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The SLE loop via conformal welding of quantum disks*
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Abstract

We prove that the SLEκ loop measure arises naturally from the conformal welding
of two γ-Liouville quantum gravity (LQG) disks for γ2 = κ ∈ (0, 4). The proof relies
on our companion work on conformal welding of LQG disks and uses as an essential
tool the concept of uniform embedding of LQG surfaces. Combining our result with
work of Gwynne and Miller, we get that random quadrangulations decorated by a
self-avoiding polygon converge in the scaling limit to the LQG sphere decorated by
the SLE8/3 loop. Our result is also a key input to recent work of the first and third
coauthors on the integrability of the conformal loop ensemble.
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1 Introduction

The Schramm-Loewner evolution (SLE) and Liouville quantum gravity (LQG) are
central objects in random conformal geometry. It was shown by Sheffield [She16] and
Duplantier-Miller-Sheffield [DMS21] that SLE curves arise as the interfaces of LQG
surfaces under conformal welding. This phenomenon is a cornerstone of the mating-
of-trees framework [DMS21] for the SLE/LQG coupling and is a fundamental input to
the link between LQG and the scaling limits of random planar maps. See e.g. [Law05,
GHS19, Gwy20, BP21, She22] for an introduction to SLE, LQG, and their interactions.

Conformal welding results in [She16, DMS21] mainly focus on infinite-volume LQG
surfaces. Recently in [AHS20b], we showed that the conformal welding of finite-volume
LQG surfaces called two-pointed quantum disks can give rise to some canonical variants
of SLE curves with two marked points. In this paper, we show in Theorem 1.1 that when
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The SLE loop via conformal welding

conformally welding two quantum disks without marked points, the interface is another
canonical variant of SLE called the SLE loop. Moreover, the resulting LQG surface is the
so-called quantum sphere (without marked point), which describes the scaling limit of
classical random planar map models with spherical topology. For example, in the pure
gravity case it corresponds to the Brownian map [Le 13, Mie13, MS15].

As reviewed in Section 1.1, the SLE loop is an important one-parameter family
of conformally invariant random Jordan curves whose existence was conjectured by
Kontsevitch and Suhov [KS07] and established by Zhan [Zha21]. In particular, the
SLE8/3 loop introduced by Werner [Wer08] describes the conjectural scaling limit of
self-avoiding polygons on planar lattices. Our conformal welding result Theorem 1.1
combined with earlier work of Gwynne and Miller [GM19b, GM16] yields that uniform
quadrangulations decorated by a self-avoiding loop converge to the Brownian map
decorated by the SLE8/3 loop; see Theorem 1.2. For κ ∈ (8/3, 4], the SLEκ loop is closely
related to the conformal loop ensemble (CLE) considered in [She09, SW12].

We will state Theorems 1.1 and 1.2 in Section 1.1 and 1.2, respectively, modulo
some background material supplied in Section 2. Then we prove Theorems 1.1 and 1.2
in Sections 3 and 4, respectively. Our proof of Theorem 1.1 builds on the conformal
welding result in [AHS20b] and the Liouville field description of the quantum surfaces
in [AHS22], which will be recalled in Section 2 as well.

1.1 The SLE loop via conformal welding

Kontsevitch and Suhov [KS07], inspired by Malliavin [Mal99], formulated a natural
conformal restriction covariance property for loop measures, and they conjectured that
there is a unique (up to multiplicative factor) one-parameter family of loop measures
satisfying this property. We call loop measures satisfying this property a Malliavin-
Kontsevitch-Suhov (MKS) loop measure and we index the measures by κ ∈ (0, 4].

Werner [Wer08] proved the existence and uniqueness of the MKS loop measure for
κ = 8/3 and constructed the loop measure via the boundaries of Brownian loops. Kemp-
painen and Werner [KW16] constructed an MKS loop measure for κ ∈ (8/3, 4] using the
density measure of a nested simple CLE. For κ = 2, Benoist and Dubédat [BD16] proved
that a measure constructed in [KK17] is an MKS loop measure. Finally, Zhan [Zha21]
constructed an MKS loop measure for all κ ∈ (0, 4] via SLEκ equipped with its natural
parametrization and also extended the construction to κ ∈ (4, 8). We denote Zhan’s MKS
loop measure by SLEloop

κ . See Section 2.5 for the precise definition. For κ ∈ (8/3, 4],
the loop measures of Zhan and Kemppainen-Werner agree; see [AS21, Section 2.3]. We
emphasize that SLEloop

κ is an infinite measure for each κ ∈ (0, 4].
For each γ ∈ (0, 2) there is a natural infinite measure on LQG surfaces with spherical

topology called the unmarked quantum sphere. We denote this measure by QS and refer
to Section 2 for the precise definition of both this measure and of the other objects we
introduce in this and the next paragraph. Let Ĉ = C ∪ {∞} be the Riemann sphere.
Suppose h is a random field on C such that the distribution of (Ĉ, h) viewed as a quantum
surface is QS. Let η be a sample1 of SLEloop

κ independent of h for κ = γ2 ∈ (0, 4].
It is known that SLEloop

κ is invariant under Möbius transforms [Zha21, Theorem 4.2].
Therefore, although the distribution of h is not uniquely specified, as a curve-decorated
quantum surface, the distribution of (Ĉ, h, η) is uniquely defined. We denote this loop-
decorated quantum surface by QS⊗SLEloop

κ and call it the MKS-loop-decorated quantum
sphere with parameter γ; see Section 3 for a precise definition.

For each γ ∈ (0, 2) there is also a natural infinite measure on LQG surfaces with disk
topology called the unmarked quantum disk. We denote this measure by QD. Let QD(`)

1We will use the language of probability in the setting of non-probability measures — see Section 2 for
precise definitions.
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The SLE loop via conformal welding

be the disintegration of QD over its boundary length, namely QD =
∫∞

0
QD(`) d`. For ` >

0, let (D1,D2) be a sample from QD(`)×QD(`), so D1 and D2 have boundary length `. Let
Weld(D1,D2) be the curve-decorated quantum surface obtained by conformally welding
D1 and D2 along their boundaries such that a uniformly sampled point on the boundary
of D1 is identified with a uniformly sampled point on the boundary of D2. We denote
the distribution of Weld(D1,D2) by Weld(QD(`),QD(`)) and define Weld(QD,QD) =∫∞

0
` ·Weld(QD(`),QD(`)) d`; see Section 2.4 for more details.

Theorem 1.1. For γ ∈ (0, 2) and κ = γ2, we have QS ⊗ SLEloop
κ = CWeld(QD,QD) for

some constant C ∈ (0,∞).

The proof of Theorem 1.1 builds on a welding result from [AHS20b] which says that
the conformal welding of two quantum disks, each marked with two points sampled
independently from the LQG boundary measure, gives a quantum sphere with two
special singularities decorated with a so-called two-sided whole plane SLEκ. Given
this result and the construction of Zhan’s MKS loop measure, Theorem 1.1 seems
plausible. To explain the factor of ` in the definition of Weld(QD,QD), we appeal to the
following intuition from the discrete: if we have two polygons with ` edges, there are `
different ways to glue them into a sphere with a self-avoiding loop. The rigorous proof
of Theorem 1.1 relies on the idea of uniform embedding introduced in [AHS22] and
explained in Section 2.3. The uniform embedding of a quantum surface is a particular
random embedding where the fields can be described via Liouville conformal field theory
(LCFT) as considered in [DKRV16, HRV18]. Moreover, it is especially convenient to work
with when adding or removing marked points on the surface.

Based on the integrability of LQG from mating-of-trees [DMS21] and LCFT (see
e.g. [KRV20, ARS22a, RZ22]), it was shown in [AHS22] that conformal welding can be
applied to establishing integrability results for the SLE interfaces involved. Theorem 1.1
serves as the starting point of this application to the SLE loop and CLE. In [AS21], this
approach was used to obtain the 3-point correlation function for the nesting statistics
and the electrical thickness of simple CLE. In [ARS22b], it was used to compute the
annulus partition function of the SLE8/3 loop. In a forthcoming work of the first and
third coauthors, it will be used to compute the renormalized probability that three given
points are close to the same CLE loop on the sphere.

By a limiting argument, Theorem 1.1 can be naturally extended to κ = 4 using
available conformal welding results for SLE4 [HP21, MMQ19] but since the conformal
removability of SLE4 is not settled, the result would be less definite. Therefore we do
not pursue this extension.

Viklund and Wang [VW20] proved a beautiful identity between the Loewner energy
of a Jordan curve η on a sphere and the difference between the Dirichlet energy of a
function ϕ on the sphere and the sum of the Dirichlet energies of ϕ restricted to each
component of S2 \ η after applying a uniformizing map. These quantities naturally arise
from the large deviation of SLE and LCFT; see [Wan22] and [LRV19]. In particular, the
identity can be viewed as a relation between the large deviation rate functions for an
SLE loop measure, the LCFT on the sphere, and the LCFT on the disk. See [VW20,
Section 1.3] for a discussion of this. Theorem 1.1 can be viewed as a quantum version of
this identify.

1.2 The scaling limit of random planar maps decorated by self-avoiding loop

It is believed that the MKS loop with κ = 8/3, namely Werner’s loop measure [Wer08],
is the scaling limit of the critical self-avoiding loop on a regular planar lattice. We will
argue that this result holds in an annealed sense in the setting of planar maps. Namely,
the critical Boltzmann measure on quadrangulations decorated with a self-avoiding loop
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converges to the MKS-loop-decorated quantum sphere with γ =
√

8/3 as curve-decorated
metric measure spaces. The measure is called critical since the weight assigned to a
loop-decorated quadrangulation has been tuned precisely so that the number of vertices
of the quadrangulation and the length of the loop have a power-law behavior.

To state this result we will first introduce some notation; see Section 4 for more
precise definitions. Let MSn ⊗ SAWn denote the measure on pairs (M,η) where M

is a quadrangulation, η is a self-avoiding loop on M , and a pair (M,η) has weight
n2.512−#F(M)54−#η, where #F(M) is the number of faces of M and #η is the number
of edges of η. Note that the parameter n does not correspond to any quantity in the
quadrangulation beyond the weights we use to define MSn and as a scaling factor for
distances and areas (see Section 4 for the latter). We let QS⊗SLEloop

8/3 be as in Theorem 1.1

with γ2 = κ = 8/3. As we will explain in Section 4, samples from MSn ⊗ SAWn and
QS⊗ SLEloop

8/3 can be viewed as loop-decorated metric measure spaces. In this setting
the natural topology for weak convergence is the Gromov-Hausdorff-Prokhorov-uniform
(GHPU) topology; see Section 2.6 for a precise definition. For a loop-decorated metric
measure space and c ∈ (0, 1) we let A(c) denote the event that the length of the loop is
in [c, c−1]. We use the notation M |A(c) to stand for the restriction of the measure M to
the event A(c), and use the symbol⇒ to indicate weak convergence of finite measures.

Theorem 1.2. There exists c0 > 0 such that for all c ∈ (0, 1),

MSn ⊗ SAWn |A(c) ⇒ c0 ·QS⊗ SLEloop
8/3 |A(c) as n→∞

with respect to the Gromov-Hausdorff-Prokhorov-uniform topology.

Here, we restrict to A(c) to make all measures in Theorem 1.2 finite. Gwynne and
Miller proved the counterpart of the theorem in the setting of chordal self-avoiding paths
on half-planar quadrangulations [GM16, GM19b], and results from their papers are key
inputs to our proof. The other inputs are Theorem 1.1 and an exact discrete counterpart
(also observed in [GM19a, CC19]) of Theorem 1.1 given in Observation 4.2.

It is a classical result that the quantum sphere for γ =
√

8/3 (also known as the
Brownian map) arises as the scaling limit of uniformly sampled planar maps [Le 13,
Mie13]. By contrast, our Theorem 1.2 gives the analogous result for a family of non-
uniform planar maps in the sense that two planar maps of the same size do not have
the same probability of being sampled. Indeed, if (M,η) is sampled from MSn ⊗ SAWn

then the marginal law of M has been reweighted according to the (weighted) number of
self-avoiding loops that the map admits. On the other hand, Theorem 1.2 means that this
reweighting does not change the scaling limit of the planar map.

For concreteness Theorem 1.2 is stated and proved for quadrangulations, but we
remark that the result also holds for random triangulations building on [AHS20a].2 By
universality we expect that Theorem 1.2 also extends to other families of planar maps
decorated by a self-avoiding loop.

2 Preliminaries

In this paper we use the language of probability theory in the setting of non-probability
measures. If M is a measure on a measurable space (Ω,F) and X is an F -measurable
function, we call the pushforward measure MX = X∗M the law of X, and say that X
is sampled from MX . For a finite measure M , we denote its total mass by |M |, and
write M# = |M |−1M for the probability measure proportional to M . We now provide
background for the various objects relevant to Theorem 1.1.

2Ewain Gwynne has confirmed in private communication that the techniques in his self-avoiding walk papers
with Jason Miller also work for triangulations.
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2.1 Liouville quantum gravity

We introduce the Gaussian free field (GFF) on various domains. Let S = R× (0, π)

be the infinite strip and let m be the uniform probability measure on {0} × (0, π). The
Dirichlet inner product is given by 〈f, g〉∇ = (2π)−1

∫
S ∇f · ∇g. Consider the space of

smooth functions f on S with 〈f, f〉∇ <∞ and
∫
S f dm = 0. Let H(S) be its Hilbert space

closure with respect to 〈·, ·〉∇. Choose an orthonormal basis (fi) of H(S) and let (ξi) be
independent standard Gaussian random variables. Then the summation

hS :=

∞∑
i=1

ξifi

converges in the space of distributions, and we call hS a GFF on S normalized so that∫
S hS dm = 0 [DMS21, Section 4.1.4].

Throughout this paper, we fix a choice of LQG parameter γ ∈ (0, 2). Suppose φ = hS+g

where g is a (possibly random) function on S ∪ ∂S which is continuous at all but finitely
many points. For z ∈ S ∪ ∂S let φε(z) be the average of φ on ∂Bε(z) ∩ S, and define
µεφ(d2z) := εγ

2/2eγφε(z) d2z where d2z is the Lebesgue measure on S. The quantum area
measure µφ is defined as the almost sure weak limit limε→0 µ

ε
φ [DS11, SW05]. Similarly,

we can define the quantum boundary length measure νφ := limε→0 ε
γ2/4e

γ
2 φε(x) dx where

dx is the Lebesgue measure on ∂S.
Suppose f : D → D̃ is a conformal map between domains D, D̃. For a distribution φ

on D, define

f •γ φ = φ ◦ f−1 +Q log |(f−1)′|, Q =
γ

2
+

2

γ
. (2.1)

Consider the set of pairs (D,φ) where D ⊂ C is open and φ is a distribution on D. A
quantum surface is an equivalence class of pairs (D,φ) where (D,φ) ∼γ (D̃, h̃) if there

is a conformal map f : D → D̃ such that φ̃ = f •γ φ, and an embedding of the quantum
surface is a choice of (D,h) from the equivalence class. This definition is natural because
the quantum area and boundary length measures are consistent across elements of an
equivalence class: if (S, φ) ∼γ (S, φ̃) and f : S → S satisfies φ̃ = φ ◦ f−1 +Q log |(f−1)′|,
then µφ̃ = f∗µφ and νφ̃ = f∗νφ [DS11].

More generally, a loop-decorated quantum surface with m marked points is an
equivalence class of tuples (D,φ, z1, . . . , zm, η) with z1, . . . , zm ∈ D ∪ ∂D, η : S1

` →
D is continuous (i.e., η is a loop on D), and S1

` is a circle of length ` > 0. We say

(D,φ, z1, . . . , zm, η) ∼γ (D̃, φ̃, z̃1, . . . , z̃m, η̃) if φ̃ = f •γ φ, z̃i = f(zi) for all i, and η̃(t) =

f(η(t + r)) for some r ∈ [0, `) and all t ∈ [0, `), where we represent S1
` as the interval

[0, `] with endpoints identified. We view η as a parametrized and oriented loop with no
distinguished starting point. We can similarly define a quantum surface with just m
marked points (and no loop).

Now, we recall the radial-lateral decomposition of hS . Let H1(S) (resp. H2(S)) be the
subspace of H(S) comprising functions which are constant (resp. have average zero) on
{t}×(0, π) for each t ∈ R. This yields an orthogonal decompositionH(S) = H1(S)⊕H2(S).

Definition 2.1. Let W ≥ γ2

2 and β = Q+ γ
2 −

W
γ2 . Let

Yt =

{
B2t − (Q− β)t if t ≥ 0

B̃−2t + (Q− β)t if t < 0
,

where (Bs)s≥0 is a standard Brownian motion conditioned on B2s − (Q− β)s < 0 for all
s > 0, and (B̃s)s≥0 is an independent copy of (Bs)s≥0. Let h1(z) = YRe z and let h2

S be the

projection of an independent GFF hS to H2(S). Set ĥ = h1 + h2
S . Sample an independent

real number c from the measure [γ2 e
(β−Q)c dc] on R, and let φ = ĥ+ c. LetMdisk

2 (W ) be
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The SLE loop via conformal welding

the infinite measure describing the law of (S, φ,−∞,+∞)/∼γ . We call a sample from
Mdisk

2 (W ) a quantum disk with two insertions of weight W .

Weight W quantum disks have two marked boundary points. The case W = 2 is
special since these two points are quantum typical in the following sense.

Proposition 2.2 ([DMS21, Proposition A.8]). Sample (S, φ,−∞,+∞)/∼γ fromMdisk
2 (2),

then sample independent points x1, x2 ∈ ∂S from the probability measure proportional
to νφ. Then the law of (S, φ, x1, x2)/∼γ isMdisk

2 (2).

This motivates the following definition.

Definition 2.3.Sample (S, φ,−∞,+∞)/∼γ from the weighted measure νφ(∂S)−2Mdisk
2 (2).

Then we call (S, φ)/∼γ a quantum disk, and denote its law by QD.

Here is a useful perspective on Proposition 2.2 and Definition 2.3. Roughly speaking,
given a sample (S, φ)/∼γ from QD, if we “sample two points from νφ”, then the resulting
quantum surface with two marked points has lawM2(2). Since νφ is a non-probability
measure with total mass νφ(∂S), the sampling operation should induce a weighting by
νφ(∂S)2; this explains the factor νφ(∂S)−2 in Definition 2.3.

Lemma 2.4. The law of the quantum boundary length νφ(∂S) of a sample (S, φ)/∼γ
from QD is 1`>0C`

− 4
γ2
−2
d` for some C > 0.

Proof. [AHS22, Lemma 3.3] implies that the total boundary length of a sample from

M2(2) has law 1`>0C`
− 4
γ2 d`. By Definition 2.3, weighting by `−2 gives the corresponding

result for QD.

Consequently, we can define a disintegration {QD(`)}`>0 of QD on its quantum
boundary length, i.e. QD =

∫∞
0

QD(`) d` for measures QD(`) supported on the space of
quantum surfaces with boundary length `. This only specifies QD(`) for a.e. `, but by
continuity we can canonically define QD(`) for all `; see e.g. [DMS21, Section 4.5] or
[AHS20b, Section 2.6].

Define the horizontal cylinder C := R× [0, 2π]/∼ by identifying (x, 0) ∼ (x, 2π) for all
x ∈ R. Let m be the uniform measure on ({0} × [0, 2π])/∼, and let H(C) be the Hilbert
space closure of smooth compactly-supported functions on C under the Dirichlet inner
product. Then, as for S, we define hC =

∑
i αiξi where (ξi) is an orthonormal basis of

H(C) and (αi) are independent standard Gaussians. We call hC the GFF on C normalized
so that

∫
C hC dm = 0.

As before, we can decompose H(C) = H1(C)⊕H2(C) where H1(C) (resp. H2(C)) is the
subspace of functions which are constant (resp. have average zero) on ({t} × [0, 2π])/∼
for all t ∈ R.

Definition 2.5. Let W > 0 and α = Q− W
2γ . Let

Yt =

{
Bt − (Q− α)t if t ≥ 0

B̃−t + (Q− α)t if t < 0
,

where (Bs)s≥0 is a standard Brownian motion conditioned on Bs − (Q− α)s < 0 for all
s > 0, and (B̃s)s≥0 is an independent copy of (Bs)s≥0. Let h1(z) = YRe z and let h2

C be the

projection of an independent GFF hC to H2(C). Set ĥ = h1 + h2
C. Sample an independent

real number c from the measure [γ2 e
2(α−Q)c dc] on R, and let φ = ĥ+ c. LetMsph

2 (W ) be
the infinite measure describing the law of (C, φ,−∞,+∞)/∼γ . We call a sample from
Msph

2 (W ) a quantum sphere with two insertions of weight W .

The weight W = 4 − γ2 is special because the two marked points are independent
samples from the quantum area measure [DMS21, Proposition A.13], so the following
definition is natural.
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Definition 2.6.Sample (C, φ,−∞,+∞)/∼γ from the weighted measure µφ(C)−2Msph
2 (4−

γ2). Then we call (C, φ)/∼γ a quantum sphere, and denote its law by QS.

Remark 2.7. For W < γQ and compact I ⊂ R the Mdisk
2 (W )-mass of the event

{left boundary length ∈ I} is finite (so one can condition on boundary length), but
for W = γQ this mass is infinite [AHS20b, Lemma 2.16]. The same calculation shows
thatMsph

2 (W )[area ∈ I] <∞ if and only if W < 4.

Finally, we will need an area-weighted variant ofMsph
2 (W ).

Definition 2.8. Fix W > 0 and let (C, φ,−∞,+∞) be an embedding of a sample from the
quantum-area-weighted measure µφ(C)Msph

2 (W ). Given φ, sample z from the probability
measure proportional to µφ. We write Msph

2,• (W ) for the law of the marked quantum
surface (C, φ,−∞,+∞, z)/∼γ .

2.2 The Liouville field

In this section we recall the Liouville field which was constructed in [DKRV16]. Let
exp : C → Ĉ be the exponential map z 7→ ez. Let hC be the GFF on the cylinder as defined
in the previous section, and let h

Ĉ
= hC ◦ exp. Then h

Ĉ
is the GFF on Ĉ with average

zero on the unit circle. We write P
Ĉ

for the law of h
Ĉ

. Its covariance kernel is

G
Ĉ

(z, w) = − log |z − w|+ log |z|+ + log |w|+, |z|+ := max(|z|, 1).

Definition 2.9. Sample (h, c) from P
Ĉ
× [e−2Qc dc] and let φ = h − 2Q log | · |+ + c. We

call φ the Liouville field on Ĉ and denote its law by LF
Ĉ

.

For a finite collection of weights αi and points zi ∈ C, we want to define “LF
(αi,zi)i

Ĉ
=∏

i e
αiφ(zi)LF

Ĉ
(dφ)”. This can be understood via regularization and renormalization, see

e.g. [AHS22, Lemma 2.6]. We give a direct definition below.

Definition 2.10. Let (αi, zi) ∈ R×C for i = 1, . . . ,m, where m ≥ 1 and the zi are distinct.

Sample (h, c) from C
(αi,zi)i

Ĉ
P
Ĉ
× [e(

∑
i αi−2Q)c dc] where

C
(αi,zi)i

Ĉ
=

m∏
i=1

|zi|−αi(2Q−αi)+ e
∑m
j=i+1 αiαjGĈ

(zi,zj).

Let φ = h − 2Q log | · |+ +
∑m
i=1 αiGĈ(·, zi) + c. We call φ the Liouville field on Ĉ with

insertions (αi, zi), and denote its law by LF
(αi,zi)i

Ĉ
.

For a conformal automorphism f : Ĉ→ Ĉ and a measure M on the space of distribu-
tions on C, let f∗M be the pushforward of M under the map φ 7→ φ ◦ f−1 +Q log |(f−1)′|.
The following change-of-coordinates result is [DKRV16, Theorem 3.5] with different
notation. We present the version stated in [AHS22, Proposition 2.29].

Proposition 2.11 ([DKRV16, Theorem 3.5]). For α ∈ R let ∆α := α
2 (Q− α

2 ). Let f be a

conformal automorphism of Ĉ and let (αi, zi) ∈ R× C satisfy f(zi) 6=∞ for i = 1, . . . ,m.
Then

LF
Ĉ

= f∗LF
Ĉ
, and LF

(αi,f(zi))i

Ĉ
=

m∏
i=1

|f ′(zi)|−2∆αi f∗LF
(αi,zi)i

Ĉ
.

As the next lemma illustrates, sampling points from quantum measures of the Liouville
field corresponds to adding insertions to the Liouville field. We recall the proof for the
reader’s convenience since a closely related argument will be used later.

Lemma 2.12 ([AHS22, Lemma 2.31]). We have µφ(d2u)LF
(αi,zi)i

Ĉ
(dφ) = LF

(γ,u),(αi,zi)i

Ĉ

(dφ)d2u.
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Proof. Sample h ∼ P
Ĉ

. Let hε(u) be the average of h on ∂Bε(u) and write G
Ĉ,ε(z, u) :=

E[h(z)hε(u)]. Let f be a non-negative continuous function on the Sobolev space H−1(C),
and g a non-negative measurable function on R. Girsanov’s theorem gives

E
[
f(h)εγ

2/2eγhε(u)
]

= E
[
f(h+ γG

Ĉ,ε(·, u))
]
E[εγ

2/2eγhε(u)].

With µεh(d2u) := εγ
2/2eγhε(u) d2u and ρε(u) := E[εγ

2/2eγhε(u)], integrating against g(u) d2u

gives

E

[∫
C

f(h)g(u)µεh(d2u)

]
=

∫
C

E
[
f(h+ γG

Ĉ,ε(·, u))
]
g(u)ρε(u) d2u.

Taking the ε→ 0 limit yields, with ρ(u) defined by ρ(u) d2u = E[µh(d2u)],

E

[∫
f(h)g(u)µh(d2u)

]
=

∫
E[f(h+ γG

Ĉ
(·, u))]g(u)ρ(u) d2u.

See, e.g., [BP21, Section 2.4] or [AHS22, Lemma 2.31] for details on taking this limit.
Let c ∈ R and q(z) =

∑
i αiGĈ(z, zi)− 2Q log |z|+. For f̃ any non-negative continuous

function on H−1(C) and g̃ any non-negative measurable function on R, choose f =

f̃(· + q + c) and g = eγ(q+c)g̃. The above equation, together with µh+p = eγpµh for any
continuous function p : C→ R, gives

E

[∫
f̃(h+ q + c)g̃(u)µh+q+c(d

2u)

]
=

∫
E[f̃(h+ γG

Ĉ
(·, u) + q + c)]g̃(u)eγq(u)+γcρ(u) d2u.

On the other hand, we have C(γ,u),(αi,zi)

Ĉ
= C

(αi,zi)i

Ĉ
C

(γ,u)

Ĉ
eγq(u)+2γQ log |u|+ = C

(αi,zi)i

Ĉ
eγq(u)

ρ(u), where the first equality holds by definition and the second follows from a direct
calculation; see [AHS22, Lemma 2.12] for a similar calculation. Thus, multiplying the
previous identity by C(αi,zi)i

Ĉ
gives

C
(αi,zi)i

Ĉ
E

[∫
f̃(h+ q + c)g̃(u)µh+q+c(d

2u)

]
=

∫
C

(γ,u),(αi,zi)i

Ĉ
E[f̃(h+ γG

Ĉ
(·, u) + q + c)]g̃(u)eγc d2u.

Multiplying by e(
∑
i αi−2Q)c and integrating over c gives

LF
(αi,zi)i

Ĉ

[∫
C

f̃(φ)g̃(u)µφ(d2u)

]
=

∫
C

LF
(γ,u),(αi,zi)i

Ĉ
[f̃(φ)]g̃(u) d2u.

The functions f̃ , g̃ are arbitrary so the desired result holds.

We need the following Liouville field description ofMsph
2,• (W ).

Proposition 2.13. Fix W > 0, let α = Q−W
2γ and sample φ from 2πγ

(Q−α)2 LF
(α,0),(α,1),(γ,−1)

Ĉ
.

Then the law of (Ĉ, φ, 0, 1,−1)/∼γ isMsph
2,• (W ).

Proof. [AHS22, Proposition B.7] describes the field ofMsph
2,• (W ) in terms of the Liouville

field on C, then [AHS22, Lemma B.4] gives the coordinate change from C to Ĉ.

2.3 Uniform embedding of quantum surfaces

Let conf(Ĉ) denote the space of automorphisms of the Riemann sphere Ĉ = C ∪ {∞}.
Being a locally compact Lie group, it has a right-invariant Haar measure which is unique
modulo multiplicative constant, and since conf(Ĉ) is unimodular the measure is also left-
invariant. Let m

Ĉ
be such a Haar measure. The following gives an explicit description of

m
Ĉ

; see e.g. [AHS22, Lemma 2.28].
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Lemma 2.14. Let f be sampled from m
Ĉ

. Then there is a constant C ∈ (0,∞) such that
the law of (f(0), f(1), f(−1)) is C|(p− q)(q − r)(r − p)|−2 d2p d2q d2r.

Suppose M is a measure on the space of quantum surfaces which can be embedded
in Ĉ. Sample a pair (f, S) from the product measure m

Ĉ
×M , and let φ0 be a distribution

on C chosen in a way measurable with respect to S such that S = (Ĉ, φ0)/∼γ . We define
m
Ĉ
nM to be the law of f •γ φ0. We call m

Ĉ
nM the uniform embedding of M . Note

that the definition of uniform embedding does not depend on the choice of φ0. Recall
that QS is the law of the quantum sphere from Definition 2.6.

Proposition 2.15 ([AHS22, Theorem 1.2]). There is a constant C such that m
Ĉ
n QS =

C · LF
Ĉ

.

2.4 Conformal welding

Let κ > 0 and let (D, p, q) be a simply-connected domain with two marked boundary
points. SLEκ is a conformally invariant random curve in D from p to q introduced by
Schramm [RS05], which describes the scaling limits of many statistical physics models.
When κ < 4, almost surely SLEκ is simple and only intersects ∂D at {p, q}. We will
also need a spherical variant of SLE: for distinct points p, q ∈ C and ρ > −2, there is a
random curve from p to q called whole-plane SLEκ(ρ), see e.g. [MS17, Section 2.1.3] for
its definition.

For κ ∈ (0, 8) and distinct points p, q ∈ C, the two-sided whole-plane SLE, which we
denote by SLEp
q

κ , is the probability measure on pairs of curves (η1, η2) on C connecting
p and q where η1 is a whole-plane SLEκ(2) from p to q, and conditioning on η1, the curve
η2 is a chordal SLEκ on the complement of η1 from q to p. This pair of curves (η1, η2)

satisfies the following resampling property: conditioning on one, the other has the law
of chordal SLEκ in the complement, see e.g. [Zha21, Section 2.2].

We need a special case of [AHS20b, Theorem 2.4]. Let Ĉ = C ∪ {∞} be the Riemann
sphere. Let {Mdisk

2 (2; `1, `2)}`1,`2 be a disintegration ofMdisk
2 (2) on its two boundary arc

lengths, i.e.Mdisk
2 (2) =

∫∫
Mdisk

2 (2; `1, `2) d`1 d`2, and a sample fromMdisk
2 (2; `1, `2) a.s.

has boundary lengths (`1, `2).

Proposition 2.16. Fix distinct p, q ∈ C and let (Ĉ, φ, p, q) be an embedding of a sample
fromMsph

2 (4). Independently sample (η1, η2) from the probability measure SLEp
q
κ , and

let D1 and D2 be the connected components of Ĉ\(η1 ∪ η2) lying to the left and right of
η1 respectively. Then there is a constant C such that the joint law of (D1, φ, p, q)/∼γ and
(D2, φ, p, q)/∼γ is

C

∫ ∞
0

∫ ∞
0

Mdisk
2 (2; `1, `2)×Mdisk

2 (2; `2, `1) d`1 d`2.

The above statement of Proposition 2.16 is in terms of cutting a sphere to get
two disks. It can be equivalently expressed in terms of gluing two disks to get a
loop-decorated sphere. For fixed `1, `2 > 0, a pair of quantum disks sampled from
Mdisk

2 (2; `1, `2) ×Mdisk
2 (2; `2, `1) can be conformally welded along their boundary arcs

according to quantum boundary length, to get a quantum surface with the sphere
topology decorated by two points and a loop passing through them. For more details on
the conformal welding of quantum surfaces, see e.g. [She16, DMS21, GHS19], and see
[AHS20b] for more information on the conformal welding of quantum disks.

We now give a more precise definition of the measure Weld(QD,QD) appearing in
Theorem 1.1. Let ` > 0 and let (D1,D2) ∼ QD(`)×QD(`). For i = 1, 2, let φi : S1

` → Di be
a parametrization of the boundary of Di according to its quantum boundary length such
that φi traces the boundary in counterclockwise direction when the disk is embedded
in D. Namely, for 0 < s < t < 1, φi([s, t]) is an arc on the boundary of Di with quantum
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length t− s, where we represent S1
` as the interval [0, `] with endpoints identified. Let

U be a uniform point on S1
` independent of everything else. Let Weld(D1,D2) be the

curve-decorated quantum surface obtained by conformally welding D1 and D2 along
their boundaries where φ1(t) is identified with φ2(U − t) for all t ∈ S1

` . In words,
Weld(D1,D2) means we conformally weld D1 and D2 according to their boundary length
uniformly at random. Let Weld(QD(`),QD(`)) be the law of Weld(D1,D2), and define
Weld(QD,QD) =

∫∞
0
` ·Weld(QD(`),QD(`)).

2.5 Zhan’s construction of the SLE loop measure

Given a simple loop η and some d ∈ [0, 2], let Contη,ε be εd−2 times Lebesgue area
measure restricted to the ε-neighborhood of η. If limε→0 Contη,ε exists for the weak
topology then we denote the limit by Contη and call it the d-dimensional Minkowski
content of η.

We can view SLEp
q
κ as a measure on oriented loops by concatenating η1 and η2. Given

a loop η sampled from SLEp
q
κ , with probability 1 the dimension of η is d = 1 + κ

8 [Bef08]
and its d-dimensional Minkowski content Contη exists [LR15]. The (unrooted) SLE loop
measure SLEloop

κ on C is an infinite measure on oriented loops defined by (see [Zha21,
Theorem 4.2])

SLEloop
κ (dη) = |Contη|−2

∫∫
C×C
|p− q|−2(2−d) SLEp
q

κ (dη) d2p d2q. (2.2)

The operation of forgetting p and q in (2.2) is natural, since given η, the points p, q are
conditionally independent points sampled from the Minkowski content measure Contη
on η; precisely, [Zha21, Theorem 4.2 (i)] states

SLEloop
κ (dη) Contη(dp) Contη(dq) = |p− q|

γ2

4 −2 SLEp
q
κ (dη) d2p d2q. (2.3)

For κ ∈ (0, 4], Zhan [Zha21] shows that SLEloop
κ is an example of a Malliavin-Kontsevich-

Suhov (MKS) loop measure.

2.6 The Gromov-Hausdorff-Prokhorov-uniform metric

In this subsection we will define precisely the space of compact loop-decorated metric
measure spaces and the Gromov-Hausdorff-Prokhorov-uniform metric. This, along with
definitions in Section 3, will make precise the statement of Theorem 1.2. We remark that
the analogous definitions in the setting of curve-decorated metric measure spaces were
first made in [GM17]; see also [Gro99, BBI01, GPW09, Mie09, ADH13].

For a metric space (X, d) let C0(X) denote the space of parametrized and oriented
loops on X with no distinguished starting point. More precisely, identifying the circle
S1
` of length ` with the interval [0, `] with endpoints identified, C0(X) is the space of

continuous functions η : S1
` → X, where we identify η and η̃ if η̃(t) = η(t + r) for some

r ∈ [0, `) and all t ∈ [0, `). Let dH
d denote the d-Hausdorff metric on compact subsets of X

and let dP
d denote the d-Prokhorov metric on finite measures on X. Finally, let dU

d denote
the d-uniform metric on C0(X), i.e.,

dU
d (η, η̃) = inf

r∈[0,`)
sup
t∈[0,`)

d(η(t), η̃(t+ r)).

Let MGHPU be the set of compact loop-decorated metric measure spaces, i.e., MGHPU

is the set of 4-tuples X = (X, d, µ, η) where (X, d) is a compact metric space, µ is a
finite Borel measure on X, and η ∈ C0(X). Given elements X1 = (X1, d1, µ1, η1) and
X2 = (X2, d2, µ2, η2) of MGHPU, we define their Gromov-Hausdorff-Prokhorov-uniform
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(GHPU) distance by

dGHPU(X1,X2) = inf
(W,d),ι1,ι2

dH
D(ι1(X1), ι2(X2)) + dP

D((ι1)∗µ1, (ι2)∗µ2) + dU
D(ι1 ◦ η1, ι2 ◦ η2),

where we take the infimum over all compact metric spaces (W,D) and isometric embed-
dings ι1 : X1 →W and ι2 : X2 →W . It is shown in [GM17] that this defines a complete
separable metric in the setting of curve-decorated (rather than loop-decorated) metric
measure spaces if we identify two elements of this space which differ by a measure-
and curve-preserving isometry. The analogous statement holds in the setting of loop-
decorated metric measure spaces since we obtain a loop by considering a curve that
forms a loop and identifying two such curves which differ by a time shift.

3 The SLE loop via conformal welding: proof of Theorem 1.1

In Section 3.1 we prove Theorem 1.1 modulo Proposition 3.2, whose proof is given in
Section 3.2.

3.1 Proof of Theorem 1.1

Fix γ ∈ (0, 2) and κ = γ2 ∈ (0, 4). Let M = QS ⊗ SLEloop
κ be the law of the loop-

decorated quantum surface called the MKS-loop-decorated quantum sphere with pa-
rameter γ. Namely, if (S, η) is sampled from QS × SLEloop

κ and φ is a distribution on
C chosen in a way measurable with respect to S such that S = (Ĉ, φ)/∼γ , then M is

the law of the loop-decorated quantum surface (Ĉ, φ, η)/∼γ . Theorem 1.1 asserts that
M = CWeld(QD,QD) for some constant C ∈ (0,∞). To prove it, we need a variant of
Proposition 2.16 where the marked points on the quantum disks are forgotten.

Lemma 3.1. Let (Ĉ, h, p, q) be an embedding of a sample fromMsph
2 (4). Let (η1, η2) be

a sample from SLEp
q
κ independent of h, and let η be the oriented loop obtained by

concatenating η1 and η2. Then viewed as a loop-decorated quantum surface the law of
(Ĉ, h, η) equals C

∫∞
0
`3 ·Weld(QD(`),QD(`)) d` for some constant C ∈ (0,∞).

Proof. Let F be the map that forgets the marked points of a quantum surface. By
Definition 2.3,∫ ∞

0

`2QD(`) d` = F∗Mdisk
2 (2) = F∗

∫ ∞
0

∫ ∞
0

Mdisk
2 (2; `1, `2) d`1 d`2

=

∫ ∞
0

∫ `

0

F∗Mdisk
2 (2; `1, `− `1) d`1 d`.

In the last equality, we change variables ` = `1 + `2 so 1`1,`2>0 d`1 d`2 corresponds to
1`>`1>0 d`1 d`. By Proposition 2.2, the measure F∗Mdisk

2 (2; `1, `− `1) does not depend on
the choice of `1, and hence must equal `QD(`).

Let D1 and D2 be the connected components of Ĉ\η. By Proposition 2.16, the law of
the pair of marked quantum surfaces ((D1, h, p, q)/∼γ , (D2, h, p, q)/∼γ) equals

C

∫ ∞
0

∫ `

0

Mdisk
2 (2; `1, `− `1)×Mdisk

2 (2; `− `1, `1) d`1 d`.

Applying F to both sides and using F∗Mdisk
2 (2; `1, `−`1) = `QD(`), the law of ((D1, h)/∼γ ,

(D2, h)/∼γ) is C
∫∞

0
`3QD(`)2 d`. Finally, since the conformal welding of (D1, h, p, q)/∼γ

and (D2, h, p, q)/∼γ is determined by the locations of the marked points, and the marked
points on each disk are uniformly chosen from quantum length measure (Proposition 2.2),
the conformal welding of (D1, h)/∼γ to (D2, h)/∼γ is uniform, as desired.
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Similarly as for the proof of Proposition 2.15 from [AHS22], we prove Theorem 1.1
by adding three marked points. Suppose (Ĉ, h, η) is an embedding of a sample from
M weighted by µh(C) times the square of the quantum length of η. Given (h, η), in-
dependently sample p, q from the probability measure proportional to the quantum
length measure on η, and r from the probability measure proportional to the quantum
area measure, so p, q ∈ η and r ∈ C. Let M3 be the law of (Ĉ, h, η, p, q, r) viewed as a
loop-decorated quantum surface with three marked points. Recall that SLEp
q

κ is the
law of a two-sided whole plane SLEκ from p to q. Moreover, we view a sample (η1, η2)

from SLEp
q
κ as an oriented loop by concatenating η1 with η2. Recall Msph

2,• (W ) from

Definition 2.8. The following proposition describes M3 in terms ofMsph
2,• (W ) and SLEp
q

κ .

Proposition 3.2. Let (Ĉ, h, p, q, r) be an embedding of a sample from Msph
2,• (4). Inde-

pendently sample η from SLEp
q
κ . Let M̃3 be the law of (Ĉ, h, η, p, q, r) viewed as a

loop-decorated quantum surface with three marked points. Then there exists a constant
C ∈ (0,∞) such that M3 = CM̃3.

Proof of Theorem 1.1 given Proposition 3.2. See Figure 1. Fix p, q, r ∈ C. Sample a
decorated quantum surface from M̃3 and embed it as (Ĉ, φ, η, p, q, r). Let (A,L) be its
quantum area and the quantum length of its loop. By Definition 2.8, after weighting by
A−1 the law of (Ĉ, φ, η, p, q) isMsph

2 (4)⊗ SLEp
q
κ , then by Lemma 3.1 the law of (Ĉ, φ, η)

is C
∫∞

0
`3Weld(QD(`),QD(`)) d` for some C > 0. Further weighting by L−2, the law of

(Ĉ, φ, η) is C
∫∞

0
`Weld(QD(`),QD(`)) d` = CWeld(QD,QD).

By the definition of M3, if we embed a sample from M3 as (Ĉ, φ, η, p, q, r) and let (A,L)

be its quantum area and the quantum length of its loop, then the law of (Ĉ, φ, η) after
weighting by A−1L−2 is QS⊗ SLEloop

κ .
Proposition 3.2 states that M3 and M̃3 agree up to multiplicative constant, so by

the above two paragraphs QS ⊗ SLEloop
κ and Weld(QD,QD) agree up to multiplicative

constant.

Figure 1: Illustration for proof of Theorem 1.1. Measures are displayed without
multiplicative constants. We denote the quantum area by A and the quantum length of
the loop by L.
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3.2 Proof of Proposition 3.2 via the uniform embedding

We will prove Proposition 3.2 by first establishing Proposition 3.3, which gives its
counterpart under the uniform embedding. As for QS in Section 2.3, suppose we sample
(f, (Ĉ, h, η, 0, 1,−1)/∼γ) from m

Ĉ
×M3. The uniform embedding of M3 via m

Ĉ
, which we

denote by m
Ĉ
nM3, is the law of (f •γ h, f ◦ η, f(0), f(1), f(−1)). We can similarly define

m
Ĉ
nM and m

Ĉ
n M̃3.

Proposition 3.3. There exists a constant C ∈ (0,∞) such that m
Ĉ
nM3 = Cm

Ĉ
n M̃3.

We first give the uniform embedding of M .

Lemma 3.4. There exists a constant C ∈ (0,∞) such that m
Ĉ
nM = C · LF

Ĉ
× SLEloop

κ .

Proof. The measure SLEloop
κ is conformally invariant, namely, for each f ∈ conf(Ĉ),

the law of f ◦ η is SLEloop
κ if η is sampled from SLEloop

κ . Now Lemma 3.4 follows from
Proposition 2.15.

We now describe the uniform embedding of M3.

Lemma 3.5. There exists a constant C ∈ (0,∞) such that

m
Ĉ
nM3 = C|p− q|

γ2

4 −2 LF
( γ2 ,p),(

γ
2 ,q),(γ,r)

Ĉ
(dφ) SLEp
q

κ (dη) d2p d2q d2r.

To prove Lemma 3.5 we use an analog of Lemma 2.12 based on the Girsanov theorem.
We first review some background on the Minkowski content of SLE and its relation to
quantum length. As before we denote the (1 + κ

8 )-dimensional Minkowski content of an
SLEκ-type curve η by Contη.

Lemma 3.6. Let d = 1 + κ
8 . Let η be sampled from SLEloop

κ . Then almost surely∫
C2

Contη(dx) Contη(dy)

|x− y|d−ε
<∞ for each ε ∈ (0, d). (3.1)

Proof. By Green’s function estimates for chordal SLE (see e.g. [LR15]) (3.1) holds if η is
sampled from a chordal SLEκ even after we take expectation over the integral. By local
absolutely continuity, (3.1) holds for SLEloop

κ .

For each η such that (3.1) holds, the Gaussian multiplicative chaos (GMC) measure
(see e.g. [Ber17])

νηh := lim
ε→0

ε
γ2

8 e
1
2γhεContη

exists, where h is sampled from the Gassian free field measure PC. By [Ben18, Section
3.2], modulo a multiplicative constant, νηh is the quantum length of η with respect to h.
We now give an analog of Lemma 2.12.

Lemma 3.7. Suppose η is a loop satisfying (3.1). For α ∈ R and z ∈ C, we have

νηφ(du) LF
(α,z)

Ĉ
(dφ) = LF

(α,z),( γ2 ,u)

Ĉ
(dφ) Contη(du).

Proof. The proof is identical to that of Lemma 2.12, except we replace the quan-
tum area measure µφ(d2u) = limε→0 ε

γ2/2eγφε(u) d2u with the GMC measure νηφ(du) =

limε→0 ε
γ2

8 e
1
2γφεContη(du).

Proof of Lemma 3.5. Since νηφ is the quantum length measure on η modulo a multiplica-
tive constant, by Lemma 3.4, there exists C ∈ (0,∞) such that

m
Ĉ
nM3 = Cµφ(dr) νηφ(dp) νηφ(dq) LF

Ĉ
(dφ) SLEloop

κ (dη).
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By Lemma 3.6 η almost surely satisfies (3.1). Thus, applying Lemma 3.7 twice, we get

νηφ(dp) νηφ(dq) LF
Ĉ

(dφ) SLEloop
κ (dη)

= LF
( γ2 ,p),(

γ
2 ,q)

Ĉ
(dφ) Contη(dp) Contη(dq) SLEloop

κ (dη).

By Lemma 2.12, we get further that µφ(dr) νηφ(dp) νηφ(dq) LF
Ĉ

(dφ) SLEloop
κ (dη) equals

LF
( γ2 ,p),(

γ
2 ,q),(γ,r)

Ĉ
(dφ) Contη(dp) Contη(dq) SLEloop

κ (dη) d2r.

Comparing against (2.3) completes the proof.

We now switch our attention to mnM̃3. The following lemma describes the embedding
of M̃3.

Lemma 3.8. Given distinct p, q, r on Ĉ, let M̃p,q,r
3 be the law of (φ, η) where (Ĉ, φ, η, p, q, r)

is an embedding of a sample from M̃3. Then there exists a constant C ∈ (0,∞) such that

M̃p,q,r
3 = C|p− q|

γ2

4 −2|(p− q)(q − r)(r − p)|2LF
( γ2 ,p),(

γ
2 ,q),(γ,r)

Ĉ
× SLEp
q

κ .

Proof. By Proposition 2.13, there exists a constant C ∈ (0,∞) such that

M̃0,1,−1
3 = CLF

( γ2 ,0),( γ2 ,1),(γ,−1)

Ĉ
× SLE0
1

κ .

Suppose f ∈conf(Ĉ) maps (0, 1,−1) to (p, q, r); explicitly, we havef(z)= (pq−2qr+rp)z+p(q−r)
(2p−q−r)z+q−r ,

and

f ′(0) =
2(p− q)(q − r)(r − p)

(q − r)2
, f ′(1) =

2(p− q)(q − r)(r − p)
4(r − p)2

,

f ′(−1) =
2(p− q)(q − r)(r − p)

4(p− q)2
.

We have

f ′(0)f ′(1) = 4(p− q)2 and f ′(0)f ′(1)f ′(−1) = 2(p− q)(q − r)(r − p).

By Proposition 2.11 the field of M̃p,q,r
3 is given by

f∗LF
( γ2 ,0),( γ2 ,1),(γ,−1)

Ĉ
= |f ′(0)|2∆ γ

2 |f ′(1)|2∆ γ
2 |f ′(−1)|2∆γLF

( γ2 ,p),(
γ
2 ,q),(γ,r)

Ĉ
,

where ∆α = α
2 (Q− α

2 ). Since ∆ γ
2

= 1
2 + γ2

16 and ∆γ = 1, we get the desired result.

Proof of Proposition 3.3. By Lemma 2.14 and the definition of M̃p,q,r
3 in Lemma 3.8, we

see that

m
Ĉ
n M̃3 = CM̃p,q,r

3 |(p− q)(q − r)(r − p)|−2d2p d2q d2r for some C ∈ (0,∞). (3.2)

Now Lemmas 3.5 and 3.8 together give m
Ĉ
nM3 = Cm

Ĉ
n M̃3 for a possibly different

constant C.

Proof of Proposition 3.2. Given distinct p, q, r on Ĉ, let Mp,q,r
3 be the law of (φ, η) where

(Ĉ, φ, η, p, q, r) is a sample from M3. By the definition of uniform embedding, the law
of (φ, η) sampled from m

Ĉ
nM3 agrees with that of (f •γ φ0, f ◦ η0) where (f, φ0, η0) ∼

m
Ĉ
×M0,1,−1

3 . The m
Ĉ

-law of f is described by Lemma 2.14, and by definition, if f is

the conformal automorphism of Ĉ sending (0, 1,−1) to (p, q, r) and (φ0, η0) ∼M0,1,−1
3 , the
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law of (f •γ φ0, f ◦ η0) is Mp,q,r
3 . Thus (3.2) holds with M3 and Mp,q,r

3 in place of M̃3 and

M̃p,q,r
3 . Consequently

Mp,q,r
3 d2p d2q d2r = CM̃p,q,r

3 d2p d2q d2r for some C ∈ (0,∞).

This gives Mp,q,r
3 = CM̃p,q,r

3 for almost every p, q, r. Using any such p, q, r, we conclude

M3 = CM̃3 as desired.

Remark 3.9 (KPZ relation). As seen in the proof of Lemma 3.5, a crucial fact to our
proof is that the exponent γ2

4 − 2 is equal to −2(2 − d) = κ
4 − 2 from (2.2) where

d = 1 + κ
8 is the dimension of SLEκ. As seen in the proof of Lemma 3.7, this comes from

4(∆ γ
2
− 1) = −2(2− d) where ∆α = α

2 (Q− α
2 ). This is equivalent to d = 2∆ γ

2
, which is an

instance of the Knizhnik-Polyakov-Zamolodchikov (KPZ) relation.

4 The scaling limit on random quandragulation decorated by self-
avoiding loop

In this section we prove Theorem 1.2. We start by introducing more precisely the
objects appearing in the theorem. Recall that a planar map is a connected graph drawn
on the sphere S2 such that no two edges cross, viewed modulo an orientation-preserving
homeomorphisms from the sphere to itself. A quadrangulation is a planar map such that
all faces have four edges. Le Gall and Miermont [Mie13, Le 13] proved that uniformly
sampled quadrangulations converge in the scaling limit to the metric measure space
known as the Brownian map for the so-called Gromov-Hausdorff-Prokhorov topology
[ADH13].

Define the following constants:

λ = 12, θ = 54, a = 5/2 b = 1/2. (4.1)

The constants are chosen such that the number of quadrangulations of a 2p-gon with
m faces is of order θpp−bλmm−a for m ≥ cp2 for arbitrary fixed c > 0 [Bro65].3 Let MSn

denote the measure on quadrangulations such that a quadrangulation M with m faces
has weight naλ−m. For M sampled from MSn, we view M as a metric measure space
by considering the graph metric rescaled by 2−1/2n−1/4 and by giving each vertex mass
2(9n)−1. With this choice of rescaling, the measure of the set of quadrangulations with
mass of order 1 will be of order 1 since the number of quadrangulations with m faces is
of order λmm−a−1 [Tut63].

If M is a quadrangulation we say that η is a self-avoiding loop on M if η is an ordered
set of edges e1, . . . , e2k ∈ E(M) such ej and ei share an end-point if and only if |i−j| ≤ 1 or
(i, j) ∈ {(1, 2k), (2k, 1)}. Let #η = 2k denote the number of edges on η. Let MSn ⊗ SAWn

denote the measure on pairs (M,η) where η is a self-avoiding loop on M and a pair (M,η)

has weight
n2a+b−3λ−#F(M)θ−#η.

For (M,η) sampled from MSn ⊗ SAWn, we view M as a metric measure space as above
and view η as a loop on this metric measure space such that the time it takes to trace
each edge on the loop is 2−1n−1/2. Here we include the edges in the metric-measure
structure of M so that η can be defined as a continuous curve on M ; see e.g. [GM16,
Remark 2.4].

It was proved by Miller and Sheffield that quantum surfaces with γ =
√

8/3 can be
identified with Brownian surfaces [MS15, MS21a, MS21b]. More precisely, a quantum

3Our quadrangulated 2p-gons are unrooted. If we consider maps with a root edge on its boundary then the
number of maps is of order θpp−b+1λmm−a instead.
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surface sampled from QS with γ =
√

8/3 defines a random metric measure space which

is equal in law to the Brownian map. In particular, a sample from QS ⊗ SLEloop
8/3 with

γ =
√

8/3 can be viewed as a loop-decorated metric measure space. We will use this
interpretation in this subsection and in the statement of Theorem 1.2; this is a slight
abuse of notation since we view QS⊗SLEloop

8/3 as a measure on the space of loop-decorated
LQG surface in other sections. The loop is parametrized by its quantum length.

The paragraphs above allow for a precise statement of Theorem 1.2. We will now turn
to the proof of this theorem, which builds on Theorem 1.1 along with three ingredients
given below: Theorem 4.1, Observation 4.2, and (4.2). In order to state these results we
first introduce some further notation.

A planar map M is a quadrangulated disk if it is a planar map where all faces
have four edges expect for a distinguished face (called the exterior face) which has
arbitrary degree and simple boundary. We let ∂M denote the edges on the boundary
of the exterior face, and we call #∂M the boundary length of M . Let MDn be the
measure on quadrangulated disks such that each quadrangulated disk M has mass
na+b/2−3/2λ−#F(M)θ−(#∂M)/2. We need to choose this mass in order for Observation 4.2
below to be correct; note in particular that the exponents of n and θ have been divided
by two as compared to MSn above since we glue together two disks to form a sphere. If
M ∼ MDn then we view M as a metric measure space by applying the same rescaling as
for MSn above. For k ∈ N let MDn(k) denote MDn restricted to quadrangulations with
boundary length 2k, and let MDn(k)# denote MDn(k) renormalized to be a probability
measure.

If M1,M2 are quadrangulated disks with boundary length 2k then we can form a
quadrangulation with a self-avoiding loop by choosing uniform boundary edges e1 ∈
∂M1, e2 ∈ ∂M2 and then identifying the boundaries of M1,M2 such that e1 and e2 are
identified. The self-avoiding loop on the sphere represents the boundaries of M1,M2, and
we parametrize the loop so that each edge on the loop has length 2−1n−1/2. Note that
the scaling we use of distances along the loop (2−1n−1/2) is different from the scaling
we use of graph distances in the map (2−1/2n−1/4); this choice of exponents (−1/2 and
−1/4) cause both distances to be asymptotically non-trivial. If M1,M2 ∼ MDn(k)# then
we denote the measure on spheres decorated with a self-avoiding loop sampled in this
way by Weld(MDn(k)#,MDn(k)#).

Theorem 4.1 ([GM19a, GM19b]). For any ` > 0 the following convergence in law holds
for the Gromov-Hausdorff-Prokhorov-uniform topology

Weld(MDn(d`n1/2e)#,MDn(d`n1/2e)#)⇒Weld(QD(`)#,QD(`)#).

Proof. [GM19a, Theorem 1.5] proves this convergence result when the right side is
given by a metric space quotient. By [GM19b] and local absolute continuity we get that
this metric space quotient gives the same metric space as the conformal welding of the
two disks.

Let Zn(k) denote the total mass of MDn(k). It follows from [Bro65] (see his enumera-
tion result cited right below (4.1)) that there is a constant C > 0 such that

Zn(k)

na+b/2−3/2k−b−2a+2
= C(1 + ok(1)), (4.2)

where the ok(1) is uniform in n. We now define Weld(MDn,MDn) in the same spirit as
Weld(QD,QD)

Weld(MDn,MDn) :=

∞∑
k=1

2kZn(k)2 Weld(MDn(k)#,MDn(k)#), (4.3)
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where we recall that samples from MDn(k) have boundary length 2k and MDn(k) =

Zn(k)MDn(k)#.
The observation we state next is immediate by combinatorial considerations and was

also observed in slightly different forms in e.g. [GM19a, Section 1.3.3] and [CC19]. The
key point is that there are 2k ways of welding together two samples from MDn(k).

Observation 4.2. Weld(MDn,MDn) = MSn ⊗ SAWn.

Combining the three ingredients above, we can now conclude the proof of Theo-
rem 1.2.

Proof of Theorem 1.2. For constants c1, c2 > 0,

Weld(MDn,MDn)|A(c) =

dc−1√ne∑
k=dc

√
ne

2kZn(k)2 Weld(MDn(k)#,MDn(k)#)

⇒ c1

∫ c−1

c

Weld(QD(`)#,QD(`)#)`−2(b+2a−2)+1 d`

= c2

∫ c−1

c

Weld(QD(`),QD(`))` d`,

(4.4)

where we use in the last step that the total mass of QD(`) is a power law with exponent
−7/2 = −(b + 2a − 2), which follows e.g. from Lemma 2.4. The right side of (4.4) is
equal to c0 · QS ⊗ SLEloop

8/3 |A(c) for some c0 > 0 by Theorem 1.1, while it follows from

Observation 4.2 that the left side of (4.4) is equal to MSn ⊗ SAWn |A(c). This concludes
the proof.
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