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The Brown measure of the sum of a self-adjoint
element and an elliptic element
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Abstract

We completely determine the Brown measure of the sum of a self-adjoint element and
an elliptic element, which is the limiting eigenvalue distribution of the random matrix

Y +4/s— %XNH\/gX}v

where Yy is an N x N deterministic Hermitian matrix whose eigenvalue distribution
converges as N — oo and Xy and X} are independent Gaussian unitary ensembles.
We also study various asymptotic behaviors of this Brown measure as the variance of
the elliptic element approaches infinity.
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1 Introduction

1.1 The sum of a self-adjoint element and an elliptic element

An elliptic element is an element in a W*-probability space of the form z = = + iy
where z and y are freely independent semicircular elements, possibly with different
variances. By substracting the mean 7(z) if necessary, we only consider the case 7(z) = 0
in this paper. The variance of such an element is given by

7(2"z) = 7(¢"x) + 7(y"y).

Once the variance of z is given, say s, there are several possibilities for the variances of
x and y. We use the parameters ¢ = 27(y*y), and 7(z*z) = s — % Under the parameters
s, t, the elliptic element z then has the form

Ogs_t +1i01
2 2
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where 5'5_% and ot are freely independent centered semicircular elements with variances
s — % and % respectively in a certain W*-probability space.

Suppose that y, is a bounded self-adjoint element in the W*-probability space con-
taining o,_: and ot suppose also that all the three elements are freely independent. In

this paper, we compute the Brown measure of the element
y0+5s_% Jri(I%.

We show that the Brown measure of yo + 68_% + iJ% is a push-forward of the Brown
measure of yy + ¢; where ¢, = &5 +ios is the Voiculescu’s circular element. The Brown
measure of yy + ¢; was computed and analyzed by Zhong and the author [25]. We also
study the asymptotic behavior of the Brown measure of yy + 7, t + ia% as

1. s,t — oo such that the ratio s/t remains as a constant > %;
2. s — oo and t is kept fixed; and
3. s,t — oo such that the ratio s/t = 1.

If s > t, our results can be computed by the results of Zhong and the author [25]
in which the Brown measure of xy + ¢; is computed, with zg = yo + 6s_;, where ¢; is a
circular element, freely independent of zy. If s < ¢, yo + &S,% + ia% is not a sum of a
self-adjoint element and a circular element. We need a more general method.

We use the result in [21] to compute the Brown measure of yo + 5*5_% + z'a% in terms
of the Hermitian part yo + &S,% and ¢ (the parameter of the semicircular element in the
skew-Hermitian part). We combine this method with techniques in free probability to
determine the Brown measure of yq + &S_% + iaé in terms of ¥y, and s and t. The results
in [21] used a PDE method introduced in the work of Driver, Hall and Kemp [12]; this
method has been used in subsequent work by other authors [10, 21, 25]. See also the
expository article [19] by Hall for an introduction to the PDE method.

Our results have direct connections to random matrix theory. If Xy and X}, are
independent Gaussian unitary emsembles (GUEs), and Yy is a sequence of N x N
self-adjoint deterministic matrices whose empirical eigenvalue distributions converge
weakly to the law of yo, then Yy, Xy and X}, are asymptotically free in the sense of
Voiculescu [33]. If s > % by [29, Theorem 6], the empirical eigenvalue distribution of
the (almost surely non-normal) random matrix

/ t t
YN + S—2XN+Z\/;X§V

converges to the Brown measure of yy + 05t +ioy as N — oo. The Brown measure
of the case s = % is studied in [21], and it is a special case of the results in this paper.
In this s = % special case, the random matrix model is not a sum of a random matrix
and a Ginibre ensemble. We cannot apply [29] to conclude that the empirical eigenvalue
distribution converges to the Brown measure; it is still an open problem to give a
mathematical proof of the convergence. Nevertheless, numerical simulations in [21]

suggest that the Brown measure of 3 + ia% is indeed the limiting eigenvalue distribution

of Yy + i\/tTQX ~, where Yy and X are the same matrices as above.

The Brown measure computed in the case where yg = 0 is the elliptic law [8] (see
also [15]); its name is due to the fact that its support is a region bounded by an ellipse
centered at the origin. In the even more special case s = t, the Brown measure is called
the circular law since its support is a disk centered at the origin. The circular law was
first discovered by Ginibre [13] as a limiting eigenvalue distribution of a random matrix
model with Gaussian entries, now commonly called the Ginibre ensemble, then by Girko
[14] in the case when the entries come with more relaxed assumptions. The assumptions
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of random matrix models were then further relaxed, for example, by Bai [1], and Tao and
Vu [31]. In the s # t case, the elliptic law was first computed by Girko [15] as a limiting
eigenvalue distribution of a certain random matrix model. The Brown measure, in the
operator framework, was computed by Biane and Lehner [8] and various later work of
others.

The Brown measure of operators of the form X + ¢Y where X and Y are freely
independent has been analyzed at a nonrigorous level in the physics literature. Stephanov
[30] used the case when X is Bernoulli distributed and Y is a GUE to provide a model of
QCD. Janik et al. [26] identified the domain where the eigenvalues cluster in the large-N
limit when X is an arbitrary self-adjoint random matrix and Y is a GUE. Jarosz and
Nowak [27, 28] computed the limiting eigenvalue distribution for general self-adjoint X
and Y. Belinschi et al. [3, 4] put the results in [27, 28] on a more rigorous basis; however,
there have not been analytic results about the Brown measure of X + ¢Y obtained under
this framework.

Since this article was posted on the arXiv, the results of this article have been
extended by several papers. In [24], Theorem 1.2 is extended to the case when y,
is an unbounded self-adjoint element. Zhong [35] computes the Brown measure of
Yo + 68,% + io% for arbitrary bounded operator y,. Hall and the author [20] compute the
Brown measure of the multiplicative analogue of the operator considered in this paper.

1.2 Statements of results

Let yg be a bounded self-adjoint element, &S,% and ot be semicircular elements with
variances s —t/2 and ¢/2 in a W*-probability space (<7, 7), which is a finite von Neumann
algebra <7 with a faithful, normal, tracial state 7. Suppose also that all three of them
are freely independent. Throughout the paper, we let v be the law (or distribution) of ¥y,

which is the unique compactly supported probability measure on R such that
/x” dv(z) = 7(yy), foralln e NN.

Recall that, in this paper, we compute the Brown measure of the element
Yo+ 05t +i0L € A .

Background information of free probability and Brown measure is reviewed in Section 2.
The choice of the parameters s,t comes from the context of the two-parameter Segal-
Bargmann transform [11, 18, 23]. It is a interpolation between the self-adjoint element
Yo + 05 and the element yy + ios studied in [21].

We make the following standing assumption about the element yq + 6S_% + ia%. We
use Law(a) to denote the law of any self-adjoint random variable a € & and Brown(a) to
denote the Brown measure of any non-self-adjoint random variable a € <.

Assumption 1.1. Throughout the paper, we assume either s > % or v is not a Dirac
measure, so that Law(yo + &,_+) is not a Dirac measure.

When this assumption does not hold, that is, if Law(yq +5'S,%) is a Dirac measure, then
one cannot apply the results from [21]. However, in this case, the element g —s—&s,% —&—ia%
has the form «1 + ia% for some constant © € R (where 1 is the identity element in «7).
The Brown measure is then a semicircular distribution centered at u with variance ¢/2
on the vertical line through the point . Under Assumption 1.1, by the results in [21],
the Brown measure is absolutely continuous with respect to the Lebesgue measure on
the plane.

The following theorem summarizes Theorems 3.3 and 3.7; the proofs can be found in

Sections 3.2 and 3.3. The results in [25] and [21] show that both Brown(yo + 6,1 +i0+)
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and Brown(yo + ¢;) can be pushed forward to Law(yo+05). Points 2 and 3 of the following
theorem are proved by comparing these two push-forward maps. We then use the
push-forward result to compute the density of Brown(yg + 65_% + ia%) given in Point 1 of
the following theorem.

Theorem 1.2. 1. Foreachs > % > 0, there is a continuous function b, ; : R — [0, c0)
such that the Brown measure of yo + Gs_¢/2 + i04 /2 is supported in the closure of
the set

Qs ={a+ibe C||b| < bss(a)}.

The boundary of ), ; is of measure zero with respect to the Brown measure. The
Brown measure is absolutely continuous with respect to the Lebesgue area measure
on C, with density

N d (as¢(a) — ) dv(z)
Wyo,s.¢(a +1b) = 27t (1 * tda r (ast(a) —2)% + vyo,s(as’t(a)P) 7

for |b| < bs+(a), where a; is a certain homeomorphism on R and vy,  is a certain
nonnegative continuous function on R such that o, ; and vy, soa,; are differentiable
in Qs+ NR. In particular, the density is constant in the vertical direction.

2. The Brown measure of yo + 0,_;/2 + 10y is the push-forward measure of the Brown
measure of yy + ¢, by the homeomorphism U, ; : C — C,

Uy oo + i) = ass(a) + iéﬁ

where a,; is the inverse function of ;.

3. The push-forward measure of the Brown measure of yo + 05_¢/2 + 10y /2 by the map,
constant in the vertical directions,

Q&t(a + Zb) =

t[sa — tag i(a)]

is the law of the self-adjoint element yy + 0.

We now describe briefly how to compute the functions o, ¢, bs ¢, and vy, s o o, ¢ from
the above theorem in Q,; N R. Given a € R, we try to solve for « € R and v > 0 the

equations
/ dv(z) 1
(@ —x)24+02 s

(2s—t)a_(s_t)/( xdv(x) Y

s a—1x)2 +v?

(1.1)

The following proposition shows that a € Q0 ; N R is precisely when (1.1) has a unique
pair of solution. It also shows how the functions o ¢, vy,,s © s ¢ and b ; in Theorem 1.2
are computed using the solution. This proposition is proved in Corollary 3.8.

Proposition 1.3. Given any a € R, (1.1) has a pair of solution € R and v > 0 if and
only ifa € Q,; NR. In this case, the solution is unique, and o (a) = @, vy, s(s(a)) = v
and b, ¢(a) = Lv.

In the special case s = t, we obtain «a,(a) = a and, by Theorem 1.2,

. 1 t d xdv(x)
$,8 b)=—|1-5—
Wyo.s.5(a + ib) s < 2 da /]R (a—x)? +Uyo7s<a)2>
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which reduces to the results in [25]. In another special case ¢ = 2s, the equations in (1.1)
reduces to (1.4) and (1.5) in [21]; the function a,; is the function aj in [21] and the

density is given by
1 da§y 1
27s \ da 2/

Thus, in the case, Theorem 1.2 reduces to the results in [21].

In Sections 4 and 5, we also investigate the asymptotic behaviors of the Brown
measure of yg + Os_t +iot, which are summarized in the following theorem; roughly
speaking, the Brown measure of y, + 53—3 + iJ% behaves like the Brown measure of
&S,% + ia%. Point 1 of the following theorem is proved in Theorems 5.1 and 5.2; Point

2 is proved in Theorem 5.3 and 5.4; and Point 3 is proved in Theorem 5.5. See these
theorems for the precise statements.

Theorem 1.4. In all of the following three limiting regimes, the function b, ; is unimodal
for all large enough s.

1. As s,t — oo such that the ratio s/t remains as a constant > %: the domain ) is
asymptotically equivalent to a region bounded an ellipse centered at (7(yo),0) with
horizontal semi-axis of length 22t and vertical semi-axis of length ﬁ The density

Wy,,s,t CONvVerges to the constant

1 S

7 (25 — )t
Both convergences are uniform outside any neighborhood of the endpoints of
Qs NR.

2. As s — oo and t is kept fixed: the domain (2. is asymptotically equivalent to a
region bounded by a long and thin ellipse centered at (7(yo),0), with horizontal
semi-axis of length 2./s and vertical semi-axis of length ﬁ The density converges

to the constant )

27t
Both convergences are uniform outside any neighborhood of the endpoints of
Q. NR.

3. As s,t — oo such that the ratio s/t = %: the domain (), ; is asymptotically equivalent
to a region bounded a narrow and tall ellipse centered at (7(yo),0), with vertical
semi-axis of length 2./s. The set s ; "R concentrates around 7(yy); more precisely,
given any c > 1, we have

_Aer ()
\/g

for all large enough s.

der(y3)
7

<inf(Qs; NR) — 7(yo) < 0 < sup(st NR) — 7(y0) <

We do not have a density estimate for the last case.

2 Background and previous results

2.1 Free random variables

Definition 2.1. 1. We call («/,7) a W*-probability space if </ is a von Neumann
algebra and 7 is a normal, faithful tracial state on </. The elements in </ are called
non-commutative random variables, or simply random variables.

2. The x-subalgebras A;,... A, C &/ are said to be freely independent if given an
i1,72, ... im € {1,...,n} with iy # ix11, a;; € &, are centered, then we also have
7(a; i, - .. a;, ) = 0. The random variables a1, ..., a,, are freely independent if the
x-algebras they generate are freely independent.
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3. For a self-adjoint element a € <7, the distribution, or the law, of a is a compactly
supported measure i on R such that

/ fdp = 7(f(a)
R

for all continuous function f. We denote by Law(a) the law of a.

We now introduce the random variables that are key to this paper. The semicircular
element o0; has the semicircular distribution, or the semicircle law of variance ¢,
supported on [—2v/%, 2v/t] with density

Va4t — x2

dx.
2mt v

The circular element c; has the form 75 +i0s where o and o are freely independent
semicircular elements. The elliptic element has the form 05—t TioyL where Os—t and
o are freely independent semicircular elements.

2.1.1 The R-transform

Let a € o be a self-adjoint element with law p. Then we consider the Cauchy transform

Gul) = [ - duta)

Z—T

defined outside the spectrum of a. The Cauchy transform G, is univalent around oco.
Denote by K, the inverse of GG, at co, and let

Ra(2) = Ko(2) — %

We call K, the K-transform of ¢ and R, the R-transform of a.

Theorem 2.2 ([32]). If a1, as € o are freely independent self-adjoint random variables,
then the R-transform of the random variable a = a; + ay is given by

Ro = Ry, + R,

Using the notations in the theorem, the distribution of a is called the free convolu-
tion of a; + as.

2.2 The Brown measure

In this section, we review the definition of the Brown measure, which was introduced
by Brown [9]. Let a € «/. We define a function S by

S\, e) =7llog(la — A* +¢)], Ae€C,e>0.
Then
S(\,0) = lim S(\,e)

e—0t

exists as a subharmonic function on C, with value in R U {—oc0}. The Brown measure of
a, denoted by Brown(a), is defined to be

Brown(a) = %AAS(/\, 0)
™

where the Laplacian is in distributional sense.
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One can see that S(\, 0) does define a harmonic function outside the spectrum of a;
the Brown measure of a is a probability measure supported on the spectrum of a. The
support of Brown(a), however, can be a proper subset of the spectrum of a.

The Brown measure of an N x N matrix is the empirical eigenvalue distribution of the
matrix. If a sequence of random matrices Ay converges in x-distribution to an element
a in a non-commutative probability space, one generally expects that the empirical
eigenvalue distribution of Ay converges to the Brown measure of a; this, however, is not
always the case. A counter-example is the nilpotent matrix

010 --- 0
o001 -0
000 --- 1
000 --- 0

this sequence of matrices converges to the Haar unitary element in *-distribution but
the empirical eigenvalue distribution is always the Dirac measure at 0.

The Brown measure of the circular element ¢, = &; + iag is called the circular law
and is supported in the disk of radius /s centered at the origin. The density is the

constant 1

s
in the support. The circular element is an R-diagonal element. The Brown measure of
the circular element can be computed by the method developed by Haagerup and Larsen
[16] and Haagerup and Schultz [17].

The Brown measure of the elliptic element Os_t +i0y is called the elliptic law and

is supported in an ellipse with semi-axes on the real and imaginary axes of length QS—TJ

NG
and ﬁ respectively. The density is the constant

1 s

m2s—t

in the support. The elliptic law was computed by Biane and Lehner [8].

2.3 Biane’s free convolution formula

In this section, we review the results of the distribution of the free convolution of
a self-adjoint element and a semicircular element established by Biane [7]; several
functions and a domain also come up in our study of Brown measure. Given a self-adjoint
random variable zy with law p, we consider the function

Jowarma i}

dp(z) 1
/]R(u—x)Q o t’

then vy, (u) is defined to be the unique positive number such that

/ dp(x) _1 2.1)
R

(=2 +vpge(w)? T

du(x) 1
/JR (u—x)? = ¢
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then we set vy, .(u) = 0. It is noted in [7] that the function v,, ; is continuous on R and
is differentiable at the points u where vy, (u) > 0.

Definition 2.3. We introduce the following notations.

1. Ayt ={u+iv € Clv > vy, (u)} is the region above the graph of v,  in the upper
half plane.
2. Hypi(2) =2 +tGy(2), 2 € Dy 1

Theorem 2.4 ([7]). 1. The function H, ; is an injective conformal map, from A, ;
onto the upper half plane C*; the function H,, ; extends to a homeomorphism from
the closure A, ; of A,, ; onto C* UR. In particular, H,, ;(u + ivy, +(u)) is real.

2. The function H, ; satisfies

Gag+to, (on,t(z)) = Gy (2).

3. The measure Law(xq + o) is absolutely continuous with respect to the Lebesgue
measure; its density p,,: can be computed by the function v, +(u) := Hyy 1 (u +
Vg1 (v)). The function ¢, , : R — R is a homeomorphism, and

v$07t(u>
mt

Pxo,t (’(/}wo ,t (u)) =

4. As a consequence, the support of Law(xo + o) is the closure of the open set
{thaq.1(w)[v2g e (u) > 0}.

Remark 2.5. Let A, ; = {u+ iv € C| |v| < vy, +(u)}. The map H,, can be extended to
an injective conformal map on (A, ;)¢ by Schwarz reflection with a continuous extension
to A; ;. From now on, H,, ; means the extension defined on A§ ;. If vy, ¢(u) > 0, Hy, 4
maps both boundary points w + vy, +(u) of A, to the same point in the support of
Law(zg + o¢)-

We then define the right inverse H l,t of H,,  as follows. Outside the interior of
the support of Law(z + o), which is the closure of an open set by Theorem 2.4(4),
Hm_olt is defined to be the inverse of H,, ;. Given any ¢ in the interior of the support of

Law(zg + o), we define

H, ' (q) =+ ivgg o (u)

where v is chosen such that Hy, (v + tvg, +(u)) = ¢. Thus, the restriction of H;Olt(q) to
C* UR is the inverse of H,,: on A, ;.

2.4 Sum of a self-adjoint and a circular elements

In [25], the author and Zhong computed the Brown measure of zy + ¢;, where z is
a self-adjoint element freely independent of the circular element ¢;, using the method
introduced by Driver, Hall and Kemp [12]. Interestingly, the support of the Brown
measure is bounded by the graph of Biane’s function v, ; introduced in Section 2.3 and
the density is closely related to the law of the self-adjoint element x + o;. In this section,
we review the results established in [25].

Theorem 2.6. Let
Agor = {u+iv € C| |v| < vgye(u)}. (2.2)

Then A, ; is a set of full measure with respect to Brown(zo + ¢;), and its density w,
has the form
L dwmo,t(u)

2nt du
where 1, ; is defined in Theorem 2.4. The density is constant along the vertical
segments.

Wt (w4 10) = U+iv € Mgy 4
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Furthermore, the push-forward of Brown(zg + ¢;) by
\I/$o7t(u+iv) = on,t(u+ivﬂfu7t(u))a u+1iv € Ax()at

which is independent of v, is the law of xy + o;.

2.5 Sum of a self-adjoint and an imaginary multiple of semicircular elements

Hall and the author computed in [21] the Brown measure of xy + i0;, a sum of a
self-adjoint element and an imaginary multiple of semicircular element. The computation
of the Brown measure of elements of the form x(, + io; covers the case xg + ¢; which
has the same *-moments as x¢ + 04,2 + i7¢/2 where ot and ¢ o are freely independent
semicircular elements, both freely independent of . The results in [21] show that there
is a connection between the Brown measure of xy + ¢0y, that of o + ¢; as well as the law
of xy + o4, for the same self-adjoint element xg.

We need the following notations to describe the results in [21].

Definition 2.7. Let x( be a self-adjoint element.

1. Given any r € R, let Hy,  (2) = 2z + 1G4 (2), z € Ay, |r. Compared to the holo-
morphic function H in Definition 2.3, we allow r negative in this notation. By the
results in [21], for t > 0, the map H,, _.(z) is an injective conformal map on Ay ;
(see Definition 2.3 using xo and the positive t, not —t). In [21], the authors use
the notation J; instead of H,, ;. Furthermore, H.,, , can be extended on A7 by
Schwarz reflection.

2. Define hy, (u) = Re[Hyy,—1(u + fvg, ¢(w))] on R. This function h,, ; is a homeomor-
phism from R to R; it is a strictly increasing function. If vy, .(u) > 0, we have
iy i (u) > 0.

3. Denote by h;ol’t the inverse of hy,, ;.

The following theorem established in [21] computes the Brown measure of xy + i0;.

Theorem 2.8. Let
on,t = [Hﬂvo»*t(A;g,tﬂc'

Then we can write ), + as
Quot = {a+ib € C|[b] < bay(a)}

where by, (a) = 2vm0$t(h;(]1,t(a)) is a nonnegative function on R. The set (1, ; itself is a
set of full measure with respect to Brown(zg + ioy).

Inside Q,, +, Brown(zo + i0:) is absolutely continuous with respect to the Lebesgue
measure on the plane with a strictly positive density; the density has the form

1 (dhm}t() 1

—_— - = ibe Qy .
2mt da 2)’ @10 € Sao t

In particular, the density is independent of b and is constant along the vertical segments.

We now describe the connections of Brown(xg + ¢;), Brown(zg +io¢), and Law(zo + ;).
Let Uyt : Mgyt — €2z + be @ homeomorphism defined by

Use,t(u+i0) = hyy ¢ (u) + 24v.

Note that the map U, ; takes the vertical line segments in m linearly to vertical line
segments in 2, ;. Also, recall that A, , defined in (2.2) is an open set of full measure of
Brown(zg + ¢;). The following theorem establishes the push-forward relations between
Brown(zg + ¢;), Brown(zg + i0;) and Law(zg + o¢). It is proved in [21].
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Theorem 2.9. 1. The push-forward measure of Brown(zg + ¢;) under Uy, is the
Brown measure Brown(xg + i0¢).

2. The push-forward of Brown(z + o) under the map
Quo,t(a+1ib) := 2h;01)t(a) —a (2.3)

is the law of zg + o¢. The map Q, . agrees with ¥, , o U,.", where ¥, , is defined

in Theorem 2.6. Alternatively, by Definition 8.1 of [21], we can write
Qroyt(a + Zb) = Hﬂﬁo,t ° Hm_ol,—t(a + ibwoyt(a))v ac ng,t'

Moreover, Q, + is a diffeomorphism on €., : N R.

Although @, : is not an invertible map, Point 2 of Theorem 2.9 characterizes the
probability measure on 2, ; whose density is constant along vertical segments. Similar
results of the following proposition for the Brown measures of different random variables
can be found in [12, 25].

Proposition 2.10. The Brown measure of xo + io; is the unique measure m on {1, ; that
is absolutely continuous with respect to the Lebesgue measure such that the density is
constant along vertical segments and the push-forward of m by Q. . is Law(zg + o).

Proof. Suppose that dm(a + ib) = g(a) dadb on §,, ;. Write u = Qy, +(a). Since £, , has
the form described in Theorem 2.8, the push-forward of m by @, has the form

xo,t xo,t

4uy (bt (a)g(a) da = v (bt (a))g(a)j—idu, U € Qug.t Nyt NR). (2.4)

By the definition (2.3) of @, and Theorem 2.8, the density of Brown(zo + i0;) has the
form (1/4nt)(du/da) that is strictly positive.

By Point 2 of Theorem 2.9, taking g(a) = (1/4nt)(du/da) to be the density of
Brown(zg + i0:) gives Law(z + o03); that is, Law(zo + o) has the form

1
— (bt (@) du,  u € Qugt(Qagi)-

Tt
Since du/da is positive, the only g(a) that makes the measure in (2.4) equal to Law(zg +
ioy) is (1/4nt)(du/da). This shows that Brown(zo + i) is the only measure on €, ; that
is absolutely continuous with respect to the Lebesgue measure such that the density is
constant along vertical segments and the push-forward of m by Q. is Law(xo + o). O

3 The Brown measure computation

Let yg be a self-adjoint element, 58_% and ot be two semicircular elements, all freely
independent. Denote the law of yy by v. We study the Brown measure of

yU—‘sz_%—l—ZO’%

with 0 < § <.

If the law of yy + &s,% is a Dirac mass at one point, then the Brown measure of
Yo + 63_% + ia% is singular with respect to the Lebesgue measure on the plane, and
is a semicircular distribution along a vertical segment. Thus, we recall our standing
assumption (Assumption 1.1) that either s > % or v is not a Dirac mass, so that Law(yo +
,_t) is not a Dirac mass.

For convenience, we define

To = Yo + 68_%.
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Law(yo + 0s)

V Fot

Hyg oot . .
Brown(yo + c) 0 Brown(yo + 54 12+ ioy/2)

Figure 1: Holomorphic maps between the complements of the supports of Brown(yo +
Gs—t/2 + 104 /2), Brown(yo + ¢,), and Law(yo + o)

By Theorem 2.8, ., /2 is an open set of full measure of Brown(zo+ioy /). Since xg+ioy /o
depends on both parameters s and ¢, we write

Qs,t = on,t/Q‘

We also write the boundary of 2 ; as a + ib, +(a) instead of a + ib,, /2(a). We recall from
Remark 2.5 that given any ¢ in the support of Law(yo + o), H,, fs(q) means the unique
point ag + vy, s(ag) on the boundary of A, ..

3.1 The domain of the Brown measure
By Theorem 2.4 and the definition of 2, ;/> (see Theorem 2.8), the map

Fop(2) = Hygrpp0 H', o(2) (3.1)
is an injective conformal mapping from (£2,,)¢ to the complement of the support of
Law (yo + 0s).

We want to establish a push-forward result that the push-forward measure of
Brown(yo + cs) by a map constructed by H,, . is Brown(yo + 6_¢/2 + i0,/2). The main
theorem in this section establishes the connection between the domains €2 ; and Ay, , of
Brown(yo + ¢s) and Brown(yo + 65_;/2 + 90, /2) Tespectively. The strategy is to show that
F,;, originally defined using H, ;/» and H,, _/», can be written in terms of H,, ; and
H,, s— asin Proposition 3.2. Figure 1 demonstrates the connections of the complements
of the supports of Brown(yo + 65_¢/2 + i0¢/2), Brown(yo + ¢5), and Law(yo + o), where
To = Yo + 04_¢/2, by the holomorphic functions Fy;, Hy, ;¢ and Hy, ;. We remark that
the parameters s and ¢ satisfy 0 < ¢ < 2s; the parameter s — ¢ in the subscript of Hy, s_;
can be negative.

Theorem 3.1. The function H,, s_,; is an injective conformal map on (A, )¢ and extends
to a homeomorphism on Ay . We also have

O, = Hyp oo (A, ). (3.2)

Yo,8
In particular, €5 s = Ay, s, recovering the domain in Theorem 2.6.

Proposition 3.2. The inverse F;tl of F, ; can be written as

Foii(2) = (Hyg,s—t 0 Hyl)(2) (3.3)

Yo,s

for all » outside the support of Law(yo + o).

This shows that, when yy = 0, Fs; is the additive analogue of the function f;,
introduced in [23] in the context of free Segal-Bargmann-Hall transform.

Proof. Recall that we denote yo 4+ 7,_: by z¢. By Theorem 2.4,

ST3

Gy0+<fs (Hﬂﬂo,t/Q(Z)) = GI0+Ut/2 (Hro,t/Q(Z)) = GJL’O (Z) = GyoJrUs—t/z (Z) (3.4)
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because 7,_;/; + 0;/2 has the same distribution as o,. When |z| large, (3.4) becomes

H;)l,t/z(z) = Kyo+Us—t/2(Gyo+Us(Z))' (3'5)

Since the R-transform of the sum of two freely independent variables is the sum of the
R-transforms of each variable (See Section 2.1.1),

t
Ruptor-op(6) = R+ R, () = Rap(e) + (5 1)

Substracting by % gives us

t
Ky0+05—t/2 (Z) = Kyo (z) + (S - 2) 2 (3.6)
Therefore,
t
Kuytors(Guron(2) = Ko (G (D) + (5= 5 ) Guuton(2). - B7)
By the definition of F, ! in (3.1),
_ —1 -1 t _

F () = Hagoapo (HS 15(2)) = H1(2) = 5Gpbo s (Holn2)  38)

Using (3.5) and (3.7), the above becomes

_ t
Fs,tl(z) :Ky(J""O-sft/Z (Gyo+as (Z>) - §Gy0+gs (Z)
t t

K Gose (D)4 (55 ) Gt ()~ 56t 2 39

=Ky (Gyot0.(2)) + (5 = 1) Gy 40, (2)-
Now, since Hy, , satisfies Gy, 15, (Hy,,s(2)) = Gy, (%), we have

Hy ' (2) = Ky (Gyoto. (2))

Yo,s

for all large enough |z|. It follows from (3.9) that sttl can be written as

Foi(2) = Hyly(2) + (s = )Gy (Hy | (2)) = (Hygs—e 0 H L) (2)

st Y0,8 Yo, Yo,8

for all large enough z. Since both sides of the above expression are defined on the
complement of the support of Law(yo + o), (3.3) holds for all z in the complement of the
support of Law(yo + o) by analytic continuation. O

Proof of Theorem 3.1. The function F;tl is an injective conformal map on the comple-
ment of the support of Law(yo + o). Thus, by Proposition 3.3

Hyoys—t(z) = F_,tl o HyO,S(Z)v S Ayo»S

S

is an injective conformal map onto
{a+ibe C||b| > bs,(a)}

Now, that the function H,, ;—; extends to a homeomorphism on A, ; follows from
an elementary topological argument by regarding A, ; U {oco} and {a + ib € C||b] >
byo.t(a) }U{oo} as two disks in the Riemann sphere. Thus, H,, s_, is an injective conformal
map on (A, ;)¢ and extends to a homeomophism on Ay by Schwarz reflection about
the real axis.

Equation (3.2) is a restatement of Proposition 3.3. If s = ¢, the holomorphic function
H,, s—; is the identity map; therefore, Q, s = Ay, by (3.2). O
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3.2 Two push-forward properties

In Section 3.1, we establish the connection between A, ; and Q ; through the map
Hy, s—+. In this section, we prove that the push-forward measure of Brown(yo + cs)
by a canonical map constructed using Hy, ;¢ is Brown(yo + Gs_¢/2 + i0¢/2). The main
observation is that both Brown(yo + ¢s) and Brown(yo + ¢,_¢/2 + i04/2) can be pushed
forward to Law(yo + 05), by Theorems 2.6 and 2.9. These push-forward maps are not
injective; nevertheless, Proposition 2.10 shows that they characterize Brown(yo + ¢;) and
Brown(yo + Gs—¢/2 + i0¢/2).

For convenience, we use the notations a + ib for the points in Q,;, a 4 i3 for the
points in A, s, and u for the points in the support of Law(yo + o).

Define the function a,; : R — R by

ast(a) = Re[Hy, s—¢(a+ivy, s(a))], a€R.
Let Usy : Ay, s — Qs+ be defined by

ReUs i (a+i8) = as ()
ImU, (o +if) = % (3.10)

We will prove that a,; is a homeomorphism on R in Proposition 3.4. We can then
immediately see that Us; is indeed a homeomorphism on the complex plane C. In this
section, we prove the following two push-forward properties that are introduced in Points
2 and 3 of Theorem 1.2.

Theorem 3.3. We have the following results about push-forward measures.

1. The push-forward of Brown(yo +c,) under the map U, ; is Brown(yo +G,_¢/2 +i0¢/2).
2. The push-forward of Brown(yo + Gs_¢/2 + i04/2) by the map

Qs,t (Cl + Zb) -

t[sa — tag i(a)]

is Law(yo + 0s).

Recall that the function Fj ; is defined in (3.1). By Theorems 2.6 and 2.9, the push-
forward of Brown(yo + ¢,) by ¥,, s defined by

\ijoys(a + ZB) = H@/ms(a + ivyms(a))a a+if e Ayo»s

and the push-forward of Brown(yo + Gs—¢/2 + i0¢/2) by Qu.¢/2 (Where 2o = yo + G54 /2)
defined by
Quo,t/2(a+1b) = Fy(a+ibs¢(a)), a+ibe Qs

are both Law(yo + 6,_¢/2 + i0;/2). In the proof of Theorem 3.3, we actually can see
that Qs+ = Qg /2. Figure 2 illustrates the push-forward relations between all of these
measures.

Before we prove this theorem, we first study the function a,; in the definition of U ;.

Proposition 3.4. The function ay is strictly increasing. It is a homeomorphism onto
R. In particular, as, has an inverse on R that is also strictly increasing. Furthermore,
ay(a) >0 foralla € Ay, s NR.
The upper boundary curve a + ibs ;(a) 0of Q,, can be parametrized by o € A, s N R.
The parameterization is
. it
a+ibs(a) = as(a) + ;vyoﬁs(a). (3.11)
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Law(yo + 0s)

V Qs

Us .+ - .
Brown(yo + c) : Brown(yo + 54 12+ ioy/2)

Figure 2: Push-forward relations between the probability measures Brown(yg + &,_; /2t
i0y/2), Brown(yo + ¢,), and Law(yo + 0,), where ¢ = yo + G5_¢/2.

Proof. By a direct computation,

%Jm)zsst<;ft+RqH%4a+m%ﬁm»0.

If s > t, then a,, is strictly increasing because Re[H,, ;(a+ivy, s(a))] is strictly increasing
in @ € R by Theorem 2.4. If s < t, then we write

t;S(@i:?a+Rﬂﬂmr4a+n%ﬁmD0

as () =

which is a strictly increasing function since Re[H,, _s(o + vy, s(a))] is strictly increasing
in o € R, by Point 2 of Definition 2.7. If s = ¢, a,; is just the identity function. In any
case, if vy, (o) > 0, a, is differentiable at a and af ;(a) > 0 by Point 2 of Definition 2.7.

By Theorem 3.1, a + ibs(a) = Hs_i(o + ivy, s(a)) for a unique a € Ay, s NR. The
imaginary part of Hs_;(a + ivy, s(«)) is given by

1 t
) (1= =) [ ot @) = L)
by (2.1). This proves the parametrization (3.11). O

Proposition 3.5. The function U, ; : Ay, s — Qs defined by (3.10) is a diffeomorphism;
it extends to a homeomorphism from A, s to Qs ;. Moreover; it agrees with H,, _; on
the boundary of Ay, 5.

Proof. By Point 1 of Theorem 3.7, a,, is injective, strictly increasing and differentiable
in Ay, s N R with nonzero derivative; therefore, U, ; is a diffeomorphism from A, s onto
Q,+. Since as+ is a homeomorphism defined on R, the map U, can be extended to a
homeomorhism in C; in particular, it is a homeomorphism from A, s to ;.

It is clear from (3.11) that U, ; agrees with H,, ,_; on the boundary of Ay .. O

Before we prove Theorem 3.3, we write the function «,; in Theorem 3.7 as the
solution of the following integral equation

(asi(a) — z) dv(z)

(O[s7t(a) — I*)Q + Uyo,s(as,t(a))Q (312)

a=asi(asi(a)) =asi(a)+ (s —1t) /

Proof of Theorem 3.3. Recall that the density of Brown(yo + ¢s) is constant along
vertial segments in Ay, ;. By (3.10), the Jacobian matrix of U, ; on A, , is diagonal and
Im(Us (o + i8)) depends linearly in 8. Thus, the density of the push-forward measure of
Brown(yo + ¢s) by Us; is again constant along vertical segments in €2, ;.
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We apply Proposition 2.10 to show that the push-forward of Brown(yo + ¢5) by Us 1 is
Brown(yo + 65_¢/2 + i04/2). By Proposition 3.2, for any o + i € Ay, s,

Qa:o,t o Us,t(a + ZB) = Fs,t(as,t(a) + ibs,t(as,t(a)))
= Hy, s(a + vy, s(@))
= ‘I/yo,s(Oé + 'LB)

This shows that if we further push forward by @, ; the push-forward of Brown(yo + ¢;)
by U, we get the push-forward of Brown(yo + ¢s) by ¥, s, which is Law(yo + o,) by
Theorem 2.6. This completes the proof of Point 1 of the theorem.

We now prove Point 2. By Point 1, Brown(yo + Gs—¢/2 + i0y/2) is the push-forward
measure of Brown(yy + ¢;). Since U, is a diffeomorphism on A, ,, the push-forward of
Brown(yo + G4—¢/2 +i0¢/2) by Wy, s 0 U;tl is Law(yo + o). (In fact, by the proof of Point 1,
Wyos 0 Us) = Quy.e.) We then compute

Wy, 0 Usy (a+ib) = Uy s (ozs,t(a) + z?b)

=as(a)+s Geale) - 2
= ast(a) + / (s i(a) — )2 4 vy, s(as i(a))

= as,t(a) + . i (a— as7t(a))

dv(z)

t

where we use (3.12) in the last equality. The above equation simplies to the definition of
@s,:, completing the proof. O

The density wy,,s: of Brown(yo + Gs_¢/2 + i0;/2) can be computed in terms of the
density w,, s of Brown(yo + ¢;). We will give an alternative formula in the next section.

Corollary 3.6. Let r = t/s and write a + ib = U, 4(a + i) for all « + i3 € Ay, 5. Then we

have .
1 Wy, ,s( + i)

rr+2m(1 = 7)s - wy, o (a + if)

Wyo,s,t(a 4 ib) =
forall a +ib € Qg ;.
Proof. Denote r = t/s. We can write the function a, ;(c) defined in Proposition 3.4 as

dv(z)

o+ vy, (o) —

asi(@) =a+ (1 —r)sRe [/
— o (1= 1)[Hyps (0 + 040 () —
= (1 —7)thy,.s(a) + 1o

So, we have
das ()

da
By Theorem 3.3, we can compute the density wy, s +(a + ib) da db in terms of wy, s as

=r+21(1 —7)s- wy, (a0 +if).

Wyy,s,t(a +1b) dadb = wy, s(a + i8) da df

do dp

= Wy, (a0 +1if) Ta b da db

1 Wy, s(+ 1)
Corr2n(l—1)s - wy s(a+iB) da db,

completing the proof. O
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3.3 The density of the Brown measure
The main theorem of this section is to compute the density of Brown(yo+6s_/2+i0/2)
stated in Point 1 of Theorem 1.2.

Theorem 3.7. The Brown measure of yo + 0,_y/2 + 1042 is absolutely continuous with
respect to the Lebesgue measure on the plane and is supported on 2, ;. The open set
Q,+ is a set of full measure of the Brown measure. The density of the Brown measure is
given by

) L 4 (@) — @ v(z
Wys4(a+b) = 2t (1 * tda / (ast(a) = )% + vy, s(as,e(a))? ! )>

on the set ), ;. In particular, the density is constant along the vertical segments.

Proof. We only need to compute the density. The proof uses the first push-forward
property stated in Theorem 3.3. By Theorem 2.6, Brown(yg + ¢;) is given by

1 d .
%%st(a + vy, s(a)) da df

L d <as,t(a)+t/( (a = z)dviz) 2>dad5

275 da a = )% 4 vyo 5()

for o +i8 € Ay,,s. The determinant of the Jacobian matrix of U, ; defined in (3.10) is
(t/s)(das,/dc). By the push-forward property in Point 1 of Theorem 3.3, we compute
Brown(yo 4 65_¢/2 + i0y/2) by doing a change of variable a + ib = a,(«) +i(t/s)5 to the
above formula of Brown(yg + ¢5) and get

N : 1 d (asi(a) —z) dv(z)
B _ = —— t : da db
rowntan + 3 +ioy) = g (o [ e A o
on ), ;. We have completed the proof. O

Before we end this section, we prove Proposition 1.3 in the following corollary.

Corollary 3.8. Given any a € R, (1.1) has a pair of solution o« € R and v > 0 if and
only ifa € Qs NR. In this case, the solution is unique; moreover, we have o, .(a) = «,
Oyors(0s.4(a)) = v and by y(a) = Lo.

Proof. Let a € Q,; NR. Then, by (2.1) and (3.12), a = a;+(a) and v = vy, s(as(a)) is a
pair of solution of (1.1). This shows existence of the equation. We now show the solution
is indeed unique. Suppose that o € R and v > 0 is a pair of solution. We must show that
a = og¢(a) and v = vy s(as4(a)). By (2.1), the first equation of (1.1) says v = vy, ().

Using the first equation
/ dv(z) 1
(@ —x)2+0v2 s’

of (1.1), the second equation of (1.1) can be written as

=« s — (@ —z) dv(z)
a=a+( t)/(a—x)2+vyo,s(a)2’

which shows a = a, (), and so o = a;4(a).

Conversely, suppose that (1.1) has a pair of solution a € R and v > 0. Then the
arguemnt that shows uniqueness of solution in the preceding paragraph proves that
v = vy,s(asi(a)) and so a = as (). Thus, (3.11) shows b, (a) = tv/s > 0, and so
a€ Qs NR. O
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4 Asymptotic behaviors of adding a circular element

4.1 The graph of v, ; as s — o0

In this section, we study the asymptotic behavior of v,, s and Ay, s as s — co. Below
is the main theorem of this section.

Theorem 4.1. The following asymptotic behaviors of the graph of vy, s hold.
1. Let D, = sup{|z — y| |z,y € supp u}. When s > 4D?, the function v, s is unimodal.

In particular, Ay, s "R is an interval.
2. Given any c > 1, we have

3er(y?

s A R = (1) + v5)] < 250

and ( 2)
. 3er(y

linf Ay,.s "R — (7(y0) — V/s)| < 2\@0

for all large enough s. In particular,

CT 2 CT 2
A VR E () = 5 = 27U ) 4 v+ 27080

for all large enough s.

3. Given any ¢o € (0,7/2), then for all large enough s, for all |cos ¢| < cos g, the
unique o« € R such that

Hy, s(a+ vy, s(a)) = 2¢/s cos .

satisfies )
ot ivy.s (@) = V56| < o

Point 1 of Theorem 4.1 is a known result in [22, Theorem 3.2]. We state it here for
completeness; it is also useful for us to understand the asymptotic behaviors of Ay, .
We study the asymptotic behaviors of v,, ; by looking at v 291, whose graph is scaled

by /s the graph of v,, ;. We look at
HyT%’l(Z) = erGL\/%(z).

If s is large enough, H%J is defined for all |z| > § since yo is assumed to be bounded.
We assume 1y, is centered and has unit variance until the proof of Theorem 4.1
for simplicity. The function H 1 is the inverse subordination function of the free
convolution % + 01. When s is large, % + o1 behaves like o; our strategy is to compare
% + o1 with 1. Denote by k(%) the function Hy ;(z); that is
1
k(z) =2+ =

The techniques in this section are similar to techniques in proving the supercovergence
results in [5, 6, 34].

Lemma 4.2. Assume v is a bounded random variable with 7(yo) = 0 and 7(y3) = 1.
Then given any c > 1, there exists s > 0 such that

c 1

TS

Hszol(z)—k(z) < 5

for all s > sg.
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Proof. When s is large enough, we can write

_ 1 7(yg)
Hny)l(Z) =k(z) + g; SElntl

2
R

for all |z| > 5. Observe that

i (i) 7(y3) L i 7 (y3)l
~ 8%712n+1 |Z‘3 |Z‘3 — 3%71(1/2)11—2
for all |z| > 3. Since we assume 7(y3) = 1 and
SILHQOZ 7—1 1/2 2 =
the result follows. O

We compute that k'(z) =1 — % ; the double zeros of k£ are 1 and —1. The next lemma
shows that H 101 also has doubles zeros at a point close to 1 and a point close to —1.
Since v 191 is unimodal for large s, these two points are the only double zeros of H 1.
Since H 291 is symmetric about the real axis, these two double zeros must be real
numbers. Agaln since vu ; is unimodal for large s, Auo 1 MR is an open interval and the
two double zeros of Hyfo | are the endpoints of Aw ; NR.

Lemma 4.3. Given any c > 1, there exists sy such that

) . 3c
! 6 / 4
%,1(i1+rez ) —K'(£1+7re’ )‘ < SA—)7
forall s > sg andr < 3.
Proof. Recall that
Hug 1(2) = Z = n+1;
E o Z
we compute
11 (n+ 1)7(y2)
/ _
yf‘%l( )_1_,22_5< 24 z4 ——1Zn 2 ) (4.1)

Let ¢ > 1 be given. If z = 1 + re?® with r < 1/2, then for all large enough s,

(n+ )7 3c
24 24 Z ﬂ*1,2" 2 (1—r)4
since |z| > 1 —r > 1/2 and 7(y2) = 1. The case for z = 1 — re?? is similar. O
Proposition 4.4. We have
3c 3
17—<supAyo 10R<1+£
2s 2s
and 36 5
—1—2— <infAu 1mR<—1+2—C
for all large enough s. In particular;,
3c 3c
A —1-—14+4—
\y/%’lmRC( 2s’ Jr2s>
for all large enough s.
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Proof. Recall that supAw ; NR and inf Aw ; N R are the only double zeros for Hu ;

s

ok

when s is large enough so that v, , is unimodal.
Let ¢ > 1. We compute, with z = 1 4 re*?,
1 r(2e% + re?i?)

22 (1 + rei?)?

r(2—r)
~ (1+7)?

\1

. . ! .
Then, by choosing any 1 < ¢’ < cin Lemma 4.3, r = 3¢ satisfies

. ; 3c r(2—r) 1
/y 1 AN ]C/ 1 160 ‘ < < <|1-=
701( +re) (1+re”) sA—r) S a+r2 = 22
for all large enough s, because, if s is large enough
3c(1+7)? 3c(1+7)%2s -
= S.
r2-r)1-r)* 3c2-r)(1—-1r)*
By Rouché’s theorem, we have
3¢ 3¢
1—2—8 <supAy7%’1ﬂIR<l+2fS.
The proof of
3c 3c
—1— —<infAy -1+ —
28<1n %’10R< +2$
is similar. O

Proposition 4.5. Given any ¢, € (0,7/2), then for all large enough s, for all |cos | <
cos ¢g, the unique a € R such that

H%’l(a—i—iv%’l(a)) = 2cos p.

satisfies 1
‘Oéﬁ*il)yio (o) — e < —.
Ve (singg)s
Proof. Fix ¢y € (0,7/2) and let r = m. Then, given any ¢ € (0,7) such that

sin ¢ > sin g, we have, for large s,
i oy piion| _ | e (T +2ising
|k(e"? + re'®) — k(e'?)| = ‘re <ei¢+rei9

. (4.2)
1 2singpg—7r

T singpgs 147
Fix any 1 < ¢ < 2. The lower bound in (4.2) of s |k(e¥ + re?) — k(e'?)| converges to 2 as
s — oo. It follows from Lemma 4.2 that, for all large enough s,
c
s(1—r)3
< |k(ei“" + ret?) — k(ei“o)’
= |k(e™ + re?) — 2 cos ©)|;

H%’l(ew +re’?) — k(e + reia)‘ <

1
in po)s

by Rouche’s theorem, there exists a point peos, such that | Deosp — ew| < and
H‘%J (pcos c,o) = 2cos .

In particular, H n 1(Peos ) € R. The proposition now follows from the fact that v ;(a)

s

ok

is the unique positive number (if exists) such that
HL\/%J(OL + Z"UL\/%J(O&)) € R.

This completes the proof. O
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Proof of Theorem 4.1. Point 1 is a result in [22, Theorem 3.2] which states that v, is
unimodal for s > 4D2. This implies A, s "R = (inf Ay, 5,sup A, ;) is an interval.
Let
v — Y0 —7()

7(%5)
and write ¢ = s/7(y2). By Theorem 2.6, A, ; is the domain of full measure of Brown(yo +
¢s). Since Brown(yo + ¢s) is the push-forward of Brown (% + cl) by the function

2= 7(yo) + 21/tT(y3) = 7(y0) + 2V/s

by [17, Proposition 2.14]. Thus,

Ayos = {T(yo)—I—z\/EEC’zEA%J}.

Points 2 and 3 then follow from applying Proposition 4.4 and Proposition 4.5 with
t = s/7(y3) in place of s respectively; A, s is obtained by scaling A%J by /s and
translating by 7(yo). O

4.2 The density as s — o

In this section, we estimate the density of Brown(yg + ¢s) for large s. The Brown
measure of ¢, is the uniform measure on the disk of radius +/s; that is, the density is the

constant

L (4.3)

T8
inside the unit disk. The following theorem states that for a fixed yy, as s — oo, the
density w,, s of Brown(yo + ¢s) is approximately the same constant in (4.3).

Theorem 4.6. Denote by w,, ; the density of Brown(yy + ¢s). Then, for any ¢ > 1 and
o € (0,7/2), we have

. 1
Wy s(a+15) — P <

) <3+ 2

2752 sin? g sin ¢

> ) W)yo,s(a” < 2\/§COS ©o

for all large enough s.

To simplify the computation, we assume 7(yo) = 0 and 7(y3) = 1 until the proof of the
theorem. The key is to estimate the difference between the complex derivatives H'y, |
Vs’

and k’; indeed the density is directly related to the real part of the complex derivative of
the subordination function H ,, .
\/§7

Lemma 4.7. Given any ¢ > 1 and ¢, € (0,7/2), for all sufficient large s, the unique «
such that

H?/TO’I(OZ-FZ.'U?A’I(OZ)) =2cosyp, sing > sinpg

satisfies
1 1 < 2c
Re(l/k’(a+ivf’7},1(a))) Re(1/k (et®)) ssin® g

Proof. Fix any g € (0,7/2) and ¢ > 1. By Proposition 4.5, for any ¢ € (0, ) such that
sin ¢ > sin g, the unique a € R such that

H%,l(a—kiv%,l(a)) = 2cos .
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« Y0 1 o) —e < — 4:.4
w \/le ( ) (bln (po ) S ( )

for all large enough s. We know that m = 2 because

1 et 1
= —(1 —icoty). 4.5
W) e —ee gl Ticoty) (4.5)
Using (4.4) and (4.5), we have
1
5 < 4+/c (4.6)

(1/2 = [Re(1/K' (w)) — Re(1/K' (7))

for all large enough s.
Write z = ¢ and w = o + ivyTOJ(a). Observe that

1 1 w? 52 B (2 — w)(z + w)
k/(w) B k’(z) T w?2-1 o 21 (’wz—l)(ZQ _1)~ 4.7)

Also, it is straightforward to check that |22 — 1| = |?* — 1| = 2sin ¢, and, by (4.4),

u? 22| =

1 1
lw—z||w+ 2] < — <2+ - )
(singg)s (singg)s

We have, for all large enough s,

1 2,/c

4sin? g s(sinpg)

Thus, by the mean value theorem (applied to the function 1/(3 + z)), and (4.4)-(4.7),

1 B 1 ‘ |Re(1/K' (w)) — Re(1/K'(e?))]
Re(1/K(w))  Re(1/k'(e))]| = (1/2 = [Re(1/K(w)) — Re(1/K'(e7#))[)?
Ve 2c

<4+/c =
\[25 sin® gy ssin® g

for all large enough s, completing the proof. O

Lemma 4.8. For any ¢ > 1, we have

1 B 1 _ 3 1 1 |Z|>1
Re(1/Hy \(2)) ~ Re(1/K(2))| s 2" Re(L/K ()P i (2)> 2

for all large enough s.

When |z| = 1 but z # 1, —1, the right hand side of the inequality does not divide by
zero. More explicitly, if z = €'?, we have

K (2)] = [2* — 1] = 2sine. (4.8)

Proof. Let ¢ > 1. By (4.1), for all || > 1,

- W\ _ 3¢/57(u3)
Hiy () — K ‘ 372y + S AV 0 4.9)
by 1(2) = K (2) s|| D+ mng o
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for all large enough s. We then must have

1 cl/3 q 1 cl/3
Re(1/Hhy ()| ~ Re(URG) *" ‘H’(%l)() [ (2)]

for all large enough s. Therefore, we have

1 B 1
Re(1/Hly ,(2))  Re(1/k'(2))

‘Re(l/k’(z)) Re(l/Hyo 4 (2 ))’

3

’Re(l [y ’1(z))Re(1//f’(Z))‘

1/3 1/3

¢ ¢ H'(z) = K(z
< R |k,wzl (2) — K'(2)]
3er(yg) 1 1
slzl* Re(1/K (2))]? |k'(2)]

which is the desired inequality since we assume 7(y2) = 1 until the proof of Theorem 4.6.
O

Lemma 4.9. Given any ¢ > 1 and ¢, € (0,7/2), for all sufficient large s, the unique «
such that
Hy70§71<a+ ivyj%)l(a)) =2cosyp, sing > sinpg

satisfies

! 2l < — (3+ 2 )
Re(1/H'yy ( ) ssin? g sin g
%1
where w = a + v ().
Vs

: _ i _ - 1 _
Proof. Let ¢ > 1. Write z = ¢'? and w = o + zv%7l(a). Recall that 7757 = 2 by (4.5).
We estimate

1 1 1 1 1
N R ) / ] |
(1/Hyo 4(w)) Re(l/Hyo (W) Re(1/K(w))|  [Re(1/K(w))  Re(1/k(2))
(4.10)
We estimate the first term in (4.10) using Proposition 4.5 and Lemmas 4.7 and 4.8.

Fix any 1 < ¢’ < ¢. For all large enough s, the first term is bounded by

3¢ 1 1 3¢ < 1 N 2c )2 1
s|w[* [Re(1/E (w))]? |k (w)> ~ s[1 —1/(sinpos)*] \Re(1/k'(e?¥)) ~ ssin® o/ |k/(w)]?
12c_1
s 4sin®
3c
<7
~ ssin? gq

by (4.8) and Lemmas 4.7 and 4.8.
By Lemma 4.7, the second term in (4.10) is bounded by

1 1 < 2c
Re(1/k' (w)) Re(1/K'(z)) ssin® g
The result then follows from adding these estimates. O
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Proposition 4.10. Denote by Wy the density ofBrown(% + ¢1). Then, for any ¢ > 1

and ¢y € (0,7/2), we have

. 1
wL\/%J(O‘ +iB) — p

c 2
<t (35 -2), o) < 2c0
27Tssin2g00< Sln(po) ¢x/05’1( ) o

for all large enough s.

Proof. By Equation (3.31) of [25],

R 1 d¢£’7%,1(0‘) .
e =
H’;,T%J(w) do

where w = a + v v 1(a). (This formula appeals to the subordination function H \57011 of
the free convolution ¥ + o, has an analytic continuation in a neighborhood of any ;)oint
wyT%J(oz + z’v%J(a)) if v%yl(a) > 0; see [2, Theorem 3.3(1)].) Thus, we can express the
real derivative through complex derivative

d¢%,1(04) B 1
da  Re(l/Hhy (w))
v,

By Lemma 4.9, given any ¢ > 1 and ¢q € (0,7/2), for all sufficient large s, the unique
a such that

z/;yTOJ(oz) =2cosyp, sinp >singy

satisfies v (@)
g (@ 2
SRV, | | — (3 + - ) .
da ssin” g sin ¢g
The proposition now follows from Theorem 2.6 O

All the estimates in this section that we have done are under the assumption 7(yg) = 0
and 7(y3). We are now ready to prove the estimate of the density of Brown(yy + ¢,) for
arbitrary 7(yo) and 7(y3).

Proof of Theorem 4.6. Without loss of generality, we assume 7(y) = 0, since other-
wise we translate the density by 7(yo).

We first assume 7(y3) = 1. Let w = a + ivy, () and z = % Then

(6] . «
Zzﬁ_‘_w%,l ﬁ .

Since Brown(yg + ¢s) is the push-forward measure of Brown (% + c1) by z — /sz,

. 1 1 .
wyovs(a +’Lﬂ) = g . w%71 (\/E(Oé+lﬂ>> , Z € Ayo,s~

By Proposition 4.10, for any ¢ > 1 and ¢ € (0,7/2), we have

c 2
(3 + > ’ |wy0,s(a)| < 2\/§COS ®o

. 1
P < P
wyo,s(a + 7/5) 2752 sin2 ©0 sin g

s

for all large enough s. This establishes the result with 7(y3) = 1.
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For arbitrary 7(y32), let Y = —%_ . We consider the random variable 1 +c
ry (yO) \/‘F(Té) m(yo s)
which has the same x-moments, hence the same Brown measure, as Y + ¢;, where
t=s/7(y3)-

By the result for 7(y3) = 1, given any ¢ > 1 and ¢, € (0,7/2), we have

. 1
’wy,t(a +1if8) — p— <

(3 ) i) <2Vicosen @i

2mt2 sin? g sin g

for all large enough ¢. Now, since Brown(yo + ¢;) is the push-forward measure of
Brown(Y + ¢;) by z — +/7(y3)z, by (4.11), we must have

) <3+ 2

2752 sin? g sin ¢

s

‘wyo,s(a +iB) — L < > Wy, (@) < 2¢/scos g

for all large enough s. O

5 Asymptotic behaviors of adding an elliptic element

In this section, we study three limiting behaviors of Brown(yo + Gs_¢/2 + i0¢/2) as
s — oo. The first regime is to keep s and ¢ at the same ratio r = ¢/s; the second regime
is to keep ¢ fixed; the last regime is to fix s = ¢/2.

5.1 Fix s/t and let s,t —
5.1.1 Domain behavior
In this section, we discuss the asymptotic behavior of the domain of Brown(yg +&S,% +ia%)

for a fixed r = t/s. When yy = 0, the domain of &S,% + z’a% has the shape of an ellipse
with boundary

2s —t t
%cosg@—i—iﬁ singp, ¢ € 0,27] (5.1)
(See [8, Example 5.3]). As s — oo with r = ¢/s fixed, the random variable y, + 55—5 + iJ%

behaves like the elliptic element 7(yg) + &5,% + z‘a%. Roughly speaking, the domain €2, ; o
Brown(yo + 65._% + z’o%) is asymptotically an ellipse with boundary as in (5.1) translated
by 7(yo). The following theorem states precisely the asymptotic behavior of the domain
Q¢ of Brown(yo + &, + 40 ); the main tool is Theorem 4.1.

Theorem 5.1. Fix the ratio r = t/s. The following asymptotic behaviors of the graph of
Q,+ hold.

1. Let D, = sup{|z — y||z,y € supppu}. When s > 4D?2, the function by ; is unimodal.
In particular, Qs N R is an interval.
2. Given any c > 1, we have

25—t c(3r+ 2|1 —r))7(43)
e )‘ - 23

sup;: NR — (T(yo) +

and

s—t c(3r+ 2|1 —r|)7(y3)
NG )‘ = NG

for all sufficiently large s. In particular, A,, s N R is contained in

2
infQ;; NR — <T(yo) —

25—t c(3r+ 2|1 —r|)1(y3 25—t c(3r+ 2|1 —r|)7(y?
gy~ 2t B2 ) 2s 1 e(3r g2 rl)r(sd)
Vs 2y/s Vs 2y/s
for all large enough s.
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3. Given any ¢y € (0,7/2), then for all large enough s, for all |cos | < cos g, the
unique o € R such that

Hy, s(o+ vy, s (@) = 2¢/s cos .
satisfies
, 25 —1 ot r
Ust(a+ ivy, (o)) — 7 cos ¢ + z% sin @} ’ < ETANG

Proof. Point 1 follows directly from [22, Theorem 3.2] which states that v,  is unimodal
for s > 4D3, because, by Proposition 3.4, we have

t
bst:*'U S-
) s Yo,

Fix r = t/s throughout this proof. We now prove Point 2. Without loss of generality,
we assume 7(yo) = 0. We first estimate a; ,(o*) where

a*=supA, ;51 NR.

We compute

ay (%) =(2-r) = (2" 1) (1 — 1a*r>+ (A =rrlys) , (A7) i 7(v6) (5.2)

s(a*)3 g3/2 —~ 8(7L—3)/2(a*)7L+1'

By Proposition 4.4 (with s replaced by s/7(y2)), given any ¢ > 1, for all large enough s,
we have
c(3r+ 21 —r|)1(yd)

25 '

la1r(a®) = (2-7)| <

Since
sup Qs,t NR = \/gal,r(a*)a

we have

25—t - c(3r+ 2|1 —r|)7(y3)
Vs 2/s
for all sufficiently large s. The estimate for inf 2, ; N R is similar.

We prove Point 3 now. By Theorem 3.3, we know that

supQs ¢ NR — <T(y0) +

Qs,t = Us,t (Ayms)-

Suppose « is chosen such that 1, s(@) = 2y/scos . We compute the upper boundary
curve a + ibs (@) = Us t(ov + vy, s(a)) as

asi(a) = (1= 1)y, s() + ra=2(1 —r)y/scosp + ro;
bst(a) = bsi(asi(a)) = rvy, s(a).
So, we have
la+ ibsi(a) — Vs[(2 — r) cosp + irsing]| = r|a +ivy, (@) — V5™ (5.3)
Therefore, by Theorem 4.1, for any ¢ € (0,7/2),

a4 ibs(a) — V/s[(2 — ) cos o+ irsing]| = 7 |a + vy, s (@) — Vse'?|
r

< -—F——"FT+
(5in o)/
for all sufficiently large s. This proves Point 3. O
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5.1.2 Density behavior

In this section, we investigate the asymptotic behavior of the density of Brown(yo +
G,_t +ioy) for a fixed r = t/s. In the case yo = 0, Brown(yo + 6, + to) is the elliptic

law, with constant density
1 S

(25— t)t
in domain €, ;, which is a region bounded by an ellipse in this case (See [8, Example
5.3]).

Denote by wy, s the density of Brown(yo + Ot + ia%). We will prove that as s large
and r = t/s fixed, the density Wy,,s,¢ 1S approximately the same constant in (5.4). The
main tool is the estimate of the density of Brown(yy + ¢s) in Theorem 4.6.

(5.4)

Theorem 5.2. Fixr =t/s. Given any ¢ > 1 and ¢, € (0,7/2), we have

L1 s cr(yg) 1 2
s b) — = < 3 i
Wy s,t(a +1b) m (25 — t)t 27 sin? g (25 — t)? " S Po

whenever ¢, s(a;¢(a)) < 2+/scos g, for all large enough s.

Proof. Let ¢ > 1 be given. By Corollary 3.6, if we write a + ib = U, (o + if3) for all
a+if € Ay, ;. Then we have

wyo’s(a + 7’6)

s ib) = — A
Wyo,s.1(a+ D) rr42n(l—1r)s-wy, s(a+ i)

forall a +ib € Q.
Now, by the formula
11 1/(ms)
182 —7r r+21(l—7r)s-(1/7s)’

and Theorem 4.6, for any 1 < ¢’ < ¢, if ¢, s(a) < 24/scos ¢y, then we have wswy, (o +
i) — 1, and

__ rlwyys(a+if) = 1/(7s)|
[r+27(1 —7r)s  ws(a+1iB)][2 —r]

< ert(yd) 54 2 1
2752 sin? g singo ) (2 —1)?

for all large enough s. The proof follows from dividing the above estimate by r. O

wym-ﬂ(O‘ +1if3) _ 1/(ms)
T2l —1r)s-wy, (a+if)  2—7r

5.2 Fixt¢ and let s — oo

In this section, we investigate the asymptotic behavior of Brown(yo + &s_; /2 + 10y /2)
with ¢ fixed and s — oo.

5.2.1 Domain behavior

The following theorem states that (), ; has the shape of an ellipse in the limit with fixed
t as s — oo, except points close to the endpoints of Q5 ; N R. The limiting ellipse has a
very short minor axis; it is a long and thin ellipse.

Theorem 5.3. Fix t > 0. The following asymptotic behaviors of the graph of {1 ; hold.
1. Let D, = sup{|z — y||z,y € supppu}. When s > 4D?2, the function by ; is unimodal.

In particular, Qs N R is an interval.
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2. Given any ¢ > 1, we have

clr(yd) —t
|sup Qse NR — (7(y0) + 2v/5)| < |\Ofs|
and )
t
‘inf Qs NR = (7(y0) — 2\/§)’ |T i;; |

for all sufficiently large s. In particular,

c|r(yd) — c|r(yg) —
Ayps MR C (T(yo) ~ays- T ) yovs W)

for all large enough s.

3. Given any o € (0,7/2), then for all large enough s, for all |cos ¢| < cos g, the
unique o« € R such that

Hy, s(a+ vy, s(a)) = 2¢/s cos .
satisfies

2s —t t

. t
Us i(a +ivy, s(a)) — - cosgo—&—z\fsm(p (sin )52

Furthermore, we have
lim sup{|Imz||z € Qs.} = 0.
§— 00

Proof. Point 1 follows directly from Theorem 3.3 and [22, Theorem 3.2] which states
that v,, s is unimodal for s > 4D3, because, by (3.11), we have

t
bst:*'l) S-
s Yo,

)

Fix t > 0. We now prove Point 2. Without loss of generality, we assume 7(y) = 0. We
first estimate a; ,(o*) where

o’ =sup Ay, 51 NR.
We calculate

e}

o =24 (1-1) Z nT(yS)

sz (a*)n+1

ar (o) —2

n=0
l—a* t  7(y) (v5)
=a" -1 —_——
+ o sa* + 3(04*)3 Jr; 5% (o)t
* a*—1 (yo ( - 7(yy)
=(a"-1) o + )3 Z 55 ()1 (arF)n+1

By Proposition 4.4 (with s replaced by s/7(y2)), given any ¢ > 1, for all large enough s,
we have (by keeping the only order 1/s term)

2
lay () — 2| < w_
S

It follows that | 42 |
c|T(yg) —t
|sup Qs NR— (T(yo) + 2\/§)| < +
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for all sufficiently large s. The estimate for inf {2, ; N R is similar.
We now prove Point 3. By (5.3),

la + ibs i (a) — V/s[(2 — r) cosp + irsing]| = r|a + ivy, (o) — V5™
Therefore, by Theorem 4.1, for any ¢, € (0,7/2),

t

|a+ibs ¢(a) = V/5[(2 = 7) cos ¢ + irsin ]| < (sinpo)s32

(5.5)
for all sufficiently large s.

Let g = § so that sin ¢ > 1/2 for all ¢ such that |cos ¢| < cos ¢o. We label by a,, the
unique « € R such that

Hyy (e + iy 5(0) = 25005 9, |cos ] < cos .

By (5.5), we have

4 2t

Sup{bs7t(as7t(a))|aﬂ_¢0 <a< QWO} > % — SBW

Since
t 2t

bs,t(ast(ag,)) < s tan

and, by Point 1, the function b, ; is unimodal,

t 2t
bs.i(as (@) < ﬁ + 2 Q> Qg Or @ < Qg (5.6)
For all ay_,, < a < @y,
t 2t
SUp{bs,¢ (st ()| Ar_yy < @ < g, } < 7 + S (5.7)

Therefore, we conclude
lim sup{|Imz||z € Qs:} =0
§—00 ’

by (5.6) and (5.7). O

5.2.2 Density behavior

If we consider the special case of yo = 0, Brown(yo + &4_¢ 2 +1i0y)2) is just the elliptic
law; as mentioned in (5.4), it has a constant density

1 s
(28 — )t

If we fixed ¢t and let s — oo, this density converges to the constant 1/(27t).

The following theorem states that if we consider an arbitrary self-adjoint initial
condition yo, the density of Brown(yo + 7,_¢/2 + i0y/2) also converges to 1/(2nt); the
convergence is uniform away the endpoints of Q; ; N R.

Theorem 5.4. Denote by wy, s the density of Brown(yo + 64_/2 + i04/2). Then given
any c > 1 and ¢g € (0,7/2), there is an so > 0 such that

c

wyo,syt(a—i-ib) — Tﬁ < R,

[¥yo.5 (s, (a))] < 2v/s cos o

for all s > sg.
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Proof. Let ¢ > 1 and ¢ € (0,7/2) be given. By Corollary 3.6, if we write (a,b) = Us («, B)
for all o + i € Ay, . Then we have

1 STWy,,s (o +10)

271 1/(25) + (1 — t/s)ms - wy, o(@ + iB) (5.8)

Wyg,s,t (a + ib) =

for all a +ib € Q4.
By Theorem 4.6, given any 1 < ¢’ < ¢, we have

: ' (y3) 2
‘773 ) wyo,S(a + Zﬁ) - 1| < ) 34+ — s Wyu,s(a)‘ < 2\/5(305 ®o
2ssin” g Sin g

for all large enough s. Then, we compute

t

S

STWy,,s (o + i)
t/(25) + (1 —t/s)ms - wy, s(a+if)

_1‘:

TS - Wy, s(a+18) —1/2 ‘
t/(2s) + (1 —t/s)ms - wy, (. + i)

dt |1 dT(yd) < 2 ﬂ
<— |5+ 3+ —
S [2 25 sin? S ©o

ct
2s°

<

for all large enough s, since t/(2s) + (1 — t/s)ms - wy, s(a + i3) converges to 1. Thus,
using (5.8), we have the estimate (uniform for all |1, s(c (a))] < 24/scos o)

) 1 1 MWy, s(a + 1) c
R b _ — Yo, _
Wt (@0 1) = o = S @) T (1 —t/s)ms N CERT) drs
for all sufficiently large s. O

5.3 Sets=1/2and let s — c©

In this section, we investigate the asymptotic behavior of Brown(yo + o4_;/2 + i0¢/2)
with s = /2 and s — oo. Note that, when s = ¢/2, the random variable yo + G,_;/2 +i0;/2
is yo + 0.

Theorem 5.5. 1. Let D, = sup{|z — y||r,y € supppu}. When s > 4D?, the function
bs+ is unimodal. In particular, Q5 ; N R is an interval.
2. We have

B det(y3)
NG

for all s large enough. In particular,

det(yd)
Vs

<inf(Qs: NR) —7(yo) <0 < sup(Qs: NR) — 7(yo) <

Qu) (R C (T(yo)

for all s large enough.
3. We also have

2c
|sup{|[Im z| |z € ., } — 2V/s| < ==
) \/g
for all large enough s.

Proof. Point 1 follows directly from [22, Theorem 3.2] which states that vy, , is unimodal
for s > 4D?2, because, (3.11), we have

bs,t = 2Uy,s-
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We now prove Point 2. Let ¢ > 1 be given. Without loss of generality, we assume
7(yo) = 0. Denote
Ms; =sup(A;sNR) and ms=inf(A;NR).

Then sup(y, s NR) = ay,, (M) and inf(Qy,, s N R) = ay, s(ms). First, My > sup(suppv)
by Point 1 of Theorem 4.1. Recall from Definition 2.7 that (since M; is real)

ayo,S(MS) =H (MS)

- Yo, —s
Y NGO
s M, —zx (5.9)
_ 1 M2 S - T(yg)
_MS( s_s)_mZMn—Q'
S n=2 S
Now, by Theorem 4.1, we have

3er(y3) 3c'7(y3)

— =0 M, = AJ07

Vs NG < M, <5+ NG

for all large enough s. Thus we can estimate |a,,, s(M;)| by (5.9)

v (1 ) S T

|ayq,s (Ms)] =

- 3er(yg) L 7w

Vs Vs
B det(yd)
=~
By that Brown(yo + i05) is symmetric about the real axis and the holomorphic moments
of Brown(yo + i0,) agree with the corresponding holomorphic moments of yo + ios [9],

/a dBrown(yg + i0s)(a + ib) = /(a + ib) dBrown(yo + i05)(a + ib) (5.10)

= T(yO + Z.O.S) =0.
It is impossible that a,, (M) < 0; otherwise, since Q,, , is not a subset of the imaginary
axis, the integral in (5.10) is negative, contradicting that the integral is 0.
The estimate for a,, s(m,) is similar.

To prove Point 3, we let ¢ € (0,7/2) such that 1/(sin ) < ¢. By Theorem 4.1, if we
write «,, the unique real number such that

Hy, s(ap +ivy, s(ay)) = 2¢/scos, |cosp| < cos po,

then X
j - | < .
vy + vy, s () — V5™ | SN
Thus, we have
L up{oye.s(ap)] Jeos 9] < cospo} < /5 + ——
—_ = Ssu v Q COS COS S —_— .
(Sinpo)y/s DL st TIEORLS €OR0 (sinpo)y/s

Also, for all o > a,, or a < ar_,,, we have, by unimodality of v, ,

1
s < i —F—
Vyo,s (@) < y/ssingg + i po) /5
1
< —
Vs V/ssin g

< sup{vy,,s(,)| [cos | < cosgo}
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for all large enough s. It follows that

1/(si .
SUp vy, s (@) — /s <M< ¢

aeR a \/g \/5

for all sufficiently large s. Because b, ; = 2v,, ;, Point 3 of this theorem is established. O
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