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Abstract

We determine the asymptotics for the variance of the number of zeros of random
linear combinations of orthogonal polynomials of degree at most n associated with
varying weights {e’Q"Q" } with Gaussian coefficients. We deduce asymptotics of the
variance for fixed exponential weights e “2%. In particular, we show that very generally,
the variance is asymptotic to C'n, where the constant C' involves a universal constant
and an equilibrium density associated with the weight(s).
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1 Introduction and main results

Consider random linear combinations of polynomials of the form
Gn(z) =Y ajpn (@), n>0, (1.1)
§=0

where {a;}72, are standard Gaussian NV (0,1) i.i.d. random variables, and {pw}']’f:o are
the first n 4+ 1 orthonormal polynomials with respect to some measure pu,, that depends
on n.

The study of real zeros for random orthogonal polynomials of the form (1.1) is
motivated to a large extent by classical results on random trigonometric polynomials.
Random cosine polynomials 37 a; cos(jz), @ € [0,2n], with '(0,1) i.i.d. coefficients
were considered by Dunnage [8], who showed that the expected number of zeros in
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Variance of real zeros

[0, 27], denoted by EN,,([0, 27]), is asymptotically equal to 2n/v/3. Qualls [17] studied
trigonometric polynomials } 7 &;1 cos(jz) + &2 sin(jz), « € [0,27], and showed that
EN,, ([0, 27]) for this ensemble is also asymptotically equal to 2n/+/3.

The first result on random orthogonal polynomials for a fixed measure is due to Das
[5], who proved for random Legendre polynomials that EN, ([—1,1]) is asymptotically
equal to n/+/3. Wilkins [19], [20] estimated the error term in this asymptotic relation. For
more general random Jacobi polynomials, Das and Bhatt [6] established that EN,,([—1,1])
is asymptotically equal to n/ V/3 too. The same asymptotic for the expected number of
real zeros was shown to hold for very wide classes of random orthogonal polynomials by
Lubinsky, Pritsker and Xie [14], [15]. Their work includes random orthogonal polynomials
with i.i.d. normal coefficients spanned by orthonormal polynomials with respect to
general measures supported compactly or on the whole real line. Do, O. Nguyen and
Vu [7] recently extended the asymptotics EN,,(R) to random orthogonal polynomials
with general coefficients that possess finite moments of the order (2 + ¢) via universality
methods.

The asymptotics for the variance of real zeros are much more difficult to establish due
to complexity of the corresponding Kac-Rice formula and numerous technical difficulties
associated with the analysis. Bogomolny, Bohigas and Leboeuf [4] conjectured that
Var(N,([0,27])) is asymptotically equal to ¢n for random trigonometric polynomials,
which was first verified by Granville and Wigman [10] for Qualls’ ensemble, with an
explicit formula for ¢ (see also Azais and Ledn [2]). The asymptotic variance for the
trigonometric model of Dunnage was computed by Azais, Dalmao and Leé6n in [1].

In [16], the authors analyzed the variance for random linear combinations of orthogo-
nal polynomials formed from a fixed measure with compact support. Similar techniques
have recently been used by Gass to study the variance for random trigonometric polyno-
mials, and to develop a general framework for finding the asymptotic variance results
[9]. In this paper, we present analogous results for varying weights and consequently
exponential weights on the real line. For any interval [a, b] C R, let N,,([a, b]) denote the
number of zeros of G,, lying in [a, b]. Our results involve some functions of the sinc kernel

sin Ty

S(u)= 0 (1.2)
Let
1 S (u) 0 S’ (u)
B S (u) 1 =S5 (u) 0 .
F (u) - det 0 _S/ (’LL) _S// (0) _S// (U) ’ (13)
S’ (u) 0 =S5" (u) —=5"(0)
1 S(u) =5 (u)
G (u) = det S (u) 1 0 ; (1.4)
-5 (u) 0 =5"(0)
1 S (u) 0
H (u) =det | S(u) 1 =S (u) |; (1.5)
S’ (u) 0 S” ()
=(u) = S F(u) + 1 H (u) arcsin <g((5))> — % (1.6)

TS (1mswe)”

In [16], we proved that for fixed measures p with support [-1, 1] and (a,b) C (—1,1),

lim %Var[Nn([a,b})] _ (/:w(:o dx) (/_O;E(u)du+\%>7
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where w is the equilibrium density, in the sense of potential theory, for the support of p.
The hypotheses on i primarily involved assumptions on the orthonormal polynomials for
1, such as uniform boundedness in subintervals of the support. In this paper, our main
hypotheses are:

Hypotheses on the Measures
Forn > 1, let u,, be a measure supported on [,,, where [,, is an interval that may be
bounded or unbounded, but contains [—1, 1]. We assume that u,, is absolutely continuous

n [—1,1], and in that interval

b () = 7200,

and @/, (z) exists there. We assume that for each n > 1, there are orthonormal polynomi-
als {pn.m (z)}z’zo so that p,, j () = Vn ;27 + ... + V0,0, Vn,; > 0, and

/ pn,jpn,kdﬂn = 5_}k,

In

We let

K1 (z,y) = Knt1 (b, 7,9) ang ) P,k (Y)

denote the (n + 1)st reproducing kernel for p,,. More generally, for non-negative integers
r, s, we define the differentiated kernels

K (2,y) pr ()%}, () (1.7)

and their normalized forms,

K2 (ayy) = K5 vy) i, ()12 0, )2 (1.8)
We need a number of implicit hypotheses:

(I) Uniform Bounds on Orthogonal Polynomials and their Derivatives
For each 0 < ¢ < 1, there exists C > 0 such thatforn > 1, k=n,n+1, 7=0,1, and
|‘T‘ S 1- &

Pk @) i (@) < O, (1.9)

)

(II) Bounds on the Ratio of Leading Coefficients
There exists C'; > 1 such that forn > 1,

ot < Inn <o (1.10)

T Ynntl
(IIT) Bounds on the Reproducing Kernel
For each 0 < € < 1, there exists Cy > 1 such that forn > 1 and |z| <1 —¢,

Cyt < Knpq (z,2) gl (z) /n < Cs. (1.11)

(IV) Universality Limit
For each 0 < € < 1, we have uniformly for |z| < 1 — ¢, and u, v in compact subsets of
the plane,

Kt (q; + —= T+ == ) nQp (2)

. K, z,x)’ K, s - u+

lim +1(2,2) £1@2)) T Rppa (e o (et =Sw—u). (1.12)
n—00 K1 (z,7)
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(V) Bounds on {Q/,}
For each 0 < € < 1, there exists C5 > 0 such that for n > 1 and |z| <1 — ¢, we have

Q7 (2)] < Cs. (1.13)
Moreover, given r > 0, we assume that as n — oo,

sup sup
lz|<1—¢|a|<r

Qy (r) —Q, (w+%)‘ =o0(1). (1.14)

We prove:
Theorem 1.1. Assume the hypotheses (I)-(V) above. If [a,b] C (—1,1), then

7)}ergc{iVar[Nn([a,b})] - (/abif(nﬂ (2, ) da:) (/_ZE(@dw\%)} —0. (1.15)

Since the orthogonality measures p, are not necessarily related to one another
for different values of n, one should not expect {LVar[N, ([a,0])]}, ., to converge in
general. Indeed, one can construct examples of sequences of measures for which
different subsequence have different limits. However, (1.11) and (1.15) show that
{+Var[N, ([a,b])]}, ., is a bounded sequence.

In Section 2, we give two examples to which this theorem may be applied: varying
exponential weights and fixed exponential weights on the real line. In both these cases,
%Rn_i'_l (x, ) may be replaced by a more explicit term. The methods of proof follow those
in [16]. However, there are substantial additional technical difficulties due to the varying
weights.

This paper is organized as follows: In Section 3, we outline the proof of Theorem 1.1,
deferring technical details to later. In Section 4, we present some auxiliary technical
results. In Section 5, we handle the tail term. In Section 6, we handle the central term.
In Section 7, we prove Theorem 2.1. In Section 8, we prove Theorem 2.3 and Corollary
2.4.

In the sequel, C, Cy, (s, ... denote constants independent of n, z, y. The same symbol
may be different in different occurrences. We shall frequently need two versions of
formulae that involve the reproducing kernels K,, or their normalized version f(n. If Jis
an expression involving terms such as K,(f’s), we let J denote the analogous expression
where every K is replaced by its normalization K®) Thus, for example, if

A(z,y) = Kni1(2,2) Kni1(y,y) — K241 (2,9)

then } . ) )
Alz,y) = Ky (2, 2) K1 (y,y) — K24 (2, y).

If {a,}, {5} are sequences of non-0 real numbers, then we write
an ~ Bn
if there exists C' > 1 such that for n > 1,

071 < an/ﬁn <C.

2 Exponential weights

We begin with varying exponential weights, as studied in [13]. The statement of the
result involves equilibrium measures for external fields. For the notion of the equilibrium
measure in presence of an external field one can consult [11] and [18].
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Theorem 2.1. Forn > 1, let I, = (¢,,d,), where —oco < ¢, < d,, < co. Assume that for
some r* > 1, [-r*,r*] C I,, for alln > 1. Assume that

ph(z) = e 2@ g e, (2.1)
where

(i) Qn (z)/log(2+ |x|) has limit co as x — ¢+ and x — d,, — .
(ii) Q. is strictly increasing and continuous in I,,.
(iii) There exists o € (0,1), C > 0 such that forn > 1 and z,y € [—r*,r*],

1Q, () — Q,, ()] < Clz—y|™. (2.2)

(iv) There exists oy € (3,1), C1 > 0, and an open neighborhood I, of 1 and —1, such
that forn > 1 and x,y € I, N I,

Qn () = @ ()| < Culz — g™ (2.3)
(v) [-1,1] is the support of the equilibrium distribution for the external field Q,,.
Let[a,b] C (—1,1). Then

Tim {iVar[Nn (0, B])] - (/1 oo, (z) d;v) </_Z = (u) du + \}3)} —0, (24

where forz € (—1,1),

(2.5)

T / Qu(s) = Qy(x) ds

s -1 s—w V1—s2
Note that og, is the Radon-Nikodym derivative of the equilibrium measure for

the external field @,,. We shall prove Theorem 2.1 in Section 7. Next we turn to

fixed exponential weights. First we define a subclass of the weights presented in [11,

Definition 1.1, p. 71:

Definition 2.2. Let W = ¢~ %, where Q : R — [0, o) satisfies the following conditions:

(a) Q' is continuous in R and Q (0) = 0;

(b) Q" exists and is positive in R\ {0} ;

0q, (z)

(c)
‘t}im Q (t) = oo;
(d) The function ®
tQ' (t
T(t) = , t#£0,

is quasi-increasing in (0, 00), in the sense that for some C > 0,
O<z<y=T(z)<CT(y).

We assume, with an analogous definition, that T is quasi-decreasing in (—oc0,0). In
addition, we assume that for some A > 1,

T(t) > Ain R\ {0}.
(e) There exists C7 > 0 such that

Q@) Q)
@ = QW

Then we write W € F (C?). We also let

a.e. z € R\ {0}.

p(z) =e20@ 1R,

EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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Remarks
Examples of weights in this class are W = exp (—Q), where

z®,  z €0,00)
|1,|[3 y TE (—OO, 0)

Q(x) =

)

where «, 8 > 1. More generally, if exp, = exp (exp (...exp())) denotes the kth iterated
exponential, we may take

02) = expy, (z%) — expy, (0), x € [0, 00),
~ expe (J217) — exp (0), @€ (—o0,0),

where £k, ¢ > 1, a, 3 > 1.
We shall need the Mhaskar-Rakhmanov-Saff numbers a_,, < 0 < a,. These are
defined for n > 1 by the equations

1 [ xQ' (x) 1 [ Q' (x)

n=— dr; 0= — dx. (2.6)
TJan \/(x —a_p)(a, — ) TJa_, \/(x —a_pn)(a, — )
In the case where Q is even, a_,, = —a,,. We also define
1 1
Bn = §(an+a,n) and §,, = §(an+ la_n]), 2.7)

which are respectively the center, and half-length of the Mhaskar-Rakhmanov-Saff
interval

A, = [ap, an]. (2.8)
The linear transformation
L (@) == o (2.9)

maps A, onto [—1,1]. Its inverse Y (u) = Bn +ud, maps [—1,1] onto A,,. For0 < e < 1,
we let
Jo(e) =L [—146,1—¢]=[a_p +bn,an — 6, . (2.10)

The equilibrium density on [a_,,, a,] is

o) VO @) [ Q@) =@ (o) ds e

T a—n s—T \/(S —a_pn)(a, —8)

We also need the scaled density

2 (1) = "oy (LL;H (t)) L te(—1,1), (2.12)

1
/ of =1. (2.13)

Let {p;} denote the orthonormal polynomials associated with the weight W2, so that

oo
/ pipkW? = 6y,

— 00

that satisfies

Random linear combinations of these have the form

G (z) = Zajpj (z),

EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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where the {a; }?:o are standard Gaussian A (0,1) i.i.d. random variables. One expects
that most zeros of these will lie in the Mhaskar-Rakhmanov-Saff interval, see [15]. It is
hence convenient to scale this interval to [—1,1]. Accordingly, we consider

G (t) = G (L (1))
In particular, when @ is even,
Gy (t) = Gp (ant).

We let N} [a,b] denote the number of zeros of G} in [a,b], or equivalently of G, in
! ([a, b]). We prove:
Theorem 2.3. Let W € F (C?). Then for [a,b] C (—1,1),

nlLIréo{:LVar[N: (0, 8])] - (/aba;; (x)da:) (/_O;E(u) du + \}g)} —0. (214

Under additional conditions, we can replace ¢, by a limiting distribution. For a > 0,
define the Nevai-Ullmann density

1 a—1
o t
o)== | ———dt, -1,1). 2.15
0o (2) W/w =t 7€ (-1.1) (2.15)

This is the equilibrium density for the Freud weight exp (—C |z|*) for appropriate C [18,
Theorem 5.1, p. 240]. When o — oo, this approaches the arcsine distribution

1
7= ="

Corollary 2.4. Let W € F (02) and assume in addition that W is even and for some
a € (1,00,

€(-1,1).

lim T (z) = a. (2.16)

T—00

Then for [a,b] C (—1,1),

7lli_>ngO%Var[N;([a,b])] _ (/abaa (@) dx) (/_O;E(u)du—i—\%). 2.17)

3 The proof of Theorem 1.1

We begin with the Kac-Rice formulas for the expectation and variance. These involve
the reproducing kernels defined in (1.7).

Lemma 3.1. Let [a,b] C R. Then the expected number of real zeros for G,, is

1 b
EWN, (0] = [ m(@) d, G.1)
where
1,1 0,1 2
pr(2) = = it (2,7) _ (Kpi) ,2) (3.2)
7\ Knt1 (z,2) K1 (z,2) ’
Moreover,
p1(x) = pu (x). (3.3)
Bl @a) KLY @)
Proof. See [14]. Note that Roiom) — Kopi(@a) and so on. O
EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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Recall that p; is the expression defined by the same formula as p; but with every
occurrence of K\"* replaced by K\"**). Note that p; depends on n, but we omit this
dependence to simplify the notation. The same applies to p; below. We also need

Kop1 (z,2) Koy (2,9) Kf%’? () K%? (z,y)
s | Eni@y) Kualyy) K5 @) K< W (v,y) (5.4)
- (0,1) (0,1) (1,1) 1) .
K%rll) (z,x) K?o 11) (y, ) K( 11) (z,x) ( 1) (z,y)
KnJél (l’,y) KnJrl ( 7y) Kn+1 ( 7y) Knﬁil (yvy)

The variance of real zeros of GG,, is found from the following formula, which was derived
in [21] by using the method of [10].

Lemma 3.2. Let [a,b] C R, and let G,, be defined by (1.1).

Var [N, ([a, b))] = //{P233y) m()m()}dwdw/pl()d 3.5)

where
p2(x,y) = 1 (\/911922 — 02, + Qyp arcsin <912)> = po2 (z,y). (3.6)
n2vA V11822
Here
A(z,y) = Kny1(2,2)Kny1(y,y) — K2y (2,9); (3.7)
Kot (1) Kov1(gx) K%Y (y,2)
AQqp =det | Ky (z,y) Kpy (z,2) KT(L(E) (z,2) | (3.8)
| KLY @) K (@2) K (2,2) ]
[ Ko (2,2) Kpei(z,y) KO (2,y) ]
AQgp =det | K1 (y,2) Kopi(vy) K5V (y) | (3.9)
(1,0 (1,0) (1,1)
| Koy (vr) Koy (vy) Koy (v,9)
[ Kn+1 (.’E, {E) Kn+1 (xa y) Kr(g;ll) (m,x) |
AQyp =det | Ky (y,2) Kng1 (y,9) KT(LO’? (y, ) (3.10)
K(lao) K(Ovl) K(lvl)
L n+1 (yax) n+1 (yay) n+1 (y,iﬂ) i
Moreover,
det (2) = A (Q22Q11 — Q) . (3.11)

The formulae above also hold for A, Q11,Q12, Q29 when every K

)

term is replaced by

Proof. See Lemma 2.2 and 3.1 in [16]. For those involving po, A, QH, ng, QQQ, one can
check that the requisite powers of p, () and p!, (y) on both sides match. O

To prove Theorem 1.1, we split the first integral in (3.5) into a central term that
provides the main contribution, and a tail term: for some large enough A, write

b b
/ / {02 (2,9) — pr () p1 (4)} d dy

)
l/ [{(x,m:x,ye[a,b],m—yzA/knmx,m)} {(@w)zyelable—y|<A/ K (z.2)}

{p2 (z,y) — p1(z) p1 (y) } dz dy
= Tail + Central.

We handle the tail term by proving the following estimate and a simple consequence.
Throughout this section, we fix e € (0,1).

EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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Lemma 3.3. (a) There exist Cy,ng, and Ay such that for n > ng, |z|,|y] < 1 — ¢ and

Cy
lp2 (z,y) — p1(z) p1 (W) £ —. (3.12)
lz =y
(b) There exist Cs, ng, and Ag such that forn > ng and A > Ao,
n
// |p2 (2,y) = p1 (x) pr (y)| dz dy < Ca 5. (3.13)
{(z,y):z,y€la,b],|Jz—y|>A/n}

Proof. See Section 5. O

Recall that = is defined by (1.6). For the central term we will prove:
Lemma 3.4. (a) Uniformly for u in compact subsets of C\ {0}, for |z| < 1 — ¢, and

— u
y=2 + f(mrl(ﬂv@)7

1 I
m{pz (z,y) — p1 (2) p1 (1)} =Z (u) +0(1). (3.14)

u

(b) Let > 0. There exists C such that for |z| < 1-cand y = o+ % u € [-n,1],

Ip2 (z,y) — p1 (z) p1 (y)| < Cn?.

(c) For any [a,b] C [-1+¢,1—¢],

1/b (2)d 1/“& (2, 2) dz = o (1) (3.15)
- xr)dr — — — K, r,r)dr =0 . .
nt, V3 Jo no

Proof. See Section 6. O

Proof of Theorem 1.1. We fix A > n > 0 and split

b b
/ / {02 (x,y) — p1 (2) pr ()} dy da

- /ab U+/+/IJ {p2 (2,9) — pr (&) p1 (1)} dy da, (3.16)

where for a given z,

I = {ye[a,b]:|y—x|2A/Kn+1(x,x)};
Jo= {velabl /Ko @a) < ly—al < A/Kni (@2}
K = {yelab]:ly—o <n/Kuw (@2)}.

Recall from (1.11) that K,, 41 (x,z) ~ n uniformly for n > 1 and |z| <1 —¢. If Ais a
uniform upper bound for 2 K,, 1 (z, ) in [a,b] forn > 1,

b
/ / (02 (@.9) — p1 (2) pr ()} dy de

<[/ o2 (2.) — p1 (2) p1 (v)] dy d
{(zy):z,y€la,b],|lz—y|>A/(nA)}
nA
< ClT’ (3.17)
EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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by Lemma 3.3(b), provided A/A > Ay. Next,

b
%/a /J{p2 (z,y) — p1(2) p1 (y)} dy da

g
e (o o) o O o))
= [ " pa| w2+ =——— ) =p1 (@) pr | 2+ =————
/a n N f’slu ‘SAé[a,b] Kpyi1(x,x) K1 (z,2)

x
Kyyi(z,z)

1
K1 (z,2)

Note that if n < |u| < A and z € [a,b] but z + ﬁ ¢ [a,b], then z is at a distance of

n+1($71
0] (%) to a or b, and in view of Lemma 3.4(b) and (1.11), the integral over such (z,u) is
O (1). Using Lemma 3.4(a) and (1.11), we deduce that

) -
/ W[]{pz (,y) = p1(x) p1 (y)} dydz

a

_ bf(n+1 (‘Taz) v = m )
_ (/a e bt d) (/n<|u<Au(u)d>+ (1). (3.18)

Finally, from Lemma 3.4(b) and (1.11), (but with a different fixed n there),

b
//K{pz(x,y)—m (x) p1 (y)} dydx| < Ch, (3.19)

1
n

where C is independent of n, 7. Combining the three estimates (3.17)-(3.19), over I, J, K
with (3.5), (3.15) and (3.16), we obtain

1 " Kpyi (z,2) - 1
EVar [Ny, (a,b)] — (/a ndx) </n§u|§AH(U) du + \/§>‘

1
< — .
< C<A+77>

Here C' is independent of A and 5. In [16, Proof of Theorem 1.2] it was shown that
ffooo = (u) du converges. We can let A — oo and  — 0+ to deduce the result. O

lim sup
n—oo

4 Auxiliary results

We first record some universality limits. Recall that S is defined by (1.2). We
also introduce some auxiliary parameters that will simplify notation and will be used
throughout the sequel. For a given n and z, we set

k= Kpi (z,) (4.1)
and
- M (4.2)
K1 (2, 2)

We do not display this dependence on n and z. From (1.11) and (1.13), uniformly in
[-l14+e1—¢],n>1,
7] < C. (4.3)

We use both k and K, ;1 (z,z) in the same formulae where convenient.

EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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Lemma 4.1. Let e € (0,1). Then
(a) Uniformly for |x| < 1 — ¢ and u,v in compact subsets of C,

K(I,O) + 27 + 2 —7(u+v)
K(O’l) + g7 + 2z —7(u+tv)
(b) .
K\ + 27 + 2 —7(utv)
nlggo{ n+1K(33+1 (; j) o) PR 8 (v — u)} =-5"(v—u.) (4.6)

(c) In particular, uniformly for |z| <1 —¢,

K(lvo)
lim {”“(m B — (4.7)

wtsie | Ko (@)

and

K(lwl) , 2
fim {nﬂ(“f) Y (4.8)

w500 | Koo (@,2) 12

(d) Uniformly for |z| <1 —¢,

K(lvl) 7 ~7 , _ [N((Ovl) , 2 2
o RO @0) R (,0) - R (0)° 22 wo)
n—o0 K4 3

(e) Uniformly for |z| <1—¢, andr =0,1,

K (2) ~n?t, (4.10)

Proof. (a) We start with our hypothesis (1.12) that uniformly for = € [a,b] and u,v in
compact subsets of C,

Kt D)
% T Ko (7,7)

S(v—u).

Because this holds uniformly for u, v in compact subsets of the plane, we can differentiate
this relation w.r.t. u,v. Differentiating once w.r.t. u gives

p JE (@ a2 e Ko (ot o+ )
n—00 Ky (z,2) K K1 (x, )

e—T<u+v>} — S (v—u).

Using (1.12), this simplifies to (4.4). Similarly we obtain (4.5).
(b) Differentiating (4.4) w.r.t. v gives

lim
n—oo

= -5 (v—u).

K,(lﬂ’_ll) (x4 %2+ 2) e Tlutv) B Kfllfi) (x4 L,z+2) e mut)r
K1 (z,2) K2 Ky (z,2) K

—75 (v—u)}

and then using (4.4) again,

KD (z+ % x4 L) e=mlutv)
i ntl K K _ S(v—u)—S(v— — 78 (v —
n;rréo{ Kovy (.2) pe T[7S (v —u) (v—u)] =75 (v—u)
= -5 (w—-u),
EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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which simplifies to (4.6).

(c) Since S (0) =1; S’ (0) =0 and S” (0) = —%2 [16, p. 13, (3.15)] we obtain also the
results for u = v = 0.

(d) From (c),

~ (1,1 ~ ~ (0,1 1,1 0,1 2
KLY (@2) K (0,2) = K%Y (@0)? 0 ESY @@e) (K2 (@,0)
K4 Ky (x,2) K2 kK1 (2, 2)

= <72+7;2+0(1)> —(t40(1))?

2 2
= T tomto)="-+0(1),
3 3
recall (4.3).
(e) For r = 0, this is our hypothesis (1.11). For » = 1, from (4.8) and (4.3), uniformly
for |z| <1 —c¢,

-(1,1)
K (z,x) w2
n+1 ) 2
Since s ~ n as follows from (1.11), we obtain the result for » = 1. O

Lemma 4.2. Lete € (0,1). Then forr,s =0,1, and foralln > 1andz,y € [-1+¢,1 —¢],

~ C14n7‘+s
KT (g, ’ <A 4.11)

Proof. The Christoffel-Darboux formula asserts that

Kn+1 (l‘, y) _ TYn,n Pnn+l (l') Pn,n (y) — Pnn (x) DPn,n+1 (y)’
Tn,n+1 T —y

so that using our bounds (1.9), (1.10),

8 2C,C?
Kn 1T, Y S .
‘ + ( ) ‘37 — y|

Moreover, by Cauchy-Schwartz, and our bound (1.11) on f(nH,

‘Rn+1 (LL', y)‘ S f(nJrl (377:5)1/2 KnJrl (yvy)l/Q S C'2"74-

Combining the last two inequalities yields

- 1
’K,,,_H (a:,y)’ < C3min {,n} ,
|z =yl

giving (4.11) for r = s = 0. Next,

1,0
K7(1+1) (CE, y)

Yo (p;,nﬂ (@) P () = P (&) Prntr (¥)

Yn,n+1 r—vy

Dot (@) Pon (1) = Pon (&) Ponr (9) )
(@ —y)*

(4.12)

EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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Using our bounds on the orthogonal polynomials and their derivatives,

1
ELY (@ y\scg L .
‘ + (5:9) 2=yl |z -y

Next, by Cauchy-Schwartz, and the bound (4.10) on K%

KD @) < BEY (@,0)"7 Rosa (2,2)!7 < Con?.

Thus

1
K(lo) ‘<C7m1n n + n? .
e o=yl e~y

This yields (4.11) for r = 1, s = 0. Of course r = 0, s = 1 follows by symmetry. Finally,

KD () = (p’n,nﬂ (@) D (Y) = D () D1y g1 (V)

Yn,n+1 rT—y

+p;,n+1 () Prn (Y) = Py () Prntr (V)
(z—y)?

L P () Prns1 (Y) = Do (Y) Prntr (2)
(z—y)?

P () Prns (4) = P (9) Prn (@ )>’

(z—y)°

Thus using our bounds on{ (J)} j=0,1,2, k=n,n+1, gives for =,y € [a, ],

n? n 1
‘K7(11+11) (z y)‘ <Cs + 3 T 3
lz—yl |z —y]?  |z—y

and again Cauchy-Schwartz gives

B @] < KD @,0) KD (59" < Con®,
This and the previous inequality give (4.11) forr = s = 1. O

5 The tail term - Lemma 3.3

Recall that p;, po are defined by (3.2) and (3.6). We shall consistently use the ~
versions of expressions and formulae in this section. First write

1 -
p(r) = ———1/ ¥ (2) (5.1)
Kn+1 (x x)
where

U () = K5 (2,2) Kpg (2,2) = KUY (,2)° (5.2)

Next, recall p; = p; for j = 1,2 and write
p2 (z,y) — pr () p1 (y) = T1 + T + T3, (5.3)
EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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where

o= <\/(011(222—Q§2)A— mx)@(y));

- 1 - . Q12‘
T = ‘Qu‘ arcsin

7r2\/Z

~ 1 1 1 = =
Ty, = — | =—-—= _ )\ ) . (5.4)
’ e (A K1 (,2) Koty (y,y>> @)

We estimate each T’ term separately.
Lemma 5.1. There exists Ay > 0 such that for all x,y € [-1+¢,1 —¢|, with |x —y| >

Ao/n,
e o)
(le =yl +7)
Proof. Write
3 (911922 - 912) A=V (2)¥(y) Num

The numerator is (recall (3.11))
Num = <Q11Q22 - Q%z) A-V () 1 (y)

= det (i) — U () W (y)

Knsi (,0) Ko (2,y) K2 (@,2) K5 (2,9)
= det | Kl (2,y) {f&#) 20 {(%{1; (v, @) K%(}il; (v, v)
O @) K5 (2) KXY (2) K& (2,y)
B () B (wy) KLY (ey) K5 (00)
_ det [ Ky (0,2) K (2,2) ] det l Koir (0:9) Ky (1,0) ] |
nit (@2)  KpJy (z,2) Ko7 (v,y) Koy (y,9)

Using Laplace’s determinant expansion exactly as in the proof of Lemma 4.1 in [16,
pp-15-16], we continue this as

—  det I:{ggﬂl)(x’x) Kgyf)(”f’y) ot | Ko o) Ky ()
Kn«ﬁl (LU,(E) KnJél (yax)

o ~n+1 ((L’,l’) kfz(lll) (l',y ~n—i—l (y7y) Rq(z(ill) Y, T
det | (0. ~(1.1) det |~ (0.1) (L)
| Koy (zom) Koy (z,y) | Koy (ny) Kol (2y)
3 Kopi (zy) KO (2,2) Ko (zy) K%Y (0y)
det | - (0) (L) det | = (0.1) (L)
| Koiy (y,2) Koy (2,2) | Koy (y) KGpy (mhy)
T~ ~(0,1 1 [ 7 (0.1 1
Kn+1 (l‘7y) K7(L+1) (.’E, y) Kn+1 (Z’,y) Kr(H-l) (y,x)
tdet | -0 = (1.1) det | ~(0.1) (1.1
L Ky (y,7) K,y (z,y) ] L K,y (z,y) K1y (z,9) ]
EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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_ det l f{,(&’ll) (z,x) Kffi? (z,v) det f((n+1 (z,y) ~n+1 (¥, y) )
)

~(1, - 0,1
Kr(zl+11) (xvx) Kr(LlJfl) (xvy Kn+1) ($7y)

We now use the estimate (4.11) and that (|z — y| + %)_1 < n, on each of the terms in
these deteminants. We obtain, exactly as in the proof of Lemma 4.1 in [16] that this is

Of—="__ ). Th
((lwylﬂ)) o

n6
Num=0(—" . (5.6)
(lz —yl+ 1)

Also

Denom — ?A \/(Q11@229§2)A+ B (@) ()

> w2A T (2) T (y).

Here from Lemma 4.1(d) and (1.11),

2

¥ () = K5 (@,2) Ko (@,0) = K3 (@,2)° 2 5 Ko (e.0) (140 (1) 2 On.
Also from (1.11) and (4.11),
- e
1— — A~ - n+1 (f%y) < C S < }’
Kni1(z,2) Kng1 (9,y) Kog1 (2,2) Ky (y,y) — (0| —y[+1) 2
if |x — y| > Ag/n with Ag large enough. Then
.1 N
Az 5K (@,2) Koy (y,9) 2 Ccn® (5.7)
and
Denom > CnS. (5.8)

Combined with (5.6), this yields

- Num C
‘ 1’: D = 1\2
enom (Ix—y|+;)

Next, let us deal with 75 :
Lemma 5.2. There exist A such that for all z,y € [-1 +¢,1 — €|, with |z — y| > Ag/n,

~ C
(le =yl +3)
Proof. Recall that
- e
2| = L2 = = 12| arcsim | ———
VA 0110
Using |arcsinv| < % [v|, [v| < 1, we obtain
2
) < — 04 (5.10)
2| < = ——. 5.10
2mA3/2 V211022 A2
EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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Here from (3.10) and (4.11), and expanding by the first row,

Roii(@.2) Ko (o,y) K3 (@2) 4
0) A % % (0,1 _
QlQA = det Kn+1 (y,.’L‘) K%+1 (yay) K7(11+1) (y7.'1?) - O (|LL’ o y| + 1> .
(1,0 ~(0,1 ~(1,1 n
OO (y,z) KOV () KLY (y,2)

(5.11)

Next, we examine Qn and Qgg. From (3.8) and (4.11), and expanding by the first row,

o I?n—i—l(yvy) I:{n+1(yax) {{7(&11)(3/’55)
QA =det | Kpai(2,y) Ko (z,2) KO (2,2)

KLY (2y) KOY (w,2) KLY (22)

n+1
- ~ ~(1,1) 7-(0,1) 2 n’
= K1 (09) { Ko (2,2) K3 (2,2) = K0 (@00} + 0 [ ———
(lz =yl + )
so if |.Z‘ — y| > Ao/’n, and AO > 1,
~ ~ ~ ~ ~ ~ n5
B = Koor () { o (0,00 R () = K 00 40 ()
0
5 n’ 5
> Cn°+0 v > Cin?,
0
(5.12)

by (4.9), if Ay and n are large enough. In much the same way, if |x — y| > Ag/n, with
large enough Ay,

IgnJrl ((E,IE) j?nJrl (‘T,y) R7(10+11) (xvy)

QoA = det Knp (y,2)  Kpya (y,y) f{,(fkll) (y,y)
~(1,0 ~(1,0 ~(1,1
ENY (gor) KD (oy) KUY (0,y)

~ ~ ~ ~ n5
= Ror ) { R (09) K (00 = KO 000°} 0 (5
Z Cl’rLS.
(5.13)
Then combining (5.10-5.13), followed by (5.7),
. n4 101 1 2
T, < C —<Ccl—0) .
°= <|x—y|+;) A3/2p5 = (|x—y|+;>
0

Next, we handle Tg :

Lemma 5.3. There exists Ag such that for all z,y € [-1 +¢,1 — €], with |z —y| > Ao/n,

7)< ——— (5.14)
(lz =yl +7)
Proof. From (5.4), with ¥ given by (5.2),
| K2 , o
Ty = = et (z,9) b (2) ¥ (y).
T AKy 1 (2,2) Kng (y,9)
EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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Here from (4.9) and (1.11),

¥ @)% )| < cont
Then o
Ta < T a2
(lz =yl +3)
by (4.11) and (5.7). Note too that 75 > 0. O

Proof of Lemma 3.3(a). Just combine the estimates for Tl, Tg, Tg from Lemmas 5.1, 5.2,
5.3 and recall (5.3).

O
Proof of Lemma 3.3(b). From Lemma 3.3(a), fory € [-1+¢,1 —¢],
- _ _ C
P2 (z,y) — p1 (z) pr (y)| dz < —dx
{z€la,b],lz—y|>A/n} {z€lab],lz—y[>A/n} [T — Y|
2C
< — 2 5 dx
{z€lab]|lz—y|>A/n} |z —y|” + (B)
> 2C
< / — a2 sdr.
—oo lz =yl + (%)
We make the substitution z — y = %t in the latter integral:
n [ 2C
= — ———dt.
i w
Then (3.13) follows. O

6 The central term - Lemma 3.4

Recall that A, Qq1, Q99,212 were defined in (3.7-3.10), while S, F, G, H were defined
in (1.2-1.5). In this section, we use the non-normalized versions of our formulae. Recall
that we defined « and 7 by (4.1) and (4.2) respectively.

Lemma 6.1. Uniformly for v in compact subsets of the plane, and uniformly for x €
[-1+e1—¢landy =2+ —*

n+1(9079€)’

(@ A
Q11 Qap — O3) A e
: T ;)23 (eﬁ ) = F(u)+0(1); 6.1)
n+1 9
(b)
A —27u 2
n+1 5
(c) ,
AQ —4TU
- (;1 7 c S =GW+o(1); (6.3)
n+1 )
(d) .y
AQ —4aTu
- (92;21;)3 ¢ =G W +o(1); (6.4)
n+1 9
(e) ;
Q A —oTU
- 1& I)geKQ = H(u)+o(1). (6.5)
n+1 )
EJP 27 (2022), paper 83. https://www.imstat.org/ejp
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Proof. From (1.12) and the limits in Lemma 4.1 (with v = 0 and v taken as u there),

uniformly for v in compact subsets of the plane,

Kn+1 (ZE, y) e T

Koit (2.2) =5 (u);

lim
n— oo

(1,0) _
K TU
lim { e TS (u)} =-8"(u);
n—o0 nt1 (2,2) K
K(Ovl) —TU
lim { ntt (BY) e 7S (u) p =8 (u);
BN B () 7

K, ) _or
lim +1 (y y)e 27U _ 1;

KTL-‘rl ZL’71')

1,0 —27u
i K (9.y) e L
n—oo | Kpi1 (z,2) K

li
nl—>ngo n+1 (SC, :c) K2

(1,1) —<4T
{Kn+1 (y,9) e ™ _72} = —5"(0) = ™~

3 (6.6)

We shall repeatedly refer to these limits using this single equation number.

(a) Recall that 3 was defined by (3.4). Then (3.11) gives

[(20192 — OF) A]

<em)4 det (efu)‘*
K K71+1(x,x)4 r

KO (2y) g—ru

Kpii(zx) kK

0,1 -
K7<1+1>(y,y) o—27u

4
Kn+1 (IE,I’)
(0,1)
1 Knyi1(z,y) —71u Kn+1 (z@)l
Kpi1(z,x) Kpii(z,z) K
K KOV z) —7u
Enp1(@,y) j—ru Kn+1(W0) o—27u ni1 (U:%) ¢
Knpi1(z,x) Kpy1(z,2) Kpii(zz) K

= det 0,1 0,1 1,1
KMV @e) 1 KOSV (ye) e=ru KLV (@e) 4
Kpi1(z,x) K Kpi1(z,x) K Kpi1(z,x) k2

0,1 0,1 1,
K7(L+1) (.L,y) e TY® K5L+1)(y,y) e~ 2Tu KT(L+11)(:I:,y)€

1
P

K,(Lfr%)(a;,m) K
Kn,+11 (xvy) e TY®
Kpi1(z,x) w2

K5 () ( e~ T ) 2

Kyi1(z,z) K Kpt1(z,z) K Kyt (z,z)

Koti(@a) \ =

Here we have factored in é into the 3rd and 4th rows and columns. In addition, we have
factored in e into the second and fourth rows and columns. Using the limits in (6.6)
and that S (0) = 1,5’ (0) = 0, while S (—u) = S (u), we continue this as

g | S (u) ( )T | 75 (u) + 5" (u)
B S (u 1 75 (u) = S (u T o
= det T 75 (u) — S (u) 72— 8" (0) 728 (u) — S (u) +o(1)
78 (u) + S’ (u) T 725 (u) — 5" (u) L (1))
Now subtract 7xRow 2 from Row 4:
%) S (u) ()T w 78 (u) + 5" (u)
e S (u 1 7S (u) — S (u T o
= det T 78 (u) — 8" (u) 72— 8" (0) 725 (u) — S (u) +o(l)
S’ (u) 0 758" (u) = 8" (u) -5 (0)
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Next, subtract 7xColumn 1 from Column 3

1 S (u) 0 8w+
et | S@ ! 5w i
= det . s (u) _g (u) _gn (O) 729 (u) _g" (u) +0(1)
S (u) 0 -S"()  =5"(0)
Next subtract xRow 1 from Row 3
1 S 0 7S (u) + 5 (u)
- S (u) 1 —5" (u) T
= det 0 —S"(u) —S"(0) —78'(u)—S" (u) +o(1)
S 0 =8 =50

Finally subtract 7xColumn 2 from Column 4

1 S (u) 0 S’ (u)
_ S (u) 1 =5 (u) 0 _
= det 0 _s (u> _g" (0) _g" (u) +o (1) =F (u) +o (1)
S’ (u) 0 —=S5" (u) —=8"(0)
(b) From (3.7) and (6.6),
Ky 1(-’57' —TU
A 267271/. — det [ X« ( 1 ) If{(nil((fc,%ge ]
Koy (2, 2) EnGen® " Eawo®
B 1 S(uw)
= det{s(u) 1 ]+0(1).

(c) From (3.8), and then factoring e~ into the first row and first column and % into the
third row and third column, and then using (6.6) as well as S (0) = 1,5 (0) =0,

[ Konlya)ore Ko@) oru Kol () oo
_7_ 2 Kpt1(z,x Kpt1(z,x K1 \Tr) R
Ay e ™ = det Kn+1(51?’y)e—'ru 1 Ml
Kpir (z,2)° \ K Knialee) ©.1) gl
Knfy @) emre Koy @e) g Kofy (@) 1
L Kpti(zz) & Kny1(2,2) K K1 (z,2) K2
[ 1 S(u) 78 (u)— 5" (u)
= det S (u) 1 T +o(1)
| 7S (u) =8 (u) 7 L (1))

Subtract 7xRow 2 from Row 3

1 S(u) 78 (u)— 5 (u)
=det | S(u) 1 T +o0(1)
S (—u) 0 -5 (0)

Subtract 7xColumn 2 from Column 3:

1 S(u) =5 (u)
=det | S(u) 1 0 +o(1)=G(u)+o(1),
-S"(w) 0 =S5"(0)

recall (1.4).
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(d) From (3.9), and factoring e~ into the 2nd and 3rd rows and columns and % into
the 3rd row and column,

[ 1 Kni1(2y)  —7u Kv(lo«ﬁ)(%y) e~ ™
Kyi1(z,x) Kyi1(z,x) K
—4T
Afgy = € > “ = det K7L+1Ey7x; —Tu Kn+1Ey7y§ —27u KT(L()Jfl)((yvy)) e 2Tu
Knii(z,x Knii(z,x Knii(z,x K
Bnta (m,a)” K04 o KD ) or k) (e
L Knti(z,@) w Knti(z,z) & Kpti1(z,z) K
1 S(—u) 75 (u)+ 95 (u)
= det S (u) 1 T +o0(1),
| 75 (uw) + 5 (u) T 72 — 5" (0)

by (6.6). Subtract 7xRow 2 from Row 3:

1 S(—u) 75 (u)+ 5 (u)
=det | S(u) 1 T +o0(1)
S’ (u) 0 —5"(0)

Subtract 7xColumn 2 from Column 3:
1 S(u) S5 (u)
=det | S(u) 1 0 +0(1) =G(u) + o(1).
S’ (u) 0 —5"(0)
Here we have multiplied the 3rd row and 3rd column in G in (1.4) by —1.

(e) From (3.10), and factoring e~™" into the 2nd and 3rd rows and the 2nd column,
and % into the 3rd row and 3rd column,

I 1 K7L+1(w7y) 67T’u, Kfﬁi’»ll) (x7x) l
QoA 37w Kpyi1(z,z) ngﬂ(%x) K
22 C  det| Kanwm)ru  Kanls) ore  Kal ) v
K, (LL' $)3 K2 Kn1+01(17513) Kn0+11(1,517) Ign1+1(x,z) K
ELQwa) g=mv KO (W) e=2rv KV we) 1
L Kp+i1(z,z) K Kpti(z,z) kK Kpq1(z,z) K2
[ 1 S (—u) T
= det S (u) 1 7S (u) =8 (u) | +o(1).
| 7S (u) + 5" (u) T 725 (u) — 5" (u)

Subtract 7xRow 2 from Row 3:

1 S (—u) T
=det | S(u) 1 7S (u) =S (u) | +o0(1).
S’ (u) 0 75" (u) = S” (u)

Subtract 7xColumn 1 from Column 3:

1 S (—u) 0
=det | S(u) 1 =S (u) | +o0(1)=H(u)+o(1),
S (u) 0 —S" (u)

recall (1.5). O
Now we can obtain the asymptotics for ps (x,y) — p1 (z) p1 (y) stated in (3.14):

Proof of Lemma 3.4(a). Recall as in (5.3), that

p2 (z,y) — p1(x) p1 (y) =Ty + Tz + T5. (6.7)

EJP 27 (2022), paper 83. https://www.imstat.org/ejp
Page 20/32


https://doi.org/10.1214/22-EJP802
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Variance of real zeros

We handle the terms 7}, 5 = 1,2, 3 one by one:
Step 1: T}
Firstly from Lemma 4.1(d), and (5.2),

U (x) P

S S 1). 6.8
Koot (@2 /2 3 +o(1) (6.8)

{Kn+1 (,v) 6)27“} ’ lffnu (v,v) ] :

Ky (z,x K1 (z,x)

2

- rz+o(1)} [L+oM]1+o()]= %+0<1)~

(6.9)

Here we are using (6.6) and also that

P (Y) _ 2n(@u(2)-Qu(w)] _ p—2n@Q () (y—2)+o(1)
i, ()

672‘1'1/,Jr0(1)7

by (1.14). Then using (6.2),

1 1 1
A V(z) ¥ (y) = 3

K2 T

K71+1 (SC’ m)2 U (QZ) i U (y) 6747'71
Ky

Ae=2mu 1 (2,2)° B2 Koy (2,2)° K2

1 1 2

= —— | —+4o0(1)].

7T21—S(u)2(3 ()>

Then from (6.1) and (6.8), and recalling the definition of 77 at (5.4),
(2119 — OF,) A (6_”‘)4 1 L (772 + (1))
-5 | =+o0

Ae—2Tu KnJrl (37,56)4 K T2 1-8 (u)2 3
1 2

ﬁ@swﬂ< Fl -7 ) +o().

by (6.1) and (6.2).

T 1 [ Ky (z,2)°

2

K2 T

Step 2: T
From (5.4),
T 1 . [Q12A] 1
22— = 10A . o pAeAl ) 2
K2 m2A3/2 0124 arcsin ( VIQ11 A [Qa2A| K2
973/2 3
1 Kn+1 ((L’,.’E) ngA e oTu . |912A|
= = 2 37— | aresin | —————s
T Ae Koy (z,2)° K |Q11A][Q22A]

= 7T2 (1 - ;(u)2>3/2H (u) arcsin (g((Z))> +o(1),

by (6.2)-(6.5).
Step 3: T3
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From (5.4),
5 1 K1 (z,y)?
@ T e (AKnH(x,x)KnH(y,y) v

[\v)

_ 1 [Kpja(@y)e™™ [ Kng1 (1,9) o—2ru T Ko (3,2)°
T Kpi (z,2) Kpv1 (z,2) Ae—27u

1 S(u)® | n2
= —=|————= | —=—+0(1),
w2<15(u)2 3 oW
by (1.12), (6.2), (6.8), and (6.9). Substituting the asymptotics for 7}, j = 1,2, 3 into (6.7)
gives

| E—

Ko (z,2)" K

e @) = ()1 ()}

1 2

- 2 H (u) . (H (u)
= m F(U)—3<1—S(U))+H(U)Qarcsm(Gu> +0(1)

= ZE(u)+o(1),
recall (1.6). O

We next deal with v near 0, which turns out to be challenging. First, we prove

Lemma 6.2. (a) A (z,z + ) has a double zero at u = 0, and there is p > 0 such that for
all |z| <1 — ¢ and n large enough, A (x,z + %) has no other zeros in |u| < p. Moreover,
uniformly for v in compact subsets of C, and |z| <1 —¢,

A(x,z+ 2 1—8(u)?
i 2T+ E) g) e = 175 (W (6.10)
n—oo K1 (x,2)” u? U

The right-hand side is interpreted as its limiting value at u = 0.
(1) [(211922 — QF,) A] (2,2 + %) has a zero of even order at least 4 at u = 0. More-
over, uniformly for v in compact subsets of C, and |z| <1 —¢,
(211920 — 03,) 1 F(u)

nh—%c A K (1 B S(U)Q)

R

The right-hand side is interpreted as its limiting value at u = 0.

Proof. (a) First,

2

A (56,37 + E) = Knp(z,2) Knp (96 + E,CU-F E) - Kni1 <$>$+ E)
K K K K

is a polynomial in v, and by Cauchy-Schwarz is non-negative for real u, with a zero at

u = 0. This then must be a zero of even multiplicity. But since

A($,$+%)

"= Ko (x,2)°

e =1 -5 (u)?,

uniformly for u in compact subsets of C, by Lemma 6.1(b), and the right-hand side has
an isolated double zero at 0, it follows from Hurwitz’ Theorem and the considerations
above, that necessarily for large enough n, A (3:, T+ %) has a double zero at 0, and no
other zeros in some neighborhood of 0 that is independent of n. Since the convergence
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is uniform in x, the neighborhood may also be taken independent of z. But then

Az, x+% _ . . . . .

(7"2)6 2Tu is a sequence of entire functions in u that converges uniformly
Kyt (z,z)?u? -1
n=z

in compact subsets of C\ {0} and hence also in compact subsets of C.

(b) Recall (3.11). Here det(X) is also a polynomial in u when y = x 4 . As in the
proof of Lemma 2.2 in the Appendix in [16], ¥ is a positive definite matrix when = # y,
so is nonegative definite for all z, y. Then det(X) > 0 for real z,y while det (¥) = 0 when
u = 0. Thus as a polynomial in u, det(X) can only have an even multiplicity zero at u = 0.
We need to show that it has a zero of multiplicity at least 4 when u = 0. By a classical
inequality for determinants of positive definite matrices and their leading submatrices
[3, p. 63, Thm. 7], when y is real,

1,1 1,1
Kr(LJrl) (x7x) Kr(LJrl) (x7y)

11 11
K () KLY ()
We already know that A has a double zero at u = 0 fory = = + #(w) But the second
determinant also vanishes when y = z, that is u = 0. It follows that necessarily as a
polynomial in u, det (X) has a zero of multiplicity at least 4 at w = 0. Then

0 < det () < A(z,y)det

Q11922 — Q%Q o det (E)
A A2
has a removable singularity at 0, since the zero of multiplicity 4 in the denominator
is cancelled by the zero of multiplicity > 4 in the numerator. Then from (6.1), (6.2),
uniformly for z € [-1+¢,1 — £] and u in some neighborhood of 0,

2
Q10— 0% 1 (a2 — Q) A e K (2,2)
A kT K, (Jc,x)4 K Ae—2Tu
F
L Fw

(1-_,9(u)2)

Moreover, since S (u) = 1 only at v = 0, this limit actually holds uniformly for « in
compact subsets of C. O
Next, we deal with Q45 :

Lemma 6.3. There exist C,ng,p > 0 such that uniformly for n > ny,
|| <1-—¢,

u| < p, and

Q12|
-2 < C.
VAKZ T

Moreover, uniformly for |u| < p, and |z| <1 —¢,

912 1 H(u)
oo A KE 2y3/2"
AR? (11— S(u)?)

Proof. We note that this proof is simpler than the corresponding one in [16]. First,
from the previous lemma, there exists p > 0 and ng such that for n > ny and |u| < p,
A(z,y) = A(z,z+ %) has a double zero at 0 and no other zeros in the disk |u| < p.

Then we may choose a branch of /A (m, T+ %) in u that is single valued and analytic

in |u| < p, with a simple zero at u = 0. Then inasmuch as Q;2A is a polynomial in u, by

(3.10),
Q2 1 QpA 1

\/ZH2_ (\/Z)ZSHQ
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is for n > ng analytic in the deleted disc 0 < |u| < p with a pole of order at most 3 at 0.

We now show that €12/ has a zero of order at least 3 at u = 0, so that in fact Q—\/%K—g has a

removable singularity at 0, and thus after redefinition at 0, is analytic in the disc |u| < p.
First recall that

Knp1 (2,2) Ko (2,9) K3 (2,2)
Ay =det | Kopi (y,2) Koy (n,y) K3Y (0,2)
&Y ) KO (wy) K ()
We subtract the first column from the second and % xthe third column from the second

and use the symmetry of K,,. To examine the resulting entries in the second column, we
obtain from Taylor series expansions that as v — 0,

2

—) Kfffl) (z,z)+ O (u3) :
2

()" K2 00 (o)

2
n) K& (2,y) + 0 (u°)

u
Kn+1 (xay) - |:K’r7.+1 (SU,QE) + EKT(LO#ill) (xﬂ (E)] =

~—
al

u
K1 (y,y) — {Kn-‘rl (y,7) + ;Kffl’ll) (y,a:)] =

0, 0,1 ,1
K ) - (K5 @)+ 2K ()] =

Using symmetry of K,,, we then obtain as u — 0,

DN = DN = DN =

u
KR

~—
S

0,2 0,
1 u 2 Kn—i—l (:Ey LIJ) Ky(161-21) (.’L‘,l‘) Kn(—)i—il) (va) 3
Ao = 5 <;) det | Kpi1(y,z) Ky(l-ﬁl) (y,2) Kv(z-h) (y,z) | +O (u ) :
K& ) KEY @) KLY (v2)

Next we subtract the first row from the second and see that each of the resulting terms

in the second row is O (u). So indeed, A5 = O (u3) as u — 0. Thus after removing the

singularity at 0, Q—\/%é = ME% % is analytic and single valued on |u| < p. Next, from

Lemma 6.1(e), (b), (perhaps with a smaller p)

. —3/2
. Qg 1 AQo e 8Tu A —oru H (’LL)
n—oo /A KS n=oo | Ky (z,2)° K K1 (z,2) (1—-5(u)?)
uniformly for w in compact subsets of the deleted disc 0 < |u| < p. Here Q—\/%ﬁ is analytic

on |u| < p, and converges uniformly on |u| = p, so the maximum modulus principle shows

that the convergence is uniform on |u| < p. Hence H (u) / (1 — S(u)2)3/2 is analytic in
|u| < p, and the result follows. O

Now we can deduce the desired bound near the diagonal:

Proof of Lemma 3.4(b). Recall that p, was defined by (3.6). Then for |z| < 1 — ¢, and
u € [-n,n),

L W Q] o (121 Y 1
) 1.1 . _PRleal — <,
\pz (a: y)| p < A + \/Z arcsin \/m K2 =

by Lemmas 6.2-6.3. Next, from (5.1), followed by (6.8),

T 1 v (x 1
K T\ Koy (z,2)° k2 V3
and a similar asymptotic holds for p; (y). From (1.11) and the above, it follows that

2 (x,y) — p1 (z) p1 (y)| < CK? < Cn?.

O
Proof of Lemma 3.4(c). This follows directly from (6.11) and (1.11). O
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7 Proof of Theorem 2.1

We note that the measures in Theorem 2.1 belong to the class Q defined in [13, p. 6].
We turn to verifying the hypotheses (I)-(V) in Section 1. We first recall some results from
[13]. We continue to use the notation x, 7 from (4.1-2).

Lemma 7.1. Assume that {Q),} are as in Theorem 2.1. Let L > 0.

(a) Form =n,n+1,

1/4
Sp [P (2)] ™" [[1 = [af | 402/~ 1, (7.1)
x€l,
(b) For |z| <1,
1/2
K1 (pn, z, ) pl, (x) ~ nmax {1 — || ,n_2/3} . (7.2)
(c) There exists ¢ > 0 such that for || <1—n"°¢,
1
K (i, z, ) = 0g, () +0(1). (7.3)

(d) Uniformly forn > 1 and forx € (—1,1),

0Qn(z) ~ V 1 —22. (7.4)
(e) Uniformly forn > 1 and for z,y € (—1,1),
190, (2) = 0Qu ()| < Clo—y[*. (7.5)

(f) There exists ¢ > 0 such that for |z| <1 —n~¢ and for u,v in compact subsets of the
real line,

K1 (24 20+ 1) —S—uw)+0(n). (7.6)
Kyi1 (fn, T, )

(g) For polynomials P of degree < n + L,

[P'e™ ||, gy S Cnl[Pe™@ [, ) (7.7)
(h) |
Tn,n
— = 1). 7.8
T S to() 7.8)
(i) For polynomials P of degree < n + L
Hpe_nQnHLw(In) <C HPG_RQHHLOO[—LH : (7.9)
0)
sup [|Qy |z (—1,1) < o0 (7.10)

Proof. (a) See Theorem 2.1(a) in [13, p. 9].

(b) See Theorem 2.1(b) in [13, p. 9]. Note that there A, (un,x) = 1/K,, (tin, z, x).

(c) See Theorem 2.2(c) in [13, p. 11].

(d) See Theorem 3.1(a) in [13, p. 15] and recall that there a,,; = 1 while a_,, ; = —1.

(e) See Theorem 3.1(b) in [13, p. 15].

(f) See Theorem 15.1 in [13, p. 155].

(g) See Theorem 8.1(b) in [13, p. 63].

(h) See Theorem 13.4 in [13, p. 124].

(i) Apply Theorem 4.2(a) in [13, p. 30] with T" = 1.

(j) It is shown in Lemma 3.2(a) in [13, p. 16] that |Q/, (+1)| ~ 1. Since @/, is increasing,
we obtain (7.10). O
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We proceed to verify the hypotheses (I)-(V) in Section 1.

Lemma 7.2. - Verification of (I)
Let0<e< 1. Thenfor|z|<1l—¢,andm=n,n+1,

1Py ()| 679 () < O, (7.11)

Proof. Note that (7.1) implies the bound (1.9) for j = 0. From the restricted range
inequality Lemma 7.1(i),

SUp [prm () (L —2%)[e@ ) < O sup |pam (2) (1 —27)| e @) < Oy,
zel, 16[7171]

by (7.1). Then by the Bernstein inequality Lemma 7.1(g),

a4 _22)]| e-n@n@)
xsglfi T [Pn,m (@) (1 —27)]|e < Chn.

Then for |[z] <1 —¢,

|p;%m (2) (1 - x2)| e "n(@) < |Pr.m () 2z] e (@) 4 On < Cin
and then as 1 — 22 > ¢, we obtain (7.11) and hence (1.9) forj=1. O

Next we turn to establishing the universality limit for complex u, v. We use Theorem
1.2 from [12] with h = 1 there. As we have already assigned a specific meaning to the
measures {/u,}, we shall use {/i,,} to denote the measures in [12] and also place a cap
on their associated quantities.

Lemma 7.3. Forn > 1, let [i,, be a positive Borel measure on the real line, with at least
the first 2n + 1 power moments finite. Let I be a compact interval in which each ji,, is
absolutely continuous. Assume moreover that in I,

diip, (x) = e 2nQn(@) g — W2 () da, (7.12)

is continuous on I. Let 75, denote the equilibrium measure for the restriction of W,, to
I. Let J be a goompact subinterval of I°. Assume that
(a) {O’Qn }n:1 are positive and uniformly bounded in some open interval containing J;
® {0}
taining J; or
(b') more generally, for some open interval J, containing .J, and for each fixed a > 0,

are equicontinuous and uniformly bounded in some open interval con-
1

sup
teJa,|h|<a

Q) —qQ, <t+z>‘—>0asn—>oo. (7.13)

(c) For some C;,C5 >0, and forn > 1andx € I,
Oy < K (fin, z,x) W2 (z) /n < C. (7.14)
(d) Uniformly for x € J and a in compact subsets of the real line,

. K, (ﬂml""g’x—i_g) W (x)
noo Ky (i) W20 (24 9) o

Then uniformly for x € J, and u,v in compact subsets of the complex plane, we have

i K+ 200 8)

Jim K, (o7 S(v—u).
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Proof. See Theorem 1.2 in [12, p. 748]. There the limit is stated for real u,v. The result
for complex u, v is stated as (1.13) in [12, p. 749]. The weaker condition (b’) is noted in
the remarks on page 749 in [12], see (1.12) there. O

Lemma 7.4. - Verification of (IV)
Assume that {Q,,} are as in Theorem 2.1. Let 0 < ¢ < 1. Then uniformly for |z| <1—¢
and u, v in compact subsets of C,

lim Kn+1 (,un,a: + %7"1: + %)

) _ gy —
e = v u).
n—0o0 Kn+1 (un,x,x) ( )

Proof. We use Lemma 7.3 with J = [-1+¢,1 —¢| and i, = p,. Firstly, from Lemma
7.1(d),we have the requirements of Lemma 7.3(a). Note that since the support of our
equilibrium densities for u, is [—1,1], they are also the equilibrium densities for the
restriction of p, to [—1,1] [18, p. 43, Theorem 3.1]. Next, from Lemma 7.1(j), and the
assumed smoothness (2.2) of {Q/,}, we have the requirements of Lemma 7.3(b). From
Lemma 7.1(b), we have the requirements of Lemma 7.3(c). From Lemma 7.1(c), (e), we
have the requirements of Lemma 7.3(d). Then we may apply the conclusion of Lemma
7.3 to {ur, }. Finally, we may replace K, with K, ; by changing the index in p,,. O

Lemma 7.5. - Verification of (II), (II1), (V)
The estimates (1.10), (1.11), (1.13), (1.14) are valid.

Proof. Firstly, (1.10) follows directly from Lemma 7.1(h). Next, (1.11) follows from
Lemma 7.1(b). Next, (1.13) follows from Lemma 7.1(j). Finally, (1.14) follows easily from
the Lipschitz condition (2.2). O

Proof of Theorem 2.1. We have verified all the hypotheses of Theorem 1.1 in Lemmas
7.2,7.4,7.5. Lemma 7.1(c) allows us to replace + K1 (z,z) in (1.15) by oq, (). O
8 Proof of Theorem 2.3 and Corollary 2.4

Recall Definition 2.2 and the notation (2.6)-(2.13). We also need the function ¢,, from
[11, p. 19]

|z — a_on| |z — a2y
ny/[lz —a_p| + la_nln_n] [l — a_n] + Ja_n]n_0]

on (z) = , € [a p,an), (8.1)

while ¢, (x) = ¢, (an), * > an, and ¢, (x) = @, (a—,), x < a_,. Here

—2/3
|atn]

N+n = nT (ai’n) S

We let p,, (W?, z) denote the nth orthonormal polynomial for W2, so that

/pn (W2,x) Dm (WQ,;U) W2 () dz = Gmn.

Moreover, for non-negative integers r, s, we let

K(T 5) ijr (5) (W2 )

and ~
KD (W2, 8) = W (2) W (8) K (W2, ,t) .
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Lemma 8.1. Let 0 < ¢ < 1. Assume that W = exp (—Q) € F (C?).

(i)
sup |py, (z)] e~ Q@) [l —an| |z — a_n|]1/4 ~1 (8.2)
zeR

(ii) Uniformly for x € J, (¢),

Koy (W2,2,2) W2 (2) ~ 5. (8.3)
n
(iii) Uniformly for z € J, (¢),
Knp1 (W2, z,2) W2 (2) = 0, (z) (1 4+ 0(1)). (8.4)
(iv) Uniformly forn > 1 and forx € (—1+¢,1 —¢),
o (z) ~ 1, (8.5)
and uniformly for z € J, (¢),
on (z) ~ L. (8.6)
on
(v) Uniformly forn > 1 and forx,y € (—1+¢,1—¢),
o7 (@) = 0 ()] < Cla =y (8.7)
(vi) For polynomials P of degree < n,
[(PW) @nll, gy S CIPWIL_ (- (8.8)
Moreover, given e € (0,1), forx € J, (),
n
[P/ () W (@) < O3 1P|,y (8.9)
(vii)
Yo _ On
=2(140(1)). (8.10)
Tnt1 2 ( )
(viii) For polynomials P of degree < n,
1PV ) = IPWlL o .am) - (8.11)

Proof. (i) See Theorem 1.17 in [11, p. 22].

(ii) This follows from Corollary 1.14(c) in [11, p. 20], where estimates were provided
for \, (W?2,z) = 1/K,, (W?,z,z). Note that the class of weights above is contained in
the class F (lip%) mentioned there (cf. [11, p. 12]). More precisely, it was shown that
for z € [a_p,an],

K, (WQ, x,x) W2 () ~ pn (Jc)_1 ,

where @, (z) is defined by (8.1). Here if x € J, (¢) = [a—p, + €0n, ay, — €0,], we see that
| — atn| > Cyp, so
on

©n () ~ e (8.12)

Finally, we can replace K,, with K, ; using the bounds on p,,.

(iii) See Theorem 1.25in [11, p. 26]. Note that if 0 < a < 1, then for large enough n,
we have J,, (¢) C [a—an, Gan] -

(iv) See Theorems 1.10 and 1.11 in [11, pp. 17-18].
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(v) See Theorem 6.3 in [11, pp. 147-8] and the discussion on page 149- we can use

o = 3 there.
(vi) The first assertion is a special case of Theorem 10.1 in [11, p. 293]. For the

second we see that
[P'W|(2) ¢n (z) < [PW|(2) Q" () n (z) + [PW ], () -
From Lemma 3.8(a) in [11, p. 77], for = € J,,(¢),

Q (z) < céﬁ. (8.13)
Then the second estimate follows from this and (8.12).
(vii) See Theorem 1.23 in [11, p. 26] and note that there A, = ”7—; while 5::1 =
1+0(1).
(viii) See Theorem 4.1 in [11, p. 95].

O

To apply Theorem 1.1, we introduce a sequence of measures {u,} as follows: for
n>1,let
Qn (@) = 2@ (I @) = ~Q (B +6,0):
W, (z) = e~ Qn(®).
dpin () = e 2@ gy,

Note that
W2 =w?2o LY, (8.14)
and 5
Q= =2Q oLl (8.15)
n

We denote the orthonormal polynomials for j,, by {pn ; }?’;O as in Section 1. We also use
the notation for the reproducing kernels and other quantities there. A substitution shows
that

P (@) = 01/, (W2 LI (@) (3.16)
and
Kn+1 (Hmﬂ%y) = (;nKn-&-l <W27 L£,71] (17) 7L£;1] (y)) . (8.17)
Lemma 8.2. - Verificiation of (I)
Let0<e< 1.
(a) Forz € J, (¢) and £ = 0,1,
C n\*
() ~ ([
Pn (w)’W(x) < 5177 (5n> . (8.18)

(b) For|t| <1—¢,¢=0,1,and k=n,n+1,

) (t)‘ W™ (t) < Cnt. (8.19)
Proof. (a) The case ¢ = 0 follows from (8.2). Now

(2= a-n) (a0 —2) = 62 (1= La (2)°),
so we can reformulate part of our bound (8.2) on p,, as

1/4

0,/ [pn (@)| W (2) [1 = L7 (2)] " < C, z €R,
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and then also,
Y2 p ()| W () |1 — L2 (2)| < C, = € [a—p—2,an42]. (8.20)

Here p, (x) (1 - L2 (x)) is a polynomial of degree n + 2. Then our restricted range
inequality Lemma 8.1(viii) give that

sup 6,/ py ()| W (2) [1 = L}, (2)| < C.
z€R

Next, we apply (8.9) to the polynomial p, (z) (1 — L2 (z)), of degree n + 2: for z €
Jnt2(€) 2 Jn (e),
<o

n

‘;i: {571/2% (x) (1 - L3 (a:))} W (z)

Then for z € J, (¢),

53/ [Pl (2) (1 = L2 (@) W (2)] < 6,72 |p (2) 2Ly ()| W () + O - < O,
by (8.2). Since 1 — L2 (z) > C'in J, (¢), we obtain (8.18) for ¢ = 1.
(b) This follows from the identity (8.16). O

Next, the universality limits:
Lemma 8.3. - Verification of (IV)

Let0 < e < 1.

(@) Let W = exp (—Q) € F (C?). Then uniformly for u,v in compact subsets of the
complex plane, and = € J, (¢), we have as n — oo,

T+ T ) Q' ()
K1 (W2,z,2) e—m(u-‘rv)

lim n+1 <W T K +1(W2 o)’
n— o0 'I’L+1 (W x, 1:)

=S(v—u).

(b) For u.,, defined above, we have uniformly for u,v in compact subsets of the complex
plane, and || <1 — ¢, we have as n — oo,

Kn+1 (/Ln7f+ v£+ = ) —_—l u+v
lim 55) Kny1(6,6) R +1(55)Q (&) (ut ):S(Ufu).
n—0o0 Kn+1 (:U/’nué-ag)

Proof. (a), (b) This was established in Theorem 7.4 of [12, p. 771] for a bigger class of
weights. It was stated in Theorem 7.4 for real u, v but as noted in Lemma 7.3 above, it
was stated in (1.13) in [12] that we have uniformly for u, v in compact subsets of C, and
K,=K, (i), and £ € [-1+¢,1 —¢]

K1 (Nmf + Roos (& 5)75 + = Ko (€, 5)) m@;(@(wﬂ))

lim =5 —u).
n—0oo K’n+1 (:u’na€7§) ( )
Thus we have the conclusion of (b). Here from (8.15), (8.17), if x = Lgfl] &) e Jy (e),
n Q (x
-
Kn+1 (Mn7§7£) Kn+1 (W 7$7x)
so we also obtain the conclusion of (a), using
u u
g + —_ = LTL (x + ~) .
KTL-‘rl (und fa g) 7L+1 (W x 17)
O
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Finally, we verify the remaining hypotheses (II), (III), (V).

Lemma 8.4. (a) The estimate (1.10) holds true for p,,.
(b) The estimate (1.11) holds for |z| <1 —e.
(c) The estimates (1.13) and (1.14) hold for |z| <1 —¢.

Proof. (a) From (8.16), we have
Yo = 652

so from Lemma 8.1 (vii),
Tn,n 1

I — 4 0(1).

’Vn,n+1 2 ( )
(b) This follows from Lemma 8.1(ii) and (8.17). Note that K, +1(z,z) = K, (z,z)(1+0(1)).

(c) Firstly it is shown in Lemma 7.6(a) in [12, Lemma 7.6, p. 773] that {Q),} are

uniformly bounded in compact subsets of (—1,1). In Lemma 7.6(b) there, it is shown that
for fixed a > 0,

sup
[t|<1—e,|h|<a,

Q;(t)—Q%<t+z>’—>0asn%oo.
O

Proof of Theorem 2.3. We have verified the hypotheses (I)-(V) for the measures {u,}
in Lemmas 8.2, 8.3, 8.4. We can then apply the result of Theorem 1.1 to {u,}. The
transformation formula

G (8) = D apag (5) = Y ap o LY () = G (LI (9))
§=0 §=0

then gives the result, recalling the asymptotic from Lemma 8.1 (iii):

Kuir (s,8) = %"KM (W2, L (s), L1 () W2 (LL;H(S)):(SianoL;—ﬂ(s)(Hou))

on(s)(1+o0(1)).

3=

O
Proof of Corollary 2.4. It is shown in [15, Lemma 3.2, p. 55] that for z € (—1,1),
nlgr;o or(x) =04 (2).
Moreover Lemma 8.1(iv) shows that {o}} are uniformly bounded in [a, ].
O
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