? and harmonic with respect to £() on AD \ B(z,¢). Thus
e (x, z)Eggz)Gg\%(:r, z) = 0. Hence, for the integral of the first term in (2.68) multiplying
by g p(z,y), we have by (2.33), (2.37) and Lemma 2.6 that,
| e G e g )l d dy
ADXXD
< [ e - LG Dganteldz dy
ADXAD

+ / 102, 2) PGS (2, 2)gan (2, )| d dy
ADXA\D

d
< 3 / a15(2) — a5y ()| Dyy G (- 2) (2)gam ()l d2 dy + 0
ADXA\D

i,j=1
d
< Y / Uz — )| Dy;GSY () (2)gap (2, ) |dz dy
i.j=17ADXAD
|z — 2)) $x0(2) £z — y]) Srn(y)
< 4CC/ dz d
= U L ban e =217 dap(@) [z —yl? on(z) Y
< a0, / O30 (y) Kz = v / (“'fzyﬂ”zyy)dzdy
AD(S/\D(x) |:c—y| \D \x—z| \z—y|
2
S 2d+3000304 L (/ de(s)ds> .
5>\D($) 0<s<1 S

For the integral of the second term in (2.68) multiplying by gxp(z,y), we have by (2.23),
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(2.37) and Lemma 2.6 that,
/ | 6Bl g e dzdy
AD JAD

<3 fayte I 6w D2 @zl ddy

7,7=1

<Adrge? / / G (2, 2)lgan (2, )| dz dy
AD JADN{|z—z|<2e}

§16d2)\0C104672/ / |$_Z‘27d 5)\D(Z) €(|Z _y(l) 5)\D(y) dde
ADN{|2—z| <2} map(r,2) |z —yl* d\p(2)

1 £z —
§16d2)\oClC’45_27/ |z — z|2_d/ ﬂziyd\) dydz
oAD(T) JaDA{|z—w|<2c} ap |z =Yl

1 1
<64d MC1Cy—— / wd@ds,
oxp(x) Jo s

where the second to the last inequality is due to ryp(x,z) > dxp(z). By a similar
argument, for the integral of the third term in (2.68) multiplying by gap(z,y), we have
by (2.24), (2.37) and Lemma 2.6 that,

//\D/,\D Z a5 (= DGAD( 2)(x)Djne (-, 2)(x)gan (2, y)| dz dy

1,7=1

<Z|au |/ / DG (- 2) (@) Dyite (- ) (@) gap (2. )| dz dy

1,7=1

<2d*Xoe ™! / / IDiG\) (-, 2)(x)gap (2, )| dz dy
AD JADN{|z—z|<2e}

§8d2)\0571/ / ‘SU o Z|17d 5)\D(Z) e(‘z _y(l) 5)\D(y) dde

ADA{|z—x|<2¢} rap(z,2) [z —y|* dxp(z)

<8d*Noe 1 CoCy—— ! / |x—z|1*d/ Mdydz
63D (%) Japn{|z—a|<2e ap 12—l

1 1
<16d ACoCy——— / wd@ds.
dxp(x) Jo s

Consequently, by the three displays above and (2.68), (2.67) is established. By a very
similar but simpler argument, one can also prove that

/ 1L, (G ne) (@, y)| dy < cs (2.69)
AD

1
Ap(x)’
where ¢ = ¢(d, Ao, ¥, Ro, Ao, diam(D)). The proof is omitted here. Thus, by (2.69)
and (2.67), (2.66) holds.

(IIT) Recall that Gyp(z,y) is defined by (2.53). We claim that for any ¢ € C°(AD),
G,\Dw € Wz P(AD) for any p > 1 and

LGpt = -1 ae.on AD. (2.70)

This will then imply that G p(z,y) = é)\D(x y) establishing (2.52).

Fix a function ¢ € C2°(AD) and define G )¢ (x = [ip G (x,y)¥(y)dy. Due to the
cut-off of singularity along the diagonal by 7, 1t is easy to show that for any p > 1,
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éf\%w € W2P(AD) N C(AD). It follows from (2.66) in (II) that for any relatively compact
open subset D’ of D and for any p > 1

sup ”ﬁég\sz)ﬂ/)”mo\pl) < +o00.
e>0
By Lemma 2.7 and (2.23),

sup G5 (2,y) < G (2, y)+ A N G (@, 2)|grn (2, y)|dz < (C14Cs)la—y[>~%, @ #y € AD.

e>0

Thus sup,qSup,cip |é(;l))w(x)\ < oo and whence sup, ||C~¥§\%1/)\|Lp()\p) < oo for any
p > 1. Consequently, by [22, Theorem 9.11], for any relative compact subdomain D" of
D', there exists a constant ¢ = ¢(d, p, Ao, £, \D"; AD’) so that forp > 1,

sup | GDvllw2r (apry < esup [ LG G Lopry + esup [G\D 0 Loy < +00. (2.71)
€ € g

By (2.71), the weak compactness of bounded sets in W?2?(\D’) for any relative compact
subdomain AD’ of AD and a diagonal selection procedure, there exists a sequence of
positive numbers {¢;;7 > 1} decreasing to 0 and a function ¥ € W?2?(\D) such that for
any compact C''! subdomain A\D’ of AD, 55\5]5)1/1 converges to ¥ weakly in W2P?(\D’) as
i — oo. In particular, for any compact subset AD’ of AD and any g € L?/(?=1)(\D’),

zli{r}o (g7Dkég\ng)L2()\D’) - (g’Dk\IJ)LQ(AD’)

for all |k| < 2, where (f,g)Lz(/\D,) = [\p f(@)g(x)dz. Note that each |a;;(z)| < Ao,
g-aij € LP/P=D(\D’) for every g € L/ P~V (\D'). It follows that

ilir?o(g,ﬁégeé)w)mw') = (9, LY) r2(Ap)-

This together with (2.64) yields that L& = —) a.e. on AD’. On the other hand, as éf\‘%w
converges to CNQ’ADzl; uniformly on A\D’, é&%q{) converges to éAD@[; weakly in LP(AD’) as
¢ — 0. By the uniqueness of weak limit, G Ap® = ¥ a.e. on A\D’. Since this holds for any
relatively compact subdomain A\D’ of AD, we get the desired conclusion (2.70).

Let p € C°(R%) be non-negative with supplp] C B(0,1) and [, p(z) dz = 1. Define
pn(@) := nip(nx). For any ¢ € C(AD), let f := Gxpt and fn(z) = pp * f(z) =
f/\D pn(z — y)f(y)dy. Clearly, f, € C*°(AD) and f, converges uniformly to f on AD.
Let {Dy; k > 1} be an increasing sequence of relatively compact subdomains of D that
increases to D. For each fixed k > 1 and x € A\Dy, by Ito’s formula, when n is sufficiently
large,

t/\TADk

. t/\T*Dk
Ey[fo(Xtnrap, )] — falz) = Ez/ Lfn(Xs)ds = —Em/o pn * W(X,) ds.

0

Letting n — oo and then ¢ — oo, we get
TADy
Ey[f(Xrp, )] — f(2) = —]Ex/ ¥(Xs)ds for every x € ADj,. (2.72)
0
Recall that

Gap(z,y) = G (z,y) +/ G0 (x,2)grn(z,y)dz, @ #y € AD.
AD
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By (2.23) and Lemma 2.7, Gap(z,y) < (Cy + Cs)|z — y|>~? for z # y € AD and for each
y € AD, G p(z,y) converges to 0 as x — 9(A\D). Hence, by the dominated convergence
theorem,

li = i G = 0.
o f@) = Jim Gany(z) =0

Sending k£ — oo in (2.72), we have by Theorem 2.3 that for each z € AD
~ TAD
Canv(e) = @) =E. [ w(X)di= [ Gap(ay)v)dy.
0 AD

This shows that for each 2 € AD, Gxp(z,y) = Gap(z,y) for a.e. y € AD. Since by
Theorem 2.3 and Lemma 2.7, both Gp(z,y) and C?AD(x,y) are jointly continuous on
(AD) x (AD) \ diag, we conclude that G,p(z,y) = Gap(x,y) holds for every (z,y) €
(AD) x (AD) \ diag. This establishes (2.52). O

Lemma 2.9. Suppose D is a bounded C!! domain in R? with characteristics (Ro, Ao)-
Let C1, 61 and C5 be the positive constants in Lemmas 2.5, 2.6 and 2.7. Then for any
A E (O, 91},

C1+Cs oxp(y)
b < 1
Guotow) < 15t (10325

Moreover, for any v > 1, there are positive constants 6 = 05(d, Ao, £, Ag, Ro, diam(D), ) €
(0,01] and Cs = Cg(d, Ao, Ag, Ro, diam(D),~y) > 1 such that for any A € (0, 62],

> on (AD) x (AD) \ diag. (2.73)

Cﬁ_leD(x,y) < Grp(z,y) < CngD(m,y) for x # y € AD with |z — y| < ydr\p(x).
(2.74)

Proof. By (2.23) and (2.44), (2.73) is established. Let rxp(z,y) := dxp(x)+drp(y)+|z—y|.
Note that

dap(z) + [z —y| < rap(x,y) < 2(6rp(2) + [z —y|) forevery z,y € AD.

For x,y € AD with |z — y| < ~v0xp(z), we have dxp(y) < |y — x|+ dap(x) < (1 +7)drp(x)
and so
dap(z) < rap(z,y) < 2(1+7)dxap(2).

In this case, the two-sided estimates (2.23) for G(Ay[))(m, y) can be written as

(v) _ 1 dxp(y)
Do) = 7 )

.z =yl <~éap(a), (2.75)

where the comparison constants depend only on (d, Ag, Ay, Ro, diam(D), ). By the second
inequality in (2.48),

z 2d+3 ) Oy S .
Gg\g(w,zﬂgAD(z’y” dz < 2+ 02121 1 90W) / wWq (r) dr
AD |z -y 2D (%, Y) Jocr<adiam(p)

for x # y € AD. Hence, there is a constant 05 = 02(d, Ao, ¢, Ag, Ry, diam(D),~) € (0,61) so
that for any A € (0, 6],

B} 1
| @ almotl < 568w 2.76)

for any « # y € AD with |z — y| < vdxp(x). Consequently, this together with (2.52)
and (2.22)-(2.23) yields that there exists a constant Cs = Cs(d, Ao, Ag, Ro, diam(D)) > 1
so that for any A € (0, 62],

z 3
Gane.s) = G + [ G aan()dy < 56 w) < CoGRp(ay) @77)
AD
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and
z 1 .
Gap(z.y) > G (x.y) - /A G (@, D)oz w)ldy > 3G (r,y) > C ' GRp(.y)
D

for any = # y in AD with |z — y| < ydxp(z). This completes the proof of the theorem. O

Note that it follows from (1.2) (by taking §; = d;x and & = di + d;, for 1 < k < d
there respectively) that

)\al < aii(x) <)Xy and |aij(m)| = |aij(x) + aji(x)\/Q <Xy foreveryl <i,j <d.
(2.78)
Recall that for each Q € 9D, there exist a C!! function ¢ = ¢ : RY"! — R satisfying
#(0) = Vo(0) = 0,||Voleo < Ao, |Vo(x) — Vé(y)| < Ao|lr — y|, and an orthonormal
coordinate system C'Sq:

Yy = (gvyd) = (yla e 7yd—17yd) S Rd_l x R
with its origin at ) such that
B(Q7R0) NnD= {y = (’g,yd) S B(O,Ro) in CSQ L Yd > ¢(ﬂ)}

For the simplicity of notation, let Q = 0 € dD. For r > 0, define qbg)(g) = roo(r~19).
Then ¢<T> is the C1! function representing rD in the coordinate system centered at
Q € 9(rD) so that

(D) N B(Q,7Ro) = {(7:4a) € (rD) N B(Q.7Ro) : ya > 6 (7).

Let pg) () =24 — (;Sg) (z) for z € (rD) N B(Q,rRy). Define for r1,ry > 0,

Dg)(Tl,Tg) = {y erDNB(Q,mRy): 0< pg)(y) <ry,|gl < rg} (2.79)
and
UG (r1,r2) 1= {y € DN BQ,rRo) : 95 () = 1, 15| < 72} (2.80)

The next lemma holds for any non-divergence form operator £ of (1.1) with bounded,
continuous and uniformly elliptic diffusion coefficients.

Lemma 2.10. Suppose D is a bounded C*! domain in R¢ with characteristics (R, Ag).
Let rg = Bo There are constants dg = do(d, Ao, Ro,Ao) € (0,r09) and Cy =

44/1+A°
Cr(d, Mo, Ry, No), k = 7,8, such that for any r € (0,1], Ay > 1,Q € 9(rD), and z €

Dg)(T50/)\1, o/ A1) With & = 0,

Al
P, (XT =) S ’I“D) < 07*57'D(x)’
D& (r30/21.7r0 /A1) r

(r) A
]Pw (XTDEQT)““SO/)\LTTO/)\N < UQ (T(SO/AMTTO/)\I)) = 08 r 6TD($).

Proof. The proof adopts some ideas from the proof of [10, Lemma 3.4], which in turn
are motivated by that of [7, Theorems 5.10 and 6.4]. Without loss of generality, we
assume Q = 0. Let ¢ = ¢ : R¥! — R be the C'!'! function representing D with ¢(0) = 0,
IVdlloo < Ao and [[Ve(y) — Vo(Z)| < Aoly — Z[ and

DN B(Q,Ry) ={(%,ya) € DNB(Q,Ro) : ya > ¢(y) in CSg}.
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Let A; > 1. Then A\, D is a C!'! domain in R¢ with the same C''!-characteristics (Ag, Ro).
Let ¢y, () := Mdg(A\; *9). Then ¢y, is the C'! function representing \; D centered at
so that

(MD) N B(Q, Ro) = {(§,4a) € (D) N B(Q, Ro) s ya > 6, ()}

Let r € (0,1] and let A2 := A;/r and X( 2 = A2Xy/xz. It is easy to check that the
infinitesimal generator of X (*2) is

d 92
£O2) = ii () Ao) m———.
Z @i (@/X2) O0x;0x;
4,j=1
Note that « — {a;;(2/A2); 1 < 4,7 < d} has the uniform ellipticity constant X,.
Let p = 3/2. Define

P, (Y) = Ya — &, (7)
b, (¥) = px, (Y)1x, DAB(0,470) (Y)
b, p(y) == Pi (y 1>\1DnB(0,4ro)(y)

)
DA\, r1,m2) =y = (§,ya) €MD : 0< px, (y) <71, |y <ra}
U(A1,r1,7m2) = {y = (§,y4) € MD 2 px, (y) = 71, 9] < 72}

It is easy to see that D(\y,r1,72) is contained in D N B(Q, Ry) for every rq,ry < ro. Note
that for y € \yD N B(0, 4ry),

d—1
L2y, (y) = - i]z':l aij(y/A2) 55— 86 P, (Y 22%1 y/A2) i@l (@)
Hence, by (2.78),
1L by ()] < (d—1)(d+ 1)AoAo, y € (AD) N B(Q,4r) (2.81)
and
Ly, 5 (y)
d
= pp—Dpr(y Z 1/ A2)0y, P2, (1)0y, P, (1)

d
—Z%WMMAV%MMM

> ( O p)\l y p 2 ‘quﬁ/ﬁ )‘2 + 1)
1
7p)‘0p>\1 | 2¢>\1 | +2 Z |a§iyj¢>\1 (g)|
i= 1<i<j<d—1
> )\ —1)px, y)p 2_(d- 1) p)\OAOpAI( Pl for ye A1 D N B(0,4r).

Since p € (1,2), there is some §; € (0,ry) depending only on (A, Ag, p) so that
L2 by, 4 (y) > crpa, (y)P 72 > 0 for every y € D(A1, 81, 70). (2.82)

Let ¥ be a smooth positive function with bounded first and second order partial
derivatives such that ¢(y) = 2PTYg|2/r2 for |y| < r9/4 and 2P < 4(y) < 2PT2 for
ly| > ro/2. Define

ur n (Y) = ha, (Y) + ooy p(y) and  ugy, (y) = hy, (y) + (1Y) — by p(y)-
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Thus, in view of (2.81) and (2.82), there is some &y € (0, ;) depending only on (Ag, Ag)
so that

LAy 5 (y) >0 and LPuyy, (y) <0 for every y € D(\1,d,70)- (2.83)

For any open set U C R¢, denote by 7((]’\2) the first exit time from U by the process

X(2) | 1t follows from (2.83) that t — U\ X(AQ)A is a bounded submartingale
s A1 tA (A2)
(32) D(X1,80:70)
tArP2)

and ¢ — ug y, (X ) is a bounded supermartingale. Then for z € D(Ay, do,70),
D(X1,60:70)

pai(@) S wi (@) < B, (X2, ) <2Po(x12) e,

T T
D(X1,80:70) D(X1.80,70)

Note that 1 > 2PT! on |j| > ro, it follows that for x € D(\1, &g, 70),

pau() = w2 (1) 2 Boa, (X2, ) 2@ =1)P (X2 €MD\U(A,b0,70)).
"D(A1.80.70) "D(x1,80.70)
Hence, for z € D(Ay, do,70),
P, (X(?fg) € U()\l,50,r0)) > (271 = (20 — 1)) gy, (2). (2.84)

"D(A\1,80,70)
Recall that 0 < hy, , < 1and ¢(y) > 2P if |y| > /2, then we have
ug x, (Y) = 9(y) — by p(y) 227 21, Jy[ > 70/2.

Furthermore, for y € B(0, 4rq) with dy < pa, (y) < 4ro,

uz,x, (1) = ha, (¥) = Ty p () = pas () = panp(y) > co,

where ¢; € (0,1) depends on §y and ry. Hence, for « € D()\y, g, o),

P, () > ugy, (2) > Egug y, (X(i\fg) ) > 2P, (X(f‘f; € )qD).

T T
D(X1,80,70) D(X1,80,70)

That is, for # € D(\y, 0o, 70),

P, (X(?f,j) € )\1D) < ¢35 pa, (2). (2.85)

-
D(X1,80,70)

Hence, by (2.84) and (2.85), for @ € DY (rdo/A1, 770/ A1) with & = 0,

IPw (X‘r () S TD)
D¢ (rég/A1.mr0/A1)

A2
= IP)\ll‘/T <X7(.(>\2))

D(X1,60:7m0)

c /\1D)

_ A
< c3'on (aw/r) < 61 o (),

and
(r)
P (XTD(S)(MO/MMO/M) €Ua (T(SO/)\I’TTO/)\I))
A
= IP)\lx/r (Xf_(fz)) € U(>\1750,7’0))
D(A1,80,m0)
A
> (271 — (2P — 1)) py, (/) > (270 — (20T —1)7Y) 2o p ().
T
This completes the proof of the Lemma. O
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Lemma 2.11. Suppose that D is a bounded C'!' domain in R? with characteristics
(Ro, Ag), there exists a constant Cy = Cq(d, Mo, ¢, Ro, Ao, diam(D)) > 1 such that

Co ( 5p ()
< 1A
= o —y|d2 lz —yl

Proof. Recall that §, is the constant in Lemma 2.10. If 6p(z) > do(|z — y| A 1), then
fgf_(z)‘ > 6o(1 A (diam(D))~!), hence the conclusion holds by (2.4). Hence, it suffices to
prove the case when dp(z) < do(|z —y| A 1).

Let @, be the point on 0D such that |z — Q| = dp(x). Let ¢g, be the local boundary
function in the coordinate system CSg,. Let pg,(y) := va — ¢, () and define for

r1,72 > 0,

Gpl(z,y) ) , x#y€D. (2.86)

Dq,(r1,7m2) =={y=(9,94) : 0 < pg,(y) <riand || <ry in CSq,}. (2.87)

Let a = |x — y| A 1. By (2.4) and Lemma 2.10 with r = 1, there exists a constant
c1 = Cl(d, )\o,g, R07A0,diam(D)) > 1 such that for (SD(I‘) < (50(|l‘ — y| A\ 1),

); X

TDgq, (arg,adp)

eD)

D@, (adg,arg)’ Y

Gp(z,y) = E, [GD(XT € D}

2—d
g Cl|.T - y| ]Px (XTDQw(uSO,aTU)

5D(£L')

< Crlz — y|2_dm

< e1Cr(1 v diam(D))| — y2-422&)

|z =yl
where the first inequality is due to ro € (0, 1) and so [u—y| > 1|z —y| foru € Dg, (ado, arq).
Note that 22 < So(LA |z —y|™Y) < 8 < 1 for dp(z) < do(|Jz — y| A 1). The proof is

[z—yl
complete. O

Remark 2.1.

(i) Note that the proof of Lemma 2.10 does not use the Dini continuous assumption
on {a;;(x);1 <4, < d} of L. So Lemma 2.10 holds for any non-divergence form
operator £ with continuous diffusion coefficients that satisfy (1.2).

(ii) In view of the above remark, we see from the proof of Lemma 2.11 that the
estimate (2.86) holds with constant Cy = éoég(d, Ao, Ro, Ao) as long as we have
Gp(z,y) < &l|r — y|>~? for x,y € D. Thus by Theorem 2.3(iii), Lemma 2.11
holds with Cy = Cy(d, Ao, ¢, Ry, Ao, diam (D)) for any operator £ with coefficients
{a;j(z);1 < i,j < d} satisfying the Dini mean oscillation condition as well as (1.2).

(iii) One can also derive the upper bound estimate (2.86) from the gradient estimate on
Gp(z,y) obtained in [25] for non-divergence operator £ with diffusion coefficients
that are Dini mean oscillation condition and satisfy (1.2) at the expense that the
constant Cy = Cy(d, Ao, ¢, D) depends on the bounded C'*' domain D rather than
through its C''!-characteristics (Ro, Ag) and its diameter diam(D). Here are the
details. Let z,y € D with « # y. Let z, be a boundary point on 9D so that
| — 25| = dp(x). If |y — 2| > 26p(x), since x — Gp(z,y) vanishes continuously on
0D by Theorem 2.3(i), it follows from the mean value theorem, the first derivative
estimate in (2.8) and (2.13) that

Gp(z,y) <dp(x) sup |V.Gp(zr+0(x — 2:),y)|
0e(0,1)

< crdp(a)|z —y[' ¢
< 2cld_2 <1 A dp(x) >
|z —yl lz -yl
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for some ¢; = ¢1(d, Ao, ¢, D) > 0, where the second inequality is due to that
|z +6(z — 2z2) —yl > |z —yl = bp(z) > |z —yl|/2.

If |y — z| < 26p(x), then by (2.8),

— 2cy 5D($)
Golen) < o~ < 2wy (10 02

for some ¢y = ca(d, Ao, ¢, D) > 0. Thus there is a constant ¢ = ¢(d, Ao, ¢, D) > 0 so
that

c op(x
Gp(z,y) < P (1/\ |$D_(y)> forz,y € D.

Theorem 2.12. Suppose D is a bounded C''! domain in R? with characteristics (Rg, Ag).
Let 65 be the positive constant from Lemma 2.9, which depends only on d, A\, ¢, Ag, Ro
and diam(D). There exists a positive constant Cyg = Cio(d, Ao, ¢, Ao, Ro,diam(D)) > 1
such that for any r € (0, 62],

Crot G2y (x,y) < Grp(,y) < CroGoy(x,y) forx #y € rD. (2.88)
Proof. Let rg := 4\/117"17. Let §p be the constant in Lemma 2.10. In view of (2.74) by
0

taking v = 4/do, it suffices to prove (2.88) for d,p(x) < do|lx — y|/4.
Fix z,y € rD with §,p(z) < do|z — y|/4. Let Q, be the point on Jd(rD) such that

|~ Qz| = 8,p(z). Recall that D) (r1,75) and US (r1, 1) are defined in (2.79) and (2.80).
For the simplicity of notation, we denote

Dg) (Gl —yl Ar)/Aro(le =y Ar)/4) and UG @l —yl Ar)/A,ro(la —y Ar)/4)
by D(")(1,1) and U(")(1, 1), respectively. Note that for every z € 9D (1, 1),

lz=y|/4 < [o—y|—|o—Qa|—|Qz—2] < [2—y| < [2=Qa|+|Qu—x[+]z—y| < 3|lz—y|/2. (2.89)
So by Theorem 2.3(ii), (2.73) and Lemma 2.10, for any r € (0, 6],

GrD(x7y) =1, GTD(XTD(T)(LI)’y);XTD(M(Ll) € TD}

Oy
< 4%71(Cy + Cs)|z — y)* ¢ (1 A D(y)> ]Px(XTDW(l-,l) €rD)

|z =yl
< 497Y(Cy + Cs)Crlz — > <1 A 5“’(3‘/)) (1 pdrole)_ )
[z =yl rAlz -yl
<4910y + C5)C7 (1 v diam(D) ™) |z — y[* ¢ (1 A f;D_(ZD (1 A T;D_(‘ZD .

On the other hand, since |z — y| < rdiam(D), one has for every z € U (1,1),

Sollz =yl Ar) _ dole—yl __ dolz—3y

6rp(2) = 1 = 4(diam(D) v 1) ~ 6(diam(D) v 1)’

where the last inequality is due to (2.89). Hence by (2.22) and (2.74) of Lemma 2.9
for v = 6(diam(D) V 1)/, there exists a positive constant ¢ = ¢(d, Ao, £, Ag, Ry, diam(D))
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such that for any r € (0, 65],

G,p(z,y) =E, [GTD(X ,y); X € TD]

Tp(r)(1,1) Tp(r)(1,1)

>, [Gop(X eUM(1,1)]

Tp()(1,1)’ y)’ XTD(T') (1,1)

5TD(Z/) -
|.'L' — yl ]Pm (XTD(T)(I,I) c U (1’ 1))

57"D (y)) 57’D (I)

> clo —y|>¢ (1 A

> cCsle —y[*? (1 A

|z —yl) v Az =yl
> o=t (1 722) (10 225,

where the second to the last inequality is due to Lemma 2.10. By comparing with (2.22)
of the estimates of G4, (x,y), this establishes the Lemma. O

Using the two-sided Green function estimates in Theorem 2.12, we can give an
alternative proof of Krylov-Safonov’s Harnack inequality for non-negative X-harmonic
functions. We point out that the Harnack inequality established in [29] is more general,
holding for any uniformly elliptic non-divergence form elliptic operators with measurable
coefficients; see also [3, Theorem V.7.6].

Definition 2.13. Suppose U is an open subset of R?. A Borel function « defined on U is
said to be X-harmonic in U if for every bounded open set B with B C U,

E.lu(X,,)| <oo and wu(x) =E,u(X,,) foreveryzx € B.

Remark 2.2. Note that if h is C? and Lu = 0 in U, then by using Ito’s formula, h is
X-harmonic in U. In fact using molifier, we can further show in a similar way as that
in Lemma 2.2 thatif h € leocl(U) NC(U) and Lu = 0 a.e. in U, then h is X-harmonic in
U. So the definition of X-harmonic function given above is consistent with the notion
of £-harmonic in analysis but Definition 2.13 does not require a priori the existence of
second order (distributional) derivative of h. In the rest of this paper, £-harmonicity will
be understood in the sense of Definition 2.13; that is, we say h is £-harmonic in an open

set U c R4 if it is X-harmonic in U. O

Theorem 2.14 (Scale invariant Harnack inequality). There exist positive constants ¢ =
c(d, Mo, ¢) and g9 = £o(d, Ao, £) such that for any zo € R%,r € (0,¢0) and any non-negative
X-harmonic function h in B(zg,r),

h(z1) < ch(xg) for any 1,22 € B(xo,7/2).

Proof. Fix y € R?. For the simplicity of notation, we denote B(x,7) by B,. By
Theorem 2.12 with B; and r in place of D and ), there exist positive constants ¢y =
eo(d, Mo, £) and ¢; = ¢1(d, Ao, £) such that for any r € (0,¢q),

T 'GE (z,y) < Gp,(v,y) < a1G (z,y), x,y € B,. (2.90)

Let h be a non-negative harmonic function in B, with » € (0,¢9). Let Tg, _,, := inf{t >
0: XPr e By,3}. Define hy(x) := ]Emh(Xg;‘ ). Then h(z) = hi(x) for x € By, 3. By
2r/3

Corollary 1 to Theorem 2 in [13], there exists a Radon measure v on B, /3 such that

hi(z) = /7 Gp.(x,2z)v(dz), =€ By.

Bar/s
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Since hy = h is harmonic in By, /3, then v is supported in dB,, /3. Hence,
h(z) = hi(x) = / G, (7,2)v(dz), x € Bays. (2.91)
0B3y /3

By (2.90) and (2.22), there exists a positive constant c; = ¢2(d, Ao, ¢) > 1 such that for
any r € (0,&9),

;' < Gp,(7,2) < cor®™* for every x € B, /; and z € 0By, 3.

This together (2.91) yields the desired comparability result. O

3 Two-sided estimates of Green function on a bounded C"!' do-
main D

Throughout this section, D is a bounded C''! domain in R? with C'*!'-characteristics
(Ro,Ap). In this section, we derive two-sided sharp estimates on the Green function
Gp(z,y) of £ in D. For this, we first construct a dual process of X with respect to
an excessive measure of X” and use it to establish an integral representation formula
of Green function Gp(z,y) in Theorem 3.3, which will play a key role in deriving the
explicit decay rate of Gp(z,y) in y.

Let B be a ball with radius diam(D) centered at xy so that D C B(zg, 2diam(D)/3).
Define

hp(x) ::/BGB(y,m)dy and ¢p(dx) := hp(x)dz.

It follows from Theorem 2.3 that hp is bounded strictly positive and continuous on B.
Suppose, in addition, that {a;;(z);1 < i,j < d} are C* on R?. Then according to [28,
Theorem 3.1], there exists a transient continuous Hunt process XB = {)A(tB,t > 0; ]lsx, T €
B} in B such that X7 is a strong dual of X? with respect to the measure ¢z(dz) in the
sense that

/ F(2) PP g(2)Ep (dz) = / g(2) PP f(2)ép(dr) forall f.ge L*(Bitp),
B B

where PtB and 13tB are the transition semigroups of X% and XB , respectively. The dual

process XB has joint continuous transition density function p® (¢, x,y) := pa(t,y, ) Zggg;

with respect to the Lebesgue measure on B. Denote by XB:D the subprocess of XB
killed upon exiting D. By [35, Theorem 2 and its Remark 2], X2 and X are in duality
with respect to the measure {g(dz) restricted to D. The transition density function and
the Green function of X B2 with respect to the Lebesgue measure on D are

Gp(y,z)hp(y)

PD (tv Y, x)hB (y)

PR (t,x,y) = and GZ T,y) = (3.1)
pD( y) hB(Z‘) D( y) hB (.’17)
It is easy to check that for z,y € D,
Gh(y.x) = Cply,2) B, [Go(XE, 2):7p < ], (3.2)

where 7p is the first exit time of the process XB from D and Z is the lifetime of X 5.
By the joint continuity of Gg(+,-) on B x B\ diag and [28, Propositions 4.5 and 4.6], for
z€DandzedD,

~

Gp(z,z) = lim E, [@B(X%,x)} . (3.3)

Yy—z
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For any C'"! domain D in R< with characteristics (Ro, Ap), it is well known (see,
for instance, [36, Lemma 2.2]) that there exists L = L(d, Ry, Ag) > 0 such that for any
Q € 0D and r € (0, Ry), there is a C*! connected open set Uy . C D with characteristics
(rRo/L,AoL/r) such that

DN B(Q,r/2) C Uy, C DNB(Q,r). (3.4)

Note that r~'Ug, is a C*! domain in RY with characteristics (Ro/L,A¢L) and
diam(r~'Ug,) < 2. In the remainder of this paper, we always use Ug, to denote
such a C! open subset of D. By Theorem 2.12 with r~'Ug , in place of D, we have the
following result.

Corollary 3.1. There exist positive constants § = 0(d, Ay, ¢, Ao, Ro) and C11 = C11(d, Ao, ¢,
Ao, Rp) > 1 such that for any Q € 9D and r € (0,0 A Ro),

CﬂlGﬁQm(my) <Gy, (r,y) < CHGﬁQ,T(x,y) forany x # y € Ug,».

For an open subset U C B, denote by 7 := inf{t > 0: XP ¢ U} the exist time from
Uby X5.
Lemma 3.2. Let 6 be the constant in Corollary 3.1. Suppose that {a;;;1 <1, j < d} are
C*! on R% and satisfy the conditions (1.2) and (1.3). There exists a positive constant
My = M;(d, Ao, ¢, Ro, Ao) > 1 such that for any Q € 9D,r € (0,0 A Ro) and U :=Ug ,,

—1
M / hp(2)P, (W,, € dz) <P, (ng cdz; 1y < ?D)
he(z) Jounp
M
< ! / hp(2)P, (W,, € dz) on DNIU foreveryxz €U
hp(z) Jounp

where W is a Brownian motion on R¢ and 7 is its first exit time from U.

Proof. The proof is similar to that of [28, Theorem 4.7] (cf. [9, Theorem 2.2]). For
the convenience of the reader, we spell out its details here. Let ¢ be a non-negative
continuous function with compact support on OU N D and

u(@) =By [9(XE)] = B, [o(XE )7 < 7|

Then u is harmonic for X5 in U. Let {U,}n>1 be an increasing sequence of open sets so
that U,, C Up+1 and U2, U,, = U. For each n > 1, by [28, Proposition 4.2], there exists a
Radon measures v,, supported on dU,, such that

1

ue) = hp(z) Jou, Coy,@)vn(dy) fora € Un.

Define

U"(‘T) = oU Gﬁ(y,x)yn(dy), T € Un

By Corollary 3.1,
CﬂlGﬁ(x,y) < Gu(z,y) < C’MGﬁ(az,y) forany xz £y € U.

Consequently,
Cﬁlvn(x) < hp(x)u(z) < Crivp(z), = € U,.

For each n > 1, {vx; k > n} is a sequence of bounded classical harmonic function with
respect to the Laplacian on U,. So by the equi-Hdlder-continuity of {vx; k& > n} and
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a diagonal selection procedure, there is a subsequence n; such that v,, converges
uniformly on each U,, to a harmonic function v in U. Clearly,

C’l_llv(x) < hp(z)u(r) < Crv(z), xe€U. (3.5)

For an open subset V of B with V C B and z € 9V, if there is a cone A with vertex z
so that AN B(z,r) C B\ V for some r > 0, then z is a regular point of V for X5 by [28,
Proposition 4.5], that is, P, (7% = 0) = 1. Here 7& := inf{t > 0: XZ ¢ V'}. Hence every
boundary point of U is regular for X 3. Since ¢ € C.(dU N D) C C,(dU), it follows from
[28, Proposition 4.6] that

lim wu(z) =¢(z) foreveryz e oU.

Usx—z

Consequently, we have by (3.5) that for every z € 0U,

Cith(2)p(2) < liminf v(z) < limsupw(z) < Ciihp(2)p(2). (3.6)
Usz—z Usz—z
Define
w(x) :=Ey[hg(Wr, )o(Wr,)], zeU.

Then w is a harmonic function with respect to W in U with the boundary hp(z)¢(z). By
the maximum principle and (3.6), we obtain that C;,'w(z) < v(z) < Cy1w(x) in U. Hence,
combined with (3.5), we have C;*w(z) < hp(x)u(r) < C},w(z) in U. That is, for each
non-negative ¢ € C.(0U N D),

o2 hp(2)p(2)Py (Wi, € dz) < hp(z) / 0(2)P, ()?5; €dz: 7y < ?D)

DNoU DNoU

< 0121/ hp(2)e(2)Py (W, €dz), = €U.
DNoU

Observe that on {7y < 7p }, )A(f; € DNOU. Let M, := C?. This establishes the
lemma. 0

Theorem 3.3. Suppose that {a;;;1 < 4,5 < d} are C' and satisfy the conditions (1.2)
and (1.3). Let 6 be the constant in Corollary 3.1 and let M; > 1 be the constant in
Lemma 3.2. There exists a measurable function ; on R? x R that is bounded between
M; " and M, such that for any Q € 9D and U := Ug, with r € (0,0 A Ry),

Gp(z,y) = /BUODGD<m,z>w1(y,z>K§<y,z)a(dz>, veD\T, yel,

where K5 (y, z) == agz G5 (y, 2) is the Poisson kernel of Brownian motion. Here 7, is the

unit inward normal vector z € 9U for U, and ¢ is the surface measure of oU.

Proof. By the strong Markov property of X2, the Green function GB(z,y) of XB-2 has
the property that fory € U and z € D\ U,

TU?

ég(y,x) =L, [@E(XZB x);Tu < ?D] .
Thus by Lemma 3.2, we have fory € U and x € D\ U,

Mt
hB(y)
< GB(y,x)

Ey [hB(WTU)ag(WTU’m); WTU € D}

<

E B - D|.
hB(y) Y [hB(WTU)GD(WTU7x)7WTU € }
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Recall from (3.1) that

Gp(z,y)hp(z)
hp(y)

Thus we have forz € D\ U and y € U,

GE(y,z) = on D x D\ diag.

M{'E,[Gp (2, Way, ); Way, € DNOU] < Gp(z,y) < MiE,[Gp(z, Wy, ); Wy, € DNOU.
(3.7)
It is well-known (see, e.g., [14, Proposition 5.13]) that P, (W,, € dz) = Kﬁ(y, z)o(dz) on
0U, where o is the surface measure of OU. This together with (3.7) yields the desired
conclusion. O

Theorem 3.4. Suppose that {a;;;1 < i,j < d} are C! on R? and satisfy the condi-
tions (1.2) and (1.3). There exists a constant C12 = C12(d, Ao, ¢, Ry, Ao, diam(D)) > 1 such

that
Gpla,y) < Cralz — y*~* (M 5’3(”6)) (M 110 ) z#yeD.
|z —yl |z -yl

Proof. Let 0 be the constant in Corollary 3.1, and set ko := 6 A Ry. By Lemma 2.11, it
suffices to prove theorem for dp(y) < (|z — y| A ko)/8.

Fix z,y € D with dp(y) < (|z — y| A ko)/8. Let Q, be the point on JD such that
ly — Qyl = dp(y). Denote by U := Uy, |a—yjrx, @ C"' connected open set such that
DN B(Qy (Jz —y| Ako)/2) CU C DN B(Qy, v —y| A o). Let yo := Q, + =420 (y —
Qy)/|ly —Qy|. It is well known (see e.g. by (2.22)) that there exists ¢; = ¢1(d, Ro, Ag) such
that for z € OU N D,

op(Yy) - dp(y) A diam(D) 0p(y) ,.a
K5 (y,2) <c K ,2)=4c; ————K, ,2) L dep——= K y2).
u(y,2) < 3 (o) 7 (Yo, 2) - o (Yo, 2) P e 0 (Yo, 2)
i D
Let co = 4y dl&(). It follows from Theorem 3.3 that
Ko
Gpl(z,y) < Ml/ GD(x,z)Kﬁ(y,z)J(dz)
auND
< co My O (y) GD(a:,z)Kﬁ(yO,z)a(dz)
lz —yl Jovnp
5o (y) (3.8)
< epMEE Y Gp(x,90)
|z —yl
)
= 02M12 (1 A p(y) ) Gp(z,yo0)
lz —yl

Note that |z — y| < |z — yo| < 2|z — y|, we have by Lemma 2.11 that

1) 1)
Gp(x,y0) < Colz — yo|>~* (M o() > < Co2¥ Mo —y|*? (M n(2) ) (3.9)
|z — yol |z —y

The desired result follows from (3.8) and (3.9). O

Forr >0, let D, := {z € D : dist(z,0D) < r}.

Lemma 3.5. For each a € (0,1], there exists a constant Ci3 = Ci5(d, a, Ao, ¢, Ro, Ao,
diam(D)) € (0,1) such that

5D({E)
|z —yl

GD(x,y)2013‘x7y‘27d (1/\ ), xGD,yGD\Da.
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Proof. Fix a positive constant a € (0,1]. Suppose y € D \ D,. Recall that §y is the
constant in Lemma 2.10.

(i) We first consider z € D\ D,s,/2. By Theorem 2.12 and (2.22), there exist positive
constants ag € (0,a/2) and ¢; = ¢;(d, A\, £) such that for r € (0,a9) and y € R,

GB(y,r)(uvy) 2 Cl|u - y|2ida u € B(y,’/‘/?) (3.10)

Then by the standard chain argument and Harnack principle Theorem 2.14 of the
operator L, there exists c; = c2(d, Ao, £, Ro, Ao, diam(D)) such that for z € D\ D,s,/2 and
y € D\ Dy,

Gp(z,y) > el —y[>~7.

(ii) Now we consider = € Dy, /2. Let Q. be the point on 9D such that |z — Q.| = dp(z).
Let ¢¢, be the local boundary function in the coordinate system CSg,. Let pg, (y) ==
Ya — ¢q, (7). Forri,ry >0, let

Dq,(r1i,r2) :=={y = (,y4) € D: 0< pg,(y) <ri and |g| <ry in CSq, }

Uqg,(r1,72) :={y = (J,y4) € D : pg,(y) =r1 and |y| < ry in CSq, }

By step (i) and Lemma 2.10 with » = 1, there exists ¢3 = ¢3(d, Ao, £, Ro, Ag, diam(D)) such
that

Gp(z,y) = E, [GD(XTDQIMO,MO),y);XTDQI(GSO,G,,()) € UQz(ado,CLTo)}
> csle —yPiP, (XTDQE(‘“SON”‘O) € Ug, (aéo,aro))
where in the last inequality we used the fact that |z — y| > a/2. O

Theorem 3.6. Suppose that {a;;;1 < i,j < d} are C! on R? and satisfy the condi-

tions (1.2) and (1.3). There exists a constant C14 = C14(d, Mo, ¢, Ao, Ro, diam(D)) such
that

Gp(z,y) > Cralz —y|>~* (1 A éD_(m;') <1 A |‘;D_(y;|> on D x D\ diag.  (3.11)

Proof. Let 6 be the constant in Corollary 3.1. Let x¢ := 6 A Ry. By Lemma 3.5, it suffices
to prove the result forx € D and y € D, /32.

(1) Suppose y € D, /32 and |z — y| < ko/8. Let Q, be the point on 9D such that
ly — Qy|l = dp(y). Let Uy := Uy, .,/2 be a C"! connected open set such that D N
B(Qy, ko0/4) C Uy € DN B(Qy, ko/2). Then z,y € Uy and 6y, (x) = dp(x), dv, (y) = dp(y).
Then by Corollary 3.1, there exists a constant ¢; = ¢;(d, A\, £, Ag, Rp) such that

o 5p(z) p(y)
Gp(,y) > Gu,(a,y) > ez —y] <1/\x—y|> <1A|m—y>'

(2)Ify € Dy, /32 and |z — y| > ro/8. Let Q, be the point on 9D such that |y — Q,| =
dp(y). Letyo := Qu+35(y—Qy)/ly—Qy|. Let Uz := Ug, ,/s be a CY! connected open set
such that D N B(Qy, k0/16) C Uy C D N B(Qy, ko/8). It is well known (see e.g. by (2.22))
that there exists co = c2(d, Ry, Ag) such that for z € 90Uy N D,

1) )
Kﬁz(y,z) > ¢y p(y) Kﬁz(yo,z) > co p(y)

K& (yo,2).
> oo o) 2 ey Kt (v0:2)
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Then by Theorem 3.3,

Gplz,y) > M;! Gp(z,2)K{, (y, z)o(dz)
ounD

19p(y)
lz —y| Jovrp

)
Z CQM;2 <1 A |J}D—(yy)> GD(JJ7y0).

> oMy Gp(z,2)KG, (yo, 2)o(dz) (3.12)

By Lemma 3.5 with a = x(/64,

1) 1)
Gp(x,yo) Z 013|$ — y0|2_d <1 A D(x) ) Z 01321_d|l’ — y|2_d (1 A D(x) ) . (313)
|z — Yol |z —yl
The desired result follows from (3.12) and (3.13). O

We now removed the C' smoothness assumption on {a;;(z);1 < i,j < d} from
Theorem 3.4 and Theorem 3.6.

Theorem 3.7. There exists a constant C15 = C15(d, Ao, ¢, Ao, Ro, diam(D)) such that
Cf;G%(x,y) < Gp(z,y) < 015G%(x,y) on D x D\ diag. (3.14)

Proof. Let ¢ € C°(R%) with ¢ > 0, supp[¢] C B(0,1) and [y, #(z)dz = 1. For each
integer k > 1, define ¢ (z) := k%¢p(kz) and a%-c)(:c) = @ * aij(x) == [pa Or(x — y)ai;(y)dy.
Then al(.f) IS COO(IRd) satisfying the conditions (1.2)-(1.3) with the same ellipticity constant
Ao > 1 and Dini modulo of continuity function ¢, and a,gf) converges uniformly to a;; on
any compact set of R?. Denote by £*) the non-divergence operator £ but with diffusion
coefficients az(-f) in place of a;;. Let X*) be the diffusion process having £*) as its

infinitesimal generator, and Gg) (z,y) its Green function on D. That is, Gg) (z,y) is the
unique jointly continuous function on D x D \ diag so that for every f € C.(D),

(

/TD
0

)
E, f(Xi’“))dS] = / G (x,y)f(y)dy, « € D,
D

where Tl()k) is the first exit time of the process X¥) from D.

We first show that for each « € D and any f € C.(D), limy_, Gg)f(x) = Gpf(x).
For any f € Co(D), define u®)(z) := G f(z) and u(z) := Gpf(z). By Lemma 2.2, u(*)
and v are the unique solutions in W??(D) N C(D) with p > d for

LPyF(2)=—f inD and u™ =0 ondD,

and for
Lu=—f inD and u=0 ondD,

respectively. The function v(*) := u(¥) —y € W?P(D) N C(D) satisfies
LB y® () =—-¢g® inD and v® =0 onaD.

where g% (z) := f(z)+L®u(z) = (L% — L)u(x), which is in LP(D). Thus by [25, Remark
1.14],

v(k)(a:) = Gg)g(k)(a:) = /D G%C) (m,y)g(k) (y)dy forax e D.
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By Hoélder’s inequality and (2.4), there is ¢ = ¢(d, Ao, £, Ro, Ag, diam(D),p) > 0 so that
k
sup [0 ()] < sup G (@, ) orio-n iy l9™ ) < ellg® Iz

Since u € W2P(D),

d
. k . (k) 2 _
Jim g™ LoDy < Jim -21 la;;” — aijllLe(p)10z,0,ull e (D) = 0.
1,j=
Therefore, u(*) (x) converges uniformly to u(x) on D as k — co. This in particular implies
that for each x € D,

lim G%)(%y)f(y)dy:/ Gp(z,y)f(y)dy forevery f € Co(D). (3.15)
D D

k—oco

From Theorems 3.4 and 3.6, we know that there exists a constant Cy5 = C15(d, Ao, £, Ao,
Ry, diam(D)) such that for any k£ > 1,

Ci G (z,y) < GW(2,y) < C15GH(2,y) on D x D\ diag. (3.16)

Consequently, for each z € D and every non-negative f € C.(D), C;'G5f(z) <
G¥) f(x) < C15GA f(x). Passing k — oo, (3.15) and (3.16) yield

Cr'GB f(x) < Gpflx) < C15GH f(2).

Hence,
C’f;G%(x,y) < Gp(z,y) < C’15G%(x,y) for a.e. .

By the continuity of Gp(z,y) iny € D\ {z}, we get
OGS (x,y) < Gp(x,y) < C15G5(x,y) foreveryz #y e D.
The proof is complete. O

In the last part of this section, we derive a Poisson integral representation for non-
negative £-harmonic functions on a bounded C'*' domain D and establish a comparison
result between non-negative £-harmonic functions and non-negative classical harmonic
functions on D. The latter is then used to give a direct proof of the boundary Harnack
principle in bounded C'! domains with an explicit boundary decay rate. Boundary
Harnack principle for £ has previously been established in [4, 19] for Lipschitz domains
without an explicit boundary decay rate. We next use it to identify the Martin boundary
and minimal Martin boundary with the Euclidean boundary of D for non-divergence form
differential operator £ with Dini coefficients.

Theorem 3.8. Let ('i5 > 1 be the constant in Theorem 3.7.

(i) For every non-negative £-harmonic function v in D, there exists a classical har-
monic function v in D so that Cf51v <u < Cisvon D;

(i) There exists a function ¢ on D x 9D that is bounded between 1/C% and CZ so
that for each non-negative function ¢ on 0D,

E; [o(X:p)] = - K5 (x, 2)¢(x, 2)p(2)0(dz), =€ D, (3.17)

where K5 (z, z) is the Poisson kernel of Brownian motion on D x dD and ¢ is the
surface measure of 9D. Consequently, there is a constant Cy = Cy(d, Ao, ¢, Ao, Ry,
diam(D)) > 1 such that for every x € D,

_1 0p(x)
1 D
Co =2

dp(x)
|z — 2|4

o(dz) <PL(X,, €dz) < Cy o(dz) on 0D.
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Proof. The proof is similar to that of [9, Theorem 2.2]. For readers’ convenience, we
spell out the details here.

(i) Suppose that u is a non-negative £-harmonic function on D. Let {D, },>1 be an
increasing sequence of open sets so that D,, C D,4y1 and US2 D, = D. Let Tp, =
inf{t >0: X; € D, }. For each n > 1, by Corollary 1 to Theorem 2 in [13], there exists a
Radon measure v,, on D,, so that

u(x) = Exu(X%)Dn) = - Gp(z,y)vn(dy) forx € D,.

Define
vp(x) = L GB(x,y)vn(dy), x € D,.
DTI,

By Theorem 3.7,
Crston(z) < u(z) < Cisvn(x), =€ D,,.

By a similar argument as that for Lemma 3.2, there is a subsequence n; such that v,
converges uniformly on each D,, to a A-harmonic function v in D. Clearly,

Cl_g)lv(x) < wu(z) < Cipv(x) forz e D. (3.18)

(ii) Let ¢ € C'(0D) be non-negative and take u(z) := E, [¢(X,,)] for x € D, which is
a non-negative £-harmonic function in D. Let v be a classical harmonic function in D
obtained in (i) so that Cf;v < u < Cisv on D. On the other hand, by Lemma 2.2, u is
the unique function in Wﬁ)’f(D) N C(D) with p > d/2 so that Lu = 0in D and u = ¢ on
0D. Hence, limps,—,, u(x) = ¢(2) for every z € dD. It follows from (3.18) that for every
z€0D,

Crslo(2) < liminf v(z) < limsupv(z) < Cisp(2).
D3z—z Doz—z

Define w(z) = E, [¢(W,,)], where W is the standard Brownian motion on R¢. Then w
is a classical harmonic function in D with w = ¢ on dD. By the above display and the
maximum principle, we have Cj;'w(z) < v(z) < Ci5w(z) in D. Thus we have by (3.18)
that O;*w(z) < u(z) < CZw(x) in D. This implies that P,(X,, € dz) has a density
Kp(x, z) with respect to the surface measure o on 9D and that for every non-negative
p € C(0D),

01_52/ Kp(z,2)p(2)o(dz) < | Kp(z,2)p(2)o(dz) < 0125/ Kp(x,2)p(2)o(dz).
oD oD

aD
This implies that for each = € D, C;;°K5(x,2) < Kp(z,2) < C}:K5(z,2) o-a.e. on
OD. Thus there is a function ¢(z, ) bounded between C};* and C%; so that Kp(z,z) =
K5(x,2)(x,2) on D x dD. This completes the proof of the theorem. O

Corollary 3.9 (Boundary Harnack principle). Suppose D is a bounded C*' domain in R?
with characteristics (Rg, Ag). There exists a constant C = C(d, Ao, ¢, Ry, Ao) such that for
all Q € 9D, r € (0, Ry) and all function h > 0 on R that is £-harmonic in D N B(Q,r) and
vanishes continuously on 9D N B(Q,r), we have

h(x

h

) dp(z)
) = o)

Proof. Let 0 be the constant in Corollary 3.1. By the Harnack inequality Theorem 2.14,
it suffices to prove r € (0,6 A Ry). Let Q € dD. Recall from (3.4) that Uy, is a C*!
connected open set with characteristics (rRy/L, AgL/r) such that DNB(Q,r/2) C Ug,, C
DNB(Q,r).

forz,y € DN B(Q,r/4).
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Let h > 0 be a non-negative harmonic function with respect to X in D N B(Q,r) and
vanishes continuously on 9D N B(Q, 7). By the same argument as that for Theorem 3.8(i)
on Ug , instead of D and using Corollary 3.1 in place of Theorem 3.7 in the proof, we
can conclude that there is a classical harmonic function v in Ug, so that

citv(z) < h(x) < cu(z) for every x € Ug . (3.19)

where ¢; > 1 is a constant that depends only on (d, Ao, ¢, Ag, Ryp). Since v vanishes
continuously on Ug ,NID D B(Q,r/2)NdD, by the classical boundary Harnack inequality
(for Laplacian) on bounded C!'! domains, there is a constant ¢y = c3(d, Ro, Ag) > 1 such
that

v(x) du () p(x)
<c =c for every z,y € B(Q,r/4)N D.
W =) - 2w (@)
Consequently, by (3.19),
h(z) _ 5 dp(z)
—= < cfc forz,y € B(Q,r/4) N D.
h(y) = " op(y) (@.r74)
This proves the lemma by taking C' = c3cs. O
G
Fix ¢y € D. For each z,y € D, we define the Martin kernel Mp(x,y) := M.
Gp(o,y)

Theorem 3.10. Suppose D is a bounded C''! domain in R with characteristics (Rg, Ag).
Then Mp(z,z) := lim,_,, Mp(z,y) exists for z € D and z € 0D. Moreover, the Martin
boundary and the minimal Martin boundary of X in D can all be identified with the
Eulidean boundary 0D.

Proof. By the boundary Harnack principle Theorem 3.9 and a standard argument (see
e.g. [2, Proposition 2.2, Chapter III]), Mp(z, 2z) := lim,_,, Mp(x,y) exists for z € D and
z € 0D, and Mp(z,z) is a continuous function on D x dD. Note that by Theorems 3.7
and 5.1, there exists a constant ¢ = ¢(d, Ao, ¢, Rg, A, diam(D)) > 1 such that for any
x € Dand z € 0D,

op(z)
c———.

|z — 2|4
Hence Mp(-,21) # Mp(-, 22) for z; # 25 € OD. It is easy to check that for each z € 9D,
x — Mp(z,z) is X-harmonic in D, and so the Martin boundary of X in D is identified
with the Eulidean boundary 0D. We next show that for each zy € 9D, z — Mp(z,2) is a
minimal harmonic function of X”. Suppose that i > 0 is a non-negative X ”-harmonic
function on D and h < Mp(-,29). By the Martin representation formula [30], there exists
a unique finite measure y on 0D so that

< Mp(z,z) < (3.20)

h(z) = Mp(z,z)u(dz) forxz e D.
aD
We claim that p is a constant multiple of a Dirac measure concentrated at z;. Sup-
pose not, there is some ¢ > 0 so that u. := u|gpp\B(z,) is non-trivial. Then h.(z) :=
Jop Mp(z, z)j1c(dz) is a non-trivial non-negative X-harmonic function in D that is bounded
by Mp(z, z). By (3.20), h.(z) vanishes continuous on 9D \ {z} as so does Mp(z, zp). On
the other hand, by (3.20) and the dominated convergence theorem,

)
limsup h(z) < lim Supc/ D<x)du(dz) =0.
e e OD\B(z0,¢) [T = 7|

Hence h. is a bounded non-negative X-harmonic function that vanishes continuously on
0D. It follows from the definition of harmonicity and the bounded convergence theorem
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that h. = 0 on D, which is a contradiction. Hence u(dz) = Ay, for some A\ > 0 and
so h(z) = AMp(z, zp), proving that Mp(z, zp) is a minimal X-harmonic function in D.
This shows that the minimal Martin boundary of X in D can also be identified with the
Euclidean boundary 0D. O

4 Derivative estimates

In this section, we shall prove the first and second derivatives of Gp(-,y) in D \ {y}.

Lemma 4.1. Suppose D is a bounded C''! domain in R¢ with characteristics (R, Ao).
Let Cy5 > 1 be the constant in Theorem 3.7, which depends only on (d, Ao, ¢, Ag, Ro,
diam(D)). Then for any A € (0, 1],

Cl_E)leD (ZL’, y) S G)\D(l’, y) S Cl5G§D (ZL’, y) on AD x AD \ dlag (41)
In particular, there exists a positive constant C 4 = Ci6(d, Ao, ¢) such that for any z, € R?

and r € (0,1],
Cl_ﬁng(Ig,T)($7y) < Gz, (T, y) < ClGGg(;pmr)(xay) (4.2)

for x # y in B(xg,1).

Proof. Let A\ € (0,1] and Xt(’\) = A1 X,,2. It is easy to check that the infinitesimal
generator of X is

Denote by Gg) the Green function of X») in D. We have
Gap(z,y) = X274GY (A2, A Yy), z#y € AD. (4.3)

Note that for A € (0,1], z — {a;;(Az);1 < 4,j < d} is ¢-Dini continuous and has the
uniform ellipticity constant \g. Therefore, (4.1) is obtained by Theorem 3.7 and (4.3). In
particular, (4.2) is obtained by (4.1) with B(zo,1) and r in place of D and A. O

In the following, we use Levi’s freezing coefficient formula (2.52) in Theorem 2.8 to
obtain the upper bound of the first derivative estimate |V,Gp(z,y)|.

Lemma 4.2. There exist g = €¢(d, Ao, ¢) € (0, 1] and C17 = C17(d, Mo, £) such that for any
re (0,60),560 S ]Rd,

|VIGB(rO,T)(‘r7y)| < CV17 forz € B(anT/4) and Y€ B(.’L’O7’I’) \ B($0,3T/4)

(4.4)

GB(:EO,T) (ZL', y)
T

Proof. For the simplicity of notation, we denote B(zg,r) by B,. It follows from The-
orem 2.8 and Lemma 2.6 with B; and r in place of D and )\ that there exists ¢y =
eo(d, Mo, £) € (0,1] such that for any r € (0,20),

Ga(0.) =Glen)+ [ GPw2lan ()ds sAyeB, @9
B,
and
- (k)( )| £(|x - y|) 0B (y) ”
9B, (2, )| < 9, (@, y)| <o ——7 forz #y € By, (4.6)
| ( )| kzzo‘ B, \x—y|d 5Br(x)
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where ¢ is a constant depending only on (d, Ao, £). By (2.24) with B, and r in place of D
and ), there exists co = ¢2(d, \g) such that for any r € (0,¢¢),

ip,(2)
|z — 2|

By (4.6) and (4.7), for r € (0,2¢),2 € B4 and y € B, \ Bs; /4,

|VIGS3Z3($,Z)| < cplx — 2|17 (1 A ) for x # z € B,. 4.7)

/ V.G (2, 2)lgs, (2, )| d=
B2

_al(z—yl) 45, (y)
Scc/ x— et L DO dz
A A e L

_ 6(7"/4) 5B<y)/ 1—d
< 1 ks
C1C2C, /D 72 5 |z —z|""%dz

0B, (y)
rd

(4.8)

<4d0162061£(1)

where the second inequality is due to (2.36) and |z —y| > r/4 for z € B,); and y €
B, \ Bs, /4. Moreover, it follows from (4.6) and (4.7) that for r € (0,50),> € B,,4 and
(/S B, \ B3r/4'

V.G (x,2)|lgs, (2, y)| d=

Br\Br/Q
1) |z — 1)
con [ oo aeln ) in ),
B,\B, > |z — 2| |z—y|? B, (2) (4.9)
é |z — ’
§61624d737‘§y)/ 7“2 yc‘l) dz
r B:\B, /s |z —yl
1) l
§01624dBT7d(y)/ wd@ds.
™ Jisi<a §

Hence, by (4.7)-(4.9) together with (4.5) and the dominated convergence theorem, there
exists ¢z = c3(d, \o)

5 xo,T
VoG By, (,y)] < 033(;7’61)@) for « € B(xzg,r/4) and y € B(xo,r) \ B(zo,3r/4).

By Lemma 4.1 and (2.22), there exists ¢4 = c4(d, \o,¢) > 0 such that Gp(y,,-(2,y) >
c4r1*d53(w07,.) (y) for x € B,y and y € B, \ Bs, /4. Therefore, the desired conclusion is
obtained. O

Proposition 4.3. Let £p = £¢(d, Ao, ¢) € (0,1] and C17 = C17(d, Ao, £) be the constants in
Lemma 4.2. Then for any o € R%,r € (0,£0) and each non-negative £-harmonic function
hin B(zg,r),

|[Vh(z)| < 017@ for x € B(xzo,r/4). (4.10)

Proof. For the simplicity of notation, we denote B(xq,r) by B,. Let h be a non-negative

L-harmonic function in B, with r € (0,0). Let Ts, , := inf{t > 0: XPr e Bs,./4}. Define

hi(x) := Emh(XTBI; ). Then h(x) = hy(x) for € Bs, /4. By Corollary 1 to Theorem 2 in
3r/

[13], there exists a Radon measure v on Bj, /4 such that

4

hi(z) = / Gp.(x,2z)v(dz), =€ By.

B3y /a
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Note that h; = h is harmonic in Bs, /4, then v is supported in 0Bs, /4. Hence, there exists
a Radon measure v on dBs,./4 such that

h(z) = hi(z) = /613 G, (z,y)v(dy), =€ Bsyjs. (4.11)
3r/4

Therefore, the desired conclusion is obtained by Lemma 4.2 and the dominated conver-
gence theorem. O

Theorem 4.4. Suppose D is a bounded C!'! domain in R? with characteristics (R, A).
There exists C13 = Ci5(d, A, £, Ry, Ao, diam(D)) such that

Cis ( 6p(y)

V.Gp(x,y)| < ——————
VoGl < g am (1N —y

) forz # yin D. 4.12)

Proof. Let ¢y be the constant in Proposition 4.3. Fix z,y € D with x # y. Note that
Gp(-,y) is L-harmonic in B(z, (dp(z) A|lz —y|Aeo)/2). By Proposition 4.3 with xg = z,r =
(0p(z) N|x —y| Aeo)/2 and h(-) = Gp(-,y), Theorems 3.7 and 5.1, there exists a positive
constant Cyg = C15(d, Ao, ¢, Ro, Ag, diam(D)) such that

IVoGp(z,y)| < 2C17(5p(x) Az —y| Aeo) " Gp(z,y)

- op(z) €0 -
< -t A
< 2C17C1s|z — y| (1 A R diam(D)) Gp(z,y)
< Cuglz —y|'* (1 A %o(y) ) :
|z =yl

O

Remark 4.1. In view of Lemma 4.2, the gradient estimate on Gp_(z,y) (here B, =
B(xg,r)) is derived mainly through the Levi’s freezing coefficient formula. However, this
method does not work well for the second order derivative estimates on Gg,.(x,y). The
reason is that if we use the Levi’s freezing formula (4.5) on G, and follow the argument
of Lemma 4.2 similarly, then by (2.33) and (4.6) that for z € B, /, and y € B, \ Bs; /4,

/ ID2GY (2, 2)|gs, ()| dz
B, /2

_a9B,(2) U]z —y|) I, (v)
<c e 272 dz
B /BW' | op,(z) |z =yl 0, (2)

U(r/4) 0B, (y) — 27 %dz = 40
SC(T/4)d 5BT('77) ~/Br/2 |x | ! o

In the following, we use the second derivative estimate |V2Gg(x,y)| < c|z —y|~¢ on
balls from [25] and Lemma 4.5 below to obtain the second order derivative estimates on
GD (x’ y)

Let 2o € R? and let By := B(xo,1). The unit ball B; has C*! characteristics (R, A)
with R =1/4 and A = 1. For Q) € 0B, and r € (0, 1/4], recall from (3.4) that Ug, , C B;
is a C1'! connect open subset of B; with C!:!-characteristics (r/(4L), L/r) such that
By N B(Q1,7/2) C Ug,» C By N B(Q1,7), where L > 0 is a constant that depends
only on the dimension d. For each r € (0,1], s € (0,7/4) and Q € 9B(xg,r), define
Ug)s :=1U,-1¢,s/r- Note that 7~'Q € 0By and U,-14 5/, is a connected C*! open set in
B; with characteristics (s/(4rL),rL/s) such that

BiNB(r 'Q,s/2r) CU,-1g,5r C BiNB(r~'Q,s/r).
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Then Ug)s is a C™! connected open set in B(xg, ) with characteristics (s/(4L), L/s) such
that

B(zo,r) N B(Q,5/2) C UG € B(xo,r) N B(Q, s).

In the following, we use Uc(g) to denote such C'! subdomain of B(xg,r).

Lemma 4.5. Suppose that {a;;;1 < i, < d} are C'! on R? and satisfy the conditions (1.2)
and (1.3). There exist M; = M;(d, Ao, ¢) > 1 and a positive function ¢, € (Ml_l, M) on
R? x RY such that for any r € (0,1], 7o € R%,Q € 0B(x0,r) and U@S with s € (0,7/4],

Crtepn )= [ G (e 21 (3, 2) K2 (5, 2)er(d2)
oU) NB(zo,r) Qs

holds for = € B(zo,r/2) and y € US), where KA(T) (1,2) == 52-G, (y,2), i is the
Q,s

)S'

inward unit normal at z € 8Ug7) , o is the surface measure of BU(T)

Proof. For the simplicity of notation, we denote B(z¢,r) by B,. Note that 3*1U (T) isa

CY! connected open set in B; with characteristics (1/(4L), L) and diam(s *1U(T)) <1,
where L > 0 is a constant that depends only on the dimension d. Then by Lemma 4.1
with silUQ and s in place of D and ), there exists a constant ¢ = ¢(d, A, £) such that
for any r € (0,1] and s € (0, 7],

_1GU(7) (LC y) C-;U(T ($7y) S CGggl (1'7y)7 x,y € UC(QT,)S

Thus, by a similar proof of Lemma 3.2 and Theorem 3.3, the conclusion can be obtained.
O

Suppose D is a bounded C''! domain. Note that by [25, p.34], for every y € D and
e >0, Gp(y)isin W22(D \ B(y,e)) and satisfies LGp(-,y) = 0 on D \ B(y,c). The
C? regularity of the strong solution W?2:2(Q) for Lu = g with g a Dini mean oscillation
function in balls and later in bounded smooth domains {2 are studied in [16] and [17]. By
[16, Theorem 1.6], Gp(z,y)is C?> inz € D\ B(y, ¢).

Lemma 4.6. Suppose that {a;;;1 < ¢,j < d} are C' on R¢ and satisfy the conditions (1.2)
and (1.3). There exists C19 = Cig(d, Ao, ¢) such that for any 7o € R¢ and r € (0, 1],

G B(xo.r) (@, 15
|D2G oy ()] < Clgw for x € B(xo,r/2) and y € B(wzo,7) \ B(zo, 1—6r).
(4.13)

Proof. For the simplicity of notation, we denote B(zg, ) by B,. By Theorem 1.9 in [25],
there exists ¢; = ¢1(d, Ao, £) such that

DG, (z,y)] < cilz —y|~¢ forz #y e By. (4.14)

Let G(T (z,y) be the Green function of the operator £ with a( )( ) = a;j(rx) in place of
a;;(z). Then for each r € (0,1], f; (+) is ¢-Dini continuous and has the same uniform
ellipticity constant Ay as aij('). By (4.14) and the scaling formula (4.3), there exists

c1 = c1(d, Ao, ¢) such that for any r € (0, 1],

|D2G g, (z,y)| = |r*~ dDQG(T)( Ye,r )| < ez —y|~? forx #y € B,. (4.15)
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Let y € B, \ B, and @, be a point on 9B, with |y — Qy[ = d5,(y), then dp,(y) <

r/16. Recall that U, := Ug) 1, is a connected C"! open set in B, with characteristics
Y4

(r/(16L),4L/r) such that

B, N B(Qy,r/8) C Uy C By N B(Qy,r/4),

where L > 0 is a constant that depends only on the dimension d. By Lemma 4.5, (4.15)
and the dominated convergence theorem, there exist M; = M;(d, Ao, ¢) > 1 and a positive
function ¢, € (M;, M) such that for any r € (0,1],

D3Gp, (z,y)= / D}Gg, (x,2)¢1(y, 2)K{, (y, 2)0(dz), w€B,j5 and yeB,\ Bis,.
U, N B,
(4.16)
Thus, by (4.16) and (4.15), for any r € (0,1], z € B, ; and y € B, \ B%r,
D26, (o] < cdht’s™ | KB (y2)o(dz), (4.17)
U,NB,

By (2.22) with rilUy and r in place of D and A, there exists ¢ = c2(d) such that

G, (y,u) su, (y) 5
A T Uy \> U, \Y d Br(y)
Ky, (y,z) = lim o (@) S Ty e <1610, for 2€0U, N B, (4.18)

Therefore, by (4.17) and (4.18), there exists c3 = c3(d, Ao, £) such that

o5, (y
|D2G g, (x,y)] < c3 fd+(1) forz € B,pandy € B, \ Bus,..
]
By Lemma 4.1 and (2.22), there exists ¢4 = c4(d, Ao, £) > 0 such that G, (z,y) > ¢4 BJ_(ZIJ)
r
forxz € B,; and y € B, \ B%T. Thus, the desired conclusion is obtained. O

Proposition 4.7. Suppose that {a;;;1 < i,j < d} are C' on R and satisfy the condi-
tions (1.2) and (1.3). Let Ci9 = Ci9(d, Ao, ¥) be the constant in Lemma 4.6. For any
zo € R4 r € (0,1] and each non-negative £-harmonic function h in B(xo, ),

h
|D2h(z)| < 019%, for x € B(xo,7/2).

Proof. For the simplicity of notation, we denote B(xg,r) by B,.. Let h be a non-negative
L-harmonic function in B, with » € (0, 1]. By a similar argument of (4.11), there exists a
Radon measure v on dBy5, /16 such that

Mm:/‘ G, (2.y) v(dy) forz € Bis, ue.
9Bi15r/16

Hence, the desired conclusion follows from Lemma 4.6 and the dominated convergence
theorem. O

Theorem 4.8. Suppose D is a bounded C*!' domain in R? with characteristics (Ro, o).
There is a positive constant Cog = Cag(d, Ao, £, Ro, Ao, diam(D)) such that

-1
D2Gp(z.y)| < —220 (15220 Y (4 4 00(@) forz #yinD.  (4.19)
|z —y| |z —yl |z —y|
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Proof. Let ¢ € C2°(R%) with ¢ > 0, supp[¢] C B(0,1) and [, ¢(x)dz = 1, For each
integer k > 1, define ¢ (z) := k¢(kz) and az(-f)(x) = @ * aij(w) = [pa k(T — y)ai;(y)dy.

Then al(f) S Coo(le) satisfying the conditions (1.2) and (1.3) with the same ellipticity
(k)
j
ai; on any compact set of R?. Denote by £(*) the non-divergence operator of (1.1) with
(k)
ij
its infinitesimal generator, and Gg) (x,y) its Green function on D.

Note that Gg)(-, y) is L") -harmonic in B(z, (0p(x) A |z —y| A1)/2). By Proposition 4.7
with h(-) = Gg)(-,y) and r = (6p(z) A |z —y| A1)/2, Theorems 3.7 and 5.1, there exists a
positive constant Coy = Cao(d, Ao, ¢, Ro, Ag, diam(D)) such that for each k > 1,

constant A\g > 1 and Dini modulo of continuity function ¢, and a;;’ converges uniformly to

diffusion coefficients a,;’ in place of a;;. Let X (k) be the diffusion process having £*) as

1D2GY) (2, y)| < 4C19(5p(x) Az —y| A1) 2GS (2,y)
—1
S020|$—y\_d (1/\ 6D(y)> (1/\ 5D(x)) )

|z — vy |z —yl

Let

-1
> , x#yeD.

PYm,y)ﬁzlx——y|‘i<1A JD(y)) <1A dp(x)

lz — 9 |z — vy

For any non-negative ¢, f € C2(D), we have

/ DiGg)(a?,y)aﬁ(m)f(y)dxdy‘SCzo / Fz,y)o(2) f (y)dwdy. (4.20)
DxD D

xD

On the other hand, by (3.15),

lim D2GW) (2, y)p(x) f (y)dwdy
k—oo DxD

in [ D2o(o) ([ 6@ say) ao

k—o0

/D Did() ( /D GD<x,y>f<y>dy) da
/D><D D2Gp(x,y)p(x) f(y)dwdy.

Then by letting £ — oo in (4.20), it follows that

e / F(z, y)é(x) f (y)dady < / D2Gp(z, y)d(x) f (y)dady
DxD DxD (4.21)

<C [ Flae)ola)f)dudy.
DxD
For any fixed zg # yo € D, let € > 0 be so that
B(zg,2¢) C D, B(yp,2¢) C D and B(zo,2¢) N B(yo,2¢) = 0.

As we noted earlier that by [25, p.34], for each y € B(yp,¢), * — Gp(z,y) is in
W22(B(x¢,2¢)) and L,Gp(x,y) = 0 on B(xg,2¢). Thus by [22, Theorem 9.11], there
exists a positive constant ¢y = c2(d, Ao, ¢, €) such that for any y1,y2 € B(yo,€),

IGp(-;y1) = Gp( y2)lw22(Bao,e)) < CIGD (Y1) — Gp (5 y2) |2 (B(xo,2¢)) - (4.22)
Since by Theorem 2.3, Gp(z,y) < Clz — y|>~¢ and Gp(x,y) is jointly continuous off
the diagonal, Gp(-,y) is continuous in L?*(B(zo,¢)) in y € B(yo,c) by the dominated
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convergence theorem. Consequently, Gp(-,y) is continuous in W22(B(zg,¢)) in y €
B(yo,¢€) by (4.22). Thus for any ¢ € Co(B(2¢,¢)), [, D:Gp(z,y)p(x)dx is a continuous
function in y € B(yo, ¢). By this continuity, we deduce from (4.21) by taking all possible
non-negative f € C?(B(yo,¢) that for every non-negative ¢ € C.(B(xo,¢)) and for every
y € B(yo, ),

o /D F(z,y)¢(x)de < /D D2Gp (2, y)d(x)dz < Cao /D Fz,3)8(x)dz.

Thus we have for every y € B(yo, <), —Ca0F (z,y) < D2Gp(z,y) < CaoF(z,y) for a.e. and
hence for every = € B(zg,¢) as z — Gp(z,y) is C% in D\ {y}. This in particular shows
that

|D;Gp (0, 90)| < Ca0F (20, 90),

establishing the pointwise second derivative estimate for Gp(z,y). O

Using scaling, we can remove the restriction of ¢y € (0, 1] from Proposition 4.3 and
also give the interior second derivative estimate for non-negative £-harmonic functions.

Theorem 4.9. For any R > 0, there exists a constant Cy; = C21(d, Ao, ¢, R) > 0 so that for
any zo € RY, r € (0, R] and every non-negative £-harmonic function h in B, := B(zq,),

|Vh(z)| < Corh(z)/r and |D2h(x)| < Coyh(z)/r* forall x € B(xo,7/2).  (4.23)

In particular, if 4 is a non-negative £-harmonic function in an open set D C R¢, then
there is a constant ¢ = ¢(d, Ao, ¢, diam(D)) > 0 so that

|Vh(z)| < ch(x)/dp(x) and |D2h(x)| < ch(z)/dp(x)* forallz € D. (4.24)

Proof. For any A > 0, let LV be the non-divergence form operator (1.1) but with
al(-;\)(x) := a;;(\z) in place of a;;(x) for 1 <i,j < d. For any open set U C R%, denote the
Green function of L) in U by Gg}) (z,y). Clearly, {ag;‘)(a:); 1 <14,j < d} satisfies (1.2) and
are ¢,-Dini continuous with ¢, (r) := ¢(Ar). By Theorems 4.4 and 4.8, there is a constant

c1 = ¢1(d, Mo, £, R) > 0 so that for any A € (0, R], 7o € R? and any B = B(zo,1) C R,

A 1 b
V.G (2,9)] < =S (1/\ B(y>)

[z—y| .
1 for x # y in B. (4.25)
A c 5 s
D26 (@,9)| < o (14 229 (14 24
By the scaling identity (4.3) for any 2o € R¢ and r € (0, R],
GB(zo,m) (T,Y) = TQ_ng()mo/m)(x/rv y/r) forany z #y € B(xo,r). (4.26)

This together with (4.25) implies that there is a constant ¢z = ¢2(d, Mg, £, R) > 0 so that
for any zo € R? and r € (0, R],
8B (xg,m) ()
|V$GB(w0,T)(xay)| < |1_Z2‘d71 (1 A B(|w0_y)‘ . )

c ) To,T g zqg,m) \ T
ID2G B (@,9)| < 2 (14 2z @) (14 2242000

lz—y| |z—yl

),1 for « # y in B(zo,T).

(4.27)
This combined with Theorem 3.7 shows that there is a constant c3 = ¢3(d, Ao, ¢, R) > 0 so
that for any o € R? and r € (0, R],

GB(JZQ,T) (l‘, y)
T

VoG Bz (T,9)] < c3 and  |D2G p(zg) (2, y)] < 03%2)(%?!)

(4.28)
for any x € B(xo,7/2) and y € B(zg,r) \ B(xo,3r/4). The estimates in (4.23) now follows
from this, (4.11) and the dominated convergence theorem, while the estimates (4.24)

follows from (4.23) by taking r = dp(x). O
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Theorems 4.9 extends the classical interior Schauder estimate (see, e.g., [22, Theorem
6.2]) for harmonic functions of non-divergence form operators £ with Holder continuous
coefficients to Dini continuous coefficients.

5 Appendix

In this section, we show that the constant C in (1.13) can be chosen to depend only
on d, Ay, Ry and diam(D).
Theorem 5.1. Suppose that D C R? is a bounded C*!' domain with characteristics
(Ro,Ao) and d > 3. There is a constant C = C(d, Ag, Ry, diam(D)) > 1 such that for any
x#yin D,

= y|1d—2 (125 (12 << o= (1025 ) (10 IiD‘(y%@{

Proof. First we mention that a C''-domain D with C*!-characteristics (Ry,Ag) is a
non-tangential accessible domain so in particular it satisfies the Harnack chain property
in the following sense [26, p.93]: there is a constant M > 1 so that for any =,y € D with
|z —y| < K[0p(z) A dp(y)], there exist at most N number of balls B(a;,7;),0 <7 < N, in
D so that ap = x,any = y and B(CLZ', T‘i) n B(ai+1,ri+1) # & and M_l’l"i < d(B(ai, ’I“i),Dc) <
Mr; for 0 <i < N — 1, where the constant M depends on (R, Ag), and N depends only
on (Ry,Ap) and K only. See the proof of [26, Proposition 3.6] for the verification of the
above statement, which is given for more general Zygmund domains. The Harnack chain
property will be used several times in this proof.

(I) From the proof in Lemma 3.2 and Theorem 3.3 in [23], one can see that the
constant in the upper bound of (5.1) depends on (d, Ag, Ry, diam(D)). For the reader’s
convenience, we spell out the details here.

It is well known that any bounded C'*! domain D satisfies a uniform interior and
exterior ball condition, that is, there exists a constant ry > 0 depending on the C%:!-
characteristics (Rg, Ag) of D such that for any z € 9D and r € (0,r(), there exist two balls
B?(r) and B (r) of radius r such that B (r) ¢ D°, Bi(r) C D, and {z} = 8B (r) N 0B;(r).
Let z,y € D with = # y. We consider three cases of x and y.

(1) Suppose that dp(z) < | — y|/8 < ro. Denote by z, the point on the boundary 0D
so that |z — z;| = dp(z). Let r = |x — y|/8 and z* € D be such that B(z*,r) = B (r).
For the simplicity of notation, we denote B, := B(z*,r). Let E, := By, \ B, and let u, be
the unique solution of the Dirichlet boundary problem Aw, = 0 in F, with u,, = 0 on 0B,
and u, = 1 on 9Bs,. By [23, Lemma 3.2], there is a constant ¢; = ¢;(d, ) > 1 such that

|Vur(2)| < a for every z € E,.
T

Note that z, € 9B, and

6D($)

Up(x) = Up(x) — up(25) < |x — 25| sup |[Vyu(x +0(x —25))| < 1 (5.2)

0€(0,1)

Set G5(-,y) = 0 on D°. Note that G5(-,y) is harmonic in DNE,. and vanishes continuously
on dD. Clearly, there is a constant C = C(d) > 0 such that G5(z,y) < GR.(z,y) =
Clr—yl*> 4 As|z—y| > |v—y|— |z —2| > |z —y| —4r > |z —y|/2 for z € OBy, and u, = 1
on JBsy,, we have

G5 (z,y) < C2972%z — y|*~u,(2) forevery z € (DN E,).
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Since G4(-,y) and C2972|z — y|>~?u,(-) are both A-harmonic functions in D N E,. and
x € DNE,, one concludes by the maximum principle that G5 (x,y) < C2972|z—y|>~%u,(z).
Hence by (5.2),

G(a,y) < 022 =y, (@) < O2 o - ym
< 241 C0cy |z — y|2¢ (1 A p(x) > .
|z =yl

(2) Suppose that §p(z) < rg < |z — y|/8. By a similar argument as above in (1) but
taking r = ry instead, we have

G%(x,y) < C’2d72\1‘ - y\%dur(z) < (02%2%¢,

< 2972C¢ diam(D) |z —y>~¢ (1 A Op() ) .
To |z —y|

5D(I) 2—d
o |z -yl

(3) The remaining case is ép(x) > min{|z — y|/8,ro}. In this case,

i D
G3(w.9) < Ghuley) = Ol — yf?* < s T s (1 \ |<;D<x;|) |
0 —

Combining (1)-(3) gives

G% (z,y) < 2d+1061M

|z — 274 (1 A |(;D_(13|) forany z #y € D. (5.3)

By the symmetry of G5(z,y) in (z,y), we have

G5 (z,y) < Qd“C’clM\x —y* (1 A 5D(y)|) forany z #y € D. (5.4)
To Y

|z -

Repeating the arguments in (1)-(3) but with (5.4) in place of the bound G%(x,y) <
GE.(z,y) there, we get

. 2
G5(x,y) < (QdHC’c%dlam@) lz—y|>~? (1/\ Op() ) (1/\ LI > forany z #y € D.
70 ERl Rl

(IT) Next we show that the lower bound for G% in (5.1) holds with C~! depending
only on (d, Ag, Ry, diam(D)). Recall 7y > 0 is the constant in (I) for the uniform interior
and exterior ball condition of the C''-domain D. By checking carefully the proof of
Theorem 1 in [39], it follows from the paragraph under Theorem 1 in page 316 and
(6), (17)-(18) in [39] that when |z — y| < max{dp(x)/2,0p(y)/2} or when |z — y| >

max {0p(z)/2,0p(y)/2} with |z —y| < m, the constant C~?! in the lower bound

of (5.1) depends on (d, 7). So it remains to consider the case of x # y € D with |z — y| >

. To . . o o
max {0p(z)/2,0p(y)/2} with |z —y| > 00+ rohg)” For simplicity, let r; := 1001 T roAg)’

Without loss of generality, we assume dp(y) < dp(z). We consider its three possible
scenarios.

(1) Suppose that p(y) < dp(z) < r1/8. Let z, be a point on the boundary 9D so that
|z — 2,| = dp(z). Since D is a bounded C'! domain, there exist x € (0,1) depending
on (Ry, Ag) and a point z¢ on D N IB(z,,r1/8) so that xkr;/8 < dp(xp) < r1/8. Note that
lo —y| > ry, then |y — z,| > |y — 2| — |2 — 22| > r1 —r1/8 = Zri. Hence, G5(-,y) is
harmonic in D N B(z,,r1/2). By the scale invariant boundary Harnack principle (BHP
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in abbreviation) of the Laplacian A (see [10, Theorem 1.41]), there is ¢s = ¢2(d, Ry, Ap)
such that

GH(@,y) dp ()
A Z C2 .

GD(x()vy) 1
Similarly, let z, be a point on the boundary 0D so that |y — z,| = dp(y). Let yo be a
point on D N dB(z,,r1/8) so that xkr1/8 < dp(yo) < 71/8. Note that |z — y| > 71, then
|zg —y| > |z —y| — |& — x| > r1 —r1/4 = 3r1 /4. Thus |z — zy| > |xo —y| — |y — 24| >
3r1/4 —r1/8 = 2r1. So G3(wo,) is harmonic in D N B(z,,1/2). By the scale invariant
BHP of A,

G5 (0,y) 5p(y)
A > Co .
G5 (%o, Yo) L
By [39, Lemma 3], there is a constant ¢3 = c¢3(d) such that for any r > 0,

G0 (w,2) > eslw =274, w,z € B(0,7/2). (5.5)

Note that (dp(xg) A dp(yo)) > xr1/8. Thus by the Harnack chain property of D, the
Harnack inequality for A and (5.5), there exists a constant ¢; = c4(d, Ry, Ao, diam(D)) so
that

G%(l‘o, yo) Z C4|.%'0 — y0|2_d Z C4(diam(D))2_d.

Hence, combining the above inequalities, we have

Gh(z.y) GH(zo.y) op(z) op(y)

G3(z,y) > G5 (o, > c3c diam(D))?>~¢
D( y) - G%(xo,y) G%(mo’yo) D( 0 yO) = CoC4 " 1 ( ( ))
: D))2—d
e D e, 800 (Bt
7 lz —y |z —y|

where the last inequality is due to that r; < |z — y].

(2) Suppose that dp(y) < r1/8 < ép(x). Note that (6p(z) A dp(yo)) > kr1/8. Thus
by the Harnack chain property of D and Harnack inequality again, there exists c5 =
¢s(d, Ro, Ao, diam(D)) such that

diam(D

( )2—d
rf_d

Gz, y0) > eslz — yol** > 5 |z —y|*~¢,

|z — y|. Note that

diam(D
where the last inequality is due to that |z — yo| < diam(D) < diam(D)
r

1
|z — 2| > |z —y|—|y—2y| > r1—r1/8 = Tr1/8, then G5(x,-) is harmonic in DN B(z,,71/2).

Then by the scale invariant BHP of A, we have
diam(D)%*~4 6p(y)

G (2, y)
GA > D\ GA >
p(z,y) > G%(:c,yo) D(T,90) > cacs T%—d r

. cocsdiam (D)2 4 (M 5D(x)) (1 LI )

|z — y|d=2 |z — 9 |z —

|z —y[>¢

where the last inequality is due to that r; < |z — y].

(3) The remaining case is r1/8 < dp(y) < dp(z). In this case, note that |z — y| <
diam(D) < (8/r1)diam(D)(dp(xz) A dp(y)). By the Harnack chain property of D and
Harnack inequality, there exists ¢g = ¢¢(d, Ry, Ao, diam(D)) such that

GB(z,y) > colx —y[*~¢ > S — (1 A Op(2) ) (1 A Op(y) ) .

|z —yl?2 |z —yl |z —y|
This completes the proof of the lower bound and hence the theorem. O
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