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On the asymptotic of the maximal weighted increment
of a random walk with regularly varying jumps: the
boundary case

Alfredas Rackauskas* Charles Suquet’

Abstract

Let (X;);>1 be i.i.d. random variables with E X; = 0, regularly varying with exponent
a > 2and t*P(|X1| > t) ~ L(t) slowly varying as t — co. We give the limit distribution
of T (7) =maxo<j<k<n | Xj+1 + - - - + Xi|(k—7) 7 in the threshold case v,:=1/2—1/a
which separates the Brownian phase corresponding to 0 < v < v, where the limit of
T (7) is oT(v), with 6 = E X%, T(v) is the v-Hoblder norm of a standard Brownian
motion and the Fréchet phase corresponding to v, < v < 1 where the limit of T, (v)
is Y, with Fréchet distribution P(Y, < z) = exp(—z~%), = > 0. We prove that
¢ (T (va) — pin), converges in distribution to some random variable Z if and only if
L has a limit 7 € [0, oo] at infinity. In such case, there are A > 0, B € R such that
Z = AV, - + B in distribution, where for 0 < 7 < 00, Va,0,r := max(cT(vVa),7Ya)
with T'(v,) and Y, independent and V.00 := 07(Va), Va,o,00 := Ya. When 7 < oo, a
possible choice for the normalization is ¢, = n~ /% and pn =0, with Z =V, , .. We
also build an example where L has no limit at infinity and (75 (7))»>1 has for each
T € [0, 00] a subsequence converging after normalization to Vg o .
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1 Introduction

Consider a sequence of independent identically distributed (i.i.d.) zero mean random
variables (X, k > 1) and the associated partial sums

So=0> STL:X1+"'+XTL7 n 2> 1.
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Maximal weighted increment asymptotic

Asymptotic properties of various extremal statistics based on the random walk (Si, k& > 0)
and the random field (Sx — S;,0 < j < k < n, n > 1) of its increments are important
from both theoretical and practical points of view and have been widely discussed in
the literature. We refer to Darling, Erdés [6], Einmahl [8], Bertoin [3], Révész [21]
Csorg6 and Révész [5], Shao [22], Kabluchko [13], Rackauskas and Suquet[17], and the
references therein for a comprehensive information on the subject.

The main object of this paper is the maximal weighted increment of the random walk
(Sn,n > 0) defined by

o Sk — 55
Taln) = amax = V€0

Throughout, we denote by X a generic random variable which is identically distributed
with each X; and we assume that X is regularly varying with index a > 0, denoted
X € RV,, in the sense that the tail balance condition

P(X >z) ~ pz~*L(z) and P(X < —z) ~ gz °L(z), asz — oo, (1.1)

is satisfied, where L is a slowly varying function, and p, ¢ € (0,1), p+¢g = 1. We refer to [4]
for an encyclopeadic treatment of regular and slow variation. For reader’s convenience,
we gathered in Appendix A.4 the basics on slow variation used in this paper. In what
follows, we denote

X € RV, (7) if (1.1) holds with L(z) —— 7%, 0<7 < 0.

T—r 00

Condition (1.1) imposes a priori two requirements on the choice of L. First, z=*L(z) has
to be equivalent to a nonincreasing function with limit 0 at infinity, which is automatically
satisfied, see Cor.A.12. Next, z~*L(x) has to be equivalent to a left continuous function,
which discards none slowly varying L since L is always equivalent to a C*° function [4,
Th.1.3.3]. As L has not necessarily a limit at infinity, see the example built in the proof of
Th.2.5, it is clear that
J RVa(r) € RV..
0<7<00

It is known that the limit distribution of 7,,(y) has a threshold at v =, :=1/2—1/a
for a > 2, separating two phases named Fréchet and Brownian in the space of parameters
{(a,7);a > 0,0 < v < 1}, see Figure 1. In the Fréchet phase v € (max(1/2 — 1/a,0),1]
and denoting by :i—%: the convergence in distribution,

a; T () —— Ya, (1.2)

where Y, has the standard Fréchet distribution with parameter «, that is

P(Y, <z)=exp(—2~%), x>0, (1.3)
and a,, denotes the 1/n quantile of | X|, that is
ap :=inf{z e R: P(|X| <z)>1-1/n}. (1.4)
This result has been proved in [15]. In the Brownian phase, 0 <y < 1/2 — 1/a and
t) —
n~Y2 T, () -2, oT(y) :=0 max M, (1.5)
n—00 o< |t—s|<1 |t — S"Y

where W = (W(t),t € [0, 1]) is a standard Brownian motion and o2 = E X?. This follows
obviously from the Holderian weak invariance principle proved in [16]. On the threshold
~ = 7, the limit distribution of T},(,) depends on the slowly varying function L(z) in
(1.1) and the following holds:
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Fréchet phase

Brownian phase
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Figure 1: Fréchet and Brownian phases

+ if X € RV,(0), the convergence (1.2) holds like in Fréchet phase [12, Th.5(b)];

» if X € RV,(0), the convergence (1.5) occurs like in Brownian phase [16].
Our main result for the case where X € RV,(7), a > 2, 0 < 7 < oo, Theorem 2.4

below, establishes the convergence
(Va) LN Vao.r = max{oT(v,),7Ya, }, (1.6)

n=eT,
n—oo

where the random variables Y, and 7'(v,) are independent. To unify the notations, we
define also

Vao0 =0T (Va), Vaooo :=Ya. (1.7)

Up to now, no analytic formula seems to be known for the distribution of 7'(y)

Fatalov [9] obtained the following exact asymptotic equivalent for the tail:
(1.8)

1 22\8vV2 [ 1—7\>
P(T ~ — - —|— < 1/2.
)=o)~ gen(-5)52 (155 ) e 0<y<y

This shows that V, ;o is subgaussian (hence with light tail).
Baldi and Roynette [1, Th.4.4] have the small ball estimate

lim /(=2 1og P(T'(7) < ¢) = —k(y), 0<vy<1/2,

e—0

for some positive constant k(7).
By independence of T'(,) and Y, the distribution function of V, , . in (1.6) verifies
(1.9)

PV, <) =P(max{cT(y,), 7Y, } < x) = P(O’T(’}/a) < x) exp (—7’ T a)

In view of (1.8), this gives for 0 < 7 < oo,
PVaor>x)=1—exp(—7%"%) + P(cT(7,) > z) exp(—7%2~ %)

=71% "+ 0(z72), 2z — 0. (1.10)

Hence V, » - has a heavy tail asymptoticaly equivalent to the tail of 7Y,.

a

In the neighborhood of zero we have
= —0%%(y,) — 7%

i @] <
lim & log P(Vyor <e¢)

https://www.imstat.org/ejp
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Roughly speaking for 0 < 7 < oo, V; o, “interpolates” (in distribution) between V, , o
and V, s 0. In this spirit, one may remark that

—T

P (Va,a,r < Uy) = P(T(’Ya) < y) €xp (ana)

T —a
P(Va,a,r S Ty) =P (T(’Ya) S ;y> exp(—y )7

whence
_ D _ D
0 Woor ———T(v,) and 7'V, ,, ———Y,.
o130 To~ =00

To sum up the case where X € J 1 RV4(7), we have the convergence

TG[O,oo

b T (a) —— Vi, With by, = (1.11)

n—00 Qp if T = o0.

{nl/ @ if T < oo,
Now it is natural to ask what happens if X € RV, but in none RV, (7). A first answer is
provided by Th.2.5 where we build an RV, distribution for X such that (b; 1Tn('ya))n>1
does not converge in distribution but has for each 7 € [0, oc] a subsequence converging
to Vo7

Finally, we complete the picture by proving in Th.2.6 that if for some increasing
positive sequence (¢, ),>1 and a sequence of reals (1, )n>1, ¢;; ' (Tn(Va) — fn) cOnverges
in distribution to some random variable Z then L has a limit 7® € [0, oo] at infinity, hence
X € RV,(7), and Z = AV, ,» + B in distribution for some A > 0, B € R.

Section 2 contains the statements of our results. Theorem 2.1, Corollary 2.2 and
Theorem 2.3, dealing with truncated versions of T,,(v,) with respect to the length ¢ of
increments Sy s — Sk, are preparatory for Theorem 2.4.

The proofs are presented in Section 3. Auxiliary material and results are shifted in
the Appendix section in the hope to keep a tolerable size of the proofs.

2 Statement of results

Throughout the paper we will need to split the range of length ¢ of increments
Sk+e¢ — Sk in two or three consecutive intervals. This leads us to introduce the following
generic notation for the induced blocs of weighted increments in 7,,(y). We set for any
real numbers u, v suchthat 0 < u < v <n,

|Sk+e — Skl
u,v J— LA
Tpt(v) = max | max . (2.1)
As v = v, almost everywhere in the sequel, we will abbreviate T (v,) as T,*"*.
From the weak invariance principle in C|0, 1] it follows that for any fixed 0 < 6 < 1,

n—l/ao_—ngn,n D T(O) (,Y) — |W(t) — W(S)|’ (2.2)

n—o00 o< |t—s|<1 |t— S|'Ya

see Appendix A.2 for a proof. It is proved in [15] (see Lemma 2.4 there) that for any fixed
d>1,
p~Ver0d 2,y (2.3)

n—oo

Corollary 2.2 and Th. 2.3 below extend (2.2) and (2.3) to the cases where § = 6,, — 0
and d = d,, — 0o as n — oo respectively.

Theorem 2.1 is used in the paper only through Corollary 2.2 but the more general
formulation given here may have its own interest beyond the RV, setting.
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Theorem 2.1. Let X be a non degenerate mean zero random variable such that
E |X\b < oo, forsomeb > 2. (2.4)

Put 0? :=EX?, 0 > 0. Then forevery 0 < v < 1/2,

n71/2+7Tff”’" 2, oT(v), (2.5)

n—oo

provided that with 8 := min(b, 3),

(2.6)

n n—oo (%),ﬁ’y n— 00

In particular, the convergences (2.6) are satisfied with d,, = n*A(n) where X is slowly
varying and max{0; (1 — (1/2 —=7)8)/(87)} < a < 1.
Corollary 2.2. Let X be a non degenerate mean zero random variable whose tail
function P(|X| > x) is regularly varying with index —a, a > 2. Then

nVardnn 2y 57(y,), 2.7)
n—oo
provided
d—n — 0 and n'~(2t9)/ag(2+0)(1/a—1/2) logH‘sn —0 as n— (2.8)
n n—oo n ’ ’

with0<d<a—2 ifa<3andd=1ifa > 3.

If d,, = en” for n > ng, then the convergence (2.7) holds if k € (%, 1). The
above assumption of regular variation of the tail is obviously satisfied when X € RV, but

is more general since we do note require here the tail balance property.
Theorem 2.3. Leta > 2 and 0 < 7 < co. Assume that X € RV,(7), EX =0 and

dn,
dp = o0, — —0 as n — oo. (2.9)
n
Then
pl/er0dn Dy (2.10)
n— o0

Theorem 2.4. Leta > 2 and 0 < 7 < oo. Assume that X € RV,(7), EX = 0. Then
0T (a) —— max{oT(va), TYa, }, (2.11)

where Y, and T'(v,) are independent random variables, Y, has Fréchet distribution with
parameter a and T'(v,) is defined by (1.5).

Theorem 2.5. There exists a random variable X € RVq \ U, [y o] RVa(T) such that the
following convergences hold, with limits V, , r as in (1.6) and (1.7).

i) There is an increasing sequence of integers (n;);>1 such that

YT, (4) %) 0T (va) = Vaoo- (2.12)

ii) For every 7 € (0,0), there is an increasing sequence of integers (n;);>1 such that

n; YT, (va) —— max{oT(1a), 7Va, } = Vaor. (2.13)
12— 00

(2
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iii) There is an increasing sequence of integers (n;);>1 such that ni_l/aTm (7a) is not
stochastically bounded and denoting by a,, the 1/n; quantile of | X

7

aT_lilTn'i (r}/a) L) Yo = Va,a,oo~ (2.14)
i—00

Theorem 2.6. Assume that X € RV, with a > 2 and EX = 0 and there exists an
increasing positive sequence (c,),>1 and a sequence of reals (i, ),>1 such that

T (T (Va) = in) —— 2, (2.15)

n—oo

where Z is non degenerate random variable. Then the function L from (1.1) has a limit
7% € [0, 00] at infinity and there are constants A > 0, B € R such that

d

Z =AV, 4.+ B. (2.16)
3 Proofs
3.1 Proof of Theorem 2.1
Write

Tg"”n: sup ZXJ6](£7k) s
L,kel, j=1

where I,, = {({,k) : d, <L <n,0<k <n-—/{}, and

077, i k+1<j<k+/
0 otherwise.

5]‘ (E, k?) = {

In what follows, we denote by k,, the number of elements of I,,. It is easily seen that
2k, = (n — [d,])(n — [d,] + 1), so k, < n?/2. Let us choose and fix some enumeration of
I,,. Then we introduce for j = 1,...,n, the random vector

X, =n"YE(X;6,(0,k), (6k) € T,),

viewed as a random vector in R*». This leads to the representation

’ i
oo

n”HEAT = H > X
j=1
where ||z« = maxi<i<k, |2k|,7 = (zx) € R¥» and dimension k,, < n?.

Let Y,Y:, k > 1, be i.i.d. Gaussian random variables, such that EY =0, EY? = E X2.
Following Lindeberg method, we substitute step by step each X,, ; by Y,, ; where Y,, ; =
n~V2H(Y;6;(¢, k), (¢, k) € I,,) € R*, in order to compare the distribution of 7.%»" with
that of

‘ o0

n

Adnan R - e = .

Tom™ = dnrrﬁ)g(nf og?ffffe [Yit1+ -+ Yige = E 1 Yo j
i=

To this aim we consider for each r > 0 and € > 0 the function f, . : R*» — R which enjoys
the following two properties:

(i) for each z € R¥~,

]l{HwHoo < T} < fr,e(x) < ]l{Hxlloo < 7""‘5};
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(i) the function f, . is three times differentiable and for each m = 1, 2, 3, there exists
an absolute constant ¢, > 0 such that, recalling that k,, + 1 < n?,

£ = sup{| £ (@) ()™ : 2, h € RF™, [[hl|oe < 1} < cme™ ™ log™ '

Here f ™) denotes the m™ derivative of the function fre and fp (m)( )(h)™ the correspond-
ing differential. Such functions are constructed in Bentkus [2].
By using (i), we have

P2 <) = (| ZXM

<)< Efr,g(f:Xn,i)
=1

= A(n,e) + Efr,e(zn:yn,i)
i=1

< A(n,e) 4+ P(n~ 2T < 4 g),
(3.1)

where . .
A(,2) = E fre (30 Xui) = Efre (D Vo).
i=1 i=1

Now, we introduce the hybrid sums Z,, ; with hole at index j,

= > Xnit > Yai, j=0,...,mn+1,

1<i<j j<i<n

with the convention ), , := 0. In particular } " | X, ; = Zn nq1 and Y. Vi = Zyo.
Defining X,,0 := 0 and Y, ,,+1 := 0, we notice also that

Zn’j—f—yn’j :Zn’j,1 +Xn,j717 j=1...,n+1.

With these notations, we can describe the progressive substitution of the X, ;’s by the
Y, ’'s as

Fre (2o Xna) = f(ZY) FreZun) = freZuo)

(f?',E(Zn,j + Xn,j) - fT',E(Zn,j—l + XTL,j—l))

[
NE

<.
Il
—

I
M-

(fr E(Z'IL] + Xn ]) fr,e(Zn,j + Yn,j))- (32)

Jj=1
whence
A(n,e) =Y (E fre(Znj+ Xnj) = E fre(Znj + Yay). (3.3)
Jj=1
Next we shall use Taylor’s expansion
fre(@+h) = fre(@) + f1 (2)(h) + 27 £ (2)(h, h) + R (3.4)

with interpolated remainder, see Lemma A.1 in Appendix A.1,

R < 62 PP P A

“2e7|h)|2 1og” " n, (3.5)
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valid for any 2 < g < 3. Recalling that E |Xj|b < oo for some b > 2, we choose from now
on 3 = min(b,3). For each j = 1,...,n, the random vectors Z, ; and X, ; of R*" are
independent and the same holds for Z,, ; and Y,, ;. By Lemma A.2 in Appendix A.1, this
implies E f/. _(Zn.;)(Xn,;) = (E(f/..(Zn;))(E Xpn,;) and similarly with Y;, ; instead of X, ;.
As X, ; and Y,, ; have null expectation, this gives

Efr/,a(ij)(Xn,j) = Ef;,a(Zn,j)(Yn,j) = 0. (3.6)
As moreover X, ; and Y, ; have the same covariance matrix, Lemma A.3 gives also
E f;:e(Zn,j)(Xnm Xn,j) =E f;fe(Zn,j)(Ynm Yn,j)' (3.7)

Now applying Taylor’s formula (3.4) to each term in (3.3) and accounting (3.5) gives

n

A, 2)] < (6P log? ) - [E 1N 12 + E Va4 ].

j=1

Noticing that X, ; is the product of the (scalar) real random variable X; by the deter-
ministic vector (n=/2+75;(¢, k), (¢,k) € I,) of R, it is clear that

X jlloe = n~ 1247 Max 854, k)|X;] = n A X, (3.8)

whence,

E | Xn (15 = nt "V 2FDBa VB |XG1P, B V,ll5 = n 2P PE Yy,
Therefore, puting Cs := 62°¢3 P2 (E|X|? + E|Y|?),
nt=B/2 logﬁ71 n

(2)”

n

|A(n,e)| < Cp E—ﬁn1+(—1/2+'y)ﬂd;ﬂv 10gﬂ71 n=Cpg e P

By condition (2.6), A(n,e) — 0 as n — oo and we find from (3.1), for each € > 0,

limsup P(n~ /#7794 < 1) < limsup P(n_1/2+vfg“’" <r-4e). (3.9

n—oo n—oo

From weak invariance principle in Holder spaces, see [16] and Appendix A.2 below,

n—1/2+wfgn,n(7) 2. T(v), (3.10)

n— oo

for any sequence d,, such that d,/n — 0 as n — oo. Since the distribution function of
T'(~) is continuous, the limsup in the right-hand side of (3.9) is a true limit equal to
P(T(y) <r+¢) and we obtain

limsup P(n~Y/?Td " < r) < P(T(y) < r+¢). (3.11)

n—r oo

To find a lower bound for liminf,, o, P(n~'/?2*7T%" < 1), we consider ¢ > 0 such
that 0 < e < r and the function f,_. ., which gives

<) e (X))
i=1

=A(n,e)+E froce ( zn: Yn’i)
i=1

> —|A(n,2)| + Pln T < r ),

PPt < ) = (]| 3 X
j=1

EJP 26 (2021), paper 122. https://www.imstat.org/ejp
Page 8/31


https://doi.org/10.1214/21-EJP691
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Maximal weighted increment asymptotic

where
n n

N(.e) 1= E froee (D2 Xoa) = Efrmerc (] Ya)-
i=1 i=1

Acting as above we estimate
|A'(n,€)| < Cge Pt EY240Bg—87 10gP 1 p,
which gives

lim inf P(n~ /2774 < r) > liminf P(n~= /27T <r —¢) = P(T(y) <71 —¢).

n—oo n—oo

Combining with (3.11) we have

P(T(y) <1 —e) < liminf P(n~ /277" < 7)

n—oo
< lim sup P(n_l/Z'MTﬁ"’" <r)<P(T(y)<r+e). (3.12)
n—oo

Since the distribution function of T'(y) is continuous, see the Appendix A.3, the proof is
completed by letting ¢ — 0 in (3.12).

Proof of Corollary 2.2. If the tail function of | X| is regularly varying with index —a, a > 2,
then E|X|* < oo forany 0 < b < a. As a > 2, we can choose 2 < b < a and apply Th.2.2
with f = min(3,b) = 2 4+ § which gives the result. O

3.2 On L-subsequences

Before presenting the proof of theorems 2.3 and 2.4, it seems convenient to make
some remarks on the use of subsequences in this paper. In the first part of our contribu-
tion, i.e. until Th. 2.4, we obtain the limiting behavior of T;,(v,) for X € Uy, <. RVa(7).
Next we investigate the complementary case where L has no limit at all at infinity. Our
main tool is then the exploitation of some L-subsequences versions of all the conver-
gence theorems leading to Th.4, see for instance the subsequence version of Holderian
invariance principle, A.2-Th.A.4. By L-subsequence we mean a subsequence indexed by
an infinite subset I of IN, whose construction depends on the asymptotic behavior of L.
Our main example is I such that

L(n*/*) ——— 7% for some 7 € [0, o0]. (3.13)

n—oo, n€l

The convergence of (n~/°T},(v4))ner cannot be inherited from the whole sequence
since (3.13) is weaker in general than X € RV, (7). This announces the tedious task of a
careful rereading of the proofs of Th.2.1 to Th.2.4 and also of the convergences results
for the special cases 7 = 0, 7 = oo to check if an adaptation to some L-subsequence
is possible. In order to minimize such a burden, we will write the forthcoming proofs
of the Theorems 2.3 and 2.4 for a generic subsequence indexed by an infinite subset
I of IN, replacing the hypothesis L(z) — 7% by (3.13). Then the proof of the theorem
will just be the special case where I = IN, where (3.13) is automaticaly satisfied when
X € RV, (7). The reader interested by the proof of Th. 2.4 only, can ignore the mention
n € I everywhere in the proof. To have minor modifications in the typesetting we adopt

the notation ———— which avoids double indexing by n;.
n—oo,nel

Before proceeding, let us remark that Th.2.1 and Cor.2.2 remain valid for any L-
subsequence because they are established under the hypothesis E|X|* < oo for some
2 < b < a which does not involve L at all.
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3.3 Proof of Theorem 2.3
The following auxiliary results are used in the proof.

Lemma 3.1. Let (Y;) be a sequence of i.i.d. random variables. Then, for anyb > 0, v > 0,
h>1land H <n,

k44
P | max {77 max ’ E YJ‘ >b)| <2 E Qj,
h<(<H 0<k<n—t| -
j=k+1 n/H<2i<n/h

Q; = 2jP( max

1<k<2n2-7

Zk:Yj‘ > b(n2’j)7).

This lemma is proved in [15], see Lemma 3.3 therein. The next one extends and
completes Lemma 2.4 in [19]. In view of its role in this current work, we provide a
detailed proof below.

Lemma 3.2. Assume that X satisfies for some a > 1 and some slowly varying L,
G(z) := P(|X|>z) ~2~"L(z), x— oco. (3.14)

Denote by a,, the 1 — 1/n quantile defined by (1.4) and by (c,,)n,>1 a nondecreasing
sequence of positive reals such that

P(X|>cy)~n"t, n— oo (3.15)

i) Forany (0 < s < a,

20‘ — s—a
E|X[*L{x|>pen < a_sc;n Lys—a, (3.16)

forn large enough, uniformly iny € [1,00).

ii) For any s > a,

2a
E‘X|S]}-{‘X|§ycn} S 3—@02n71y87a, (317)

forn large enough, uniformly iny € [1,0).

iii) The inequalities (3.16) and (3.17) remain valid if we replace c,, by b,, ~ a,,. Moreover
if (¢n)n>1 satisfies (3.15), then ¢, ~ a,, asn — 0.
iv) a, = n'/%l(n) where [ is a slowly varying function.

Proof. By (3.14), L(z) := 2°G(z) ~ L(z) hence L is slowly varying and G(z) = 2~*L(x)
is regularly varying with exponent —a.
To prove i), a Fubini argument gives with the notations G and G} defined by (A.19),

E XL (x15e,) = (0ea) P(X] > yen) 45 [ #71P(X] > 1) de

YCn

= (yen)*Gycn) + sGo_1 (yen). (3.18)
By Karamata theorem, see (A.20) in A.4-Th.A. 13 withA=—(s—1—-a+1)=a—s>0,

Go_1(yen) 11
(yen)*G(ycn) n—oo A Ca-s

Fory > 1, ¢py > ¢, — o0, so the above convergence is obviously uniform in y € [1, c0).
Hence when n tends to infinity,

S a S
E |X‘ ]l{\X\>ycn} ~ E(ycn) G(ycn)7

EJP 26 (2021), paper 122. https://www.imstat.org/ejp
Page 10/31


https://doi.org/10.1214/21-EJP691
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Maximal weighted increment asymptotic

uniformly in y € [1,00). Now since G has regular variation with exponent —a < 0,
G(yen) ~y *G(cy), uniformly in y € [1,00), see e.g. Th.1.5.2 in [4]. Accounting (3.15),
a a

SG s—a
a—sm (en)y Ta—s

EIXI 1(x)>ye, ~ cgn” Yyt (3.19)
uniformly in y € [1,00). Introducing the extra factor 2 to replace this equivalence by an
inequality gives (3.16) valid for n large enough uniformly in y € [1, 00).

The proof of ii) is completely similar and will be omitted.

To prove iii), we note first that an obvious choice is ¢, = a,. If we replace ¢, by
b, in the proof of i), everything works identically until the first equivalence in (3.19),
noting that the equivalence a,, ~ b,, implies that b,, tends to infinity. To obtain the second
equivalence in (3.19) leading to (3.16), we note that L(a,) ~ L(b,) by A.4-Cor.A.10 ii),
s0 G(by) ~ b, 2L(by) ~ a,*L(a,) ~ G(a,) =n~1.

To check the second assertion in iii), we use the fact that (3.15) and (3.16) imply

et max | Xp| —— Y,. (3.20)
1<k<n n—00

Indeed if F and F,, are the distribution functions of | X| and maxj <<y, | Xx|, F,, = F" and

with some function u(z) — 1 at infinity and for any fixed = > 0,

Fo(enz) = (1 = u(cnz)(cnz) " Lcyz))" = exp (n log (1 — u(cna) L(C”x)» .

a QG
clx

TAx = L(cpx) ~ ¢, % L(cy) ~ 27 P(|X| > ¢n) ~ 2791, whence
limy, 00 Frn(cnz) = exp(—z~*) = P(Y, < z). Now the weak convergence (3.20) works
with the two sequences of normalizing constants (¢, ),>1 and (ay)n>1, S0 by the conver-
gence of types, see [11, Th.1, 2, p.40-42] or [20, Prop.0.2], there is a constant A > 0
such that ¢, /a,, converges to 1 and P(Y, < z) = P(Y, < Az), so A =1, thatis ¢, ~ a,.

To prove iv), we first recall that the left continuous inverse of a non decreasing
function H(z) is H* (y) := inf{z : H(z) > y}. In particular it is easily seen that a,, =
(1/G)* (n), noticing that the slowly varying L in (3.14) is positive on some neighborhood
of infinity which forbid G to vanish at some real z. Now 1/G(z) = z*/L(z), so 1/G varies
regularly with exponent a. By [20, Prop.0.8(v) p.23], this entails that (1/G)* varies
regularly with exponent 1/a. O

As n — oo, u(cpx)cy,

Proof of Th. 2.3. Let X be in RV, and I be an infinite subset of IN such that

L(n'/%) —— 72, (3.21)
n—o0, n€l

We prove the weak convergence of (n~/%T%4), c; to 7Y, under (2.9) restricted to I
and (3.21). Th. 2.3 follows when X € RV, (7), since this membership allows the choice
I =Nin (3.21).

By [15, Lem.2.4] for fixed d > 1, (a,;'T%%),en converges to Y, in distribution. Us-
ing (3.21), one sees that P(|X| > mn'/*) ~n~', as n — co,n € I. Hence by Lemma 3.2,
an ~ ™n'/* asn — oo,n € I, whence (n~'/*T%%),c; converges to 7Y,. So by Lemma 3.1,
we only need to prove that for each € > 0,

lim limsup Q,(h,e) =0, (3.22)
h—00 n 00, nel
where
h,e) := P( max ¢ 7 max |Skgie— S| > Enl/a).
@n(h;€) h<e<d, ogkgnle ket k‘
EJP 26 (2021), paper 122. https://www.imstat.org/ejp

Page 11/31


https://doi.org/10.1214/21-EJP691
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Maximal weighted increment asymptotic

Until the end of the proof, n belongs to I. Consider the truncated random variables

X! = X;1{|X;| < th"n'/*}, X; =X/ —E(X]),i=1,....,n,nel

K2

and the corresponding partial sums

k k
Sp=> X/ and Sp=>» X;, k>1,
=1 =1

with Sj = Sy = 0. From Lemma 3.1, we conclude

apl ~Ya
Q)< P g, Xl 2 70000 P, 17 g[Sk =501 > en' )

<P Yapt/e Q.
< <1I<T%L|Xk| > rhen ) +2 Z 2 Qn j(he),
- n/d,<2i<n/h

where

nj(hye) == P : 27 )aplt/a .
Quithe) =P (| _max 11> e(n2 )

Since
lim P ( max | Xg| > Th”“n”“) =1—exp(—h77%)——0,

n—oo, nel 1<k<n h—o0

the proof of (3.22) reduces to

lim limsup > 2YQu(he)=0. (3.23)

hoonyoo, nel g, 23T <
By Lemma 3.2 (i) applied with ¢, = 7n'/%, n € I and noticing that because EX = 0,
EX'=E(X — X1{|X| > th*n"/*}) = —E (X1{|X| > 7hY=n/?}),
we have
ES] < HE (X)) < KE (IX[L{X] > rhoent/}) < b 22 Tp=bs/epatie),
This yields

~ _ . dat _
max [Sp| < max |Sp|+ 279 ——nl/apre(i-a)
1<k<2n2-7J 1<k<2n2-3 a—1

Moreover as j < log,(n/h), we have 277 < 1 < (n277)7 since ~, > 0. Hence for h
large enough and uniformly in j < log,(n/h),

max [Si| < max |Sp| + =(n279)%ent/e
1<k<2n2-7 1<k<2n2-7 2

Hence, for h large enough and uniformly in j such that 2/ < n/h,
Qnj(hye) < Qn,j(h.e),
where
@w-(h,s) =P (1<155§352—j |§k| > (5/2)(n2—j)van1/a) )
Fix p > a. Since ( |§k\, k > 1) is a submartingale, by Doob and Markov inequalities we

obtain v »
@n,j(h,é‘) § <pl> (i) ((TLQij)’Y(Lnl/a)ipE ‘5;271,2*7' !
p—
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By Rosenthal inequality,

E S0

"< cp [(m—f)P/Q(E (IX]21{|X]| < mn'/on7})P/2 4 n27TE | X|P1{|X| < ml/ah%}],

where the constant ¢, > 0 depends on p only. Applying Lemma 3.2, we obtain

E|S., " < ¢ {(n2_j)p/2(E X2)P/2 4 ng—j%nz)/an—lh%(p—a)]
This leads to
Qnj(h,€) < Cy (i)p [(n279)tent/o]~P [(n2_j)p/2cf” + n2‘j%n1’/“n_lh%(1’_“)]
M

P
=0, (2) [gpn*p/a(nQ*j)*'yap+p/2 + nflh%(p*a)(ngfj)*%zﬂrl},
€

pP—a

where C,, := (1—1/p)Pc, and ¢ = E X?. Hence, recalling that y, = 1/2—1/a and p > a,
we obtain

ST 2Quhe < Y 2Qu(hie)

n/d,<29<n/h n/d,<2i<n/h

p
<o, <§) [ornplonrle 30 gty y 207 g § ]

—a
n/d,<27<n/h p n/d,<27<n/h

p a 2+1

or/a — 27 (p— a)(20/% — 20/a)
where
K, = Z 9—(p/a—1)j
n/d,<29<n/h
This completes the proof of (3.23) since K,, — 0 asn — oo, n € I, since d,,/n — 0. O

3.4 Proof of Theorem 2.4

We proceed as in the proof of Th.2.3 by proving the convergence (2.11) for X € RV,
and a subsequence indexed by I verifying (3.21). Again, a,, ~ mn*/* when n — oo, n € I.
Throughout the proof, n belongs to /.

Choose d,, = cn® for n > ng, with s € (%,1) and 0 < § < a—2ifa < 3,
0 =1ifa > 3. Then d,, — oo, d,/n — 0asn — oo, n € I and (2.8) is satisfied. For

1 < h < d, < n, recalling the notation (2.1), T},(~,) can be expressed as
Ty (Va) = max{TO" Thdn Tdnny,
We will use the abbreviations
T, =TY", T) =T "

)

With our choice of d,,, (3.22) is satisfied, see the proof of Th.2.3, hence for any ¢ > 0,

lim limsup P(n= YT > ¢) = 0. (3.24)
h—00 00, nel
This will enable us to show that n~'/*T},(vy,) and n~'/* max{T’,T"} have the same
limiting distribution. For the moment, we just note for ulterior use the related inequali-
ties (3.25) and (3.26) below. First we notice that for any r» > 0,

P(n_l/aTn(’ya) <r)= P(n_l/a maX{TT’L,T;l’,T:;’d"} <r)< P(n_l/a max{T,, T/} <r).
(3.25)
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For a lower bound, we write
P(n_l/“ max{T), T/} <r—¢) = P(n_l/“ max{T,, T/} <r— s,n_l/“Tﬁ’d” <e)
+ P(n Y max{T!, T/} <r —e,n /o > ¢)
< P(n™ Y max{T!, T} < r —n~Yohdn)
+ P(n~Yaorhdn > ¢)
= P(n~ Y max{T!, T} + n~Yordn <)
+ P(nil/“Tf[’d" > ¢)
< P(n~ Y max{T!, T/ T} < r)+ P(n~YoThdn > ¢),
whence for any r > 0, € > 0,
P(n~ Yo max{T!, T} <r —¢) — P(n~ YT > &) < P(n™Y9T,(v) < 7). (3.26)
Now we analyse max{7,,T./}. To this aim, introducing the random vectors of R"

Uk = Ugp = (Sk=1.15-- -+ Sk—1,n) = (Xits Xio + Xpgr, 0. Xe+ o+ Xppno1),

we consider the random measure N,, on (the Borel o-field of) R" defined by

n—h+1
Nn = E 6n—1/aUk,
k=1

where §, denotes the Dirac mass at the point y of R".
Write for r» > 0,
B, =B, ={(s1,...,8n) € R" 1i 7 "|s;| <ri=1,....h}.
Then
{Nu(By) = 0} = {n~ T}, < r}.
Indeed, N, (B;y) = 0, if and only if for each k = 1,...,n, 0,-1/.y, (By) = 0 or equiva-

T

lently n='/%(Xg,...,Xg + --- 4+ Xp4n_1) € B,. This means that for each k = 1,...,n,

n=14 Y| Xy + -+ Xpy4| <7 fori=1,...,h. Summing up, N, (B¢) = 0 if and only if
nYV9 e | Xy 4+ X1 | <7, i=1,...,h, k=1,....n—h+1

or if and only if n= /T < r.

Introducing the interval of integers [u,v] := [u,v] N IN, with the usual convention
[u,v] = 0 when v < u, consider for j = 1,...,n the sets

L=1(j,h):=[j—hj+h]Nn[l,n—h+1]
If=[ln—ht1 ]\ =[1,j —h—1JU[j +h+1n—h+1].

Now define

N,’(,bj) == Z 6n—l/aUk.
kelf

In what follows we use the functions f, . and the random vectors X, ;, Y, ;, Z,; intro-
duced in the proof of Th. 2.2. We have

P(n~Y% max{T’

n?

T'} <r) =P~ V°T <rn YT" <r)

—E (]I{N,L(Bf.) = 0}1{n~ 1T} < 7‘})

<E (n{anﬁ) = O}fr,a(ixn@)) .
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Recalling (3.2), we continue the above estimation by

P(n~V max{T),, T}/} <r) <Y EL{Nu(BE) = 0}fre(Znj + Xnj) = fre(Znj + Y ;)]

j=1
+ E]l{Nn(B:') = O}fr,s(zyn,i)
i=1
:Pnl(T,€)+Pn2(T’,E)+Pn3(’r’,€), (327)

where B
Pnl(ra 5) = Z E]I{Nr(zj)(Bﬁ) = O} [f(Zn,j + Xn,j) - f(Zn,j + Yn,j)]v
j=1

n

Poa(rie) = Y E[1{Nu(B;) = 0} = L{NY(By) = O] [f(Znj + Xn ) = [(Znj + Yu;)],

j=1

and
n

Pos(r,e) = EL{Nu(B{) = 0} frc (D Yaj)-

J=1

To estimate P,; we use Taylor’s expansion which gives

Par(r,) = 3B (LIND (B) = 0} [/ (Z0,5) (X ) + [ (Zu s (X0 3 + Ri ()

= £ (Zng) Vo) = £"(Zn ) (Y g)? = Ra(3)])
where

. _5 -5 ) ) 4
[Rin ()] < 67 AN NS (1K g 1387 + 1Y g 133°)
< C35_2_5d;%n_(2+6)/a (|Xj|2+6 + |Yj|2+5) . om=1,2.

As ]I{Nr(Lj)(BC(z)) = 0} and X, ; are independent, ]l{N,(lj)(Bc(r)) = 0}f'(Z,,;) and
IL{NT(Lj) (B¢(r)) = 0}f"(Z,,;) are respectively a random linear form on R*" and a random
bilinear symetric form on R* x R¥, both independent of Xy ;. By lemmas A.2 and A.3 in
Appendix, recalling that X, ; and Y,, ; have the same (null) expectation and covariance
matrix, one sees that

E (LN (BE(1) = O ' (Zn) (X ) + I (Z)(Xn)*]) =
E (LN (B*(r) = O} f(Zng) (Vo) + " (Z) (Ya)?]).
This yields
Par(r,)] € Y ELING(B() = 01 ()] + B < 5 Y E IR+ 1Ra)]
< ggls*?*édﬁank(?“)/am X177 4+ E i [*H] B
By our choice of d,,, we have for each r > 0 and ¢ > 0,

limsup |Ppi(r,e)] =0. (3.28)

n—oo, nel
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To estimate P,3(r, <), we introduce

Nr(f) =N, — NT(z]) = Z 5n71/a(Xk,...,Xk+~-+Xk+h,1)
kel(4,h)

and notice that F := {N,,(B%) =0} C F := {N,(,j)(Bﬁ) = 0}. Therefore
lp—1g=1pp=1pnp = H{NJ(B) =0,N,(BS) #0,}
— L{ND(B) = 0, N9(B?) # 0}
< 1{NY)(BE) # 0},

Now, as ||f/ .l < c1e7!, the function f,.. is Lipschitz with constant c;e™!, that is
|fre(@) = fre(y)] < c1e7"||z — ylloo, whence

|Pra(re)| < D EL{ND(By) # ONf (Zny + Xng) = [(Zn + Vo)l

=1
< e 'Y CEL{NY(BE) # O} X jlloo + 1Y) lloc]-
j=1
Recalling (3.8), we get
|Paa(r,e)| < cre™tn=ted, Ve (Ply(r) + Ply(r)), (3.29)

where

7o (r) = ET{ND(BS) # 0} X;|, Pl(r) =Y EL{NJ(BL) # 0}|Y;].
j=1 j=1
AsY; and ﬁﬁj ) are independent,

n

() =Y PIND (BY)EY)].

j=1
Since

Xewo Xt ot Xeon Dl <1 X,
||( k> , Ak + + k+h 1)” = kgirgnka-‘,)-(h—l‘ |

we see that

(NO(B) #0y | {n7Y*(Xk,. o, Xe 4+ + Xppnoa) € B}

kel(j,h)
= U 7YXk Xt X lloo > 1)
kel(j,h)
C U { max |Xi|>rn1/“h_1}
k<i<k+h-—1
kel(j,h)
k+h—1

= U U {xil>m!/enty

kEI(j,h) i=k

This yields

n k+h—1
()<Y Y Y PUXi >t hE Y|
i=1kel(j,h) i=k
< n(2h)hP(|X:| > rn'/*h~HE |1
< 371°E |V |h2TerTe, (3.30)
EJP 26 (2021), paper 122. https://www.imstat.org/ejp
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for n > ng(h,r, L), n € I, using (3.21) in the last step.
Similarly we estimate

k+h—1

PO <Y Y Y EL{X > men X

j=1kelI(jh) i=k
2h2n [EL{|X>| > rn/*h ™1} Xy | + EL{|X1| > rn'/"h =1} X4 ]

= 20°n[P(|Xa| > rn'/*h " NE X1 | + EL{|X:| > rn'/*h 71} X1 ]

< 37%(2E | X1 |r~® + arlm4)h2tapt/e (3.31)

recalling that ¢ > 2 and using (i) of Lemma 3.2 with ¢, = /e, n e I. Now (3.29), (3.30)
and (3.31) yield

limsup |Ppa(r,e)] =0. (3.32)

n—oo, nel

Since the sequences (X} )r>1 and (Yy)x>1 are independent,
Pas(r.€) = P(Na(Bf) = 0)E fre (3 Y ).
=1

hence recalling that our choice of d,, enables us to apply the versions of Cor.2.2 and
Th.2.3 for the subsequence indexed by I verifying (3.21), we obtain

limsup Pp3(r,e) = P(7Y, < 7r)P(cT(va) <1 +¢). (3.33)

n—oo, ne€l

Collecting (3.27), (3.28), (3.32) and (3.33), we find for any r > 0 and € > 0,

limsup P(n~Y*max{T., T"} <r) < P(rY, < r)P(cT(y,) <7 +¢).

nytn
n—oo, ne€l

Accounting (3.25), this implies for any » > 0 and € > 0,

limsup P(n~ /2T <r) < P(rY, < r)P(cT(v,) <7 +¢). (3.34)

n—oo, nel
In a similar way we prove for any r > 0and 0 < ¢ < r/2,

liminf P(n~Y*max{T’, T/} <r —¢e) > P(1Y, <1 —&)P(6T(7,) <1 — 2€).

n—oo, n€l nron
Accounting (3.26), this implies forany h > 1, »r > 0and 0 < e < /2,

liminf P(n~Y°T,(v,) < 1) > P(rYy <7 —&)P(cT(ya) < 7 — 2€)

n—oo, nel
— limsup P(n~YoThdn > ¢).

n—oo, n€l

In this inequality, only the limsup term depends on h. So letting h tend to infinity we
obtain by (3.24)

liminf P(n~ YT, (v,) < 1) > P(rY, <7 —e)P(0T(va) < 7 — 2€). (3.35)

n—oo, n€l
Finally, gathering (3.34) and (3.35) and using the continuity of the distributions
functions of Y, and T'(v,), we complete the proof by letting £ — 0.
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3.5 Proof of Theorem 2.5

As a preliminary, we construct a sequence of reals (m;);>o increasing to infinity and
a slowly varying function L = L, such that

a) for every a > 2, z7*L,(x) decreases from 1 to 0 on [mg, c0);
B) Lq4(ma;)i>1 increases to infinity and L, (ma;+1):>0 decreases to zero.

We start with an arbitrary sequence (m;) 1 oo on which we will progressively put
some constraints. Choosing mg > e'/2, we define the function i : [mg,o0) — N by
i:= ]l{mo} + Zfil i]l(rn/i—lﬂ'ni]’ that is

itmo) =1, i(u)=1i ifmi_1<u<my, i>1.

Now we define L, on [mg, ) by

v (L1 dy
L, = mg - .
(x) :=mg exp </7n0 ogu u

By A.4-Th.A.11 below, L is clearly a slowly varying function. We can already check «)
without additional conditions on (m;);>1. Obviously mg “L,(mo) = 1. Writing

™% =my " exp —a— |, x> my,
mo u
v —1)1Y d
2~ %Ly (z) = exp (/ (—a + ()) u) .
mo log u U

For u > e'/?, —a + (—1)!®/logu < —a + 2 < 0 which implies the decreasingness of
x~*Ly(z) on [mg, c0) and its convergence to 0 at infinity.
To find conditions on m; implying ), we note that for ¢ > 2,

mi—2 (_1)i(u) du mi—1 ( )i(u) du mg ( )1(u) du
Lo(m;) = m{ exp / — +/ —_— +/ —
mo logu u mi_, logu mi_, logu u

u
) logm,;_ logm;
= La(mi—2)exp <(—1)21 log (1 g 1) < g >)
0gm;—2 IOng 1

gives

Therefore ) )
—0%12%;5 og);ni if 7 is even,
La(mi,) B g 1M1
La(mi—2) B 2
1 i
(logm; 1) if i is odd.

logm;_o logm;

Hence the increasingness of L,(ms;);>1 as well as the decreasingness of L, (ma;i+1)i>0
require that (m;);>2 satisfies the condition

logm;_o logm;

1.
(logm;—1)? g

This means that the sequence (loglog ml)l>0 has to be strictly convex. A simple choice
satisfying this COIldlthIl is loglogm; = i®, with b > 1. In particular with b = 2, m; =
exp(exp(i?)), since i? + (i — 2)? — 2(i — 1) = 2, we find

logm;_o logm; 2

(logm;—_1)? -
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In this case, L,(ma;) T 00, La(mair1) | 0. The same holds (with less explicit formulas) for
b # 2 since i+ (1 —2)* —2(i—1)* = b(b— 1) +0(1). From now on, we fix m; := exp(exp(i2)),
1> 0.

Next, we choose the distribution of X symmetric such that

P(X]| > ) 1 ifx<e,
T) =
7%, (x) ifx >e.

Clearly, X € RV, \ U, ¢0.oq RV, EX =0 andas a > 2, 0> = EX? < oc.
To prove i), let us recall that L,(mz;—1) — 0 as i — co. Now choose n; := [m3,_4]. It

is clear that n;/“ ~ mag;_1 and by A.4-Cor.A.10 ii), one checks that La(n;/a) ~ Lq(mai_1),
whence La(n}/a) — 0 as i — oo. Then the convergence (2.12) follows by a continuous
mapping argument from A.2-Th.A 4.

To prove ii), we can build the sequence n; = n;(a, 7) as follows. First we note that for

t € [maoi—1, ma),
t
1 du
La (t) = La (mgi_l) exp / —
——— logu u

L, (in— 1)
log ma; 1

whence

La(t) = IOg t, te [mgi_l, m2,~]. (3.36)

Recalling that m; = exp(exp(i?)), we note also that

mao; 1+loga

4

— exp (exp (41%) (1 - aexp(~4i + 1)) > 1, i > (3.37)

my;_q
So fori > (1 +1loga)/4, mai—1 < m§;_; < mz;, whence by (3.36),

La(infl)

Lo(m3;_q) = Tog Mgi_1

log(m3,_1) = aLa(m2i-1).
Therefore L,(m%;_,) tends to 0 as i tends to infinity. As moreover L, (ms;) tends to infinity,
Lo(m$;_1) < 1% < Lo(mg;) for i large enough. Then by increasingness and continuity of
L, in [m§,_,, mg;] there is a unique ¢; in (m%,_,, ma;) such that L,(¢;) = a7®. Furthermore,
since t; > m$,_4, tj/a € [ma;—1,m2;], so by (3.36), La(tg/“) = 7% Now puting n; := [t;],
we get by A.4-Cor.A.10 ii) that lim;_, La(nil/a) = 7% that is L, satisfies (3.21). Then we
can apply the subsequence version established in the proof of Th. 2.4 which gives the
convergence in distribution of n;l/ “Tn. (va) to max{oT(v4), TYa, }.

To prove iii), we choose n; = [my;]. Let us first recall that by [12, Th.10], the sequence
(n=Y*T,(va)),,», is stochastically bounded if and only if sup,.,t*P(|X| > t) is finite.

We will adapt the argument given in the proof to prove that (n;l/ “Tn,(Va)) >, is DOt
iz

stochastically bounded. Beforehand, we recall that for i > (1 + loga)/4, m;i“ > Moi—1,

s0 by (3.36), Lo(ma/*) = a='L,(ma;). This together with the slow variation of L, and
A.4-Cor.A.10 ii) gives for every » > 0
La(rn)’®) ~ La(n}’®) ~ Lo(m/®) = a7 Lo (ma;) — . (3.38)

7 7 .
i—00

Now assume that (n; Ve, (7a)))i>0 is stochastically bounded. This implies the stochas-

K3

. -1 .
tic boundedness of (n; /a maxi<k<n,; | Xk|)i>0, that is
lim supP(ni_l/a max | Xi| > r) =0. (3.39)
T—00 i>0 1<k<n;
EJP 26 (2021), paper 122. https://www.imstat.org/ejp
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By independence and identical distribution of the X;’s and (3.38), for every r > 0,

¢ 1<k<n; ron,

1/a
=1-(1+4o0(1))exp (—La(rni )> —— L

o L, 1/a n;
P(n-l/ max |Xk|>r):1—<1—(rn’)>

ra

whence
supP(nZl/a max | Xj| > r) =1, r>0,
i>0 1<k<n;
which contradicts (3.39). Hence (n; Y “T, (%))po is not stochastically bounded.

Now let us turn on the proof of the converg(;nce of a;}Tni (Ya)- By A.4-Cor.A.10 ii),
Ly(n;) ~ Lg(mse;) which tends to infinity. In [12], Th. 5b) states that if X € RV,(c0),
a, 'T,(v.) converges in distribution to Y,. So we have only to check the adaptation of this
theorem for the subsequence indexed by n; under the weaker assumption L, (n;) — oo
instead of L,(z) — oo as ¢ — co. In fact in the original proof of [12, Th. 5b)], including
the 3 premiminary lemmas, everything is writen under the more general assumption
X € RV,, except the last paragraph starting by “We see that when a > 2, (35) and

(36) are valid provided that lim,, ., a;, 'n'/® = 0...”. Therefore everything works when
substituting n by n; until this last paragraph and it remains only to justify the convergence
lim; o0 a;ln;/a =0.

By (3.37), ma!"/mai_1 — oo whence n,’*

Lo(nY*) = 1 La(n;). Hence

K3

€ (maoi—1,me;) for i large enough and

a 1
n; P(|X| > ng/ ) = —L4(n;)) —— 0.
a

1—+00
On the other hand, as z~*L,(x) is continuous and decreasing on [mg, ),
n P(|X| > an,) = 1.

Therefore for i large enough P(|X| > n/*) > P(|X| > a,,), whence n./"

particular,

< ap,;. In

/e
A= limsup 4+— < 1.

an,

Suppose that ) is positive. Then there exists a subsequence (n;,) of (n;) such that
?/a/anij > )\/2, whence

’szj

2 1/a A¢
1 =ny P(|X]| > an, ) > ni, P <X| > Zpl/ ) ~ Lq(ma;i;) — o0,

i a2@ j—ro0
which is contradictory. Therefore A = 0 and the proof of iii) is complete.

3.6 Proof of Theorem 2.6
Assume that L(z) as no limit as  — co. Then

0% := liminf L(z) < #'“ := limsup L(x) (3.40)

T—r00 T—00

and there are two sequences of reals (t;);>1 and (t});>1 increasing to infinity such that

L(t;) —— 0%, L(t)) —— 0'".

17— 00 1—00
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Now puting n; := [t¢], we note that ng/"' ~ t; and by A.4-Cor.A.10 ii),

L) ~ L(t;) — 6°.

K2 .
11— 00

In the case where ¢ = 0, then n, 1 “T.,(v4) converges in distribution to 07'(v,) by Th.A.4
and continuous mapping. If 0 < § < oo, as (3.21) is satisfied by (n;);>1, the corresponding
subsequence version of Th.2.4 gives the weak convergence of n;l/aTni (Va) to Vuoo-
When ¢’ < oo, the same argument applied with n := [t"] gives the weak convergence
of nfl/“Tn; (7a) to V4 00. In the special case where ¢’ = co we have to modify the
definition of n; in the following way. As the quantile sequence (a,),>1 is nondecreasing
and tends to infinity, we set nj := max{k > 1 : a; < ;}. As (t});>1 is increasing, (a,/)i>1
is nondecreasing and verifies a,; <t; < ayin;. As by Lemma 3.2 iv), a,, = nt/el(n) with [
slowly varying, this implies

1

9

to <1+nz>”“ I(1+n)

n; l(n}) i—oo

SO a,; ~t; and L(an;) — oo. To deduce from this that a;}TnQ (74) converges to V, it

remains only (see the proof of Th. 2.5 iii) to check that ngl/ ¢ = o(an; ). This follows from

P(|X| > an;) ~ 1/n} and P(|X| > a,;) ~ L(ay; )a,* which give

ay,
=~ L(ap ) — oo.

v 400

i
So we found two nondecreasing sequences of integers (n;);>1 and (n});>1 such that

n‘il/aTru (r}/a) L Va,a,e and C:Ll(Tm, (’Ya) - ,uni) L) Z, (3.41)
i—00 1—00

(3 i

br_L’lTn'. (’Ya) L) Va,oer and C;’l (Tn’. (fYa) - ,U'n’.> L) Z, (3.42)
i i i— 00 ’ i B v =00

where b, = ngl/“ if 0" < oo, b, = an;, the 1 — 1/n] quantile of X if §' = co. Applying
twice the convergence of types theorem, see [11, Th.1, 2,p.40-42] or [20, Prop.0.2], we
deduce from (3.41) and (3.42) that there exist constants « > 0 and 5 € R such that

Vioo % aVa oo + B. (3.43)

As P(V, 0.9 <€) > 0forevery e > 0, see Appendix A.3, it is easily seen that necessarily
B =01in (3.43), so we are left with

Va,a’,(f i aVa,J,H“ (344:)

Now we check the impossibility of the inequality in (3.40) by examinating the following
cases.

* § =0< ¢ < oo. Then (3.44) is impossible because V, ¢ has a subgaussian tail
by (1.8), while oV, , ¢- has an heavy tail equivalent to (af')%z~* when 0 < ' < 0o
by (1.10) or to a®z~ % when ¢ = oo.

* 0 <0 <6 < oco. Looking again at the tails we see by (1.10) that necessarily § = af’,
which reformulates (3.44) as

a0

Va,a,() @Va,d,ﬁ“ (345)
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Noticing that for every x > 0,

0 9

0
=P <09/T(7a) < z) P0Y, < z),
we see by comparison with (1.9) that necessarily,

0 d

@T("Ya) = T(Va)-

It is elementary to check that if a non negative random variable 7" non degenerated
to 0 has the same distribution as ¢I' for some constant ¢ then ¢ = 1. Therefore
when 0 < 0 < ¢, (3.44) is impossible.

* 0 <6< oco=2~0" Then (3.44) is equivalent to

P (0T (v,) <) P(OY, <x)=P(aY, <z), x>0,

which we can rewrite as

0% — o

P (0T (v,) <) =exp ( pn ) =:G(z), z=>0. (3.46)

Now if # > «a, G is not a distribution function. If § = «, G(z) = 1 for every
x > 0 which is clearly not true for the left-hand side of (3.46). If § < «, G is the
distribution function of a Fréchet distribution with scale parameter (a® — §%)!/¢
hence heavy tailed while the d.f. in the left-hand side of (3.46) is subgaussian, so
(3.46) is false. Finally in this third case (3.44) cannot be true.

To conclude we have proved that § = ¢, i.e. that L(x) has a limit 7® € [0, co] when x
tends to infinity. By [16], [12, Th.5b)] and Th.2.4, b;lTn('ya) converges in distribution to
Va,o,- where b, is defined as in (3.42). By the convergence of types theorem applied to
the whole sequence we obtain that ¢, ~ Ab,, for some positive constant A. This shows
that the only possible limits in distribution of 7}, (v,) under affine normalisation are the
random variables Z = AV, ,, + B, A >0, B € R.

A Appendix

A.1 Taylor expansions and Lindeberg method

The following special Taylor expansion is useful when applied to functions of random
variables having moments of order r € [2,3). We applied it in the proofs of Th. 2.2 and
Th. 2.4 to the functions f = f, . constructed by Bentkus, denoted ¢ in [2, Th.2], which
are C'*°.

Lemma A.1. Let E be a Banach space and f : E — R be a C> map with bounded Fréchet
second and third derivatives in the sense that

1F) = sup{ | (™ ()] : @ € B} <00, m =2,3,
where || f(™)(z)|| is the operator norm of the m-linear form f(™)(z) : E™ — R, that is
£ @) = sup{lf ™ (@) (hrs- o hin)| < hille < 1i =1, m}.
Then for any z,h € E,

1
fa+h) = f(z) + f(@)(h) + 5 f"(@)(h, h) + R, (A1)
where the remainder term R = R(f, x, h) satisfies for2 < < 3,
R < 62121 £711° 1) - (A-2)
EJP 26 (2021), paper 122. https://www.imstat.org/ejp
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Proof. By Taylor formula at the order 2 with integral remainder,

Flat ) = )+ £@0 + 5 @0m+ [ S5 iy nn ar
whence R := f(z + h) — f(z) — f'(z)(h) — 5 f"(2)(h, h) is bounded by

1
B < S lIR]E- (A.3)

The Taylor formula at the order 1 with integral remainder provides another bound for R.
Indeed

flz+h) :f(x)+f’(x)(h)+/0 (1 —t)f"(x +th)(h,h)dt

1
= f(@)+ f'(@)(h) + %f”(z)(hvh) +/O (1 =t)(f"(x + th) — f"(x))(h, h) dt,

which leads to
IR < 1" [I2]l%- (A.4)

The bound (A.3) seems preferable for “small” values of ||k g, while (A.4) can be privi-
legied for “large” values of ||h|| . More formally, for an arbitrary parameter ¢ > 0 to be
precised later and 2 < 8 < 3, we get the bound

1 .
K A L P
|R| <

L IRNE =2 i Il > t.

To unify these two bounds, we remark that for a,b > 0, at*=# = bt2>=# for t = b/a. With
a=¢||f"| and b= ||f”|, this choice of ¢ gives (A.2). O

Before providing the justifications of (3.6) and (3.7), we need to introduce some
notations. For m > 1, we denote by £,,(R*, R) the space of m-linear forms on (R*)™. A
norm ||z|| being choosen in R¥, we denote by ||¢||#, the corresponding operator norm of
g € L,,(R*,R), that is

llglls, :==sup{|g(x1,...,xm)| : x; € IE{’“, lzi]] < 1,i=1,...,m}.

As we work with finite dimensional spaces, Pettis and Bochner integrals coincide and we
say that a random element in R¥ or in £,,(R*, R) is integrable if its norm is an integrable
random variable in the usual sense.

Lemma A.2. Let f' be a measurable map from R* into its dual £;(R*,R) and X and

Z be two independent random vectors in R*. Assume moreover that X and f'(Z) are
integrable. Then f'(Z)(X) is an integrable real random variable and

E(F(2)(X)) = (Ef(2))(EX). (A.5)

According to its order of apparition in (A.5), the expectation symbol E denotes
successively the expectation of a real valued random variable, of a random linear form
on R* (or random element in £;(R*,R)) and of a random vector in R*.

Proof. Denote by Pz x), Px and Pz the respective distributions of (7, X'), X and Z. By
independence of Z and X, Pz x) is the product measure Pz ® Px. The real valued
random variable f/'(Z)(X) is integrable since

EIf(2) X <E(IF (2T IIX]) = ENIF (27 ENX]] < oo,
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by independence and integrability of X and f/(Z). This legitimates the use of Fubini
theorem to obtain

E(f'(2)(X)) = /Jka]Rk ['(2)(x) APz x) (2, x) :/ ' (z)(x)dPz @ Px(z,x)

Rk xRk

- / f'(2)(w) dPx (x) APz (2)
RF JRF

— [ E(E00)dPae)
R
= | f(2)(EX)dPz(2)
Rk
= (Ef(2))(EX),
recalling that if g = f’(z) is a linear form on R* and E || X|| < oo, g(X) is integrable and
Eg(X) = g(EX). So (A.5) is established. O

Lemma A.3. Let f” be a measurable map from R¥ into £L5(R¥,R) and X, Y and Z are
random vectors in R¥ such that

a) X andY are square integrable (E| X |* E||Y]]? < o0), EX =EY =0;
b) X andY have the same covariance matrix;

c) X and Z are independent, Y and Z are independent;

d) f"(Z) is integrable (E || f"(Z)|]5 < o0).

Then
E(f"(2)(X, X)) = E(f(2)(V.Y)). (A.6)

Proof. As f"(z) is a bilinear form on R¥ for each z € R¥, it admits the representation
k
fl/(z)(xay) = Z U:i,j(z)xiyj, L= (1‘1, s 73;/6)’ Y= (ylv s ayk)
i,j=1

and the integrability of f”(Z) implies the integrability of the k? random variables a; ;(Z)
because a; ;(Z) = f"(Z)(ei, e;) where e1, ..., e denotes the canonical basis of R¥. Writ-
ing X = (X1,...,X;)and Y = (Y3,...,Y%), we see that

k k
E(/(2(XX) =E | Y ais(DXiX; | = Y (Baig(2)(EXiX,),

where the last equality uses the square integrability of X which gives the integrability of
X, X, the integrability of a; ;(Z) and the independence of X and Z. Obviously the same
equality holds substituting X by Y and we conclude by b). O

A.2 On the use of invariance principles

Proof of (2.2). We introduce first some notations.
Dy :={(s,u) €[0,1]; 0<s<s+u<1,0<u<l}
Dg:={(s,u) €[0,1]}; 0<s<s+u<1,0<u<l1},

k ?
Dn,@ :{<7>6D97 k7€€]N}7 n21
n n
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For every z € C[0, 1], we set

|2(s +u) — 2(s)] o

Z(s,u) = - . (s,u) € Dy
and define the functionals g and g,, C[0,1] — R4 by
g(z) == sup Z(s,u), gn(z):= sup Z(s,u).
(s,u)EDg (s,u)€Dp g

We note that g is Lipschitzian hence continuous on C[0, 1] because it satisfies the inequal-
ities g(= + y) < g(x) + g(y), and 0 < g(x) < 207 7||z]|o, x,y € C[0, 1].

Finally we denote by &, the Donsker Prohorov polygonal partial sums processes, that
is the random polygonal line {£,(t), ¢t € [0,1]} with vertices the points (k/n, Si), with
So := 0. The weak invariance principle in C[0, 1] states that n~1/26-1¢, converges in
distribution to the standard Brownian motion W in the space CJ0,1]. By continuous
mapping, this implies

-1/2,_—1 D W) =T7® _ (W (t) — W(3)| A7
gln="076n) —— g(W) (v) =, max_| it — s (A7)

Recalling that v, = 1/2 — 1/a, we notice that
n—l/ao,—lTT?G,n :gn(n—l/QU—lsn)7 (A.8)

so the weak convergence of n~/%¢= 1T to T(?) () will follow from (A.7) if we prove
that g(n="2071¢,) — g,(n"/2071¢,) converges to zero in probability.
In what follows, it is convenient to endow [0, 1] with the distance

d((s,u), (s',u)) = max(|s — §'|, |u — u']).

By continuity of # on Dy and density of Dy in Dy, supp, & = supp- & and by compacity
of Dy this supremum is reached at some (sg, 1) € Dg. Hence

g(x) = Z(s0, uo).
It is easily checked that for the distance d, D,, ¢ is a 1/n net in Dy in the sense that for
any point (s,u) € Dy there is a point of D,, y at a d distance at most 1/n of (s,u). So we
can construct a sequence ((sy, Uy, ))n>1 such that

(Sp,un) € Dpp and d((sn,un), (so,uo)) <=, n>1

3=

Denoting by w(x,d) := sup{|z(t)—z(s)|; |[t—s| < J,s,t € [0, 1]}, the modulus of uniform
continuity of z, we get the following estimates valid for any = € CJ0, 1].

1 2
Z(s0,u0) < — <1:(sn + up) — x(sp)| + 2w (a:, )>
ug n

< |z(s, + u,;)a— z(s,)] n 29—7%(%’ E)
n

Ug

Ya B
_ (Un) |z(8n + un) — (sn)| n 2977%}(% 2)
n

Ug Uy’

1 \7 _ 2
< (14 =) gnle) + 207w (w, 2)
nug n

< (1 + %)%gn(x) + 2977%‘)(37, %),
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Applied with any path of the random element n~'/25~1¢, in C[0, 1] and recalling that
gn(z) < g(x), this gives

0< g(n71/20—71€n) - gn(n71/20_71€n) < <(1 + %)’Y - 1) g(n71/20_71§n)

+ 2077“w(n71/2071§n, g)
n
As the sequence (n*1/20*1§n)n21 is tight on C|0, 1], its image by the continuous functional
g is tight on R, that is g(n~'/2071¢,,) is bounded in probability. Moreover the tightness
of (n71/2671¢,),,>1 implies the convergence in probability to 0 of sup,,~; w(n~/2071¢,, 8)
as ¢ tends to 0. This implies that w(n~/?¢~'¢,,2/n) tends to 0 in probability as n tends
to infinity. All this gives

gn(nil/Qoﬁlfn)) = g(n71/2071§7l) +op(1).

Recalling (A.7) and (A.8), this proves the convergence in distribution of n-1/ “aing"’”
to T (,). 0

Proof of (3.10). We use the Holderian functional central limit theorem (or Holderian
weak invariance principle) in the space # [0,1] which is defined for any 0 < v < 1 as
follows. We denote by 5[0, 1] the space of continuous functions z on [0, 1] such that

. j2(t) — a(s)]
RACER/ S e TR
s,6€[0,1]

Endowed with the norm ||z||, := [z(0)| + w,(z, 1), H3[0, 1] is a separable Banach space.

Let (Yk)k>1 be the Gaussian i.i.d. . sequence 1ntroduced in the proof of Th.2.2. Puting
3‘; = >_7_, Y, with the convention SO := 0, we denote by fn the associated polygonal
partial sums process, that is the random polygonal line {&.(), t € [0,1]} with vertices
the points (k/n, Sk) k =0,1,...,n. As Y] has finite moments of all orders, it follows
from the functional central limit theorem proved in [16] that n=1/20~1&,, converges in
distribution in #4[0, 1] to the standard Brownian motion W for every 0 < v < 1/2. In
particular it converges in H?,_[0,1]. It seems worth noticing here that n=/2671¢,, the
polygonal partial sums process built on the sequence (X;),>1, does not converge in
¢, [0,1]. Indeed this convergence requires that lim; ., t* P(|X;| > t) = 0, while in the
setting of Th. 2.2, this limit is 7 > 0.

As the y-Holder norm of a polygonal line is reached at two vertices, see e.g. Lemma
3 in [14], we obtain by continuous mapping,

20716, 1, = Yoo T () —2 T(ra). (A.9)
n—oo

So to prove (3.10), it suffices to prove that n=1/a6=1 (79" (~,) — T9"(,)) converges to
0 in probability if d,,/n tends to 0. To this aim we remark that

—1/a —1(70,n P ,n —1/a _—1 |§k+£—§;|
0 <n~ o N (T (va) = T3 " (a)) <0~ Yo s M P T
0<kZn—¢ n
—1/a _—1¢ dn
<w,, (n o 5’“7)' (A.10)

By Th.13 b) in [23], the tightness in 79 [0, 1] of (n=Y/2¢=1¢,),,>1, which results from its
convergence in distribution in this space, implies for every positive ¢ that
lim sup P(w-, (n “lag=lg, §) > ¢e) =0.

§—0 n>1
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This in turn, implies when d,,/n — 0, that

~ d,
w’Ya (n—l/ao_—lgn’ ) a 7 07
n

n— oo

which accounting (A.9) and (A.10), completes the proof. O

Theorem A.4. Let (X}),>1 be i.i.d. with
P(|X1| >x)=2"L(x), x>0, (A.11)

with a > 2 and L slowly varying, E X; = 0, 0> = E X?. Let &, be the polygonal process
built on the partial sums of (Xj)r>1. Assume that for some increasing sequence of
integers (n;)i>1,

L(n;'") —— 0. (A.12)

Then ni_l/z{ni converges weakly to oW in the Hélder space HS_, where v, = 1/2 —1/a.

Proof. We refer to [16] where the Lamperti invariance principle is proved for the whole
sequence n~'/2¢, under the assumption lim, ;. z*P(|X;| > z) = 0, that is in our
notations lim, ., L(z) = 0.
The convergence of finite dimensional distributions follows from the assumption a > 2
and does not involve L. Before looking at the tightness, we note that
vt >0, nP(X1|>tn/*) —o0. (A.13)

Indeed, puting z = tn)/® in (A.11) gives n; P(|X;| > tn)/") = t=°L(tn)’") and as L is
slowly varying, L(tng/“) ~ L(n;/a) which tends to zero by assumption (A.12).

Now for the tightness, following step by step the proof exposed in [16], with the same
notations, we obtain first

Pg(ni,é') S n7P (|X1| Z %ni/a) .

This upper bound tends to 0 by (A.13). The same works for
€ 1/a
PLQ(J, ni,s) S mP (|X1| 2 6717 ) .

The hard part of the proof is the treatment of P, ;(J, n;, ) where the X}, are truncated

at the level 5n§ /e, Everything around the use of Rosenthal inequality works replacing
n by n;, except maybe the control of the moments of the truncated variables X; =

X1 {|X k| < 5713/ “} which can be achieved by the following adaptations.
Since EX; =0, EX; = —E X;1{|X;| > 6tn./"}. By a Fubini argument,

E (X011, > n/*}) = ot/ P(X,] > onll) 4 / | P(X3] > 5)ds
Jni @

The first term in the right-hand side above tends to 0 by (A.13). To treat the second term,

we cannot use here sup,.,s*P(]X1| > s) < oo like in [16], but we can exploit the slow

variation of L (which was not supposed in [16]). Indeed by Karamata A.4-Th.A.13,

*° 1 a a a 1 a— a
/57;}/“ sT*L(s)ds ~ ﬁéng/ (6n3/ )_“L((Snil/ )~ ﬁél_an;/ 1L(n;/ ).
Since L(n)/®) — 0, there is a constant ¢ such that E | X,| < ¢5~+!n; 7/ like in [16].
EJP 26 (2021), paper 122. https://www.imstat.org/ejp
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The other truncated moment we have to take care of is E \Xvkq
again Karamata theorem and slow variation of L as follows.

, for ¢ > a. We use

5n3/“ 5n;/a
EIX,| < / W P(|X ] > ) du = / WL o) du
0 0

1 a a —a— a
~ ———dn; (o, ) L (o0}
q—a
~ . (5q_“nq/a71L(n1/a).
g—a i i
As L(ni/“) tends to zero, one can again find a constant ¢ such that E |)?kq| < céq*“nf/“_l
like in [16].
There is no other modification to do in the proof presented in [16]. O

A.3 Continuity of the distribution function of 7T'(y)

Here we justify the continuity of the distribution function F(r) = P(||W|, < r) for
0<y<1/2.

Let us check first the continuity at » = 0. Since obviously F(r) = 0 for »r < 0 and F is
right continuous everywhere, this continuity is equivalent to F'(0) = 0. As w,(z,1) =0
implies that z(1) = z(0),

F(0) = P(IWl, = 0) < P(W(1) = W(0) = 0) = 0,

since W (1) — W (0) is standard normal distributed.

Next we claim that F'(r) > 0 for every r > 0. To see this, it may be convenient to use
the equivalent Ciesielski’s sequential norm |[IW||5*4 built on the weighted dyadic second
differences of W, see e.g. [18]. In particular, for 0 < v < 1/2, there is a positive constant
cy such that [W||5°9 > ¢, [W]|,. By [18, Th.4.1], the distribution function of ||[W|[5* is

G(t) = P(IWI < t) = erf(271/2¢) [[{erf (7200}, >0, (A.14)

j=1

where erft := % fot exp(—s*)ds and the support of the distribution of [[W|[5*9 is [0, co)

because lim;_, o, j1/2270=1/2) = 0. In particular G(t) > 0 for every t > 0. Applying this
with ¢t = ¢y, r > 0, we obtain

0 < P(IWI5 < eyr) < P([[W]ly <),

that is F(r) > 0 for every r > 0.
To establish the continuity of ' on (0, c0), we use the following Ehrhard’s theorem.

Theorem A.5 ([7, Th.3.3]). Let (E, u) be a Gauss space: F is a locally convex Hausdorff
space and i a Gaussian Radon measure on E; for any A, B convex Borelian subsets of E
and every u € (0,1), it holds
(@ topu)(uA+ (1 —u)B) > u(@® opu)(A)+ (1 —u)(® ' opu)(B), (A.15)
where ®~!: (0,1) — R is the inverse map of ® : t — ®(t) := \/% ffoo exp(—s%/2) ds.
Applying (A.15) to A and B closed balls with center 0 in 5[0, 1] gives the concavity
of the function ®~1(F(r)) on (F(0),00) where F<(0) := inf{r € R: F(r) > 0}. As seen
above, F'*(0) = 0, so this concavity implies the continuity of ®~! o F hence also of F on

the open interval (0, c0). As moreover F' is continuous at 0, the continuity of F on R is
established.
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A.4 Slow variation
We gathered here some properties of slow variation used in the paper.

Definition A.6. Let L be a positive measurable function, defined in some neighborhood
[A, 00) of infinity and satisfying

T G (A.16)

T— 00 L(m)
Then L is said to be slowly varying.

Remark A.7. Every measurable function equivalent to a slowly varying function when x
tends to infinity is itself slowly varying on some [B, o).

Proposition A.8 (Prop.1.3.6 in [4]). i) If L varies slowly, so does (L(x))* for every
a € R.
ii) If L varies slowly and a > 0, then L(x*) varies slowly.
iii) If Ly, Ly, vary slowly, so do Ly + Ly, Ly Ly and 4+
iv) If Ly, ..., Ly, vary slowly and R(x1,...,xy) is a rational fraction with positive coeffi-
cients, R(Li(x),...,Ly(z)) varies slowly.

Theorem A.9 (uniform convergence theorem [4, Th.1.2.1]). If L varies slowly, then for
every compact subset K of (0, c0),

L
(cz) —— 1, uniformlyinc e K. (A.17)
L(x) T—00

Corollary A.10. i) IfL; and L, vary slowly and lim,_,~, La(2) = 0o, then L; o Lo varies
slowly.

ii) If L varies slowly varying and f verifies inf,>p f(x) > 0, sup,~p f(z) < oo, then
L(zf(z)) ~ L(z) and varies slowly.
Theorem A.11 (representation theorem [4, Th.1.3.1]). The function L is slowly varying
if and only if it may be written in the form

L(z) = c¢(z) exp {/ # du} , x> A, (A.18)
A

for some A > 0, where c, € are measurable functions with c positive, c(z) — C € (0, 0),

e(u)/u is locally integrable on [A, 00) and £(z) — 0 as © — 0.

Corollary A.12. If L varies slowly, then for every positive real a, x*L(x) is equivalent to
a function which increases ultimately to infinity and =~ *L(z) equivalent to a function
which decreases ultimately to 0.

A positive measurable function G defined on some neighborhood [4, c0) (4 > 0) of
infinity and satisfying for some real p and every y > 0,

G(zy) v
G(.’L’) 2—00 v

is said regularly varying (at infinity) with exponent p. In the special case where p =0, G
is slowly varying. It is easily seen that each regulary varying function G with exponent p
can be writen as G(z) = 2P L(x) where L is slowly varying.

Assuming for notational simplicity that A = 0 and that G is locally bounded and
regularly varying with exponent p, let us define for r real,

oo

Gr(w)Z/Omy’“G(y)dy, Gi(%)Z/ y"G(y) dy. (A.19)
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Theorem A.13 (Karamata [10, Th.1, p.281]). For G regularly varying with exponent p,

i) if G%(z) is finite (for some and then for every positive x),

" TIG ()
- = — > 0: .

ii) ifr > —p — 1, then

r4+1
dG@) e ipt (A.21)
G.(x) =z—00

References

[1] P. Baldi and B. Roynette, Some exact equivalents for the Brownian motion in Hélder norm,
Proba. Theory Relat. Fields 93 (1992), 457-484. MR-1183887

[2] V. Bentkus, Smooth approximation of the norm and differentiable functions with bounded
support in Banach space ¥, Lithuanian Math. J. 30 (1990), 489-499. MR-1082475

[3] J. Bertoin, Darling-Erdds theorems for normalized sums of i.i.d. variables close to stable law,
Ann. Probab. 26 (1998), no. 2, 832-852. MR-1626527

[4] N. H. Bingham, C. M. Goldie, and ]J. L. Teugels, Regular variation, Encyclopaedia of Mathe-
matics and its Applications, Cambridge University Press, 1987. MR-1015093

[5] M. Csorg6 and P. Révész, Strong approximations in probability and statistics, Academic Press,
New York, 1981. MR-0666546

[6] D. A. Darling and P. Erdds, A limit theorem for the maximum of normalized sums of indepen-
dent random variables, Duke Math. J. (1956), 23143-154. MR-0074712

[7]1 A. Ehrhard, Symétrisation dans I’espace de Gauss, Math. Scand. 53 (1983), 281-301. MR-
0745081

[8] U. Einmahl, The Darling-Erdds theorem for sums of i.i.d. random variables, Probab. Th. Rel.
Fields 82 (1989), 241-257. MR-0998933

[9] V. R. Fatalov, Large deviations for Gaussian processes in Holder norm, Izvestiya: Mathematics
67 (2003), no. 5, 1061-1079. MR-2018746
[10] W. Feller, An introduction to probability theory and its applications, second ed., vol. 2, Wiley,
1971. MR-0270403
[11] B. V. Gnedenko and A. N. Kolmogorov, Limit distributions for sums of independent random
variables, Addison-Wesley, 1954. MR-0062975

[12] J. Gudan, A. Rackauskas, and Ch. Suquet, Testing mean changes by maximal ratio statistics,
To appear in Extremes (2021).

[13] Z. Kabluchko and Y. Wang, Limiting distribution for the maximal standardized increment of a
random walk, Stochastic Processes Appl. 124 (2014), 2824-2867. MR-3217426

[14] J. Markeviciuté, A. Rackauskas, and Ch. Suquet, Functional central limit theorems for sums of
nearly nonstationary processes, Lithuanian Math. J. 52 (2012), no. 3, 282-296. MR-3020943

[15] T. Mikosch and A. Rackauskas, The limit distribution of the maximum increment of a random
walk with regularly varying jump size distribution, Bernoulli 16 (2010), no. 4, 1016-1038.
MR-2759167

[16] A. Rackauskas and Ch. Suquet, Necessary and sufficient condition for the Lamperti invariance
principle, Theory of Probability and Mathematical Statistics 68 (2003), 115-124. MR-2000642

[17] A. Rackauskas and Ch. Suquet, Hélder norm test statistics for epidemic change, Journal of
Statistical Planning and Inference 126 (2004), no. 2, 495-520. MR-2088755

[18] A. Rackauskas and Ch. Suquet, Computing the distribution of sequential Hélder norms of
the Brownian motion, Communications in Statistics - Theory and Methods 45 (2016), no. 15,
4378-4391. MR-3509526

[19] A. Rackauskas and Ch. Suquet, On Bernstein-Kantorovich invariance principle in Hélder
spaces and weighted scan statistic, ESAIM: PS 24 (2020), 186-206. MR-4072633

EJP 26 (2021), paper 122. https://www.imstat.org/ejp
Page 30/31


https://mathscinet.ams.org/mathscinet-getitem?mr=1183887
https://mathscinet.ams.org/mathscinet-getitem?mr=1082475
https://mathscinet.ams.org/mathscinet-getitem?mr=1626527
https://mathscinet.ams.org/mathscinet-getitem?mr=1015093
https://mathscinet.ams.org/mathscinet-getitem?mr=0666546
https://mathscinet.ams.org/mathscinet-getitem?mr=0074712
https://mathscinet.ams.org/mathscinet-getitem?mr=0745081
https://mathscinet.ams.org/mathscinet-getitem?mr=0745081
https://mathscinet.ams.org/mathscinet-getitem?mr=0998933
https://mathscinet.ams.org/mathscinet-getitem?mr=2018746
https://mathscinet.ams.org/mathscinet-getitem?mr=0270403
https://mathscinet.ams.org/mathscinet-getitem?mr=0062975
https://mathscinet.ams.org/mathscinet-getitem?mr=3217426
https://mathscinet.ams.org/mathscinet-getitem?mr=3020943
https://mathscinet.ams.org/mathscinet-getitem?mr=2759167
https://mathscinet.ams.org/mathscinet-getitem?mr=2000642
https://mathscinet.ams.org/mathscinet-getitem?mr=2088755
https://mathscinet.ams.org/mathscinet-getitem?mr=3509526
https://mathscinet.ams.org/mathscinet-getitem?mr=4072633
https://doi.org/10.1214/21-EJP691
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Maximal weighted increment asymptotic

[20] S. I. Resnick, Extreme values, regular variation, and point processes, Springer, 1987. MR-
0900810

[21] P. Révész, Random walk in random and non-random environments, World Scientific, Singa-
pore, 1990. MR-1082348

[22] Q. M. Shao, On a conjecture of Révész, Proc. Amer. Math. Soc. 123 (1995), no. 2, 575-582.
MR-1231304

[23] Ch. Suquet, Tightness in Schauder decomposable Banach spaces, Amer. Math. Soc. Transl.,
vol. 193, AMS, 1999, pp. 201-224. MR-1736910

EJP 26 (2021), paper 122. https://www.imstat.org/ejp
Page 31/31


https://mathscinet.ams.org/mathscinet-getitem?mr=0900810
https://mathscinet.ams.org/mathscinet-getitem?mr=0900810
https://mathscinet.ams.org/mathscinet-getitem?mr=1082348
https://mathscinet.ams.org/mathscinet-getitem?mr=1231304
https://mathscinet.ams.org/mathscinet-getitem?mr=1736910
https://doi.org/10.1214/21-EJP691
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Statement of results
	Proofs
	Proof of Theorem 2.1
	On L-subsequences
	Proof of Theorem 2.3
	Proof of Theorem 2.4
	Proof of Theorem 2.5
	Proof of Theorem 2.6

	Appendix
	Taylor expansions and Lindeberg method
	On the use of invariance principles
	Continuity of the distribution function of T()
	Slow variation

	References

