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Abstract: In this paper we consider a fully nonparametric additive regres-
sion model for responses and predictors of various natures. This includes the
case of Hilbertian and incomplete (like censored or missing) responses, and
continuous, nominal discrete and ordinal discrete predictors. We propose a
backfitting technique that estimates this additive model, and establish the
existence of the estimator and the convergence of the associated backfitting
algorithm under minimal conditions. We also develop a general asymptotic
theory for the estimator such as the rates of convergence and asymptotic
distribution. We verify the practical performance of the proposed estima-
tor in a simulation study. We also apply the method to various real data
sets, including those for a density-valued response regressed on a mixture
of continuous and nominal discrete predictors, for a compositional response
regressed on a mixture of continuous and ordinal discrete predictors, and
for a censored scalar response regressed on a mixture of continuous and
nominal discrete predictors.
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1. Introduction

Data objects that are not Euclidean are now abundant in real world problems
so that their analysis becomes one of the important tasks in modern statistics.
As part of such task, this paper provides a general structured nonparamet-
ric regression technique for Hilbert-space-valued (Hilbertian) responses coupled
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with various types of predictors. We consider Hilbert space since it is an impor-
tant class of data spaces equipped with vector operations and an inner product
structure that are vital to most regression tools. It covers a very wide scope
of data types such as Euclidean, functional, density-valued and compositional
data, etc. Functional data means that each data object itself, corresponding to
each subject, is a function. This type of data arises from every corner of our
lives [35]. Density-valued data is a kind of functional data, but each data ob-
ject is a nonnegative function that integrates to one on its domain. Examples
include population age distributions in cities [14], the distributions of voxel-to-
voxel correlation in fMRI signals [33, 34] and the distributions of metabolite
level in the groups of new born babies [37]. Compositional data has Euclidean
vectors as data objects whose entries are positive and sum to one. Examples are
the proportions of votes earned by candidates in an election, the proportions
of races/religions in cities/countries and the proportions of chemical materials
constituting bodies/air/sea-water /soil [32, 9]. For formal definitions of such data
objects, see Section 2.1.

There have been a few attempts of dealing with Hilbertian responses. A
broad review on regression for functional responses may be found in [42]. Other
works include a parametric technique for compositional responses [38], the one
for density-valued responses [37], and Nadaraya-Watson smoothing [10] and k-
nearest neighbor estimation [21] for Hilbertian responses. The latter two works
are about nonparametric regression but based on full-dimensional (i.e., unstruc-
tured) modeling, so that their approaches suffer from the curse of dimensionality
when the number of predictors increases. Recently, nonparametric additive re-
gression has been developed for Hilbertian responses [15]. Additive modeling
is known to be an efficient way of avoiding the dimensionality problem. All
these works on nonparametric regression do not cover discrete predictors, how-
ever. There has been no nonparametric method dealing with density-valued or
compositional responses, in particular, together with discrete predictors.

In real world regression problems, discrete predictors are abundant. In many
cases it is how to model the effects of discrete predictors, rather than continuous
predictors, that determines overall prediction performance. In nonparametric
regression, it is the usual practice to assume that the effects of discrete predic-
tors are linear, thus incorporate them into a partially linear [e.g., 36, 45] or a
varying coefficient model [e.g., 13, 19, 20]. The usual approach certainly lacks
flexibility since it cannot accommodate nonlinear effects, which may result in
poor practical performance as illustrated in Section 5. A systematic nonpara-
metric approach to identifying possibly nonlinear effects of discrete predictors
on Hilbertian responses, does not exist yet, to the knowledge of the authors. The
problem remains unexplored despite of its importance in real world problems.

The aim of the current paper is to develop a nonparametric additive regres-
sion approach for general Hilbertian responses that also enhances flexibility in
modeling the effects of various types of predictors. Our approach sets both the
effects of continuous and those of discrete predictors ‘fully nonparametric’. The
predictors in our model can be general objects including nominal and ordinal
discrete variables as well as continuous ones. Hence, our coverage includes the
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case where only continuous predictors are considered [15]. In addition, we allow
for incompletely observed responses. Here, by ‘incomplete’, we mean ‘censored’
or ‘missing’. In particular, our setup covers the case of missing data with gen-
eral Hilbertian responses. It means that we can deal with missing functional
responses, missing density responses, missing compositional responses and so
on, and as such it generalizes many current advances in the analysis of missing
data.

To introduce our model, let H denote a separable Hilbert space and Y be a
possibly incompletely observed H-valued random element. Let W = (X, U, V)
be mixed predictors taking values in an appropriate space W, where X =
(X1,...,X4,) is a vector of real-valued continuous predictors, U = (Uy,...,Uy,)
is a vector of nominal discrete predictors, and V = (Vi,...,Vy, ) is a vector
of discrete predictors for which each Vj takes values in a metric space with
finite cardinality. Here, some d,,d, or d, are allowed to be zero as long as
dy +d, +dy, > 2. Let € be a H-valued error such that E(e|X, U, V) = 0, where
0 is a zero vector in H, and the conditional expectation is defined in terms of
Bochner integral [6]. We consider the following additive model.

dy da, dy
Y =my o Pm, (X)) o Pm,;(U) o Pm,; (V) ee (L1
=1 j=1

Jj=1

where @ is a vector addition on H, mg is an unknown constant in H, and
m, ;,m, ; and m, ; are unknown H-valued component maps. The definitions
of zero vector 0 and vector addition & are different for different Hilbert spaces,
see Section 2.1. To the best of our knowledge, this model is the first fully non-
parametric version of the standard linear model.

For the estimation of the component maps in (1.1), we develop a new smooth
backfitting (SBF) technique. The original idea of SBF was developed for scalar
responses and continuous predictors [25]. In comparison with other structured
nonparametric methods such as marginal integration [22] and ordinary backfit-
ting [31], the SBF technique was proved to have practical advantages [29] as
well as theoretical superiority in various structured nonparametric models [e.g.,
26, 23, 46, 18, 12]. All the aforementioned works are for completely observed
real-valued responses regressed on continuous predictors only.

In our theoretical developments, we first prove the existence of the SBF esti-
mator and the convergence of the associated SBF algorithm, in a very general
setup where predictors take values in arbitrary o-finite measure spaces. The gen-
eral treatment allows not only the three types of predictors in the model (1.1)
but also other predictors such as functional and manifold-valued predictors. The
SBF algorithm, which evaluates the SBF estimator, requires the estimation of
the marginal densities and the marginal regression maps of the predictors. In
the existing SBF literature, these are confined to kernel-based estimators. In our
theory for the existence of the estimator and the convergence of the algorithm,
they are not restricted to this type. Instead, we formulate high-level conditions
that are minimally required for the estimators of the marginal densities and
marginal regression maps. The conditions allow parametric or nonparametric es-
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timators which may not be kernel-based but could be spline- or wavelet-based.
Hence, our theory opens the possibility of developing non-kernel-based SBF
techniques. Also, the minimal conditions do not ask for the data being identi-
cally distributed or independent. Thus, the theory even allows dependent data
such as sequential /spatial data. We believe that this new framework makes an
important contribution to various future studies, including those on non-kernel-
based SBF methods for various structured nonparametric regression models.

Second, we derive the rates of convergence and the asymptotic distribution
of the estimator for the model (1.1). The theoretical developments here are
based on kernel weighting schemes for the estimation of the marginal densities
and the marginal regression maps. They are much more complex than in [15].
The latter work considers only continuous predictors and completely observed
responses, and thus all stochastic terms from the asymptotic expansion of their
estimator are based on kernels of the same type and bandwidths of the same size.
This enables one to apply a unified and relatively simple approach to deriving
the theoretical results. In our case, however, there are many more stochastic
terms of different natures that arise from different kernel weighting schemes for
different types of predictors with smoothing parameters of different rates, and
they involve errors due to incompleteness in the response variables. In addition,
the component maps for the discrete predictors are not differentiable, so that the
techniques dealing with such terms are quite different from those for continuous
predictors. Thus, various and sophisticated technical tools are required in our
new setting, see the technical details contained in the Appendix A.7.

In Section 2 we describe our methodology in the above general framework.
In Section 3 we obtain minimal conditions on the estimators of the marginal
densities and regression maps under which we prove the existence of the SBF
estimator and the convergence of the SBF algorithm in the general framework.
In Section 4 we then specialize these results to the model (1.1), and investigate
further the asymptotic properties of the corresponding SBF estimator. We treat
in Section A.1 the case where there is no continuous predictor. In Section 5 we
demonstrate the numerical superiority of our method and its usefulness in real
problems. Auxiliary theoretical results and all proofs are in the Appendix.

2. Methodology for general predictors
2.1. Some examples of Hilbert spaces and vector operations

We give three examples of separable Hilbert spaces. These spaces and Euclidean
spaces are the spaces we consider for the response variable Y in our numerical
study.

(i) L? space. Let S be a Borel subset of R*. Consider the space of square
integrable functions defined on S. For this space the zero vector 0 is the iden-
tically zero function, and for a scalar ¢ € R and for two functions f = f(-) and
g = g(), the vector addition f @ g and scalar multiplication ¢ ® f are defined
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by f®g=f(:)+g(-) and c©f =c¢- f(-). The inner product and norm are

(te) = [ 16s)-al)ds. ] - ( / f(S)QdS>1/2

(ii) The space of density functions. Consider the space of probability density
functions f supported on a Borel subset S of RF with finite Lebesgue measure
such that fs(log f(s))?ds < oo. For this space, the zero vector 0 is the constant
density fo(-) = (Lebk(S))™!, where Leby denotes the k-dimensional Lebesgue
measure. For a scalar ¢ € R and for two densities f = f(-) and g = g(-), the
vector addition f & g and scalar multiplication ¢ ® f are defined by

f)-g0) (f(-)e°
Js f(s)-g(s)ds’ Js(f(s))cds

The inner product and norm are

0= o 1) ()

Iell = (ﬁw) /. [10g<]{(<§>))] o ds>m‘

The space with the inner product forms an infinite-dimensional separable Hilbert
space, as proved by [39].

feog= cof=

(iii) The space of compositional vectors. Consider the space

k
S* = (ay, - ,ax) € (0,1)": Zaj =1
j=1
For this space, the zero vector 0 is the compositional vector (1/k,...,1/k) of

equalized components. For a scalar ¢ € R and two compositional vectors a,b €
S*, the vector addition a @ b and scalar multiplication ¢ ® a are defined by

ai - by ak'bk
ad®b= ey ,
al'bl+"'+ak'bk al'b1+"'+ak“bk

(& C
cOa= a1 Ak
- ac+...+a’c7...7ac+...+ac '
1 k 1 k

The inner product and norm are

k
(a,b) = %ZZ og(aj/ar)log(b;/by),

1 k 1/2
all = (5 230 low(esfa)*)

j=11=1

It is known that S* with the inner product forms a (k — 1)-dimensional Hilbert
space.



Additive regression for variables of various natures 1479
2.2. General setting

Here, we consider abstract predictors taking values in general o-finite measure
spaces. We take this route, rather than starting with the specific types of predic-
tors in the model (1.1), for simpler but better exposition of the main idea and
also for demonstrating the broad scope of application in terms of the types of
predictors we may cover. In technical terms, the general treatment is not direct
from the existing literature, however, but actually requires thorough investiga-
tion of the way how the SBF idea works.

We let (Z;,4;,v;), for 1 < j < d, be o-finite measure spaces. We define
(2,4 ,v) = (H;l:l Zja®?:1 ‘%’@?:1 vj), where ®?:1*‘ij and ®?:1 vj are
the product o-field and product measure, respectively. We let Z = (Z1,..., Zy)
be a Z-valued predictor and € be a H-valued error satisfying E(e|Z) = 0 and
E(||€||?) < oo, where || || denotes a norm of H. We consider the following general
additive model:

d
Y:mo@@mj(zj)@e7 (2.1)

j=1

where Y is a H-valued response, mg is a constant in H and m; : Z; — H are
measurable maps such that

E(|lm;(Z;)|*) <o, 1<j<d. (2.2)

We let PZ~! denote the distribution of Z defined by PZ~!(A) = P(Z € A) for
A € &/. Likewise, we define PZ;l(Aj) = P(Z; € A)) for A; € o/;. We assume
that PZ~! is absolutely continuous with respect to v. We write dPZ~!/dv =
p, [z, p(2)dv_jn(z_jr) = pjr(zj, ) and [ p(z)dv_;(z—;) = p;(z;) for 1 <
Jj # k < d, where (Z_, &_jr,v_ji) and (Z_;, 9 ;,v_;) are the respective
product measure spaces resulting from omitting the (7, k)th and the jth measure
spaces in (Z,4/,v), and z_j;, and z_; are the respective vectors resulting from
omitting (2, zx) and z; in z = (z1,..., zq).

To take into account various situations where Y is not completely observed,
we consider a ‘synthetic’ or ‘surrogate’ response that replaces Y. Such a syn-
thetic response can be obtained by some mean-preserving transformation of
‘observed’ Y, which may involve the observed predictor Z. For instance, sup-
pose that Y is subject to missingness. Let R = 0 if Y is missing, and R = 1
otherwise. Then, under the Hilbertian MAR (missing at random) condition,
R 1 Y|Z, it holds that

E((1/x(2)) © Y"|Z) = E(Y|Z),

where m(Z) = P(R = 1|Z), ® denotes a scalar multiplication on H, and Y* =
Y if R = 1 and Y* = 0 otherwise. In this case, we may take ¥ (Z,Y*) :=
(1/m(Z)) ®Y* as a surrogate of Y. Another example arises in randomly right-
censored regression where Y is a real-valued survival time subject to censoring,
see Example 2 in Section 4.
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In case Y is not completely observed, we assume that there exists a com-
pletely observable variable Y* € H and a H-valued transformation 1 satisfying

E(4(Z.Y")|Z) = E(Y|Z). (2.3)

The equation (2.3) may be used to estimate the additive model based on the
observed values of ¥(Z,Y*). However, the transformation 4 usually contains
unknown parameters or functions. In the missingness example discussed above,
the conditional probability 7 is unknown. In the censoring example as well,
the corresponding 1) involves the distribution function of the censoring variable
that is unknown, see Example 2. In such cases, we need to estimate 1. We study
the effect of the error in the estimation of ¢ on the estimation of the additive
model (1.1), see Section 4. Below, we describe our method and theory in terms
of ¥(Z,Y*) and its estimator. In the case of completely observed Y, one may
simply set ¥(Z,Y*) = (Z,Y*) =Y.

2.3. General Bochner SBF estimation

For the estimation of the model (2.1) we first define some relevant spaces of
H-valued measurable maps. For any measure space (S, 3, A), we define

L2((S,%,\), H) = {f 1§ — H : f is measurable and / I£(s)]|2dA(s) < oo}.
s

We note that the measure spaces on which the component maps m; and the sum
map @?21 m; in (2.1) are defined, correspond to (S, X, \) = (Z;, <, PZ;I) and
(S,3,) = (2,4, PZ~1), respectively.

For the identifiability of the component maps m; in (2.1), we put the con-
straints E(m;(Z;)) = 0 for all 1 < j < d, which entails my = E(Y). We
note that these constraints can be written in Bochner integrals. The notion of
Bochner integral generalizes that of the conventional Lebesgue integral to maps
taking values in Hilbert or more generally in Banach spaces. By Propositions
2.1 and 2.2 in [15], the expected values E(m;(Z;)) and also the conditional ex-
pected values E(my(Zy)|Z; = z;) for k # j may be written in Bochner integrals
as

E(m;(Z; / m;(z;) © p;(z;)dv;(z;),
( ) (2.4)
E(my(Zy)|Z; = z;) = . my,(z;) © %dl/k(zk)~

Here and below, we often write h ® ¢ for the scalar multiplication c©h of h € H
and ¢ € R. The representations at (2.4) are valid if (2.2) and the following
assumptions on p; and p;; hold.

Condition (P). For all1 <j#k <d and z; € Zj,pj(z;) > 0,

ka(ZJ’Zk) / / p]k Zj, 2k)
dvi(z;) < oo and dl/- 2:)dvg(z) < 00.
,/zk pr(2k) k(%) 2 Jz, 0 (z;)p (22) 5 (25)dvr (2x)
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From the first part at (2.4), the constraints on m; are equivalent to
/ mj(zj) @pj(Zj)dI/j(Zj) =0, 1< ] <d. (25)
Z;

We assume E(||9(Z, Y*)||?) < oo and define
mz) =E((Z,Y")|Z =2), n;(z)=E(Z,Y")|Z; = z). (2.6)

Here, the marginal regression map p; is not equal to the component map m;.
The model (2.1) with the constraints (2.5) and the representations of the con-
ditional expectations at (2.4) entail that, under the assumptions (2.2) and (P),

m;(z) = pi(z)emoo @ [ my(z)© IMduk(zk), (2.7)
kg Zn p;j(z))
for all z; € Z; and 1 < j < d, where & is defined by h; ©hy; =h; & (-1 © hy)
for hy,hy € H. Our method of estimating the component maps m;, which we
detail below, is based on the above system of Bochner integral equations. In
fact, we estimate the unknown quantities p;(2;), mo,p;(2;) and p;r(2;, 2) in
the system of equations (2.7) to obtain our estimators of the component maps.
For this, we consider general estimators of p;, mg, p; and p;; that have no
specific forms.
We let p be any nonnegative estimator of p satisfying

/ p(z)dv(z) = 1. (2.8)
zZ

An example of p specialized for the predictors in (1.1) is given in Section 4.2.
For 1 < j # k < d, we define

bt = [ @) i) = [ v ). (29

Define a probability measure PZ~! on o by PZ~'(A) = J 4 p(z)dv(z). We also
let i be any estimator of w, as defined at (2.6), satisfying

/.

[t is a temporary estimator that induces our regression estimator, and it can
be a full-dimensional estimator that does not take into account the additive
structure of the model (2.1), such as the one considered in Section 4.2.

je LY(Z2, o, PZ7Y), H),

R ) 2A 1 ) (2.10)
/Z vp,(z) O p(z)dv_j(z_;)|| pj(z;)  drj(z;) <oo, 1<j<d.
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For the estimation of p;, we note that

| w@ e,
Z

—J

- /Z E($(W, Y")|Z = 2) © p(z)dv_; (z_;) (2.11)

— BEWW, Y")2)|Z = ) @ py(2)
=E($(W,Y")|Z; = zj) © pj(z).

Motivated by (2.11), we estimate p; = E(¢p(W,Y*)|Z; =) by

() = /2 (2) © ((2) /53 (23))dv_; (75 (2.12)

-

whenever the integral exists, and we set fi;(2;) = 0 otherwise. We note that the
integral on the right hand side of (2.12) exists for almost everywhere z; in the
measure v; under the first condition at (2.10). Furthermore,

fu; € L*((2, 4, PZ; ), H)

under the second condition at (2.10), where ]5ij1 is the probability measure
on /; defined by PZ;l(Aj) = fAj D;(z;)dvj(z;). The square integrability of
f1; is required in our theoretical developments, such as at (3.4) in Section 3,
for example. For the unknown Hilbertian constant my = E(Y) = E(u(2)) =
[z 1(z) © p(z)dv(z), we choose 1y = [ fi(z) ® p(z)dv(z). Then, by (2.12) it
holds that

[ i) © by (2) =i, 125 < (2.13)

J

Now, we define our estimator of p = mgy @ @?21 m; by

d
fry =1 & Py, (2.14)
j=1

where (1my,...,my) € H?:l L*((Z2;, o, PZJ-_l),H) is a solution of the system
of Bochner integral equations

e i (o) o Pikzi k) o
i(25) = f5(z5) © 0@% - k(z) © D;(25) v (z1), (2.15)

1<j<d
We note that (2.15) is an estimating equation obtained by substituting fi;, 1y,

p; and pji for pj, me, p; and pji in (2.7). In Section 3, we show that the
Bochner integrals in (2.15) are well-defined and the system of equations has
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a unique solution ft, under weak conditions. We also demonstrate that each
component 1m; of fi is uniquely determined as an estimator of m; under some
condition and the constraints

/Z_ ;i (z;) © P (z;)dvj(z) =0, 1<j<d. (2.16)

We note that (2.16) is an empirical version of (2.5). We call (2.15) the general
Bochner smooth backfitting (¢B-SBF) system of equations. We also call i, and
(my,...,my) the gB-SBF estimators of p and (my, ..., mgy), respectively.

2.4. General Bochner SBF algorithm

The gB-SBF estimators have no closed form. Hence, to evaluate the estimators,
we need an iteration scheme. For an initial estimator in the iteration scheme, we

take (my”, ..., my)) satisfying (h}’,....mY) € [0, L*((2;, o, PZ; '), H)
[0 al%)

and the constraints (2.16) for m; = ﬁlg ). An immediate choice is (m;”, ..., m;
= (0,...,0), which obviously satisfies the constraints. Another option is to take

rhg-o] = f1; — my, which also satisfies the constraints because of (2.13). Put
[AE} =1y P @?:1 rhg-ol. For subsequent updates we apply the gB-SBF system

of equations sequentially from j = 1 to j = d. A step-by-step procedure is

described below, which we call the ¢B-SBF algorithm. For r > 0,1 < 7 < d and
[T}

a given set of m; ,rhg], define

H+J (25) @ iy (z) © %dl/k(%)a 2<j<d,
hsI ) (2.17)
@ @Md%(zk), 1<j<d-1,
kil j(z5)

with um =0= u[r] for all » > 0.

gB-SBF algorithm.

Initialization: Choose an initial estimate (m[lo], e rh&o]).
Iteration: For r > 1,
(i) compute rhg-r] for j =1,...,d according to

~ |7 N ~ ~ |7 ~r—1
ml1(z)) = f1;(z) © 1o © 1} (2)) © 4 (2);

(ii) compute ﬂT =1y D @”,1:1 ﬁly]_

Ending: Stop the iteration if [ Hu[r] (z) & [Lg_q_l] (z)||*p(z)dv(z) is suffi-
ciently small. O
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The Bochner integrals at (2.17) are well-defined under the condition (S2)
to be given in Section 3.1. Indeed, we may prove that (rh[lT],...,Iil([iT]) be-
longs to H?Zl LQ((Zj,szj,PZfl),H). In addition, all the subsequent updates

(my I [r]) for » > 1 satisfy the constraints (2.16) for m; = rﬁy]. In
Scctlon 3 3, we discuss the convergence of ,uu to i, and (ml], . .,rhg]) to
(my, ... md) as r — oo.

2.5. gB-SBF for FEuclidean and functional responses

The Euclidean and L? spaces are two common types of Hilbert spaces. The
cases with compositional and density responses introduced in Section 2.1 may
be treated within these spaces by executing some transformations, see the
Appendix A.3. For H = RP with D > 1, the component and marginal re-
gression maps m; and fi; are RP-valued functions. For instance, m;(-) =
(71(-), ..., ()", where 1y, for 1 < I < D are real-valued functions. Then,
writing g = (o1, . ..,m0p) | € RP, the gB-SBF equations at (2.15) reduce to

(Tﬁjl(zj) > <ﬂj1(Z.7‘) ) < mo1 ) / (mm 2x) )
;p (%) fiyp (25) iop / ki EE i (a1) (2.18)

Pik (25, 2k)

X A—dl/k(zk).
pj(z5)

Now, in case H is L?(S), the space of square integrable real-valued functions
defined on S C RP for some D > 1, we may write m;(z;) = 7;(z;, ), where
mj : Z; x S — R. Likewise, f1;(z;) = fi;(zj,-) with fi; : Z; x S — R. Write
mg = Mmo(-) : S — R. Then, we may write the gB-SBF equations at (2.15) as

Thj(zjas) = :[Lj(zjvs) - mO(S) - Z - mk(zkas)
AT (2.19)

X Mduk(zk), ses.
p;(2)

The gB-SBF systems of equations at (2.18) and (2.19) can be implemented by
the gB-SBF algorithm described in Section 2.4 with the specializations of the
operations ® and ©.

3. Theory for general predictors

In this section, we prove the existence of the gB-SBF estimators and the con-
vergence of the gB-SBF algorithm in various modes. These are basic properties
we need to establish before we study other statistical properties of the gB-
SBF method. For other backfitting-based methods [e.g., 3, 31, 30, 43|, fairly
strong conditions are imposed to guarantee the corresponding existence and
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convergence results. Even the initial SBF work for scalar responses [25] assumes
somewhat strong conditions to get such properties. We demonstrate the basic
properties under much weaker conditions, by deep investigation of the SBF tech-
nique. Except for Theorem 3 and Corollary 1 in Section 3.3, the conditions are
imposed on datasets rather than on the data generating model, and thus the
corresponding theoretical results are non-asymptotic and valid for datasets sat-
isfying the conditions. The data-specific results are more useful to practitioners
since it is direct and feasible to check the data-specific conditions with a dataset
at hand.

3.1. Minimal conditions

The system of Bochner integral equations at (2.15) involves the estimators fi;,
my, p; and p;, all of which are determined by the estimators of the joint density
p and regression map p. We state a set of weak conditions for general estimators
p and f1, under which we prove the existence of the gB-SBF estimators and the
convergence of the gB-SBF algorithm. The formulation of the conditions in this
general framework, which boils down to those as given below, is non-trivial since
it requires careful investigation of all the steps of the way how the SBF technique
works theoretically.

Condition (S1). The estimators p and [ satisfy (2.8) and (2.10).
Condition (S2). For all1 <j#k <d and z; € Z;,p;(z;) >0,

pak(ZJ’z’f) / / pjk Zj, 2k)
dvi(zr) < oo  and dv:(z:)dve(zi) < 0o.
/zk Pr(2k) k(2k) N A RPN 5(25)dvi (2k)

Note that the condition (S2) is an empirical version of the condition (P). In
Section 4.2, we specialize the conditions for the specific estimators we consider
in the case of mixed predictors.

3.2. Existence of gB-SBF estimators

In this subsection, we prove the existence and the uniqueness of the gB-SBF
estimators. Let SH( 5) be the ‘sum-space’ such that

Dt £ € 1225, 5, PZ; ), W), 1< j < d @)

Cc L*((Z,4/,PZ7"), H),

which is the space in which we seek the solution fi; = my® @?21 m; of (2.15).
To give a key idea for the proof of the existence of the solution, consider the
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functional F : L?((Z, o/, PZ~'),H) — R defined by

F(£) = B(1(Z,Y") £ £(2)])
= [ t@IFrv -2 [ @) @@ g,

+/ E(|9(2,Y")|?|Z = 2)p(z)dv(2).
zZ

The true regression map g = mg @ @?:1 m; is the minimizer of (3.2). By The-
orem 5.3.19 in [4], p satisfies DF(p)(g) = 0 for all g € L*((Z, o/, PZ~1), H),
provided that the Gateaux derivative DF(u) : L?((Z, 2, PZ~'),H) — R of F
at p exists. In this case, one may verify that DF(u)(-) = 0 induces (2.7), which
is a population version of (2.15).

Based on the above observation, we formulate the existence of the gB-SBF

estimators satisfying (2.15) as the existence of a minimizer of the objective
functional F' : S¥(p) — R defined by

F(f) = [£]2,, - 2 /Z (£(2). fu(2)) p(z)dv(2). (3.3)

We note that F'is an empirical version of F with the last integral at (3.2), which
is irrelevant in the minimization, being omitted. The functional F' is well-defined
on SH(p) since, for all f = @?:1 f; € SH(p), it holds that

J

1/2
IIﬂj(Zj)IQﬁj(zj)de(Zj)> <oo (34

d
IEE)] <I£115, + 2> I ll2n (/
j=1

by (S1), where f1; is defined at (2.12). Formally, we prove the following theorem.

Theorem 1. Assume the conditions (S1) and (S2). Then, there exists a solution
fy = ﬁlo@@?zl ; with my; € L*((Z;, o}, PZJ-_I),H) satisfying the system of
equations at (2.15), and the solution is unique up to measure zero with respect to
Pz Furthermore, each component m; is uniquely determined up to measure
zero with respect to v; under the constraints (2.16), provided that p > 0 on Z.

3.3. Convergence of gB-SBF algorithm

Here, we present the convergence of [,I,L] =y @’ i1 mgr] and (m”, ... ml)
in various modes. We have the following non-asymptotic result for the conver-
gence of ﬂ[:} to fi.

Theorem 2. Assume that the conditions (S1) and (S2) hold. Then,

/Ilu+ & Al (@)|2p(x)du(z) < & -4 for all v >0,
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where ¢* > 0 is a constant that does not depend on r but only on p, ft and the
initial estimator (rhgo] 11 <35 <d), and ¥ € (0,1) is a constant that does not
depend on r but only on p.

The above theorem establishes that ﬂ[ﬁ converges to [14 at a geometric speed.

The next theorem is an asymptotic version of Theorem 2, which deals with the

convergence of the individual components rhgr] to their respective targets m;.
For this, we introduce the following high-level conditions.

Condition (A). The condition (2.8) and the first one at (2.10) hold with prob-
ability tending to one. Also, there exists a constant C > 0 such that

lim P sup pj(z)7 < C) =1
AP, s G <0) =1,

lim P( max su pi(zi,25) < C) =1,
jm (1§#’€Sdzjezj,£ezkpjk( i 2k) < O)
. . . _ (3.5)
lim P, sup 1)l < ©) =1,
; A2 VI2dy (2 —
Jm P [ ) Py ) < ©) =1,
and the one- and two-dimensional density estimators satisfy
A 2
f;ljagd/z(pj(zj) —p;(2))" dvj(z;) = op(1),
! (3.6)
A 2
(2 — (s . . — 1).
1§?£Iz{§d/zszk (Djk(zj, 26) — Pjn(25, 2))° dvj @ vk(zj, 2k) = 0p(1)
We note that the last condition at (3.5) for initial component estimators rhg-o]
is not restrictive. It is satisfied by the choice (rh[lo]7 o ,rhgo]) = (0,...,0), for

example. Others at (3.5) are mild conditions on the estimators of the marginal
densities and regression maps. The conditions at (3.6) are some L?-consistency
conditions on the marginal density estimators.

Theorem 3. Assume that p is bounded away from zero and infinity on Z and
that v; are finite measures for all 1 < j < d. Then, under the condition (A),
there exist constants ¢** > 0 and v € (0,1) such that

. o ~ (7] 2 ok r
nlggop(lglfgd /Z [y (z5) © my(z5)[|7p; (25)dv;(z;) < ™ 4" for all v > 0)

§
=1.
Theorem 3 is about the L2-convergence of Iﬁy] with a geometric rate. From

the theorem we may deduce an almost everywhere convergence of rhg-r], which
is also of interest. Indeed, Theorem 3 implies that

S [ Wiy (a5) & 5 ) P 2yl 35) <
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with probability tending to one. This entails that, with probability tending to
one, > .>2 |, (z;) & Iily] (z;)|I*pj(2;) < oo a.e. with respect to v;, which gives
the following corollary.

Corollary 1. Assume that the conditions in Theorem 3. Let E; denote the set
of zj in Z; such that rhg-r] (zj) = m;(z;) as r — oo. Then, for all1 < j <d, it
holds that h_>m P (Vj(Zj) = Vj(Ej)) =1.

n—oo

4. Theory for mixed predictors

This section deals with the specification of the general results in Section 3 to
the model (1.1) with d,,d,,d, > 1. The cases of d,, = 0 or d, = 0 follow
immediately with trivial modification. The case of d, = 0 is treated in Section
A.1. We consider X; taking values in [0,1] for 1 < j < d,, U; with values in
a finite set U; for 1 < j < d,, and V; with values in a metric space V; with
finite cardinality for 1 < j < d,,. The latter general setting allows V; to be an
ordinal discrete predictor or a continuous predictor on a fixed design. We let
W = (X, U, V) so that W takes the role of Z in the model (2.1). The product
space Z for Z in (2.1) corresponds to W = [0, 1]% x H?ll U; x H?;l V; and the
product measure v in (2.1) is specialized to ®?i1 Leb®®?il Cu,j ®®?Ll Cu,j
where Leb is the Lebesgue measure on R, C,, ; is the counting measure on U;
and C, ; is the counting measure on V;. We continue to use p to denote the
joint density of W with respect to ®?’:'1 Leb® ®?11 Cu;® ®?”:1 C,,j, and use
p to denote the regression map E(¢p(W,Y*)|W = ) in the same spirit as in
(2.6), where ¢(W,Y™*) is a synthetic response that satisfies (2.3) for Z = W
and E(||¢(W,Y*)||?) < oo. In Section 4.2, we exemplify (W, Y*).

The marginalization of p along the coordinates that are of interest in W
defines the densities of X;, U;, V;, (X, Xk), (U;, Ux), (V;, Vi), (X;,Ug), (X, Vi)
and (Uj, Vi). We denote them, respectively, by Dz i, Pujs Pu.j> Paw,jks Puu,jks
Dvv,jk» Pzu,jks Pov,jk and Puy jk- We denote the marginal regression maps, which
correspond to p; in (2.6), by ps ;(x;) = E(p(W,Y*)|X; = x;), e, ;(u;) =
E(¢p(W,Y")|U; = u;) and p, ;(v;) = E(p(W,Y*)|V; = v;). Below we discuss
the estimation of these marginal densities and regression maps.

4.1. Estimation of marginal densities and regression maps

To estimate the joint density p and regression map u, we use kernel-based
estimators. For this, we introduce a kernel weighting scheme for each of the
three types of predictors. First, for smoothing across on [0, 1] where X; takes
values, let K, (t) = K(t/h)/h, where h > 0is a bandwidth and K : R — [0, 00) is
a baseline kernel function. Throughout this paper, we assume that K vanishes on
R\ [-1, 1] and satisfies fil K (t)dt = 1. Define a normalized kernel Kj(x,z") by
/
Kn(,a') = —2n@ =) (4.1)
Jo Kn(t —a')dt
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whenever fol Kp(t — 2')dt > 0, and we set Kp(z,2") = 0 otherwise. This kernel
has been used in the SBF literature [e.g., 25]. We note that it has the normal-
ization property

1
/ Ky(z,2")dz =1 for all 2’ € [0,1]. (4.2)
0

Now, for smoothing across U; we take a discrete kernel Ly, : Uy x U; — [0,1]
defined by

Ly, (ug,uf) = (1= M)y = uf) 4+ (Nj/(c; = 1)) (uy # uf),

where \; € [0,1] is a smoothing parameter and ¢; is the cardinality of ¢;. This
kernel was introduced by [1]. We note that Ly, has the normalization property

Z Ly, (uj,uj) =1 for all u; € Uj. (4.3)

u; EU;

Next, for smoothing across V; with a metric J; we define a new metric-based
discrete kernel Wy, : V; x V; — [0,1] by

&5 (v 05 vj,v{
Wsj<vj7v;>=(1— > -”)I(vj:v;)ﬂj( 1wy # ),

1" Loyl ’
vy €Vjv) Fv)

where 0 < s; < 1 is a smoothing parameter that is sufficiently small so that
0 < Ws, (vj,v5) <1 for all v;,v; € V;. Basically, this kernel gives more weights
when vé. gets closer to v; in the metric d;. It also has the normalization property

Z Wy, (vj,v5) =1 for all v} € V. (4.4)

v; €V

Now, suppose that we have n observations {(W,;,Y}) : 1 < ¢ < n} which
are not necessarily i.i.d. Writing w = (x,u,v) for vectors x € [0,1]%, u €
du dy dy du
[[;2 Ujand v € [T52, V), welet ri(w) = [1;2, K, (25, Xij) [1;20 Ly, (ug, Usj)-
H;‘i;1 Wy, (vj,Vij). We estimate p by p(w) =n~' 3" | k;(w) and p by

f(w) = (n-pw)~ o B (ri(w) 0 $(Wi, Y))), if p(w) >0 W

0, otherwise

for an appropriate estimator 1/3 of 1. We show that these p and [ satisfy the
non-asymptotic condition (S1). Because of the normalization properties (4.2),
(4.3) and (4.4), p clearly satisfies (2.8). Also, the full-dimensional estimator f
satisfies (2.10). To see this, for a vector x € [0,1]% let x_; denote the (d, — 1)-
vector resulting from omitting the jth entry of x and likewise define u_; and
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v_, forue H;l;l Ujand v € H?Ll V;, respectively. The first condition at (2.10)
is satisfied since

/[0 de Z Z Hﬂ(W)llﬁ(w)dx <n Y [$(W3L Y| < oo

j 1 JV€H7 .V i=1

For the second condition, we note that

/ol‘ GB D /[0,1]dm_1ﬂ(w)®ﬁ(w)dx_j

LU VeI, v,
1
/0

< h(W,, Y52
max [[(Wi, Y7 < oo

2
P ()" da;

2
Pag () da,

Tfl@Khj (x5, Xi5) © P(W;, Y7)
=1

and the same bound applies to the other integrals involved in the second con-
dition.

Moreover, we may get estimators of the marginal densities and regression
maps by integrating p and (i over appropriate domains as in (2.9) and (2.12).
In particular, from the normalization properties (4.2), (4.3) and (4.4) we get

Paj () =0~ K (25, Xij) (4.6)
i=1

and similarly p, ;j(u;) and p, ;j(v;) simply by substituting the discrete kernel
weights Ly, (uj, Usj) and Wy, (vj, Vij), respectively, for Kj, (x;, X;;). We also
obtain the two dimensional density estimator

n

Paajk(Tj, Tk) = TleKhj (w5, Xij) Kny (21, Xik) (4.7)
i=1

when d,, > 2 by integrating p over (z; : | # j,k) € [0,1]% =2, and likewise Py, jk,
Dvv,jks Pru,jks Dwo,jk and Pyy ji. Similarly, using the normalization properties
(4.2), (4.3) and (4.4) again, we get the following estimators of the marginal
regression maps.

fraj(x;) = (0 Paj(x;) "' © @K, (25, Xij) © (Wi, Y7),
=1

fruj (1) = (0 uj ()~ © @La, (u), Uj) © (W3, Y7),
=1

fro.j(05) = (n-Po (7)™ © EPWa, (v, Vij) © h(W,, Y7).
i=1
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4.2. Ezxistence and algorithm convergence
Here, we apply the general results in Theorems 1-3 and Corollary 1 in Section 3
to the model (1.1). In the gB-SBF system of equations (2.15), we consider the
cases d = d, + d, +d, and

I:Lj:ﬂw,ja 1§]§d$7 ﬂdw—i-j:/lu,ja 1§]§du7
Bdytd,+j = o, 1 <J < dy.

Likewise, we enumerate the collection of Py j, Pu,j and Py ; into p1, . .., Pd,+dy+d.
and that of the two-dimensional density estimators p,s jk, - .-, Duv,jk as well in
an obvious manner. We let (g, 1,...,M, g, ;M 1,. .., My g, My 1, ..., 0y 4,)

be the solution of the resulting gB-SBF system of equations with my =n=! ®
®;, P(Wi, Y75). We let rhK]j, rhg]J and l’flLT]j be the rth updates in the re-
sulting gB-SBF algorithm corresponding to m, ;, m, ; and m, ;, respectively.
For more concrete description of the resulting gB-SBF system of equations and

algorithm, we refer to the Appendix A.2. We also write

- - B (4.8)
all) (w) = o © @l (@) © Pl (u) & @l (1)
Jj=1 Jj=1 J=1

as in Section 2. As we verified in the previous subsection, the full-dimensional
kernel estimators p and fi satisfy the condition (S1). Below, we give a set of
sufficient conditions on the smoothing parameters, the baseline kernel K and
a dataset under which the non-asymptotic condition (S2), tailored for the case
of mixed predictors, are valid. The sufficient conditions are actually minimal in
the sense that they are required even for one-dimensional regression smoothing
across [0, 1], #; and V; to be well-posed.

Condition (S*).

(Sl*) a = maxlSdem max {X(l),j’ 1-— X(n),ja maxlgign_l(X(i+1)7j *X(i),j)/2}
/hj <1, where (X(),; : 1 < i <n) is the order statistics of (X;;:1 <14 <

(82%) K is bounded and inf,c|_, ) K(t) > 0, where a is the constant in (S1*).

(S3*) For each 1 < j < d, and u; € U;, there exists an observation U;; such
that Uij = Uj and /\j < 1.

(S4*) For each 1 < j <d, andv; € V;, there exists an observation Vi; such that
‘/z] = vj and ZU'-EVJ',U"#UJ' Sjj(vj,vj) < 1.

We note that the conditions (S1*) and (S2*) imply that inf, ¢(o,1) Pz.j(z;) > 0
for all 1 < j < d,. The conditions (S3*) and (S4*) imply, respectively, that
Pu,j(u;) > 0 for all u; € Y; and 1 < j < d,, and that p, ;(v;) > 0 for all v; € V;
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and 1 < 5 < d,. With these observations, one can show that the condition
(S*) implies the condition (S2). Then, the following non-asymptotic result is
immediate.

Corollary 2. Assume the condition (S*). Then, the corresponding versions of
Theorems 1 and 2 hold for v, j, M, ;, W, ;, fiy and [J,T.

Now, we present the corresponding versions of Theorem 3 and Corollary 1.
Recall that we do not impose the assumption of i.i.d. data for Theorem 3 and
Corollary 1, but state the results with the higher-level condition (A). Here, we
focus on the case where we have n i.i.d. observations {(W;,Y?) : 1 < i < n},
to present a set of sufficient conditions that imply the condition (A). Finding
sufficient conditions for non-i.i.d. data is more challenging, particulary in Hilbert
spaces, but may be solved using the techniques in [6], for example. The sufficient
conditions under the i.i.d. assumption are given below.

Condition (B).

(B1) E(||$p(W,Y™*)[|*) < 0o for some a > 2, and E(||p(W,Y*)||*|X; = -) are
bounded on [0,1] for all 1 < j < d,.

(B2) The joint density p is bounded away from zero and infinity on W. For
all j,k,ur and v, peu jk(-,uk) and pay k(-, vk) are continuous on [0,1].
When dy > 2, Dya i are continuous on [0, 1]%.

(B3) K is Lipschitz continuous and f?l K(t)dt A fol K(t)dt > 0.

(B4) For all j, it holds that h;,\;,s; = o(1) and inf, n%h; > 0 for some
¢; < (a—2)/a, where cv is the constant in (B1). Also, logn/(nhi) = o(1)
when dy =1, and logn/(nh;hy) = o(1) when d, > 2.

(B5) P (maxlgign |9 (W, YF) (Wi, Y| < M) — 1 for some constant
M > 0.

We note that the conditions (B2)-(B4) are standard in the kernel smoothing
theory. The condition on h; in (B4) allows the optimal bandwidth rate h; =<
n=/5 if o in (B1) is larger than 5/2. When Y is completely observed, we
take (W, Y*) = (W,Y*) = Y, in which case (B1) reduces to a standard
condition in the kernel smoothing theory, and (B5) is automatically satisfied.
Below after the statement of a corollary, we give two other examples where the
conditions (B1) and (B5) are satisfied.

Corollary 3. Assume the condition (B) and the version of the last condition

at (3.5) corresponding to the mized predictor case. Then, the corresponding ver-
[r] o [r]

sions of Theorem 3 and Corollary 1 hold for my j, m, ;, m, ; and m, >, m, ",

!
Example 1. (Missing data). Suppose that 'Y is subject to missing. Let R be the
indicator defined by R = I(Y 1is not missing). In this case, we observe Y* =Y
if R=1 and Y* = 0 otherwise. Suppose that the Hilbertian MAR condition R 1
Y|W holds. For the unbiased transformation 1, we take the inverse probability
weighting map defined by P(w,h) = (1/m(w)) © h, where n(w) = P(R =



Additive regression for variables of various natures 1493

1|W = w). Then, v satisfies (B1), provided that E(]|Y||*) < oo for some o > 2,
E(|Y|?X; = ) are bounded on [0,1] for all 1 < j < d,, and infy, w(w) > 0.
For the validity of (B5) we note that maxi<;<y |[P(W;, Y*) & (W, Y?)| <
maxi<;<n(|1/7(W;) — 1/7(W,)| - [|Y;]]), where (w,h) = (1/#(w)) © h and
T is an estimator of w. For the estimation of m, suppose that the predictors in
V are real-valued and one applies logistic linear regression. Let B; denote the
regression coefficients in the logistic linear regression and Bj be their estimators.
Then, under either of the assumptions: (i)Y is a bounded random element and
18 = Bj| = 0p(1) for all j; (i) E(|[Y|*) < oo for some o > 2 and |5; — f;| =
Op(n~Y2) for all j, we get maxi<i<n(|1/7(W;) — 1/7(W,)| - [[Y:]]) = 0,(1),
which gives (B5). We note that both assumptions on Bj in (i) and (i) are
standard results in logistic linear regression.

Example 2. (Censored data). Let Y =Y € (0,7) for 7 < oo be a survival
time subject to random censoring. Let C' > 0 be the random censoring time with
distribution function G satisfying G(t) < 1, Y L C and P(Y < C|W,Y) =
P(Y < C|Y). These conditions on C are commonly adopted in the literature
on censored regression. Let T = Y N C denote the observed time and A =
I(Y < C) denote the censoring indicator. In this case, we observe the random
vector Y* = Y* = (T,A) instead of Y and C. Let ¢ = 1) be the unbiased
transformation (W, Y*) = A-T/(1 — G(T)) proposed by [16]. In this case,
¢ does not depend on W and ¢ clearly satisfies (B1). Also, (B5) holds for
(W, Y*) = A-T/(1 — G(T)), where G is the Kaplan-Meier estimator of G.
To see the latter, we note that
) L VE) V)| < T . (1) — )
max [p(Wi, 1)) — (W3, ¥7)| < LG — &) jgglG(t) G(t)|

The standard theory in survival analysis [{1] gives sup, ., IG(t) — G(t)]| = 0,(1),
from which (B5) follows.

4.3. Rates of convergence

In this subsection, we demonstrate that the gB-SBF estimator does not have
the dimensionality problem by showing that it achieves the optimal univariate
error rate. Let e, = (W, Y*) Y D¢, where € is the error term at (1.1). Here
and in Section 4.4, we assume that {(W,;,Y}) : 1 <14 < n} are i.i.d. To obtain
the rates of convergence, we make use of the following assumptions.

Condition (C).

(C1) (i) E(|le4]|*) < oo for some a > 5/2 and (ii) E(||e+||?|X; = -) are bounded
on [0,1] for all 1 < j < d,.

(C2) The component maps my ; for 1 < j < d, are twice continuously Fréchet
differentiable on [0, 1].

(C3) The condition on p in (B2) holds. In addition, for all j, k,ur and vy,
Pau,jk (5 uk) and pey ik (-, vx) are C* on [0,1]. When dy > 2, pay ji are C*
on [0,1]%.
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(C4) The condition (B3) holds. In addition, f t)dt = 0.
(C5) For all j, it holds that hj < n='/° and )\J,s] = 0(1).

When Y is completely observed so that ¢»(W,Y*) =Y, the condition (C1)
reduces to the one with €, being replaced by €. The latter is a standard condi-
tion in the kernel smoothing theory. Even when Y is incompletely observed as
in Examples 1 and 2, (C1) is easily satisfied in the examples. (C2) is a natural
extension of the usual condition for real-valued component maps (H = R) to the
current Hilbertian case. (C3)—(C5) are standard conditions in the kernel smooth-

B
ing theory Define s. = max{s;’ : 1 < j < d,} where §; = min{J;(v;,v}) :
vj,vj € Vj,v; # ) }, the minimum nonzero distance in V], and A, = max{\; :

1<j<dy,}. Let maxi<i<y, || (W, Y5) © (Wi, Y| = O,p(ay) hold for some
sequence a,. Let I; = [2h;, 1 — 2h;]. We note that Ky, (z,2") = Ky, (z — 2’) for
(z,2") € I; x [0,1] and that fol Ky, (z,2")dx’ = f_ll K(t)dt =1 for x € I;.
Theorem 4. Assume the condition (C). Then, the followings hold for all j.
(i) (Pointwise convergence)
[ty () © my ()| = Op(n™ /% + A + 50+ ay)  forz; € I,
|y, () © my j(z;)]| = Op(n™ Y% + M\ + 5. +ay,)  foraz; €[0,1]\ I;.

(ii) (Lo convergence)

/Hmmunemwuawhwmma—0<4“+V+s+a>

/ [ () © my j(2;)|*pej(25)da; = Op(n LN 452 +a).
(iii) (Uniform convergence)
sup [t (2;) © my i (2;)]| = Op(n~°/logn + A + 5. + an),
zjel;

p Wit (1) & iy ()] = Opln ™% + 2. 5.+ an),
r;€[0,1

max ||y, ; (1) © my,; (u;)]| = Op(n ™% + Ay + 5. + an),
max ||, (v;) © My (v)[| = Op(n™/% + A + 5. + an).
J

Remark 1. We give some remarks on the magnitude of A, S« and a,. One
can show that the Nadaraya-Watson-type full-dimensional estimator based on
the observations of U;, V; and completely observed Y;, defined by

-1

dy
NUV u, V § HL)\ u]7 Z] H Sk Uka
=1 j=1 k=1

(4.9)
dy

@@ HL)\ uJ’ l] H Sk Uk; @Yia
=1 \j=1

k=1
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achieves the optimal error rate when A, = O(n="/?) and s, = O(n~'/?). Hence,
it makes sense to assume that A, = O(n=%*) for some C\ > 2/5 and s, =
O(n=%) for some Cs > 2/5. When Y is completely observed, the term a,, does
not appear in the rates in Theroem 4. In the missing data setting (Example 1),
we get ap, = n~° for some ¢ > 2/5 when E(||Y||*) < oo for some a > 10 and
|Bj—5j| = Op(n~Y2) for all j. In the censored data setting (Ezample 2), we have
an = n~Y2\/logn when G is continuous, since the Kaplan-Meier estimator G
satisfies sup,., |G(t) — G(t)| = O,(n~/?\/Togn), as proved by [24]. Therefore,
an = o(n=2/%) under these mild conditions.

Theorem 4 together with Remark 1 demonstrates that the gB-SBF estimator
may achieve the optimal univariate rates of convergence even though there are
multiple predictors. This is an important property in nonparametric inference,
which is not shared by estimators based on full-dimensional approaches. The
result is particularly notable since it shows the dimension-free convergence rates
in the general data setting.

4.-4. Asymptotic distribution

In this subsection, we present the asymptotic joint distribution of the gB-SBF
estimator. For this, we make further assumptions. Let {e; : 1 <1 < L} denote
an orthonormal basis of H. Our theory covers both L < oo and L = oc.

Condition (D).
(D1) For the constant « in (C1)-(i) and for all I, I, up, vy and 1 < j <

dy, the functions E(|lex|“|X; = -), E((e4,e)(er,er)|X; = -, Ur = ug),
E((e4,e) (et er)|X; =, Vi = vi) and E({e4, &) (€4, e0)|X; = -, X =)
are bounded on their respective domains, and E({e4,e;)(ey,ep)|X; = -)
are continuous on [0, 1].

(D2) For alll < j <dg, Op(w)/0z; exist and are bounded on W.
(D3) Forallj, n1/5hj — j, n2/5)\j — B and n2/5sjj — ~y; for some constants

aj >0, 8; >0 and~; > 0. Also, maxi<i<,, [[(Wi, Y5) 0 (W, Y5 =
0p(n=2/%).

The conditions on A; and s; in (D3) are satisfied with the sizes of the smooth-
ing parameters discussed in Remark 1. The condition on 1& is also valid under
the mild conditions given there. The remaining ones in (D) are weak regular-
ity conditions. To state the theorem we need to introduce more terminologies.
For a twice Fréchet differentiable f : [0,1] — H, we let Df : [0,1] — L(R,H)
denote its first Fréchet derivative, where L£(B1,By) for two Banach spaces By
and By denotes the space of bounded linear operators that map B; to Bs.
The first derivative Df(z) : R — H at = € [0,1] in our setting is defined by
Df(z)(s) = s ® Df(z)(1), where Df(z)(1) satisfies

lim |e[ ™+ |£(z +¢) © £(x) © (¢ © DE(x)(1))]| = 0.
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Let D?f : [0,1] — L£(R, £(R,H)) denote the second Fréchet derivative of f. The
second derivative D?f(x) at z € [0,1], now as a map from R to £(R,H) or
as a map from R? to H, is defined by D?f(x)(s,t) = t © D*f(x)(s,1), where
D?f(x)(s, 1) satisfies

lim [¢| ™" - | DE(x + £)(s) © DE(a)(s) © (¢ ® D*f(x)(s, 1)) || = 0.

Define ¢;(z;) = 3 fil K (t)dtoD*m, j(x;)(1,1) and ©(x;) = aOc;(x;)®
A, j(z;), where o are the constants in (D3) and A, ; together with A, ; and
A, ; are defined in the Appendix A.7.1. They constitute the asymptotic bias of
the joint distribution of the estimated component maps, as is demonstrated in
Theorem 5 below. In fact, re-enumerating

(Az,la ey Aac,dm;Au,la R Au,du; Av,lv ) Av,dv)

as (A1,..., g, +d,+d, ), the (dz+d, +d,)-tuple is nothing else than the solution
of a system of equations

A et ot pik(zjs 2k)
Aj(z) =Aze P Ag(2r) © =22 dg (2,),
P A p;(z;)

1<j<dy+dy+d,

Note that the similarity between the above system of equations and the one at
(2.7). Here,

(AJC,la R Aw,dm;Au,la ey Au,du; Av,lv ) Av,dv)

with Afm-, Auyj and Av,j being defined in the Appendix A.7.1 is re-enumerated
as (Aq,...,Ag, 1, +d,) Also, Z; are [0,1], U; or V; depending on the position
of j in the re-enumeration, p; and p;;. are the marginal and 2-dimensional joint
densities of the corresponding predictors in the re-enumeration and v; are the as-
sociated Lebesgue or counting measures. The terms ©; arise from an expansion
of the kernel weighted averages of m, ;(X;;) © my ;(z;), my ;(Us;;) © my, ;(u;)
and m, ;(V;;) ©m,_ ;(v;), see the Appendix A.7.4 for details.

The asymptotic variance comes from the stochastic part of the marginal
regression estimators fi, ;. For this, let e, ® e, : H — H be the operator
defined by (e; ® €1 )(h) = (e, h) ©® ey and let C; ., : H — H be the covariance
operator defined by

Chy (B) = 07 pas(e)™ [ KEd1-Bl(es 9 e)MIX; =) (410)

Let G(0,C} ;) denote a H-valued Gaussian random element with mean 0 and
covariance operator Cj . . It is a random element such that (G(0,Cj ;) h) is
normally distributed with mean 0 and variance (Cj ;; (h), h) for all h € H. When
H = R, it reduces to a normal random variable. '
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We let Ly 4. denote the joint distribution of (n?/5 ® (1, j(z;) ©m, j(z;)) :
1< < dy), (n*°0 (1,5 (uy) Omy j(u;)) 1 1 < j < dy) and (n*°6 (1, j(v;) ©
m, ;(v;)) : 1 < j <d,). Similarly, we write Ly v for the joint distribution of
(©;(2;) ® G(0,Cjq;) - 1 <J < da), (Auj(uy) s 1 <j < dy) and (A, ;(v)) :
1<j<d,).

Theorem 5. Assume the conditions (C1)-(i),(C2)-(C4) and (D). Then, the
following results hold: (i) The joint distribution Ly u~ converges weakly to Ly u v
for a.e. fized x € (0,1)% with respect to ®?;1 Leb and for allu € H;lll U; and

v e H;l;l V;; (i) For pip(w) defined at (4.8),
n?%® (fip (W) © p(w))

d(l? du dU xr
d
—>@®j(xj)@@Au’j(uj)@@Aw-(vj)@G<0, Cj,z].).
Jj=1 Jj=1 1

Jj=1 Jj=

Let mg"% be the oracle estimator of m, ; obtained by using the knowledge of
all other component maps. Then, the asymptotic distribution for mg™ is given
by

n?5 © (% (x) © m, ;(2;)) —2 a2 © (8,,(x;) ® cj(x;)) & G(0,C;0,),

where 8,,; = (dpa,j(x;)/dw; - poj(a;)~" - fl K (t)dt) © Dmmj(xj)( ). This
means that m, ; and mj’% have the same asymptotic covariance operator but
differ in their asymptotic biases, so that the gB-SBF estimator achleves a ‘semi-
oracle property’. The dlfference of the asymptotic biases is (a? ai © 8, (7)) ©
A, j(z;) = B;(x;) and it holds that E(B;(X;)) = [y Bj(x;) © psj(w;)dz; =0
by (A.33) in the Appendix.

5. Numerical properties

In this section we report the results of simulation studies and real data ap-
plications. Details on the practical implementation of the gB-SBF algorithm
including smoothing parameter selection can be found in the Appendix A.3.

5.1. Simulation study

In the first simulation study, we compared our gB-SBF method with the SBF
method based on partially linear additive models [SBF-PLAM, 45]. Since the
latter model can only deal with completely observed scalar responses, we con-
sidered the case 9(W,Y*) = Y, where Y is a scalar response. Partially lin-
ear (additive) models are widely used when responses are real-valued and both
continuous-type and discrete-type predictors are present. Hence, the comparison
we made here is a meaningful check of how our new class of methods works in
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comparison with the existing class of methods. In the simulation, we estimated
the following additive model:

Y =mg1(X1) + mgo(X2) + my 1 (Ur) + my 2(Usz) + my, 1 (V1) + my 2(Va) + €,

where X7 and X5 are independent uniform [0, 1] random variables, U; and U, are
nominal discrete random variables taking values in {1,2} and {1, 2,3}, respec-
tively, V1 and V, are ordinal discrete random variables taking values in {1, 2, 3,4}
and {0,0.25,0.75,1.5,2.5}, respectively, and € is a N(0,0.5%) random variable.
We took my 1(X7) = sin(2nX7), my 2(Xa) = cos(2nXs2), my,1(U1) = —=3-1(U1 =
1)+3'I(U1 = 2), mug(Ug) = —5-[((]2 = 1)+O~I(Ug = 2)+5-I(U2 = 3) For
My,1 and my 2, we considered the two cases:

mvvl(Vl) = 2‘/17 mv,g(VQ) = —2‘/2, (Linear)
my1 (V1) = 2(Vi — 2.5)%, my,a(Va) = —exp(Va)/2. (Nonlinear)

We note that the SBF-PLAM technique is designed for the case where m, ; and
M.y, 2 are linear, while the gB-SBF method is for general component maps.

For the generation of Uy,Us, Vi and Vi, we considered two scenarios. To
describe them, let My(q1,...,qxr) denote a k-variate multinomial distribution
with sampling probabilities ¢; > 0 such that ¢; +--- + ¢ = 1. In both of the
following scenarios, Uy, Uz, V4 and V4 are mutually independent.

(a) (U,V) depending on X:

Ur]X ~ Mo(1 = (XT + X3)/2, (XT + X3)/2);
Us|X ~ M3 (sin(X17/2)/2, cos(Xam/2)/2,
1 —sin(X17/2)/2 — cos(Xam/2)/2);
ViX ~ My (X1/2,1/2 = X1/2, Xo/2, 1/2 — X5/2);
ValX ~ Ms(2X1/5, 2/5 — 2X1/5, 2X/5, 2/5 — 2X5/5, 1/5).

(b) (U, V) independent of X: Uy, Us, V; and V5 are from My(q1,...,qx) for
k=2,3,4 and 5, respectively with ¢ =--- = q,. = 1/k.

We note that the SBF-PLAM technique gains some efficiency, in comparison
with the partially linear approach (without additive modeling for the effect of
X), only when E(U;|X) # E(U;) or E(V;|X) # E(V;) for some j, which is
violated in the scenario (b).

We generated a training sample of size n and a test sample of size N = 100
for M = 500 times. We computed the gB-SBF estimator based on the gB-SBF
algorithm. We compared the gB-SBF and the SBF-PLAM via the mean squared
prediction error defined by

M N
MSPE = M~1 Y~ N1 3" (yfestlm) ety (5.1)

m=1 i=1
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TABLE 1
The values of the ratio MSPE(SBF-PLAM)/MSPE(gB-SBF).

Scenario
Linear Nonlinear
n @ () () (b
100 1.58 1.65 14.78 16.98
200 1.19 1.21 15.24 17.46
400 1.04 1.05 1539 17.86

where YiteSt(m) is the ith response in the mth test sample and YitESt(m) is the

prediction of YimSt(m) based on the mth training sample. Table 1 gives the MSPE
ratios of the gB-SBF relative to those of the SBF-PLAM.

The table indicates that the prediction based on the gB-SBF estimator per-
forms better than the one based on the SBF-PLAM estimator, even when m,, 1
and m, o are linear. Our interpretation for this is that the SBF-PLAM pro-
cedure, after estimating the parametric and nonparametric parts based on a
profiling method, does not update the estimators further, which might have de-
graded its performance. We think that the inferior performance might be also
the case with other methods based on one-step update. On the contrary, our
¢B-SBF method operates an iterative algorithm, as described in (A.3) in the
Supplement, until convergence. In the nonlinear case, there is a large gap in
MSPE between the SBF-PLAM and the gB-SBF methods and the gap grows
further as n increases. The results suggest that the gB-SBF procedure is a pow-
erful option.

In the second simulation study, we considered a functional response that is
observed at discrete time points with noise. We generated discrete points Ty
uniformly on [0,1] for 1 < k < N; and 1 < ¢ < n, where N; are uniform random
integers between 25 and 60. We took n = 100,200 and 400. We considered the
case where d, = d,, = d,, =1 and generated X, U and V uniformly from [0, 1],
{1,2} and {—1/2,0, 1}, respectively. We set my(s) = ms(s)() for s = x,u,v by

my(2)(t) = log(z +t+ 1) — fi(t),
My, (u)(t) = sin(2nt) - I(u = 1) + cos(2nt) - I(u = 2) — fa(t),
my(v)(t) = exp(vt) — f3(t)

for t € [0, 1], where fi, fo and f3 are some functions that make the component
maps satisfy the constraints (2.5). We then generated Y;(T;x) according to the
additive model,

Yi(Tir) = ma (X)) (Tir) + mo(Uit)(Tix) + mu (Vin)(Tir) + (T — 0.5)e; + 65,

where ¢; are i.i.d. standard normal random variables and d; are i.i.d. random
noises from N(0,0.1%2). We obtained Y; = Y;(+) by smoothing the observations
{Yi(Tir) : 1 < k < N;} for each 1 < ¢ < n. At this pre-smoothing stage, we used
the kernel-weighting approach with the standard Gaussian kernel and band-
widths chosen by the leave-one-out cross-validation. Based on this generation
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TABLE 2
The values of IMSE, ISB and IV, multiplied by 102.

ma(+) mu(°) 0]

n IMSE ISB v IMSE ISB v IMSE ISB v
100 0.37 0.04 0.33 0.41 0.07 0.34 0.39 0.02 0.37
200 0.19 0.03 0.16 0.22 0.05 0.17 0.20 0.01 0.19
400 0.10 0.01  0.09 0.12 0.05 0.07 0.10 0.00 0.10

process, we obtained R = 100 pseudo samples {(Y,"(-), X", " vy 1 <
i<n}, 1<r<100.

The measures of performance we chose are integrated mean squared error
(IMSE), integrated squared bias (ISB) and integrated variance (IV), defined by

R 1
IMSE = R™') / / (ms(s)(t) — ) (s)(t)) 2dt ps(s)dve(s) = ISB +1V,
r=1 0

R

se- [ [ 1 (ms<s><t> ~RTY my)(s)(t))thms)dus(s),

r=1

v = Rli / /O 1 (Rli " (s)(t) — mé”(s)(t))zdtps(smus(s)

for s = x,u,v, where " is the estimate of m, based on the rth pseudo
sample and v, is either the Lebesgue measure Leb or the counting measure
depending on s. Table 2 shows the result of the estimation performance. The
table demonstrates that the values of IMSE, ISB and IV are decreasing as the
sample size increases. This indicates that our method after a pre-smoothing
procedure works quite well even in the case of discretely and nosily observed

functional responses.

5.2. Real data analysis

In this subsection we analyse four datasets. They are the cases of density-valued
response, compositional response, missing scalar response and randomly right-
censored scalar response.

5.2.1. Density-valued response

Dose-response data contains several dose of drugs and their effects on a response
variable. Dose-response data analysis is important in finding an appropriate
dose. In this analysis, we analyzed cytotoxicity experiments data on the pedi-
atric cancer Ewing sarcoma obtained from the R package ‘braidrm’ by combining
‘esldata’, ‘es8data’ and ‘ew8data’ there. The data contains several toxicity lev-
els of several drug types. For each drug type (U1) and log(toxicity level) (X7),
multiple (ranging from 32 to 112) log-transformed CellTiter-Glo intensity of



Additive regression for variables of various natures 1501

Log(Intensity)

F1G 1. Plot of densities Y;(-) for 1 <3 < 72.

the tumor are obtained from Ewing sarcoma tumor cells. In the usual exper-
imental data analysis, such multiple observations at each treatment (Xi,U;)
are aggregated into its sample mean or other statistic. However, such aggrega-
tion causes huge loss of information. The multiple log-transformed CellTiter-
Glo intensity at each (X7,U;) can be understood as a random sample from its
conditional distribution given (Xi,U;). Hence, based on the random sample,
we estimated the conditional density of the log(intensity) by a kernel density
estimator, and treated it as a density response Y = Y (). This procedure corre-
sponds to the pre-smoothing in the usual functional data analysis, and similar
procedures are adopted in the literature on density-valued data. With the pro-
cedure, we obtained the dataset {(Y;(:), X1, U1s) : 1 < i < n}, where n = 72 is
the number of combinations of (X1, U;). Figure 1 shows the plot of the densities
Yi(o).

Estimating E(Y(-)| X1, Uy) is very important since we can estimate the condi-
tional distributions of outcomes given new values of (X1, Uy) without conducting
new time-consuming and expensive experiments. Clearly, estimating the condi-
tional distributions of outcomes gives much more information than estimating
the conditional means of outcomes. We believe that this approach will provide
a useful tool in experimental data analysis. The same idea can be also applied
to various data analysis such as predicting the distribution of survival times
at each treatment, distribution of sales at each sale condition, distribution of
income/housing price at each national tax condition and distribution of out-
puts/defect rates of an item at each process condition in a factory.

We note that our method is the unique nonparametric method for density-
valued responses and mixed predictors. To see how the discrete predictor U
helps in predicting Y(-), we compared the prediction performance of our esti-
mator with those of the Nadaraya-Watson [10] and the k-nearest neighbor [21]
estimators for Hilbertian responses. For the latter two nonparametric estimators,
we used only the continuous predictor X;. The measure of performance was the
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F1G 2. Estimated component maps for ‘tozicity level” (left) and ‘drug types’ (right).

leave-one-observation-out average squared prediction error (ASPE) defined by

ASPE =~ 3 V() = V(I

=1

where }A/l-(*i)() is the prediction of Y;(-) based on the sample without the ith
observation. Here, for two density functions f(-) and g(-) supported on a Borel
set S C R,

10 001 = iy [, (o8 (F55) s (55)) oo

We found that the value of ASPE was 23.29 for our estimator, 41.67 for the
Nadaraya-Watson estimator and 36.61 for the k-nearest neighbor estimator.
This reveals that the discrete predictor and the additive structure may improve
substantially the prediction accuracy.

Figure 2 shows the estimated component maps 1, ; and m, ;. The defini-
tions of 0, @ and ® used to obtain m, ; and m,, ; for this case can be found in
Section 2.1. We note that, in Figure 2, each line or bar along the log(intensity)
at each log(toxicity level) or drug type represents a density. The first plot in-
dicates that, as the toxicity level decreases, the density of the log(intensity) is
gradually skewed to the left, while the density tends to be right-skewed as the
toxicity level increases. This shows that strong toxicity level tends to kill more
tumor cells. It also demonstrates that the toxicity level around x; = —12 has a
similar effect on the intensity of the tumor to those at higher levels (x; > —12),
and thus indicates that the level z; = —12 is a right dosage for such effect. The
second plot says that, as the drug type moves from ‘Temozolomide’ to ‘BMN
673’, the density is gradually skewed to the right. This reveals that ‘BMN 673’
is the most effective drug for the tumor.
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5.2.2. Compositional response

It is a general belief that a political election is determined by population char-
acteristics and underlying political orientation. Recently, [15] analyzed the 2017
Korea presidential election data to see the effects of these factors. In that study,
however, the effect of underlying political orientation, which is believed to be
one of the most important factors, could not be analyzed, because the earlier
method can only deal with continuous predictors. In fact, there have been no
nonparametric regression method for compositional responses and mixed pre-
dictors. This motivated us to analyze the data with the gB-SBF method.

The original dataset analyzed in [15] contains the election result and pop-
ulation characteristics for 250 electoral districts in Korea. For each electoral
district as the subject unit we have the proportion of votes earned by five can-
didates, people’s average age (X1), people’s average years of education (Xs),
average housing price (X3) and people’s average paid national health insurance
premium (X4). The variables X5 and X4 are measures of richness. Since the elec-
tion was mainly focused on who would be elected among the candidates from
the three major parties representing progressive, conservative and middle party,
we considered the three-dimensional compositional vector Y = (Y1,Y>,Y3) as a
response with Y1 + Y5+ Y3 = 1, where Y7, Y5 and Y3 are the proportions of votes
earned by the progressive, conservative and middle party, respectively, divided
by the sum of the three proportions.

To incorporate the effect of the underlying political orientation, we added
three discrete predictors V1, Vo and V3 representing the number of congress mem-
bers from the progressive, conservative and middle party, respectively, elected
from the 2016 Korea parliamentary election. We excluded two electoral districts
since there was a mismatch between the 2017 presidential and the 2016 parlia-
ment elections. We also removed two other cases, one with V; = 4 and the other
with V5 = 3 since those values are not well supported by the data. This resulted
in a total of n = 246 observations with all V; in the range {0, 1,2}, which we
actually used in our study.

To assess the prediction performance, we divided the 246 observations into 10
partitions Sk, 1 < k < 10, with each partition having 24 or 25 observations, and
then computed the 10-fold average squared prediction error (ASPE) defined by

10
ASPE =107 3 (87 Y Y o Y2,
k=1 i€ESK

where |Sg| is the number of observations in Sj and ?fs’“) is the predic-
tion of Y; based on the sample without the observations in Sy. Here, for
two compositional vectors a = (aj,az,a3) and b = (by,bs,b3), la © b||*> =
(2% 3)71 Y0 S0 (log(a; /ak) — log(b; /bi))?.

To see how the discrete predictors (V1—V3) help in predicting Y, we compared
the ASPE of our method that was based on the seven predictors of mixed types
(X1-X4 and V4-V3), with the B-SBF estimator [15] that was based on the four



1504 J. M. Jeon et al.

Average age Average years of education
56.5 15.29
1 1

B & 9 & 9

2 L 49.35 2 ¢ 12.37
3 8 2 8
3 7 422 3 7 9.45
4 Y S 4 ; ; ;
Conservative - i = -6 P Conservative X6 Progressive
Party 5 Party Party 5 3 i 7 Party
5 L 5
6 . s S /
: : 4
: #
7 7 ", &
3 / 3

. . LA

2 2
9 9
1 1
{ 3 3 4 5 6 7 g 1 { 2 3 q 5 6 7 8 9
Middle Party Middle Party

Average housing price (Korean Won)
per square meter

Average paid national health insurance
premium (Korean Won)

12671543 162900
1 1
/ ] ]
2/ 6793772 , / 112451
‘» 8 2 8
3 \ 7 916001 VAT L 62002
4 L s » 4 ; ;
Conservative g 7 7 X6 Prog Conservative ~ » # X6 Progressive
Party 5 Party Party 5 : : s Party
5 5
6 6
\ 4 4
7 7 g
: 3 & 3
. . A
.' 2 2
9 9
,' 1 1
i 2 q 4 g ¢ 7§ 4 { Z 4 i 8 4 7 g d
Middle Party Middle Party

F1c 3. Component maps estimated by the gB-SBF method: continuous predictors.

continuous predictors. To see the effect of the additive structure, we also included
in the comparison the full-dimensional Nadaraya-Watson-type estimator [27],
which was also based on the four continuous predictors. We note that there exists
no non-parametric or semi-parametric competitor designed for compositional
responses with mixed predictors. We found that the values of ASPE was 0.31
for the gB-SBF, 0.82 for the B-SBF estimator and 0.99 for the full-dimensional
Nadaraya-Watson-type estimator. This reveals that the discrete predictors and
the additive structure are helpful in predicting Y, confirming the general belief
that political orientation is an important factor in election results.

Figures 3 and 4 depict the component maps estimated by the proposed
method. The top-left component map in Figure 3 demonstrates clearly that
older people are politically more conservative. Overall, richness drives people
to conservatism, as indicated in the two component maps at the bottom, al-
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Fi1Gc 4. Component maps estimated by the gB-SBF method: discrete predictors.

though the strength is much lower than age. As for education level, whose effect
is shown in the top-right map, people get more conservative as they are more
educated until reaching a level of medium-high and then it is reversed from
that level to the highest. The esimated component maps in Figure 4 suggest
that larger number in the parliament does not always lead to higher proportion
of votes. This indicates that there is some non-monotone relationship between
V = (V1,V,, V3) and Y, contrary to general expectation, which one would not
detect with the other methods.

5.2.3. Missing scalar response

We analyzed the ‘ACTG175’ data in the R package ‘speff2trial’ (Version 1.0.4).
This dataset contains the treatment history of 2,139 patients infected by HIV
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type 1. The prognosis of the treatment depends on factors, known at the begin-
ning of the treatment, such as the CD4 T cell count at baseline (X ), hemophilia
(yes or no, Uy), history of intravenous drug use (yes or no, Us), race (white or
non-white, Us), type of treatment (zidovudine only or others, Uy), Karnofsky
score ({70,80,90,100}, V7) and antiretroviral history stratification ({1,2,3},
V5). Here, higher V] means healthier. For the values of antiretroviral history
stratification, Vo = 1 means no prior antiretroviral therapy, Vo = 2 a prior an-
tiretroviral therapy but for a period less than or equal to 52 weeks, and Vo = 3
means a prior antiretroviral therapy for a period more than 52 weeks. We took,
as a response variable Y, the CD4 T cell count observed at 96 + 5 weeks af-
ter the observation of Xj. The response variable has 797 missing observations
caused by the health condition of patients and/or the cease of the treatment.

We applied the gB-SBF method with the correction for missingness detailed
in Example 1 (¢gB-SBF-correct), and also to the dataset consisting of non-missing
observations only (gB-SBF-non-missing). There were 9 observations with V;
taking the value 70 in the dataset, among which 7 had missing responses. We
deleted them from the dataset, so that we could apply a 10-fold cross-validation
to the remaining dataset of size 2,130 to compute the prediction error

10
ASPE = 10—1 Z n;l Z (Y; _ }A/i(—Sk))Q’

k=1 1€Sk, Y; is observed

where Si,1 < k < 10, are partitions each of which is of size 213, ny is the
number of non-missing observations in S and }A’i(fsk) is the prediction of Y;
based on the ‘gB-SBF-correct’ or the ‘gB-SBF-non-missing’ applied to the ob-
servations not in Si. The ASPE was 14,683 for the ‘gB-SBF-correct’ while it
was 16,383 for the ‘gB-SBF-non-missing’. This suggests that our correction for
missing observations improves the prediction performance.

Figure 5 depicts the estimated component function of the predictor X; based
on the ‘gB-SBF-correct’. It demonstrates that those having more CD4 T cells at
baseline do not necessarily have more CD4 T cell count at 96 4+ 5 weeks. For the
estimated component functions of the discrete predictors (U;-Uy and Vi-V3),
we got my, (no) = 1.02, my, (yes) = —0.09, my, (no) = —4.79, my, (yes) = 0.72,
My, (white) = 3.54, "y, (non-white) = —6.40, my, (zidovudine only) = —36.32,
my, (others) = 13.30, iy, (80) = —47.37, my, (90) = —6.16, 7y, (100) = 9.27,
my, (1) = 24.65, 1y, (2) = —6.31 and 7y, (3) = —20.81. The results suggest
that no hemophilia, using an intravenous drug, being white, getting a treatment
other than zidovudine, having higher Karnofsky score and/or getting shorter
prior antiretroviral therapy, improve the prognosis.

5.2.4. Randomly right-censored scalar response

We next considered the “BMT” data in the R package “KMsurv”. In this
dataset, there are 137 patients who received a bone marrow transplant as a
treatment for their acute leukemia. The prognosis of the transplant depends
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Fia 5. Estimated component function for ‘CD4 T cell count at baseline’ based on the gB-
SBF-correct method.

on some risk factors known at the time of transplantation, such as patient and
donor’s age and gender. To focus on the effects of age and gender, we considered
four predictors: patient’s age (X1), donor’s age (X3), patient’s gender (Uy) and
donor’s gender (Us), to predict survival time. The survival times of 56 patients
were censored, so the censoring proportion is about 40%.

We applied to the dataset the gB-SBF method and the SBF method based
on varying-coefficient models [44]. The latter models take the form of linear
models but the coefficients are functions of continuous predictors. Also, different
coefficients should be functions of different continuous predictors. Hence, when
there are not enough continuous predictors compared to the number of discrete
predictors, it is not possible to apply the latter approach. For this data, there
are only two models that the latter approach can deal with:

Y = ml(Xl)Ul + mQ(XQ)UQ + €, (VCM 1)
Y = ml(Xl)UQ + m2(X2)U1 + €, (VCM 2)

where Y is the survival time as described in Example 2 in Section 4.2. We
compared the prediction performance based on the average squared prediction
error (ASPE) defined by

ASPE=n;' S (-0

i:Y; is uncensored

where n; = 81 is the number of uncensored observations and Yi(_l) is the pre-
diction of Y; based on the sample without the ith uncensored observation. We
used the unbiased transformation given in Example 2 to obtain )A’i(_z). We also
considered regression without the unbiased transformation, which ignores the
censoring information.

The results are presented in Table 3. We find that the methods with the
unbiased transformation are more predictive than those without it. The re-
sults also indicate that the proposed new class of methods, based on the fully
nonparametric modeling for both continuous and discrete predictors, works bet-
ter than the existing class of methods based on the varying-coefficient models.
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TABLE 3
Prediction results for the “BMT” data.

Methods  ASPE with transformation = ASPE without transformation

gB-SBF 143552 396573
VCM 1 195266 377007
VCM 2 194146 424525
200
10
100
0
0
-10
-100
10 20 30 40 50 0 10 20 30 40 50
Patient Age Doner Age

F1G 6. Estimated component functions for ‘patient’s age’ (left) and ‘donor’s age’ (right) based
on the gB-SBF method.

Figure 6 depicts the estimated component functions for the two continuous
predictors based on the proposed method. As for the discrete predictors, we
found 7, 1 (Female) = 18.35, 71,1 (Male) = —17.39, 1, , (Female) = 73.07 and
1y,2(Male) = —58.13. This suggests that, if the patient or the donor is younger
or female, then the patient survives longer. In particular, donor’s age and gender
are more significant factors than patient’s age and gender. We remark that, as
demonstrated in this application, the gB-SBF method gives easier interpreta-
tion than the methods based on varying-coefficient models, since we may assess
the effects of the predictors separately.

6. Conclusion and discussion

In this paper, we propose and study a new class of methods for mixed pre-
dictors, which is the first fully nonparametric version of the standard linear
model. Our framework covers the cases of (in)completely observed Hilbertian
responses, such as Euclidean, functional, density-valued and compositional re-
sponses, with various types of predictors. Our unified approach based on the
novel idea of backfitting the discrete predictors as well as the continuous predic-
tors possesses many advantages over the existing approaches. Also, it is a unique
nonparametric method for certain types of responses such as density-valued and
compositional responses. The proposed method is supported by a complete the-
ory, and its superiority and a wide spectrum of applications are illustrated via
extensive numerical experiments.

In particular, for the existence of the proposed estimators and the conver-
gence of the algorithm materializing them, our theory is developed in full gen-
erality under minimal conditions. The conditions are data-specific and are valid
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in most cases, which is of great significance and importance to practitioners.
The general theory includes non-asymptotic results, works for predictors taking
values in general o-finite measure spaces and for general estimators of the main
ingredients of the SBF methodology, such as the densities of the predictors and
the marginal regression maps, and even allows dependent data. We think that
the general theory and method we develop here casts a long shadow to future
study on the subject areas.

Our coverage of compositional responses does not include those with zero en-
tries since spaces that contain such compositional vectors do not form a Hilbert
space. For such compositional data with zero entries, one may apply the para-
metric approach in [38], for example. For density-valued responses with contin-
uous predictors, [11] considered an additive model but on the transformed con-
ditional Fréchet mean via log-quantile and log-hazard transformations studied
in [33]. It is different from our additive model that assumes additivity directly
on the conditional mean based on the ‘Aitchison’ geometry given in Section
2.1. The target in [11] is to estimate the conditional Fréchet mean minimizing
the expected Wasserstein distance from Y, while our target is to estimate the
conditional mean minimizing E(||Y © -||?) with the Aitchison norm | - ||.

Appendix

Here, we first present the results for the case of no continuous predictor. Then,
we provide some additional details in the methodology and its implementation,
followed by additional theoretical results and all technical proofs.

A.1. Case of no continuous predictor

Recall that the results in Section 4 are valid as long as d, > 1 and d; +d, +d, >
2, even in the cases where d,, or d, equals zero, with trivial modification. Here
we complement Section 4 by adding some results for the case where there is no
continuous predictor. In the latter case the rates of convergence are different
from the case d, > 1, so that it is of theoretical interest. It is also important
in practice since we encounter many occasions where we only have discrete
predictors. For brevity we state the results here for the case d,,,d, > 1. However,
the results hold as long as d,, + d, > 2, even if d,, or d, is zero, which is clearly
seen with trivial modification.
In the case where d, = 0, the corresponding additive model is

d. d,
Y =my &P m,;(U;) e Pm,;(V;) e (A1)
j=1

j=1

where E(m,, ;(U;)) = E(m, ;(V;)) = 0 for all j and E(e/U,V) = 0. The
[r]

new definitions of mg,m, ;,m, ;,m,

and thr]] are immediate by omitting
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H?’:’l Kp;(zj, Xi;) in the definition of x;(w) in Section 4. In this case, we put
fur = oy and i) = iy, where

duy dy
fruv(u,v) = tho & P, ;(uy) & @ty (v;),

j=1 j=1

du dv
Aty (a,v) = 1o © P (u) © @i (v).
j=1

-
Il
=

We first note that the corresponding versions of Theorems 1 and 2 hold under
the conditions (S3*) and (S4*). For these, we do not need i.i.d. data. However,
for the corresponding versions of Theorem 3 and Corollary 1 and for Theorem 6
below, we assume that {(W;,Y}): 1 <i<n} are i.i.d. for brevity.

Let pyy be the joint density of (U, V) with respect to ®?;1 Cu,j ®®?“=1 Coj,
where C,, ; and C, ; are the counting measures on U/; and V;, respectively.

Condition (B*).

(B1*) The joint density py, is strictly positive on Hdil U; x H;l;l V;.

(B2*) The smoothing parameters satisfy \j, s; = 0(15 for all j.

(B3*) P (7”F1 S 9 (Wi, Y5) © (Wi, Y3)|| < M) — 1 for some constant
M > 0.

We note that (B3*) is weaker than the condition (B5), and under the condi-
tion (B*) the corresponding versions of Theorem 3 and Corollary 1 hold. The
next theorem shows that the discrete gB-SBF estimator for the model (A.1)
may also achieve the univariate error rate.

Theorem 6. Letn~ ' 3.7, [|[p(W;, Y5 ©p(W,, Y| = O,(by) hold for some
sequence by,. Assume the conditions (B1*) and (B2*). Then, for all j it holds
that

max iy, (u;) © My (ug)|| = Op(n™ Y2 + A+ 5.0+ bn),

max 1,5 (v7) © Mo (07)]| = Op(n™% + A+ 55+ b).

In a simulation study we present below, we compared the discrete gB-SBF
estimator fiy,v defined at (A.2) with the full-dimensional discrete kernel es-
timator fiy v defined as in (4.9). Since fiy v is model-free, our focus in this
comparison was then to see how fiy v and fiy, v perform in non-additive sce-
narios or in higher-dimension as well as in additive and lower-dimensional set-
tings.

We considered two scenarios, one for a 4-dimensional and the other for a
6-dimensional predictor:

mu,2(U2) . mv,Q(‘/Q)
My, 1(U1) - My 2(V2)

Y =my1(Ur) + my2(Usz) +my 1 (Vi) +my2(Va) +p- +¢€
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TABLE 4
The values of the ratio MSPE(fiv v )/MSPE(iy v ).
Additive Non-Additive

n Dimension (dy + dv) p=0 p=025 p=05 p=075 p=1
100 4 4.01 3.10 1.87 1.17 0.81
6 26.30 5.02 2.09 1.43 1.16

200 4 2.10 1.60 0.97 0.60 0.40
6 15.02 2.94 1.27 0.93 0.80

400 4 1.37 1.05 0.62 0.36 0.24
6 8.57 1.73 0.82 0.65 0.57

Y = my1(Ur) + mu2(Uz) + muy 1 (Vi) + my 2(Va) + my 3(Va) + mya(Va)
mu,2(U2) : mv,2(V2) : mv,4(V4)

+ .
P M1 (Ur) - My 1 (V1) - My 3(V3)

+ €.

Here, m,,; and m,, 2 are the same as those in the first simulation, and m,, ; and
M,y 2 are the functions in the linear case. The predictors Uy, Us, Vi and V; are the
same as those in (b) and € is again a N(0,0.5%) random variable. The additional
ordinal discrete predictors V3 and Vj; have the same distributions as V; and
Va2, and m, 3 and m, 4 are the same as m,, ; and m, 2 in the nonlinear case in
the first simulation. We note that p controls the departure from additivity. We
took p = 0, 0.25, 0.5, 0.75 and 1 in both scenarios. We considered (5.1) as a
measure of performance with the same n, N and M as in the first simulation.
Table 4 shows the results. It shows that the performance of iy v gets worse as
dy + dy increases. This indicates that, when the true model departs moderately
from additive or the number of discrete predictors is large, the discrete gB-SBF
estimator can be a better option than the full-dimensional estimator.

A.2. gB-SBF equation and algorithm for mixed predictors

Here, we articulate the gB-SBF system of equations at (2.15) and its algorithm
in Section 2.4 for the model (1.1). For succinct presentation, we first introduce
some terminologies. Let ;ui denote the (j — 1)-tuple of component maps
obtained by taking the first (j — 1) components up to m, ;_; from

~ tup — S A~
m'P = (myq,..., My g, My 1,..., 0y, 4,0, 1,. .., M0y 4, ),

;,“jp+ the tuple consisting of those from 1, ;i1 to m, g4, . Similarly, let
tup

T Z?Jprj = (fMy,1,...,My ;1) denote the (d; + j — 1)-tuple and let "}, =
(My jy1,...,Myq,). Also, let m zu_ﬁ’_j = (mg,...,Mm, j_1) be the (d; +dy, +
j — 1)-tuple and rhw-+ = (My jt41,...,Myq,). For 1 < j < d,, define fiy ;(-;-)

and fi,, 5+ (+;) by

N N 10 Jjk\Tj, Tk
/Jx,Jrj({EJ, ; 5_] @ / mx & xk TT,] ((xja) )dxk,
k<j-1 Pa,j (5

and m
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N p Jk\Zj, Tk
“x,j+(xj§mr J+ ( / my i (zx) ENIACIE )dxk)
k>j+1 va] (l'])

o (D @ st o Poulrn))

k=1 uy €Uy px»] ('r])
dy ~
~ va,jk(zj7vk)
&b @ @ mv,k(vk)QW .
k=1v, €V P (L

Likewise, define fi; 4;(-;-) and fi; ;4 (-;-) for ¢ = v and v. For example,

k(ug, 2,
“U+J(u3’mt ( / my i (zx) pum] (s, )d$k>

pug(“g)
Ui, U
( D D rinrim) Puu,gk((y ) k)>7
k<j—1wup€Uy pu’] U]
. . o Puwsgk (U5, U
o025 (@ @) st o Pl
k>j+1ur €Uy Pu,j(j
= Puv, i (14, V1)
. k(ug, vk
& (@ D mvvk@k)@%).
km1 v, EVs Pu,j (U

Then, the system of equations defining m®"? is given by

mx,j(xj) = /lz,j(xj) Smgy O /lx,+j(xj;m£ .:,_J) Sy ]+(‘r]7m1 ]P.t,_)v 1<) <dq,
1y, () = fhuj(u;) © g © fiy, 4 (ugi S ) © fry iy (ug; iy, T ), 1

m, ;(v;) = fly;(vj) © Mg © fiy 4;(vj; 1 v+]) @Hv,ﬁ-(”yamv ]+) 1<) <d,.

The constraints corresponding to (2.16) are

[ i) ©bastepin =0, 1< <
0

D tiv(uy) ©puy(u) =0, 1<j<d,
Ujeuj

P 1i;(v)) ©poi(v;) =0, 1<j<d,.
’UjEVj

Next, to express the gB-SBF algorlthm we let mzu_f;[ " and rh't;uf:_[r] fort =z, u
up

++; and mt g +, respectively, taken from the tuple
of the rth updates (Iil[r] Iil[] 'ﬁl[r] Iﬁg}d“;ﬁl[r} IiI[T] ). Then

z, 10" ﬂﬁ',dm’ w19 v,1r

and v denote the versions of m,
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the gB-SBF algorithm for the case of mixed predictors is then given by

N N N N . tup, N . tup,[r—1

il (25) = fuo g (7) © 100 © frg yj (2500 00) © fug o (D),
1 <j <dq,

1 (1) = fi (1) © 1800 © fo 5 (s 00) © g (g 53

u,j \Uj P, (uy 0O B, +5(uj; m, P+ \Uss XL, Gy " (A3)

1<5 < dy,

~ [ ~ ~ ~ ~ tup,[r ~ ~ tup,[r—1

1)) () = o, (v) © 10 © iy 1 (0300 2 1) & fuy, i (05l DI,
1<j <dy.

A.3. Implementation and smoothing parameter selection

We may not evaluate the integrals in (A.3) with the usual numerical integration
techniques since Bochner integrals are defined in an abstract way. To imple-
ment the gB-SBF algorithm, we adopt the following idea: for any measure space
(5,2, A) and for any integrable function f :.S — R it holds that

(Bochner) /Sf(s) ©® bdA(s) = (Lebesgue) /Sf(s)d/\(s) ®b, (A.4)

where b is a constant in a Banach space. Because of this, it turns out that
the original gB-SBF algorithm at (A.3) based on Bochner integrals may be
implemented through a simple iteration scheme based on Lebesgue integrals.
Specifically, suppose that we take

ml( @@w?}” (25) © (W, Y7),
] ( @GBwLOLJ (uy) © P(W;, Y;), (A5)
[0] @69101[)0]” (v;) © (W, Y7),

with initial weight functions wt . for t = x, u and v that satisfy

1
0 0
/0 w[ ]g(xj)p»w (zj)dx; = Zwi[t]” (t5)Pu,j (uy)
(A.6)
= Zw (v)Py,j(v5) =0,
and fo

7;))?ps,j(x;)dr; < oo. The constraints (A.6) are not restrictive

:Jc ’Lj
since we may set all initial weights wiol] ; = 0. Define
K, (25, Xi5) X " X fup,[r—1
wa[cr,]ij(xj) =— -1 ux,+j(xj;w;£+[’;]) - ux,j+($j;wmlf5j[jr h,

Pa,j(25)



1514 J. M. Jeon et al.

Ly, (uy, Usy)

. tup, . tup,[r—1
wllk(u;) g — i (g 0 P = g (gl ),
Pu,j(uj)
W, (v, Vij) N t A t —1
Wy (v7) = 2 1 i (0750, ) — o (00 D),
Po,j(0;)
where wzipg] and wzip{:] for t = z, u and v are defined as mzuf’[r and Ihzlﬁ[r]
in Section A.2, respectively, from the (d, + d,, + d,)-tuples (w 3[:]11, ce wLT]idv)

for each 1 <4 <n, and fi; +; and fi; j+ as fi;+; and fi; j4+ with @ and © being
replaced by + and X, respectively. Then, by making use of (A.4) we may verify

) (z;) =n~' © @ullly @) 0 $(W, YD), 1<j<d,
i=1
my) () = n~ © Pull () 0 P(WiYT), 1<) <d, (A7)
i=1
n N
]} (v) =0 © @l () O BWeL YD), 1< <d,.
i=1

In the case where H is a space of compositional vectors or density functions,
the @ and ® operations in (A.4) and (A.6) may be performed by the usual
Euclidean addition + and scalar multiplication x via centered log-ratio (clr)
transformations. In case H = S* for some k € N, the transformation clr : S¥ —
R* and its inverse clr ! are given by

k k
1 1
cr((ay,...,ax)) = | loga; — Z Eﬁ logaj, ..., loga, — z Eﬁ loga;

clr_l((cl, ceyCE)) = <—E exp(c1) Y 4exp(ck) ) .

k k
=1 exp(c;) > j=1exp(c;)

In case H = B2(S), the space of density functions f(-) supported on a Borel
subset S of R* with finite Lebesgue measure for some k¥ € N and satisfying
Js(log f(s))? ds < oo, the transformation clr : B2(S) — L*(S) and its inverse
clr™! are given by

(/) = log /() = g5 [ lox s (s)ds

1oy exp(g()
0 = T opeE) s

In both cases, Ifly;(tj) for t = z,u,v and r > 0 can be computed by

Irt ( _1Zwt ~clr( 1[1(W1,Y2*))> .
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In our numerical studies in Section 5, we used the Epanechnikov kernel
K(t) = (3/4)(1 —t3)I(]t] < 1). We chose the initial weights as follows:

Ky, (75, Xij)
wilylay) = =S 1,
Z,J\*7
() = Lo, (43, Uyy) 1
i Pu,j(u;) ’
WS' ;‘/Z
wq[zo,]ij(vj) = % -1
v, \Yj

so that they are square integrable and satisfy (A.6). Instead of applying the
stopping criteria described in the gB-SBF algorithm in Section 2.4, we simply
stopped the iteration when the following criteria were all met:

1
i< / il (@) © @l 7 (@) |1%hs () day < 1074,

1<j<d, I
U = V125 (s —4
ax Z [, (ug) © iy, 5 (ug) [ “Pu,g (ug) <1077, (A.8)

e > i (0) € 15 0B (v) < 107
vj

Now, we discuss the selection of the smoothing parameters hj, A; and s;.
We note that a full-dimensional grid search is not feasible when the number
of predictors, d, + d, + d,, is large. We propose a selection rule, named as
“CSS” (Coordinate-wise Smoothing-parameter Selection). The same idea was
employed in [15]. Let CV(hy, ..., sq4,) denote a cross-validatory criterion for the
tuple of smoothing parameters (hy,...,sq,).

CSS algorithm. Take grids G; = H?;l{gt,ﬂ, ey 9t4.L,,; )t fort =2, uwand v

with L; ; € N. Choose initial smoothing parameters hgo)’ el h((ii), )\go)’ e Ag?,

350), el sgi) from the respective grids. For [ = 1,2, ..., find

hg.l) = arg min CV(hgl),...7h§lll,gj,h§-l_;11),...,sgfl)), 1< <d,,
9 €{92.5,15-92.5.L, ; }

)\y) = arg min CV(hgl), e )\;lzl, 95, /\§-IJ:11), cee s((ilvfl)), 1 <7 <dy,
gje{gu,j,lv--agu,j,Lu’j}

s§t> = arg min CV(hﬁ”, el syll,gj, S§ZJ:11), el s((ilvfl)), 1<j<d,.
gje{gv,j,lr--vgv,j,Lmj}

Repeat the procedure until (hgl), cel, sfil)) = (hgl_l), ce sglu_l)). O

We note that the CSS algorithm always ends in finite steps since the grid size
is finite. Also, the selected vector of smoothing parameters achieves a coordinate-



1516 J. M. Jeon et al.

wise minimum. In our numerical study, we used a 10-fold cross-validation. For
the gB-SBF and for the methods of [45] and of [44], we chose G, = ]_[;l;l{aj +
001l xk:k=0,...,100} for some small values a; that satisfy (S1*). We also
took the bandwidth grid {a +0.01 xk: k = 0,...,100} for some small a > 0 for
the methods of [10] and of [27], and took the nearest neighbor grid {1,...,50}
for the method of [21]. We chose G, = H?ll{0.02 xk:k=0,...,50} and
Gy, = Hgi1{bj/50 xk:k=0,...,50}, which we used for the gB-SBF method
to fit the model (A.1) as well as (1.1), where b; € [0,1] are some small values

. . 5;(vj,0"
satisfying ZTJQEVJ':U;;&% bjj(bj v}) <1 for all v;.

A.4. Closedness of S"(p)

In this subsection, we prove the closedness of S¥(p) defined at (3.1). The proof is
largely based on the projection theory of Hilbert spaces. The materials covered
here is used in the proofs of other theoretical results. Recall the definition of the
probability measure PZ~! introduced immediately below (2.9). Define an inner
product (-,-)o.,, of L2((Z,</, PZ~'),H) by

<f,g>2,n=/Z<f(Z)’g(Z)>d15Z_1(Z)=/Z<f(Z),g(Z)>ﬁ(Z)dV(Z%

where (-,-) is an inner product of H. Then, the L2((Z,</, PZ~"),H) with the
inner product (-, )2, is a Hilbert space.

The closedness of S™(p) is essential for the proof of the existence of the gB-
SBF estimators, since it is a part of a sufficient condition for the existence of
a minimizer of the objective functional F' defined in Section 3.2, see Lemma
4 in [5]. The closedness is also important for the convergence of the gB-SBF
algorithm. To see why, define the linear operators #; : L2((Z, o/, PZ~"),H) —
L*((2;, 4, PZ; "), H) by

ﬁj(f)(zj):/z f(2) © (p(2)/p;(2;))dv—;(z—;), fe (2,4, PZ7"),H)

whenever the integral exists, and put 7;(f)(z;) = 0 otherwise. The following
proposition shows that 7; are projection operators.

Proposition 1. If p;(z;) > 0 for all z; € Z;, then 7; is a projection operator.
Proof. For f € L2((Z,4/, PZ~"), H), define
Dj(f) ={z € 2; : /Z £ (2)[p(z)dv—;(z—;) < oo}

We note that v;(Z; \ D;(f)) = 0. Then, for f; € Lz((zi’]-7,;zfj,PZ;l),]HI)7 it
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holds that
(fea;(f).f)on

- [(twe [ t0 L o)) Yotmrinta

~ p;(2)

=/, /Z_j <(f(z)9/z f(z) Gﬁfg)dl/—j(z—j)) Qﬁ(Z)afj(Zj)>

i dv_;j(z—;)dv;(z;)
-LAL

(foo [t LD ) © e 16))

- z ;(25)
dv;(z;)
=0.
This shows that 7; is a projection operator. O
Now, define a linear operator 7 : SH(p) — SH(p) by
T=0—-#%g)o--oI—), (A.9)

where I is the identity operator. We note that 7" is an alternating projection
operator. According to the projection theory (Lemma S.7 in [15]), the closedness
of S"(p) implies that 7 is a contraction, i.e.,

Tl £ (s25)) = sup{[|T(g) |2, : & € S™(D), lIgll2n = 1} < 1, (A.10)

where |- |2, is the norm induced by (-, -)2 ,,. The property ||TH£(STHT(13)) < lises-
sential for the convergence of the gB-SBF algorithm since the constant 4 in The-
orem 2 is in fact ||T||2£(SH@)), see the proof of Theorem 2 given in Section A.6.2.

Proving the closedness of S™(p) requires an advanced theory of functional
analysis. To describe this, let #;|L((2y, %%, PZ; '), H) denote the operator
#; restricted to L2((Z2g, h, PZ; '), H) for k # j. When H = R, Z; = [0,1]
and v; are the Lebesgue measure for all 1 < j < d, the common approach in
the existing SBF literature to establishing the closeness of S™(p) is to prove
that ﬁj\LQ((Zk,Mk,PZl;l),H) for all 1 < j # k < d are compact operators
(e.g. [25]). Indeed, if 7; are projection operators and 7;|L?((Zy, 4, If’Zk_l), H)
are compact, then S¥(p) is closed by Theorem 8.1 in [7]. Unfortunately, the
restricted projection operators are not compact for infinite-dimensional H, as
we demonstrate it below.

Proposition 2. Under the condition (S2), ﬁj‘LQ((Zk,Jka,PZ,c_l),H) are com-
pact if and only if H is finite-dimensional.

Proof. Let L(H) denote the space of all bounded and linear operators from H to
itself. Then, under the condition (S2), #;|L2((Z2k, %, PZ, '), H) is an integral
operator with the kernel kjj, : Z x Z — L(H) defined by kjx(z,2z*)(h) =
ho (Bjr(zj,2;5)/(Dj(2)Pr(2f))). This with Theorem 3.1 and Theorem 3.2 in [15]

gives the proposition. O
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To prove that S¥(p) is closed, we use Proposition 1 and Lemma S.7 in [15], the
latter of which tells that the closedness of S¥(p) is equivalent to the conclusion
of the next proposition.

Proposition 3. Under the condition (S2), there exists a constant é > 0 such
that, for all £ € S™(p), there exists a tuple (f; : 1 < j < d) with f; €
L2 ((Z;, 4, [:’Zj_l),H) for all 1 < j < d satisfying @?:1 f; =1 a.e. with respect
Hry— d .

to PZ™" and 375, [[§]13,, < ¢ [I£]3,.-

Proof. We note that Proposition 3 in specialization to finite-dimensional H fol-
lows from Theorem 8.1 in [7], Lemma S.7 in [15] and Proposition 2. Now, sup-
pose that H is infinite-dimensional, and let {e;}?°; be an orthonormal basis
of H. For a given f € S%(p), it holds that f(z) = P, (f(z),ex) ® e and
|£(z)||* = > pey (£(z), ex)? for all z € Z. Thus, we have

:/ Z(f(z),e;& ZH )s €135
Z k=1

where with slight abuse of the notation for || - ||2,,, we write

loll2.0 = /Z 19(2)p(z)dv(2)

for real-valued maps g € L%((Z,/, PZ~'),R) as well. Proposition 3 in spe-
cialization to H = R implies that there exists a constant ¢ > 0 such that, for
any g € S®(p), there exist g; € LQ((Zj,Jz/j,PZJfl),R) for 1 < j < d satis-
fying g = Z;l 1 9; a.e. with respect to PZ~! and Zj 1 ng||%n < ¢é- Hg||§n
Since (f(-),er) € S¥(p) for all k > 1, there exist fy; € LQ((Zj,szj,Pijl),R)
for 1 < j < d satistying (f(-),ex) = Ej:l fr; a.e. with respect to PZ~! and
35—t ki3, < & I1(EC). €x) 13, Thus, it holds that

)
22”ka”2 w S e IEC) en)ll3,, = e [IF]5, < oo (A.11)
Jj=1k=1 k=1

Now, (A.11) implies that, for each 1 < j < d, the sequence {@k () ©
e} n>1 is Cauchy in LQ((Zj,,gz%j,I:’Zj_ ), H) since

H @ Tri(4) Qek’

k=m-+1

/ZZ 1f1s(2) © exlB(z)dv(z)

k=m-+1
N

> M fwill3n

k=m+1
— 0

,TL
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as N > m — oo. Denote the limit of the Cauchy sequence by f;. Then, there
exists a subsequence {@,iv;ll fri(:) ©egti>1 of {EBszl fri(-) ©er}tn>1 such that

hm @ frj(z) © e, = f;(z) a.e. with respect to PZ™.

Then, it holds that

d d Nji d oo
SIIE3. =D /Z (Jim > 2(2) )p@)dv(z) = Sl sl < ElEN 0
j=1 j=1 k=1

j=1k=1

where the inequality follows from (A.11). Moreover, we get

d ) d
@fj(z):@(z hm@fz] ®ev,ek>) © eg
Jj=1 k=1 j=1
) d
- @ (leiglo @fw ® e,,ek>) ey
k=1 j=1
[e) d
B (> him) oe
k=1 j=1
= @(f(z),ek> © e =f(z)
k=1
a.e. with respect to PZ=!. This completes the proof. O

The following proposition now follows from Proposition 3.

Proposition 4. If the condition (52) holds, then SH(p) is a closed subspace of
LQ((Z,ﬂ,PZ_l),H) and HTHL(SH(;?)) < 1.

A.5. Some lemmas

For the below lemma, we write PZ_]1 for the distribution of Z_; and write
pz_, for the density of Z_; with respect to v_;. The lemma is used to prove
Theorems 3, 4 and 5.

Lemma 1. Assume that there is a constant ¢ > 0 such that p(z) > c- p;(z;) -
pz_;(z_;) forall1 < j<dandz c Z. Let f; : Z; — H be measurable maps
for1 <j<d. If EB] 1 £i(z) = 0 a.e. with respect to PZ™', then £j(z;) = c;
a.e. with respect to PZ] for all 1 < j < d, where c; € H are some constants

satisfying EB?:l c; =0.
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Proof. We only show that fi(z;) = c¢; a.e. with respect to PZ; ', since for
Jj > 2 we may simply exchange the roles of 1 and j. We claim that, if p(z) >
c-p1(z1) -pz_,(z_1) for all z € Z, then

PZ7'® PZZ} < PZ™'. (A.12)

Let N € & be a PZ~'-null set. Then,

0=PZ '(N)> C/z In(z)p1(21)pz_, (z2_1)dv(z) = c- PZ; ' ® PZ"}(N) > 0.

This proves (A.12). Let E = {z € Z : f1(21) = -1 @ZZQ fi.(z)}. We note

that
d

16(2) © fi(21) = (—1e(2)) © P fu(zr), z€ Z.
k=2

For D € B(H), we may prove that

_ AxZ_)NE, if0¢D
1 f lD _ ( 1 ) 9
(e ©£)7(D) {(szl)ch, if0e D,
4Nl (2, x B)NE, if0¢D

-1 f D) = 1 ) 9
(( E)Ql@k) (D) {(leB)uEC, if 0 € D,

for some A € @4 and B € /5.
First, consider the case 0 ¢ D. In this case,

(AXZ_l)ﬂE: (Zl XB)OE
— (Ax Z.1)NE)N((Z1 x B)NE) (A.13)
=(AxB)NE.

Since f1(z1) = —1@@222 fi.(21) a.e. with respect to PZ~1, we get PZ71(E) = 1.
Then, (A.12) implies that

PZ'® PZ"}(F) = 1. (A.14)
From (A.13) and (A.14), it follows that
PZNA) = PZ;'®@ PZ{(A x Z_,)
=PZ'@PZ }((Ax Z_1)NE)
=PZ;'®@PZ [(AxB)NE) (A.15)

=PZ; ' ®@ PZ"{(A x B)
= PZ7Y(A)PZ~}(B),
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PZ-}(B) = PZ{' ® PZ~}(2, x B)
= PZ;'®@ PZ-}((2, x B)NE)
=PZ;'®PZ }((Ax B)NE) (A.16)
= PZ;'® PZ"1(A x B)
— PZTNA)PZZL(B).

From (A.15) and (A.16), we have PZ;'(A) = 0 or 1. When 0 € D, a similar
argument shows that PZ;*(A) = 0 or 1. Thus, PZ; ' (f; (D)) = 0 or 1 for
any D € B(H). For a measure PZ; 'f;! on B(H) defined by PZ;'f; (D) =
PZ Y (f71(D)), it holds that PZ; ', '(H) = 1. Also, if PZ; ', '(D) = 1,
then PZ;'f7 (D) = 0 for any D € B(H). Hence, H is an atom of the
measure PZ; 'f; . Therefore, there exists a singleton {c;} € B(H) such that
PZ 7 ({c1}) > 0 by Lemma 10.17 in [2]. Since PZ; *(f; *({c1})) must be 0
or 1, PZ;*(f7*({c1})) = 1. This completes the proof. O
Lemma 2. Assume the conditions (B1) and (B3), and that p is bounded on its
support, inf,, n“ H;.lil hj > 0 for some ¢1 < (a—2)/a and inf, n® mini<;<q, h;
> 0 for some cy € R. Then for S,(w) :=n~' © @, ki(w) © p(W,;,Y}), it
holds that
—1/2

ds
sup ||S,(w) © E(S,,(w))]| = O, thj -+/logn

Proof. Take § € (0,(a/2 — c1/2 — 1)/«). This choice is possible since ¢; <
(o — 2)/av. Define

dz
Mui(w) = $(W5, Y1) © 1(Jp(Wa, Y1)l < 017270 T] 02 i (w)

j=1

SE | $(W.Y) @ I(J(Wi, Y| < n'/2” 5Hh“2)m< )

Jj=1

By techniques of kernel smoothing theory (e.g. Theorem 2 in [28]), we get that,
for sufficiently large v > 0,

sup @@ (ki(W) © (W, Y] ))GE(M(W)@U)(WmY;‘k))H
n dy
= sup H -t @@nm(w)H +op(n*1/2Hh}/2)
x€ldz (n ’y)vuend“ UJaVEHd“ i=1 7=1
where % (n=7) = Hjil{(), n= Y, - [nY]-n"7,1}. Thus, it suffices to show that

C—=00 posoo

1
lim limsup n%7 - P (H @@'ﬂm H Ognh ) =0 (A7)
J
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for all w € [0, 1]% x H;lil U; x H?;l V;. We note that E(n,;(w)) = 0 and

te[—1,1]

d. da
Imai(w)| < 201270 TT 072 ( sup K(t)> 7

nliE(lnm(W)IIQ) <c- (ld_[ hf)_l

for some constant ¢ > 0. By applying Corollary 2.2 in [6], we get that, for
sufficiently large n,

b (Hn—l > @mutw] > 0/% )

<9 3C%nd logn
<p | —
= 2P Toens 1 4C\/Tog n(supye(_q 1) K(t))4

< 9, —C?/(4c)

This implies (A.17). O

For the next lemma, we define

i (x;) = (npe ()~ © @K, (5, Xij) © €y,

1=1

fig(ug) = (npuj(uy)) "' © @LM (uj, Usj) © €,
i=1

ﬂvA,j(“j) = (nﬁv,j(vj))_l © @Wsj (v5,Vij) © €y,
i=1

where €; is the ith observation of e, defined at the beginning of Section 4.3.
Recall the definition of Cj,, given at (4.10). The following lemma is used to
prove Theorem 5.

Lemma 3. Fizrx € (0,1)%,u € H;-iil U; and v € H?Ll V;. Assume that the
conditions on hj, \j and s; in (D8) hold, that K is bounded, that E(||e1||*) < oo
for some a > 2 and that, for all ug,vi, and 1 < j < d,, (a) E(|le+]|*|X; = -),
B((es,er) - (er,e0) | X; = Uy = ug) and Bler,er) - (esren) | X; = Vi =
vg) are bounded on a respective neighborhood of x;, E((e4,e;) - (e4,ep) | X; =
Xk =) and Daa,jk are bounded on a respective neighborhood of (scj,xk), and
E((ey,er) - (e4,ep) | X; = -) for all | and U', are continuous on a common
neighborhood of xj; (b) pa.; is continuous on a neighborhood of x; and py j(x;) >
0. Then,

n*/* o (ﬂﬁ,l(xl)a ceey /lf,dm (Ta,), ﬂf,l(ul)a cee vﬂﬁdv (va,))
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d
- (G(0,C1,4,);---,G(0,Cq, 4, ),0,...,0).
Moreover, G(0,C1 4, ),...,G(0,Cq, o, ) are independent.

Proof. We first note that any fixed x € (0,1)% lies in H?;J?hj, 1 — 2h,;] for
sufficiently large n, so that we may assume x € H?;Dhj, 1 —2h;]. We denote
dy +d, +d, by d and let H? be the space of tuples (h; :1<j <d)withh; € H.
Let || - ||g« and (-, -)ga denote the norm and inner product of H?, respectively,
defined in the standard way. Let e;; = (0,...,0,e;,0,...,0) € H?, where e; is
placed at the jth entry. Then, (ej; : 1 < j < d, ! > 1) forms an orthonormal
basis of H?. Define

25K —-X; 2K - X;
s () = (n hy (21 1) O ey, ’n hy (T ) o eir,
np (331) npa(za)
2/5], Ui 2I5W, Vi
n?/5Ly, (uy, Un) e " a, (Vd, > Vid,) ®€i+> _—
NPu,1 (U«l) npy,d, (qu,)

Note that E((m,:(w),ej)me) = 0 and E(||n.:(w)||Z.) < oo. For S,(w) =
@D, Mmi(w) and 1 < j k < d,, it holds that

E ((Sn(w), eji)me * (Sn(W), €km)ma) = ajum(z;)1(j = k),
where

1
ajim(2j) = aj pej(e;) ! / . K*(t)dt - E((eq, ) - (ey,em) | X; = x;)

with a; being the constants in the condition (D3). Also, if d, +1 < j < d or
des +1 <k <d, then

E (<Sn(W), ejl>Hd . <Sn(w)7ekm>Hd) — 0.

We also get
HILH;O ZZE W), €j1)md * (Sn(W), €ji)ma)
j=11
d 1 1
—1 2 2
= o K=(t)dt - E(|lex||” | X; = x;).
Yo ) A% =

In addition, for 0 < § < a — 2,

ZE (s 122)

da 245 x
< = (1+30)/5 J1+6/2 E( les ”2+5{ ( ) 2+ (ivj - j>
1 \Pazj (z)h; h;

j=
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- :%f; (Pu,jl(uj)>2+6 ’ ; zd: (pv,jl(”j))2+5 }>

]de+du+1

=o(1).

Therefore, by applying Theorem 1.1 in [17] for infinite-dimensional H and Propo-
sition S.2 in [15] for finite-dimensional H, we obtain

S, (w) 5 G(0,Cy),
where Cy, : H* — H? is a covariance operator such that

Z<h'aem>'a',lm(x') 1§]§dx,121
(Cu(h), €)= § 70 r (A.18)
0 de+1<j<d 1>1

for all h = (hy,...,hy) € H% Since p;(t;)~! — pj(t;)~! = o0,(1) for all
t=ux,u,v and j, we get

(TL2/5 © /lf,l(xl)a RS n2/5 © I:l’ﬁ,dt (xdm)’
n* o A (w), ..., 0P o gy, (va,)) (A.19)
4 G(0,Cw).

Let P; denote the projection operator that maps (hy, ..., hg) € HY to h;. Then,
its adjoint P; : H — H¢ is given by Pr(g) = (0,...,0,g,0,---,0) where g
is placed at the jth entry. We note that the conclusions of Propositions 4.9—
4.10 in [40] also hold for H-valued Gaussian random elements. This implies
P;j(G(0,Cw)) = G(0,Pj o Cy o P}). Now, for g € Hand 1 < j < d,,

<Pj © CW © P;(g)7el> = <CW(07 ..»,0,8,0,..., 0)3 P_;'k(el)>]HId
= <Cw(0 O,g,O,...,O),ejl>Hd
Z gvem a/j,lm(xj)a
where the last equality follows from (A.18). This proves Pj o Cw o P} = Cj 4,
for 1 < j <d,, which coupled with (A.19) implies
P02/ @ iy (21), ..., 025 0 iy (wa),
712/5 © Nu,l(u1)7 s n2/5 © /l;?,dv (Udv))
% Pi(G(0,Cw)) = G(0,Cj))-
On the other hand, forg e Hand d, +1 < j <d,
(PjoCywoPj(g)er) =0.

This proves P;(G(0,Cyw)) = 0 for d, + 1 < j < d. The independence of
G(0,Cj ;) for different 1 < j < d, follows from Theorem 4.2 in [15]. d
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A.6. Proofs for Section 3
A.6.1. Proof of Theorem 1

First, we show that F'is a strictly convex and continuous functional satisfying

F(f) — oo as ||f||2,, — o0o. This together with Lemma 4 in [5] and Proposition 4
implies that there exists a minimizer of I in S™(p). Note that the strict convexity

is trivial. For the continuity, we note that

2,n(||f S fk||2,n + 2||f||2,’n + 2\/8' \/E . M)v

[F(F) = F(f)] < I © £

where ¢ and M are defined in (A.21). For the divergence, we note that
_ 2\/E~ \/E . M)
[Ellzn /7

Next, we prove that F is Gateaux differentiable. For f € S¥(p), define DF'(f) :
SH(p) — R by

() = [1£]3,(1

50 ) (A.20)
— -2 [ (8(a),1(2) © ) ()i (a).
zZ

It is clear that DF(f) is a linear operator. Also, DF(f) is a bounded operator
under the conditions (S1) and (S2) since

IDE(E)(g)] <2 (€20 + V- VE- 1) gll2.n, (A.21)

where ¢ is the constant in Proposition 3 and M = max;<j<g £2513,, < oo. The
inequality (A.21) may be proved by applying the Holder inequality and consid-
ering a decomposition @?:1 g; of g with g; € L*((Z;, <}, PZ]._l), H) such that
Z;l:l lg;ll3., < ¢llgll3,, whose existence is guaranteed by Proposition 3. Hence,

DF(f) is the Gateaux derivative of F at f. Thus, F' is Gateaux differentiable.

Now, f € S¥(p) being a minimizer of F is equivalent to DF(f)(g) = 0 for
all g € S"(p) by Theorem 5.3.19 in [4]. With the specification of g € S™(p) in
DE(f)(g) =0tog; € L2((Zj,¢Q{j,]5Z;1),H) for each 1 < j < d, the equation
implies that

/Z (£(2) © () © ple)dv_;(z_;) = O (A22)

a.e. with respect to v, for all 1 < j <d.

Let f = foéB@?:l fj be a decomposition of f with fj € L*((Z;, o, PZ;l), H)
such that ij f'j(zj) © Pj(z;)dv;(z;) = 0 for all 1 < j < d. Plugging the decom-
position into the left hand side of (A.22) and using (2.9), we see that fo = rig
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and (f'j : 1 < j < d) satisfies

£j(z)) = fj(z;) © g @EB/

By 0 PECRE) g oy (a3
kstj Y 2k

p;(25)
a.e. with respect to v;, for all 1 < j < d. We define the right hand side of (A.23)
by m;(z;) forall z; € Z;. Then, (th; : 1 < j <d) € H?Zl LQ((ZJ»,%,PZJ-_I),H)
and it satisfies (2.15) and (2.16).

For the uniqueness of fi, suppose that there exists another solution (rh]* :

1<j<d)in[[}_, L*(2;, o, PZ;"),H) of (2.15). Recall the definition of T
given at (A.9) and define

m = fig Oy & ([ — #aq)(fra—1) G- & (I —Fg) oo (I —F2)(fi1)

¢ 503, (A.24)

Since 7;(thg) = f1; © My for all 1 < j < d from (2.15), we get
g = (I — #;)(he) @ (f; © 1), 1<j<d. (A.25)
Applying (A.25) from j = d to j = 1 successively gives

g = (I — 74)(the) & (fg © o)
= (I —7a) (I = 7tg—1)(Mg) © (fra—1 © 1Myo)) © (fra © o)
= —#q)o (I —Fg—1)(hg) & (I —7q)(fa—1) © (e © o)  (A.26)

= T(rig) & m.

Similarly, for m}, = EB?:I m7, we have

m, = T'(1h}) & .

Since mg © mf, = T(thg © m}) and \|T|\£(§H(p)) < 1 by Proposition 4, we
conclude that mg = m} a.e. with respect to PZ~'. This proves the first part
of the theorem.

For the Proof of the second part, suppose that @?21 gi(z;) = 0 a.e. with
respect to PZ~! with g; satisfying (2.16). Since p > 0 on Z by the assumption,
this implies @?:1 g;(z;) = 0 a.e. with respect to v, so that, for any map n; €
L*((Z;, 5, PZ; 1), H), we get

d
<@gk(zk) Opz_;(z—;), nj(zj)> =0 a.e. with respect to v. (A.27)
k=1
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Because of the marginalization property fz Dz (z—j)dv_ji(z—jK) = Pr(zk)
and the constraints (2.16), the equation (A. 27) implies that

d
0=3 /Z (&0(20) @ Pz, (2—), my(2))dv(z)

_Z/ /z &k (2k) © Pr(zk)dvk (2), nj(zj)>d1/j(zj)

k#j
+/Zj (8(2), mj(z;))dv;(2;)
=/ (8(2), mj(z;))dv;(2;)

J

for all n; € L*((Z;, ,dj,PZ;l),H). This implies g;(z;) = 0 a.e. with respect to
v;. This proves the second part of the theorem.

A.6.2. Proof of Theorem 2

Let mg = @? ,m; and m[r] EBJ 1m[r for r > 0. From (A.26), we have
mg = T(mg) @ m, where m is defined at (A.24). One may similarly prove
that mg] = T'(ih [T 1]) @ m from the gB-SBF algorithm in Section 2.4. Since
17| £ (st < 1 by Proposition 4, it holds that m [OO = @, TF(1m) exists in
SH(p), rilg;o] = T(m [oo]) @ m a.e. with respect to PZ 1 and thus rilgo] = g
a.e. with respect to PZ~!'. This entails

1T 117 55 [0 _

Il © miagllan < £ (@l + R0 ) . (A28)
1= Tl g(sp))

The inequality (A.28) gives the theorem with the choices é* = (||ﬁ1[€g]||2,n +

~ 2 S N -
I0l2.0)/ (1 = [Tl egsecp)? and 4 = I1T12 g -

A.6.3. Proof of Theorem 3

Let &; denote the event where (2.8) and the first property at (2.10) hold. For a
given constant C' > 0, let E;(C') denote the event where

1
max su z <C su a(zi,21) < C
1<j<d z; eg p]( J) ’ 1<J7ék<dz €z, gezkpj ( 7 ) ’

[0] 2
s, sup )] < C e [l Py ) < €
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Also, for a given § > 0, let £3() denote the event where

(B;(2) —pi())* . .
max/zj dvy () < 6,

1<j<d pi(z;)
Pir(zize)  pinl(znz) )
max / (JA AL R ) (A.29)
1<j#k<d Jz,x z, p;(25) p;(25)
ij(zj) dU]' ® Vk(Zj,Zk) < 52

Pr(2x)

Put £(C,0) = & N&E(C) N E3(H). By the assumptions of the theorem, there
exists a constant C' > 0 such that P(£(C,d)) — 1 for any § > 0. Henceforth,
suppose that £(C, d) occurs for such C' and J.

Define the operators 7; : L?((Z, </, PZ™1),H) — L2((2j7sa/j,PZ;1),H) in
the same way as 7; with p and p; being replaced by p and p;, respectively. Also
define the operator 7' : S¥(p) — S¥(p) in the same way as T with 7; being
replaced by the respective ;. Here,

d
SH(p) == EPF;  f; € L*((2;, 4, PZ; 1), H), 1< j < d

Jj=1

Cc L*((2,4,PZ7"),H).
Finally, define the norm || - |2 on L?((Z, </, PZ~'),H) by

£ = /Z 1£(2)|2dPZ " (z) = /Z 1£(2) |2p(z)du(2),

and the operator norm || - || (s#(,)) in the same way as || - ||z(sx(3)) with p and
I 1l2,» being replaced by p and || - ||2, respectively. Then, similarly as in the proof
of Proposition 4, it holds that S¥(p) is a closed subspace of L*((Z, </, PZ~!), H)
and ||| z(s#(p)) < 1, under the condition (P). Also, similarly as in the proof of
Proposition 3, there exists a constant ¢ > 0 such that, for any f € S¥(p), there
exist a decomposition @j:l f; of £ with f; € L%((Z;, ;zfj,PZj_l),H) satisfying
max{||f]2, ..., [fall2} < ¢||f]|2, under the condition (P). For such decomposition
of f € S¥(p), we get

(75 =) (£)]2

d Din(zizk)  pin(zi2) \ 2 py(25) 1/2
<Sls( [ - dv; © vi (25, 2%)
X2k

pay p;(2) p;(%) pr(zr)
<ec(d—1)8-||f]|2.

This implies ||7¢F] — 7er£(5H(p)) S C(d — 1)5 and thus ||T — T”L(SH(;D)) S d- 2d71 .
c¢(d —1)8. We choose 0 < 6§ < (1 — ||T| z(s%(py))/(d - 2% - ¢(d — 1)). Then,

1Tl cespy) < (L4 1Tl eesaepy))/2 =17 < 1.
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As in the derivation of (A.28) we may prove that there exists an absolute con-
stant cg > 0 such that

||rh[é] Omglls <c¢o-7" forallr>0. (A.30)

Now, let @?21 f]m be a decomposition of rhg] © mg satisfying

max {[|E7[la, ..., |E7 )2} < cllml] © rhg|fo.
Put égﬂ = fzj fj[r](zj) © pj(z;)dv;(z;). Then,

IE7)12 > 18T © el )2+ etz — 2 el - £ o ey, - 6172
> (1- o) o el)3 (A.31)
= (1- 0wl e my3.

The first inequality in (A.31) follows from an application of Holder’s inequality

and the first bound in (A.29). The equality in (A.31) holds due to Lemma 1
and the fact that both fjm e éy] and rhy] © m; satisfy the constraints (2.16).
This with (A.30) gives the theorem with the choices ¢** = (c- ¢g)?/(1 — J) and

v =72

A.7. Terminologies and proofs for Section J
A.7.1. Terminologies for Section 4.4

Here, we give the definitions of A;; for ¢ = z, u and v that appear in the
asymptotic distribution of (Mg 1,..., My g, ;0 1,..., My g, ; My 1, ..., My 4, )
in Section 4.4. Define

0z, () ( L

. . 1
5. jk(:rj,xk) _ (9pm,gk($y7$k)/5$k . / tzK(t)dt ® Dm, k(xk)(l)a
’ pmw,jk(mjaxk) —1 '

| / 11 tzmdt) © Dm,(z;)(1),

. . 1
50 jk(uj,xk) _ apum,]k(ujvxk)/axk . / tzK(t)dt @Dmmk(xk)(l),
’ puw,jk(uj’xk) -1 7

. . 1
Sus jk(vj,xk) _ apvz,Jk(UJa-Tk)/amk / tQK(t)dt @szk(xk)(l)a
’ pvx,jk(vjazk) -1 7

where the second one arises only when d, > 2. Recall the definition of 6; in

Section 4.3 as given by 07 = min{d;(v;,v}) : vj,v; € Vj,v; # vi}. For the
constants «;, §; and ; in the condition (D3) and ¢; denoting the cardinality



1530 J. M. Jeon et al.

of U;, define
A, ()
dy
=a?2008., (1 15 ) ) 2 Pm,jk(l"j,ﬂ?k) d
_aj® 337](‘17])@@ xx,jk(l’],xk)Q @k'W Tk
z,j\Lj

ki#5 0

T (s u/
@@ @ @ (mu7k(U;€) @mu7k(uk)) @ <Ck/6f 1 . pxu,gk( 7 k))

Y
k=1 up €U uj €Uk u} Fuk pﬂw( J)
d'u

@ EB @ GB (my k(v;,) ©my i (vg)) © (’Yk . pﬂwﬂk(%’vl{c))7

(s
k=1 v, €Vy v}, EVy:8k (vk,0}, ) =6 piv:]( J)

Au(uj)
dg 1
wz,jk (Ui, T
= @/ Jux,jk(uj,xk) ® <o¢i . W)dxk
k=170 Pu.j(u;)

Bj .Pu,j(U})>
cj—1 puj(uy)

o @ () om.wu)o (

! ! .
wj €U u) Fuy

o e (g, U
@@ @ @ (mu,k(u?c) @muk(uk)) ® <Ckﬁf1 . puu,jk( ' k))

(s
k#j ur €U ), €Uy uj Fu Pu,j(u;)

T D . (u v/)
S @ @ @ (my k(vg) © My g (vg)) © (’)’k . w»

(s
k=1 v €V v} EVi:0k (Vi v}, ) =0} p"J( ])

Ay, (v))
[ Poz,jk (Vj, Tk)
= @ dvm,jk(vja xk) © <Oli : %)dl’k
k=170 Do, j (U5
dy

Bk DPoujk(vj, U
@ @ (my k (uy) © My g (ug)) © (C 1 = ,((;,) )
k=1 ur €Uy u;ﬁeukiug?éuk g pv’J !

. pv7(”§)>

@ @ (m%j(v;) om, ; ('Uj)) O] <")/j (U)
v €V;:6;(vy,v]5)=67F YORACK
dy

oD D &) (1, 1 (v)) © My o (v))) © (% . w)

y
k=1 v €V v}, €Vi:0k (vk v} ) =0} pv,]( ])

Let A;‘fij denote the (7 — 1)-tuple of maps obtained by taking the first

(7 — 1) maps from A™P = (A, 1,..., 8z 4, ;Auts - Aua,; Api,- o, Aya,),



Additive regression for variables of various natures 1531

and A}'P the tuple consisting of those from A, ;i1 to A, g,. Similarly, let

AZqur] = (Az1,...,A, j-1) denote the (dy + j — 1)-tuple and let AZ“;’JF =

(Aujst- - Aya,). Also, let AV = (Agy,..., Ay 1) be the (dy + dy +
j —1)-tuple and AP = =(Ayjt1,---,Ap4q,). For 1 <j <d,, define p, 4;(-;)

v, j+
and py 4 (+;-) by

Pz, jk\Tj, Tk
Mo (255 A mﬂ @ / Ay k(wr) dem

k<j—1 Pa,j(25)
pm:, ik\Zj, Tk
Hff»j+(xj’ x]+ ( @ / Amk xk %dmk)
k>j+1 Pz,j(Tj
0 (@ P Avalun) o L))
k=1 up €Uy Da,j (T
T (2, 00)
. (@ D A,,,k(vk)@pwk—ﬂ”f).
k=1 v, €V}, Pa,; (@)

Likewise, define gty 4;(-;-) and py j1(-;-) for t = u and v. For example,

u uz,jk\Uj, T
Muﬂ(UJ,AZ-pH —<@/ Ay k(wr) p]k(Jk)diL‘k)

Pu,j(uj)

(B @ autwo sl

k<j—1ur€U

p gk\Uj, Uk
P+ (3 AP ( @ @ Ay k(ug) M)

k>j+1 up €Uy, Pu,j (uj)

d
~ Puv,jk (U, Vi)
@ (@ D Avilon© Pu,j(uj) )

k=1 v, €V}

Then, AP is defined as a solution of the following system of equations

Ay (1)) = Buy(2)) © pa (5 ATE ) © po g (25 ALT),
1<j<dq,

Ay () = Ay () © g (uj; AV ) S prj () Alﬁ),
Ay (V) = Ay (1) S o4 (05; AN ) S pro jir (V5 Aiujp+)
1 S .7 S d’t)7

(A.32)
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subject to the constraints
1
| 8 © st
0

1
_ / 80 (25) © (02 puj(x;))dzy, 1< j < dy,
0

P Au;u) ©pu;uy)

uj EU;

=P B m)emwy)

uj €U; ul €U u) Fu; (A33)
o (g ) 1<

Cj—l

D A0i(v) ©pu(vy)

v; EVj

= D B (m)om,(w))

v; €V v;€V;:8; (v5,v];) =07
O (9 - po(0f), 1< <d,.

Below in Section A.7.4, we prove that there exists a unique tuple AP that
solves the system of equations (A.32) subject to the constraints (A.33).

A.7.2. Proof of Corollary 3

We first note that (2.8) always holds due to the normalization properties (4.2),
(4.3) and (4.4). Also, the first property at (2.10) holds with probability tending
to one, since

/[01]% D P liaw)p(w)dx

uGH}iil Uj VeH?ll Vj
<n Y (WL YD) — (W, Y+ 07t [[p(W,, Y|

P =1
<M +E([[4p(W,Y")|) + 6

with probability tending to one, where M is the constant given at (B5) and
6 > 0 is any constant. We only prove

> / (pm’]k x”uk)—px“’j’“(xj’u’“)>2pz’j( 2y = 0,(1),  (A.34)

wy, €Uy, Pr.j(7;) P, (75) Du,k (k)

since the proofs for the other parts follow similarly. We note that the left hand
side of (A.34) is bounded by

Pa,j(25)
max Sup = 2
un€lUic Puk(Uk) o;€(0,1] (Pa,j (5)Pz,5 ()
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1
. . 2
x Z / [pm,jk(xﬁuk)pw,j(xj) — Paujk(Tj, Uk) Dz, j (wj)] dx;.
up EU, 0
We decompose the integrand of the above integral as

Pau,jk (T, )P i (T5) — P, i (T, Uk )Pa j (25))
1
— N . . _ . l_ /_ . . . . .
- |:pzu,jk:(xj7uk) /0 Khj(xjvxj)dxj pxu,]k(xjauk)] px,j(xj) (A35)
1
+ P, ik (T, uk) [/0 K, (x5, 25)da; - pe j () — ﬁz,j(%‘)]
For the first term on the right hand side of (A.35), we note that

sup
x;€[0,1]

< sup Pk (25, uk) = E(Doujn (), ur))| (A.36)
LEjE[O,l]

1
Do, ik (T, Ur) —/ K, (x5, 2)dx; - ppu (@5, ur)
0

+ sup
z;€[0,1]

1
E(Pru,jk (T, uk)) —/ K (x5, 25)da] - poujr (25, ur)
0

Lemma 2 implies that the first term on the right hand side of (A.36) is 0,(1).
For the second term, we observe

EBru,jr (T, ur)) = E(Kn; (x5, X;) L, (ug, Ug))

1
— (1= ) /0 Ko, (2,2 P (@' )

1
+ Z )\k/o Khj(xjvm;')pxu,jk(x;7u;c)d$9

) €U
1
= [ K o g ) + o)
0
1
= / Ky, (xj,x;)dx; - Pau, ik (T, u) + o(1)
0
uniformly for «; € [0, 1]. Hence, the first term on the right hand side of (A.35) is
0p(1) uniformly for z; € [0,1]. Similarly, one may prove that the second term on

the right hand side of (A.35) is 0,(1) uniformly for z; € [0, 1]. Since p, ;(z;) > ¢
with probability tending to one for some constant ¢ > 0, we obtain (A.34).

A.7.8. Proof of Theorem 4

We only sketch the proof since a full proof is too long. Hereafter, we de-
note @uj cu, and EBW ev, by @uJ and G}W, respectively. Let Dy (2k, 2,) =
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my ,(z;) ©my i (2;,) for t = z, u and v and for z, z;, € [0,1], Uy and Vg, respec-
tively, and R; = ¥(W;,Y}) © (W, Y]). Recall the definitions of i (),
ﬂq‘:‘,j(uj) and ﬂ;ij (vj) immediately before Lemma 3. Define

/lf,j(xj) (NP, (7)) Q@Kh rj, Xij) © (mg j(Xij) © my j(z;)),

and likewise f};(u;) and ff;(v;) with m, ;(Xi;) © m, j(z;) being replaced
by m, ;(Ui;) © m, j(u;) and m, ;(Vi;) © m, ;(v;), respectively. Then, we may
write the gB-SBF system of equations for the mixed predictor case, as

g j(25) = Mg (2) ® A7 () © fi] ;(2;) ©E(p(W,Y*)) © 1

@@/ z,k xk’ ”C) (Kh (xJ?X’L])

i=1k#j
n  dy
X K, (xr, Xik))dwy & @@ @Qu,k(uk, Uik)

i=1 k=1 ug . (A37)
© (Kn, (@5, Xi5) L, (ur, Uir)) & D D B Do i (v, Vir)

=1 k=1 vg

|
npg”x]

© (K, (25, Xij)Ws, (v, Vi) © D Kn, (25, Xi5) © ‘ﬁz] :
i=1

my ;(u;) = mw-(uj) @ 155 (uj) © ol ;(uy) ® E(p(W,Y™)) ©1ing

Dok (Th, Xir) © (L, (ug, Uij)
o (9@ [ o
X K, (vr, Xir))dry, @ @ @@Qu,k(ukv Uik)
i=1 ktj uk (A.38)
n  dy ’
© (La, (uj, Usj) L, (ur, Uir)) & €D @D €D Do (v, Vi)
i=1 k=1 vx

n

© (L, (ug, Ui )W, (vr, Vir)) © @)L, (uy, Usj) © 9‘%} ;
=1

1<j<dy,
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m, ;(v;) = muj(Uj) @ 15 5(v;) & ) 5 (v5) ® E(p(W,Y*)) ©1ig

npvj (vy) {@@/ ek (T, Xan) © (W, (vg, Vij)

=1 k=1

X Kp, (w1, Xir))dxy @ @ EuB @@u,k(uk, Uir)

i=1 k=1 uy (A.39)
© (Ws, (vj, Vij) L, (ur, Uir)) © @@ @Qv,k(vm Vik)
i=1 k#j vk
© (W, (uj, U )Wy, (vk, Vir)) © @Wsj (vj,Vij) © 9‘{2]
i=1
, 1<j <dy.
We note that
H(npzyj LL'j @@Kh wgv Z] OR|| = Op(a"ﬂ)7
(npu,j(u;)) "' © @)L, (uj, Usj) © Ri|| = Oplan),
H i (1)) @ i Uig) b (A.40)
memﬂe@mmme%:%w»
i=1

IE(p(W,Y™)) © 1ing|| = Op(n 1 +ay).

We first approximate the right hand side of (A.37). By the standard kernel
smoothing theory and using Lemma 2, we may prove that

inJ x] @@@ muk Uir) © m,, k(“k))

=1 k=1 ug
© (K, (25, Xij) L, (uk, Uir))
T Pau,jk (T4, u,)
= PP P mui(up) ©myp(ur) © <ka (wp, up,) - M)

k=1 wn Pa,5(25)
@ op(hj - Ay) /5\/logmn - \,)

dy
@@ (my . (Vig) © my g (vi))

Zlkl’uk

(AA1)

n
npx J l'j

© (K, (25, Xij)Ws, (vg, Vir))

d, o
= DD D mervi) ©mup(vr) © (Wsk (vk, vg,) - M)

k=1 vg Ul/c px,j(ﬁﬁj)

@ op(hj - s4) ® Op(n~ /5\/logn - s.)
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uniformly for z; € [0,1]. We may also show that

qu,gk(fﬂg,uk) ‘ —1/2
su wk (U ————= |l = Op(n ,
(1):)1] @H’ k k pl,](x]) p( ) (A \ )
42
va jk(‘r]7vk’) ‘ —1/2
sup flt (v) @ =220 22— 0, (nm13).
z;€[0,1] @ i Pa,j () b

Define
Lral —
o) = [ (P ) B ogia) © D)0,
J

AT j(xg) = h3 © 8y (x; @@/ wa, ik (T, T) © <hiw>dm

k#j Pz,j(;)

d
& PP B muk(u}) © my i (ur))

k:1 Uk u;c
Dau,jk (Tj, uj,)
o (Pt P
i ¥ Paj()
dy

o PP P, i(v;) ©m, i (v))

k=1 vk v,
Az
© (Wsk (Uk,vfc) . pm”]k(”k)>
Pz, (;)

Then, from (A.40), (A.41), (A.42) and Lemma S.9 in [15] it follows that
h;

fol Ky, (x5, 2)da’;
S} h2 ®© Cj (l'j)

— AL @/ 1) © a0 (1) © iy 02

k#j
hy

© 1 / /
fo th (mk’ xk)dxk

dy ~
N R ik(xi,u
& D [ () & m i) © ik )] © L)

1, j(z;) ©my ;(z;) © i} (z;) © © aj(z;)

2 ﬁzm,jk(xﬁ xk)
© ag(zk) ©hi © Ck(xk)} © Wdzk (A.43)

v Paj(5)
T Bow,j (@5, 0k)
~ ~ zv,jk jr» Vk
oPpP {mv,k(vk) em, (vk) © uﬁk(vk)} @ =R
k=1 vk pw,](x])
& rm,j(xj)a

where r, ; : [0,1] — H are generic stochastic maps satisfying

sup [r0,(2)[| = 0p(n™?%) + Op(n™*/°logn - (A + 5.) + @),

zj€l;
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[ (1)l = Op(n=" 4 n™*/*log - (e +5.) + an).
z;€|0,

We now approximate the right hand side of (A.38). We get that

@@/ my ,(Xix) © my gk (xr)]

n U
p“J] i=1 k=1

® (L, (uj, Uig) Kn (T, Xik))d
dﬂ)

1
hy, 9 )

= ® ag(xk) D hick(x
P} [/0 (folth(xk,m,’;)dxz (@) ke (@)

ﬁuw,jk(uja .I?k)

© ~ dl‘k
Pu,j(u;)
puw,jk(ujawk)
O ik (Uj, 1) <h2 >d$k:|
/ IR Pu,j(Uj)
@Op( _2/5)
@@@ m, ,(Uix) © my, i (ug)]
np'” uﬂ i=1 k#£j ug

® (La; (g, Uij) L, (uk, Uik))

=P P Plmu.i(up) © myp(u)]

k#j uk ul
o (o i)
g ’ Pu,j (uj>

(A.44)

@ op(A : (>\- +n~12)),

@@@@ m,,, k: zk om,, k(vk)}

n U4
pug J i=1 k=1 vg

® (L, (ug, Ui )W, (vk, Vik))

puv,jk(uja U;c))
O | Wy, (vg, vy,) - ==
( » (00 ) Pu.j(u;)

® Op(s. - (A + 177,

We may also prove that
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Furthermore,
/1 ad (vp) © p%ux’jk(uﬁxk)dxk = Op(n1/?)
o ok Puj (uy) P 7
A Puu, gk (Uj, up) —1/2
@ “u,k(uk) © Zau j(uj) - Op(n )7 (A46)
puv,jk(ujavkr) —1/2
g (o) @ SRR = O (n ).
g? ¥ Pu,j (1)) P
Define
t ! 2 pux,jk(“jaxk)
A,;(ug) :/ Oua, i (s 1) © | hjy - === dzy,
0 Pu,j(u;)

@@ m, j(u @mu7(uj))® (LA (s, u ;) i:jggj;)
@@@@ my, (uy, ) © my g (ug))

k#j uk  uj
o (L)\ (Uk u/). puu,jk(ujau;g))
ST
dy

© @ @ @(mmk(%) ©m, i (vx))

k=1 vy ’UL
Puw,jik (U, V),)
® W.(vk,v/)-4 .
( o g Pu,j(u;)

Let r, ; : U; — H denote generic stochastic maps satisfying

ma [ ()| = 0p(n%/%) + Oy - (0 +5.) + ).

Then, from (A.44), (A.45) and (A.46) we have
1y (ug) © My (uz) © fiy 5 (u;)

= Al (u; 9@/ {mmk(xk)@mmk(:vk)Gum(xk)

hy ) 5
O ( @ak(:vk)@th)ck(ack)}
fol th- (xkvz;c)d‘r;c

ﬁua:,jk: (uj7 :Ek:)
Pu.j (1)

X 7 Auu ik(Uj,U
S @ @ [mu,k(uk) ©my (ur) © ll’i‘,k(uk)} o) w
k#j uk B (u])

O] da:k (A.47)
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dy

X ? Auv' Ui, U
DD [ 0,4 (Vk) © o,k (k) © uf,k(vk)} ® w
k=1 vg puvj(uj)
@ I‘uJ»(uj).

Similarly, from (A.39) we also get
1y, (v;) ©my 5 (v;) © fi)(v))
dy 1
=Al (vj)e @/ {thk(xk) e my i (zk) © fui ), (x1)
k=10

Iy
S 1 / /
fo th (xkv xk)dxk

> ® ag(zr) © hi © ci(zk)

Doz,jk(Vj, Tk)

©— dzxy, A48
Du,j(v5) (A.48)
d,, ﬁ . (U‘ U )
°DD [ﬁlu,k(uk) S my g (ug) © ﬂf},k(uk)} o Pouik (U, k)
k=1 ug pij('vj)
T (] A'UU ik\Vi, U
DD [mv,k(vk) o m, i (vx) © Hf,;@(vk)} ® w
k#j vk o (Uj)
@ ry5(v5),

where
(vj)
/ (svw Jk vjaxkr) (h’2 pr,Jk(Uﬁxk))dxk

Pu,j(v;)

Do, ’(’U/')
® @ m,, ;(v;) © my,;(v;)) © <WSJ (UJVU;’) ’ ] ] )
Pu,j(v))

o @ D D (m (1) © mu i (ur) © (ka (g ) - w)

k=1 ur pv,j(vj)

o PP P i(vi) ©my k(vk) © (WSk(vl’mv;@) _ ZM)

k#7 vk Ul/c Pu,j (U])
and r, ; : V; — H are generic stochastic maps satisfying

max v (03] = 0,(n~2/%) 4+ Oy (s - (A + 5.) + ay).

(FAS
Now, define

. . h;
A, j(z;) =1, j(z;) © my j(z;) © i} ;(z;) © < .

i
fo K, (5, x;)dm;

) © aj(x;)
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& b3 O cj(x;) © 1y y(ay),
A, j(ug) =1y j(uj) ©my;(u)) © fi ;(u;) © 1 (ug),

Ay (Uj) =1m, (Uj) om, ; ('Uj) S) /lf,] (Uj) OTy,j (Uj)'
Then, from (A.43), (A.47) and (A.48), we have

Ay j(zy) = AT ](x.]) © fuo, +j(xj; Aac i]) © fuz j+ (755 Am ]p+)

@ T j(75),

Buglu) = ALy () © fu ey ALE) © s AT
@ Fu,j(uy),

Av,j (vj) = A;j (V) © fo,+5(vj; Av +g) O froj+ (uj3 Av gp+)
S Ty,;(v5),

where fiy 4;(t;; Al ) and fug 4 (t55 At]Jr) are defined as p; 4 ;(t;; A} 'r;) and

ut,ﬁ( A;lﬁ) with Ay g, per and py g being replaced by At,k,pt,k and
P ki for all ¢, = z,u,v and k, k', and £, j, T, ; and T, ; are H-valued stochas-
tic maps satisfying

sup [|Fz;(z5)], max ||ruj(uj)||> max ||rvj(vj)||
z;€[0,1] wu; €U FEV (A50)
=0,(n"?") + 0, ( /5\/logn - (A*+s*)+A2+s§+an).

We can also show that

sup [|AL(z;)]l, max ||A (ug)l; max ||A ()l
2;€[0,1] us €U Vi€V (A.51)
=0~ %+ A, + 54).

Define Ag = @?21 Aw,j @ @?il AuJ @ @?“:1 Av,j. Then, (A.50) and (A.51)
yield
1Al = Op(n25 + X, + 5. +an), (A52)

where the norm || - ||2 for a square integrable map f : W — H is defined by

D S S A N )

uel]9, u; vell92, v,

A version of Proposition 3 implies that there exist a decomposition
dy, dy

[
Ag = @A;,j & @Al,j ® @Ai,j
j=1

j=1 j=1

and a constant ¢ > 0 such that

max{lg}% |A ,]||27 max ||A*,]”2’ max ||A ,J||2}§C.||A®||2. (A.54)
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Then, by Lemma 1 it holds that

A, (z;) = A* j(zj) ® €, ; a.e. with respect to Leb,
A, j(uy) = A* i (uj) © ey, 5 for all uy, (A.55)

A, (v) = A% ;(v)) @ &y, for all v;

for some stochastic Hilbertian constants ¢ ;, €, ; and ¢, ; satisfying @;l;l Cy D
dy 4 dy 4 : 1A A * N
@j:1 Cu,j D ®j:1 €y,; = 0. Expanding fo (Agj(zy)e Az,j () © Pa,j(zj)d;,

D., (Auj(u;) © AL (1)) © puj(u;) and D, (Au;(v;) e A% (v;) © Pu,j(v;)
and using the constraints

1 1
/ my ;(7;) © psj(25)dz; :/ my, ;i (25) © paj(x;)de; =0, 1<) <dq,

@muj (1) © pu,j(uy) @mujuﬂ)qu](u]) 0, 1<j<dy,

uj Uj
@mvj (v;) © pu,j(v5) @va”J)QPvJ(UJ) 0, 1<j5<d,,
Vj Vj

we may prove that
éid’ éu,ja év,j = Op(n72/5 + )\* + S« + an). (A56)
From (A.52), (A.54), (A.55) and (A.56), we have

1AL 2, [Aujllz: 1Aullz = Op(n™% + X + 54 + an). (A.57)

Now, using (A.49), (A.50), (A.51), (A.57) and the standard kernel smoothing
theory we may establish the theorem.

A.7.4. Proof of Theorem 5

We also sketch the proof. We first prove that there exists (Ay 1,..., Ay q,) that
solves the system of equations (A.32) subject to the constraints (A.33). Let

da dy
= { f.; ® @f wj P @fvj z,j ¢ [0,1] = H are square mtegrable}
Jj=1 Jj=1

j=1
Define F), : S¥(p) — R by

Fu(B) = /W z >

L U vEH] WV

@me ()( <h2/0 2K (t)dt - M)

p(x,u,v)
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& @ (muy)om(u)o (LA (u18}) -

U’GH}iL U

p(X, u, V) |u_,»:u; )

p(X7 u7 v)

o D (masle) omlo)© (W, (w0

V’EH_?L Vj

p(X7 u, V) |vj :v;
p(x7 u? V)

2

e B(x,u,v)|| p(x,u,v)dx.

Then, one may show that Fj, is a strictly convex, continuous and Gateaux differ-
entiable functional satisfying F,(8) — oo as |||z — oo. Using this functional
and arguing as in the proof of Theorem 1, we can conclude that there exists a
tuple (AI’ Tyee- Av .d,) of H-valued maps satlsfylng the system of equations

Aﬂw’ (z;) = AT ](x.l) O Ha 45 (253 Aa: 3;) O Ma,j+ (55 AaquJr)

Au,j(uj) = AT j(u.]) © M, +J(U’Jv Au —I:i)-j) © p’u,]Jr(uJ?Au ;+) (A 58)

v

Ay j(vy) = AT (Uj) © o, +J(U]7AU -[1)-]) © Hy ]+(UJ7 AZ ]p+)

1<j<d,

and the constraints

1 1
/0 Ay (7)) © paj(x))dr; = /0 0z, ()
© (B3 'ij(xj))dxjv 1<j<dy,

@A g (U5) © Pu,j(uy) @@ (my,;(u @muj(uy))
i Y (A.59)
® (L, (ujvuj) pug(uf), 1<j<dy,

@A”J vj) © po,j(v5) @@ m, ;(v @mu,J(uj))

®(Wsj<vj7 Vi) pu(v)), 1< <dy,

where py 4;(¢ j,AtufJ) and pr ;4 (t J,Aiuji) are defined as gy 1 j(t;; A}"F;) and

Wi+ (t5 At“ﬁ) with A, being replaced by A, for all t = z,u,v and k. Then
by arguing as in the proof of Theorem 4, we get

sup (| A1), maXHAuyll m‘dXIIAmllf O(n=?77). (A.60)

z;€[0,1]

Recall the definitions of Afm, Au,j and Aw‘ given in the proof of Theorem 4.
Then, we have the following lemma.
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Lemma 4. Under the conditions of Theorem 5, A, j(;)©A, j(z;) = Ry j(z;)
a.e. with respect to Leb, A, ;(u;) © Au’j (uj) = Ry j(uy) for all u; € U;
and A, ;(v;) © A, j(v;) = Ry ;(vj) for all v; € V;, where Ry ;, Ry, and
R,,;j are maps satisfying sup o 1) IRs ;(x;)] = op(nfz/s), max,; ||Rqy,;j(u;)|| =
Op(”_Q/S) and maXoy; ||Rv7j(vj)H = Op(”_z/S)'
Lemma 4 yields that, for a.e. fixed z; € (0,1) with respect to Leb and for all
u; and vy,
n?® © (g ;(z;) © my j(x;)) = n?° @ a2 j(z;) & (n*/°h3) © ¢;(x;)
0% 0 Ay,;(x;) ® op(1),
n?/® © (1, (u;) © my;(uy) = n?° © fi(u) ®n®® © Ay (uy)
@ op(1),
n?/® © (i, (v;) © my ;(vy) = n?° 0 @5 (v;) & n*° © A, ;(v))
@ op(1).

(A.61)

We take the limits of both sides of equations at (A.58) and at (A.59) after
multiplying them by n?/®. Then, by using (A.60) and Proposition E.6 in [8], we
may prove that
(Apiyo s Aya,) = (lim n?°© A, q,..., imn?° © A, 4,)
n—oo n—oo

satisfies (A.32) and (A.33). The uniqueness of the solution of (A.32) subject
to (A.33) follows by arguing as in the proof of Theorem 1 and by Lemma 1.
The desired asymptotic distributions now follow from (A.61), Lemma 3 and a
version of Proposition 4.8 in [40] for strongly measuarble Gaussian elements.

A.7.5. Proof of Lemma /

Here, we again give a sketch for the proof. Recall the definitions of r, ;, Ty, ;,
Ty s A;j, A;j and Az’j given in the proof of Theorem 4. Then by (A.50) and
(A.51), it holds that

sup [[Fz.5(z;)ll, max||Fy,;(u;)ll, max||F, ;(v;)]| = op(n~?/?),
z;€[0,1] i vi (A.62)
up Al (z; , max Al (u; , max Al (v;)]| = O,(n~2/%). '
S x,j\Tj . u,j \Uj . v, \Yj P
,’EjE[O,l] uj Vj

Define the integral operators 7, ;, T, ; and m, ; by
7,5 (£) (x, 0, v)
- / o1 D P fxuv)o @uv)/pe;(z;)dx_;,
[0,1]d= uEH_?il U, vEH?il Vj

T, (£) (%, 1, v)
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- /[0 1)de @ @ f(x’ u, V) © (p(xauav)/pu,j(uj))dx,

o
u—j €lL; Ue velI 2, V;

mo,; (£)(x,u,v)

/[0 ” @ @ f(x,u,v) ® (p(x,u,v)/py, ;(v;))dx.

“uell %, Uy v-i€llip; Vi

Likewise, define the operators @, ;, 7, ; and 7, ; as ms j, T, ; and m,; with
Dz.jsDu,jsPv,j and p being replaced by Dy j,Du.j,Dv,; and p, respectively. Let
T=(I-myg,)o-0o(l—mp1)andT = (I —7yq,)0--0(I —7y1). Also, define

~|
I

Ai,dy & —mya,)(A v, d -1 & —mya,

) @ )o--o (I —mpa)
t=Al, o)A, Do e —tya,)o o —fa2)(AL),

é = Ai,dv @ (I - ﬁ'v,du)(rv,dw—l) DD ( - ﬂ'v do ) o- ( - ﬁ'x,2)(f'a:,1)~

Recall the definition of A@ given in the proof of Theorem 4. Define
dCD d’(L d’l)
~PAa.,ePasePa
j=1 j=1 j=1

Then, we have

Ag 0 Ag
_q T+ @ €) o éTl(T)
1=0 =0
=1(P1'©) e T(Priren) o @ -D(PI'®) (a6
=0 =0 =0
oo [—2
@T(@@Tj o (T —T)oT!2 J(%)) vévror

=2 j=0

= T() @ T(2) & (T - T)(Ay) © T(M) €D F O T

a.e. with respect to PW 1, where W = (X, U, V). Using (A.62) we may prove
that

91012, 92|z, [1A4ll2 = 0p(n=2/7),
[93]2 = Op(n~2/?),

sup [[€(x,u,v)|| = 0,(n~*/?), (A.64)
x,u,v
sup [|[7(x,u,v) & 7(x,u,v)| = 0,(n"2/?).

X,u,v
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Note that, for a given sum map 1 = @?;1 N D @j;l Nu; D EB?”zl No,j
with ||9|l2 < 1, there exist a constant C? > 0 and a map r” := @d“” r; @

Jj=1"zj
@?ll r,) @ @?“:1 r, ; depending on n such that

sup [|T(n)(x, u, v)[| < C7,

(T = T)(m)(x, u,v)| < r" (%, u, V)]

n
sup ||ry i(z;)| = op(1),

rjewll (@)l = op(1) (A.65)
max [|ry ; (uj)|| = op(1),
max ] (v;)]| = o0,(1)

Combining (A.63), (A.64) and (A.65) gives that Ag © Ag = Ry a.e. with
respect to PW ™!, where Rg, is a stochastic map satisfying

sup [|Re(x,u,v)| = 0,(n~2/). (A.66)

X,u,v
Considering the terms

/ dot P Acxuv)oldgxuv)dx_j,
[0,1]%= uEH?il U, vEH?i1 1Z]

/ a5 P Aclxuv)o Aelxuv)x,
[ x

u—j €Il Ue velI (2, V;

/W a5 B Aclouv) o As(xu v)ix,

uel‘[jgl U; V—i€llur; Ve

using (A.66) and applying a similar argument used for (A.56), we may establish
the desired result.

A.8. Proof of Theorem 6

The theorem follows along the lines of the proof of Theorem 4.
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