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Abstract

In this paper, we study the maximal edge-traversal time on optimal paths in First-
passage percolation on the lattice Z? for several edge distributions, including the
Pareto and Weibull distributions. It is known to be unbounded when the edge distribu-
tion has unbounded support [J. van den Berg and H. Kesten. Inequalities for the time
constant in first-passage percolation. Ann. Appl. Probab. 56-80, 1993]. We determine
the order of the growth depending on the tail of the edge distribution.
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1 Introduction

First Passage Percolation (FPP) is a model of the spread of a fluid through a random
medium which was first introduced by Hammersley and Welsh in 1965. In FPP, a graph
with random weights is given and we consider the optimization problem of the passage
time between two fixed vertices. The minimum value is called the first passage time
and it represents the time when the fluid reaches from one point to the other. From
the viewpoint of an optimization problem, properties of the optimal path that attains
minimum value are also of interest. Theoretical physicists predicted that the front
of spread in FPP asymptotically satisfies KPZ-equation [4] in some sense. Moreover,
they have found the relationship between the fluctuation of surface and the deviation
of optimal paths, the so-called scaling relation [9]. Over 50 years, as mathematical
techniques have been developed for these problems, there has been significant progress
especially about the asymptotic and the fluctuation of the first passage time and the
surface growth. On the other hand, not much is known about the properties of the optimal
path. The above-mentioned scaling relation concerns the geometry of the optimal path
but it has not been proved fully rigorously [5]. This paper studies the maximal weight

*This research is partially supported by JSPS KAKENHI 16J04042 and Kyoto University Top Global University
Project.
TUniversity of Basel, Switzerland. E-mail: shuta.nakajima@unibas.ch


https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/22-EJP746
https://ams.org/mathscinet/msc/msc2020.html
mailto:shuta.nakajima@unibas.ch

Maximal edge-traversal time in First-passage percolation

of the edges on an optimal path aiming to provide a better understanding of how the
medium along the optimal path looks. For more on the background and known results in
FPP, we refer the reader to [1].

1.1 The setting of the model

In this paper, we consider the first passage percolation on the lattice Z%. The model
is defined as follows. An element of Z¢ is called a vertex. Denote by E? the set of
non-oriented edges of the lattice Z¢:

E¢ = {{v,w)| v,w € Zd, v —w|; =1},

where |u|; = Zle |u;| for u € Z<. We say that v and w are adjacent if |v — w|; = 1. With
a slight abuse of notation, an edge e = (v,w) is considered as a subset of Z¢ such as
e = {v,w}. We assign a non-negative random variable 7. on each edge e. Assume that
the collection 7 = {7.}.cg« is independent and identically distributed with a common
distribution F. Let (Q, F,P) be the probability space and denote by [ its expectation.
A path ~ is a finite sequence (zq,- - ,x;) of 7% such that forany 1 < i < I, z; and x;_;
are adjacent. When zy = v and x; = w for a path v = (xq,--- ,x;), we write v : v = w
and then ~ is said to be a path from v to w. It is sometimes convenient to regard a path
v = (zg,- -+ ,2;) as a sequence of edges such as ((zg, z1), - {(z;—1,x;)). Thus we will use
this convention with some abuse of notation.
Given a finite path v, we define the passage time of v as

T(y)=> 7

ecy
Given two vertices v, w € Z%, we define the first passage time from v to w as

T(/U’ ’LU) - 'y:gI—fMU T(’Y),
where the infimum is taken over all finite paths from v to w. We say that a finite path
v :v — wis optimal if T(y) = T(v,w). Denote by O(v,w) the set of all optimal paths
from v to w:
O(v,w) ={y:v—= w| T(y) = T(v,w)}.

It is proved in [10] that if P(7, = 0) # p.(d), then at least one optimal path exists for
any endpoints and if P(7, = 0) < p.(d), then O(v,w) is always a finite set, where p.(d) is
the critical probability of d-dimensional percolation. It should be noted that the same
questions are still open when P(7. = 0) = p.(d).

It is easy to see that T : Z¢ x 7% — R>( is pseudometric. Hence optimal paths are
sometimes called geodesics. Given a path v, we set the maximal edge-traversal time (or
the maximal weight) of v as

M(7) = sup e.
ecy
An edge e is said to be a maximal edge for « if e belongs to v and it attains the maximal
weight of v. In this paper, we investigate the growth rate of the maximum weight of
optimal paths.

1.2 Overview

Edge weights along an optimal path are important research topics. In addition, there
are many applications in the study of the geometry of optimal paths. For examples, Bates
[2] proves that the empirical distribution of an optimal path, ) . , 6, for vy € 0(0,ne;)
where §, is the Dirac measure at z, converges to some distribution independent of a
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choice of the optimal path, and as a corollary, he obtained the law of large numbers of
the length of the optimal path. Also, the authors in [8] studied the tail bounds of the
empirical distributions.

Van den Berg and Kesten proved in [3] that the maximal edge-traversal times of
optimal paths go to infinity as the endpoint goes to infinity if the distribution F' is
unbounded, as a special case of more general theorems. The problem of the speed of the
divergence is natural to consider and appears in [1] as an open problem (Open problem
2).

Since the formulation of our results will be a bit complicated, we state some illus-
trative consequences first when the distribution is continuous, i.e. P(7, = a) = 0 for
any a € R. (See Thoerem 1.1 and Remark 1.5.) If P(7, > t) = exp{—t"t°1} with r > 0
for any sufficiently large ¢ € R, then the following occurs with high probability: for any
optimal path 7 from 0 to z,

(log |x|1 )1 Fro) f e <d—1,
M(n) =< (og|z|)ate®,  ifd—1<r<d, (1.1)

1

(log |z|1 )=o), ifd<r,

where o(1) — 0 as |z| — oo. It should be noted that if, in addition, we remove o(1) in the
assumption about the distributions, then we get the same results without o(1) except
whenr =dorr =d—1. And, if a;t=# < P(7, > t) < ayt™? for any sufficiently large ¢t > 0
with some constants 5 > 2 and a1, as > 0, then the order becomes

M) = osleh
log log |2],

These transitions itself are interesting and closely related to that of the large deviations

of the first passage time [6, 7].

In the proofs, one can see that different geometric pictures around the maximal
edges appear. It would be interesting if there is a transition of some quantity about
the configurations around the maximal edge, such as the average weight around the
maximal edge.

1.3 Main results

We only consider the optimal paths from 0 to Ne;, though all of the results also
hold for any direction. For the sake of the simplicity, we write Ty = T(0, Ne;) and
Oy = 0O(0,Ney). Given d > 2 and r > 0, we set {5 (V) as

(log N)(loglog N)~1 ifr=0,
(log N) T+, if0<r<d—1,
£, (N) = (logN)i(loglogN) %fr:d— 1, (1.2)
(log N)d, ifd—1<r<d,
(log N)i(loglog N)~a, ifr=d,
(log N)+, if d < r.

First we state the upper bound for maximal weight.

Theorem 1.1. Let d > 2. Suppose that there exist constants r € (0,00), b, a > 0 such
that fort > 0,

P(r. >t) < ae™, (1.3)
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and P(r. = 0) < p.(d). Then, there exists a positive constant C such that
lim P ( sup M(7y) < Cfd_T(N)> =1.
N—00 veON '

Theorem 1.2. Let d > 2. Suppose that Er? < oo and P(7, = 0) < p.(d). Then, there
exists a positive constant C such that

lim P ( sup M(vy) < Cfd.o(N)> =1L
N—o0 ~YEON ’

Next we move on to the lower bound. Let us restrict our attention to the following
class of distributions, called useful distributions, which is introduced in [3].

Definition 1.3. Let 7 be the infimum of the support of a random variable 7.. We say that
the distribution F' is useful if either holds:

(1) r=0and P(7. =0) < p.(d) or (2) 7 > 0 and P(7. = 1) < p.(d),

where p.(d) and p.(d) stand for the critical probabilities of d-dimensional percolation
and oriented percolation model, respectively.

Note that if F' is continuous, then it is also useful. This restriction assures that
a typical optimal path never goes far away taking only the minimum value of the
distribution.

Theorem 1.4. Let d > 2. Suppose that the following three hold:
1. F is useful,
2. for any positive integer m, E[1]"] < oo,
3. there existr € (0,00), 8,«, p > 0 and x > 1 such that for any t > p,

P(t < 7o < kt) > ae P,
Then, there exists a positive constant ¢ such that

lim ]P( inf M(v) > cfd,,(N)) =1.

N—oco v€ON

Remark 1.5. Let us comment how to deduce the lower bound in (1.1) under the assump-
tion P(7, > t) = exp (—t"T°(1)). We now consider a weaker assumption that x depends on
t such that x = t° with § > 0. Essentially the same proof yields the following result: for
any ¢ > 0, there exists § > 0 such that under the above conditions (i)-(iii) with x = #°,

lim P ( inf M(y) > cfd,r(N)1_€> =1.

N—o0 veON

Note that if P(7, > t) = exp (—t"t°(1)), then it is easy to check that for any § > 0,

_¢rtoe(1)
)

Pt <7, <t >e

and that the other conditions hold. Therefore, the lower bound of (1.1) follows.
Theorem 1.6. Let d > 2. Suppose that the following three hold:

1. F is useful,

2. E[r?] < 0,
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3. there exist 8,a,p > 0 and x > 1 such that for any t > p,

P(t < 7, < kt) > at™P.
Then, there exists a positive constant ¢ such that

lim P ( inf >cfgo(N) ) =1.
i <W1€%N M(7) = g ))
Remark 1.7. Given two sets A, B, we define T(A, B) = inf,ca, yep T(A, B) and denote
by O(A, B) the set of corresponding optimal paths. If we consider the Box-to-Box first
passage time T(Dy,, (0), D1 (Ney)) instead of T(0, Ne,) where Dy, (z) = 2+[—Ly, Ly]?
for r € R? and Ly to be specified below, and the maximal weight of corresponding
optimal paths, then the above four results hold not only in probability, but with probability
one. More precisely, the following results hold:

Proposition 1.8. Let Ly = log N. Under the condition of Theorem 1.1, the following
happens with probability one: there exists a positive constant C' such that for any N € NN,

sup M(y) < Ctq,(N). (1.4)
YEO(Dy \ (0),Dr  (Ne1))

If only we assume the condition of Theorem 1.2, then (1.4) holds with r = 0.
Proposition 1.9. Take a positive constant p and set Ly = (log N)*7. Under the condi-
tion of Theorem 1.4, the following happens with probability one: there exists a positive
constant c such that for any N € N large enough,

inf M(v) > efyr(N). (1.5)

'YE(D(DLN (O)aDLN (Nel))
If we assume the condition of Theorem 1.6 instead, then (1.5) holds with r = 0.
Remark 2.8 and 3.3 explain the necessary modifications to show the above results.

Remark 1.10. In order to get the exact order of the growth of the maximal weight, in
general, we need the assumption of the distribution such as P(7. > t) ~ exp{—f(t)},
where f(t) is regularly varying function, as we do for an extreme value problem of

independent and identical distributed random variables. Therefore, our assumption on
distributions is natural one.

1.4 Notation and terminology

This subsection introduces useful notations and terminologies used in the proofs.

* Given a < b, we write [a, b] = [a,b] N Z.

* Given a finite set A, we denote the cardinality of A by #A.

* Given a path v = (g, -+ ,2;), we define the length of v as #y = [.

* Given two vertices v,w € Z¢ and a subset D C Z% we set the restricted first

passage time as

Tp(v,w) = WiggT(v),

where the infimum is taken over all paths v C D from v to w. If such a path does
not exist, then we set the infinity instead.
* We use ¢, ¢;, C and C; with ¢ € IN for positive constants. They may change from line
to line. Typically, ¢ and ¢; are used for small constants and C' and C; for large ones.
» The symbol |-]| is a floor function, i.e. |z] is the greatest integer less than or equal
to z.
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e It is useful to extend the definition to measure the p-norm between two sets as
d,(A,B) = inf{|z —y|,| € A, y€ B}, A, BcCR"

When A = {z}, we simply write d,(z, B). We only use p = 1 or p = oo in this article.

+ Given a set D of Z<, let us define the inner boundary of D as
0D ={veD|Jw¢ Ds.t. [v—w| =1}

We define the interior of D by «(D) = D\0D.

» Givenaset D C Z% and z,y € D, we write x ~p y if there exists a path from a to b
which lies only on D. Let us denote the connected component of D containing of x
as Conn(z, D) ={y € D| x ~p y}.

1.5 Heuristics and Reader’s guide

For the proof of the upper bound, to each edge, we will consider a condition, where if
the edge has a large weight and a path passes through the edge, then one can make a
detour from this path to get a smaller passage time. We will check that all edges related
to optimal paths satisfy this condition with high probability, and thus optimal paths do
not have too large weights. This condition appears in Lemma 2.4. The easiest case for
the upper bound is » = 1 and proved in Section 2.2.

For the proof of the lower bound, we will use the resampling argument introduced
in [3]. We resample the local configurations to make the optimal paths pass through
this region and take a sufficiently large weight. (See the conditions &£ 2)—£(2.4) in Defini-
tions 3.11, 3.15, 3.19 and Propositions 3.12, 3.17, 3.22.) It needs the detailed information
of optimal paths near the maximal edge, which heavily depends on the tail of distribu-
tions. The easiest case for the lower bound is 0 < r < d — 1 and proved in Section 3.1
and 3.3.

2 Proof for the upper bound

2.1 General argument for upper bound

Given an edge e = (v, w), we define v, € {v, w} such that |v.|; = min{|v|1, |w|1} (such
ve is uniquely determined) and denote the k-th boundary and the set of its edges by C,(f)
and @,(f), respectively (See Figure 2.1):

C,(f) ={2€Z%: v — 2|0 = k},
C,(f) ={(z,y) 1w,y € CE:) and |z — y|y = 1}.

) are independent.

Note that if k # &/, then Cgf) ﬂé,(j) = () and thus {Te}ocao and {7} ac
k k!

Moreover, each face is the square of sidelength 2k + 1 and its dimension is d — 1. Thus
there exists C'(d) > 0 which depends only on the dimension d such that
t{v e Z¢ v e O} < Cld)kt. 2.1)

In fact we can take C(d) = 4%d since #{v € Z%| v € C\”} < 2d(2k + 1)?-1,
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7€ On

Figure 1:
Left: The figure of CE:) and Cff).
Right: We make a better path from the original one.

Definition 2.1. We say that e is good if there exists 1 < k < fdJ(N) such that for any
v, W E cl®
) k

T ) (v,w) < Mty . (N),

cl®
where M will be chosen later.

It will be proved in Lemma 2.4 that for any path v, if e € v and 7. > Mf,,(IN), then
the goodness of e can make v detour with a smaller passage time.

Definition 2.2. Forz € Z and L > 0, we define
Dp(z) = (z+[-L, L") nZ*,
When x = 0, we simply write Dy, = Dr(0).

We take K > 0 to be chosen in Lemma 2.5.
Definition 2.3. We set

Ea = {Ve € E¢ witheN Dgy # 0, e is good}, (2.2)

E@.3) = {Vy € On, 7 C Dgn}, (2.3)

Epay = {Ve € EY with e N (D, (v)(0) U D, vy (Ner)) # 0, 7o < Mg, (N)}.  (2.4)

We will see that the condition £y .2y N Ex.3) N E2.4) implies that the maximal weight of
optimal paths is less than or equal to Mfy,.(y).

Lemma 2.4. On the event £z N Ep.3) NEn.a), foranyy € Oy ande € v,
Te S Mfd’r(N).

Proof. Let us take v € Oy arbitrary and write v = {zo,--- , 24, }. We fix e = (24, x441) €y
for some 0 < t < fy — 1. If e N Dy, (nv)(0) U Dagg,  (ny(Ne1) # 0, by Ez.a), then
Te < Mfy,(N). Now we suppose that e Dy,  (n)(0) U Dysg, vy (Ner) = 0. By Ep.z) and

E@2.3), € C Dk and e is good. Thus there exists k < f;,(N) such that for any v,w € C,(:),

TCE:) (v,w) < Mfd7,,.(N). (2.5)
We take such k. Let z,, and =4 be the first and last intersecting point between v and C,(f),
ie. p=inf{s € {0,--- v} x5 € Cgf)} and ¢ = sup{s € {0,--- ,fy}| =5 € C,(f)}. Since

e N (D, (v)(0) U Dyge,  (vy(Nep)) = 0, the inside of C,(f) contains neither 0 nor Ne;.
Thus we have 0 < ¢ <t < p < fv. It follows from (2.5) that

Te < T(zp, xq) < Tc(kc>(xp,xq) < Mty (N). O
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From Lemma 2.4, if we can prove

lim P(€p2 NEes NEay) =1, (2.6)
N—oo

then the proof of Theorem 1.1 is completed. First we will estimate P(Ez.3)).

Lemma 2.5. Suppose Er? < co and P(7. = 0) < p.(d). Then there exist C, K > 0 such
that for any N € NN,

P U v ] nDrn)#0| <CNT (2.7)

v€ON
Proof. From Proposition 5.8 in [10], there exist Cy, Cs, C3 > 0 such that for any ¢ > 0,

P (3 self avoiding path ~ starting at 0 with #y > ¢ and T(y) < C1£) < Cyexp (—Cs¥).
(2.8)

We take K > 4E[r.]/C1. Then,
P (3y € Oy s.t. fy > KN)
<P(3yeOyst. fy>KNand Ty < CiEN) + P (Ty > C1KN) (2.9)
S CQGXp(—Cg,KN) —|—]P (TN 2 C]_KN),

where we have used (2.8) in the second inequality. Now we consider 2d disjoint paths
{~:}2¢, from 0 to Ne; so that

max{ﬁ%| L= 1) a2d} < 2Na

asin [10, p 135]. Since E[T(vy;)] < C1KN/2,

2d
P(Ty > C1KN) < HIP (T(y) > CLKN)

i=1

. (2.10)
< TIPUT() — E[T(a)] = C1EN/2).
i=1
By the Chebyshev inequality, this is further bounded from above with some constant
Cy= 04(d7F7 Cl) >0 by

2d
[I ((C1EN/2)~22NE[72))

i=1 (2.11)
S C4K74dN72d'
Thus we have
P (3y € Oy s.t. #y > KN) < Coexp (—C3KN) + Cy K 4N~ 2.12)
<20, KN, '
Since
U v | N(Dgn)¢ # 0 = max #y > KN,
~EON YEON
we have
P (J vn(Dxn)*#0 | <20 KN O
v€ON
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Since the complement of &y 3) is the event inside the probability in (2.7), we have
P(£54) < CN7*, (2.13)
which converges to 0. Next we will estimate P(€2.4)). By the union bound, we have

IP((C;(CZA)) = IP(He c Ed s.t.en (DMdeT(N) (O) U DMfd‘T(N)(Nel)) 7é @ and Te > Mfd’T(N))
< 2d4(Dps, . (v)(0) U Dast, vy (Ner)) aexp (—b(Mfq,.(N)"))
< 2d(4dMty . (N))* aexp (—=bM"fy,.(N)"),
(2.14)

which also converges to 0. We will estimate P(€ 7)) in several cases.

2.2 Thecaser =1

First, we consider the case r = 1. Then f; .(N) = v/log N and there exists 5 > 0 such
that Ee’™ < co. In this case, we take a positive constant M such that

M > B~ 116d*Ee’™. (2.15)

Given two vertices v, w € Cff), we take a path v;’ : v — w lying on CE:) whose length is
at most 84?f, . (N). We will calculate the probability that e is good.

Fixv,w € C,(f). Then since we take M sufficiently large as in (2.15), by the exponential
Markov inequality, we have

P Z Ty, > My/log N exp (—SM/log N) H EeP™

€Yy ey’

exp (~401 /g V) (1e) 7T
( ﬂM\/logN)
exp —— )

IN

(2.106)

IN

IN

Recall that if k& # &/, then {Te}PEé@ and {Te}PEé@ are independent. It follows that
*SVk S

P (e is not good) = P (sz <+VlogN, Jv,w € C,(f) s.t. T (v, w) > Mfd,T(N)>
k

c 2.17
I (av,w € O s.t. T (v, w) > Mfd,(N)) . (2.17)
h<Viog N '

By T (v,w) <32, . Ty, for sufficiently large N, this is further bounded from above
k v
by

P(IweC st Y 7,>MlogN

neYy

Vieg N
H C(d)?(log N)4~1 max )IP Z Ty > M+y/log N

k< VIog N vweC e (2.18)
Viog N

{C(d) (log N)™ exp <—§M logN>}

8 [Viog N|
< (exp (4M\/logN>) < N7,
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where we have used (2.1) and the union bound in the first inequality and (2.16) in the
second inequality. By using the union bound again, we have

P(EG.,) < 2d(§Dkn)*P(e is not good).
< 2d(2KN +1)IN—24
which converges to 0 as N — oo.
Combined with (2.13) and (2.14), this yields

P(Er2) N &2z NEra)

(2.19)
>1—(P(€r2) +P(las) + P(€rw)),

and (2.6). Combining with Lemma 2.4 completes the proof in the case r = 1.

2.3 The case r € (0,1)

Next we consider the case 0 < r < 1, where f;,.(N) = (log N)ﬁ. The proof is exactly
the same as before except for the estimate of P(€y2)). In fact, by (4.2) of [12], (2.16) is
replaced by

P > 7> Mg, (N) | <emeM a7, (2.20)

nevy

with some constant ¢ > 0 that depends only on the dimension d and the distribution F'.
We have

P (e is not good) < H P | Jv,we C,(f) s.t. Z Ty > Mfq . (N)
k<fg,.(N) nevy

< I {c@og M)y max P S 7> Mo, (N) (2.21)

R<fa o (N) vwedi? \ ey
[0, (V)]
< (eXp (—%M'”fd’r(N))) ! < N~2

where we used the union bound in the second inequality. Using this and the union bound,
we have limy o, P(£5 ,)) = 0 and (2.6) as desired.

2.4 Thecasel<r<d

We consider the case r € (1,d], where

(logN)%(loglogN)%, ifr=d-1,
f1.,.(N) =< (logN)1, ifd—1<r<d,
(log N)a(loglog N)~a, ifr=d.

Note that in the previous arguments, the estimates of IP(e is not good) are based on
simple (sub-)exponential large deviations, see (2.16)-(2.18) for example. It turns out that
when 1 < r < d we need the following super-exponential tail estimates on the passage
times.

Proposition 2.6 (Lemma 4.5 in [7]). Let d > 2. Suppose that the condition of Theorem
1.1 holds with r > 1. For any M7 > 0 there exists My > 0 such that for any e € E?, L>1,
0<k<Landv,weC,

P (oo (v,w) > MyL) < exp (—g(r,d = 1, L k)My),
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where
L ifl<r<d
L4 o
g(r,d, L, k) = (tlogLya—1 ifr=d,
= ifr € (d,d+1),
Ld+1/k ifr— d+ L

We take M; to be chosen later and set M = M, as in Proposition 2.6. We use the
same definitions as in Definition 2.1. Then for any sufficiently large N € NN,

P (e is not good) < H P (Elv,w € C,(:) st. T
1<k<fy . (N)

C,(:> (U, w) > Mfdﬂ»(N)>
Lfd,'r(N)J
(C(d)*far(N)*HferMexp | = > g(r,d—1,f2,(N), k)M,
k=1

IN

(2.22)

If 1 <r <d-1,then since f;,(N) = (logN)ﬁlr,

[fa,r(N)]

1
g(r,d —1,14,(N), k) > =

£y (N7
Qd,( )

k=1

1
> ilogN.

If r =d —1, then since f; . (N) = (1ogN)%(loglogN)% <logN,

I_fd,'r(N)J -
fd 74(‘]\/')cl 1

8(rd = 164, (N) b) = (£, (V)] —* -

,; (1 +logfy,(N))*?

1
§fd,r (N)d (loglog N) —(d=2)

v

1

Ifd—1 < r < d, then since f;,.(N) = (log N) 4,

[fa,~(N)]

> g(rd—1,44,(N),k) > %fd,T(N)d
k=1

V

Y

—log N.

If 7 = d, then since f;,.(N) = (log N) (loglog N)~ 1,

Lfa,~(N)] [fa,r(N)]
> g(rd—1,44,(N), k) > f4,(N)*
k=1 k=1

1
>
> 2dlogN,

1
K

where we have used the following:

Lfa,»(N)]

D

k=1

1
> —loglog N.
94 8%

&=
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In all cases, by (2.22) and f;,(N)logfs . (N) < log N, if we take M; sufficiently large,
then we have
IP( e is not good ) < N 2%,

As before, we can get limpy_, IP(S(CZ_Z)) = 0 and by Lemma 2.4, (2.13) and (2.14), the
proof is completed.

2.5 The caser > d

We consider the case r > d, where f;,.(N) = (log N)
Definition 2.2. For sufficiently large M,

. Recall the notation D 1, from

P(3e€E%s.t. e C Dy and 7. > Mfy,(N)) < aexp (—b(Mfy,(N))")
< N7,

where K is chosen as in Lemma 2.5. If for any e € E? with e C Dgn, 7e < Mty ,(N) and
5(2‘3) holds, then

max M(vy) < Mfy,(N).
YeON

Thus, by (2.13), the proof is completed.

2.6 The caser =0
log N

Let us move onto the case Er2 < oo, where f;o(N) = glog - 111 this case, since we
cannot expect any exponential bounds and the estimate of P(e is not good) is not enough
to get the desired bound, we slightly change the definition of goodness.

Definition 2.7. An edge e is said to be 0-good if there exists 1 < k < Mfy (V) such that
for any v,w € C*,

T o) (v, w) < 4M?E0(N).

cl®
Fix k < Mf;0(N) and v,w € Cgf). We consider 2(d — 1) disjoint paths {%}?Ldl_l) from
vto w on CI) so that
max{fy;| i =1,--+,2(d — 1)} < 8d*Mfyo(N),

asin [10, p 135]. If we take M sufficiently large, then the Chebyshev inequality yields
that forany ¢ € {1---,2(d — 1)},

P (T(v) > 2M>fq0(N)) < P (Z(Te - Er) > MQfd,o(N)>

€€

< (M*40(N))°E (Z(Te — ]En))

ecy;
< (M*40(N))"2(8d* Mty 0(N)ET?)
< M M o(N)™h
Thus we have

2(d—1)
IP(Tﬂv,w>2M2f N)< P(T(v;) > 2M2f;0(N
oo (00) > 20400()) < T P(TON) > 20000N)
< M_2(d_1)fd0(N)_2(d_l).
Fix an arbitrary vertex vy € Cl(:‘) to each k € IN. By the triangular inequality, for any v, w €
C,(:), T (v,w) < T (v, v) + T (vk,w). Thus, if there exist v,w € Cgf) such that
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T (v, w) > 4M?f5(N), then there exists z € C'“) such that T (v, 2) > 2M?E40(N).
k k
This yields

P (e is not 0-good) = P (Vk < Mfgo(N), Fv,w € CI s.t. T (v, w) > 4M2fd70(N))
k

H P (Elv, w E Cgf) s.t. T o) (v, w) > 4M2fd’0(N)>

cl
k< Mfq,0(N) /
(e) 2
< H P32z € C,’ s.t. T (vg,2) > 2M=f50(N) ).
k<Mfq o(N) *

(2.24)

Since ij,(:) < O(d)k?! with some C(d) > 0, as in (2.18), if M is sufficiently large, by
(2.23), then this is further bounded from above by

II c¢@k*" max P (TCS) (vg, 2) > 2M2fd,0(N)>

k<Mfg.0(N) zecy?
S (C(d)(Mfdﬁo(N))d_l)Mfd’O(N) (M_Q(d_l)fdp(N))_Q(d—l))Mtfdvo(N)J (2.25)
< £ 0(N) DM lEao(N)] < =24,
Recall that Dy, (z) = (x + [—L,L}d) A 74 We define
Ew26) = {Ve € E? with e N Dy # 0, e is 0-good}, (2.26)
Ea.27 = {0 € Dz, (v (), Tz, v) < 2M>f50(N), for z =0, Ney }. (2.27)

By the union bound and (2.25), we have limy_,o P(£2.26) = 1. Next we will prove
limpy 00 P(Ep27) = 1. For = 0, Ne;, we take 2d disjoint paths from z to v as in (2.24)
to obtain

P (H’U S 8DMfd,O(N)(x) s.t. T(LC,’U) > 2M2fd’0(N)) < ]j@DMfd,O(N) (x)(fdy()(N))_zd.
It follows that limy_, oo P(£2.27)) = 1. Thus

lim P(&2.26 NE2.3) NER27) = 1.
N—o00

If there exist 7 € O and an edge e € v with e C Dy, () (0) such that 7, > 2M?f40(N),
then there exists v € 9Dy, ,(v)(0) such that T(0,v) > 2M3f;(N). Therefore, by the
same proof as in Proposition 2.4, under £z .26) N Ex.3) N E2.27),

max M(y) < 4M2fd,0(N),

YEON
and thus the proof is completed.

Remark 2.8. Let us comment how to prove Proposition 1.8. When r > 0, we replace
Eo2NEa3 NE2.4 by E22)NE2.3). Indeed, Lemma 2.4 can be proved by exactly the same
argument. Moreover, (2.19) yields that P(Ex.2)NEz.3)) > 1 —CN~¢ and the Borel-Cantelli
lemma leads us to the conclusion.

When r = 0, we just replace Eqz.26) N E2.3) N Ez.27) bY E2.26) N E2.3)- The rest is the
same as before.

3 Proof for the lower bound

3.1 From the means to the lower bounds

Suppose that the condition of Theorem 1.4 or Theorem 1.6 holds. Let ¢ > 0 be a
small positive constant. We take 7. such that if 7. < cfy,(N) — 1, then 7. = 7. and
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otherwise, 7. = 7. + 1. We denote by T(x, y) the corresponding first passage time and
write Ty = T(O, Ne;). We denote by Oy the set of optimal paths for Ty. Obviously,
Ty > Ty. Moreover, if ming, M(y) < cfg,(N) — 1, then Ty = Ty. By taking the
contrapositive, we find that Ty > Ty implies ming, M(y) > cfs,.(N) — 1. We are going
to prove that T > Tx with high probability. The following statement will be proved in
the next subsections.

Lemma 3.1. For any 6 > 0, there exists ¢ > 0 such that for any N € N,

E | min #{e € | 7o > cfg (N)}| > N0, (3.1)
YEON

We will conclude the proof of Theorem 1.4 first by using Lemma 3.1. Note first that

Ty > Ty + min #{e € 4| 7o > cfy (N)}.
v€ON

In fact, if we take ¥ € 0 N, then

Ty =T(3)
=T(H) + t{e € 7| 7o > ety (N)}

> Ty + min #{e € v| 7 > cfq,(N)}.
v€ON

It follows from Lemma 3.1 that
ETy +¢N'70 <ETy. (3.2)

Therefore, if both T and T n are well-concentrated around their means, then we can
conclude Ty > T with high probability. For this purpose, we introduce the following
concentration inequalities.

Lemma 3.2. Suppose E72? < oo. For any § € (0,1/4), there exists C > 0 such that for
sufficiently large N,

P(|Ty —ETy| > N'"%) <ON~049), (3.3)

P (|TN —ETy| > N1*25) < ON~(-49), (3.4)

Proof. The proof of this lemma follows from Theorem 3.1 in [1], which was first proved in
[11]. Indeed, since IETE7 ]E%e2 < C' with some constant C’ > 0 independent of NV, Theorem
3.1 in [1] shows that

E[(Ty — ETx)? < CN,
E[(Ty — ETy)?] < CN, (3.5)

with some constant C' > 0. By the Chebyshev inequality, we have

P (|Ty —ETy| > N'"%) < N20-29E[(Ty — ETy)?
< CN_(1_46),

which yields (3.3). The same argument proves (3.4). O
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Proof of Theorem 1.4 and Theorem 1.6 assuming Lemma 3.1. Let§ < 1/4. If both |Tn—
ETy| and | Ty —ET | are less than or equal to N'~%, then by Lemma 3.1, for sufficiently
large N € IN,
Ty >ETy - N2
>ETy + N0 — N2
>Txn 4+ eNITO—2N1=2 5 Ty

Therefore, Lemma 3.2 leads us to
P (TN - TN)
<P(Ty—ETy|> N"2) 4+ P (\TN —ETy|> Nl‘%)
< 20N-(1-49),

Since ming, M(v) < cfy,(N) — 1 implies Ty = Ty, we have Theorem 1.4 and Theorem
1.6. O

Remark 3.3. Let us comment how to prove Proposition 1.9. The proofs of (3.1) can
be applicable also in this case and Theorem 2 in [13] yields the better concentration
bounds:

Lemma 3.4. Suppose E[72] < co. Then for any m € N and § < 1/4, there exists Ny such
that for any N > Ny,

P (|T(Dry(0), Dry(Ney)) — ET(Dr, (0), Dry (Nep))| > N'72) < N™™, (3.6)
P (\T(DLN (0), Dy (Ney)) — ET(Dy,, (0), Dp, (Ney))| > N1—25) < N~™.(3.7)

Combining it with the previous arguments and the Borel-Cantelli lemma, we have the
desired conclusion.

3.2 Proof of Lemma 3.1

Our goal is to prove (3.1). In this section, we explain the general arguments and we
will evaluate what appear there in several cases in the following sections. The proof is
based on the argument in [3], but the choice of box sizes and configurations inside of
the box are considerably more complicated. The following lemma appears in Lemma 5.5
of [3].

Lemma 3.5. There exist 635 > 0 and K > 0 such that for any v,w € Z¢,
P (T(v,w) < (T + d35)[v — w|) < e Klv=wh,

We fix d3 5 > 0 that satisfies Lemma 3.5. Note that Lemma 3.5 also holds with 7 since
Te > T.. Remark that the usefulness of F' assumed in Theorem 1.4 and 1.6 is used only in
Lemma 3.5 to prove (3.1). Since 7 satisfies the condition of Theorem 1.4 with the same
r, while the other parameters may be different but independent of N, it suffices to show
(3.1) for 7, i.e.

E | min #{e € v| 7o > cfg (N)}| > N7, (3.8)
v€ON

We fix constants M, sy,s1 > 0 such that s; < sg < M to be specified later. Set
n = [sofg-(N)] and ny = [s1f4,(N)], where |-] is a floor function. We define three
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kinds of boxes whose notations are the same as in [3] (see Figure 2). First, we define
hypercubes S(I;n) for | = (I;)L, € Z¢ as

S(l;n) z{vezd:nli <wv;<n(l;+1), 1<i<d}
We call these hypercubes n-cubes. Second, we define large n-cubes T'(l;n) for | € Z< as
T(l;n):{veZd:nli—ngvi <n(l;+2), 1<i<d}.
Finally, we define n-boxes B/ (I;n) for | € Z% and j € {£1,--- ,+d} as
BY(l;n) = T(l;n) N T(1 + 2sgn(j)ey;;n),
and its inner boundary 9B’ (I;n) as
OB?(I;n) = {v € B/(l;n)| there exists w ¢ B/ (I;n) s.t. v —w|; = 1}.

Note that S(I;n) C T(I;n) and B7(l;n) is a closed box of size 3n x - -+ x3n xn x 3n--- x 3n,
where n is the length of i-th coordinate and 3n are the lengths of the other coordinates.

Bi(l;n)

Bi(l;n)
« Di(l;n)
SI(l;n) | Ci(lin)
TI(l;n)

Figure 2:
Left: The figure of S(I;n), T'(I;n) and B’ (I;n).
Right: The figure of C(/;n) and D7 (I;n).

Let
D’ (I;n) = {v € BY(I;n)| doo (v, B (I;1)¢) > ny, v € m Z%},
C/(l;n) = {v+ke;|v+ke; €B/(in), keZ, i€ {l,---,d},veD/(l;n)}.
¢ (lin) = {{v,w)| v,w € C(ln),

v—wl =1}

Definition 3.6. We consider the following conditions:
(Black-1) For any v,w € BY(l;n) with |v — w|; > (log N) %01,

T(v,w) > (T + 63.5)|v — w1,

where d3.5 > 0 is the constant in Lemma 3.5.
(Black-2) For any v,w € 0B/ (l;n),

Togi(im) (v,w) < M (|v —wl; V (log N) 44(*1+1)) .
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(Black-3) For any edge ¢ C B/ (l;n), 7. < (log N)T0+1 .
(Black—4) For any v € 9B’ (l;n), there exists w € OB’(I;n) N C’(I;n) such that,

Tops (Lm) (1), U)) < Mnj;.

When r > 0, an n-box B’ (I,n) is said to be black if (Black-1), (Black-2) and (Black-3)
hold. When r = 0, the n-box B’(l,n) is called black if (Black-1) and (Black-4) hold. An
n-cube S(I,n) is said to be black if each of its surrounding n-boxes is black.

The reason why (log V) AT appears in the above definition will be clear in the
following lemma, though the specific choice of the exponent is not that important. Note
that |C/(I;n)| < C(s)fs-(N) with some positive constant C(s) depending only on s, s;
and d.

Lemma 3.7. If we take M sufficiently large, then
P (B?(I;n) is black ) — 1 as N — cc.
Proof. By Lemma 3.5 and the union bound,
IP(B’(I;n) does not satisfy (Black-1))
< 2d¢B7 (1;1)? max{P(T(v,w) < (T + §)|v — w|1)| v,w € Z%, |v —w|; > (logN)m}
< 2d(3n)2% exp (— K (log N) 7071 ),

which converges to 0 and thus (Black-1) holds with high probability.

Next, we consider (Black-2) with » > 0. Let v, w € 9B’ (I;n) and 72, : v — w be a path
on 9B (I;n) whose length is at most 6d|v — w|;. Since E72™ < oo with m = [32d%(r + 1)],
by the same argument as in Lemma 2.5, for any v,w € 9B’ (I;n), we have

P (TBBj(l;n) (Ua w) > M(‘U - w|1 \ (IOg N) 4d(T1+1) ))

M 1
<P (T01) - BTG > (o= ul v (g 1) 7))

A

M o\ , ,
< (50 wh v Gog )T ) B(TOE) - BT
< (log N)~>.
By #0B7(I;n) < C(d)fs,(N)4~t < C(d)(log N)¢~! with some constant C(d) > 0, (Black-2)
holds with high probability for » > 0.
1
By the union bound and P(7, > (log N)#0+D) < C(log N)~2¢, (Black-3) holds with

high probability for » > 0.

Finally, we consider (Black-4) with r = 0. We fix v € B/(l;n). There exists w €
OB (I;n) N €7 (I; n) such that |v — w|; < 2dn;. Consider 2(d — 1) disjoing paths (r;)24Y
from v to w on OB (l;n) so that #ir; < 4dn; as in Section 2.6. For M large enough, using

the Chebyshev inequality, we have
2(d—1)
P(Topi 15m) (v:w) > Mny) <[] P(Topim)(ri) > Mny)

i=1

< n?(d_l).
By the union bound, we conclude that
P(3v € 9B/ (I;n) s.t.Yw € OB (I;n) N C? (I;n), Topi (1n) (v, w) > Mny)
< (4087 (1;n))n Y < C(d)nt 1Y,
which converges to 0. Therefore, (Black-4) holds with high probability for » = 0. O
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Combining the previous lemma and a similar argument (Peierls argument) of (5.2) in
[3] shows the following lemma. We skip the details.

Lemma 3.8. There exist ¢,u > 0 such that for any N € IN,

eN

P4 ) iSiti t t ———
( v € Oy visiting at mos fd,r(N)

N
distinct black n-cubes | < exp | —u—— |.
>— p( fd,ruv))

We note that € and v above depend on sg, s1, M but not on N. A path which starts in
S(l;n) and ends outside 7'(/; n) must have a segment which lies entirely in one of the
surrounding n-boxes, and which connects the two opposite large faces of that n-box. This
means that the path crosses the n-box in the short direction (See Figure 3). Hereafter
“crossing an n-box” means crossing in the short direction. From this and Lemma 3.8, we
have
eN

E[t{distinct black n-box B’(l;n) s.t. 3y € Oy crossing B’ (I;n)}] > 26, (N
d,r

(3.9)

Fix some small constant ¢ > 0 depending on s, to be chosen later.

Definition 3.9. An n-box B’(I;n) is said to be good if for any v € Oy, there exists e € y
such that both vertices of e are in B/(l;n) and 7. > cfy,(N).

Note that
E [ inf fH{e€vy: 7> cfy, (N)}
YEON

> 2—1(1]E[ﬁ{(j,l)|Bj(l;n) is a good n-box}] (3.10)

1 : .
=24 (zl:) P(B’(I;n) is a good n-box),
75

where 2d appears because of the overlap of n-boxes. On the other hand, (3.9) yields

1 eN

25,V < E[t{distinct black n-box B’(I;n) s.t. 3y €Oy crosses B’(l;n)}]
d,r

. . (3.11)
= ZIP(BJ(Z; n) is black and 3y € On crosses B’(I;n)).

(4.0

The next proposition will be proved in subsequent sections, which implies that black
boxes can be made good boxes without too much cost.

Proposition 3.10. With some choices of ¢, sg, s1, M, there exists § > 0 such that for N
large enough,

IP(B?(1;n) is good)
> N~°P (B/(I;n) is black and 3y € Oy crosses B (l;n)) .

Proof of Lemma 3.1 assuming Proposition 3.10. Combining Proposition 3.10 with (3.10)
and (3.11), we have

E| inf t{leevy: 7> cfy,(N)}
7€0N

1 . ,
> — N~ °E[t{distinct black n-box B’(l;n) s.t. 3y €Oy crosses B’(I;n)}]

2d
1 eN'—9
_.4dﬁiTUV)7
which proves Lemma 3.8, retaking § > 0. O
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3.3 LowerboundforO0<r<d—lorr=1

Setn = [f;,(N)] and n, = |sfy,(N)], where s is chosen later. Our goal is to prove
Propositioin 3.10. For the main step, we set

E’(I;n) = {(v,w)| v € C/(I;n)\OB (I;n) and w ¢ C?(I;n)\dB’ (I;n)}. (3.12)

Let us note that any path has to pass through at least one of edges of E/ (I;m) to enter
C7(1;n)\dBY(I;n). 1t is easy to see that there exists C(s) > 0 such that

1C7(1;m)|, B (I;n)] < C(s)fq,(N). (3.13)
Definition 3.11. We say that the collection T = {7.}.cp« satisfies Ay—condition if

i (N) < 70 < kefq,(N) when e € E(l;n),
Te<T+c¢c when e € C7(I;n)\E/ (I;n),

where k is the parameter in Theorem 1.4. If T satisfies A—condition, then we write
T E Al.

Under the A;-condition, the weights are atypically small on the grid (i.e. C?(/;n)) but
a path has to pass through a large weight to enter the grid.

A resampled configuration 7* = {7} cga is taken to be 7 = 7, if e ¢ C7(I;n) UE/ (I;n)
and an independent copy of . if e € C7(I;n) UE’(I;n). We enlarge the probability space
so that it can measure the event both for 7 and 7* and we still denote the probability
measure by P. We denote by T*() the passage time of a path « for 7* and by T*(z, y)
the corresponding first passage time and we write T4, = T*(0, Ne;). We also denote by
O% the set of all optimal paths for T%,. Let A be the event defined as

A= {r* € A} Nn{B’(Il;n) is black for 7 and 3y € O crosses B (I;n)}. (3.14)
_ B/(l:n)
B (l;n)
= /~

E*

me @N S~—
\
Figure 3:

Left: On crosses a n-box in the short direction.
Right: How to construct a new path from Oy.

EJP 27 (2022), paper 19. https://www.imstat.org/ejp
Page 19/32


https://doi.org/10.1214/22-EJP746
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Maximal edge-traversal time in First-passage percolation

Proposition 3.12. If we take s sufficiently small depending on M and c sufficiently small
depending on s, then for N large enough, except when 0 € B/(l;n) or Ne; € B/(I;n), we
have

PP (n-box B (I;n) is good for T)
=P (n-box BY(I;n) is good for ) (3.15)
> P(A).

Proof. Since 7 and 7* have the same distributions, the equality is trivial. Next, we
consider the inequality above. It suffices to show A C {n-box B’(l;n) is good for 7*}. Let
us briefly explain the heuristics behind the proof. Under the event A, since a path can
pass through the box B’ (I;n) with a smaller passage time than that before resampling,
any optimal path must enter the inside of B7(I;n) after resampling. Since we resample
the configurations only of Ej(l; n) and C’j(l; n), any optimal path must pass on an edge
of E7(I;n) U CY(I;n), in particular an edge of E’(I;n) as explained below (3.12). By the
Aj-condition, this implies B?(l;n) is good. Let us make this rigorous.
Assume that the event A occurs. To prove (3.15), it suffices to show that

T% < Ty (3.16)

In fact, since we change configurations only on Cj(l; n) and Ej(l; n), (3.16) yields that
any 7* € 0% has to pass through an edge of C7(I;n) U E/(I; n) at least one time, since
otherwise

Ty =T*(n") =T(7") > Tn.
Moreover, in order to enter C7(I;n)\dB’(l;n), 7* has to pass through an edge of E’(I; n)
at least one time. Therefore B’(/;n) is good for 7*. This yields (3.15).

Let us prove (3.16). We take an arbitrary optimal path = € Oy. We construct a new
path 7* from 7 to prove (3.16) as follows (see also Figure 3). Let v and w be the first
intersecting point and the last intersecting point between 7 and B’ (I;n), respectively.
Note that 7 and 7* are the same on B’ (l/;n). Under the assumption that B’(/;n) is black,
we can take vy, w; € OB’ (I;n)NCY(l;n) and paths % : v — vy and 7} : w; — w on IB7 (I;n)
such that max{T(x7}), T(x3)} < 2dMn; and max{[v — vl|1, |w — w1} < 2dn;. We take a
path 5 ¢ C7(I;n) UE/(I;n) from v; to w; such that r} has exactly two edges in E7(I;n)
and at most |v; — w1 |1 + 4ny edges in CJ(Z n). For z,y € m, we write 7|,_,, the sub-path
of 7 from z to y. Finally, we connect 7|y, T}, 73, T3, T|w—Ne, in this order and let 7*
be the new path. Note that since 7 crosses B’(l;n), max{|z — y|;| z,y € tNBI(l;n)} > n.

Therefore, by (Black-1),
T(v,w) > (T + Js. - \
(v,w) > (T 3.5)(|[v —w[1 Vn) (3.17)
> 1|lv —w|1 + 03.5n/2,

and by |v; —w1 |1 < 3dn and x5 < vy —wi|+4ny < |v—w|; +8nq, if we take ¢ sufficiently
small depending on s, then we obtain
T (v, w) < T*(a1) + T (z3) + T*(75)
< 2dMng + 2kcfy, (N) + (2 + ¢)(J[v — w|1 + 8nq1) + 2dMny (3.18)
< 7lv—w|; +8dMn;.
Since we only resample the edges in B?(/;n) and the paths 7|o_,, and 7|o_,, does not
use such edges, we have
Ty = T(0,v) + T(v,w) + T(w, Ney),

( v) <T(0,v),
T*(w, Ney) < T(w, Ney).
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Moreover, by the triangular inequality, we get
Ty < T*(0,v) + T*(v,w) + T*(w, Neq).

Thus, using (3.17) and (3.18), if s is sufficiently small such that 100dMn; < d3.5n, then
this proves
Ty —Tx > T(0,v) + T(v,w) + T(w, Ney) — (T*(0,v) + T*(v,w) + T*(w, Ney))
Z T(Uv ’LU) - T* (Uv U})

(3.19)
>r1lv—w|1 +d55n/2 — 7|v — w|; — 8dMny
Z (53,577//4.
In particular, (3.16) follows. O

By (3.13), if we take c sufficiently small depending on s again, then for N large
enough,

T E ~
P(r* € Ay) > e B¢ (log N)7+1 }‘ |

N9,

Y

Thus we have
P(A) > N~°P (B’(l;n) is black for 7 and 3y € Oy crosses B (l;n)). (3.20)

Combined with Proposition 3.12, this proves Proposition 3.10.

3.4 Lower bound forr =0

We suppose r = 0, where f; .(N) = 102’5)2[1\,. Let n = [sfy0(N)] and ny = [s'F2afyo(N)],
and the other definitions be the same as before. Then the same arguments as in subsec-
tion 3.3 work to prove Proposition 3.12. Moreover since fE7(; n) < 2d(3n/n;)* 1 (3n) <
s1/2f; 4(N), for any & > 0, if s is sufficiently small, then the probability of {7* € A;} can

be bounded from below by

N )
clog N |C| -5
e P (+* 4 > N9, (3.21)
((alog logN) ) (e <z+o” 2

The rest is the same as before.

3.5 Lower bound forr >d—1
We suppose r > d — 1, where

(log N), ifd—1<r<d,
f4,(N) = { (log N)i(loglog N)~4, ifr=d, (3.22)
(log N)+, if d < r.

We take M > 0 sufficiently large and s > 0 sufficiently small depending on M > 0
specified later. Set
n = |sfy,(N)| and ny = 2[s*f4,.(N)].

Here we have defined n to be even so that n;/2 is an integer. We use the same
definitions of C/(I;n), C7(l;n), and D’(I;n) as before. We change the definitions of
E’(l;n) and E?(I;n) (see Figure 4) as

E(I;n) = {v € CI(l;n)| Fw € DI(l;n) s.t. v —w|y = ny/2},

E/(I;n) = {{(v,w)| v € B (l;n),w =v+e € CI(l;n), Ji € {1---,d}}.
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Given a € C/(I;n)\E’(I;n), let W, be the connected component of C?(l;n)\E’(/;n) con-
taining a, i.e. W, = Conn(a, C’(I;n)\E?(l;n)) from the notation in Section 1.4. We list
the basic properties of W, and C?(I;n).

Bi(l;n)
> L 2 &
- - *> * E(x) =£1(£L‘)+f2(l‘)
L 4 L 4 L
S . oo o Di(l;n) & b2(2)
s + + } Cj(l; n) by (z)
. ’ 23 v Ein) CI(l5n)
. ! . y € EI(l;n)
Figure 4:

Left: The figure of C’(I;n), D’(I;n), B/ (l;n) for r > d — 1.
Right: The figure of ¢(z), ¢1(x) and ¢5(z).

Lemma 3.13. (i) For any a € C/(I;n)\E’(l;n) and b € W,, there exists a path m =
(wg,- - ,x;) from a to b which lies only on C’(I;n)\E’(I;n) and | = |a — bl;.

(ii) For any a,b € C/(I;n) with |a — by < n1/4, there exists a path m = (xo, - -- , ;) from
a to b which lies only on C’(I;n) and [ = |a — b|;.

(iii) For any a € OB/(I;n) and b € C/(I;n) with |a — b|; < n1/4, there exists a path
7 = (29, , ;) from a to b which lies only on C’(I;n) U dB’(l;n) and | = |a — b];.

(iv) If |a — bly < ny/4 and W, # W,, then there exists (yi,y2) € Ej(l;n) such that
la —y1]1, |[b—y1|1 < ni1/4+1 and a line L including both y;, and y» also includes both
a and b.

(v) For any a € OB’(l;n), {b € CI(I;n)| |b— al1 < n1/2} is a straight line.

Proof. (i) It is easy to see that for any connected component, namely W,, there exists
x € (DI(I;n) UOBI (I;n)) N W, such that

W, C{x+kejlic{l,---,d}, kez}.

This yields (i).
(ii) Fix a € C’(l;n). If there exists = € D’(l;n) such that |a — x|, < n1/4, then since

{ye C(lin)| la—yh <ni/4} C{x+ke|ie{l,---,d}, k ez},

the claim holds. Otherwise, {y € C?(l;n)| |a — y|1 < n1/4} is a subset of a straight line.
Since {y € C/(l;n)| |a — y|1 < n1/4} is connected, (ii) holds.
(iii),(iv),(v) They follow from the construction of C7(I;n) directly. O

Given z € Z4, we define ((z) = dy(x,E/(I;n)) and given (z,y) € E¢, (({z,y)) =
inf{{(z), £(y)}.
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Lemma 3.14. There exists C(s) > 0 such that for any 0 < £ < 2dn;,
t{e € B £(e) = £} < C(s)(£L + 1)47 1. (3.23)

If ¢ > 2dny, then ‘
t{e € B4 L(e) = ¢, e C BI(I;n)} = 0. (3.24)

Proof. We begin with the case ¢ < 2dn;. Since there exists C;(s) > 0 such that E7(I;n) <
C4(s), we have

o e Z U(z) =0} < t{x € Z% Ty e B/ (I;n) s.t. |z —y|, = £}
< Ci(s)t{x € 27 |z, = €}
By t{z € Z| |z|, = ¢} < d*({ +1)%"!, we have
t{x € Z t(z) = £} < dCi(s) (0 +1)%71,

In particular, we get #{e € E¢| {(e) = ¢} < 2d9T1C1(s)(¢ + 1)¢~ ! as desired. If £ > 2dn;,
then (3.24) is trivial due to the way of construction. O

Unlike the case r < d—1, whenr > d—1, P(7 € A;) decays faster than any polynomial,
which implies that the lower bound from A;-condition is not appropriate in this case.
Hence, we need to consider a different condition.

Definition 3.15. We say that the collection T = {7, }.cga satisfies Ay,—condition if

Aty (N) < 7. < K2y, (N), ifecE/(;n),

Te < T+, ife e CI(I;n)\E?(I;n),
T > Gty Mz, ife C u(Bi(l;n)) and e ¢ CI(I;n), )
Te > (log N )220+ | ifeNdBI(l;n) #0, enu(BI(l;n)) #0, e ¢ CI(l;n),

where recall that «(B) = B\0OB. If T satisifes A;—condition, we write 7 € As.

Since an edge weight on +(B7(I;7))\C?(/;n) is high under A;—condition, an optimal
path is more likely to lie on C’(I;n) while crossing B/ (I;n).

A resampled configuration 7* = {7}}._ga is taken to be 7} = 7. if e N (B (I;n)) = 0
and an independent copy of 7. if e N ¢(B’(l;n)) # (). We define the event A as

A= {7* € A} N {BY(I;n) is black for 7 and Fy € Oy crosses B’(l;n)}. (3.25)

Proposition 3.16. For any § > 0, if s > 0 is sufficiently small depending on M and ¢ > 0
is sufficiently small depending on s, then

P (7€ Ay) > N7°.

Proof. By the fact P (7. > aVb) > P (1. > a)P (7. > b) for a,b > 0 and Lemma 3.14, we
have

. -\ |El
P(reAy)> (ae‘BCZ fa.r(N) )

~ 2dny efg o (N)\T C(S)kd71
P (Te < I+Cz)\CI (1 /\a)2d\B\ H (eﬁ( dr ) >
k=1

L\ 2d|0B|
R

2dn,+1
log N £, (N)"
> exp (—5 O2g ) exp (—50(5) > CTW)

k=1
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where we have used (fz,.(N))?, (log N)*/?4(f; .(N))4~! <log N since r > d — 1 in the last
inequality. This is further bounded from above by

exp (—6log N) > N9,

where we have used
" nd" ifd—1<r<d,
S kT~ dlogn ifr=d,
k=1 1 ifr>d,

and c is sufficently small depending on s. O

Proposition 3.17. For M large enough, if s is sufficiently small and c is sufficiently
small depending on s, then for N large enough, unless 0 € B’ (I;n) or Ne; € B/(I;n), on
the event A, any m* € 0% does not touch B’ (I;n)\(9B’(l;n) U C/(I;n)) and passes on an
edge of E7(I;n) at least one time.

Proof. By the same way as in the case r < d — 1, we have Ty > T, and any
7* € O% has to enter inside B/(I;n). We take an arbitrary optimal path 7* € O%
and write 7* = {21, .- ,zx}. By assuming that there exists k € {1,---, K} such that
zr, € (B/(I;n)\(0B?(I;n) UC’(l;n))), we shall derive a contradiction.

We define p = max{l < k| z; € 9B’ (I;n) U CI(l;n)} and ¢ = min{l > k| x; € 9B (I;n) U
C’(l;n)}. Note that ¢ —p > 1. Seta = z, and b = x,. Define C(s) > 0 so that
(B3 (1;n) < C(s).

Step 1 (a,b € C7(I;n)): Suppose a € dB’(I;n) and we shall derive a contradiction. Since
7*|a—p has to pass on an edge whose weight is at least (log N)Mg*ﬂ) and passes only on
B’ (1;n)\(0B?(I;n) U C7(I;n)) except for the starting and ending points, we have

T*(a,b) > (log N) 00 + (ja — b|; — 1)M?2. (3.26)

If |a — b|; < mny/4, by Lemma 3.13-(iii) and (Black-2), then there exists a path v : a — b on
OB (I;n) U CY(I;n) such that

T (y) < M ((1og N)ToTD 4 |q — b\l) < T*(a,b),

which is a contradiction.
On the other hand, if |a — b| > n;/4, by As—condition, then for ¢ small enough, we can
take a path v : @ — b on 9B (I;n) U C?(I;n) so that

T*(v) < Mla — b|; + C(s)c2kfy,.(N)
< (log N)=0+0 + (|a — b|, — 1) M?
< T*(a,b),
which is also a contradiction. Thus, we have a € C’(l;n). Similarly, we get b € C/(;n).
Step 2 (Ja — b|l; < n1/4): Note that by the same reason of (3.26), T*(a,b) > |a — b|; M2,

Take a path v : a — b on C/(l;n) such that T*(v) < (+¢*)(Ja—bl1 +4n1) + C(s)kc* £y, (N).
It follows that

M?a — b|; < T*(a,b)
1

q—

Tas,mig)
=p

<(r+ 02)(|a — by +4ny) + C(S)I{CQfd’T(N),
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which leads to
41 + *)ny + C(s)kc?fy,-(N)
(M2 —17—c*)my "
If we take M > 0 sufficiently large, then it follows that |a — b|; < n; /4.
Step 3 (W, # W3): When a and b both belong to the same connected component, i.e.
W, = W,, by Lemma 3.13-(i), we can take a path v : a — b on C7(I;n) such that

|a—b|1 S

T*(7) < (z+¢*)|a — by
< M?|a —b|; < T*(a,b),
which is also a contradiction. Thus W, # Wj,.

Step 4 (Conclusion): It follows from Lemma 3.13-(ii) that we can take a pathy:a — b
on C’(l;n) such that

T*(a,b) < T*(v) < Ekfg . (N) + (14 )|a — bl;. (3.27)

By Lemma 3.13—(iv), the line between a and b lies on C/ (I;n) and it includes exactly one
vertex of E7(I;n) between a and b, say z. If there exists k € [p, ] such that z;, € 9B’ (I;n),
then max{|a — 2|1, |b — zk|1} > n1/4 and by (3.27),

M?ny /4 < T*(a,b)
< Akt (N) + (1 + *)|a —b|y
< Aty (N) + (T4 )ny /4,

which contradicts that M is sufficiently large. Thus for any k € [p, q], zx € «(B?(l;n)).
Since
|og —z) < |z —ali + |zp — b1 < g¢—pforany p < k < g,

we have £((zy, 2r41)) < ¢ — p. This yields
T*(a,b) < (24 ¢*)la — by + fg(N)

q—1
Cfdr(N)

< M?|la—b|y Vv —

ot vy, 200

i=p

where we have used (3.27) in the first inequality, ¢ — p > |a — b|; and {({zk, xp4+1)) < ¢—p
in the third inequality, and As-condition in the last inequality. It leads to a contradiction.
Therefore, we conclude that such z;, does not exist and any 7* € O% does not touch
BY(I;n)\ (0B (I;n) UCI(l;n)).

Finally, we show that any optimal path passes through an edge of E/ (I;n). Since any
optimal path 7* € 0% does not touch B’(I;n)\ (B’ (l;n) U C/(I;n)), if 7* does not touch
{z € CI(l;n)| @ %ci@m)\pi@n) OB’ (I;n)}, then 7* N «(B7(I;n))¢ is also a path and we can
take an optimal path so that it does not enter inside B?(/; n), which contradicts Ty > T
mentioned at the beginning of the proof. Thus, 7* touches {x € C/(I;n)| = %I (1n)\E7 (I5n)
OB (I;n)} and needs to pass on at least one edge of E7(I;n). O

Proposition 3.17 implies that on the event A, B?(l;n) is good for 7*. Hence, we obtain
(3.15). Together with Proposition 3.16, as in (3.20), we conclude Proposition 3.10.
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3.6 Lower bound forr =d —1withd >3

We consider the case r = d — 1 with d > 3, where f; 4_1(N) = (log N)i (loglog N)%.
We take s > 0 and M € N to be chosen later. We define n, n; as in Section 3.5. We use
the same notation as in subsection 3.5.

We define (See Figure 5)

Fi(l;n) = {v € BI(l;n)\(0B’ (I;n) U CI(I;n))| FJw € CI(l;n) s.t. [v —w|; < (logN)ﬁ}.
Given z € Z%, we define ¢, () and /5(x) as follows (See Figure 4):
01 (x) = dy(x, CI(l;n)), La(x) = di (2, B (I;n)), — £1(2).
Given an edge e = (z,y), we define ¢;(e) and ¢5(e) as

li(e) = L1(x) AMa(y), La(e) = La(x) A La(y).

Bi(l;n) BI(:m)

x}h

Tqo

| Ci(l;n)

Tp;

™ e 0y

Figure 5:
Left: The figure of F/(I;n).
Right: The image of the proof of Proposition 3.22.

Lemma 3.18. There exists a positive constant C(s) such that if 0 < ¢ < (log N)ﬁ and
0 <k <2nq, then

tHle e B enFIi(l;n) £ 0, £1(e) =4, lo(e) =k} < C(s)(L +1)%72 (3.28)
Otherwise, if ¢ > (log N)ﬁ or k > 2ny, then
t{e € B enFi(l;n) #0, l1(e) =4, la(e) =k} = 0. (3.29)
Proof. Let L = {ke;| k € Z}. The inequality (3.28) follows from

#e € B La(e) = k, l1(e) = £} < 2d(4F (I;n))4{v € Z] || =k, |v]{®) =}
<O+

where we define \v|§2) = |v|; — |v1]. By the definition of F7(I;n), (3.29) is trivial. O
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When r > d — 1, we do subject conditions on all weights in B?(/;n). However, when
r=d— 1, since (f,-(N))? > (log N), we cannot do that. Hence, we need to consider an
even weaker condition. This makes the proof more complicated.

Definition 3.19. We say that the collection T = {7.}.cg« satisfies As—condition if

c2fd7d,1(N) < 7o < k*fyq_1(N), ife € E/(l;n)

Te <1+ ife € CI(I;n)\E’(I;n)
cf 1(N) . . . —
Te > (él(e)Jrf)"iog IOES) ifeNF;(l;n) # 0 and eNdB;(l;n) = (Z)~
7. > (log Nz, ifendBI(l;n) #0, e ¢ OB (l;n)), e & CI(l;n).

(3.30)
If T satisifes As—condition, then we write T € As.

We note that under As—condition, for e € E¢ with e N F}(l;n) # 0 and e N dB;(l;n) = 0,
T, > M? for N large enough. A resampled configuration 7* = {7 }ecra is taken to be an
independent copy if e satisfies one of the conditions which appear in (3.30) and 7 = 7,
otherwise.

We define the event A as

A= {r* € A3} n{B(I;n) is black for 7 and 3y € Oy crosses B’(I;n)}. (3.31)
On the event 4, if e ¢ C7(I;n), then 7* > 7,. Thus, the following proposition follows.
Proposition 3.20. On the event A, the following holds. For any v, w € +(B%(l;n)) with

1

|v —w|y > (log N)i and a path 7 : v — w satisfying = N C7(I;n) = 0,
T*(r) > (T + 83.5)[v — w|y. (3.32)

Proposition 3.21. For any § > 0, there exists sy > 0 such that for any s < sg, there
exists cp(s) > 0 such that for any ¢ < co(s),

P (1" € A3) > N7°.

Proof. If we take ¢ > 0 sufficiently small depending on s > 0, by Lemma 3.18, then

2(d— . |}Z3| -
PG ey > (ne ) T (< oy )

L(log V) z 1 2n; efg g 1 (N) \d—1 C(s)(e4+1)42 1\ 2d[6B|
> H H ( m) ) (ae—ﬁ(log N)%)
=0

[(log N)ﬁj 2n;

5log N a1 (N
> exp <_ o2g )eXp —BC(s) Z ch 1 £+1ddlolg((k)—|—2))d1

d—1

> exp (—0log N) = N~°,

where we have used the following facts in the last inequality that for s small enough,

Qf 1 ~_faaa ()
(log (k +2))4-1 = (loglog N)d-1’

k=0

L(log N) 742 | .

= <loglog N. 0
(11> 0808

£=0
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Proposition 3.22. If s is sufficiently small depending on M and c is sufficiently small
depending on s, then on the event A, unless 0 € B/(l;n) or Ne, € B/(I;n), any optimal
path m* € O} needs to pass through at least one edge of B (I;n).

Proof. By the same argument as in (3.19), one can check that

53.5

Ty — Tn>T”j\,. (3.33)
Thus any optimal path 7* € O% has to enter inside B’(l;n). We take 7* € O% which is a
self avoiding path and write 7* = {xq, -+ ,2x }. We define sequences (p;, ¢;) inductively

as follows: let
po =min{l € [0, K]| z; € B/(I;n)} and qo = min{l € [po + 1, K]| z; € C/(I;n)}.
If we could define (p;, ¢;)¥_,, then we define

pipr =min{l € g + 1, K]| z; € Zd\Cj(l;n)} -1,
giv1 =min{l € [piy1 + 1, K]| 21 € C7(I;n)}.

Let I = inf{l| ¢ = co}. We redefine q; = max{1 <[ < K| z; € B/(;n)}. (See Figure 5.)
By the same argument as in (3.19), one can check that

T (Tpys Tqp) < (1+02)|xp0 — Zg, |1 +8dMn;. (3.34)

Before going into the details, we explain the strategy here. When » > d — 1, since
all the weights in B?(/;n)\C’(l; n) are sufficiently large under the condition A5, optimal
paths from z,,, to x4, lies only on C’(I;n) as we have proved. On the other hand, when
r = d — 1, since we do not subject conditions on all of the weights in B’(/;n), we no
longer conclude that optimal paths do not touch B7(I;n)\(C’(l;n) U 9B’ (l;n)). However,
if an path from z,, to x,, enjoys passing through B7(;n)\C7(I;n) very long time, then
Proposition 3.20 yields that this path is not optimal. Thus, any optimal paths from z,,, to
x4, mostly lies on C’(l;n). Hence, any optimal path needs to pass through an edge of
E7(I;n). Let us make the above heuristic rigorous.

Step 1 (|ap, — x4, |1 > n1/4): We will show that for any i € [1, I —1], |xp, — x4, |1 > n1/4.
Until Step 1 is completed, we assume that |z,, — 24 |1 < n1/4 and finally we shall derive
a contradiction. By Lemma 3.13-(i), there exists a path 7* : z,, — x4, on C7/(I;n) such
that

T*(‘Tpi7xqi) < T*(W*) < (I+ 02)|xpi — Ty,

1+ Alaa 1 (N w, 2w, §- (3.35)

We divide into two cases. .
Case 1 (W, =W,,): If [z,, — x4|1 > (log N)%, by Proposition 3.20, T*(z,, z,,) >

(T +03.5)|zp, — x4, |1, which contradicts (3.35). Hence, |z,, — 24, |1 < (log N)ﬁ. Moreover,
if there exists k € [p;, ¢;] such that |z, — zx|1 > (log N )ﬁ, then Proposition 3.20 yields

T*(2y,,7q,) > (T + 03.5) (log N) 7
> (I + 02)|xpi - in|17
which contradicts (3.35). Thus for any & € [p;, ¢], |zp;, — zx|1 < (log N)ﬁ.

If, in addition, there exists k € [p;, ¢;] such that z; € 9B’(l;n), then the path
{xp,, + ,x4} crosses OB’ (I;n) without using C’(I;n). Hence, by As-condition,

T*(mpi“r(h) > (logN)ﬁ
> (1+62)(1og1\7)ﬁ

> (r+ 02)|=Tp7: — Zg;

1
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which contradicts (3.35). Hence z;, € «(B/(l;n)) and, since |z,, — xx|1 < (log N)ﬁ as
proved before, z;, € F/(I;n) for any p; < k < ¢;.

On the other hand, since z; € F/(l;n) for any p; < k < ¢;, by the remark below
Definition 3.19, we have

T (xp,, 2q,) > M2|xm — Zg;

> (r+ CQ)lxpi — Ty,

1

1

which contradicts (3.35).

Case 2 (W,, # W, ): Suppose that W, # W,  holds. If there exists k € [p;, ¢:]
such that z;, € 8B7(l n) by Lemma 3.13- (1v) ) and |zp, — xg;|1 < n1/4, then we have
max{|zy, — zk|1,|Tq — xrl1} > n1/4. It follows from Proposition 3.20 that

T ('rpiﬂ mqi) > (I + 535)”1/4

> (I+ 02)|xpi — Tg;|1 + C2fd;d—1(N)>

which contradicts (3.35). Hence, we have that for any & € [p;, ¢;], zx € «(B?(l;n)).

Next we suppose that there exists k1 € [p;, ¢;] such that x, € B7(l;n)\(F/(l;n) U
C7(l;n)). Since zy € «(B/(I;n)) for any k € [p;, ¢;] and ¢1(x,,) = 0, la(xy) < 2ny and
l1(zg) < k —p1. Since |x,, — xp, |1 > (log N)ﬁ, under Az-condition, we have that by
Proposition 3.20,

L(log N) 747 |
T*('xiﬂﬂx(h) > (I+ 53.5)@?1‘ - xfl7:|1 \ Z
=0
> (T +83.5)|wp, — g1 V (cfaa—1(N)/4d?)
> (7 + A)|zp, — zg, 1 + Plaa—1(N),

Cfd,d_l(N)
(€4 1)log (2n41)

which also contradicts (3.35). Thus for any k € [p;, ¢;], = € C/(l;n) UF/(I;n). Due to
the definition of (p;, ¢;), xx ¢ C7(I;n) for p; < k < g;, which yields z € F’(I;n).
Lemma 3.13-(iv) yields that there exists k1 € [p;, ¢;] such that ¢»(x,) = 0, which
implies
max{la(xx)| k € [pi, ¢:]} < ¢ — pi-

It follows from As-condtion that

g;i—pi—1
« Cfd dfl(N)
) ) > E :
T (xpzﬂx(h)— < (€+1 _p7_|_2|

prd )log |gi
> Cfd,d—l (N)/Q

Moreover, by Proposition 3.20, if |z), — x4,| > (log N)ﬁ, then

T*(wp,, q,) = (T + 03.5)|zp, — T4,

1.
Putting things together, we have

cfqa-1(N)
2
> (I+ CZ)|'TP1: - x1111|1 + C2fd7d—1(N)7

T*<xpi7in) > (I+63.5)|xm - qu"l N

which contradicts (3.35).
In all cases, we derived contradictions. Hence, we have |z,, — zp,|1 > n1/4.
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Step 2 (|zg, — Tpy|1 > 52;; ): Since we only resample the edges inside B’ (I;n) and the

paths 7* |0_>M)0 and 7* |0_,qu does not use such edges,

T}‘V = T*(O’ xpo) + T*(xpoa qu) + T*(anNel)a
T(0,2p,) > T(0,2p,),
T*(qu,Nel) Z T(qu,Nel).
Moreover, by the triangular inequality, we get
TN < T(07 xpo) + T(xpo’xlh) + T(xth ) Nel)'
Thus, by (3.33), we have
< T(O7 xpo) + T(xpoﬂ qu) + T(anNel) - (T* (07 xpo)
+ T*(xpmxm) + T*(qu ) Nel))
S T(Ipovxm) - T*(Il)ovzm) S T(xpo’xtn)'

By (Black-2), this is further bounded from above by M (|z4, —zp,|1 V (log N)ﬁ ). Therefore
d3.5n/4 < M|zq, — p,|1, which implies

d3.5M
|Tpo — Tgrl1 > aM
Step 3 (Conclusion): Note that
I -1
|xp0 - .qu|1 < Z |‘qu‘ —Zp;1t Z |xpi+1 — Lg;l1- (3.36)
i=0 i=0
By Step 1 and Proposition 3.20, for i € [1, I — 1],
(I+53-5)|xq1: _mPi|1 < T*('r;l)wxqz')' (3.37)

Moreover, by Proposition 3.20, fori=0ori =1,
(z + 8.5) (|4, = 2piln — (0g N) ) < T (2, 24, (3.38)

It follows that

I
_1_
I|x100 — Tq; ‘1 + 035 Z ‘qu‘ - CU;Di|1 - 2(I + 6)(1Og N) aa?

1=0
I I—-1 L
< Z(Z+ 63-5)|x(h - xp11|1 +IZ |xp1:+1 - $Qi|1 - Q(I + 5)(1OgN)m
=0 i=0 (339)
I I—1
< T (zp,» 2q,) + Z T (i1 Tg) = T (Tpo, Tq,)
=0 =0

<(z+ 02)|xp0 - xq1|1 +8dMny,

where we have used (3.36) in the first inequality, (3.37) and (3.38) in the second inequal-
ity and (3.34) in the third inequality. Comparing the left and right hand side of (3.39),
we have

I
1
035 Y |g, — p,]1 < 2(z +0)(log N)3a? + |z, — x4, |1 + 8dMny. (3.40)
=0
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Since |zp, — 24, |1 < 3dn, for ¢ > 0 small enough, we have
2(1+5)(10gN)ﬁ + P |wpy — g, |1 < 8dMny. (3.41)
Combining (3.40), (3.41) and Step 1, we obtain

(I — 1)53,5%1 !
o <0 > Jag, — p,l1 < 16dMny. (3.42)

=0

Hence, if we take M > 100d(1 + 6;51)), then we have I < M2. If 7* does not pass
through any edge of E’(l;n), by max,cci(n) fWa < 2dny, then for any i € [0,1 — 1],
|%p, ., — %4, |1 < 2dn;. This yields that

I—-1
D Japn — g1 < 2dna T < 2dM . (3.43)
=0

Recall we have defined n = |sf,,.(N)]| and ny = 2|s*f;.(N)|. Therefore, we have

I I—1
< E |'T¢Ii — Tp;l1 + § |‘rpi+1 — g1
i=0 i=0

< 1665 2dMny + 2dM3n; < M*sn,

where we have used Step 2 in the first inequality, (3.36) in the second inequality, (3.42)
and (3.43) in the third inequality. This leads to a contradiction if s is sufficiently small
depending on M and 3 5. Thus we complete the proof. O

Proposition 3.22 implies that on the event A, B/(/;n) is good for 7*. Hence, we obtain
(3.15). Together with Proposition 3.21, as in (3.20), we conclude Proposition 3.10.
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