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A unified framework for limit results in chemical
reaction networks on multiple time-scales'
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Abstract

If (XN)nc12,... is a sequence of Markov processes which solve the martingale prob-
lems for some operators (G™)n=1,2, ., it is a classical task to derive a limit result as
N — o0, in particular a weak process limit with limiting operator G. For slow-fast
systems X = (V¥,Z") where V" is slow and Z" is fast, GY consists of two (or
more) terms, and we are interested in weak convergence of V¥ to some Markov
process V. In this case, for some f € D(G), the domain of GG, depending only on v, the
limit Gf can sometimes be derived by using some gy — 0 (depending on v and z), and
study convergence of GV (f + gn) — Gf. We develop this method further in order to
obtain functional Laws of Large Numbers (LLNs) and Central Limit Theorems (CLTs).
We then apply our general result to various examples from Chemical Reaction Network
theory. We show that we can rederive most limits previously obtained, but also provide
new results in the case when the fast-subsystem is first order. In particular, we allow
that fast species to be consumed faster than they are produced, and we derive a CLT
for Hill dynamics with coefficient 2.
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1 Introduction

The motivation for our work and the resulting limiting results comes from recent
publications on multi-scale (Markovian) Chemical Reaction Networks (CRNs). Here,
multi-scale refers to the fact that reaction rates differ by orders of magnitude; see e.g. [1].
In contrast, limit results for single-scale systems, where all species are in the same (high)
abundance, have basically been solved by early work of Tom Kurtz ([13, 12]), providing
both, functional Laws of Large Numbers (LLNs), with the solution of a system of Ordinary
Differential Equations (ODESs) as limit, and functional Central Limit Theorems (CLTs),
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leading to the solution of a system of It6 Stochastic Differential Equations (SDEs) as
limit. For multi-scale reaction networks, frequently the distinction between deterministic
(if all species abundances are large) and stochastic networks (if all species abundances
are small) is made. In deterministic models, the quasi-steady-state assumption is most
important; see e.g. [16]. In early papers on stochastic models [5, 15], the focus was on
simulation techniques of slow-fast systems. Rather than distinguishing strictly between
deterministic and stochastic models, we will use the notions introduced in [2], where
some species are in large and some in small abundance, and reaction rates still differ
by orders of magnitude. Such multi-scale systems still pose interesting fundamental
questions today. LLNs in these systems have been derived using techniques involving
stochastic averaging [14] and approximations of Poisson processes by Brownian motion;
see [2, 10]. The case of LLNs involving fast intermediate species is treated in [3], [17]
using probabilistic arguments, i.e. exit times and probabilities of the fast sub-system.
Here, fast species in low copy number, are produced on a slower time-scale than they
are consumed, and are called intermediate. This concept was recently generalized to
non-interacting species in [7]. Concerning functional CLTs in such multi-scale systems,
[11] use the technique of stochastic averaging, solutions of Poisson equations and the
martingale central limit theorem for proving limit results on CRNs on two or three
time-scales. Their results have been used in various contexts, e.g. for a CRN involving
the heat shock protein of E. coli [9]. In this theory, a central role is played by the
averaging condition (their Condition 2.4), which assumes a unique equilibrium of fast
species when the slow species are fixed. A related condition is the balance condition
from [10], which assumes that all species - in particular fast species - are produced and
consumed on the same time-scale. Both, the averaging condition and the species balance
condition, are violated by the intermediate species from [3], since they are consumed
faster than they are produced and hence no limit averaging distribution exists.

In our setup, we will assume that species in low abundance are fast, and species in
high abundance are slow. For such systems, our goal is threefold: We want to (i) provide
a general framework which provides the possibility to derive limit results for all examples
in the above mentioned papers, in particular (ii) provide a method to derive functional
CLTs for the case of intermediate species, and (iii) obtain CLTs in cases not treated so
far. In order to achieve this, we give in Theorem 2.3 a general result which requires only
an application of a well-known limit result for Markov processes (Theorem 2.1 in [14]).
Applying this general result to specific cases of CRNs leads to a recipe how to obtain
LLNs and CLTs, described in Section 3.2. We provide concrete computations on previous
examples and how our theory applies in these contexts; see Section 4. In particular, we
will treat Michaelis-Menten kinetics (one of the main examples in [2, 11]) in Section 4.1,
but treat also the main example from [3] in Section 4.4. We add to the list of examples
an extension of Michaelis-Menten kinetics, which is known in the literature as dynamics
with Hill coefficient 2; see Examples 3.1-3.7 and Section 4.2.

2 Main results

Before we provide with Theorem 2.3 our main general result, we give some heuristic
arguments and an example. Recall that a stochastic process V with Polish state space E
solves the (G, D(G)) martingale problem for some linear G : D(G) C Cy(F) — Cp(E) if

(ro0 - [ Grvas)

is a martingale for all f € D(G). Assume that there is a unique (in law) solution, i.e.
the martingale problem is well-posed and V is unique and Markovian, if D(G) is large
enough.

t>0
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Our goal is to obtain convergence of a sequence V' to some V as N — oco. Here, V'V
is one coordinate in some Markov process (VV, ZV) with state space E x F (for E, F
Polish). For the description of this process using a martingale problem, we make the
following convention:

Remark 2.1 (Some abuse of notation). Let us introduce a notion which we will use
frequently. If f : E x F' — R with z — f(v, 2) is constant in z for all v, there is f:E—=R
with f(v,z) = f(v) for all v, and we will abuse notation and simply say that f does not
depend on z (or f only depends on v) and identify f and f since f(v) = f(v, z) holds for
all v, z. In this sense, we also write C,(E) C Cp(E x F)), since we identify f € C,(E) with
(v, 2) = f(v).

For the Markov process (V~, Z"), we assume that the generator has the form
N =Gl + NGl + NGY (2.1)

with GY f = 0if f € D(GY) D D(G) only depends on v. In this sense, i.e. the fastest
generator term G’ only describes the dynamics of Z", we will call V" slow and Z* fast.
For this convergence, we assume that for every f € D(G) (in particular, f only depends
on v), there are gy, hy € D(GY) such that (recall GY f = 0)

Gf(v) = GY f(v) + (GY gn + GYhn)(v,2) + NY2(GY f+ GYgn)(v,2)  (2.2)
in the sense that forall 7' > 0

N—o0

T
E[/ X VN, 21 dt| X225 0 for
0
ef (v,2) 1= Gy f(v) + (GY gy + GYh) (v, 2) + NGV f + G5 gn) (v, 2) — G (v).

Then, provided tightness of V¥ and some boundedness restrictions of gx, hy, G gn,
G{¥hx and GYhy, and V' is an accumulation point of V¥, it is reasonable to conclude
that

t
FVN) + (N 2gy 4 N ) (VY ZN) - / GV (f + N2y + N~ ) (VN 2)ds
0
t
~ FV) —/ (GY T +GNgy + GV hy + NY2GY [ + GYgn)) (VY ZN)ds
0

t
~ F(V]) — / Gf(V!)ds

is a martingale. If the martingale problem for (G,D(G)) is well-posed with unique

solution V, this then shows convergence V'V Bkt V, provided the initial conditions

converge.

Example 2.2 (Convergence to Brownian Motion). For applying the result, let us have
a look at (2.2). Since the term N'/2(GY f + G} gn) is the leading term on the right-
hand-side, we first look for gy such that GY f + G} gy = 0, and then for hy such that
GYgn + GY hn only depends on v.

Let us consider a simple example outside of Chemical Reaction Networks, which
shows that the above method can work: Let X~ = (V~, Z") be the Markov process with
state space R x R and generator, for some probability measure m with mean zero and
variance %, writing f’ for the derivative with respect to the first coordinate,

GN fv,2) = N2 2f'(v,2) +N / (0, 2') — F(v0, 2))m(d2’),
———

=G1f(v,2)

=Gz f(v,2)
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i.e. VY is a continuous random walk, which changes slope at rate N. Clearly, V"
converges to a Brownian motion. In order to see this, for f € C;°(R), we choose

gn(v,2) == g(v,2) := z2f'(v), which implies G f + Gagn =0
(since 7 has mean zero). Next, note that G1g(v, z) = 22 f”(v), so we choose
hn (v, 2) := h(v,z) = z* f”(v), which implies (G1g 4+ G2h)(v,2) = G f(v) == % f"(v),

leading to e{v = 01in (2.9). Hence, provided tightness is shown, the desired convergence
follows.

Theorem 2.3 (Convergence result). Let E, F be Polish and (X~ = (VN ,ZN))x_12... be
a sequence of Markov processes with state space E x I, and with generators of the form

GN =G + NY2GN + NGY, (2.3)

with D(GN) = D(GN) CCy(E x F), i =0,1,2 and GY f = 0 if f only depends on v € E.
(Recall this notion from Remark 2.1.) Assume that (VN)N:LQ,_“ satisfies the compact
containment condition, i.e. for alle > 0 and T > 0, there is K C F compact with

i%fIP(VtNeK,Ogth)>1—e,

and let G : D(G) C Cy(E) N D(GN) — Cy(E). Assume that for every f € D(G) and
N =1,2,..., there is gy, hny € D(GY), such that for all T > 0

N=YV2E[sup [gn (VY, ZV)|| + N Efsup [an (VY ZV)[] 222 0,
t<T t<T
(2.4)

T T
N*WE[/ |(G6VQN+G{VhN)(V;NaZtN)|dt} +N*1E[/ |G3VhN(‘4N’ZtN)‘dt} =0
0 0

(2.5)
and
T N
B[ [ v, 2] 220
0
(2.6)
for

ef (v,2) = G f(0,2)+ G gn (v, 2) + G hy (v, 2) + NG f(0) + G gn (v, 2)) = Gf(v).
(2.7)

Then, (VN)N:LQW is tight and for every limit point V,
t
_ 2.
(1o = [ ervaas) 2.8)

is a martingale for each f € D(G).

Remark 2.4 (Connections to other convergence results). 1. Our proof relies on The-
orem 2.1 of [14], as we will see below. For this result, the occupation measure I''V
of the fast variable, given by

t
FN([O,t]xB):/ 1znepds
0
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is needed. However, this result is more general since for the limiting generator (A
in the notation of [14]) and some f € D(G), Af still depends on the slow and fast
variable, and the fast variable needs to be integrated over the weak limit of I'V. In
our setting, the limit of GV f does not depend on the fast variable, and we do not
need the latter integration. So, it is not surprising that Theorem 2.3 holds, since
it treats just a special case where the limit does not depend on the fast variable.
However, it is maybe surprising that Theorem 2.3 is useful in obtaining limit results
in a bunch of examples; see Section 4.

Let us try to give some more details for a generator of the form (2.1): Let f € Cp(F)
(or some appropriate subset), i.e. f only depend on v. For the application of
Theorem 2.1 in [14], assume that TV 22X T, and there is gy with GY f+GY gy =0
(or is uniformly in o(N~'/2)). Then, [14] concludes that the limit of

$07) ~ [ (@ 4 GV s, az)
0
is a martingale. In the setting of Theorem 2.3 above, we do not assume convergence
of I'V, but existence of hy such that G{ f + G gn + G5 hn only depends on v (or
can be written as G f only depending on v and some o(1) error term). Then, the
limit as given by (2.8) is a martingale. This implies that

t
/ (GY f + GNgn)(VN, 2)TN (ds, dz) ~ / (GYf + GV gy + GY ) (VN )ds,

wich shows the connection of TV and hy.

. As another example, consider (2.1), where G2 f only depends on v if f only depends
on v, and the fast variable jumps according to

GY f(v,2) = /f(v,z’)mv(dz’) — f(v, 2),

i.e. ZN jumps to new states according to the equilibrium measure 7y at rate N.
We note that this form of GYY implies that f + G f does not depend on z (see
Remark 2.1 for this notion. Then, for smooth f, only depending on v, we set
gy = GY f and hy := GYGY f. If the limits

A f(v) := lim N1/2/G{Vf(v,z')7w(dz’),

N—o00

Aaf(v) = Jim GYF0)+ [ GYGY (v )mw(a)

exist, we then see from Theorem 2.3 that — provided the compact containment
condition of (V™) y_1 2 . and (2.4)-(2.6) hold - the weak limit of V¥ has generator
G := Ay + A,. This case is actually treated in Corollary 2.5 of [8]. Their main result,
Theorem 2.3, is more general since it allows for more general GY', and A, from
above may arise by an application of stochastic averaging.

Proof. We are going to apply Theorem 2.1 of [14]. In our notation (or their notation), we
will have the special case where G f (or Af) does not depend on the fast variable z (or y)
for the limiting generator G (or A) and f € D(G) (or f € D(A)).

Since G f is bounded by assumption, their (2.3) is satisfied and their (2.6) becomes

our (2.8). So, it remains to properly define some 6}\[ (or Ejfv) in their (2.2), which satisfies
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their (2.4). Here, we have for f € D(G) the martingale
FOVN) + (N 2gn + N~ ) (VY. Z1) - /Ot GN(f + N2y + N~ ) (VY ZY)ds
= 107 [ aras vy )
with (recall GY f = 0)
50 = (N2 - N, 20 - [y s

t
- / (NG gy + GV ) + N7 GY b ) (VY , 2N )ds.
0

By (2.4), (2.5) and (2.6), we find that E[supy<,<7 |6}V(t)|] N2 0, and we are done. [
Remark 2.5 (Generators with two or more than three terms). 1. If we have G{V =0

in (2.3), we can choose gy = 0, and have to find hy satisfying some boundedness

restrictions and IEUOT e} (VN ZtN)|dt} =00 for

aﬁcv(v,z) = (GY f+GYhy — Gf)(v,2). (2.9)

We will use this case in functional LLNs in Section 4.
2. For generators with more than three terms, a similar approach works equally well.
Let XV = (V¥ Z") be a Markov process with generator

GN =GV +N-GY +N*.GY + N*.GY

and GY f = 0if f only depends on v. For a limiting generator G and f € D(G) (in

particular depending only on v), we assume there are gy, hy, ky € D(GV) such
N—o0

that E[foT N (VN ZD)dt] 222 0 for

eN(v,2) = (G f+ G gn + GY hy + G3'ky
+ N(GY f+GYgn + G hy) + N*(GY f + Gy gn) — Gf) (v, 2),

as well as the compact containment condition of (V) and some boundedness
assumptions for gy, hy, kn, GV gy, GNhy,i=0,1, GNky,i = 0,1,2, convergence
of V¥ to a solution of the (G, D(G)) martingale problem can be shown as well.

3 Applications to chemical reaction networks (CRNSs)

Our goal is to apply Theorem 2.3 to Chemical Reaction Networks. While describing
the framework in Section 3.1, we will introduce a system which leads to Hill dynamics
with coefficient 2 as a first example. After stating the main assumptions (above all, the
fast subsystem is first order) in Section 3.2, we describe in Section 3.3 how to derive
LLNs and in Section 3.4 the corresponding CLTs in this setting. In Section 3.5, we give
some general remarks how to show that the assumptions (e.g. the compact containment
condition) from Theorem 2.3 hold.

3.1 CRNs and their rescaling
Chemical reaction networks can be described as a pair (S, R), consisting of the (finite)
set of species S and the (finite) set of reactions R, where we write

ZVRSSH—R> ZV}%SS, ReR
ses Ses
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for some v, € ]NZ}XS. Using this notation, the Markov dynamics X = (Xg)ges,
Xs = (Xs(t))i>0 can be described through the jump rates: Using the vector of species
consumed and species produced of the reactions,

vr. = (Vrs)ses, Vg = (Vrs)sess ReR
and the falling factorial
g =n-(n—1)---(n—-k+1), k,n € Ny,
starting in 2(0), the process jumps
from X =z to x + (V. — vg.) at rate Ag(z)
for some Ar. In the sequel, we will be using mass action kinetics, i.e. we assume that

Ar(z) :=Rgr H (xs)[VRS]

ses

for some kr € R4. However, different rate functions can be used as well.

In order to obtain limit results, we have to introduce a scaling parameter (denoted
N in the sequel) and rescaled time of the dynamics X. We are not dealing with the
completely general situation (see e.g. [10]), but with a set of species which is either in
low or high abundance. Here, the former are not rescaled, but the latter are rescaled by
a factor of N. This means that (¥ meaning a disjoint union)

S=8, WS, (3.1)

where S € S, are in high (i.e. O(N)) and S € S, are in low (i.e. O(1)) abundance. We set
VN = (Vév)ses. and ZN = (ZéV)SeSO with

V¥ =N'XY, Sses.,, ZY=Xx¥, SeS.. (3.2)
For the reactions, we assume that there are kp € Ry and g € R, R € R such that
Rr = kpNPE.
Abbreviating v, 5. = (Vrs)ses., and equivalently for v}, 5.1 VRSe) VRS,
(RS = VRs — VRS,
as well as (gs, , Crs,, the process (V¥ ZV) then jumps

from (VN,ZN) = (’U,Z) to (’U + NﬁlcRg.,Z + CR50)7

(3.3)
at rate /\g(v) z) = NBR+EseS, VRS,%R * Zlurs] (’US.)[VRS.],N*1
where we use
ngle=n-(n—e)---(n—(k=1)¢),  np =np1,
(ns)ksae = [ (n9)imsrer ns. €R%, (ns)ws,) = [] (08w, ns, € R

SeS, S€eS,
and note that (for appropriate %)

k

V[k],N—1 ZU(U—Nil)---(’U—(k—l)Nil) ka—N1<2

)vkl + N726N (v, k).
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In other words, writing!
Veof = (0f/00s)ics,, K= NPT hsessvrsyp (3.4)

for all f € C>°(RS+*5°), the process
t
N Ny _ N ¢N N
(2= [ eV vz

is a martingale, where

GN f(v,2) = Z NER2yps, Vrns . N-1 (F(v+ N Crs,, 2 + Crs,) — f(v, 2))
ReR

= (G [+ G f)(v,2),
Gy f(v,2) = Z m’Rz[,,RSO](v”RS'V.f(v,Z +¢Crs,) - Crs.

et
= (e s+ )~ 0 2) + 0, @)
G f(0,2) = D Kpluns, 10" (f(v,2 + Crs,) — f(v,2)),
ReER
€N (v, 2)| < };QN*H;%ZWO}(%U”RS- V2|00 + (”P;‘)um-‘lw.floo
S

+ 6™ (v, vRs,)|| flloo)-

Here V2f is the Hessian of f, (*%*) := [gcs, (“52%) and v¥#5e := [[geq, v/75.

Example 3.1 (The simplified Hill dynamics 1). We illustrate our theory with the following
example:

N_lﬁjl Nﬁlig
By Es— s S+ 8 + By (3.6)

Ey 425

Nﬁﬁlg

with 8 > 1. This CRN arises e.g. if a macromolecule (F;) has two binding sites for a
substrate (57), which quickly binds (simultaneously at both binding sites) and forms a
complex (F3). If the ligands are released, one of them is turned into S;. We assume that
the macromolecule (i.e. E4, E3) is in low abundance (O(1)), while substrate and product,
Sy, 82, are in high abundance (O(N)), so Se = {51, 52} and S, = {F1, E3}. The dynamics
are similar to Michaelis-Menten kinetics below (see Section 4.1), with the differnce that
two substrate molecules are needed in order to form the product. A similar system was
introduced by A. V. Hill [6] for binding of oxygen to haemoglobin in order to understand
data from osmotic pressure experiments. We will refine this example in Section 4.2,
where the first and second reaction are broken into two separate reactions for binding
of the two substrate molecules. (The intermediate step is the macromolecule bound by a
single substrate, denoted Es, which is missing in (3.6).) For this simplified dynamics, we
derive the LLN and CLT below in Examples 3.3-3.7.

We note that some intuition already gives the correct limit result in the case g > 1.
Here, when an Fs3-molecule is generated from F; + 257, it only has two options, both
of which occur at a high rate. It either decays to the molecules which generated the
molecule (with no net effect on all numbers of species counts), or it becomes S5 + 57 + 1.

1We make the convention that = denotes a column vector, and z | a row vector.
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Since the latter two options lead to competing exponentials in the dynamics, the system
should behave similar to

N_lﬁllig/(lﬁg, +l€2)
Ey 425 So+S1+Er. (3.7)

(For the dynamics of this equation, F; only enters through its initial state.) As we
will see below, this intuition is correct for both, the LLN (Example 3.5) and the CLT
(Example 3.6). For S = 1, however, this intuition does not work since the rate of
production of F3 depends on the number of available F;, which is random.

We let N VIN , N V2N and 71, Z3 be the processes of the particle numbers of 5,5, and
Ey, E3. Also M := Z;+Zs is a constant as well as V; +Vo+ N ~1(Z; +3Z3), so we are going
to describe the Markov process (ZV = ZN VN = VV). Since V¥ is evolving slower
than ZV, we call V" the slow and Z" the fast variable. If the slow variable is assumed
constant, the fast-subsystem (consisting of F1, Fs) is first order; see Assumption 3.2
below. However, the slow sub-system is second order. For the generator of (V" ZV) we
have for f € C°(R x R), writing f’ for the derivative according to the first variable, and
(recall from (3.4)) kb = NP ko, v = NP 1ks,

GNf(v,2) = Nkww(v — N Hz(f(v —2N71 2 — 1) — f(v, 2))
+ Nebh(M = 2)(f(v+ 2N~ 2+ 1) — f(v,2))
+ Nry(M = 2)(f(o+ N7 2 +1) = f(v,2))
=Gy f(v,2) + NG3 f(v,2),
G f(v,2) = —2k10%2f (v, 2 — 1) + 265 (M — 2) f'(v,2 + 1)
+ra(M = 2)f'(v,2 4+ 1) = krvz(f(v, 2 = 1) = f(v,2)) +F (v, 2),
GY f(v,2) = kv?z(f(v,2 = 1) = f(v,2)) + Ko (M = 2)(f(v,2 + 1) = f(v,2))
+r5(M = 2)(f(v,2 +1) = f(v,2)),
leF (v, 2)] < N7H((R10?2 4+ K5 (M = 2) + 585(M = 2)) [/ ||oo + 28102 | f']|o0) -

3.2 Main assumptions

We continue to work using the assumptions from the last section. In particular,
species are either fast and in low abundance (S,), or slow and in high abundance (.S,);
see (3.1), (3.2). In addition, our main assumption is that the fast sub-system is first order.
This means that if all S € S, are assumed to be constant, the remaining CRN on S, is
first order, i.e. at most a single molecule is consumed and produced in each reaction;
see Assumption 3.2.3 below. All our examples are of this kind. For S € S, we set

't :={ReR: Vg >vnrs} Iy :={ReR:vps>rvpg}

as the sets of reactions effectively producing and consuming species S, respectively. For
a leaner notation, we set

Br=Br+ Y vrs.

S€ES,

Assumption 3.2. 1. The reaction rates A} are of the form given in (3.3).
2. The fast sub-system is first order, i.e.

ZI/ngl, ZV}%SSL ReR.
SeS, SeS,
We write
R=RoWR :RE)L‘HR/I,
EJP 28 (2023), paper 21. https://www.imstat.org/ejp
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where

RO::{RE’R: ZuRszo}, Rlzz{ReR: ZVRS:1},

SeS, SeS,
B:Z{RGR:ZV}%S:O}, izz{ReR:Zugszl}.
S€So SESo

For Re Ry and S € S,, we set Sgp = S ifvgg =1, i.e. R consumes Sg as single fast
species. For R € R} and S € S,, we set Sj, = S if v, = 1, i.e. R produces S%; as
single fast species.

3. For S € S,, we require that

o5 = max{BR ‘Re rg} >1, (3.8)
and for
~ Br, R € Ry,
Br = Or 0 (3.9)
ﬂR"’l_@SRv R€R1~
that

s :=max{fp: ReT§} =1, (3.10)

4. For S € S,, the time-scale constraint applies, i.e.
max {Bp: RETFUTs} =1. (3.11)

Note that species S € S, is consumed at rate O(N¥9) by (3.8), and is produced at

rate O(N) by (3.10). Hence, the occupation measure of S € S, is O(N'~¥s), which
is the reason why we introduce BR in (3.9). In other words, if R € R4, it consumes
species Sg, which is present only a fraction O(N'~%5r) of the time. This implies that the
process counting how often reaction R occured increases by one at rate O(NPr+1=%sr) =
O(NPr).
Example 3.3 (The simplified Hill dynamics 2). Here, the fast sub-system, i.e. the sub-
system only involving £, E3, is first order, i.e. Assumption 3.2.2 applies. In (3.6), we
find 8 = 1,62 = B3 = . Here, we have that R = R; = R}, since all reactions
consume and produce some S € S; = {E1, E3}. We find ¢, = 1, pp, = 8, and therefore
Bg = 3 = f+1— =1, to the effect that yp, = g, = 1, i.e. (3.10) holds. For S = 51, So,
we find that (3.11) holds for the same reason.

Remark 3.4 (Some connections to previous work). In the setting above, there are two
aspects which lead to more general CRNs than in previously published papers:

1. In previous work of Kurtz and co-authors on multi-scale CRNs, fast species need
to be produced and consumed at rates of the same order of magnitude. This can
be seen from both, the balance condition (3.2) of [10] and the prerequisites of the
averaging condition (Condition 2.4) of [11].

In [10], it is required that the production rate of every species is on the same order
as its consumption rate (see their (3.2)), or its abundance is at least comparable
to the fastest reaction it is involved in (see their (3.3)). For the fast species from
above, if ¢g > 1, neither is the case. Condition 2.4 of [11] requires that there is a
limiting operator L, (not depending on N) which describes the evolution of fast
species. If these are consumed faster than they are produced, L, would depend on
N, so the only possibility is that pg =1 (i.e. ER = BRr). So, the analysis from above
is more general since pg > 1 is allowed for fast species 5.

EJP 28 (2023), paper 21. https://www.imstat.org/ejp
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2. Recently, [7] extended the approach of intermediate species from [3] to non-
interacting species and the existence of a fast chain of reactions. As above, a set of
species is non-interacting if its reaction network is at most first order if all other
species are held constant. Assuming that the set of fast species and non-interacting
species are equal, another restriction is imposed. Precisely, the existence of a fast
chain of reaction requires that every fast species is created only via slow species,
which does not allow for conserved quantities within the fast species. As we will
discuss below, this is possible in our setting; e.g. as discussed in Example 3.1,
Z1 + Z3 is conserved.

3.3 The law of large numbers (LLN)

We wish to show that VN 222 V' for some Markov process V. The goal of this

section is to compute the possible generator G of V. Let us consider some smooth f
only depending on v. Note that Gf may only depend on v (and not on z). With the above
Assumption 3.2, the terms G}’ f and G f in (3.5) can be split in sums over R € R, and
R € R,. The generator terms corresponding to R € Ry do not depend on z, but the
terms corresponding to R € R, do. Therefore, in order to obtain G f, we are looking for

gn such that GY f + G¥ g only depends on v, and quantities which are constant for the
evolution. We make the ansatz

gn(v,2) = Ve f(v)-an(v) -z (3.12)

for some ay = as,s, = (ass')ses, s es, With agg € COO(]R‘JSF’), SesS,, S eS8, We obtain
from (3.5)

(GO f+ G gn)(v,2) = Y kv Vaf(v) - (Crs, + as,s.(v) - Crs,)
ReRy

+ Y Krzsnver s Vef(v) - (Crs, + as,s,(v) - Crs,) +€F (v, 2)
RER
(3.13)

and we note that it may be possible to choose axy such that all terms proportional to
all zg,’s in the sum over R, on the right hand side vanish. Another option is that there
are conserved linear combinations of fast species, i.e. some set C and &¢ = (£¢)cec with
&c € Z°° all linearly independent, such that ¢ - (rs, = 0 for all R € R. In this case,
z - &c is a constant under the evolution, and there is a chance that we pick as, s, such
that the right hand side only depends on z via z - &¢ := (2 - £¢)cec-

In the sequel, we will assume that gy (v, 2) is chosen such that there is some smooth
{,, taking values in R%s with

(Go' f + G2 g)(v,2) = HY f(v) + £f (v, 2),

oY f(v) Z KRug* Ve f (v) - (Crs, + as,s,(v) - Crs,) (3.14)
RERo

+ Ve f(v)  la(Kg, 2 - £, ).

Note that z - {¢ is constant, so we can use /, with ZV(0) - £&- as a global constant.
Moreover, since '’ still depends on N, the right hand side depends on N, but may have a
proper limit as N — oo, which we will denote G f(v). Then, if (VN)N:1727,,, satisfies the
compact containment condition and (2.4)-(2.6) hold (to be discussed in Section 3.5), a
weak limit of V¥ solves the (G,D(G)) martingale problem.

Example 3.5 (The simplified Hill dynamics 3). We will now make the generator calcula-
tions leading to the LLN for (3.6). Note that M = va + ZéV does not change over time,

EJP 28 (2023), paper 21. https://www.imstat.org/ejp
Page 11/33


https://doi.org/10.1214/22-EJP897
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Chemical reaction networks on multiple time-scales

i.e. the limiting generator may still depend on M. Provided the required assumptions
(compact containment of (V) N=1,2,.. and (2.4)-(2.6) hold), we will show the following:
Letv e ]R+,

M Ky k30? B=1

Mk Khv? - 27 =5
N o 1h3 N—oo - Ko + K3 + K1v 3.15
p(v): K +l‘$£>,+/flU2 p(v) : Mk kgv? (3.15)

- B>1

Ko + K3
and V the solution of the ODE

dV = p(V)dt, Vo = wv. (3.16)

Then, letting V¥ as above and if VN 2= o, then VN 22X V.

In the case § = 1, this result can be proved using the technique of stochastic
averaging: Fixing the amount of slow species, we see that the fast network reduces to
2

Nriv iv?
K1v2+Ko+Ks "

Eq FE5. In its equilibrium, Ej3 is binomially distributed with M and

N(lig + Iig)
From this, the LLN can be derived, e.g. by applying the main result from [14]. However,
it is unclear if the same technique gives a result for § > 1. Here, we follow the route
from above, which will in addition pay dividends when deriving the CLT in the next
subsection.

For the proof, take some smooth f depending only on v and find gy such that
GY f + GY g — el only depends on v. Following (3.12), we take gy (v, z) = zay (v)f'(v).
We find (abbreviating ay := an(v))

(Go f+ Gy gn)(v,2) — e} (v, 2)
= M(r3(2+ an) + r5(1 +an)) f'(v)
+2(— mv* (24 an) — k524 an) — k5(L+an)) f'(v).
Setting

2 2 2! / 2 ! l
_ fi/w +/ /€2+/2<3 :_1_%:_24_#327 (3.17)
Ky + K3 + K1v Ky + K3 + K1v Ko + K3 + K1V

anN =

this leads to

K1K502

HN — N N _ N =M -——
f(0) = (GY F + GY ) (v, 2) — €5 (v,2) Ry + R+ 10

F'(w) =pN () f'(v).
Note that Ry = 0 in (3.6) since all reactions use a molecule from a fast species. This
leads to ¢, = pV. Taking N — oo then shows the result.

3.4 The functional central limit theorem (CLT)

Next, let us study fluctuations, i.e. we are going to study the limit of UV := N'/2(VN —
wN ), where W has generator H N (recall from (3.14)). For this, we study the generator
for the Markov process (UY, ZY , W), where (UN, W) are slow and Z" is fast. When
doing so, we have to exchange VN = W + N~-1/2UN in (3.5). In particular, writing
v=VN u=UNw=Ww",

v = (W + NPu)(w+ NP2y = N"H e (w+ N7V — (k= 1)N )

k
— Wk +N1/2kwk1u+N1(<2

)wk2u2 - kwkﬂ) + N73/26N (u, w, k)

EJP 28 (2023), paper 21. https://www.imstat.org/ejp
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where 6V (u,w, k) is defined appropriately. Now, assume that f only depends on (u, z).
Looking at (3.5), we can write the generator (denoting by V, the derivative with respect
to u)

LY f(u, z,w) = Z NKRZyps, ) (w + N_l/Z’U,)[VRS.LNfl'
RER

(fu+ NY%Cgs,, 2+ Crs,) — f(u,2)) — NY2HN f(u, z,w)
= (LN Nl/QLN —l—NLéV)f(u, zZ,w),

LY f(uz,w) = Y KpZuns, | (VRs, 0" " u) Ve f(u, 2 + (rs,) - Crs.
ReER

T %qus. }Tzs. .fo(u,erCRso) 'CRS.)

I ((VR2$.>wVRS.2u2 _ VRS.wVRSofl)(f(u, z+ CRSO) - f(u7 Z))

+ E}V(u,z,w)

L] u Z, ’LU Z K:RZ VRS, ( VRSe Vof(ua z+ CRSO) : CRS.
ReER

+ (vrs.w” "o M) (Fu, 2 + Crs,) = F(u.2))) = HY f(u, 2,w)
LY f(uz,w0) = D Kpfuns, 1075 (f (4,2 + Crs,) = f(u,2)),
ReR

HN f(u,2,w) = Y Wpwi® Vaf(u,2) - (Crs, + as.s, () - Crs,)
ReRo

+ Vo (u,2) - Lok, 2 - §c,w),

¥ (u, 2,w) <37 N7V 202,001 (Svrs, w!™s || V2 £
ReR

1% _ v
+ ( Pé&)w”m- (@ + W)V flloo g Chs, - Crsa IVE Sl

+ 6™ (u, 0, vRs, )| flloc)-
(3.18)

Now, let f depend only on u (hence L f = 0) and

gn(u,2) = Vef(u) - any(w) -z
with an as in (3.12) such that (3.14) holds. Then, looking at (3.5) and (3.18), we see
by the similarity between G{¥ and LY (noting the additional term —H®" in L¥'), and the
similarity between G2 and LY that

LY f+Lygn =0.

Then, we are looking for hy such that L) f + LY gy + LY hx only depends on (u,w), and
the linear combinations z - £&¢ which are constant in time. We make the ansatz

h(u, z,w) = Ve f(u) - by (u,w) - 2+ V2f(u) - (ex(u,w) -2+ 2" -dy(u,w)-2)  (3.19)
for some functions

by = (bssr)ses,,57€8,,CN = (€5,57,57)8,57€80,5"€80, AN = (dg57,5751)8,57€84,5",5" €S »

EJP 28 (2023), paper 21. https://www.imstat.org/ejp
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which depend on N, w,u. Then, since the fast subsystem is first order, we can write

(LY f+ LY gn + LY b)) (u, z,w)

= Z KR s, ] ((VRS.qus'flu)V-f(U) “(Crs, +an(w) - Crs,
RER

+wSe Y f(u) - by (u,w) - Crs, )
+ WS (s, - Vaf(u) - (3Crs, +an(w) - (2 + (rs,))
e (V2f(w) - (en (. w) - Crs,

+ (G - d(u,w) - (24 Crs,) + 2T - dn(u,w) - Chs) ) ) = HY g (. 2,w) + £} (u, 2,w).

(3.20)

Then, splitting the sum in (3.20) into R € Ry and R € R1, we see that for R € R; there

are terms proportional to zg, V. f(u), and there is a chance to choose by such that these

terms vanish or depend only on (z - {¢)cec. In a second step, we choose ¢y and dy such

that the remaining terms, all of which are proportional to V2 f, vanish or depend only on
(z-&c)cec. Assuming that gy, Ay have proper limits as N — oo, this leaves us with

Lf(u,w) : (Lo f + LY gy + L' hy) (u, 2, w) — £ (u, 2,w),

= lim
N —o0

where L is the generator of the limiting process. Provided the compact containment

condition of (U) N=12,.. and (2.4)-(2.6) hold, this shows convergence with Theorem 2.3.

Example 3.6 (The simplified Hill dynamics 4). Let u € R, p" and p as in (3.15), V as
in (3.16), and W the solution of the ODE

dwWhN =pNwNydt, Wy =nw.
(So, V =WW for [ = 1.) Moreover, let U be the solution of the SDE

dU = (U, V)dt + o(V)dB,
K/l(/‘CQ + I€3)I€3UV

w(U, V) = 72M(~2+n3+mV2)2’ p=t
PV, B>1, (3.21)
(K2V* + 2k1K2V2 + (Ko + k3)2) M K1 k3 V2 B=1
a2(V) = (ko + k3 + K1V?2)3 T
Ip(V)l, B>1

for some Brownian motion B. Then, letting V" as in Example 3.3, and UN = NY/2(VN —
W), If UY 222 4, then UN 22X 1.

Consider the generator of the Markov process (UN,ZN W), which is for f €

EJP 28 (2023), paper 21. https://www.imstat.org/ejp
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C>(R?3), only depending on (u, z),
LN f(u, z,w) = ki N"H(Nw + NY2u)(Nw + NY2?u — 1) 2(f(u — 2N~Y2 2 — 1) — f(u, 2))
+ Nih(M = 2)(f(u+2N"V2 24 1) = f(u, 2))
+ Ney(M = 2)(f(ut+ N2 2 41) = f(u,2))
— NY2pN(w) f (u, 2)
= LY f(u,2) + NY2LY f(u, z) + NLY f(u, 2),
LY f(u, 2) = 200w 2 f" (u, 2 — 1) — dkywuzf (u, z — 1)
+ w1 (u? = w)2(fu, 2 = 1) = f(u, 2))
+ 265 (M — 2) f"(u, 2 + 1) + %Iié(M —2)f"(u,z+1) + s}v(u, zZ,w),
LY f(u, 2) = —2ryw?2f (u, 2 — 1) 4+ 2r1wuz(f(u, 2 — 1) — f(u, 2))
+ 265 (M — 2) f'(u, 2 + 1) + k5(M — 2) f'(u, 2 + 1) — p™ (w) ' (u, 2),
Ly f(u,2) = mw?2(fu,z — 1) = f(u, 2)) + (85 + K5) (M — 2)(f(u, 2 + 1) = f(u, 2)),
lef (u,2,w)| < N7V ((Graw®z + rh(M — 2) + §r5(M = 2))[| " ||oo + 210wz | f ||
+r1 (0 +w)lfl)-
With f only depending on w and gn(u,z,w) = zay(w)f'(u) as above, we have that
LY f + LY gn = 0. Then we use the ansatz hy (u, z,w) = zbx f'(u) + (ch + (;)dN)f”(u),
for some functions by, ¢y, dy (Which might depend on NV, u, w). We receive at (writing
a:=an,b:=by,c:=cn,d:=dn)
(LY f+ LY gn + LY h ) (u, 2, w) — 8}\[(1;, zZ,w)
= (M(Ii/z + K5)b — z(4k1wu + 2k wua + (K1w? 4 Ky + /ié)b))f’(u)
+ (M(Qng(l +a) + L (1 + 2a) + M(sh + K})c)
+ 2(2K1w? — 2kh — kY — 2k1wua — (265 + K5) (M — 2)a — pN (w)a
= (k1w? + K + K)o+ (M — 1) (k5 + Kj)d)
+ 2(z — 1)(—2r1w?a — (2kh + Kh)a) — (kiw? + K + /ﬁg)d) 1" ().
With an from (3.17), we immediately see that only through

_ 2mwu(2+a) 2K1Khwu

Kiw? + Kk + kY (k1w? + kY + K%)?

the term proportional to zf'(u) on the right hand side vanishes. Then, using that
pN(w) = MrKL(2 + a) + Mk4(1 + a), finding the roots of the terms proportional to zf” (u)
and z(z — 1) f”(u) on the right hand side for ¢, d, we find

(L[ + LY gn + L3 hv) (u, 2, w) — &5 (u, 2,w)
k1 (K 4+ K5)KR5uw 1 (k3w + 2k khw? + (K + K5)?) M k1 Kk5w?)

=—2M '(u)—|—§ f(u).

(K + K + K1w?)? (Kh + K5 + Krw?)3

Since WV 22X V, the limit of the right hand side for N — co gives the generator of U

and we are done.

3.5 Checking the conditions of Theorem 2.3

If the calculations from the last section go through, we still have to verify the
conditions of Theorem 2.3, i.e. the compact containment condition of (VN)N:LQW for
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the LLN and (UN)N:LQ’.__ for the CLT, as well as the corresponding conditions (2.4)-(2.6).
Checking these might depend on the concrete example, but here, we give a general
strategy. In all steps, note that we require the fast network to be first order. This means
that either (i) fast species only appear on both sides of each R € R of the fast network
or (ii) one fast species S € S, is produced only from slow species. (The case where one
fast species produces some slow species only appears in (ii), since otherwise fast species
will quickly be consumed.) In (i), there are conserved quantities in the fast network,
i.e. (using the notation from above) there is £~ such that z - £- is constant. In (ii), the
discussion after (3.11) applies: the fast species S is created at some rate Cév N, and
is consumed at rate C{VNBZQ’ for g > 1. For such processes, Lemma A.1 is useful for
bounding moments. The number of other fast species will be bounded by Z é\’ .

As for (2.4), recall from (3.12) and (3.19), that both, gy and hy are polynomials in
the fast species. So, from (A.2),

N7Y2E[ sup (ZY¥ () 2220, T>0k=1,2, ..
0<t<T

provides the required argument for (2.4) to hold if f has compact support and ay, by, cn,
dy are continuous. For the integrals in (2.5) and (2.6), we use (A.1) for

T
sup IE[/ Nﬂ_l(ZéV(t))kdt} < 00, T>0k=12,..
NeN 0

if the corresponding terms again come as a polynomial of fast species. So, we are
left with showing the compact containment condition for (V¥)y_15  and (UN)n_1...
Focusing on (UN)N:LQW,, we start by the same generator calculations as in the last
section, using f(u) = ug for some S € S,. This gives some gy and hy such that

LN(f+ N"Y2gn + N~ hy)
=NYV2(LY f+LY gn)+ (LY f + LY gy + LY h )+ NV2(LY gy + LY hy)+ N L hy
=Lf+e¥ + N2 gy + L h) + N7 LY hy.

Then, provided that (2.4)-(2.6) also hold for f(u) = ug, we have that
U (t) = M (t) - N2y (U, 2, W) = Ny (U, 2, W)

t
+/ (Lf +ef + NV2(LY gy + LY hy) + N LR ) (U, 2N , W )ds
0

for the martingale MY := (MY (t));>0 with
ME(t) =UE () + (N 2gn+N"hy ) (U, 2N, W)
—~ /Ot LN(f+ N2y + N hy)(UN, Z2N , Wi )ds.
Then, if we can bound supy<,<7 |MZ (t)| (e.g. by bounding the quadratic variation of this

martingale) uniformly in N, and if Lf grows at most linearly in U”, we see using (2.4)-
(2.6) that there are bounded functions ag, bs > 0 such that

E[sup |UY (s)] gbs(t)+/0 as(s) - Elsup |UN (r)|]ds. (3.22)

s<t r<s
With the Gronwall lemma, we obtain Efsup,, [UN (t)|] < bs(t) + [ bs(s)as(s)els @i gs

and Markov’s inequality shows the compact containment condition for (U év IN=12,...-
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Example 3.7 (The simplified Hill dynamics 5). While we provided the necessary gen-

erator calculations needed for convergence V% ]\H:m V with V as given in (3.16)

and UV 2‘? U with U as in (3.21), we still need to check the corresponding condi-

tions (2.4)-(2.6) and the comopact containment conditions. We note that in this example,
for T, k > 0, using Lemma A.1,

T
E{/ (M — ZNYrdt] = O(N'~5). (3.23)
0

In addition 0 < ZV < M, so limsupy_,., N~Y/2ZY = 0. These properties already
imply (2.4)—(2.6) in both, the LLN and the CLT. For the compact containment condition in
the LLN, note that V'~ +2Z~ /N is a decreasing process, which already implies compact
containment (provided V¥ converges). The hardest work is required by the compact
containment condition in the CLT. For this, let gy (¢) := gy (ZN, W) = ZNay (W}V) and
h(t) := hy(UN, ZN  WN) = ZNon (UN , W) (i.e. as above with f(u) = u). Then, (2.4)-
(2.6) also hold in this case (since the (u? + w)-term in E}V vanishes in this case, leading
to s}v = 0). Then,

t l I\ ! TTN
_ _ + Kk5)REUS W
UN = MY — N~Y2g5(t) — N~ hy(t /21\4’“('€2 308 s
t t gN() N()+ 0 (Ii/2+lig+I€1W§2)2 S
t / I\ TTN
_ _ + k5 REUSN W
MY = UN + N7 2gn(t) + N ha(t —/ oy M2 ¥ )RS Us W
¢ ¢ T gn(t) + N = )M w2

where, (M}¥);>o is a martingale with quadratic variation
[M™N], = N[V + N~ gl

~ /t(2 +an (W) (ki (V)2 2 + w5 (M = Z0)) + (1 + an (Wy))?w5(M — Z7)ds.
0

Since VN, ZN, W are bounded, gy and hy are bounded as well. Moreover, from (3.23)
we see that the quadratic variation of M7 is locally bounded, so we can conclude that
there are ag and bg such that (3.22) holds, and the compact containment condition for
(UN) =12, . follows.

4 Examples

In this section we give some more concrete applications of our theory. We start with
Michaelis-Menten kinetics in Section 4.1, i.e. we rederive the results from [11] using
the approach from Section 3. These kinetics is similar to the simplified Hill dynamics
from Examples 3.1-3.7. Still, we extend results from [11] by allowing that the balance
condition for the fast species to fail, and from [3] by proving the CLT. The simplified Hill
example is extended in Section 4.2 to account for separate effects of binding of the two
ligands to the macromolecule. In Section 4.3, we are dealing with an example using two
fast species where the number of molecules of the fast species is unbounded. For some
parameter combinations (3, > 1), the fast species are called intermediate by [3], so
we extend their results by the CLT. Then, in Section 4.4, we are dealing with the main
example in [3], but again add to their results the CLT.

We note that not all calculations were carried out by hand. The approach that the
right hand sides of (3.13) and (3.20) do not depend on the fast variables leads to linear
systems of equations with up to 15 equations in Section 4.4. Therefore, we produced
an ancillary file with sagemath-commands [4], which can be found on arxiv. This file
contains the computations not printed, but necessary for Examples 3.1-3.7 and for
Sections 4.1, 4.2, 4.3 and 4.4.
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4.1 Michaelis-Menten kinetics

Our first example is the famous Michaelis-Menten kinetics. It arises for the Chemical
Reaction Network

K1 N7k3
Es Ei+5; (4.1)
N’YK,Q

for v > 1, where 51, S5 are in high abundance (order N) and E;, F; are in low abundance
(order 1). The balance condition for E» only holds if v = 1, since ~ > 1 implies that F»
is produced slower than it is consumed. Chemically, F> is a complex formed out of E;
(enzyme) and S; (substrate), and S5 is frequently described as product of the reaction.
Denoting by ZV, ZY the number of molecules E; and E,, we note that Z¥ + Z)¥ =: M is
a constant. Further, we define NV, NV;" to be the number of molecules of S; and S,
and we find that V¥ + ViV + ZIV /N is a constant. So, since we will have that Z)Y = O(1),
the dynamics of V3" can be read off from the dynamics of V" (up to an O(1/N)-error).
So, the system can be described through V¥ := V}¥ and ZV := Z{. We obtain the
following.

Proposition 4.1 (LLN and CLT for (4.1)). Letu € R andv € R,

Ei+5

Mk3k1v
1 _ﬁ7 for’y == 1,
NY " kakv K9 K3 VK1
N 3K1 N—oco
p"(v):=—-M — p(v) :=

NY=Y(k2 + K3) + vh1 Mkskiv
—_ forvy > 1,

Ko + K3

V and W the solutions of the ODEs
dv =p(V)dt,  dWN =pNWNyat, WY =V, =vw.
Moreover, let U be the solution of the SDE

Mkik3(ke + K3) Mk1\VEg(k1V + k2)? MKV (2k2 + K3)

AU =— Udi+ B, ify=1,
(I{1V+I€2 —‘1-1‘{3)2 2(51V+/€2+/€3)3 (I€1V+I$2+l€3) v

dU =p(U)dt + /Jp(V)]dB, ify > 1,

for some Brownian motion B. Then, letting VN be as above, and UN = N'/2(VN — W),

If VN 222 4 and UY 222 4, then

VN N —00 V UN N—00 U.

Remark 4.2 (Previous results on Michaelis-Menten kinetics). The above LLN has been
obtained various times; see e.g. Section 6.4 of [10] for v = 1, or Example 4.5 of [3] for
v > 1. (They in fact consider two differnt scalings for x5 and x3.) In the case v = 1, the
CLT has first been obtained in Section 5.2 of [11].

Proof. We set r, = N7~ lky and k4 = N7~ 1k3. For the Markov process XV = (V¥ ZN),
the generator is given for f € C°(R x R, writing f’ for the derivative according to the
first variable,

GNf(v,2) = kiNvz(flo = N1 2 —1) = f(v,2)) + KHN(M — 2)(f(v + N~ 2 +1)
= f(v,2)) + KEN(M = 2)(f(v,2 +1) — f(v,2))
=Gy f(v,2) + NG f(v,2),
Nf(w,2) = —rvzf'(v,z — 1) —i—/sz(M—z)f'(uz—i—l)—i—sjcv(v,z),
GNf( z) = k1vz(f(v,2 — 1) = f(v,2)) + (85 + £5) (M — 2)(f(v,2 + 1) = f(v,2)),
leF (v,2)] €GN (w1vz + R (M = 2)[| "] oo-
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We mention here that 0 < ZV(¢) < M by construction and that for all T,a, k (using
similar arguments as in Lemma A.1)

E[/T(M - ng)kdt] = O(N'). 4.2)
0

1. For the LLN of V¥ as N — oo, take f € C>°(R). Our task is to look for gy (depending
on v, z) such that GY) f + GY gy only depends on v. Choosing

gn (v, 2) = zan (v) f' (v),
for some (function) ay, we obtain (collecting terms proportional to z in the second line)

Gévf(vv Z) + GéVhN('Ua Z) - Ejy('l), Z)
— ( — k1vz + Ky (M — 2) — k1vzay (v) + (kb + K5) (M — Z)CLN(’U))f/(U) (4.3)
= (M(K5 + an (v)(ry + K5)) — 2(vk1 + K5 + an (v)(k1v + Ky + K5)) f/ (V).

Choosing

an(v) = _M =1+ 575/3 (4.4)
Kh + Kb 4+ vk Kh + K 4+ vk’ )

the last line of (4.3) does not depend on z, and we have

ry(Ra + K3)

N N N _ r_
(Gy f+ G5 hy)(v,2) er (v,2) M(Iid e

)/ @) =P (@)f (v).

With G f(v) = p(v)f'(v), we see that e} (v, 2) + (p(v) — p™ (v))f(v) is as in (2.7). Since

pY 222 p the compact containment condition for (V2 ) 1.2, holds since V¥ (¢) is
bounded by V¥ (0) + M/N, and (2.4)-(2.6) hold due to 0 < ZV < M and (4.2), we have

shown that VN 22 v/,

2. For the CLT, we write UN = N'/2(VN — W), and have for the Markov process
(UN,zZN , WN) the generator for smooth f, only depending on u, z, writing f’ for the
derivative with respect to u,

LNf(u,z) (Nw—&—Nl/2 Ye12(f(u— 12, 1) = f(u,2))
+ Ry N (M z)(f(u+N e 2+ 1) = f(u, 2))
+REN(M = 2)(f(u, 2 + 1) — f(u, 2)) + NY2MpN (w) f'(u, 2)

= L) f(u,z) + N'2LY f(u, z,w) + NLY f(u, 2),

L(j)vf(uv Z) = %K'lwzf//(uv = 1) + %’%é(M - Z)f/l(u? z+ 1) - :‘il’U/Zf/(U, Z = 1) + E?(“’a 2)7

LY f(u, z,w) = —kawzf'(u, 2 = 1) + kruz(f(u, 2 — 1) = f(u, 2))
+ k5 (M = 2) f'(u, 2 + 1) + Mp™ (w) f'(u, 2),

Ly f(u,2) = mawz(f(u, 2 = 1) = f(u, 2)) + (k4 + K5)(M — 2)(f(u, 2 + 1) — f(u, 2)),

e (u,2)| < N7V2 (S kquz|| ' ||oe + § (Rawz + w5 (M — 2))|| "] 0)-
Then, for some smooth f depending only on v, taking gy (u, 2, w) = zay (w) f'(u) with ay
from (4.4) (but depending on w), we have L{Vf + LéVgN = 0. So, we need to look for hy

such that LNf + L1 gn + LéVhN only depends on u,w and has a proper limit as N — oo.
Choosing

h (u, z,w) = by (u, w)zf' (u) + (cN(w)z +dy(w) (g))f”(u),
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for some by, cn, dy, we find, collecting terms proportional to z and z? after the second
equality, abbreviating a := ay(w), b := by (u, z,w), ...

(Lo f + LY gn + LY hn) (u, 2,w) — f (u, 2, w)
= ( — Kyuz — Kyuza — Ky zwb + (k) + ) (M — z)b) (u)
+ (rvwe + Suh(M = 2) = rrws(z — o+ k(M — 2)a(z + 1) + Map® (w)a
— kzw(e+ d(z — 1)) + (kb + k) (M — 2)(c + dz))f"(u)
= (M(n’2 + K5)b — z(mu(l +a) + b(rw + k5 + ng))f’(u)
+ (M(né(% +a) + (rh + @c)
+ z(%(mw — k) + (kw + (M — 1)&y + Mp®™ (w))a
— (k1w + Kk + K5)e + (kiw + M (kb + ng))d)
— 2 ((mw +rh)a+ (kw + K + /—@é)d))f”(u).

Choosing b, ¢, d such that the right hand side does not depend on z, we arrive after some
rearrangements at

(LY f 4+ LY gn + LY hy) (u, w) = Lf (u, w) + E}V(mz,w)
 Mu )
(k1w + K + K5)?
(memg(/ﬁw + k)2 M(kS)? k1w (2K + Kb)
2(kiw + kY + K5)3 2(kiw + kb + K4)3

Lf(u,w) =

)£ (@),

where Lf is the generator of U. Now, (2.4)-(2.6) follow from (4.2) and 0 < ZtN < M and
we are left with showing the compact containment condition for (UN )N=1,2,.... For this,
let gn(t) := gN(ZtNa WtN) = ZtNaN(WtN) and h(t) == hN(Uth Zth WtN) = ZthN(Uth WtN)
(i.e. as above with f(u) = u). Then,

t ’ ’
UN = MY = NP2 (0) - Nh(0) - [ ilelauds,

t
MY = UN + N“2g5(t) +N—1hN(t)+/ ol N ds.
A ?

Here, (M} );>0 is a martingale with quadratic variation
[MN]y = N[VY + N~tgn],
t
o [ an W2V ZY 4 k(M = 25)) + an (W2 (0 - 22 ds.
0
Since VIV, ZN WY are bounded, gy and hy are bounded as well. Moreover, from (4.2)
we see that the quadratic variation of M7 is locally bounded, so we can conclude that

there are ag and bs such that (3.22) holds, and the compact containment condition for
(UN)n=1,.... follows. .

4.2 Hill coefficient dynamics

We now pick up Example 3.1, but extend the CRN in order to capture all required re-
actions for binding of two ligands. This also generalizes the Michaelis-Menten dynamics,
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where the macromolecule (enzyme) can only be bound by a single ligand. Specifically,
we study

K1 N’yillﬁjg Nks
i+ S ——EF, S1+ Es ~ F5 So + Fs (4.5)
N7kq Nky

for v > 1. Here, similar to Michaelis-Menten kinetics, F; (the macromolecule) and S
(the ligand) form a short-lived complex F», but only after forming another complex Es
together with another Sy, the product S, is formed and FE» is released. We will assume
that S, .S are in high abundance (order N) and E1, F>, E3 are in low abundance (order
1). Since v > 1, the balance condition fails for E;, E> and Es;. Let NV{¥, NV3" and
Z1,Zy, Z3 be the processes of the particle numbers of S;, S; and F4, F», F3, respectively.
Since M := 7| + Z5 + Z3 is a constant, and V; + V5 + N‘l(Zl + 275+ 373) is constant as
well, we are going to describe the Markov process (ZV = (ZN, ZIV), VN = V}V).

Proposition 4.3 (LLN and CLT for (4.5)). Letu € R andv € R4,

N(U)':— k1 N karsv? N—oo p(v)i=— K1K3ksU>
. (k1v + N7 1ko) (kg + k5) + N7 Lk k302 ’

ko(kq + Ks5) + K1Kk30?
and V and W the solutions of the ODEs

dv =p(V)dt,  dWN =pNWNyat, Vo=wl =,
Moreover, let U be the solution of the SDE

K1koks(Ka + Ks5)RrsuV

dU = —2M
(k2(Ka + Ks) + K1K3V2)2

dt

dB

n (k3 (Ka + K5)2 + 2koksks (ke + ks)V + (k1K3V?2 + 2kok4)k1k3V2) M K1 k35 V2
(ko(ka + K5) + K1K3V?)3

for some Brownian motion B. Then, let V¥ as above, and UN = N'/2(VN — WN). If

N N
V¥ == v and U)¥ === u, then
N N
VN =2, UN 22X

Remark 4.4. 1. Instead of the rates Nx4, Nrs5, we could use a scaling NPry, NPks
for 8 > 1. This would change the result, but not the proof, except for taking the
limits in the last equalities in (4.7) for the LLN and in (4.8) for the CLT.

2. The same holds for the case v = 1: In fact, v > 1 only plays a role in taking the last
limits in (4.7) and (4.8).

3. In the CLT, if v > 3/2, we find
NY2(pN (v) — p(v)) T2 0,

and - by an application of Gronwalls lemma - N*/2(VN — V) 222 (. Therefore, in

. . - N
this case, we find in addition that N'/2(VN — V) == U,
Proof. We set
Ky = N7 ky, kb= N7"1ks.
EJP 28 (2023), paper 21. https://www.imstat.org/ejp
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The generator of (VV, ZV) is for smooth f, writing f’ for the derivative according to the
first variable,

GNf(v,2) = Nkwz1 (flu— N1z —e)) — f(v,2))
+ NEY(M — 21 — 23)(flo+ N1 2+ e1) — f(v,2)
+ Nehv(M — 21 — z3)(f(v = N7 2+ e3) — f(v,2))
+ Nrazs(f(v+N71z —es) = f(v,2)) + Nrsza(f (v, 2 — e3) = f(v,2))

=GV f(v,2) + NGY f(v,2) + N 4+ (M — 21 — 23)O(N""2) + z30(NP~2)

+o(1),

Gl f(v,2) = —miva f/(v,2 — e1) + KM — 21 — 23) f'(v,2 + e1)
— k(M — 21 — 23) f' (v, 2 + e3) + kazaf (v, 2 — e3),

G f(v,2) = mvai(f (0,2 —er) = f(v,2)) + 81 (M = 21 = 23)(f(v, 2 + e1) = (v, 2))
+ ro0(M — 21 — 23)(f(v, 2 + e3) — f(v,2)) + waza(f(v,2 — e3) — f(v,2))
+ r523(f (v, 2 — e3) — f(v,2)),

e = N7'(3rva f(v,2 — e1) + S5 (M — 21 — 23) f" (v, 2 + €1)

+ 2650 (M — 21 — 23) f" (v, 2 + e3) + 2Kaz3f" (v, 2 — €3)).

1. For the LLN, take some smooth f depending only on v. We need to find ¢ such that
the limit of G{Y f + G¥' g exists and only depends on v. Choosing

g(v,2) = (2101 + 23a3) f'(v)
for some functions ay, a3, we find
(G8'f +GYg)(w.2) = (M} = rho + Kia1 + whvas )
+ 21 ( — K10 — K} + Khv — (K1v + Kh)ag — Kjlzv(lg) (4.6)

+ 2’3( — K + KU + kg — Klay — (KU + Ky + n5)a3))f’(v).

With
o e (k1khv? 4+ kY (kg + k5) + (k1 (kg + Ks) — Kbk )V
b K1KkHV2 + K1 (kg + K5)v + K (Kg + Ks5)
k1K 0% + K1k + KKy
as =

K1KkHV2 + K1 (kg + K5)v + K (K + Ks)

the last two lines in (4.6) vanish and we obtain the generator of the limit

Gf(v) = lim (Gy'f +G'g)(v) = M lim (s} — 50 + a1 + Khvas) f'(v)
. K1 K k502 ,
=-M 1
N kh(ka + Ks5) + K1(Ka + K5)v + K1K5V? Fv) (4.7)
_ _y—fakskst” '(v).

ko(ka + Ks5) + K1KR30V2
2. For the fluctuations, consider U = N'/2(VN — V) and the generator of the Markov
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process (U, Z) is

LN f(u,z) = k121 (Nv + NY20) (f(u — N7Y2 2 —e1) — f(u, 2))
+ NEJ(M — 21 — 2z3)(flu+ N2 2+ e1) — f(u, 2))
+ K5 (Nv + NY2u) (M — 21 — 23)(f(u — N2 2 + e3) — f(u, 2))
+ Nkgzs(f(u+ N2 2 —e3) — f(u,2))
+ Nrsza(f(u, 2 — es) — f(u, 2))
= NY2pN(0) f'(u, 2)
= LY f(u,2) + NY2LY f(u, 2) + NLY f(u, 2) + o(1),
Lévf(u, 2) = —kyuzr f (u,z —ey) + %mvzlf”(u, z—e1)
+ AR (M — 21 — z3) [ (u, 2 + 1) — Khu(M — 21 — 23) f'(u, 2 + e3)
+ 2650(M — 21 — 23) " (u, 2 + e3) + Lrazs f" (u, 2 — e3)
LY f(u,2) = —krvzr f'(u, 2 — e1) + wpuzy (f(u, 2 — e1) — f(u, 2))
+ Ky (M — 21 — 23)f (u, 2 + e1) — k5v(M — 21 — 23) f' (u, 2 + e3)
+ khu(M — 21 — 23)(f(u, 2 + e3) — f(u, 23)) + kazsf (u, z — e3)
— ™ (0) ' (u, 2)
Ly f(u, z) = vz (fu, 2 = ex) = f(u, 2)) + k1 (M = z1 = 23)(f(u, 2 + e1) = f(u, 2))
+r50(M — z1 = 23)(f(u, 2 + e3) — f(u, 2))
+ raz3(f(u, 2 —e3) — f(u,2))
+ r523(f(u, 2 — e3) — f(u, 2)).

With f only depending on u and g(u, z) = (z1a1 + z3a3) f'(u) as above but depending on u
instead of v, we have that LY f + LY g = 0. Then, we make the ansatz

z z 21+ 2
h(u,z) = (Zlbl + z3b3>f’(u) + (2101 + z3c9 + (;)dl + (23) do + ( ! 9 3>d3)f”(u)
for some b, b3, c1,...,ds and obtain

(LY f+ LY g+ LY h)(u, 2)
= (M(HS,U(aa — 1) + wob1 + K50bs)
+ z1( — K1U + Kyu — Kiua — Kyuag — K1vby — Kby — ngbg)
+ z3(Khu — Kiazu — khby — KyVbs — Kabs — n5b3))f’(u)
+ (M (5 (s + Kyv) + Khar — Kavas + Khey + Khves)

+ 21 (3 (k10 — KY —

+ Kvdy + Kivds — Kher + K5 Mdy + K5 Mds — Khves + k5 Muds + kyvb)

/
K50) + K1vag + keMay — kaa1 — ksMvay — vay — Kivey

1
+ 23(5(—5’2 — Ky + k4) + K5 Mb — kha — Ky Muob + K5vb

— kigb — vb — Khey + kb Mdz — Khves + Ky Muds + k5 Muds
— KaCg + Kado + Kad3 — Ksca + Ksdy + H5d3)
+ zf( — Kivay — khay + ngval — K1vdy — K1vds — Kkhdy — Khds — /@gvdg)
+ 23 ( — Khas + Khvag + kab — Kkhds — kivds — Kyvds — (k4 + ks5)(d2 + ds))

+ z123( — K1vag — (ky — K5v) (a1 + ag) + Kkaay — Kivds — Ky (dy + 2d3)
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- HgU(dQ + 2d3) - K',4d3 — K5d3))f”(u).

We can choose by, b3, c1, ..., c5 such that the right hand side only depends on v. Plugging
these into the last display gives, in the limit N — oo

Lf(u)= lim (L' + L'g + L3 h)(u, 2))
— 00
= A}iinooM(ngu(ag — 1) + Khby + khvbs) - f'(u)
+ M(%(/@’Q + K4v) + ka1 — Khvag + Kyer + Kyve) - 7 (u)
2M K1koks (kg + Ks)Ksuw ()
= — u
(k1k3V? + Ko (kg + K5)?
+1 (k3(ka + K5)%+2K2k3K5 (Kot ks ) v+ (K1 r3v% +2K2k4 ) K1 K302 ) M K1 K3 ks v? ()
2 (k1302 + Ka(ka + K5))3 '
(4.8)
Conditions (2.4)-(2.6) as well the compact containment condition for (UN)N=1,27,__ can
be shown as in Example 3.7. O
4.3 Extending the first example from Section 6.5 of [11]
Here, we extend the first example in Section 6.5 of [10]. Precisely, we study
K1 N’Yﬂg Nﬁlﬁlg,
S E, E, Sy . (4.9)
N7ka NPy

for B,v > 1. Here, S; is in high abundance (order ), and F; is in low abundance (order
1), i = 1,2, so we set Z; as the copy number of E; and NV, as the copy numbers of
species S;, i = 1,2. Since V¥ + ViV + (ZN + ZV)N~1 is constant, it suffices to study
(VN = VlNa zN = (Z{VvZéV))'

Looking at Assumption 3.2, weAnoteAthat Eo =1, 51 :AEQ =7, Eg/\: 54 = (, as well as
YE, =7 ¢E, =B leadingto f1 =B =Pa+1—pr, =1,03=01=01+1—pgr, =1and
Ve, =Yg, =1 and (3.11) is satisfied.

Proposition 4.5 (LLN and CLT for (4.9)). Let u € R and v € Ry, V the solution of the
ODE
K1K3R5V

dv = —
Hg(l{4 + I<E5) + K3Ks

dt, Vo =,
and U the solution of the SDE

dU = — KR1R3R5U dt + K1RKR3K5V dB, Uo —u,
ka(ka + K5) + K3ks ka(ka + Ks) + K3ks

for some Brownian motion B. Then, letting V" be as above, setting UN = N'/2(VN —V),

. N N
and if V¥ === v and U}’ === u, we have

yN 2Ry pN 2Ry
Proof. We define
Ky = N g, Ky 1= NY g, Ky 1= NB=1g,, Ky = NB= ks, (4.10)

Then, (VV, ZN) has the generator for f € C>°(R x R?), where f’ is the derivative with
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respect to the first variable,

GNf(v,2) = Nowi(f(v = N~" 2+ e1) = f(v,2))
+ Nejzi(fo+ N1z —er) — f(v,2) + Nairh(f(v, 2+ ea — e1) — f(v,2))
+ Nrgzo(f(v,2 + e1 — e2) — f(v,2)) + NKjz2(f(v, 2 — e2) — f(v,2))
=Gy f(v,2) + NGy f(v, 2),
G f(v,2) = —k1of'(v, 2+ e1) + 2167 f (v, 2 — 1) + €7 (v, 2),
GY f(v,2) = kiv(f(v, 2 +e1) — f(v,2) + Ky 21 (f(v, 2 — e1) — f(v, 2))
+roz(f(v, 2+ e —e1) = f(v,2)) + mhza(f(v, 2+ €1 — e2) — f(v,2))
+ryz(f(v, 2 = e2) = f(v,2)),
e} (v,2)] < N71 5 (k1o + wp2) 17| oo

For bounding the two fast variables, a calculation similar to the proof of Lemma A.1
gives, forall T, a, k > 0

Mézwwwﬂ=mwﬂ» MAQ@@WM=MW*»

NE[ sup (ZN@)F) 2220,  NE[ sup (ZV ()% 22 0.
0<t<T 0<t<T

(4.11)

1. Again, G = 0, and we take gy = 0. The compact containment condition for
(VN)n=1,2,.. is straight-forward, since V¥ + (Z{¥ + ZJ)/N) is non-increasing and (4.11)
bounds (Z]¥)n-1,2,.. and (ZY)n—1 2, . Using the same arguments, conditions (2.4)-(2.6)
will hold, such that we can concentrate on generator calculations:

Take f € C2°(R) only depending on v. We are looking for hy such that GY f(v,2) +
GYhy (v, z) only depends on N, v and has a limit for N — co. Choosing (see (3.12))

9(v,2) = (a121 + azz2) f'(v)
for some a1, a; (which might depend on N), we find

G f(v,2) + GV hn (v, 2) = —k1of (V) + 2164 f/ (V) + Krvay f'(v) — Ky z1a1 f' (V)
+ K21 (a2 — a1) f'(v) + Kaz2(ar — az) f'(v) = Kyzoas f'(v) + €5 (v, 2)

= (k1v(ar — 1) + z1(K} — (kb + K3)a1 + Khaz) + 22(khar — (K + &))az) f'(v)+ef (v, 2).

Choosing a1, as such that the terms proportioal to z; and 2 vanish, i.e.

s AR (st
Ky (Ky + KY) + Kbkl Ka(ka + K5) + Kgks
/ !
a2 _ /{;1/4:3 _ K2K4

kY (K + KY) 4+ kKl Ka(ka + K5) + Kgks
where we have used (4.10), we obtain

(Go f+ GV hw)(v,2) = mv(ar = 1) f'(v) +€f (v, 2) = Gf (v) +£f (v, 2),

. K1K3RKR5V ’
h - .
with Gf(v) 52(n4+n5)+l~63ﬁ5f (v)

Since G is the generator of V, we are done.
2. For the functional CLT, we start with generator calculations. Writing U =
N'2(VvN — V) and have for the generator of (UN,ZN V) (again, ZV = (ZN,ZY)),
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using v from the LLN, for f € C>*(R x R?), only depending on u, z, with a; from above,

LN f(u,z,v) = (Nv+ NY2u)ky (f(u — N"Y2 2+ ey) — f(u, 2))
+ N (f(u+N"Y2 2 —e)) — f(u,2))+Neh(f(u, z + eg —e1) — f(u, 2))
+ Nrgza(f(u, 2+ er —e2) — f(u, 2)) +Nrjza(f(u, 2 — e2) — f(u, 2))
— N'Y2k0(a; — 1) f(u, 2)
= LY f(u, z,v) + NY2LY f(u, z,v) + NLY f(u, z,v),
L f(u, 2,0) = Sk1vf"(u, 2 + e1) — muuf' (u, 2 + e1) + 361210 (u, 2 — 1) + €F (u, 2,v),
LY f(u, z,v) = —k1vf (u, z + €1) + kru(f(u, z + e1) — f(u, 2)) + &)z f (u, 2 — ey)
—rrv(ar — 1) f'(u, 2),
Ly f(u,2) = kao(f(u, 2 + 1) = f(u, 2)) + Kz (f(u, 2 = er) = f(u, 2))
+ Rz (fu, 2 —e1 +e2) — f(u, 2)) + whza(f(u, 2 +e1 — e2) — f(u, 2))
+ ryze(f(u, 2 — e2) — f(u, 2)),

e (u, 2,0)] < ENTV2 (k1 + K521)[| ]| oo

With g(u, z) = (a121 + az22) f'(u) as above, LY f + LY gy = 0. Next, let us look for hy
such that LY f + L¥gn + LY hy doesn’t depend on z and has a limit for N — co. With
(recall from (3.19), where we set ¢ = 0)

hov (s 2) = (2161 + 222 + (221>d1 + (22) dy + (Zl ;“”2) ds) 1" (u)

for some b1, bo,dq,ds,d3, we have

LY f(u, z,v) + LY gn (u, 2,v) + LY hy (u, z,v) — eﬁcv(u, 2,0)

= 3r1vf" (u) — kuf'(u) + Sr121 " (u) — kiv(ar(z1 + 1) + az22) ' (u)
+ kruay f(u) + ki z1(a1(z1 — 1) + ag22) f (u) — k1v(ay — 1)(a121 + azze) f/ (u)
+ r1v(by + 21dy + (21 + 22)d3) f” (u)
—w121(by + (21 — Ddi + (21 + 22 — 1)d3) f” (u)
+ k521(=b1 + by — (21 — 1)dy1 + z2d2) f" (u)
+ r520(by — b + 21d1 — (22 — 1)d2) f" (u)
— Kyza(ba + (22 — 1)da + (21 + 22 — 1)d3) f" (u)

= raular — 1) (u) + (;ma — 2a; + 2by)
+ 21 (%Kh — vk1a] — (Kb + Kby + Kbo + vk1dy + V1 ds)
+ 22( — vk1a1a2 + K4by — (K + K5)bs + vr1ds)
+ 21(21 — 1) (ka1 — (K4 + Kh)dy — Kkhd3)
+ 22(22 — 1) (= (K5 + K5)d2 — Kjds)
+ 2122 (Klag + khdy + Kida — (K} + ﬁg)dg))f"(u).

Now, we need to find b1, b2, d1, do, d3 such that the last five lines vanish. This leads to

1. K5(K) + K5) —1lg,
2 kh(K) + kL) + KhRE 2

by =
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Figure 1: Main example from [3].

For the limiting generator, we thus have, using (4.10),

(Lo f + LY gn + Ly hy) (u, 2, v)
= rula; — 1) f'(u) + %/—111}(1 —2a1 + 2b1) f" (u) + 5{;,(u, 2,0)
= Lf(u,v) + E}C\,(u,z,v)7

R1RKR3R5U ,
Lf(u,v)=—
flwv) ko (K4 + Ks) + K3ks

KR1R3K5V 7
ka(Ka + Ks) + K3ks

N[

u) +

So, L is the generator of U. We also see from (4.11) that (2.4)-(2.6) are satisfied. Finally,
the compact containment condition for (U N )N=1,2,... follows as in Example 3.7. O

4.4 Main example from Cappelletti und Wiuf (2016)

We will now study the main example from [3], as given in Figure 1. Here, E1, E>
and F3 are enzymes which help to transform S; into S5 and S3. For the abundances,
we have that Ei, F», F3 are in low abundance (order 1), and Si,S5,S3 are in high
abundance (order N). We denote the number of Ey, Ey, E5 by ZN ZY Z¥, respectively,
and the number of Sy, S2, S3 by NViN, NV,N NV, respectively. A close inspection of
the reactions shows that M := Z) + ZV + Z¥ is a constant, and it suffices to study
ZN = (ZN,ZY). Moreover, the reaction rates are such that Z; = M at most times. If
some molecule F5 or Fj is created, it reacts through either reaction 4 or 6, both of which
occur at faster rates than the creation reactions of F»> and FE3. For this reason, [3] call
these species intermediate. Moreover, we also note that VN + ViV + V3 + N~ ZN + ZI)
is a constant, such that it suffices to study V¥ = (V{¥,VJV). Moreover it is easy to check
that ¥g, = ¢¥E, = ¥E, = 1, so our general theory applies.

Proposition 4.6 (LLN and CLT for the system from Figure 1). Let

o ka(Ke + K7) KaK7
1.-— R~ 2
ka(ke + k) + Kske ka(ke + K7) + Kske’ 4.12)
) K5K6 (K4 + Ks5)ke6 .
A2 = Ky 2 )
l{4(l€6 + I<L7) + K5Kg I€4(I€6 + I€7) + K5kg
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A1

A2

kg

Figure 2: Reduced system in the main example from [3].

u = (u1,u3) € R? and v = (v1,v3) € R%, V = (V4, V3) the solution of the ODE

Vi = (=M (M1 + Ao)Vi + MrgV3)dt,
Vs = (MAsVi — MrgV3)dt,

and U = (Uy,Us) solution of the SDE

dU1 = (—M(}\l + )\Q)Ul + MligUg)dt + M)\lVldBl + vV M)\2V1dBQ + V M"€8V3dB3a
dU3 = (M)\QUl - MHgUg)dt -V M)\Q‘/ldBQ + —/ Mﬁg‘/gng

for independent Brownian motions Bi, Bs, B;. Then, letting VY be as above, setting

UN = NY2(VN — V), and if V¥ 222 v and UY 222 v, we have

yN Aoy N A2 g

Remark 4.7. 1. The limiting system of the above proposition is the same as the
(single-scale) system given in Figure 2. For the LLN, this is the same limit as
obtained in [3]. The fact that the CLT follows the same single-scale system is new.

2. We note that our proof not only gives the limit of the system in Figure 1, but also
for different scalings. For example, if we use N4 (instead of N 3k4), Nks (instead
of N3k5), Nkg (instead of N2kg), and Nk~ (instead of N2k7), the techniques we use
give a limit result as well. However, this limit is much more complex than Figure 2.

Proof. Setting x} := NZ2k4, 5 := N2ks, kg := Nkg, kb := Nky, the resulting Markov
process has the generator for f € C°(R? x R?)

GN f(v,2z) = Nkjviz1 (f (v — N_lel,z —e1+e) — f(v,2))
+ kaNvizi (f(v — N7ley, 2z —e1) — f(v,2))
+N:‘€322(f('U+N lel,z4e1 —e3) — f(v,2))
+ N&jyza(f(v, 2 +e1 — ea) — f(v,2))
+ Nrgza(f(v, 2 — e2) = f(v,2))
+ Nkg(M — 21 — 2)(f(v+ N tes, 2+ e1) — f(v,2))
+ Nug(M = z1 = 22)(f (v, 2 + €2) — f(v,2))
+ Nkguszi (f(v + N7 ey —e3),2) — f(v, 2))
— (G + N -GN f(v,2)

EJP 28 (2023), paper 21. https://www.imstat.org/ejp
Page 28/33


https://doi.org/10.1214/22-EJP897
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Chemical reaction networks on multiple time-scales

with (writing D; f and D5 f for the derivatives with respect to v; and vz, and by || D?f||
the supremum of all second derivatives of f),
Gy f(v,2) = —v121(k1D1f(v,2 — €1 + €2) + ko D1 f (v, 2 — €1)) + 3z D1 f(v, 2 + €1 — €2)
+ k(M — 21 — 20) D3 f(v, 2 + 1) + kgvzz1 (D1 — D3) f(v,2) + z—:jy(v, z),
Gévf(vv Z) = R1U121 (f(’Uv z—e + 62) - f(vv Z)) + R2V121 (f(va z— 61) - f(U, Z))
+ rsz2(f(v,2 +e1 —e2) — f(v,2)) + Kjza(f(v, 2+ €1 — e2) = f(v,2))
+ rhea(f(v,2 — e2) — F(0,2)) + Rp(M — 2 — 2) (f(v,2 + 1) — f(0,2))
+ 1M — 21— 22)(f(v,2 + €2) — f(v,2)),

\5?7(11, 2)| < IN"H(vizi (k1 + k2) + K322 + kG (M — 21 — 22) + kgv321) || D f| oo
(4.13)
For bounding the two fast variables, we have that 0 < Z¥, Z{¥ < M, and

T T
[ @ora-on. [ @ata-ow),
0 0

/T(M — (2 + Z2)()kdt = O(N Y,
0

1. The compact containment condition for (VN ) N=1,2,... follows from the fact that
VN + VN + VN + N~ ZN + ZY) is a constant. Moreover, (2.4)-(2.6) will follow from
the above boundedness assertions. So, for the generator calculations, assume that
f € C°(R?) only depends on v. Taking, for some functions a, ..., a4 (recall this ansatz
from (3.12))

gn(v,2) = (@121 + a222) D1 f(v) + (a321 + asz2) D3 f(v),
we find
(GNf + G2 gn)(v,2) — E}V(Uv z)
= —v121 (k1 D1 f(v) + Ko D1 f(v)) + k322 D1 f (v) + k(M — 21 — 22) D3 f (v)
+ kgv3z1 (D1 — D3) f(v) + kiviz1((a2 — a1) D1 f(v) + (aa — az)Ds f(v))
+ roviz1(—a1 D1 f(v) — a3 D3 f(v)) + k3z2((a1 — a2) D1 f(v) + (a3 — as) D3 f(v))
+ 5222((611 —a2)D1f(v) + (ag — aa) D3 f(v)) + "9I522(*G2D1f(v) — a4 D3 f(v))
+ k(M — 21 — 22)(a1 D1 f(v) + a3 D3 f(v)) + w7(M — 21 — 22)(a2 D1 f(v) + as D3 f(v))
= M((kga1 + rraz2) D1 f(v) + (kg(as + 1) + k7a4) D3 f(v))

+ 21 (le(v)( — V1K1 — V1Ko + KgUs + Kovt (ag — a1) — Koviay — Kgay — Kraz)

+ Dsf(v — kgvz + K1v1(ag — ag) — Kavias — Kgag — /43/70,4))

+ 29 (le(l))(lig + k3(a; — az) + k(a1 — as) — Kyas — Kgag — /-1’7(12)
+Dsf(v (

— kg + Kk3(az — aq) + Ky(ag — as) — Kaq — Kgas — /1’7a4)>.

If we set ay, ..., a4 such that the terms proportional to z; D1, z1 D3, 23D and z3D3 vanish,
we obtain

Gf(v) = lim (G§'f +GYg)(v.2) — ] (v, 2)
=M lim (a1rg + agrz) Dif (v) + M(rg(as + 1) + r7) Ds f (v)
= M(=MviDif + Xvi(Dsf — Dif) + kgvs(D1f — D3 f))
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for A1, A2 as in (4.12). Since G is the generator of VV, we are done.
2. The generator of (UY, ZV) reads
LY f(u, z) = k(N + NY2up)zy (f(u — NY2e1, 2 — e1 + e2) — f(u, 2))
+ ko(Nvy + NY2u)z (f(u — N~Y2%ep, 2 —e1) — f(u, 2))
+ Nesza(f(u+ N2,z +e1 — e2) — f(u,2))
+ Nejzo(f(u,z +e1 —ex) — fu,2))
+ Nrgza(f(u, 2 — e2) — f(u,2))
+ Nkb(M — 21 — 20)(f(u+ N 2%e5, 2 4+ €1) — f(u, 2))
+ N&g(M = z1 = 2)(f(u, 2 + e2) = f(u, 2))
+ ks(Nws + NY2u3)z (f(u+ N™Y2%(ey —e3), 2) — f(u, z))
— MNY2((=(M1 + A2)vr + ksvs) D1 f (u) + (Aav1 — r5vs) D f (1))
= (Lo f + NY2LY f + NLY f)(u, 2)
with (writing Dq1, D13 and D33 for all the second derivatives with respect to v; and vs,
and || D3 f|| for the supremum of all third derivatives of f)
Lévf(u, z) = —kiurz1 Dy f(u, 2 —eg +e2) + %mvllenf(u, z—e1+ez)
— kour 21 D1 f(u, 2 — eq)
+ %/@Ullellf(u, z—e1)+ %K322D11f(u,2’ +e1 —e9)
+ 3k6(M — 21 — 22) D33 f(u, 2 + €1) + ksugz1 (D1 — Ds) f(u, 2)
+ 2rsv321 (D11 — 2D13 + Dag) f(u, z) + s}v(u, z,0),
LY f(u,2) = —kiv121D1 f(u, 2 — €1 + e2) + rkiurz1 (f(u, 2 — eq + e2) — f(u, 2))
— kov121D1 f(u, 2z — e1) + kour 21 (f(u, 2 — e1) — f(u, 2))
+ k3zoD1 f(u, 2 + €1 — e3)
+ k(M — 21 — 22) D3 f (u, 2 + e1) + kgvzz1 (D1 — D3) f(u, 2)
— M((—=(A1 + A2)v1 + kgv3) D1 f(u, 2) + (A2v1 — ksvs) Ds f(u, 2)),
Lévf(u, z) = vz (f(u, 2z — er + e2) — f(u, 2)) + reviz1 (f(u, 2 — e1) — f(u, 2))
+ w3z (f(u, 2 +e1 —e2) — f(u,2)) + kiza(f(u, 2 + e1 — e2) — f(u,2))
+r5zo(f(u, 2 — e2) = f(u, 2)) + w6 (M — 21 — 22)(f(u, 2 + e1) — f(u, 2))
+R7 (M = 21— 22)(f(u, 2 + €2) — f(u, 2)),
\6;\7(% z,0)| < Nﬁl/z(((m + ko)ur 21 + kguzz1)||D? oo
+ & (v121(k1 + K2) + Kaze + kg (M — 21 — 22) + #g321)|| D% oo )-
With gn(u,2) = (@121 + a222)D1 f(u) + (asz1 + aaz2)Ds f(u), this time depending on u

instead of v we obtain, if f only depends on w, that LY f + LY g = o(N~'/?). We choose
the ansatz (compare with (3.19))

hN(u, Z) (b1z1 + bQZQ D1f u) + (b32’1 + b4Z2 D3f(u
z 21+ 2
21 d1+< > o+ (7 2)d3 D11f( )

(2o (3o
e e (2 (P ()i par
(2o (o

d7+< >d8+ Zl”Q)czg Dys f(u)

+ (0121 + c222 +

+

+ (6521 + cgzo + 9
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for some by,...,b4,c1,...,c6,d1,...,dg. As in the above examples, plugging f, gy with
ai,...,aq as above, and hy in Lof + L1gy + Laohy leads to a term which depends only on
u for the correct choice of by, ..., b4, c1, ..., c,d1, ..., dg. The corresponding linear system
can readily be solved, and the result is (leaving all computations to a computer algebra
system such as sagemath) leads for N — oo to the limit

Lf(u) (LY f+ LY g+ LYh —ef)(u)

= lim
N —o00

= M(—(/\1 + )\g)ul + HgUg)le(u) + M(/\Q’LL1 — KS’U,?,)Dgf(U)
+ 2(Av1 D11 f(u) + (A2v1 + ksv3) (D11 — 2D13 + Dag) f(u).

This is the generator of (Uy, Us). Again, showing the compact containment condition of
(UN)N:1,27___ as well as (2.4)—(2.6) works with the same arguments we already saw in the
first examples. O

A An immigration death process

We will now give a tool which helps to derive the conditions (2.4)-(2.6) in concrete
examples.

Lemma A.1 (A process with immigration and death). Let 8 > a« > 0,Cy > 0,C; > 0, and
k,T,a > 0, and for each N € NN, let X" = (X}N);>0 be a Markov-jump-process which
increases at time t by 1 at rate C)Y N and decreases at time t by 1 at rate C{¥ NP XN (t)
and XY =0, where 0 < C}¥ < Cy and CVV > C,. Then,

T
sup ]E[/ NB=(XN)kdt] < oo A1)
NeN 0
and
N=E[ sup (XN)* 222 0. (A2)

0<t<T

Proof. We use some constant C', which does not depend on N, but which may change
from line to line. With Fubini, we see that (A.1) follows from

E[(XV)"] <CON°“F, t>0.
We start the proof of this assertion by calculating

d
@E[(XZV)’“} = Y NE[(X) + )" — (XM + CYNEIXY (XY — 1)F — (XV)FH1.
Using induction, we start with £ = 1 and can solve this differential equation with
E[X}] =0, ie.
CN
E[XN] = C—ONNQ*% — e OUN"ty < oNeB,
1

From here, if we have shown the case k — 1, we see that E[(X}Y +1)¥ — (X}V)¥] < C, and
the differential equation yields

d

SE(XM)H] < CN° + CLNTB[(X)").
From here, Gronwall’s Lemma shows the assertion for k.

For (A.2), we only need to consider the case = « since this process dominates the

process with 3 > . Note that X~ can be seen as the size of a population undergoing
immigration (at individual rate Cy/N%) and death (at individual rate C; NV P = CyN®).

EJP 28 (2023), paper 21. https://www.imstat.org/ejp
Page 31/33


https://doi.org/10.1214/22-EJP897
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Chemical reaction networks on multiple time-scales

Let 7, := inf{t : X}¥ > n} and consider Xi\i. At this time, the population consists of
individuals immigrating at times before 7,,, and we consider the oldest such individual.
Necessarily, this individual has seen n individuals immigrating before 7,, which has prob-
ability % for vy := CY /(CY + C{) < Cy/(Co + C1) =: 7. The rate by which individuals
immigrate which see n immigration events before their own death is CJ' N Sy Le.

P(sup XN >n)<1 —exp(— CiNyY )
0<t<T

We therefore write

E[ sup (XM)k] = k/ 2 IP(sup XN(t) > x)da
0<t<T 0 0<t<T

(log N)2 00
< k/ *dy + 2/4:01N°‘/ 2"y de < C(log N)?*,
0 (log N)2

and the assertion follows. O

Supplementary Material

Accompanying commands for automated computation. The ancillary file with
sagemath-commands [4], used for various computations in examples, can be found on
https://arxiv.org/src/2111.15396v1/anc/ancillary.sage.
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