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A Gaussian particle distribution for branching
Brownian motion with an inhomogeneous branching
rate”
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Abstract

Motivated by the goal of understanding the evolution of populations undergoing
selection, we consider branching Brownian motion in which particles independently
move according to one-dimensional Brownian motion with drift, each particle may
either split into two or die, and the difference between the birth and death rates is a
linear function of the position of the particle. We show that, under certain assumptions,
after a sufficiently long time, the empirical distribution of the positions of the particles
is approximately Gaussian. This provides mathematically rigorous justification for
results in the biology literature indicating that the distribution of the fitness levels of
individuals in a population over time evolves like a Gaussian traveling wave.
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1 Introduction

An important problem in evolutionary biology is to understand how the fitness of
individuals in a population increases over time as a result of beneficial mutations. Results
in the biology and physics literature indicate that in large populations, if individuals
acquire beneficial mutations at a constant rate, then the overall fitness level of the
population increases at a constant rate, known as the rate of adaptation, while the
empirical distribution of the fitness levels of individuals in the population becomes
approximately Gaussian. That is, the empirical distribution of the fitness levels of
individuals in the population evolves over time like a Gaussian traveling wave. The idea
of modeling the fitness distribution by a traveling wave goes back at least to the work of
Tsimring, Levine, and Kessler [38]. Later works discussing the Gaussian shape for the
traveling wave include [4, 11, 14, 16, 31, 33, 34, 35].
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Gaussian particle distribution for BBM with inhomogeneous branching

Although the idea that the fitness distribution evolves as a Gaussian traveling wave is
well established in the biology and physics literature, the mathematically rigorous work
on this problem has been considerably more limited. The main aim of this paper is to
provide a first rigorous analysis in which a non-degenerate Gaussian traveling wave is
observed in this context. Before we go into the details of our own results, we give a brief
overview of the existing mathematical literature.

A standard mathematical model involves a population of fixed size N in which each
individual independently acquires beneficial mutations at the constant rate p. Beneficial
mutations increase an individual’s fitness by s, so that an individual that has acquired k&
beneficial mutations, which we call a type k individual, has fitness max{0, 1+ s(k—m(t))},
where m(t) is the mean number of mutations of the individuals in the population at time ¢.
Each individual independently dies at rate one, and when an individual dies, the parent of
the new individual that is born is chosen at random from the population with probability
proportional to fitness. A number of authors have studied models very similar to this one.
Yu, Etheridge, and Cuthbertson [40] and Kelly [27] obtained rigorous results concerning
the rate of adaptation for a very similar model, but did not establish a Gaussian shape
for the fitness distribution. Durrett and Mayberry [15] considered, for a closely related
model, the case in which s is constant and the mutation rate is N=%, where 0 < a < 1.
They rigorously established traveling wave behavior. However, they considered mutation
rates that are small enough that the number of distinct types present in the population
at a typical time is a constant that does not tend to infinity with N, which means the
traveling wave does not have a Gaussian shape. Schweinsberg [37] considered slightly
faster mutation rates, so that the mutation rate tends to zero more slowly than any
power of N. This work essentially made rigorous the heuristics developed by Desai and
Fisher [14]. For the range of parameter values considered in [37], the traveling wave
exhibits Gaussian-like tail behavior, in the sense that the logarithm of the ratio of the
number of individuals with ¢ more mutations than average to the number of individuals
with an average number of mutations is proportional to —¢?. However, at a typical time,
most individuals have the same number of mutations, which means that the empirical
distribution of the fitnesses of individuals in the population is actually converging to a
point mass, rather than to a Gaussian distribution. Up to this point, as far as we know,
the empirical distribution of the fitnesses of individuals in the population in this model
has not been rigorously shown to converge to a Gaussian distribution for any range of
values of the parameters p and s.

For the fitness distribution to be approximately Gaussian, the mutation rate needs to
be large enough that one type does not dominate the population at a typical time. This
corresponds to the high speed regime considered in [16]; see also [19]. We therefore
consider a scenario in which the rate of beneficial mutations is large, but the additional
selective benefit resulting from each mutation is small. This is the idea behind the
so-called infinitesimal model in quantitative genetics, which goes back to the early work
of Fisher [17]. See Barton, Etheridge, and Véber [2] for a recent mathematical treatment
of the infinitesimal model and an extensive survey of the relevant biology literature. They
establish conditions under which the values of various quantitative traits within a family
are approximately normally distributed, but emphasize that their results do not imply
that the trait values across the entire population are approximately normally distributed.

If individuals acquire many mutations, each having a small effect on fitness, then
the fitness of an individual over time will evolve like a continuous-time random walk,
which, after being scaled to have mean zero, can be approximated by Brownian motion.
We will therefore consider a model in which the fitness of an individual moves over
time according to Brownian motion. We will allow the offspring of individuals to evolve
independently, rather than imposing a fixed population size. However, by adding a
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negative drift to the Brownian motion and choosing the initial conditions carefully,
we can work in a nearly critical regime in which the number of individuals stays the
same order of magnitude on the time scale of interest, rather than dying out quickly or
growing exponentially. Consequently, we believe that our results will be relevant for
understanding populations with a fixed size, as we discuss briefly in Section 1.5.

1.1 The model

The above considerations lead us to consider the following branching Brownian
motion process, which is the model that we will study throughout the rest of the paper.
Because we aim to prove a limit theorem, we will consider a sequence of processes
indexed by n. We begin with some configuration of particles at time zero, which may
depend on n. Each particle independently moves according to one-dimensional Brownian
motion with drift —p,,, where p,, > 0. Also, any particle at the location = independently
dies at rate d,,(z), and splits into two particles at rate b,,(z), where

bp(x) — dp(z) = Bz (1.1)

for some 3, > 0. In particular, note that the birth and death rates are the same for
particles at the origin. This model is very similar to the model studied by Neher and
Hallatschek [31]. The main results of this paper are mathematically rigorous versions of
some of the results in [31], and some of the results in the high speed regime in [16].

As indicated above, we view this process as modeling a population undergoing
selection. With this interpretation, particles represent individuals in a population, and
the position of the particle corresponds to the fitness level of the individual.

1.2 Main results

Before stating our main results, we will need to introduce some assumptions and
some notation. Given two sequences of positive real numbers (a,,)32 ; and (b,,)2,, we

will write a,, < by, if a,, /b, is bounded above by a positive constant, and a,, < b, if
lim;, oo an /b, = 0. We will use the symbols > and > likewise. We also write a,, < b,, if
ay, /by, is bounded both above and below by positive constants. We write that a,, is O(1) if
the sequence (a,)22, is bounded and o(1) if lim,_,o a,, = 0. We will also use O(1) and
o(1) for random sequences that are uniformly bounded above by deterministic sequences
that are O(1) and o(1) respectively.

We will make the crucial assumption that

lim 20 = oo (1.2)
n—oo n
We will also assume that
lim p, =0, (1.3)
n—oo

and that, in addition to (1.1), there exists A € (0,1) such that
dp(x) > A forallz e RneN and b,(x)<1/A forallz<1/8,,neN. (1.4)

The assumptions (1.2), (1.3), and (1.4) will be in effect throughout the rest of the paper,
even when they are not explicitly mentioned. Note that (1.1) and (1.4) are satisfied, for
example, if d,,(x) = 1 and b,(z) = 1 + B, for all x > —1/f3,, while d,,(z) = —f,z and
bp(z) =0forz < —1/8,.

Beyond Section 1, to lighten notation, we will drop the subscripts and write p and £
in place of p,, and 3,. However, it is important for the reader to keep in mind that these
parameters do depend on n.
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We will also need to consider the Airy function

[ 3
Ai(z) = ;/0 cos (y3 + xy) dy.

The Airy function Ai has an infinite sequence of zeros ()72, which satisfy - - < 72 <
71 < 0. The Airy function and particularly the quantity v; will play an important role in
what follows. It is known (see table 9.9.1 in [32]) that to three decimal places,

v A —2.338. (1.5)

We will let N, (t) denote the total number of particles in the system at time ¢, and
we will let X1 ,,(t) > Xo,(t) > -+ > Xn, 1),n(t) denote the locations of the particles at
time ¢t. We imagine our system drawn with time on the vertical axis, so that the maximal
particle is the right-most. Let

P2 -1/3

Note that p2 /8, < ﬂ;1/3 by (1.2), which means that p? /23, is the dominant term in

(1.6). Our particles will generally be to the left of L,,, and we call the area near L,, the
right edge. Note that since 7; < 0, L,, is to the right of p? /243,,. Define

N, (t)
V()= ) ernXin® (1.7)
=1
and
Na(t)
Zn(t) =Y e Xt Ai((28,)" 3 (Ln — Xin () + 71)Lix, ()<L} (1.8)

i=1
While the form of Z,,(¢t) may seem mysterious at this point, this turns out to be a natural
measure of the “size” of the process at time ¢. It turns out that, if we modify the process
by killing particles that reach L,, then (Z,(t),t > 0) is a martingale.

In addition to the assumptions (1.2), (1.3), and (1.4) on the parameters, we will make
two assumptions on the initial configuration of particles at time zero. We will assume
that for all € > 0, there is a § > 0 such that for sufficiently large n,

1/3 1 61/3
n nLn n nLn
P(é-p%e” szn(o)sg-ﬁe” >>1—€- (1.9)

In other words, the sequence of random variables (p3 3, /8¢=paLn Z,(0))5<, and its recip-
rocal sequence are tight. Since p,, L,, ~ p3 /23, — oo by (1.2), we have (,Bi/S/pn)ef’"L” —
oc. It then follows that when (1.9) holds, Z,(0) is large because 1/p2 — oo by (1.3).
We will also assume that
p2e Priny, (0) —, 0, (1.10)

where —, denotes convergence in probability as n — oco. Roughly speaking, the condition
(1.10) ensures that the contribution to Z,(t) for small values of ¢ will not be dominated
by the descendants of a single particle at time zero, nor will it be dominated by particles
that are far from L,, at time zero. The two conditions (1.9) and (1.10) cannot be satisfied
by a single particle at any location. However, they are satisfied, for example, by letting
(un)S%, be any sequence satisfying p,;! < u, < B, /3 and starting with ef»un Junpd
particles all located at L,, — u,,.
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We are now ready to state our main result, establishing the Gaussian shape for the
distribution of particles on a suitable time scale. Here and throughout the paper, ¢,
denotes the unit mass at y, and = denotes convergence in distribution for random
elements of the Polish space of probability measures on R endowed with the weak
topology.

Theorem 1.1. Suppose the assumptions (1.2), (1.3), (1.4), (1.9) and (1.10) hold. Suppose

i Pn _ P
m_ _ <
6 ST S (A0

Fort > 0, define the random probability measure

N (t)
1
nlt) = 0 1.12
“O= 3@ 2 SV (1.12)

if Ny, (t) > 1, and set (,(t) = do if N,,(t) = 0. Let u be the standard normal distribution.
Then (,(t,) = p asn — oo.

This result shows that the empirical distribution of the particle locations shortly
after time p,, /8, is approximately Gaussian, and stays that way at least for times of the
order p,,/B,. We will see later that it takes time approximately p, /3, for descendants
of particles near L,, to start to reach the origin, which is the reason why the Gaussian
shape does not show up until after a waiting time of approximately p,, /(..

Note that this Gaussian distribution has mean zero. However, if we considered a
translation of the model in which particles move according to branching Brownian motion
with no drift, with time-dependent birth and death rates satisfying b(z,t) — d(z,t) =
Bn(x — put), then the Gaussian particle distribution at time ¢,, would be centered at p,t,,
giving rise to the Gaussian traveling wave behavior discussed above. Therefore, the drift
parameter p,, can be interpreted in this model as the speed at which the traveling wave
advances. Because the fitness of the population, as measured by the branching rate,
increases by §,, whenever the traveling wave advances by one unit, the fitness of the
population increases over time at rate v, = 5, p,.

Note also that from the scaling in (1.12), the empirical distribution of particles has
standard deviation approximately \/p, /3., and therefore has variance p,/3,. Because
the fitness of a particle in increases by (3, when the position of a particle increases by
one, it follows that the variance of the fitness distribution is 02 = 32(p,/8n) = vy, in
agreement with Fisher’s Fundamental Theorem of Natural Selection [18].

Because, as we will see, some particles with unusually high fitness account for nearly
all of the offspring that are still alive at a time p,, /3, in the future, it is also of interest to
understand the empirical distribution of particles close to the right edge. To do this, we
consider an empirical measure in which a particle at z is weighted by e”»*. This leads to
the following result.

Theorem 1.2. Suppose the assumptions (1.2), (1.3), (1.4), (1.9) and (1.10) hold. Suppose

1/3
ﬂ;2/3(1og< ’;’/‘3» <t, <P (1.13)
B B
Fort > 0, define the random probability measure
1 N (t)
S0 =575 > N Oap (LX) (1.14)
n i=1
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if N,,(t) > 1, and set &, (t) = do if N,,(t) = 0. Let v be the probability measure on (0, cc)
with probability density function

Ai(y + )

& Ai(z+m) dz (1.15)

h(y) =

Then &, (t,) = v.

Note that 8, " < pn/Bn by (1.2), so the particles near the right edge reach this
limiting configuration on a much faster time scale than the time it takes for the Gaussian
shape to emerge near the origin. Note also that Theorem 1.2 describes particles
that are within 0(5;1/3) of L,, which in turn is within 0(6,;1/3) of p2/28,. Because
02 /2By > \/pn/Bn by (1.2), it follows that these particles near the right edge whose
configuration is described by Theorem 1.2 are far away from the bulk of the Gaussian
distribution of particles described by Theorem 1.1.

The appearance of the Airy function here is not a surprise. The Airy function appeared
in the early work on traveling waves by Tsimring, Levine, and Kessler [38]. It also arises
in the work of Neher and Hallatschek [31], who studied essentially the same model
that we are considering in this paper, as well as in [12], where one of the equations
that is central to the work of Neher and Hallatschek [31] had previously been studied.
Fisher [16] arrived at an expression analogous to (1.6) involving the largest zero of
the Airy function for the difference in fitness between the fittest individual and an
individual of average fitness (see equation (50) of [16]). The Airy function also arises in
the expression for the position of the right-most particle in branching Brownian motion
with inhomogeneous variance, as shown in [30].

2/3

1.3 A heuristic analysis based on large deviations

Branching Brownian motion with an inhomogeneous branching rate was also studied
in [7, 24], where the authors considered the case in which a particle at x branches at a
rate proportional to |z|?, where 0 < p < 2. The techniques of proof that we will use in the
present paper are quite different from those used in [7, 24]. However, while the large
deviations techniques used in [7] are not sufficiently precise to prove the main results of
this paper, a heuristic calculation based on these techniques provides insight into the
behavior of the process and helps to explain the motivation for our proof strategy. We
therefore summarize this calculation here, even though it is not logically necessary for
understanding the rest of the paper.

Let T be a large time, and let f : [0,7] — R. According to results in [7], if the process
starts with one particle at f(0), then the expected number of particles that stay close to
the function f through time 7' can be approximated by

oo | (a0 - 27w+ ) ). (1.16)

This is because the birth rate minus the death rate for particles that do manage to
follow near f will be approximately 3, f(u) at time u, and the probability that a Brownian
motion with drift —p,, manages to follow near f is roughly exp(—3 fOT( f'(u) + pn)? du) by
Schilder’s theorem.

If the process starts with one particle, then it is possible that the process will die
out almost immediately. However, assuming this does not happen, the actual number of
such particles will be reasonably omparable to the expected number provided that the
integral in (1.16), when evaluated from 0 to ¢, is nonnegative for all ¢ € [0,T]. Otherwise,
at the point that the integral becomes negative, the expected number of particles will
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be exponentially small and Markov’s inequality entails that with high probability no
particles will manage to follow the trajectory.

Suppose the function f is constant on [0, 7). Then the integrand in (1.16) is positive if
f(u) > p2 /2/3,, suggesting that if we begin with one particle above p?2 /23, the number
of descendants of this particle will grow exponentially. The integrand in (1.16) is negative
if f(u) > p2/283,, suggesting that if we begin with one particle below p?2 /23, then no
particle can remain close to this level. An equilibrium is reached when f(u) = p2 /23, for
all u € [0, 7], in which case the integrand in (1.16) is zero. Therefore, if we start with one
particle at the position p2 /23, at time zero (and the descendants of this particle do not
die out quickly), then the right-most particle is likely to stay near the position p? /24,,.
This calculation explains why we defined L,, to be close to p?2 /283,.

We now consider the trajectory f, followed by particles that are near z at time T,
starting from one particle at the position p? /2(3,, at time zero. According to Theorem 7 of
[7], these particles initially stay close to their initial position, so we have f.(t) = p? /283,
fort € [0,¢,] for some t.. Then for u € [t,,T], equation (18) of [7] implies that f/(u) =
— By, which means f,(u) = a+bu — (8,/2)u? for u € [t,, T], with the conditions f,(T) = 2,
f2(t.) = p2/2B,, and f.(t.) = 0, for some real numbers a and b. Solving, we get

2 2 2
fz(u)=2’Z’ —%(u—tz)27 t,=T— B(;B" —z). (1.17)

This means that the number of particles near z at time T is approximately exp(g(z)),
where

T 3 oY m 2 3/2
g(z)z/t (ﬁnfz(u)—%(f;(u)ern)?) du:Q%"—pnz—z ;ﬁ” (;ﬂn—z) . (1.18)

We can then calculate

3
Pn / 1" Bn

0) =1 0) =0, 0) =2,
9(0) 65, g'(0) g"(0) o

which means that for small z, a Taylor expansion gives

g(z) = Pn o
660 2pn

We then see that at time 7', the empirical distribution of particles should be approximately
normal with mean zero and variance p,,/f3,, consistent with Theorem 1.1. For this
reasoning to be valid, the standard deviation \/p,, /3, needs to be much smaller than the
distance between zero and the right-most particle, which is p2 /2/3,,. This is indeed the
case when (1.2) holds. Note also that T' — ¢ty = p,,/B,, which means that it takes time
approximately p,, /3, for the descendants of particles near p? /23, to concentrate near
the origin. This explains why, in Theorem 1.1, the Gaussian shape emerges only after
the process has evolved for time p,, /(.

Finally, note that although the bulk of the distribution of particles is Gaussian, we
see different behavior near the right edge. In particular, writing y = p? /23, — z, from
(1.18) we have

(1.19)

2v20n -
9(2) = pny — Tys/z’
and since the first term dominates for small y, we see an exponential decay of rate p,
for the particle density near the right edge. This is partially explained by Theorem 1.2,
which describes the configuration of particles that are within a distance of order 3, 1/3

from the right edge at L,,.
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1.4 Additional connections to previous work

Branching Brownian motion has previously been used to model populations under-
going selection in [5, 8, 9, 13, 28]. However, in these works, it was assumed that the
branching rate of a particle does not depend on the position of the particle. Instead, to
model selection, particles are killed when they drift too far to the left, that is, when their
fitness gets too low. This model leads to substantially different behavior. The empirical
distribution of particles is not approximately Gaussian but rather most particles end
up close to the left edge. For example, for the model studied in [5] in which particles
are killed when they reach the origin, when the system has N particles that are in a
nearly stable configuration, the density of particles near y will be roughly proportional
to eV sin(v2my/log N). See [6] for a precise formulation and proof of this result.
Nevertheless, the techniques of proof used in the present paper are very similar to those
used in [5, 6].

The main results of [5] state that when the branching rate is constant but particles
are killed upon reaching the origin, under suitable initial conditions, the number of
particles over time behaves like Neveu’s continuous-state branching process, while the
genealogy of the particles can be described by the Bolthausen-Sznitman coalescent.
The result concerning the genealogy of the particles had previously been predicted in
[8, 9]. We believe that similar results should hold for the process studied in the present
paper. Indeed, (2.18) and Lemma 2.10 below closely resemble Lemmas 11 and 12 of
[5] respectively, which are two of the key steps in proving the convergence to Neveu'’s
continuous-state branching process. Also, it was established in [31] by nonrigorous
methods that the genealogy of the particles for the process studied in the present paper
should be described by the Bolthausen-Sznitman coalescent, following an initial time
period in which coalescence does not occur because particles sampled from the bulk of
the distribution at time ¢ will most likely be descended from distinct ancestors near the
right edge of the distribution at time ¢ — p/3. However, in the present paper, we focus on
establishing the Gaussian shape for the empirical distribution of particles, and we defer
consideration of the genealogy of the particles to a future work.

Beckman [3] also considered branching Brownian motion in which the branching
rate depends on the position of the particle. She assumed that at time zero, there
are N particles placed independently according to some density, and established a
hydrodynamic limit for the evolution of the empirical distribution of particles over time
as N — oo. An important difference between the work in [3] and the present paper
is that in [3], time is not rescaled, so the results essentially pertain to what happens
at a fixed time ¢ in the limit as N — oo, whereas here we consider times of the order
p/ B, which tends to infinity. Also, while the work in [3] was likewise motivated by the
consideration of evolving populations, the results in [3] have been established only for
the case in which the branching rate of the particles is a bounded function of the position.
Groisman, Jonckheere, and Martinez [22] likewise obtained a hydrodynamic limit for a
model in which, at the time of a branching event, two particles are chosen at random
and the particle on the left jumps to the location of the particle on the right, effectively
giving a higher branching rate to particles further to the right.

1.5 Implications for discrete population models

We briefly return here to the discrete population model mentioned at the beginning of
the paper, in which there is a fixed population of size NV and, at rate uy, each individual
acquires beneficial mutations that increase the individual’s fitness by sy. As noted above,
we believe that our results may provide non-rigorous insight into the behavior of this
discrete model. In this section, we explain the correspondence that we expect should
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hold between the discrete population model and the branching Brownian motion model.
We emphasize, however, that the results in this paper do not rigorously establish any
results for the discrete population model. Extending the results in this way is expected
to require overcoming considerable technical obstacles, and we consider this to be an
important topic for future work.

In the discrete model, the evolution of an individual’s fitness over time is a continuous-
time random walk, which evolves by making steps of size sy at rate puy. If uy is
sufficiently large and the selective advantage sy resulting from an individual mutation
is sufficiently small, then after suitable scaling, it should therefore be possible to
approximate the evolution of an individual’s fitness over time by Brownian motion with
drift. We therefore expect that, if the parameters are tuned in the right way, then our
branching Brownian motion model should give a good approximation to the discrete
model. Below we show how to choose the parameters to match with the discrete model,
and we then expect that similar results to those that we establish for the branching
Brownian motion model should also be true for the discrete model. In particular, we
expect the fitness distribution of the population to evolve like a Gaussian traveling wave.

Furthermore, because the convergence of random walks to Brownian motion is not
sensitive to the step size distribution of the random walk (assuming finiteness of the
second moment), we believe that this correspondence should extend to discrete models
in which the fitness change resulting from a mutation is random, and mutations could be
deleterious as well as beneficial. See [16] and [20] for detailed nonrigorous work on the
evolution of populations in which mutations have a random effect on fitness.

Recall that although the number of particles varies over time in the branching
Brownian motion model, the parameters and initial conditions can be chosen so that the
size of the population stays the same order of magnitude on the time scale of interest.
We will therefore compare the discrete population model with NV individuals to branching
Brownian motion with the parameters indexed by N and chosen so that the number of
particles is within a constant multiple of N. To see how the parameters match up, note
that in the discrete population model, the standard deviation of the number of mutations
that an individual gets in one time unit is VIIN, SO the standard deviation of the fitness
change of an individual in one time unit is sy./py. Because the standard deviation of
the position of a Brownian motion with drift after one time unit equals one, the standard
deviation of the fitness change of a particle in one time unit in the branching Brownian
motion model is By . This leads to the correspondence

BN = SNA/UN.- (1.20)

Furthermore, (2.8) below states that for the branching Brownian motion model, if (1.9)
and (1.10) hold, the number of particles in the system at later times is of the order
ﬁ]l\,/?’pj_v‘?ePNLNe‘P?\f/ 3~ which suggests the correspondence

1/3 3
N=N PN (288) 3, ). 1.21
pa exp <66N pn(28N8)" "M ( )

That is, given the biological parameters N, uy, and sy, to model the population using
branching Brownian motion, we can choose [y to satisfy (1.20) and then choose the
drift pn so that (1.21) holds.

If (1.21) holds, then the assumption (1.2) is equivalent to the condition that N >
/3’;[2/ 3, which if (1.20) holds is equivalent to the condition that

NS/LNS?V — 0. (1.22)

Note that (1.22) fails to hold when py and sy are both of the order 1/N, in which case
the population can be studied using a classical diffusion approximation. The quantity
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N3 o stv also figures prominently in the work of Good, Walczak, Neher, and Desai [21].
They considered the case in which Nuy — oo, Nsy — 0, and N3uys% — ¢ € (0,00),
which led to what they called the “fine-grained coalescent”. Their parameter regime
would correspond to our model with p3, /8y — ¢ € (0, 00), which entails weaker selection
than what we consider in this paper.

To prove results rigorously for the discrete population model, it would be neces-
sary to extend the results in this paper for branching Brownian motion to the case of
branching random walks, in which the mutations would correspond to random walk
steps. Furthermore, it would be necessary to adapt the analysis to the case of a model
of fixed population size, which presents technical challenges because individuals in
the population no longer evolve independently. As noted in [16], this will lead to some
complicated feedback between the behavior of the fittest individuals and the behavior
of the bulk of the population. Similar technical obstacles were overcome successfully
in [28] by Maillard, who showed that many of the ideas developed in [5] for branching
Brownian motion with particles killed at the origin could be carried over to the so-called
N-BBM process, in which the left-most particle is killed at the time of a branching event
to keep the number of particles fixed. We do not pursue these matters further in this
paper.

1.6 Index of notation

Below is an index of some of the notation that is used throughout the paper.

A Constant used to adjust where particles are killed. See (2.1).

b () Rate at which a particle at x splits into two particles.

dp(x) Death rate for a particle at z.

h Density of limiting particle configuration near right edge. See (1.15).

Ha(t) Defined to equal L4 — 8t2/9. See (5.2).

Ka(t)  Defined to equal L4 — $t?/66. See (2.25).

0(t) Defined to equal 3t?/33. See (2.25).

L =Ly Position at which particles are often killed, L = p?/283 — (23)'/3~,.
Ly Defined by Ly = L — A/p. See (2.1).

Nn(t) Number of particles at time .

pt(x,y)  Density for process started with one particle at x at time zero. See (2.11).
pi(x,y) Density for the process if particles are killed at /.

q:(xz,y)  Density for the process if the drift is removed.

rﬁ(u, v) Expected number of particles killed at ¢ between times u and v.

7 (t) Rate at which particles hit ¢ at time ¢.

te A Time defined in (4.1).

Xin(t) Location of the :th particle at time ¢, if particles are ordered by position.
Y. (t) Weighted sum in which a particle at z contributes e”*. See (1.7).

Y 4(t)  Similar to Y, (¢) but counts only particles that stay below L4. See (7.1).
Zn(t) Measure of the “size” of the process at time ¢, defined in (1.8).

Zn,A(t)  Similar to Z,(t) but counts only particles below L4 at time ¢. See (2.4).
Z* ,(t)  Similarto Z, 4(t) but counts only particles that stay below L4. See (7.2).
znA(:r) Contribution to Z,, 4(t) from one particle at z. See (2.3).

a(z) Defined to be Ai((28)'/3z + ~1).

B8 =0,  Selection parameter, defined so that b, (x) — d,(x) = S,z.

Vi kth-largest zero of the Airy function Ai.

Cn(t) Scaled empirical distribution of particle locations at time t. See (1.12).
&n(t) Distribution of mass at time ¢, if particle at x contributes e?*. See (1.14).

p = pn  The Brownian particles have a drift of —p.
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2 Outline of the proofs

The proofs of Theorems 1.1 and 1.2 rely on a combination of first moment estimates
based on the many-to-one lemma, second moment estimates to control fluctuations, and
careful truncation arguments. We record in this section some of the intermediate results
that are important for the argument and defer the more technical proofs until later
sections.

We first introduce here some more notation. As mentioned in Section 1, from now on
we will drop the subscript n from much of our notation, for example writing p and S in
place of p, and ,, and writing L in place of L,,. We emphasize again that is important
for the reader to keep in mind that these parameters do depend on n. We have only
excluded the subscripts to lighten the burden of notation.

When the initial configuration consists of a single particle at the location x, we denote
probabilities and expectations by P, and [E,. For real numbers A, we define

P2 -1/3 A
LA—%_Qﬁ) / 71—;- (2.1)
Note that L 4 depends on n, although again we omit the subscript. Note also that Ly = L.
The terms in L 4 are listed in order of size: the dominant term remains p?/23, and there
is an adjustment of order 6*1/3 as in L; we will see why L has this form later, in (2.17).
The difference between L 4 and L is only in the term of smallest order, A/p.
We also introduce the shorthand notation

a(z) = Ai((28) 3z + 7). (2.2)
For A € R and z € R, we define
Zn,a(@) = " Ai((28)*(La — @) + M)l facray = e o(La — 2) (e, (2.3)

For A € R and t > 0, we define

N (t) N (8)
Zna(t) = XD Ai((28) 3 (La = Xin() + ) Uix, .0)<La} = D, Zna(Xin(t)).

=1 i=1
1 2.4)
Note that Z,,(t) = Z,, o(t). More generally, given A € R and a function ¢ : (—o0,L4) — R,

we define
N (t)

Vomalt) = > e?XirWo(X; () ix, . ()<La}- (2.5)
i=1

We introduce L 4 above because it will sometimes be necessary to consider a mod-
ification of the process in which particles are killed when they reach L 4. In this case,
it will be important to keep track of how various constants depend on A. Given two
sequences (a,)%2 ; and (b,)22,, when we write a,, < b, or b,, = a,, the ratio a, /b, must
be bounded above by a positive constant that does not depend on A. We write a,, < b,
to mean that both a,, < b, and a,, 2 b, hold. Throughout the rest of the paper, C}, for

a nonnegative integer k£ will denote a fixed positive constant. The value of C;, may not
depend on n or A and does not change from one occurrence to the next.

2.1 The empirical distribution of particles

A large part of our proofs will consist of detailed first and second moment estimates,
allowing us to approximate the density of particles in different regions of space. We
will detail these in sections 2.2 to 2.7 below. Putting these moment estimates aside,
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there are three main steps required to prove Theorems 1.1 and 1.2. The first step
requires considering the configuration of particles near the right edge. As long as the
initial configuration of particles satisfies (1.9) and (1.10), a short time later the particles
near the right edge should settle into a relatively stable configuration, described by
the density h defined in (1.15). For particles within a distance of order ,8‘1/ 3 from the
right edge, it should take a time of order 3~2/3 for the particles to reach this relatively
stable configuration. For technical reasons, to make it easier to control particles that
drift a bit further than order 5!/ away from the right edge, we give the particles a bit
more time to move into this configuration and establish the result below for times much
larger than 3~2/31log(p/B'/3). The proof of Proposition 2.1, whose statement is identical
to Theorem 1.2 except that we insist that ¢, < p/f, uses techniques similar to those
used in [6], and is given in section 5.

Proposition 2.1. Suppose the initial configuration of particles satisfies (1.9) and (1.10).

Suppose
1/3 P
5—2/3<log (Bf/g)) Stn < 5. (2.6)

Fort > 0, define &,(t) as in (1.14). Let v be the probability measure on (0,00) with
probability density function h defined in (1.15). Then &, (t,) = v asn — oo.

The second step involves considering the configuration of particles near the origin.
As long as the initial configuration of particles satisfies (1.9) and (1.10), the particles
near the origin at time approximately p/83, most of which will have been descended
from particles that were near L at time zero, should be approximately in a Gaussian
configuration. Note that (2.8) below, while not strictly required for the proof of Theorem
1.1, provides useful insight into the behavior of the process, as it says that the number
of particles in the system at time approximately p/S is determined, to a high degree of
precision, by the value of Z,,(0). The proof of Proposition 2.2, which also uses techniques
similar to those used in [6], is given in section 6.

Proposition 2.2. Suppose the initial configuration of particles satisfies (1.9) and (1.10).

Suppose
2/3
14 P P

Then, for all k > 0, we have

. 1-— ,‘i) _ 3 (1 =+ Ii) .3
lim P Vie P38 7 (0) < Np(ty) < ———2L =P /387 (0)) =1. (2.8)
1 P( e O < Naltn) < Gt 2 )
Fort > 0, define (,(t) as in (1.12). Let p be the standard normal distribution. Then
Cn(tn) = pasn — oo.

The third step is to show that if (1.9) and (1.10) hold, then these conditions will
still hold with high probability at later times, which are order p/S in the future. This is
established in the following proposition, which is proved in section 7.

Proposition 2.3. Suppose the initial configuration of particles satisfies (1.9) and (1.10).
Suppose the times t,, are chosen so that

Then, with probability tending to one as n — oo, the conditions (1.9) and (1.10) hold with
Zn(t,) and Y, (t,) in place of Z,(0) and Y,,(0) respectively.

We now show how Propositions 2.1, 2.2, and 2.3 imply Theorems 1.1 and 1.2. Because
these proofs involve subsequence arguments, we will return to writing p,, and 3,, instead
of p and B to avoid confusion.
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Proof of Theorem 1.1. It suffices to show that every subsequence (n;)72, contains a
further subsequence (n;,);2, for which ¢, (tn;,) = w as k — oco. By (1.11), the

sequence
(Bntn . 1) >
Pn n=1

is bounded and non-negative for large n. Therefore, given a subsequence (n;)52,, we
can choose a further subsequence (n;, )7, for which

lim Lnjk i

k—o0 p"ik

—1=71€][0,00).

If 7 = 0, then (2.7) holds along this subsequence, and it follows immediately from
Proposition 2.2 that ank (tn].k) = p as k — oco. Suppose instead that 7 > 0. Choose any
sequence (s,)>2 ; for which (2.7) holds with s,, in place of ¢,, and let u,, = t,, — s,,. Note
that

lim 6njk U,

k— o0 ank

=TE (0,00),

so Proposition 2.3 implies that (1.9) and (1.10) hold with Zn,, (un“) and Yo, (unjk) in
place of Z,(0) and Y,,(0). We can therefore apply the Markov property at time Un,,
followed by Proposition 2.2 with s,, in place of ¢,,, to see that ¢, (t"jk) = . O

Proof of Theorem 1.2. The proof is very similar to the proof of Theorem 1.1. It suffices to
show that every subsequence (n;)72, contains a further subsequence (n;, )72, for which
&n;, (tn,;, ) = v as k — occo. By (1.13), the sequence (B,t,/pn)n=; is bounded. Therefore,
given a subsequence ()32, we can choose a further subsequence (n;, )32, for which

. B’I’L]‘ t’ﬂj
lim —*—% =17 €0, 00).
k—oo  Pp.
Ik
If 7 =0, then (2.6) holds along this subsequence, and it follows from Proposition 2.1 that
&ny, (tn;, ) = v. Suppose instead that 7 > 0. Choose any sequence (s,,);2; for which (2.6)
holds with s,, in place of ¢,,, and let u,, = t,, — s,,. Note that

U
— 7k =7 € (0,00),

so Proposition 2.3 implies that (1.9) and (1.10) hold with ank (“"J'k) and Ynjk- (unjk') in
place of Z,(0) and Y,,(0). We can therefore apply the Markov property at time Un,,
followed by Proposition 2.1 with s,, in place of ¢,,, to see that &, (t":‘k) = . O

2.2 The density for the unkilled process

As mentioned above, a large amount of the work in our proofs involves moment
estimates that allow us to bound the number of particles in certain regions of space. We
begin with first moment calculations.

We denote by p:(z,y) the density for the process, which means that if there is one
particle at x at time zero, then the expected number of particles in the Borel set D at

time ¢ is given by
/ pe(,y) dy.
D

To calculate the density, we can invoke the many-to-one lemma, which is proved, for
example, in [23]. To do this, we first compute the density for the process when p = 0,
which we denote by ¢.(z,y). Let (B;)i>0 be one-dimensional Brownian motion started at
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By = z. The many-to-one lemma states that if f : R — R is a nonnegative measurable
function, then

N(t)

£ > X )] = B[ [ 4, ) (80 2.9)

Consequently, the density for the process without drift can be read from formula 1.8.7
on page 141 of [10], which yields

t
qt(z,y)dy = E, [eXp </ BBs ds) B, € dy]
0

1 (-2 By+ot B8
\/ﬁexp< % + 5 + 7 >dy.

The drift of —p can be added using a standard Girsanov transformation, which implies
that

pe(x,y) = ep(z_y)e_p%mqt(x,y) (2.10)
and therefore
1 (y—x)* p*t  Bly+aot p*°
= —Y o~ : 2.11
pe(z,y) o O (px Py 5 s T 5t oy (2.11)
Integrating (2.11) with respect to y gives
o 2t3 t2
/ pi(z,y) dy = exp (ﬁxt+ﬁ6—ﬁg ) (2.12)

Alternatively, one can obtain (2.12) by applying the many-to-one formula (2.9) to Brown-
ian motion with drift, which gives

/";pt(x,y)dy Er[exp (/Otﬂ(Bupu)duﬂ — exp (ﬂf;ﬁ)ﬁz{exp (/OtBBuduﬂ.

The result (2.12) then follows from equation 1.8.3 on page 141 of [10], which states that

t
E, {exp (/0 8B, du)] = exp (ﬁxt + ﬂif)

2.3 Brownian motion killed at a random time

In order to control accurately the number of particles in certain regions of space,
we will need to use moment estimates for a process where some of the particles are
killed upon hitting a barrier. To carry out these calculations we will need estimates on
Brownian motion killed at a random time, which we collect here.

Suppose that x > 0 and (B;);>o is a Brownian motion started from z. We will use an
interpretation of the integral fot B|By|du as a random clock, following Salminen [36]. Let

T():inf{tZOSBt SO},

the first time that the Brownian motion hits zero. Let £ be an independent exponential
random variable of parameter 1, and define

g:inf{tzoz/tﬁ|Bu|du>5}.
0
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Let

. B, ift < (AT,
X; =
T otherwise

where T is some graveyard state. Then for any « > 0 and any Borel set A C (0, c0),
P, (X; € A) = Efe™ Jo PBudu1 115, ey)- (2.13)

Let 70 = inf{t > 0 : X; = 0}, which takes values in (0,00]. Writing j;(z,y) for the
transition density of X, and ,(t) for the density of 7, we will need the following two
results from [36] (noting that the value of 3 used in [36] differs from ours by a factor of
2 and the densities in [36] are written with respect to twice Lebesgue measure):

"  om1/3 N (28) /3y Ai((28) 3 4 i) Ai((28) Py + )
Pr(zy) = (28)' /2> e g yrzomes , (2.14)

k=1

which is Proposition 3.9 of [36], and
.10

my(t) = lylﬁ} §@pt(zyy)v (2.15)

which is (3.2) in [36].

2.4 The density for the process killed at level /

Returning to our branching Brownian motion, we will often need to consider a
truncated version of the process, in which particles are killed as soon as they surpass
some level ¢ € R. For x < / and y < /, we denote the density for this process by p(z,y).
Defining

TgZin{tZO:BtZK}
to be the first hitting time of ¢ by our Brownian motion (B;);>0, by the many-to-one
formula and (2.10) we have

xr—pYy— 2 t U
pi(a,y)dy = >~ PP PR [elo PP T g, ]
Making the transformation B!, = ¢ — B,,, and setting T, = inf{¢t > 0: B; < 0}, we see that
_ _ 2 _rt " du
pi(x,y)dy = eP= PV PR, (o= Jo ABud LiryseyLie—Bredyy]- (2.16)

Recognising the last expectation as the transition density of the killed Brownian motion
from Section 2.3, from (2.14) we have

O (BUH(28) " Py)—p? /20t

D N FIAAE

k=1
x P AU((28) /3 (L 2) + e AN(28) (U —y) + ). (2.17)

We will typically take ¢ = L 4 for some real number A. The exponent (3(¢ + (26)~*/3;) —
p2/2)t in the leading term in (2.17) is zero when ¢ = L, which is why L is the correct level
at which to kill particles to keep the number of particles in the system approximately
stable over time.

As a consequence of the formula (2.17) for the density, it is possible to show that for
any A € R, if we consider a modified process in which particles are killed when they
reach L4, then forallt > 0 and x < L4, we have

Ep[Zn a(t)] = e 4PP2, 4(). (2.18)
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In particular, the process (Z,(t),t > 0) is a martingale when particles are killed at /.
This can be proved using (2.17), the dominated convergence theorem, and the following
orthogonality relation from Section 4.4 of [39]:

il 4 ) A _ [ Ay i =k
/0 Az(z—i—vj)Az(z—l—*yk)dz—{ 0 otherwise. (2.19)

We will not use the fact that (Z,(¢),¢ > 0) is a martingale in the rest of the paper, so we
do not include the full proof here, but it may provide insight into why (Z,(t),t > 0) is an
important measure of the “size” of the process.

2.5 Approximate density formulas

We will need to establish some approximations to the density formulas (2.11) and
(2.17). We will therefore state in this subsection six lemmas, all of which will be proved
in section 3. As indicated in section 1.3, most particles that are alive at time ¢ will be
descended from particles that were near L at time ¢ — p//3. Therefore, it will be useful to
have the following approximation for p;(z, ), which holds when = ~ p?/23 and t ~ p/3.
Note that here and throughout this subsection and the next two, the time ¢ implicitly
depends on n.

Lemma 2.4- lete
t - - 8, r=——w.

B 26
If lw| < \/p/B and 0 < s < p'/43=3/%, then

3 2 2.3
p> By~ Bs
(px 35 2 g + pws

_|_O<826p2|y|> +O(Sﬁ:2y2) +O(5|1:y|) +0(1)>, (2.20)

It follows from (1.2) that if |y| < \/p/0, then the last four terms inside the exponential
in (2.20) are all o(1). Among the other terms inside the exponential in (2.20), only the
—By?/2p term involves y. Therefore, Lemma 2.4 indicates that for x sufficiently close
to p?/23, the empirical distribution of particles at time ¢ closely matches the Gaussian
distribution with mean 0 and variance p/f.

Our remaining approximations pertain to the process in which particles are killed
when they reach L 4. As long as ¢ is large enough, and x and y are sufficiently close to
L 4, the right-hand side of (2.17) can be approximated by its leading term.

Lemma 2.5. Suppose that Ac R, ¢t >0,z < L,y andy < L. Then

— exp

1
pt(ﬂi»y) = E P

(25)1/3675At/p

Wepma(LA —z)e Pa(La—y)(1+ Ea(t,z,y)) (2.21)

P (a,y) =

where o
|Ea(t,z,y)| < Z e =) ((28)Y O (La—a)' /2 +(La—y)'/?)—271/35%/3)
k=2
In particular, if there exists a strictly positive constant C such that

(25)1/6((LA - x)l/2 + (LA N y)l/2) < 271/352/% _c (2.22)
then there is a positive constant Cy such that

pEa(z,y) < CofYPe PAYPePo(Ly — x)e P a(La — y), (2.23)
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and if
(28)"/°((La — )% 4+ (La — y)'/?) = 271383 — —o0, (2.24)

then the error term E4(t,z,y) in (2.21) is o(1).

We will also need several additional formulas that can be used when (2.22) is not
satisfied. Lemma 2.6 is most useful when t < p—2, while Lemma 2.7 is useful for slightly
larger values of ¢, particularly when both z and y are close to L 4. Lemma 2.8 is useful
when =z is close to L4, and y is far enough away from L4 that a particle going from z=
to y is unlikely to be affected by the right boundary at L 4, unless it hits the boundary
almost immediately.

Lemma 2.6. Forallt >0,¢{ >0,z < ¢, and y < £, we have

1 (y—x)2 p2t )
/
x, < ex xr — - — —— - Blt).
Lemma 2.7. Forallt > 0,¢{ >0,z < ¢, and y < £, we have
{—x)(f — _ )2 24
phte) 5 CDE ey (g g - WL ).

Lemma 2.8. Suppose Ac R, t>2372/3,0< Ly —x < p'/3, andy < L,. Then

1/3 _ _ _ 2
L B3 (La — ) La—y—pBt?)2
ptA(xay)S\/ima’X{lvﬁl/?)t

(y—x)® pt  Bly+a)t B La—y—Bt?)2
exp <pz P > T 2 T 28173t

The next result gives an estimate for the integral of the density for branching
Brownian motion when the particles are killed at L4 and the initial particle at = is
close to the right boundary. The result can be compared to the formula (2.12) for the
process without killing.

Lemma 2.9. Suppose

tzﬁ—s,

B
where 0 < s < t, and suppose A € R and x < L 4. Then

La 243 2
; ¢ ¢ ,
/ prA(z,y) dy < BY3(La — ) exp <ﬂxt+ﬂ6ﬂg+52“8)~

2.6 Second moment estimates

To control the fluctuations in the process, we will need good second moment bounds.
Given A € Randt >0, let

2 2

l(t):%, KA(t):LAf@:LAf%. (2.25)
There is nothing particularly special about these functions. We will need to split the
integrals that arise in our second moment bounds into several cases, and these functions
will give convenient points at which to split, taking into account condition (2.22) in
Lemma 2.5. It is worth noting that when ¢ < p/f, I(t) is of order p?/3 which is the same
order as L, so K 4(t) is really a long way below L (and L4). On the other hand, when
t < $~2/3, which is much smaller than p/3, we have [(t) < 8~'/3, which is the same order

as the second-order term in L.
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Let ¢ : (—00,L4) — R be a measurable function. Lemma 2.10 establishes a second
moment bound for the quantity V,, , 4(t) defined in (2.5). This bound will help us to
control the fluctuations of the number of particles at time ¢ in the interval (K4(t),La).
The particles outside this interval will be controlled by other methods. Note that in
Lemma 2.10, the time ¢ and the function ¢ are implicitly allowed to depend on n.

Lemma 2.10. Fix A > 0, and let ¢ : (—o0, L4) — R be a bounded measurable function
such that p(y) = 0 unless K 4(t) < y < La. Consider the process in which there is initially
one particle at x and particles are killed when they reach L 4. Suppose K4(t) < x < L4,
and suppose t > 3~2/3. Then

2/3 pLa
Eo[Vipn,a(t)?’] S 5[)76:(6/“’ + 823 tza(2)). (2.26)

To prove Theorem 1.1 and establish that the empirical distribution of particles is
asymptotically Gaussian, we will also need to control the fluctuations in the number of
particles close to the origin after a time that is approximately p/5.

Lemma 2.11. Consider the process in which there is initially one particle at x and
particles are killed when they reach L. Write

t:£—s.

B

Suppose 0 < L —x < p?/B and 0 < s < t. Suppose g : R — R is a bounded measurable
function. Then

N(t) 2 2/3 2,3 2.3
EmK;g(Xi(t) B/p)) } S %exp <px+pL % - 635 > (2.27)

Because the proofs of Lemmas 2.10 and 2.11 are rather tedious, we defer them until
section 8.

2.7 Estimates for the particles that reach L 4

Fix A € R. We estimate here the rate at which particles reach the right boundary
at L4, when particles are killed upon hitting this level. We will begin by considering
a more general right boundary at ¢/, before we later specialise to £ = L 4. Suppose we
start with one particle at z < ¢ and kill particles when they hit level ¢. For 0 < u < v, let
¢ (u,v) be the expected number of particles that hit £ between times u and v. Let 7 (t)

denote the rate at which particles hit ¢ at time ¢, defined by requiring that

rt (u,v) :/ 7 (t) dt.

Recall that we defined T; = inf{t > 0 : B; > ¢}, where (B;);>( is Brownian motion,
which means {7, < ¢} is the event that the Brownian particle hits ¢ before time ¢. To
calculate 7%(0, ), it is more convenient to think of freezing particles at ¢ (that is, they no
longer move or branch) rather than killing them. By applying the many-to-one formula
(2.9) to this system, with f(y) = 1(,>¢, and additionally using (2.10) to incorporate the
drift, we get

7"5,(07 t) = E, [epl—pé—psz/2+fOTl BB“du]l{T,ggt}]~ (2.28)
Thus
FL(e)dt = e R oo PP e ),
and making the transformation B), = ¢ — B,, with Tj) = inf{¢t > 0: B; <0},

FL(t)dt = err= Pt RABUE, | [e= Jo FBLduY ]

EJP 26 (2021), paper 103. https://www.imstat.org/ejp
Page 18/76


https://doi.org/10.1214/21-EJP673
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian particle distribution for BBM with inhomogeneous branching

Recognising the last expectation as the density of the hitting time of zero of the killed
Brownian motion introduced in Section 2.3, and recalling the notation of that section,
from (2.15) we have

]. 2 a
~ x—pl—p“t/24BLt 1; N
t) = pr=pE=p lim / .
r ( ) 26 QJLO 9ypt( xvy)

x

However, by comparing (2.13) and (2.16), we see that

— ePrtpy—pl—p®t/2+pLt

pf(x7€_y) ﬁt(z_xvy)a

and because pf(z,f) = 0, it follows that

- 1. 0 _, 1. 0

7o (t) = 5 lim 75" pi(a, 0 —y) = — 5 lim gypf(x, y). (2.29)
Since we know that p{(x,¢) = 0 and that the limit on the right-hand side of (2.29)

exists, if pf(z,¢ — h) < dh for sufficiently small » > 0, then 7#(t) < d. Therefore, the

estimates on p{(z,¢ — h) from Lemmas 2.5 and 2.7 imply the following corollary.

Corollary 2.12. Forallt > 0, £ > 0 and x < ¢, we have

~ (—x (—x)%  p’t
() S S5 P <px —pl— % - % + 5&). (2.30)

If¢ = L4 for some fixed A € R and, in addition, there exists a positive constant C > 0
such that
(28)Y/8(La — 2)Y/2 < 271323 — C, (2.31)

then
FLa(t) < B23e=PAPerT (L  — x)e™Pa. (2.32)

We will also use the following lemma to estimate the number of descendants of a
particle at x that reach L,. This estimate involves bounding separately the expected
number of descendants that hit L4 during an initial time period, for which we can use
the bound in (2.30), and the number of descendants that hit L 4 later, for which the
bound in (2.32) is valid. This result will be proved in section 4.

Lemma 2.13. For A€ R, z < L4, and 0 < s < ¢, if we define A_ = max{—A, 0}, then
r%“(s,t) < ePTe=PLag=Bs°/9 4 (t— s)e_”LAﬁ2/3zA(a?)eBA*t/”.

Finally, we return to the original process in which particles are not killed when
they reach L,. Lemma 2.14 below shows that the probability that a descendant of a
particle that reaches L 4 will survive for a reasonably long time is of the order p?. Note
that because a particle near L, has an effective branching rate of b(z) — d(x) ~ p?/2,
this result is to be expected in view of classical results on the survival probability of
Galton-Watson processes. A complication is that the birth rate changes as the particles
move. Note that in [5, 29], stronger results were obtained related to the number of
surviving descendants of particles that reached the right boundary, and these results
were essential for establishing convergence to a continuous-state branching process.
However, the weaker result established in Lemma 2.14 will be sufficient for our purposes.
Lemma 2.14 will also be proved in section 4.

Lemma 2.14. Suppose at time zero, there is a single particle at « = z,,, with 3~/% <
x < 71, There is a positive constant C; such that for sufficiently large n, the probability
that any individual survives until time C4 /(Sz) is at most 28x/A, where A is the constant
from (1.4).
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3 Proofs of density approximations

In this section, we prove the results stated in section 2.5, which establish approximate
formulas for the densities p,(z,y) and p=*(z,y).

3.1 Facts about Airy functions

In this subsection we collect some facts about Airy functions which will be needed
later in the paper. In particular, Lemma 3.1 below will be important for the proof of
Lemma 2.5.

We first record some facts which can be found in [39]. Below C,, C3, (4, and C5 are
positive constants. Using ~ to indicate that the ratio of the two sides tends to one, we

have
—(2/3)z%/?

1
AZ(iL’) ~ W@ as r — 00, (31)
which is (2.45) in [39]. We will also use that
— e~ Cok?? ask — oo, (3.2)

which can be seen from (2.54) and (2.66) in [39], and
| A’ ()| ~ Csk/® as k — oo, (3.3)
which can be seen from (2.60) and (2.68) in [39]. We have
|Ai(z)] < Cy forallz € R, (3.4)

which can be deduced from (3.1), equation (2.49) in [39], and the continuity of the Airy
function. Finally, we will use that

|Ai' ()| < [a'/* forz < -1, (3.5)
which follows from (2.50) in [39], and that
|Ai'(z)] < Cs  forallz > —1, (3.6)

which can be deduced from equation (2.46) in [39] and the continuity of the derivative of
the Airy function.

Lemma 3.1. For all z > 0 and k € N, we have
|Ai (g + 2)| < BV =m02"% A0 4 2). (3.7)

Proof. Let A be a positive constant. If 0 < z < A, then it follows from (3.2), along with
the facts that Ai'(y1) > 0 and Ai(z) > 0 for all z > 4, that

|Ai (e + 2)| S kY02 S KO Ai(m + 2),

which is stronger than (3.7).
Next, suppose A < z < —q; + A. Then |Ai(y + 2)| < C4 by (3.4), and

Ai(yi+2) 2 (m + 2)71/46’(2/3)(71+z)3/2
by (3.1). It follows that

Ai (e + 2)| S (n + 2) 4D 450y, 1 2), (3.8)
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In view of (3.2), we have
(71 + 2)Y* < (= i + A)YE S KV (3.9)

Also, recalling that v, < 0,

2 2 2
s+ 2)Y? = s +2)n+ )7 < SOn =+ A)1/?
24 1 — %
_ . 1/2 24 1/2
(1 =)z + ( 3 3 z .

Because 24 — (1 — ) < 0 for sufficiently large k and z < —v;, + A, it follows that there
is a positive constant A’ such that

2
5(’71 +2)2 < (g — )22+ AL (3.10)

The result (3.7) when A < z < —v;, + A follows from (3.8), (3.9), and (3.10).
Finally, suppose z > —v; + A. We can apply (3.1) to get

. 1/4
Aily +2) <71 + Z) /322~ ()] (3.11)
Ai(n+2) ™ \ v+ 2
The first factor is maximized when z = —v; + A, so using (3.2), we get
1/4 _ 1/4
(W> < (W) < L1/6 (3.12)
Y + 2 A
Also, because 7; and v, are negative and %23/2 = %zl/z, we have
3
(1 +2)*2 = (e +2)¥2 < S (n = )22 (3.13)
The result (3.7) follows from (3.11), (3.12), and (3.13). O

3.2 Proofs of Lemmas 2.5, 2.6, 2.7, and 2.8
We begin by using Lemma 3.1 to provide the necessary error estimates to prove
Lemma 2.5.

Proof of Lemma 2.5. The expression (2.21) with 4 = 0 is the k = 1 term from (2.17),
as can be seen by recalling (2.1). Denote by 7 (t, z,y) the ratio of the kth term in (2.17)
to the first term, when ¢ = L. Forallt > 0, x < L4, and y < L4, we have

(Ai'())?  Ai((28)3(La — @) + ) Ai((28) /3 (La —y) + %) eP2B) Pyt
(A ()2 Ai((28)3(La — 2) + 1) Ai((28)3(La — y) + 1) ePCH Vot

Using (3.3) to bound the first factor and Lemma 3.1 to bound the second factor, we get

rk(t,x,y) =

(@, t,y)| < kY3 kL/3e0n =) @8 U La=m) P H(La—y)' P o= ()27 /P20
= e(mfwc)((%)”ﬁ[(LAfw)l/%r(LAfy)”g]f?‘”sﬁmt)’
which implies (2.21). We then obtain (2.23) and the last conclusion of the lemma by
estimating F4(t, z,y) using (3.2). O

The proof of Lemma 2.6 uses the fact that no particles go above ¢ to bound the
branching rate, but otherwise uses the unkilled process. This explains the fact that it is
similar to, but not the same as, (2.11).
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Proof of Lemma 2.6. Fix a < b < {. Let N¢(a,b) denote the number of particles in (a, b)
at time ¢ that have never hit ¢. Let (B;)s>0 be Brownian motion started at z. By applying
the many-to-one formula (2.9) to Brownian motion with drift, we get

Em [Nt(aa b)] = E:c {6f0 ﬁ(357ps)dsﬂ{Bsfps<ZVs§t7 Btfpte(a,b)}}
< ePUP (B, — ps < L Vs < t, B — pt € (a,D))
< PP, (B, — pt € (a,b))

_ e beXp(_(y—x+pt)2)dy
V2t Ja 2t
Bl b ( _\2 2
e y—x) p t)
= —py— 2 )
5og ). P (px Py on Y
)
1 y—x)?  p*t
pi(z,y) < o P (pw—py— % -5 +B€t)7
as claimed. O

The proof of Lemma 2.7 uses a trivial bound on the branching rate, but uses the killed
process as opposed to the unkilled process.

Proof of Lemma 2.7. We proceed as in the proof of Lemma 2.6 but keep the restriction
that B, — ps < £ for all s < t, and apply Girsanov’s theorem followed by the reflection
principle. This gives

E.[Ni(a,b)] = Eq |eo XPmp0 0 o pvocr, Bipte(an)
< PUB(B, s < £ ¥ <1, B ph (0,h)
:eBEtPO(BS—f—pS >x—C0Vs<t Bi+pte(x—bx—a))

0t—p2t)2 B
= PP PR (PPl (g st Vet Buc(a—bia—a)}]

_ Blt—p’t/2 o ePY 1 (e—zﬁ/?t — e—(y+2(f—r))2/2t) dy

—b V2mt

b
:eﬁ’ﬂt—p?t/?/ ePT=PY
a

—(z—y)?/2t —(w—y+2(€—w))2/2t) d
e e
V27t (

Y.
Applying the elementary bound

e—Az/Qt _ e—(A+QB)2/2t _ e—Az/Qt(l _ e—QB(A+B)/t) < ?(A_’_B)G—AQ/%
gives

22(0 —z) (L —y) o (E-)?/2t
T1/243/2 Y

b
E,[N;(a,b)] < eﬁft—pzt/2/ ePT—PY

a

and therefore

—p? z— 21/2(€7I)(£7y) —(z—y)?
pf(x,y) < eftt—p7t/2+pr—py 72/ e~ (@—u)*/2t

which yields the result. O

Finally, the proof of Lemma 2.8 is more involved and combines the formula (2.11)
with the estimate in Lemma 2.7.
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Proof of Lemma 2.8. Let s = ~2/3. We apply the Chapman-Kolmogorov equation at
time s and then use Lemma 2.7 to bound pZ4(z, 2) and (2.11) to bound p;_,(z,y), which
gives

P (e, y)
= /: pEA (2, 2)piA (2, y) dz
5/; La=oLa=2) <px—pz—(z2j>2_i5+5m>
X \/tl—is exp (pz — oy — (Zy(t—_zij B pz(tQ— s) n Bz + y2)(t —5) N 52(752; 5)3) .
- jji%exp (px —py — %2’5 v pp— B —éu)(t —s) 62(162; 5)3)
x /:(LA — 2)exp ( (= ;Sz)z B (Qy(t—_zij _ BLa —22)(15 - s)) " 3.14)

Nowletz =Ls —2,y=Ls —y, and Z = L4 — z. After a few lines of algebra, we obtain

(@-2?%  (2-9)% Bit—s) _ t (. ((t—s)@ sj_ PBst—s"\)
35 20@-s) | 2 _25(15—3)("’_( * ))
(1—3)% B2%s(t—s)®  Bt—s)x PBs(t—s)y
T 8t T T

Therefore, substituting z in place of z in the integral in (3.14), we get

La— o2 2
pfA(xyy)Sk@/;l/%exp<px—py—(y2tx)_p2t+/8LAt_

BlLa—y)t—s) PBs(t—s)(La—y)  BAt—s5)* ps(t—s)

Xexp<_ 2 - 2t T T )

X /Oooiexp(— 28(;_8)<z— (“_t‘s)xjusf —BS(;S)Z))Q) dz. (3.15)

Because we are assuming L4 —z < 37'/3 and s = $%/3 < t, we have

B = 8L~ )
)

a2 B B 2 _ _
Blt—s)*(La—z) _ B(La x)t+5s(LAfx)—ﬂs (La—=z)  B(La x)t+0(1)'
21 2 2t 2
(3.16)
Note that
B 3 3 _ _ N2
_BLa—y(t—s) PBst—s)La—y) _BLa-ylt PlLa—y)s 7 (3.17)
2 2t 2 2t
and
Bl | st _ P 5
pu— -_— 1 . ~1
o s a1 oW (5:19)
Also, because s = 32/3
B(La—y)s? B2 1 pt?
2t 4 2813 (LA YT ) (519
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Using (3.16), (3.17), (3.18), and (3.19) to simplify the exponential terms in (3.15), we get

La LA—x

< —-4f 7
pt (x7y)r\183/2\/m

(y—=? p*t Bly+a)t ¢ La—y-—pBt*)2
XeXp(px Py SR Y S IVED

x /Ooogexp<—28(tt_s)<2— ((tts)i +5f7—”85(t2t5)2)>2> dz (3.20)

For z € R, we will write z; = max{0, z} for the positive part of z. It is easy to check
that if Z has a normal distribution with mean ¢ € R and standard deviation ¢ > 0, then
E[Z,] < py + 0. Therefore,

[ (g (- (5 - )

- s(ts)(((ts)iJrsgjﬁs(ts)z) . s(ts))
N

~ t t t 2t t

Because s = $~2/3 and t — s < t, we have \/s(t — s)/t < f~/3. Using that & < §~'/2, we
have

(t—s) sy Ps(t—s)? s/ pt? 9 13, 8 B2
(e T G) = (- ) o) s (rane- )

and therefore

[ ool (5570 21 )

—1/3 +2 1 Bt?
<23 B s BN e _t Pt
A4 P (Lay = ) S 87 max 1751/3t(LA y-5) 1 B2D

Because s %/2 = f and t — s < ¢, the lemma follows from (3.20) and (3.21). O

3.3 Proof of Lemma 2.4

From (2.11), we have

1 Pt (y—x)?  Bly+axit B
_ —py— "2 . 3.22
pe(z,y) o 0P (px Py 5t T (3.22)
From (1.2), we have s < t, and therefore
1 p2t> 1 6] ( 03 p23>
—eXx L — — | ~ —— [ —ex T — — + — . (3.23)
Vort P (p 2 o\ p P\ T T 2
Also,
243 3 2 2 2.3
BoE_p” s Bpst  Bs (3.24)
24 245 8 8 24
Next, we observe that
Bly +a)t B P’ p
Py + 5 = —py + 5 Y+ 23 w 3 s
3 2
Py _PBys p_ps_pw  Pws (3.25)
2 2 48 4 2 2
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Furthermore, we have

C(y—x)? B ( )
2t 2p(1 = sB/p)
< )
Z (sﬁ) (w2+ Y) 5 (Sﬁ)k _ Mi (Spﬁ)k. (3.26)

k=0 P 2’0 k=0

To estimate the first term in (3.26), we note that the terms in the infinite sum with £ > 4
are small due to (1.2) and the assumption that s < p'/45~3/4. Therefore,

3 00 k 3 2 2 2.3
_Pz<5ﬂ> __p s st B (3.27)

To estimate the second term in (3.26), we again use (1.2) and the hypotheses on |w| and
s to get

p(wmi(&@,)kp(w+y)+sﬁ(w+y)+O(525p2ﬂ)+0(1), (3.28)

2 Z\p 2 2

For the third term in (3.26), we have

_Wi<sﬁ)k:_ﬂ+0< sy 2) +o(5|1:y|> o1). (3.29)

20 \p 2p p?

We can now evaluate the right-hand side of (3.22) by putting together the results in
(3.23), (3.24), (3.25), (3.27), (3.28), and (3.29), which yields (2.20).

3.4 Proof of Lemma 2.9

Because ptLA (x,y) < pt(x,y), it follows from (2.12) that it suffices to prove the result
when Ly — z < $7/3, which we will assume for the rest of the proof. Note that
4 =p?/26+O(B~1/3), and f~2/3/t — 0 by (1.2). Therefore,

1 Bt? 1 B B/p 2
(b v 5 ) = g (55 o -5 (5-9))

1 2
2B1/3t(ps 578 y> +o(1).

Combining this estimate with Lemma 2.8, and separating out the terms involving y in
the exponential factor, we get

3(Ly — ) 1 Bs2
La < /8 ( A z ( _ )
j2 (x,y)wiﬁ max 17751/3]5 ps— 5 Y
th 62t3 ps 62/332
X exp <px > Y T T T

< (y—x)2+2pyt—ﬁyt2+ﬁ‘1/3y)
xexp| — 57 .

Note that if a € R, then (y — 2)% + ay = (y — (¥ — a/2))? + ax — a?/4. Applying this result
to the second exponential factor above with

a=2pt — B>+ 713,
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we get

ptLA(x,y) < ﬁl/?)(L\/’;_x)max{Lﬂll/St(PS— %82 —y)}EXp<—21t<y— (f_;))Q)

2 2,3 2/3 .2 2
p°t  Bxt  pEt pS B%/°s ax a
S il - 4 2). (3.30
xexp(px 5 T 5 T 5 +251/3t m 2t+8t ( )

After some tedious but straightforward algebra, we see that the exponential factor on
the second line of (3.30) can be written as

23 Bpt? 1 2ps + 2pt — 22 — 3% — Bt?
exp (Bmt + 5 2) exp (862/3t + 15175 ) (3.31)

Now using that ¢t = p/§ — s, and that = = p?/23 + O(5~'/3) by the definition of L4 and
the assumption that Ly —x < 8 —1/3 we can write the second exponential factor in (3.31)

as
2ps — 235> 1 B [2/3s 1
oo (i () = oo (5 olpm) ) @

Substituting the results in (3.31) and (3.32) back into (3.30), using that 1/(5%/3t) — 0,
and integrating with respect to y, we get

La
/ prA(z,y) dy < B3 (La — x) exp (59615 +

— 00

ﬂ2t3 B ﬂpt2 N 62/35
6 2 2

La 1 _ 2 _ 2
ps—PBs*/2—y 1 a
X/mﬁmax{l,ﬂl/gt}exp(%<y(x2)) dy
The integral in the previous line is bounded above by

ps — Bs2/2 -V
\/ZWE[max{l,ﬁl/gt )
where V' has a normal distribution with mean z — a/2 and variance ¢. This is the same as

V2rE[max{1, W}],

where W has a normal distribution with variance

) 1 1

= (B31)2 = 32/3¢ =0

and mean

o )

! (ps—ﬁsg—pQert—BtQJrO(B_w))

= BBt 2 28 2
ps — f3s> 1

= g T 0(52/%)

= B35+ 0(1).

We therefore have E[max{1, W}] < max{1, 3%/3s} < exp(3?/3s/2). Because this expres-
sion gives an upper bound for the integral in (3.33), the result follows.
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4 Particles that hit 4

In this section, we will prove Lemmas 2.13 and 2.14. Lemma 2.13 pertains to the
process in which particles are killed when they reach L4, and provides an estimate for
how many particles are killed. Lemma 2.14 pertains to the process in which particles are
allowed to continue after reaching L 4. It provides an estimate for the probability that
the descendants of a particle will survive for a significant period of time after the particle
reaches L 4. We also prove Lemma 4.3 below, which bounds the expected contribution to
Y,.(t), for small times ¢, from an initial particle at L 4. We begin with the following simple
integral estimate.

Lemma 4.1. Ifa > 0 and b > 0, then

* 1 v/
/ e~V /aw gy — VTG

x3/2 b

Proof. Make the substitution y = b?/az and then recall that I'(1/2) = /7. O

Proof of Lemma 2.13. Define

2(La—x
PPy L k) AB ) gisg2s, (4.1)
We first show that -
rEA(0,t, 1) S ePTemPlae Bt ald, 4.2)

Let 0 < 0 < 271/3, It follows from Corollary 2.12 and the fact that v, < 0 that
tz,A
rEa(0,t,.4) = / LA (u) du
0

tea T, — La— )2 A
0

~ eV
(1 =0)(La—=x)* 1P Ptoa + A-Blaa
th,A 21/3 P

< (La—x)exp (pa: —pLa—

to,a 1 2
x j[ 5/5756—"““—@/2" du. (4.3)
0

It follows from Lemma 4.1 that

L s
— A—T u <
/ u3/26 duNLA—x'

Therefore to prove (4.2) it suffices to show that

1= 0)(La—z)? , A_BY/3
exp( ( )( A I) + (7271/371+i)/82/3tm A> 567521:2”4/9' (44)
Qtw,A P '

We consider two cases. First, suppose ¢, 4 < 6~'372/3. Then (4.4) holds because the
left-hand side is bounded above by a positive constant, while the right-hand side is
bounded below by a positive constant. Next, suppose t, 4 > 61372/, It follows from
(4.1) that

2(La —2)/B=(1—230)ty 4 + 235t 4 — 2 /38723 > (1 — 2Y/38)t, 4,
and therefore
B - 21522
5 .

Lg—2x>
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Also, we can bound A_j'/3/p from above by C because 3'/%/p — 0. Therefore, the
left-hand side of (4.4) is bounded above by

(1—6)(1—2%/305)
exp (— 3

B3 4+ (=27 3y 4+ C)p% 3t$7A)

1/3
= exp < - ((1 —~ 6)(18_ 279 _ ;) (B*3tyn) + (=273 + C)ﬁz/gtw,A>€_ﬁ2ti~A/9.
By choosing § sufficiently small and using that the function y — —ay® + by is bounded
above for all ¢ > 0 and b > 0, we see that the quantity above can be upper bounded by a
constant multiple of 6_5%2“1/9_ It follows that (4.4) holds, and therefore so does (4.2). In
particular this proves the lemma in the case s <t <1, 4.

Next, suppose that ¢, 4 < s <t. Note that ¢, 4 has been defined so that (2.31) holds
with equality when t = ¢, 4 and C' = 1. If s < u < ¢, then (2.31) holds with u in place of ¢.
Therefore, by Corollary 2.12,

t t
/ fﬁf‘ (u) du < / ﬁ2/3e_5A“/"e”“a(LA — x)e_”LA du < (t — s)e_”LABQ/SzA(x)e’gA*t/”,

S
(4.5)
which proves the lemma in the case ¢, 4 < s < t. For the remaining case, when
s <ty 4 <1, simply note that

TLA (57 t) S r.’fA (Oa tm,A) + TLA (tm,A; t)

x x

and combine the bounds from (4.2) and (4.5). O

Before we prove Lemma 2.14, we show that our process cannot explode in finite time.

Lemma 4.2. Suppose that, at time zero, there is a single particle at x. Then for allt > 0,
the random variable

M = sup{X; n(u) : i < Np(u), u <t}
is finite almost surely.

Proof. Fix k > x and consider a system where particles are frozen (that is, they no longer
move or branch) once they hit level k. Call the resulting probability measure P. Let A
be the number of particles that have been frozen by time ¢. Let (B,),>0 be a process
which, under I@’ is a Brownian motion with drift —p that is frozen upon hitting the level
k. By applying the many-to-one lemma (2.9) under the measure [P with the function
f(y) = 1>k, we get

Po(M 2 k) = Po(A 2 1) S BofA] S B, [ exp ( / t BBudu) 1 (5,1
0

Since B,, < k for all « under I@’, we deduce that
P.(M > k) < ’MP, (B, = k).

Now, the probability that B; = k is exactly the probability that a Brownian motion with
drift —p hits k before time ¢, which is smaller than the probability that a Brownian motion
with no drift hits k£ before time ¢. It is well-known that the first hitting time of level y by
a standard Brownian motion (W;):>¢ started from 0 is equal in distribution to (y/W)?;
thus, using a standard Gaussian approximation,

_ - /2 — )2
srip( (k= 2)? _ o Bkt k—ay o L _(k—2)
P.(M>k)<e ]P’(ivv12 §t) = 2e P(Wl > 72 ) S T X (ﬁk‘t 5 )7

which converges to 0 as £k — oo. The result follows. O
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Proof of Lemma 2.14. Fix § > 0. Let K,,, = 2(1 + §)™ for each m > 0. Label the initial
particle at x to be type 0. Whenever a particle reaches K, for the first time, it becomes
type m. The type of a particle is never allowed to decrease, so a particle will have type m
if at some time it had an ancestor above K,,, but it never had an ancestor above K, 1.
When a birth occurs, offspring have the same type as the parent.

For nonnegative integers m, let

__ log(1/9)
Tm = ﬂ£(1+5)m+17

andlet T,,, = >_}" ;7. Let

L — _ log log(1/6)
T= lim Ty kz Go5 (4.6)

Let Dy be the event that there is a type 0 individual alive in the population at time 7.
For positive integers m, let D,, be the event that there are type m individuals in the
population continuously from time 7;, _; until time 7T,,. Let D be the event that some
individual survives until time 7. We claim that

D) gIP( D Dm). 4.7)
m=0

To see this, note that if Dy fails to occur, then there are no type 0 individuals left at time
Ty, but there could be individuals that migrated to the right of K; and became type 1
individuals. If D, also fails to occur, then the type 1 individuals must all be gone by time
T1, but there could be individuals that became type 2. Repeating this argument, we see
that if none of the D, occur, then there cannot be individuals of any type remaining at
time 7. The only further possibility is that there are individuals alive at time ¢ that have
had type j + 1 by time 7, for all j € N. By Lemma 4.2, this has probability zero.

We therefore aim to bound the probability of D,,. Suppose m > 1. For any u > 0, by
(2.30),

xT

Kw -
Fim (u) < ﬁ exp <p(x - Kn)—

Note that if 0 < u < T, then

(K — x)Z P

u
K’Ul
2u 3 TP “)

BKnu < fz(1 +5)m10%6(;§5) _ (1+6)m510g(1/5).

Therefore, using also that p?u/2 > 0, we have

() < Bm =T o <<1 + 5)m51°g(1/5) + pla — Km)> exp ( _ W)

u3/2 2u

It follows from this bound and Lemma 4.1 that the expected number of particles to hit
K,, by time T,,_,, if particles are killed upon reaching K,,, is at most

ATMI 75m (u) du < exp <(1 +0)™ log(1/9) + p(z — Km)>

5

B (14 6)™ log(1/4)
= exp ( 5

+ px — px(1+ 6)7">. (4.8)

Now suppose, for m > 1, a particle reaches K,, before time 7,,_1. For m = 0, we
can consider instead the particle at x at time zero. Particles of type m have positions
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x < K,,+1 and therefore effective branching rate b(x) — d(z) < SK,,+1. For a continuous-
time branching process in which each individual gives birth at rate A and dies at rate
1, it is well-known that the probability that the population survives for at least time ¢ is
given by
A—pu B A—pu
A — ’u,e*(/\*/i)t TN — w4 N(l — e*o\*ﬂ)t).
This formula can be deduced, for example, from results in Section 5 in Chapter III of [1].

For any ¢ > 0 and ¢ > 0, one may check that the derivative of the function z —
24pu(l—e™ )
z

is always negative and therefore the function is decreasing in z. Thus the

function .

z4 u(l —e?t)

is increasing in z. Applying this with z = A — u < K41, ¢ > A (from (1.4)) and
t = 7, we see that the probability that a particle that reaches K, before time 7}, _; has
descendants of type m alive in the population at time 7}, is bounded above by

6Km+1 5Km+1

Z

< . 4.
/BKm+1 + A(l — e_ﬂKm+17'm) - A(l — e_BKm+17'm> ( 9)
By our choice of 7,,, this equals
Ba(l + o))"+
_ 4.10
A(L=3) (4.10)
When m = 0, it follows that ( )
Bx(l+46
P(Dy) < =———~.
(Do) < A(1—10)
When m > 1, it follows from (4.8) and the estimate in (4.10) that
Bz(1 4 §)m+t log(1/6)
P Dy,) < P 1 mo= — px(1 mo.
(Dm) < AG—g) P (1+9) 5 Trr—pr(l+d)

Therefore, using (4.7),

T > Bz m+l o
P(D) < i((llj—;)) + Z b (Al(:_f)é)+ exp ((1+5)m1g(51/5) +px—px(1+6)m>. (4.11)

Let T',,, denote the mth term in the infinite sum in (4.11). Because z > /3 > p~! as
n — oo, we see that for any fixed J, we have I'y — 0 and sup,,,~; ['ynv1/T — 0. It follows
that the infinite sum in (4.11) tends to zero, and therefore as long as § is chosen to be
small enough that (1 +§)/(1 — §) < 2, we have P(D) < 282/A for sufficiently large n. In
view of (4.6), it follows that the conclusion of the lemma holds with Cy = log(1/4)/6. O

Lemma 4.3. If0 <t < p~2, then

oo
/ pe(La,y)e dy < ePla.
— 00

Proof. By (2.11),
& >~ 1 (y—La)? p?t B(La+y)t p*3
L PY dy = - Ly—~>— - dy.
/_ pe(La,y)e’ dy /_ thexr)(p A 5 5+ 5 + 5 )

Because t < p~2, the terms p?t/2, BLt/2, and 3°t3/24 are all bounded above by positive
constants. It follows that

o0 oo
1 2 2.3
/ pe(La,y)er? dy < efla / , teﬁyt/%*(nyA) 2t Qy = ePla . Ptla/2o87t /8 < opla
oo — 0 us
as claimed. O
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5 Proof of Proposition 2.1

In this section, we will prove Proposition 2.1, which gives a precise description of
the density of particles near the right edge. Because it will sometimes be necessary
to condition on the initial configuration of particles, we will define (F;,t > 0) to be the
natural filtration associated with the branching Brownian motion process.

We begin with the following lemma, which states that when (1.10) holds, particles that
start out close to L can be neglected because they will not have descendants surviving
for very long.

Lemma 5.1. Suppose (1.10) holds. Fix A € R, and let C; > 0 be the constant from
Lemma 2.14. Then the probability that some particle that is to the right of L 4 at time
zero has a descendant alive in the population at time 2C,p~2 tends to zero as n — co.

Proof. First note that any particle that is to the right of p/B at time zero contributes
at least /8 > p~2e’l to Y,,(0). It therefore follows from (1.10) that the probability
that any particle is to the right of p/8 at time zero tends to zero as n — co, and we can
restrict our attention to particles that start to the left of p/3.

Fix € > 0. Say that a particle at time 0 “survives” if it has a descendant alive at time
2C1p~2. That is, we say the particle survives if the family initiated by the particle lasts
until at least time 2C;p~2. Let S be the number of particles whose positions at time 0
are between L, and p/f and who survive; and define Fy = E[S|F;]. Then, using the
conditional Markov inequality,

P(S§ > 1) = E[P(S > 11F)] = E[P(S > 1|F)I{g,<c}]| + E[P(S > 1|F0)I{ge>e1]
< E[E[S|Fo]l{po<et] +E[1 - 1ipsey]
<e+P(E; > e).

Since ¢ > 0 was arbitrary, it therefore suffices to show that P(Ey > ¢) — 0 as n — oo.

Consider a particle ¢ with X;(0) € [L4, p/f]. Lemma 2.14 gives an upper bound for
the probability that this particle has a descendant alive at time C;/8X;(0). Because
X;(0) > Ls and La > p?/28 for large n, we have C1/8X;(0) < 2C;p~2 for large n.
Therefore, for large n, the bound in Lemma 2.14 is an upper bound for the probability
that this particle has a descendant alive until time 2C;p~2. Thus, by Lemma 2.14, a
particle ¢ with X;(0) € [La, p/0] survives with probability at most 25X;(0)/A. It follows
that

N, (0)
28X;(0)
Eo< ) Lxoelban/th 7
i=1
o Nal0) or, N ©
== Lix,(0)e(a,p/aB(Xi(0) — L) + N Z BLLX,(0)€[La,p/B]}- (5.1)
i=1 =1

We now use the elementary bound z < e” together with (1.2) to say that, for large n,
B(Xi(0) — L) < p* - p(X;(0) — L) < pPerXi(O)=rk

which, combined with (5.1), gives

2 N, (0) 281 N, (0)
EO S K Z ePXi(O)pr —+ 7A Z 1{XL(O)ZLA}

=1 i=1
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The first sum on the right-hand side tends to 0 in probability by (1.10). The second also
tends to 0 in probability, since

N,,(0) N,,(0)

=1

A —A
—pp > 27
which converges to 0 as n — oo by (1.10). This completes the proof. O

We now introduce some additional notation. Recall from (2.25) that K4(t) = Ls —
Bt?/66. We also define
pt?
?7
so that Ha(t) < Ka(t) < La. We set H(t) = Hy(t) and K(t) = Ky(t). Note that if
Ha(t,) <x < Ljand Hy(t,) <y < La, then as long as t, > $~2/3, the condition (2.24)
holds, and therefore Lemma 2.5 can be used to estimate ptLﬂA (z,y). When K4(t,) <z <
L and Ka(t,) <y < La, Lemma 2.10 can be used for second moment bounds. Other
methods are needed to control the contribution from particles to the left of H(¢). The
next lemma will be very useful in this regard.

Lemma 5.2. If z < H,(t,) and t,, > 3~2/3, then

Hy(t)=La— (5.2)

La .
/ pfn“ (z,y)e? dy <« ePTe=P /TS, (5.3)

oo

Ifz < L, and t,, > B~2/3, then

HA(tn)
/ P (,y)er? dy < ere /T, (5.4)

— 00

Ifz < Ha(t,), 0 < ¢ < Bt,/2, and 2/ < t,, < p/B, then

La : .
/ pthA (ﬂﬁ,y)e(p*@y dy < ePTeB /TS, (5.5)

— 00

Ifz < La, 0 < <pBt,/2, and B~2/% < t, < p/B, then
Ha(tn) 2,3
/ Pt (@, y)eP™ dy < ermem /TS, (5.6)

Proof. Suppose x < L4 — §ft2. By (2.11) and the fact that prA(z,y) < pe, (,y), we have

La
/ pr (z,y)e” dy

b1 (y—2)* pPta  Bly+a)tn B
< . . n n n\ g
—/oo Vot P (px 2t > T 2 ) Y
2 243 243 oo
P tn gt | Bt / L )2t
< - Lty — y=)* /2t g
= &P (’”” 5 thla 8 o1 )| Y
A 243
—xp (= 2y, - e ),
p 72

Because B%t3 > 5%/3t,, and B%t3 > Bt,/p, it follows that (5.3) holds.
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To establish (5.4), we use the same argument. Instead of having « < Ha(¢t,) and
y < Ly, we now have # < Ly and y < Hy(t,). However, the resulting bound on
B(y + x)t, /2 is the same, and the rest of the calculation proceeds identically.

To prove (5.5) and (5.6), it follows from (5.3) and (5.4) that we only need to consider
the portion of the integral when y < 0. Using (2.11) along with the fact that { < gt,,/2
and therefore %Bytn — (y < 0when y <0, we have

0
/ prA ()P~ dy

0 1 _ 2 Ztn tn 2t3
S/ exp(_Cerpx_(y 2)* _ Pt By o)t B n>dy

o 2t 2%, 2 2 24
2 2,3 0
< _ n y—x)*/2t, d
= &Xp (px s "2 e )] e 4

%ty ABt, 243
SeXp<pI—p4—24/3’Y152/3tn— p ,+5 n)

2p 24

Because t,, < p/f3, we have p*t, > [3%t3, which is sufficient to conclude (5.5) and
(5.6). O

Proof of Proposition 2.1. Let g : R — [0,00) be a bounded measurable function, and let

9]l = sup |g(x)].
zeR
On the event that N, (t) > 1, let
o Np(tn

)
,.(g9) = Yn(tn)/ g(w) &n(tn)(dz) = Z eri’n(tn)g(@B)l/g(L - Xi,n(tn))- (5.7)

—0o0

Otherwise, let ®,,(g) = 0. Let ®,,(1) be the value of ®,,(g) when g(z) = 1 for all x. Then,
when N, (t) > 1, we have

/OO 9(2) €t (dr) = 2209

—00

We will show that for all k > 0, we have

lim. P(M < /O T () Ai( + 2) dz) Z,(0) < D(g)

< m%iyf))z (/Ooog(z)Ai('h +2) dz) zn(o)) 1. 58

It will then follow that for all k > 0, we have

i P(152 [T o < [ a6 < 15 [T g i) <1

n—00 K oo 1-k

That is, as n — oo we have

e} o0
| s attad) 5, [ gla) viao),
—0o0 0
which by, for example, Theorem 16.16 of [26] will imply the statement of the proposition.

It therefore remains to prove (5.8). We will estimate ®,,(¢) by dividing it into seven
pieces, depending mostly on the location of the particle at time ¢,, and the location of the
ancestral particle at time zero. For i € {1,...,N,(¢)} and s € [0,¢], let a; (s,t) be the
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location at time s of the ancestor of the ith particle at time ¢. We partition the particles
at time t,, into the following seven subsets:

St ={i:ain(s ty,) > L for some s € [0,t, —2C1p~?]},

Sopn ={i ¢ Sin:a;n(s,t,) > L for some s € [t, —2C1p % t,] },

Sz =1{i ¢ S1nUS2m:a;in(0,ty) < H(tn)},

Sy ={i ¢ S1,nUS2nUS30: Xinltn) < H(tn)},
={i ¢ S1nUS2,US3,USun:H(ty) <a;n(0,t,) < K(tn)},

Sen ={i & S1,nUS2, USsnUSinUSs,: Hity) < Xin(tn) < K(ty)},
={i ¢ S1,,US2n: K(ty) < a;n(0,t,) < Land K(t,) < Xin(ty) < L}.

Forje{1,...,7}, let

®in(g) = Y Xl ((268)3(L - Xin(tn)),

1€S; n

and note that ®,(g9) = ®1,,(9) + --- + ®7.,(g). We will show that the first six terms
contribute little to the sum, while the seventh is highly concentrated around its mean.

The first term @, ,,(g) accounts for the contributions of particles that reach L before
time t,, — 2C1p~2. By Lemma 5.1, with probability tending to one as n — oo, no particles
above L at time zero will have descendants alive at time ¢,,. Consider the process in
which particles are killed upon reaching L, and let R,,(s,t) be the number of particles
killed between time s and time ¢. By Lemma 2.13,

E[R,.(0,t, — 2C1p~%)|Fo] S e X (Y, (0) + £, Y3 Z,,(0)).

Therefore, using the assumptions (1.9) and (1.10) and the fact that ¢,, < p/3, we obtain
that asn — oo,

P°E[Rn (0, tn — 2C1p~%)|Fo] S p°e #Y(0) + p’e ?F 8*/3, Z,,(0) =, 0.

In view of Lemma 5.1, it follows that with probability tending to one as n — oo, no
particle that hits L before time ¢,, — 2C,p~2 has descendants alive in the population at
time ¢,,. That is, we have
lim P(®,,(9) =0) =1. (5.9)
n—roo

The term ¥, ,,(g) accounts for particles that reach L between times ¢, — 2C;p~? and

t,, which means they may have descendants surviving at time ¢,, even if they will not
have descendants surviving for a long time. We again apply Lemma 2.13. Noting that
B2t3 — B%(t, — 2C1p~2)3 — 0 because t,, < p/B3, we get

E[Ry,(tn — 2C1p2, )| Fo] S e 5 (Yn (0)e P 0/ 4 p=28%/3 7, (0)).
Therefore, by Lemma 4.3,
2,3
E[®s,,(9)|Fo] S llgll (Ya(0)e™ 772 4+ p=282/3 2,,(0)).

It follows that

3 ,—pL 3 —pL 3,—pL (2/3
poe pe —p23)9  P€ B
B\ q>27n(g)‘fo] < i Ya(0)e 9+ iz Znl0): (5.10)
Because (1.2) implies that 32/3/p?> — 0 and (2.6) implies that
P_—Bt;/9
575 /9 50, (5.11)
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it follows from (1.9), (1.10), and (5.10) that as n — oo,
B p3€7pL
51/3

and therefore, by the conditional Markov’s inequality,

0] 0

p3e—pL
s 2nlg) = 0 (5.12)
We now consider ®3 ,,(g) and ®4,,(g). By (5.3),
3e—pL 3 —pL
pe p-e 3243
E R ‘1’37"(9)’;0] < WllglIYn(O)e B/, (5.13)

and we obtain the identical result for ®, ,(g) using (5.4) in place of (5.3). Therefore,
applying the conditional Markov's inequality as we did for ®; ,,(g), we get

p3e—pL
W (P3,n(9) + Pan(g)) —p 0. (5.14)

To handle the remaining terms, write

N, (0)
Z,0) = > X Oa(L — X (0)1ix, , )<k (t))}
=1
N, (0)
Z3(0) = Y erXinOa(L = X n(0) Lk (t,)<x0 0)<L} = Zn(0) = Z3,(0).

i=1

If 2 < K(t,), then (28)Y/3(L — ) + 11 > & - 21/38%/3t> + ~,. Therefore, by (3.1), there
exists a positive constant Cg such that if z < K (t,,), then

a(L—x) < e~ CeB’t,

It follows that Z! (0) < Yn(O)e*C‘fﬁzti, so by (1.10), (1.2), and the reasoning that led to

(5.11), we have

P

/@1/3

e P70 (0) =, 0 (5.15)

as n — oo. Also, if H(t,) <z < L and H(t,) <y < L, then because (2.24) holds, we can
estimate pth (z,y) using Lemma 2.5. It follows from Lemma 2.5 and the boundedness of
g that

E[®s,,(9)| Fo] S 87° ( /HL

e’ e Pa(L —vy) dy) Z!(0)
(tn)

L
<o [ A8 =9+ ) dy) 240
H(tn)
< Z,(0).
Combining this result with (5.15) and the conditional Markov’s Inequality, we get

p3e—pL

31/3
We can bound &g ,,(¢g) by making a similar calculation. This time, we are considering
descendants of the initial particles that contribute to Z(0) rather than Z/(0), and

- D5 (g9) = 0. (5.16)
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requiring the particles to end up between H (t,,) and K (¢,,) at time ¢,,. Therefore, making
the substitution z = (23)Y/3(L — y), we get

K(tn)
Ef®6.1(9) o] < M( [ a9 - )+ ) dy) Z:(0)

H(tn)

(28)"/°- 5823
< (/ Ai(y + 2) dz) Z(0). (5.17)
(

26)"/3- 35 Bt3

Because 3%/3t2 — oo, the integral in (5.17) tends to zero as n — co. Therefore, in view
of (1.9),
pBerL
51/3
Finally, we consider the term ®7 ,,(g). Using Lemma 2.5 in the first step, making the
substitution z = (28)'/3(L — %) in the second step, and using that 3*/3t2 — oo in the

third step, we obtain

D6 (g) = 0. (5.18)

1/3 L
Fibrnlo)l ol = m < /K(t )g((QB)l/S(L —y))a(L —y) dy) Z3(0)(1+0(1))
(28)"/3- 58t}
- m </0 9(2)Ai(n + 2) dz> Z:(0)(1 + o(1))
= W(/Ooo 9(2)Ai(y1 + 2) dz) ZX(0)(1 + o(1)).

Therefore, in view of (1.9), we have that for all n > 0,

1/3 pL
npCe >:0

lim P(’E[%,n(gﬂfo] - =

n—oo

1 / e )
g 9(2)Ai(y1 + 2) dz> Z,*l(())’ >
(Ai'(m))? ( 0

(5.19)
Moreover, using the independence of the descendants of different particles along with

Lemma 2.10, we get

Nn(0)

Var(®7.,(9)|Fo) = Y Varx, , 0)(®7.n(9)L{x(t,) <10 (0)<L}
i=1

N, (0)
< Z Exi,n(o)[‘I>7,n(Q)Q]ﬂ{K(tn)<X7~,,n(0)<L}
i=1

/3L
<& p (Ya(0) + 52/, 22(0)).

Therefore, by the conditional Chebyshev’s Inequality, for all » > 0 we have

1/3 _.pL
IP(|<I>7,”<9> ~ B ()l > P

]-‘0) < ”QZQPL (Y, (0) + B8%/31,22(0)).

The first term on the right-hand side converges in probability to zero by (1.10), and
because t,, < p/f, the second term on the right-hand side converges in probability to
zero by (1.9). It follows that

(5.20)

n—oo

1/3€pL
i P([07,(9) - Blor, (1]l > P57 ) =o.

Combining (5.15), (5.19) and (5.20) gives that for all n > 0,

W</OOO 9(2)Ai(m + 2) d2> Zn(O)‘ > 3”51;6@) =0. (5.21)

n—00

lim P<‘@77n(g) -
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Finally, combining (5.9), (5.12), (5.14), (5.16), (5.18), and (5.21), we get that for all > 0,

n132019><‘<1>n(g) - (141,,(1%))2</00o (=) Ai(mn + 2) dz) Zn(O)‘ > W) —0. (5.22)

The result (5.8), and therefore the statement of the proposition, now follows from
(1.9). O

6 Proof of Proposition 2.2

In this section, we prove Proposition 2.2, which shows that when (1.9) and (1.10)
hold, the empirical distribution of particles at time approximately p/8 is asymptotically
Gaussian. We begin by proving the following simple lemma concerning the Airy function.

Lemma 6.1. We have

lim e_’"3/3/ e Ai(yy + 2) dz = 1.
0

r—00

Proof. Although this proof is elementary it does require considering various cases. For a
lower bound, begin by noting that for r large,

) oo r2+r2/3
/ e"1+2) Aj(yy + 2) dz = / e Ai(z)dz > / e Ai(z) dz. (6.1)
0 Y1 r2—r2/3
Recall from (3.1) that as z — oo,
; 1 —(2/3)a®/?
AZ(x)NWe (/) asl'*)OO,

and therefore

2/3

2,,2/3 2
ro4r ] ) 1 ro4r B 1 _9.8/2/3
e Ai(z)dz ~ —— et e’ 3 dz
r2_p2/3 Qﬁ r2_p2/3 z /

72/3
= i/ b 204y dy.
27 ) ars (7 )1/
Now, fory € [—7‘2/3,7"2/3}, we have (7"2—|—y)1/4 ~ /2 and (7"2—|—y)?’/2 =r3+3ry/2+3y%/8r+
o(1). Substituting these estimates into the above, we have

r24p2/3 1 72/3 1 72/3 1
3 2 3 2
e Ai(z)dz ~ —— T3y AT gy — T /3/ = YA gy
/7'2—r2/3 (2) 2y/m /—r2/3 rl/2 4 _2/8 \/ATr Y

The last integral is easily recognised as the probability that a Gaussian random variable
of mean 0 and variance 2r falls between —r2/3 and r2/3, which converges to 1 as r — co.

Thus we have shown that ,
2/3

r24r 3
/ e Ai(z)dz ~ e" /3 (6.2)

2_p2/3

and, combining this with (6.1), we see that the lower bound claimed in the statement
holds.
For the upper bound, by (6.2), it suffices to show that

2/3

/ e Ai(z)dz + / e Ai(z) dz < e /3, (6.3)
.

1 r249r2/3
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Since Ai(z) is bounded (see (3.4)), we have

T
/ e Ai(z)dz < re” < e /3,
.

1
When 2z > r, we can again use (3.1) to obtain that

2/3

r2—r 1 r2—p2/3 1 32
/r e"*Ai(z) dz ~ 7/ e”l—me—h /3 dz

—r? r S pry—2(r2+y)3/%/3
dy.
“wr L g

(142)*? >1+3z/2+2%/4 forallze (—1,4)

We now use the fact that

and therefore

(r2 +9)%% >3 + 3ry/2+y?/4r  forally e (—r?, 41?) (6.4)
to see that
—r? er T 7 3/2 /3 3 r
/ Stry—2(r®+y)*/%/3 ay < / /3-y*/6 dy < 200 /312 /6 <3
2 T VI @A R

When z € [r2 + r2/3,4r?], we follow a very similar route: using (3.1) and (6.4) in exactly
the same way as above, we have

4r 4r . Ar 3/3_ 2/67'
1 e 3/2 1 (& /3=y 3
e Ai(z)dz ~ —= e 22773 4y < dy < /3.
/7"2+7"2/3 ( ) Qﬁ r24r2/3 Z1/4 o Qﬁ r2/3 (7”'2 =+ y)1/4 Y

Finally, for z > 4r2, again by (3.1) we have

° rz oA- 1 > rz 1 —223/2/3
/4r2e Az(z)dZNﬁ 47’26 Y dz

3/2

and since for z > 472 we have z > 2rz, this is at most

oS P
/ e T3y < /3,
472
Combining our four estimates on the integrals over the regions z € [y, 7], z € (1,72 —r?/3],

z € [r? 4+ r%/3 472) and z > 4r%, we obtain (6.3) and therefore the proof is complete. [

Let n > 0. By Lemma 6.1, we can choose C7 to be sufficiently large that

(o)
(1 - g)ec?m < / ¢ Ot Ay +y) dy < (14 7)eCT/0 (6.5)
0

holds, and also
o—cise (L+m)v2em
(AZ 7))

We can then choose Cy to be sufficiently large that

/ Ai(n +y)dy <. (6.6)

/ ¢ Ot Ai(y +y) dy < eSS, (6.7)
21/3Cy 2
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By (6.5) and (6.7), we have

) 21/3Cq iy )
(1—n)eC7/6 < / ¢ 0T Qi(yy 4 y) dy < (14 )0 (6.8)
0
We now establish the following lemma, which shows that a certain functional of the
process after a short time ¢,, which satisfies (2.6) is well approximated by a constant
mutiple of Z,,(0). To prove this result, we use the results established in the previous
section for the configuration of particles near the right edge.

Lemma 6.2. Suppose (1.9), (1.10), and (2.6) hold. Letn > 0, and choose positive
constants C; and Cg as above so that (6.8) holds. Let

Nn(tn)

C’7,D2 C? _C-8Y/3) X,
Tn—exp<2ﬁz/3 — ) 2 TRy cnax Lwa<ry
=0

Then
. 1—2p 1+2n >
lim P(——2 _Zz )<Y, <—2T_7(0)) =
g4 ((Az'mw (©) oy 2 0)

Proof. Define the function g by g(y) = 2~ /*C7¥ if 0 < y < 21/3C5 and g(y) = 0 otherwise.
Define ®,(g) as in (5.7). Then

Ny (tn)
_C- Y3 X,
D TN I e e <i)
i=0
N (tn)
— L Z er’V”(t")ec7ﬁ1/3(L_X’”"'(t"))]l{L CsB~1/3<X; n(tn)<L}
—L8 i,n\ln
i=0
N (tn)
_ 6—07/,2/3*2/3/262*1/307'y1 Z €pXi‘"(tn)g((25)1/3(L _in(tn)))
i=0
= OB 227 PO (g, (6.9)
By (5.8), as n — oo, we have
/30
®,(9) 1 /2 RICSRYLYe .
— - e Ay +vy) dy. (6.10)
Z,0) " AT Jo o) dy

It follows from (6.9) and (6.10) that

€C7p2ﬁ_2/3/2 Nn(tn)

—C7BY3) Xi n(tn
Z @(p 7ﬂ ) ' (t )H{L_08ﬂ71/3<xi.n(twl)<L}

Zn(0) i=0
1 21/3Cy e
7P (i) / e T Al +y) dy. (6.11)
1 0
The result follows from (6.11) and (6.8). .

Proof of Proposition 2.2. Let g : R — [0, 00) be a nonzero bounded continuous function,
and let

lgll = sup [g(z)]-
zeR
Write - - )
2
1o)= [ smtdn) = [ gt): e ay
s — o V2T
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Let

We will show that for all x > 0, we have

im P L —s"/30 Hi’”” o—P°/38 _

Because ¥,,(1) = N, (¢,), the result (2.8) will follow immediately. Also, if N,,(¢) > 1, then

/ " 9(@) Calta)(da) = ig;

— 00

Because I(1) = 1, it will follow from (6.12) that as n — oo, we have
o0 o0
/ 9(x) Cu(tn)(dz) =, / g9(z) p(dx),
— 00 — 00

which by, for example, Theorem 16.16 of [26] is enough to imply that (,(t,) = u.

It remains, then, to prove (6.12). Let n > 0, and recall the definitions of the positive
constants C7 and Cys from before the statement of Lemma 6.2. Let Cy be a positive
constant chosen large enough that if Z has a standard normal distribution, then

P(|Z] > Cq) < n. (6.13)

Let s, = C7372/3, and let

Up =t — = + Sp.

Because the times ¢,, satisfy (2.7), we have

3-2/3( log [ = v <P <P (6.14)
51/3 BS/Q n 5 :

and therefore the configuration of particles at time u,, satisfies the conclusions of
Proposition 2.1.

To prove (6.12), we will follow the trajectories of the particles between times u,, and
t,. Recalling (5.2), we first partition the particles at time u,, into the following four
subsets:

Gl,n = {Z X (un) > L}

Gopn =1{i: X, n(un) < H(up)},

G37n = {Z : H(UH) < Xi,n(un) < L— Cgﬂil/g},

={i:L—Csp7 3 < Xin(uy) < L}.
We then partition the particles at time ¢,, into six subsets. Recall that a; ,(s,t) is the
position of the ancestor at time s of the ith particle at time ¢. We will denote by k; (s, )
the index of this ancestor, which means X, (s n(5) = ain(s,t). For j € {1,2,3}, we
define
Sj’n = {Z : ki’n(un,tn) S Gj’n}.

We also define

{7/ i,M 'U/n» n EC;(élnand)(zn n [ C9Vp/ aCQ\/p/ ]}

S5 n={i:kin(tn tn) € Gapn, i & Sin, and a; (s, t,) > L for some s € (un, ty)},
Sﬁn—{l in un, ) €G47n andz¢S4,nUS57n}.
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Forj e {1,...,6}, let
Uin(9) = > 9(Xin(ta)VB/).
i€Sjn
Then ¥,,(g) = ¥1,,(g9) + - - - + ¥, (g). We will show that with high probability, the values
of ¥; ,(g) are small for j € {1,...,5}. The dominant contribution comes from ¥ ,(g),
which is highly concentrated around its expectation.

The term ¥, ,,(g) accounts for the particles that are above L at time u,,. To bound
this term we can use the argument leading to (5.9), with u,, in place of ¢,, — QC’lp_2, to
see that with probability tending to one as n — oo, no particle that either starts above
L or reaches L before time u,, has descendants alive past time u,, + 2C;p~2. Because
un + 2C1p~2 < t,, for sufficiently large n, it follows that

lim P(¥;,(g) =0) =1. (6.15)
n—oo
We next consider ¥s,(g), which accounts for particles that are below H(u,) at

time u,,. If there is a particle at = at time u,,, then by (2.12), the expected number of
descendants of this particle alive at time ¢,, is

ﬂz(tn - Un)S . Bp(tn - un)2>

5 > (6.16)

exp <ﬁx(tn —up) +

Using that ¢, — u, = (p/) — sn, after a few lines of algebra we get that the expression
in (6.16) is equal to

3 287 283
exp ((p—,@sn)x—?’:ﬁﬂtp;—%”). (6.17)
It follows that
3 QSH 525% e o
B0 (9)1Fu] < ol (— £+ 232 - E08) 57 copminiaton e1g)
iGGQ’n

Note that (6.14) implies that s,, < u,, and therefore S8s, < Su, /2 for sufficiently large n,
so it follows from (5.6) that

E |: Z e(pfﬁsn)xi,n(un)

1€G2 n

fo] < eIy (0),

and therefore

3 2 2.3 2,,3

n\g F / P Sn 5 S B u

E[w Y, e _ £ n n
[ 2, ( )| O] < n(O) Xp( 4+ )

Because u,, > p*/3/3%/° by (6.14), we have p?s,, < %u?. Therefore,

3 2,3
R A e ]

(6.19)

Combining (6.19) with (1.9) and (1.10) along with the conditional Markov’s inequality,
we obtain ,
lim ]P)(%yn(g) > nZp(0)e™" /3/3) = 0. (6.20)

n—oo

The reasoning leading to (6.18) gives

° 25" 62‘9% —Bs in(u
Bl (017, < lalexp ( £+ 220 = B3 $7 oot 20
i€G3,n
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We can write G3 ., = G}, +G3%,, where fori € G, we say i € G}, if a; (0, up,) < H(uy)
and ¢ € G *, otherwise. By (5.5),

E[ 3 elefan)Xun(un)

P
zGGSm

J-"o] < e /Ty (0). (6.22)

When H(u,) < ¢ < L and H(u,) < y < L, we can estimate p> (z,y) using Lemma
2.5, and the error term FEq(u,,z,y) will be o(1). Therefore, for any constant Cyy >
21/3 /(Ai'(v1))?, we have for sufficiently large n,

E |: Z e(PfﬁSn)Xi,n(un)

€G3,

d

N, (0)

L—-Csp
= > ]1{H<un><x,-,n<0)<L}/( P~ Psvpl (X;0(0),y) dy
i=1 H(ur

—1/3

L—CsB~1/3

< CloZn(O)/ efﬁs"yﬂl/sa(L —y) dy.
H(u”)

We now make the substitution z = (23)/3(L — y) and recall (6.7) and the fact that
s, = C7572/3 to get

E{ T oo Ximun)

P
zEGs_’71

(o)
.7:0] < CloZn(O)/ e_BS”(L_(2B)71/SZ)Ai(’yl +2)dz
21/3C;

= CloZn(O)e*”zs"ﬂ/ 62_1/307(71+2)Ai('yl +2)dz
21/308

- Zn(0)e P 5n /2076, (6.23)

< Ciom
- 2

It follows from (6.21), (6.22), and (6.23), using the reasoning that led to (6.19) to handle
the first term, that for sufficiently large n,

Bl (0)70] < lalle /% (o 0) 45+ 00 7,00)).
Therefore, using (1.9) and (1.10) along with the conditional Markov’s Inequality,

limsup P (W30 (g) > n'/2Z, (0)e /%) < Crolglln*/>. (6.24)

n— oo

It remains to consider the particles between L — Cs3~ /3 and L at time w,,. Applying
Lemma 2.4 with s = s,, = p/ — (¢, — u,,), there is an F,, -measurable random variable
0, tending uniformly to zero as n — oo such that

]E[lPSm( ) + \116 n |-Fu

Cb\/;77
:(1+9) ,/% \/7
Z€G4n

_ (1+0n)( 3 e(pﬁswxi,n(un))
i€Gan
Ps.  pP B2 Co Ry
Xexp( 5 35 6 )/_ng(y)~mey dy. (6.25)
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Because s,, = C75~2/3

IP((l —21)Z,(0) < exp (pgsn _ 5252) Z (P B5n) Xin (un) < (1+ 277)Zn(0)> oL

, Lemma 6.2 applied at time u,, tells us that as n — oo,

(Ai'(m1))? 2 6 /.5 (Ai'(m))?
T 4,n
(6.26)
Because g is nonnegative and 6,, — 0 uniformly as n — oo, it follows that
. 1+3n _ s
- < _— T2l —p’/38 - 1. )
i P(BLYs0) + W, @1 < e 2,000 ) <1 627

To obtain the corresponding lower bound, note that by (6.13),

Os 1 . > L e lgll
e~V /2 Y 2 qy—r - _ Mgty
/Cg 9(y) or dyz[mg(y) o dy —nllgl| I(g)<1 I@)

Also using again that 6,, — 0 uniformly as n — oo, we get

. 1—3n nllglly —p3/s
lim IP’(E[% () + V60 (9)| Fu,] > —— (1 - )e 1387, (0)I(g)) =1. (6.28)
n—o0 ’ ’ C T (A (m))? I(g)

The term U5 ,,(g) accounts for the particles that reach L between times u,, and ¢,
We now bound the contribution from this term individually. Take v € [0, ¢, — u,], and
recall the definition of 7% (v) from the beginning of section 2.7. From Corollary 2.12 and
the fact that (p?/2) — BL = 271/33%/34,, there is a positive constant C;; such that

_ Cy1(L —x) (L —x)? _
L tnull—7) o LT X)" ,1/392/3
75 (v) < e exp (px pL o 2 B4 yv . (6.29)
Now let m,,(v) denote the expected number of descendants in the population at time ¢,
of a particle that reaches L at time u,, + v. It follows from (2.12) that

ﬁ2(tn — Up — ’U)3 . ﬁp(tn — Up — ,U)2)

my(v) = exp (ﬂL(tn — Uy —v) + : 5
Because t,, — u, = (p/8) — s, a short computation gives

Bty — up —v)* _ Bp(tn —un —v)* _ p*(v+s,)  p° _ B2(v + s,)°

6 2 2 38 6
It follows that

3 2 3
p 5<U+Sn>) (6.30)

o) = exp (L4 270Gy (04— 22— L

Therefore, using that y; < 0 and (v + s,,)® > 53, we obtain from (6.29) and (6.30) that

Cll(L — 37) exp ( (L — x)Q p3 528%)

~I < = x) P
7 ()ma(v) < v3/2 pe 20 35 6

We now integrate over v and apply Lemma 4.1 to see that if there is one particle at z at
time u,,, then the expected number of particles alive at time ¢,, whose trajectory crosses
L between times u,, and t¢,, is bounded above by

p3 253 tn—Un R
C11(L — x) exp (px “35 6 ”) /0 v 3/2e=(L=2)%/2v g,

3 3
< C11V2mexp <pa: P C7>
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It follows that
E[Ws,,(9)|Fu.] < Criv/2m|lglle= /07" /35, (uy).

By applying (5.8) with the constant function that always takes the value 1 in place of g,

we have . P(Yn( e (1+77</ Ai(m + 2) dz>z (0)> - 1. (6.31)

n—00 Ai' (1))

Therefore, because C7; was chosen to satisfy (6.6),

lim P(E[%,n@mn] > cnngnnzn(meﬂ”w) —o. 6.32)

n—roo

Combining this result with the conditional Markov’s Inequality, we get

limsupIP’(\Ils,n(g) > 771/2271(0)6”33/35) < Cullglln*’?. (6.33)

n— oo

We now consider ¥g ,,(g). The upper bound (6.27) on the expectation still holds when
U5 (9) + U6 n(g) is replaced by ¥¢ ,,(g). To get a lower bound on the expectation, let

_ 1 _ nllgll (A7’ (v1))*Cullglln
fm)=(1 377)(1 I(g)) )

and then combine (6.28) with (6.32) to get

n1Lr§OP<E[@67n( N Fu,] > (Azf((Zf)) _”3/3ﬁZn(O)I(g)> =1. (6.34)

We now need to control the fluctuations. By Lemma 2.11,

Var(¥s.,(9)|Fu) < Y Ex,un) K > g(Xa®) 6/p)>2]

i€G4n jESe
g2/ 200 s
S Z — exp ,OXi(un)‘FPL—%— 3
i€GyY,
2/3 D) 3
S —7 eXp (PL - %)Yn(un)
Therefore,
2/3epL Y( )
P(|Ts.,(9) — E[T6.0(g)|Fu.]| > ne /38 Z,(0)| F < B Ll 6.35
(l 6, (g) [ 6, ( )| ” ne )| n) ~ n p4 Zn(0)2 ( )
It follows from (1.9) and (1.2) that as n — oo,
62/36pL 1
_— e ——— = 0. 6.36
i Za0) (6:30)

It follows from (6.31) and (6.36) that the right-hand side of (6.35) converges in probability
to zero as n — oo. Combining this observation with (6.27) and (6.34), we get that for all
n>0,

3 /e
e=P /30 (A= F)Ig)\ —p/:
lim P( |¥ ———=7,(0)] D e /38y =1.
i P[00 - (G 21| > (04 T )97, 0
(6.37)
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The only term remaining to be considered is ¥, ,(g), which accounts for particles
that end up outside the interval [-Cy+/p/53,Co+/p/B] at time ¢,,. Letting 1 denote the
constant function whose value is always equal to one, we have by (6.17),

P s, [ .
EWsn1) + W5 (1) + Yen(1)Fu,] =exp | — o= + — ) § el Ban) Xuntun),
36 2 6 )5
T 4,n

Also, using (6.25), if Z has a standard normal distribution, then

E[\I/&n(l) + qj6,n(1)‘Fun]

2 3 263 %
= (1+6,)exp (p2 —g—ﬁ——ﬁG )( Z e(P=Bsn) Xin( n)>(1—P(|Z| > (Cy)).
i€G4n

Combining these two results and using (6.13) gives

E[Wan (9 Fu,] < N9IE[Y4,n(1) | Fu,]
= gl (E[®4n(1) + U5 (1) + Y6 (1) | Fu,] — E[W5,,(1) + Y6 n(1)| Fu,])

2 3 23
P Sn P Bs —B5n)Xin(un
< gl + mesp (52 = 2 - 28 ) (37 ctommiatin),
1€Gan

Using the upper bound in (6.26), and the fact that 6,, — 0 uniformly as n — oo, it follows

lim P(Emm(g)fun] < We—ﬂ3/3ﬁzn(0>) —1.

Therefore, by the conditional Markov’s Inequality,

3 1/2)(1 + 2n)
. 1/2 -0°/38) < lgll(2n*/*)(1 + 27
llrgsogpP(W4,yL(g) >0 Z,(0)e ) < ATE (6.38)

Because n > 0 was arbitrary, we can now obtain (6.12) from (6.15), (6.20), (6.24),
(6.33), (6.37), and (6.38). The proposition follows. O

7 Proof of Proposition 2.3

To prove Proposition 2.3, we essentially show that Y,,(¢,) and Z,(t,) remain of
the order '/3p—3erl after the process has evolved for a time that is of the order
p/B. For the upper bounds, only truncated first moment estimates, in combination
with Markov’s inequality, are needed. However, killing particles when they hit L is not
sufficient because doing so would kill some particles whose descendants would otherwise
contribute significantly to the process at time ¢,,. Therefore, we instead have to kill
particles when they hit L4 for A < 0, and then move the barrier further away as time
increases—that is, make A more negative as a function of time—thereby reducing the
number of particles that hit the wall.

Obtaining a lower bound on Z,(t,) requires second moment estimates. To obtain
adequate second moment estimates, the value of A needs to be chosen so that the wall at
L 4 moves closer to the origin at regular intervals. An alternative to this approach would
be to follow the techniques in [5, 29], which would likely yield the stronger result that
(Z,(t),t > 0) converges to a continuous-state branching process. However, the simpler
arguments given here are sufficient for our purposes.

EJP 26 (2021), paper 103. https://www.imstat.org/ejp
Page 45/76


https://doi.org/10.1214/21-EJP673
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian particle distribution for BBM with inhomogeneous branching

7.1 Upper bounds on contributions of particles remaining below L 4

Recall that a; (s, t) is the position of the ancestor at time s of the ith particle at time
t, and
Zn,a(w) = e Ai((26)"? (La — 2) + 1)L (zcr )
For A < 0, define

N (t)
ma(t) = Z eri‘"(t)ﬂ{ai,n(s,t)<LAwgt} (7.1)
i=1
and
Ny, (t)
:,A(t) = Zn,A(Xi,n(t))]l{ai,"(s,t)<LA Vs<t} (72)

1=1

so that Y’ ,(t) and Z}, 4(t) only count particles that have remained below the level L 4
for all times s < t. Before we introduce our moving barrier, a large part of our upper
bound follows relatively easily from estimates on Y, 4(¢,) and Z;; ,(t,) for fixed A < 0.

The following fact about the Airy function will help us to compare the values of z, 4(z)
for different values of A.

Lemma 7.1. Ifx > 0 and 1/2 < r < 1, then Ai(z + v1) < 24i(rz + 71).

Proof. We consider three cases. First, suppose 0 < z < —v;. Because Ai(z) > 0 for all
x > 1 and the Airy function solves the differential equation Ai”(z) = zAi(z), the second
derivative Ai”(z) is negative for all z € (v1,0). Therefore, since r < 1, the average value
of the derivative of the Airy function between +; and ~; + z is less than the average
value of the derivative of the Airy function between ~; and ; + rz. The conclusion of the
lemma follows from this observation because r > 1/2.

Next, let a} < 0 be the largest zero of the derivative of the Airy function, which is
also the point at which the Airy function attains its maximum. Suppose x > —v; but
re < aj — 1. Then, we can apply the result from the previous case with a] — 7 in place
of z to see that Ai(x + 1) < Ai(a)) < 24i(rz + ).

Finally, suppose rx > a] — 71. Because the Airy function is decreasing on (a}, 00), we
have Ai(x + 1) < Ai(rz 4 1), which implies the conclusion of the lemma. O

We now check that, at time 0, the value of Z,, 4(0), or equivalently Z; ,(0), cannot be
much larger than that of Z,,(0).

Lemma 7.2. Fixe¢ > 0, and suppose that (1.9) and (1.10) hold. Let A < 0, and define

3 pl/3erk 1 .
- <2 2T < —orL L
Gn {Zn,A(O) <3 = } N {Yn(O) < pze }

Then P(G,,) > 1 — 3¢ for sufficiently large n.

Proof. Since (1.10) holds, it suffices to show that for large n,
1/3

. 63€pL> > ]. — 25.
0

If > L + A/p, which implies that L4 — < 2|A|/p, then

P(Zn,A(m <3

1/3 i
_ e

2n,a(@) = e Ai((28)*(La — @) + M) facray S € (28)/3(La — 2) p

It follows that

N, (0) 1/3
B3| A|Y,(0
2, A(Xin () ix, 0> +4/00 S B1AYA(0) p| . ). (7.3)
1=1
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In view of (1.10), it follows that for sufficiently large n,

N, (0)

1 ﬂl/:ﬁ
P( Y wnaXinO)hix, )21 44/ < 5 pge"L) >1-—e. (7.4)
i=1

Suppose that z < L+ A/p. Then 2(Ls — z) < L —x < Ls — . Therefore, z, a(z) <
22p,0(z) by Lemma 7.1. It follows from (1.9) that for sufficiently large n,

Nn(0)

) 1/3
P( Z Z'VL,A(Xi,n(O))]I{Xi,n(O)<L+A/p} < g . IBI&))EPL> >1—c. (75)
i=1
The result follows from (7.4) and (7.5). O

Lemma 7.2 tells us that we may restrict our attention to the case in which the initial
configuration of particles is such that G,, occurs.

Lemma 7.3. Ift > 372/3, then
E[Y,: 4 (£)|Fo] S Zn.a(0)e P47 4, (0)e 7/,

Proof. Recall that H4(t) = L4 — Bt?/9, and that a; ,,(s,t) is the position of the ancestor
at time s of the ith particle at time ¢. We divide into three subsets the particles 7 that are
below L 4 at time ¢:

Sl,n = {Z : ai,n(ovt) < HA(t)}7
SZ,n = {'L ¢ Sl,n : Xi,n(t) < HA(t)}v
SS,TL = {Z ¢ Sl,n U 52771}-

For j € {1,2,3}, let

N(#)
Va0 =Y e O, (nenavecnyiies, .-
=1
It follows from (5.3) that
E[Y,7 41 (D) Fo] < Ya(0)e= 7/, (7.6)

Likewise, it follows from (5.4) that
E[Y;! 4.2(t)|Fo] < Yn(0)e ¢/, (7.7)

Finally, noting that H(t) was chosen so that (2.24) holds when H,(t) < < L4 and
H,(t) <y < La, equation (2.21) implies that for sufficiently large n,

1/3 La
me—mt/p (/_ e’ e Pa(Ly—vy) dy) Zn,a(0)(14 0(1))

e—BAt/p

= G ) A+ ) Zuao)t o)

Se PP 7z 4(0). (7.8)

E[Y,} 45(t)[Fo] <

Now the result follows from (7.6), (7.7), and (7.8). O

Corollary 7.4. Fixe > 0 and A < 0. There exists n > 0, depending on A, such that if
B=2/310g (B3 /p)t/? <« t < p/ep, then on the event G,

P(Yoralt) > % : *BplfePL'fo) <
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Proof. Note that on the event GG,,, by Lemma 7.3,

ﬁ1/36pl‘
3

3 _ epL 2.3 /81/3epL 3
B a1 Fo] S 5-——5—¢ ﬁAt/p+?e OIS < D emA/e,

~ p3

By the conditional Markov inequality, on G,,,

. 1 51/3 . Bl/BepLefA/s np3 Y
P( na(t) > n 7€p ‘]:O> S PE " B/BerL ne” s,
and the right-hand side can be made smaller than ¢ by choosing n small. O

7.2 A moving barrier

To prove the upper bounds in Proposition 2.3, we need to upgrade the result on Y* in
Corollary 7.4 to results about Y and Z. To do so, we need to bound how many particles
go above L 4. As mentioned earlier, a fixed barrier does not give us accurate enough
bounds, so we now define a moving barrier. For A € R and s > 0, let

AA(S):LA—%(QXP(%S)—l) and Aa(s) =Aa(s)— La.

Throughout this argument we will take A < 0, and therefore A 4 and all its derivatives
are non-negative. We would like to study the process when particles are killed as soon as
they hit the curve (A(s))s>0. Let #2(u,v) be the expected number of particles that hit
the curve between times u and v in this modified process, when starting from a single
particle at x.

Lemma 7.5. Suppose that A < 0. Then foranyt > 0 and x < L4,
2A6 (1 ,
FA(0,1) < 248 PpLao ¢) — —5/ e2ABs/ppLa) 5)ds.
P Jo

Proof. Recall that (B;);>o is a one-dimensional Brownian motion started at « under PP,
and Tk = inf{t > 0: B, > K}. Let (Gi):>0 be the natural filtration for this Brownian
motion. Define

=inf{t >0: B, > Aa(t)}.

Then by the many-to-one lemma, reasoning as in (2.28), we have
P (u,v) = By [err=pAa @)= T /2457 pBudsy 1], (7.9)

Define a new probability measure QQ, by setting

t 1t
= exp (/ Ay (s)dBs — f/ A;‘(S)st
G 0 2 Jo

t
— exp (A/A(t)Bt—A'A(O)x— / A"(s)Byds — / Ay ( ds (7.10)
0

dP,

where the second expression follows from the first by (stochastic) integration by parts.
Combining (7.9) and (7.10) tells us that f;;‘ (u,v) equals

Q, [epm—pAA(T*)—pQT*/2—A'A<T*>AA<T*>+A14<0)z

6[0 A” (s)Bsds+1 [, A;‘,(S)QdSJrfoT* ’BBSdS]l{u<T*SU}:|'
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Note that since By < A4(s) for all s < T™ and A’,(s) = A/4(s) for all s, by the standard
integration by parts formula,

/0 A’} (5)Bgds < /0 A (8)Aa(s)ds = A (T*)AA(T*) — A4 (0)L 4 — /0 Ay (s)?ds,
and so, since z < L4 and A’,(0) > 0,
i (u,v) < Q, [6””_”AA(T*)"’2T*/2+A/A(°)(-”—LA)—% o AL()dst [ PR (<o}
<Q, [epx*pl\A(T*)*pQT*/HfOT* BBSdSﬂ{u<T*<U}:|'

Under Q,, the process (B, — A4(t)):>0 is a Brownian motion started from z, so from
above,

FA (0, 0) < P, [P PAATL) =0 Ten /2]y 4 BB+ AAG)

x ds]l{u<TLA Sv}]

Ty Ty,
—pAa(T A BA d —pLa—p*Tyr . /2 A BBsd
=P, [6 PAA(TL )+ [o "4 BAA(s)ds | opz—pLa—p°TL, /2+ [, 4 B S]l{U<TLA§v}]'

We now note that for any time ¢ > 0,

t
~pBa(t)+ [ BAAS)s = AP~ 1)+ 245t/p < 245t/p,
0
SO
fﬁ(u, v) <P, [€2A6TLA//) . epw—pLA—p2TLA/2+f0TLA BBSdS]].{u<TLA Sv}} < 62A,8u/pT£A (u,v).

Recalling that 724 (¢) is the derivative of 74 (0,¢) with respect to ¢, we have

SiA0.0) < Ao ),

and integrating by parts completes the proof of the lemma. O

7.3 Proof of the upper bounds in Proposition 2.3

Lemma 7.6. Fix ¢ > 0 and suppose that (1.9) and (1.10) hold and thatt < p/ef3. Recall
the definition of A from (1.4), and let C; be the constant from Lemma 2.14. Then there
exists a negative real number A’, depending on 6, £, and A, such that if A < A’, then the
probability, conditional on G, that some particle hits the barrier A (s) at some time
s < t and has descendants that survive for an additional time 2Clp_2 is bounded above
by ¢ for large n.

Proof. First consider a fixed barrier at L4, and let R; be the number of particles killed
at this barrier before time ¢ > 0. From Lemma 2.13,

E[R;|Fo] < e PLaY, (0) + tp¥3e=rLa=BAr 7z 4(0).

Now let R; be the number of particles that are killed at the moving barrier A4(s) for
some s < t. By Lemma 7.5 and the bound above, we have

E[Rﬂ]:o] < eZAﬁt/ﬂ*PLAYn(O) +t52/3€(—A+2A)ﬁt/P*pLAZn A(O)

t t
_ 2A0 / eZA[;’s/p—pLAYn(O)dS _ %/ sﬂZ/Se(—A+2A)5s/ﬂ—pLAZn A(O)dS
P Jo P Jo ’

_ 2p _
— L ApBt 2/3 APt L
= e LAy, (0) + (Aﬁw(e /p 1) —tp?3e /p>e PLa gz, 4(0).
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Without loss of generality we may assume that ¢ < 1. Since A < 0, it follows that

* < ,—pLa p —pLa
ER; Fol S €777 Ya(0) + e ™ Zn.a(0).
Recall that 1/3_pL
3 Bl/3er 1 .
o= (a0 232 < L,
so on G,
_ 1 p _ 3 pl3erl A 3e4

EIR I < pLa — _pL pLac 2 - _ - L 2
[Ri|Fo] S e pze +€ﬁ1/3|A|e § 03 p> Jr(58/)2\14|

It follows that A’ can be chosen so that if A < A’, then E[R}|F,] < ¢A/2p% Because
t < p/ep, for sufficiently large n we have p?/2 < BA4(s) < p? for all s < t. From Lemma
2.14, it follows that conditional on G,,, the probability that some particle reaches the
boundary before an arbitrary time ¢ and has descendants that survive for an additional
time 2C;p~2 is bounded above by a constant multiple of &, which is sufficient to imply
the result because ¢ > 0 was arbitrary. O

We now have the ingredients to complete the proof of the upper bound Proposition
2.3, in the form of the following lemma. Note in particular that, in view of (1.2), the
result (7.11) is stronger than the required conclusion that p*2e*”LYn(tn) —p 0.

Lemma 7.7. Fix ¢ > 0 and suppose that (1.9) and (1.10) hold, and that the sequence of
times t,, satisfy Bt,/p — 7 € (0,00). Then there exists n > 0 such that

1/3
IP’<Yn(tn) < 1 ﬁgeﬂL> >1—6¢ (7.11)
nop
and s
P(Zn(tn) < % . igeﬂ) > 1 — 6e. (7.12)

Proof. Choose A’ as in Lemma 7.6, and fix A < A’. Fix A* such that for all large n,
2 2
A" < A+ 24(exp (—B<tn - %)) -1)
P P
so that

L= > Aa(t, —201/p%).

Recall that, by Corollary 7.4, there exists n > 0 such that on G,

We therefore need to consider those particles that contribute to Y,,(t,) — Y, 4- (a); such
particles must be above level L 4« at some time before ¢,,.

Note that A4(s) < La- for all s < t,, — 201/p?. Therefore in order to contribute to
Y (tn) — Y,5 4-(tn), @ particle must do one of the following:

(a) start above L4 and survive until time ¢,,;
(b) hit A 4(s) for some s < t,, —2C1/p? and then survive for an additional time of 2C} /p?;

(c) hit L4~ between times t,, — 201 /p? and t,,.
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By Lemma 5.1, the probability that any particle does (a) tends to 0 as n — oc.
Lemma 7.6 tells us that on G,,, the probability that any particle does (b) is bounded
above by ¢. It therefore remains to consider case (c). Let R’ be the number of particles
that hit L 4« between times ¢,, — 2C; /p2 and t,,. Then on G,,, by Lemma 2.13,

s 1 1 x 1/3
E[R,|]:0] 5 eprA* —7m3p/108 pigepL + pizeprA* 62/36\14 |7, ﬂ . epL.

We have 7 < 1 and A* does not depend on n. Also, by (1.2) we have e~TP/108 ﬂl/?’/p
and 3/p° < B'/3/p3. Therefore

ﬁ1/3
E[R|Fo] < —5-e?tmrhar,
p

By Lemma 4.3, the expected contribution from each of these particles to Y,,(¢,,) is at most
ePla= Therefore, letting Y’ denote the total contribution to Y,,(¢,) from these particles,
we have

1/3
Ely'| R < D ert
p

The conditional Markov’s inequality implies that for large n, on G,,

ﬁlgﬁl epL 51;3
P P

Since P(G,,) > 1 — 3e for large n by Lemma 7.2, this completes the proof for Y, (¢,).

Because |Ai(z)| < 1 for all z (see table 9.9.1 in [32]), the result for Z,(¢,) follows
immediately. g

]P’(Yn(tn) — Y e (tn) > ‘]—'0) < 25+IP’(Y’ > e”L‘]-'o) < 3e.

7.4 Proof of the lower bound in Proposition 2.3

To prove Proposition 2.3, it remains to establish the lower bound for Z,(t¢,). This
requires using a second moment argument to control the fluctuations. To do this, we will
construct another modification of the original process. We would essentially like to use
the moving barrier from Section 7.2, with A chosen positive so that the barrier moves
closer to the origin as time increases. However, our second moment bound Lemma
2.10 holds only for a fixed barrier at L 4. Developing the required second moment
bounds for the moving barrier would require substantial extra work, and it is much more
convenient to instead mimic the moving barrier with a series of fixed barriers that move
progressively closer to 0.

Fix ¢ > 0 and choose § > 0 such that (1.9) holds. Suppose that §t,/p — 7 € (0, 00).
Let (12 be a positive constant chosen so that (2.27) is a strict inequality for all n if the
right-hand side is multiplied by C12. Fix a positive number A large enough that 1/A < 7
and

288e4Cpe A ((4e2)7(1He) — 1)
dlog(4e?)
Let Ag = A, and let A;, = A + klog(4e?) for positive integers k. Choose J,, € N and times

< €. (7.13)

0:u0<u1<-~-<u!]n:tn

such that

< i (7.14)

p
_r e < 2
BAy " B4,
for all £ € {0,1,...,J,_1}, which is possible for sufficiently large n because 1/A < 7.
Note that

k—1 k 2

p 1 p 1 p klog(4e)
>EN . - S P - 14 220 ),
Uk = B jgo A+ jlog(4e?) — 5 /0 A+ zlog(4e?) de Blog(4e?) log ( + A )
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Since u,, = t, ~ pr/p, it follows that for large n,

prlte) _ »p
B Blog(4e?)

Jn log(4e?)
log (1 + — 1 ),
and therefore

A((462)‘r(1+€) o 1)

J, < 7.15
- log(4e?) ( )
Choose positive numbers C'3 and Cy4 such that 0 < Ci3 < C14 < oo and
21/3C14 A'/ 2
/ Ai(z + )2 dz > AEOD] (7.16)
21/3013 2

which is possible by (2.19) with j = k£ = 1. Recalling (2.25), we consider a modified
process in which particles are killed at time 0 unless they lie in the interval

Io = (Ka(u1), La). (7.17)

For k € {0,1,...,J, — 1}, particles are killed if they reach L4, between times u; and
uk+1, and then particles are also killed at time uy; unless they are in the interval

I = [LAk — C1BV3, La, — 0136_1/3]~ (7.18)

Letting G;(t) be the event that the ith particle at time ¢ in the original process has not
been killed by time ¢ in this modification, we define

N (1)

noa(t) = Z PN 4i((28)3(La — Xin(t)) + Y x, . y<payla ()
i1

Lemma 7.8. Fix ¢ > 0 and suppose that (1.9) and (1.10) hold. Then for sufficiently large
n,

61/3

, 1)
P( na(0) > i

e”L> >1—3e.

Proof. If > L — 2A/p, then L — x < 2A/p and therefore

n0(w) = e Ai((28)*(L —2) + 1) S Aﬁll/jepx'
Thus -
) )27“0(Xi»"(0))]1{Xi,n(0)2L—2A/p} S Aﬁl/;Yn(O)
=1
In view of (1.10), it follows for sufficiently large n that
3 5 B3 L
JP’( ; 2n,0(Xin(0)Lix, . (0)>1—24/p) < 1 ?e ) ~1—e
Likewise, by the reasoning that led to (5.15),
5 § B3 L
P( D eno(Kan O, corzrcson < 4+ e )oi-e
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Therefore, in view of (1.9),

N (0) ) 51/5 I
P( Z 2"70(Xiﬂ'/(o))ﬂGg(o)]l{Xim(0)<L—2A/p} > 5 : p3 e’ ) >1— 3e. (7.19)

i=1

Now suppose z < L —2A4/p. Then (L —z) < Ly — 2 < L — z. Therefore, by Lemma
7.1, we have z, o(z) < 2z, 4(z). In view of (7.19), it follows that

Nn(0)

§ 61/3
IP’( > zan(Xin(0)Lar o) Lix, . (0)<L—24/p} > 1 76’* >1-—3e,
=1

which implies the result. O

Lemma 7.9 below gives the lower bound on Z,(t¢,) that is needed to complete the
proof of Proposition 2.3. In particular, Proposition 2.3 follows directly from Lemmas 7.7
and 7.9.

Lemma 7.9. Fix ¢ > 0 and suppose that (1.9) and (1.10) hold. Suppose that ft,/p —
T € (0,00). There exists n > 0 such that for sufficiently large n,

51/3
]P’(Zn(tn) >0 — e”L) >1— 5e.
p

Proof. Let J = A((4e¢?)7(1+%) — 1)/log(4¢?) be the right-hand side of (7.15), and let

0<1< faea)yr

For k€ {0,1,...,J,}, let

5 ﬁ1/3
=7 > S

Lemma 7.8 implies that P(Gy ) > 1 — 3¢ for sufficiently large n.

For k € {0,1,...,J, — 1}, we consider the evolution of the process between times uy,
and ug41. Recall that all particles at time uy are in the interval I;, while particles will
be killed at time ug4; unless they are in the interval ;. Particles will also be killed if
they reach L4, , between these two times. Note that these intervals have been chosen
in such a way that if x € I, and y € I, then the density

Purt o (@:9)
can be approximated using Lemma 2.5 because the error term in (2.21) tends to zero
uniformly over x € I and y € Ix11 as n — oco. Likewise, Lemma 2.10 can be applied for
second moment calculations because any x € I and y € I, will satisfy the conditions
of Lemma 2.10 if n is large enough.

By Lemma 2.5,

(25)1/36—5Ak(%+1—u;c)//3 , / )
. Zn, . (uk) a(La, —y)* dy.
(AZ/(’Yl)P A Ty1 i

E(Z, a, (urt1)| Fu,] ~

Making the substitution z = (23)'/3(L, — v) and applying (7.16), we have

/30
(26)1/° / > 1 /2 yy 2. L
: (LA, — dy= ——— Ai(z + dz > —.
@2 Ji,,, T T W= GO fyueg, AT >
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By (7.14), e AAr(uss1—ur)/p > ¢=2 Tt follows that for sufficiently large n,

1
E[Zy a (wre)Fun] 2 57520, 4, (un)- (7.20)

Because all particles at time u; and their descendants evolve independently between
times uy, and w41, it follows from Lemma 2.10 that

CroB2/3ePL A,
Var(Z,, a, (ur+1)1Fu,) < uﬂT(Yn(%) + B3 (w1 = uk) Z, a, (ur)).-

Therefore, by Chebyshev’s Inequality,

1
(! noay (k1) —E[Z] 4 (upy1)|Fu,]| > Gozon noay (k) )
- 36e1C153%/3ePL Ak (Yn(uk) + B3 (upyr — ug)Zy, 4, (uk)) .
- p*(Z, a, (uk))?

Note that p?e~*LY,,(0) —, 0 as n — oo from (1.10) and p?e "LV, (ur) —, 0 @as n — oo
for k € {1,...,J, — 1} by Lemma 7.7, with u; in place of t,,. Therefore, for all k €
{0,1,...,J, — 1}, as n — oo,

3664012ﬂ2/36pLAk Yn(uk)]le,n
p4(Z;L,Ak (ur))?

Using (7.13) and recalling that A, = A + klog(4e?), we also have

—p 0.

36e* Craf*Pertan - 23 (uppr —up)Zy, 4, (ur)la,., o 28840, _ e log(4e?)
P (2, 4, (ur))? = A Ap((4e2)r @) — 1)

It follows that

Ju—1
I 1
HmSUpP( U {|Z7/1,Ak (uk+1) = E[Z), a, (urs )| Fur] | > 6oz ;L,Ak(uk)} N Gk,n)

n— o0 k=0
Z ElOg 46 ) S e,
Ak 462 T(14+€) _ 1)

where the last inequality is from (7.15). Combining this result with (7.20), we get

Jn—1
. [ 1
hmjup]P’< U {Z;,Ak (up41) < @Z;L)Ak(uk)} ﬂGk,n) <e. (7.21)
Forall k € {1,...,J,} and all positive real numbers a; and as, we have
lim ot 220 o gup @) g (7.22)

n—ooy€ly Zn,a,(Y) — n—roo y€El) #n,az (v)
It follows from (7.21) and (7.22) that

Jn—1
. I 1
hmsupP( U {Z;L,Akﬂ(“kﬂ) < 1 ;,Ak(uk)} N Gk,n> <e.

n— oo k:O
Therefore, by the definition of the events Gy, and using that P(Go,) > 1 — 3¢ for

sufficiently large n, we have

Jn
liminf P(G, ) > hmlan( ﬂ Gy, n) > 1 — 4e.

n— o0 n— 00
k=0
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That is,

5 ,81/3 oL
1%11_1}101ng< nAJ'L(’U,Jn)Zm'7€ ) 21—45

The result now follows from another application of (7.22).

8 Second moment calculations

8.1 Some integral estimates
Lemma 8.1. Take k€N, p > 0, and ¢t > 0. Ifa > pt/2, then

/oo wke_(m—a)z’/t_pmdx - t1/2((a _ pt/Z)k + tk/z)epzt/4_ap,
0

and ifa < pt/2, then

N th+1 »
—(z—a —px - —a
/0 z"e dIA(pt/Q—a)k“‘l—i—t(k"‘l)me .

Proof. Note that

/OO :L,k:ef(:rfa)Q/tfpxdx _ 6p2t/4fap /OO xkef(azfa+pt/2)2/tdx’
0 0

so it suffices to show that for b > 0,
/ ykef(yfbf/tdy - t1/2(tk/2 + bk)
0

and
tk+1

= k—(y+b)*/t 7. —b%/t
/0 ye dy = bRl 4 (ki n)/2¢ :

For the former,

o0 5 (o)
/ yke—(y—b) /td / +b) ke—y /tdy
0

y

0
(y + b)Fe v /fdy+/ (y+b)Fe v tdy
y

b
o

0

/

/ ke—y /tdy—i—bk/ e_yz/tdy
0

ne!

+R)/2 | pkyl/2,

—b

X

+b)kev /tdy

X

as required. For the latter,
* b)2/t w2 [0k bt—1/2)2
/ Yo 02/t gy _ (ki) / k(b= )2 g
0 0

so it suffices to show that for v > 0,

o0 ( )2 1 2
ko=@t e = — — 77,
/0 v v 7k+1+1e

This clearly holds when « € [0, 1], so we may assume that v > 1. We have

o0 2 2 o0 2
/ 2Fe= N gy = e~ / zFe ™ 2%y
0 0

(8.1)

(8.2)
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which is bounded above by

I o LR
e 7 xe”dxxk—_s_lev
0 0

and below, using the assumption that v > 1, by

1/v
—~2 2 1 A2
67/ zFe ™ de:cx—k e 7.
+1
1/2~y Y

The result follows. O

Lemma 8.2. For any fixed k > 0, we have, for alla > 0 and \ > 0,

> k —)xacd < p,—Aa 1 &k (8.3)
g T'e T e )\k+1+)\ . .

If0 <k <1, then for alla > 0 and A > 0, we have

> 2 2 Q
/ :L,kref)\:c dr S 67)\0’ .
a

k—1
A

(8.4)

Proof. Making the substitution y = z — a, we have

%) . e} B u a S -~ “a 1 ak
/a zFe dac:/o (y+a)ke Avta) gy < e /0 (¥ +ar)eMdy S e </\lc—|r1+/\>7

which gives (8.3). Making the substitution y = 22, we have

o0 ) 1 o)
/ v 5/ Y6126 gy
a a2

The bound y*~1/2 < ¢*~! leads to (8.4). O

Lemma 8.3. For any fixed k > 0, we have

La
/ [a(La —y)Fdy < p~1/3 (8.5)

— 00

Proof. Recalling (2.2), making the substitution z = (25)1/3(LA —y), and then using (3.1)
and the continuity of the Airy function, we get

La (o'
/'[MLA—wﬁdyzmﬁr”i/ iz + )] dz = 51,
0

— 00

as claimed. O

8.2 Proof of Lemma 2.10
Recall that

(t)
Vga;n,A(t) = Z eri’n(t)(p(Xi,n(t>)]l{Xi7n(t)<LA}'
=1

Standard second moment calculations, which go back to early work on branching Markov
processes by Ikeda, Nagasawa, and Watanabe (see p. 146 of [25]) give

La
lmmmmﬂ=/ P p(y2pEA (e, ) dy

t sLa L ,
+2/ / pfA(x,z)bn(z)</ epy<ﬁ(y)pffs(z,y) dy) I ds.
0 J—

— 00
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For z < L4, the birth rate b,(z) is bounded by (1.4). Using also that ¢ is bounded and
equals zero except on [K 4(t), L 4], we have

La t La La 2
Ea[Vin,a(t)?] 5/ e*pa (w,y)dy+/ / pﬁ‘*(df,z)(/ e”ypffs(ay)dy) dzds.
Ka(t) 0 J-oo Ka(t)
(8.6)

We now split the last term into six parts. We define
b= min{8372/3,1/2}

and note that we may, and will, assume that p_2 < t/2 because of (1.2) and the assump-
tion that ¢ > 32/3. Recall from (2.25) that /(t) = 3t?/33 and Ka(t) = La — I(t)/2. We

write
La 2
I —/ / l(t) )(/K o ePpla (z,y) dy) dz ds,
A A
La 2
II _/ / )(/ "4 (2,y) dy) dz ds,
La— l(t) Ka(t)
t/2 La La 2
III 1:/ / PSLA(%Z)(/ ePpih(z,y) dy
b LAfl(t) KA(t)
La
IV:Z/ / )</ "4, (2,y) dy
t La— l(t KA(t)
t La La 2
:/ / pﬁA(lf,Z)(/ ePYpla (z,y) dy) dz ds,
t—bJLa—I(t) Ka(t)
t LA—l(t) La 2
VI 1:/0 / pf“(x,z)(/K " ePYpla (z,y) dy) dz ds.
oo "

The next seven lemmas, which bound these six terms as well as the first term on the
right-hand side of (8.6), will imply Lemma 2.10.

dz ds,

Lemma 8.4. Under the assumptions of Lemma 2.10, we have

La 64/3
/ EPUplA (x,y) dy < F——ePlatza ().
Kal(t) o

Proof. When K4(t) < © < La and K4(t) < y < La, equation (2.22) holds because
~2/3 < t. Therefore, by Lemma 2.5 and (3.6),

LA LA
/ PVpEa (a,y) dy < B3z a(x) / ea(La —y) dy
Ka(t) Kal(t)
—KA(t)

La
=5 za()ert [ e aly) dy
0

S5 eatperta [ e iy ay

0
2/3
L]

which implies the lemma because p~24%/3t — oo by (1.3) and the assumption that
t > p2/3, O
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Lemma 8.5. Under the assumptions of Lemma 2.10, we have

2/3
I< —5 7 ePmerla,

Proof. We use Lemma 2.6 to bound pZ4(z,z) and Lemma 2.5 to bound p4 (z,y). If
z2>La—1(t), y> Ka(t)=La—1(t)/2, and s < t/2, then

(La— 22 4+ (La — )2 < 2A(8)/2 = —— V2 < %5“2@ ~s).

V33
Therefore, using that 3-2/3 < t, the expression
(28)"/5((La—2)" 2+ (La—y)' /7] = 2713p23(t — s)

is bounded above by a negative constant, so we can apply (2.23). We get

(z—2)*> p’s
< — . v 2
[ el 52
La 2
X (/ B3 BAU=3)PePz (L4 — 2)a(L g — y) dy) dz ds.
KA(t)

Note that 3L 4s and p®s/2 are both bounded above by constants. Using also that 4 > 0,
we get

La 2
1< ﬂQ/Sepx/ / pz —(z z)? /2Sa(LA _ 2)2(/ Ck(LA — y) dy) dz ds.
La Ka(t)

Now applying Lemma 8.3 with k£ = 1 gives

I< e‘m/ / e”z —(z=2)*/2s a(La —2)? dz ds.
La

Next, we reverse the roles of z and L4 — z and use that a(z) < B3z by (3.5) and (3.6)
to get

1S B*/3ermerin / f/ demprem oAl g ds, (8.7)

0

To evaluate the inner integral, we apply Lemma 8.1 with k =2,¢t =2s,anda = L4 — .
We now split the argument into two cases depending on the value of x. First, suppose
Ly —x > p~'. Then, because s < p~2, we have L4, — z > ps, so we can apply (8.1).
Noting also that in this case we have (L4 — z)? > p~2 > s, we have

/OO Z2e—pze—(z—(LA—x))2/23 dz = 81/2((LA —r— p8)2 =+ S)epzs/Q—p(LA—x)
0
g 81/2(LA . x)2efp(LA7w)

and therefore

P e 1 1

L 2,-pz o= (2= (La=2)2/25 1o ds < . 2(L s — ) 2e—PEa—2) < L
ze P%e zds < p°(La—x)%e <—. (8.8

/0 Vs /0 p! p*
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Next, suppose instead that L4 —z < p~!. This time, we must use (8.1) when s < (Ls—x)/p
and (8.2) when s > (L4 — x)/p to get

p? oo
/ 1 / 2,—pz = (x—(La—2))2/25 g, I
0 \/g 0

z
(La—z)/p .
= / ((LA — X — /)8)2 + s)ep s/2—p(La—1) ds
0

-2

p §5/2e—(La—z)?/2s
—I—/ 3 372 ds
(La—2x)/p (pS—(LA—,T)) +s

-2

(La—z)/p p
5/ ((LA—m)2+s)ds+/ sds
0 (La—=)/p

Li—12)3 La—1z)? 1
< (La—2x) 4 (La _ ) + 5
p p p
1
= pet (8.9)
The result follows from (8.7), (8.8), and (8.9). O

Lemma 8.6. Under the assumptions of Lemma 2.10, we have

2/3
I < BTePIePLA. (8.10)
P

~

Proof. We use Lemma 2.7 to bound pZ4 (z, z) and Lemma 2.5 to bound p~4,(z, 7). Recall
from the proof of Lemma 8.5 that when z > L4 — I(t), y > Ka(t), and s < t/2, we can
apply (2.23) to get

b rLa _ _ _
Isg / / (La—2)(La—2) exp (px —pz— M — & + BLAS)
P

=2 JLA—I(t) 83/2 2s 2

La 2
% (/ ﬂl/BeiﬁA(tis)/pepza(LA o Z)Oé(LA B y) dy) dz ds.
KA(t)

It follows from (2.1) that when s < 83~2/3, the quantity 3L s — p?s/2 is bounded above
by a positive constant. Using also that A > 0, we get

b 1 La R
II 5 62/3€pm(LA _ JZ‘)/ / epz—(z—z) /2s
=2 832 I ui)

L 2
X (La—2z)a(La— z)2</ a(Ls —y) dy) dz ds.
Ka(t)

Next, we apply Lemma 8.3 with k£ = 1, interchange the roles of z and L4 — z, and use
that a(z) < /32 to get

b )
1 2
IIs B2/3ePrerla (La— x)/ ] / e Pre(a=(La=u))"/2s g, g (8.11)
p2 0

To evaluate the double integral, we will apply Lemma 8.1 with k = 3,¢t = 2s,anda = L—=x.
This will involve considering two cases, depending on the value of z.
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First, suppose L4 —x < 1/p. Then, when s > p*2, we have L4 — z < ps. Therefore,
we apply (8.2), discarding the e~/ term there, to get

—pz ,—(z2—(La—x Sdzd < d
/p_z 53/2/0 e e i SN/p_2 (05— (La—a))t 12

2p~2 832/3 1
< s ds + / ———ds
~ /p2 2p-2 phs3/2

Combining this with (8.11) and using that L4 — x < 1/p, we get that (8.10) holds in this
case.

Next, suppose L4 —x > 1/p. We split the double integral in (8.11) into three pieces,
denoted .J;, Jo, and J3, depending on whether p=2 < s < (Ls —x)/p, (La —x)/p < 5 <
2(Ls—x)/p, or 2(La —x)/p < s < 8372/3 respectively. When s < (L4 — x)/p, we can
apply (8.1) to get

(La—z)/p 1 .
J1 =< / oy 81/2((LA —x—ps)d + 33/2)ep s/2=p(la=2) g,
p—z S /

Now using the bound 1/s < p? and then making the substitution v = ((La —)/p—s)p?/2,
so that ds/du = —2/p?, we get

(La—z)/p )
Jy < pPerlla—e) / (La—2z— ps)3 + 53/2)ep /2 s
p—2
(La—z)/p — 2\3/2\
< er*P(LA*I)/ ((LA —x —ps)?’ 4 (LA x) / >epzs/2 ds
p=2 p

< perlEa=e) /°° ( (2&)3 n <w>3/2>e<p<LH>/z)u 2
0 p p p?

oo 3 La— 3/2
,Se*P(LA*E)ﬂ/ (“3 + (La— )" 3/“’2”) )e“ du
0 P p
< era—nz( L (La—2)’?
~ PE 0372
1
(p(La — 1))/ 2e P Ea=2)/2, 8.12
p*(La — ) (p(La — ) "e ( )
When s > (L4 — z)/p, we instead apply (8.2) and get
2(La—z
J2 =~ / (Fa e 55/2 e—(LA—x)Z/QS ds
(La—z)/p (ps—(La—x))*+ 52
2La—a)/p .
S/ §1/20—(La—a)?/25 g
(La—z)/p
3/2
< (La—2x) / o—p(La—x)/4
p3/2
1
= Ao(L A — x))/2e—PLa—z)/4 8.13
gy a2 (6.13)
Also, using that ps — (Lg — ) < ps when s > 2(L4 — z)/p, we have
8872/3 5/2 88=2/3
J3 = / il e~ (La=2)*/2s g < i/ L e(La=2)/2s g,
2La—a)/p (Ps— (La —x))* + 52 Pr Jopa—a)yp 83/
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Therefore, by Lemma 4.1,

1
J3 < 8.14
S T ) G0
It follows from (8.12), (8.13), and (8.14) that
1
Ji+ Jo+ J3 5

p(La—z)’

which, in combination with (8.11), implies that (8.10) also holds when L4 —z > 1/p. O

Lemma 8.7. Under the assumptions of Lemma 2.10, we have

2/3 pLa
g ﬁTi(epx + B*3t24(x)). (8.15)

Proof. We may, and will, assume that 83~2/3

< t/2, as otherwise the term III is zero
Write

La—
m = max {862/3,8 Ax}.
B
Now define

t/2 La La 2
111, :/ / pf“(%Z)(/ "4, (2,y) dy) dz ds.
m La—pBs?/64

KA(t)
Note that if s > m, then L4 — x < 3s%/64. Therefore, if s > m and L — z < 3s%/64, then

(28)"°[(La —2)'/% + (La

o 91/6 ) 2/3
_ )2 — 913523 < 52/33(4 B 21/5) < B . s

(8.16)
so we can use Lemma 2.5 to estimate pl4 (r,
L

z). We can also use Lemma 2.5 to estimate

2. (z,y) as in the proofs of Lemmas 8.5 and 8.6. Therefore, using that A > 0 along with
Lemma 8.3 and the bound «o(z) < /32, we get

< -1

— 7

t/2
I < S / / ﬂl/Seszé(LA — :c)efpza(LA — Z)
La—Bs?/64
A 2
X (/ 51/36’)204(11,4 —z)a(La —y) dy) dz ds
KA(t

t/2 La 2
= Bza(z / / e”*a(Ls — 2)* (/ a(Ls —y) dy) dz ds
LA B52/64

Kal(t)

t/2 Bs?/64
< 51/3ZA(1:)6”L“ / / e_”zﬁz3 dz ds
0

< Sza(z)eltAt. (8.17)

Next, we consider the case in which s > mbut L4 — z > 552/64 Define

t/2 La— BS /64 La 2
I, —/ / La(g, z)(/ ePYpla (z,y) dy) dz ds.
La

Ka(t)
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In this case, we use Lemma 2.7 to bound p*4(z, z) and Lemma 2.5 to bound p/4, (2, y).
Using also Lemma 8.3, we have

t/2 pLa—Bs%/64 L — L — 2
I, < / / (La %52 42 exp (px —pz— rs + ,BLA5>
m  JLa—I(t) s 2

La 2
X (/ BY3er* (L — 2)a(La —y) dy) dz ds

Kal(t)
t/2 BLas—p°s/2  plU(t)
_ 2/3 px pL e 0 —pz 2
= B%/°ePTel A(LA—J?)/m 372 /ﬁs2/64e P ZO((Z)
LA 2
X (/ a(LA—y)dy> dz ds
Ka(t)
t/2 e[iLAs—pzs/Q 1(t)
< errefla(L, — 1:)/ 32(/ e P za(z)? dz) ds. (8.18)
m 5%/ Bs?/64
Because A > 0, we have
ePLas=*s/2 < =27 P (8.19)
Because the function « is bounded and $s? > 1/p by (1.2) whenever s > 5~2/3, it follows
from (8.3) when k£ = 1 that
1(t) ) 2
/ e P za(z2)*dz < / e Pz2dz < ﬂie_pBSQ/M. (8.20)
Bs2/64 Bs2 /64 P

Combining (8.18), (8.19), and (8.20), and then using that p3s> > pS'/3s > 3%/3s by (1.2)
when s > 8372/3, we get

(oo}

2
I, < ﬁepxeﬁLA (La— x)/ $12 exp ( 913,82/ _ ,0@9) s
p

m
[e’e) 2
< ge"me”L“‘ (La—x) /m s'/2% exp ( — plﬁgsg ) ds. (8.21)
By (8.4) with k = 1/2,
oo 2 —pBm?/128
/ 51/2 exp < Pﬂs ) ds 5 e?. (8.22)
m 128 mi/2pB
We now claim that 2( )
PLa—1T) _,pm2 108
It will then follow from (8.21), (8.22), and (8.23) that
2/3
I, < 5—460%13% (8.24)
0

To prove (8.23), we consider two cases. First, suppose Ly —xz < 3~ 1/3, so that m = 8372/3.
Then (1.2) implies that

p*(La — ) 2 p 2 -1/3
25172 e—PBmM” /128 < G175 e~ PB /2 0.
£2%/3m

Alternatively, suppose L4 —x > ~'/3. Then m = 8,/(L4 — x)/3 and we have

P2<2§3A :/‘Z) e—/’/37rL2/128 < p2(LA /_1237)3/4 e—p(LA—w)/Q
B?3m ~ 8o

5/4
- <6f/3) [p(La — )]/ temrlEamn/2,
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Using that Ly, — z > A~ /% and that the function # — 2%/*¢~*/2 is decreasing for
sufficiently large z, we have

P o/ 4 L 2 p o/ p 8/ —1/3/2
(3#) Wtea-aprerianrg (55) - ()

and again (8.23) holds.
It remains to consider the case in which 8372/% < s < m, which is possible only when

Ly—x> "% and m = 8\/(La — z)/f. Define

m La La 2
I3 = / / pEA(a, Z)(/ ePYpla (z,y) dy> dz ds.
85-2/3 JL,—1(t) Ka(t)

We again use Lemma 2.7 to bound pX4(z, z) and Lemma 2.5 to bound p’“ (z,y). Using
also Lemma 8.3 and the bound a(z) < '3z, we get

mo fta (L —a)(La—2 z—a)®  p’s
1113§/8'6_2/3/L )( A 82)5214 )exp <pxpz()p+6LAs)
L

A—l(t 2s 2
A 2
X (/ B3P a(La — 2)a(La —y) dy) dz ds
KA(t)

m ﬁLAsfp25/2 La .
< e’ (Ly—x) / 637 / eP*(La—z)a(Lg — 2)267(’371)2/25 dz ds
iy §3/2
88-2/3 La—1(t)

m BLas—p?s/2  pl(t)
= ePPePlA(Ly — 1) / eT / e_pzzoz(z)Qe_(z_(LA_7”))2/2S dz ds
83—2/3 S 0
m BLas—p2s/2 00
< B2/3eprerla (La—x) e / e=P? 3o (a=(La=w)?/2s g g
Sﬁ_2/3 53/2 0

(8.25)

We now estimate the inner integral using Lemma 8.1 with k = 3, ¢t = 2s, and a = L —x.
We need to consider three cases. First, suppose s > 2(L4 —x)/p. Then Ly — a2 < %ps, SO
we use (8.2) and the fact that s < m to get

> 2 4 2 1 2
—pz 3 —(2—(La—z))°/2s dz = s —(La—x)%/2s < —(La—x) /2m.
e s Ta oy S

(8.26)
Combining (8.25) with (8.26), and using (8.19) again along with the fact that m =

8y (La—x)/B, we get

m BLas—p3s/2 0o 5
(L — .13)/ 63/2</ e P? B~ (z—(La—=))"/2s dz) ds
8 S 0

B=2/3v2(La—z)/p
< Lyg—=x 2 /35,823 _(La—2)%/2m m 1 d
S—5¢ e 73 ds

P 8p—2/3 S
< . 61/3(LA _ x)e_QS/S"/lBl/G(LA_55)1/26_51/2(LA_$)3/2/16

(8.27)

N
b_b:‘ e

Next, suppose (La —z)/p < s < 2(Ls —x)/p. Then L4 —z < ps, so again we use (8.2).
This time, we keep the s? term in the denominator, and we get
o) 4
/ e P? 3= (= (La—w)*/2s g, — s o~ (La—2)?/2s < 2, —p(La—2)/4
0 (ps = (La —x))* + 2 ~
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Combining this result with (8.25) and (8.19), we get

2(La~z)/p ,BLas—ps/2 oo
(La— x)/ 637/2 </ e—pzZBG—(z—(LA—w))2/2s dz> ds
(La—z)/p $ 0

2(La—z)/
< (La— :c)e‘zz/sﬁﬁz/?’(“‘””)/”e_"(LA_x)M/ e g
(La—2)/p

L — X 3/2 2/3 2/3, 2
§(LAac)< Ap ) e~ 2P (B /p*)p(La—=) g—p(La—x)/4

(p(La— x))5/26_22/371(BZ/S/PZ)P(LA—$)6_P(LA_5E)/4
(8.28)
Now, suppose s < (La —x)/p. Then L4 — = > ps, so this time we use (8.1) to get
/OO e P Be(=(La—a))/2s g, 81/2((LA —x—ps)d + 33/2)ep25/2(3’p(“’$).
0

We may assume that (L4 —z)/p > 8372/3, which implies that p(La —2) > 8p?37%/3 —
and therefore s%/% < (L — 2)%/2p=3/2 « (L4 — x)®. It follows that

/ e P2 (Lam0) /2 g < G1/2(, — g)3ep”s/2e—P(La—0),
0

Therefore,
(La—x)/p ,BLas—p°s/2 o0
(L — x)/ 632(/ e—pzz3e—(z—(LA—w))2/2s dz) ds
83-2/3 S / 0
(La—z)/p
< (La-— x)4e*p(LA*z) / ZePlas gg

83—2/3 S

< (Ly —z)tePba—a). P BLa(La-2)/p
( ) BLA(LA — )

Because L, < 2p?/3 for sufficiently large n, we have eflalla=z)/p < o20(La=2)/3 and
therefore

(La—=)/p ,BLas—ps/2 oo
La-a [ eftas—re/2 o P73~ (=—(La—)2/25 4.\ ds
4 8 3/2 0

p—2/3
1
< (L4 — x)ie—rLa—m) e2p(La—w)/3
% (La-2) p(La—x)
1 — —z
= 5 (p(La = @)) e rtiaon
1
< = (8.29)
p
It now follows from (8.25), (8.27), (8.28), and (8.29) that
2/3
I3 < 5—4@%%& (8.30)
p
The result follows from (8.17), (8.24), and (8.30). O
Lemma 8.8. Under the assumptions of Lemma 2.10, we have
4/3
AR TepLAtzA(x).
p
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Proof. We may, and will, assume that 8[3’2/3 < t/2, as otherwise the term IV is zero.
When s > t/2, © > Kx(t) =L —1(t)/2, and z > L4 — I(t), we have
4

1/25.
73"

2
L 7$1/2+ L 72'1/2<2lt1/2: 1/2t<
(La—x) (La—2z)"/7 <2I(t) Tﬁﬂ <

Therefore, using that -2/ < s, we see that
(26)1/6[(LA _ 1’)1/2 + (LA _ 2)1/2] _ 2_1/352/38

is bounded above by a negative constant, so we can apply Lemma 2.5 to approximate
pLla(z,y) and use (2.23).
If Ly —y<pB(t—s)?/64and La — 2 < B(t — 5)?/128, then reasoning as in (8.16), we
have
(28)/°1(La = )12 + (La =)/ = 273523t — ) < -1,

so we can use Lemma 2.5 to estimate p;4 (z,y). We define

t—8872/3 L, La 2
IV, = / / pff‘ (z, z)</ epyptL_’“s(z, Y) dy> dz ds.
/2 La—B(t—s)2/128 La—B(t—s)2/64

Therefore, using also that A > 0 along with Lemma 8.3 and the bound a(z) < '3z, we
have

t—8872/3 L4
vy < / / B3er* (L — x)e P oLy — 2)
t/2 La—B(t—s)2/128
La 2
X (/ BY3er* (L — 2)a(La —y) dy) dz ds
La—pB(t—s)2/64
t—8B72/3 L, La 2
= BZA(x)/ / I eP*a(Ly — z)3</ a2 a(La—y) dy) dz ds
t/2 La— (1285) LA—T:
t—8872/3  .B(t—s)?/128
< BY3z4(x)erta / / e P?B2% dz ds
t/2 0
4/3
< ﬂTZA(x)ePLAt- (8.31)

Next, we consider the case in which L4 — z > B(t — s)?/128. Define

t—8872/3  La—B(t—s)%/128 La 9
IV :/ / piA (9072)(/ ePUpla (z,y) dy) dz ds.
t L

/2 a=l(t) Ka(t)

We use Lemma 2.5 to bound pZ4 (z, z) as before and Lemma 2.7 to bound p-“,(z,). We
get

t—8B872/3 La—B(t—s)?/128
Vo S / / BY3erta(La —x)e P*a(La — 2)
t/2 La—1(t)
L 2
« </ 4 (La— Z)(L?’A; Y) P (=) [2(t=5)—p? (t=5) /2+BLA(t—s5) dy) dz ds
Ka(t) (t —s)%

La—pB(t—s)?/128

t*Sﬁ_z/g 1
= 5/324(a) / ey e@BLa=e () / ¢*(La —2)alLa — 2)
t/2 (t—s) La—1(t)
P (?/205) g )
X ——(La—y)e 7Y —F dy) dz ds.
(/KA(t) Vi—s
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Now interchanging the roles of sand ¢t — s, zand Ly, — 2z, and y and L4 — y, we get

t/2 o(2BLa—p?)s  (l(t)
Vo < B3z ()4 / — / e P 2%a(2)
83-2/3 S Bs2/128

</l(t)/2 Y o=(z-v)*/2 ?
. e \FTY) /28 dy) dz ds. (8.32)
0 Vs

Note that if W has a normal distribution with mean z > 0 and variance s, then
/WW Y -/ T Y w2 Var Efmax{0, W} < 2+ /3
——e V7 deg/ ——e V¥ Sdy = V2r Elmax{0,W}] < z+ v/s. (8.33)
0 Vs 0 Vs

Also, because the function « is bounded and 3s? > 1/p when s > £72/3 by (1.2), it
follows from (8.3) that

1(t) 00 2\4 2)2
—pz, 2 < —pz (4 2 < —pBs?/128 (65 ) (68 ) S
ﬁze a(z)(z + V/5)? dzN[asze (2" +2%s)dz e ( 5 + 5 .

128 128

Because A > 0, we have
eBLa=p")s < =22 20 (8.34)

Combining these bounds, we get

t/2 ) ) 2\4 2\2
IV, < Bl/3zA(x)ePLA/ 1622“’“[’2“86PW“?B((BS ) B8 5> ds

83—2/3 52 P p
t/2 2\4 2)2

_ 61/32,4(33)6”:“ ie—22/3’y1,52/356—p532/128 (p/BSr ) + (pﬁS ) s ds.
gg-2/3 82 p° p?

Now %/3s <« pfs®> when s > 3~2/3, which implies that for any k£ > 0, we have

6722/37152/3s€7pﬂ52/128(pBSZ)k < efpﬁs2/256.

It follows, using (8.4) with k£ = 0 for the third inequality, that

t/2 2 1 1
IV, < 51/3ZA(36)6"LA/ e PBs7/256 ( + > ds

83-2/3 s?p>  sp?

4/3 2/3 t/2
< ﬁl/?) .’L' epLA B / ﬂ / // e—p,@sz/256 ds
~ 8,6’_2/3

5 ﬂl/S epLA (64/3 ﬂ2/3> o RV 1

pBY/3
- B pLA( )epﬂ1/3/4'

Finally, using the assumption that ¢ > 3~2/3, we have

2/3 . ﬂ4/3 .
IV, < 72,4(58)6" A< 76" Atza(x). (8.35)

Now, we consider the remaining case in which Ly — 2 < 8(t — 5)?/128 and L4 — y >
B(t — 5)?/64. Define

t—8872/3 L, La—p(t—s)?/64 2
V3 = / / pf“‘(m)( / epii(z,y) dy) dz ds.
t/2 La—B(t—s)2/128 KA (t)
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We again use Lemma 2.5 to bound p%4 (z,2) and Lemma 2.7 to bound p;“,(z,y), and
following the same steps that led to (8.32), IV3 is bounded above by a constant times

82 (2BLa—p®)s i 1(t)/2 2

B3z 4 (x)erla / 672/ e_”zzQa(z)</ Y em(z—w)?/2s dy) dz ds.
8B3—2/3 § 0 Bs2/64 \/g

Note that if 2 < 3s2/128 and y > 3s2/64, then letting § = 1/(4 - 1282),

o= (=128 _ o= (2=u)? /s —(s=y)* /s < (—08%5° o—(2=0)? /s

Therefore, reasoning as in (8.33),

/l(t)/2 Y (ey)?)2s dy < 542 /OC Y —(z—y)?/4s dy < 75ﬂ233( + f)
Y, y<e ——e yse o 5)-
s2/64 V'S 0 VS

Using also that a(z) < /32 and (8.34), we get

t/2 (2BLa—p?)s

V3 B2 (x)e ™ / 2

83-2/3 S

t/2 1 o . oo
_92/3., 32/3_ 55323 _ .
< /32/32,4(95)69“/ —e 2B s =207 / e P (2% + 52%) dz ds
8p—2/3 S 0

2
Y i8722/371ﬂ2/3567253253 (16 + S4> ds.
o p

Bs%/128 -
/ e P*22a(z) - e PP (22 4 5) dz ds
0

< 5224 (x)ePta /

83-2/3 82

When s > 8472/3, we have s/p* > 1/p° by (1.2), so we may disregard the 1/p% term.
Therefore, making the substitution v = 3%/3s and then using that 5~2/3 <,

2/3 0 .
V3 S i ZA(:E)epLA/ 16*22/37152/386*2”253 ds
83—2/3 S

2/3 © 1
_ /3 _ 3
— —64 zA(x)epLA/ Ze 2 mu—20u” gy,
8

u
2/3
< %zA(x)epLA
4/3
< %epLAtzA(x). (8.36)
The result follows from (8.31), (8.35), and (8.36). O

Lemma 8.9. Under the assumptions of Lemma 2.10, we have

64/3

Vv § 7€pLAtZA(I').

Proof. As in the proof of Lemma 8.8, we can apply Lemma 2.5 to estimate pZ4(z,y). To

bound p;_(z,y), we will use either the bound from Lemma 2.6 or the bound from Lemma
2.7, whichever is smaller. Using also that, when t — s < 52/3, we have

e (8Lt -9 - Z) <1
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we get
V< / / BBerra(Ly — x)e P*a(Ly — 2)
t—bJ La—I(t)
o 1 (La—z)(La—y) (2 —y)* ’
——>)d dzd
. </KA<t i { Vi—s' (t—s)3/? P\ T oy )W) P
< ﬂl/?’zA / / e’*a(La — 2)
t—bJLa—1(t)
2

X (/ min {1 (La—2)(La—y) } L e~ (zm9)?/2(t=9) dy) dz ds.

Ka(t) t—s Vt—s

Interchanging the roles of sand ¢t —s, zand L4 — 2, and y and L4 — y, we get

‘ bopl(D) 1(t)/2 1 2
V < BY32,(x)erta / / epza(z)</ min {1, yz} D (W) 2s dy) dz ds.
0 Jo 0 & Vs

(8.37)

We now use (8.33) to estimate the integral with respect to y, which yields

1(t)/2
/ min{l’ yz} L emwrrzs gy,
0 s Vs

I(t)/2 1(t)/2
5min{/ Lo-ewp /25 gs, / Y ~-p)?/2s dy}
0 \/g s Jo Vs

< min{Lz(z—i— \/E)}.

Now noting that z?/s > z/,/s whenever either of these expressions is larger than one, it

follows that
1(t)/2 1 2
/ min{l,yz} e (Fw)? /2 dygmin{l,z}.
0 s Vs s

Plugging this result into (8.37), and using that a(z) < /32, we get

V<,62/32A epLA// zmln{ Z}dzds

—2/3

< ,6’2/32,4 YePla (/ / zdzds + / / e P20 dz ds)
p
18
<62/32A( )epLA</ fd8+ / 2d5>
o P P8 Jye s

52/3 oL
N — rAalr)e .

Because t > 372/3, the result follows. 0
Lemma 8.10. Under the assumptions of Lemma 2.10, we have
4/3

VI < Te”LAtzA(w).
p
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Proof. We use Lemma 2.7 to bound both p%4 (z, 2) and pF“,(z,) and get

t La—1(t) La— La— )2 2
VIS// (La x;(A Z)exp<px—pz—M—ﬁ+ﬁLAs>
0 Jooo §3/2 2s 2

La (La—2)(La—vy) (y—2)2  p(t—s) 2
X </1<A(t) A(t_s);Q exp (sz 2i—s) 5 +6LA(t—s)) dy> dz ds
2

— " (L — 1) /Otmexp ((ﬂLA - %)(%—s))

La—1(t) ) La 2 2
x / eP*(La — z)3e(@=2)" /2 (/ (La —y)e”Wm=)7/20=s) d@/) dz ds.
Ka(t)

— 00

Note that if z > Ka(t), y > Ka(t), and z < L4 — I(t), then (z — 2)? > [(t)?/4 and
(y — 2)% > 1(t)?/4. Also, recalling that y; < 0 and A > 0, we have that for s > 0,

P2 —1/332/3 BA 2/3
(245 )t=0) = (- 25000 - P2 )t = ) < 0Pt
It follows that

t
< PT(T o o\ (28)2 Pt ! —U(t)2 /85 ,~1(t)? /4(t—s)
VIS e (La—x)e ; 33/2(75—5)36 e ds

LAfl(t) La 2
X (/ eP*(Ly — 2)? dz) (/ (La—17) dy) : (8.38)
—0o0 KA(t)

Because ¢ > 3~2/3, we have I(t) > 1/p and therefore by (8.3),

Lao-I(t) l(t)?’
/ eP*(La — z)3 dz =< eP(La—i(®) 227 (8.39)
—oo p
Also,
La 1(t)?
/ (La—y)dy = UV (8.40)
Ka(t) 8

Because [~ s %e"%*ds = o'~ [[¥ ub~?e""du < a'~* when b > 1, we have, using Lemma
4.1,

t/2 —1(t)% /4t  pt/2 —1(t)% /4t
/ b s i at-s) g < 6”// L s gy < €O
o, 52t s ST ), 9 ~ TR

and, interchanging the roles of s and ¢ — s to evaluate the integral,

t
1 . :
/ B R A
t

e—l(®)?/8t /t e—l(®)?/4(t—s) e—l(1)?/8t
j2 52(t — 5)? t

ds < .
I W (P e ROk
Because [(t) < ft? and t > $72/3, we have t31(t) < t3/21(t)*. Therefore, summing the

previous two integrals gives

t
1 —1(t)? /85 ,—1(t)?/[4(t—s)] L iy
s Slds S (®°/8t 8.41
/O 83/2(t 8)36 ‘ ’ ~ t?)l(t)e ( )

Combining (8.38), (8.39), (8.40), and (8.41), we get

za(@)l(t)° :
VIS A(pzé(t) exp <P(LA —1(t) = (28)* Pyt — l@)

g L W) 44 —pie) 2/3 1(t)?
= 7€p AtZA(ZE) . W P l(t) e’ - exXp — (25) ’Ylt — W . (842)
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We will show that the second and third factors on the right-hand side of (8.42) tend to
zero, while the fourth is bounded above, which will complete the proof of the lemma.
Because [(t) < $t? and t > ~2/3, we have

1(£)2 2/3
02 _ 88
pBY3E T p
Also, pl(t) < pBt? = pB~13 = oo by (1.2), so p*i(t)*e P ®) — 0. Finally, I(t)?/8t < %t3,
which implies that the fourth factor is bounded because t > 52/3. O

8.3 Proof of Lemma 2.11

Standard second moment calculations (again see p. 146 of [25]) give

N(#)

Ez[(;gww ﬁ/p)ﬂ =/_;g(y¢/%)2p£<x,y>d
= t / oo s [ OO 9 (/BI0)P (1) dy)2 dz du.

When n is large, the birth rate b,,(z) is bounded for z < L by (1.4), and g is also bounded,
SO

N(#)

E. [( > g(Xi(t) 6//)))2}

i=1

L
5/ pt»vyder// pu:ﬂZ(/ pl (z,y) d >dzdu. (8.43)

From (2.12) and the fact that s > 0, we get

L o0 2,3 2
/ptL(x,y)dyS/ pt(x,y)dy:exp</8xt+ﬁt_ﬁpt>

2.3
_exp<pz—ﬂxs—§/8+p25 B; >

Because s > 0, and because the assumption L — z < p?/3 implies that = > 0 for
sufficiently large n, it follows that

t P p’s
/m p(z,y) dy < exp (pw —55 2) (8.44)

We claim that

3\ —2/3 3 2.3
p* | p’s p P V1P Bs
exp< 35+ 2><<<ﬂ> exp( 68 (le/?) 3 >
Indeed, comparing the two sides of the inequality, we see that because s < p/j by as-

sumption, the dominant terms are those of order p3/f3 inside the exponentials; therefore
the left-hand side is smaller when n is large. Substituting this into (8.44), we obtain

g 3\ /3 3 2.3
/_Oopf(%y)dy« (pﬁ) exp (pm_g’ﬁ_wgl)fl)/g_ﬁ; )

2/3 2,3 2.3
P Bs
= > exp(px—FpL—?)ﬁ— 3 )
52/3 2P3 6253
L ——e +pL — — — .
Pk A U 35 3
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It remains to bound the second term on the right-hand side of (8.43). We will use
three different bounds for pZ(z, z) depending on the value of u. When p'/2/3%/6 < v <'t,
we will use that pZ4(x, z) < p,(z, z) and then use (2.11). Noting that

Miﬂlzufﬁ([/iz)u—ﬁu/ix)uSﬂLufM’
weget
1 —2)? 2 I — 2,3

We will use Lemma 2.6 when 0 < u < 1/p? and Lemma 2.7 when 1/p? < u < p'/2/3%/6.
Combining these estimates yields that if we set

M(u,x,z):min{(LI)(Lz) LI (—5(LZ)“+ﬂ2“3>}, (8.45)

W32 " a2 iz P B 24

then ) )
pE(x,2) < M(u,z,2) exp (px —pz — % — % + 6Lu> (8.46)
To bound pF ,(z,y), we use (2.12) when p'/2/%/6 < 4 < t and Lemma 2.9 when

0<wu< p'/?/p%5. From (2.12) with t — u = % — s —wu in place of t, we get

L )
/ pf_u(zy)dyﬁ/ pr—u(z,y) dy

= exp (ﬂz(g—(u—i-s)) —1—562(2—(u+3))3_52p(g_(u+5)>2>
= exp (pz—&—(p;—ﬁz)(u—l—s)—;);—w%).

Therefore, using also that (u + s)® > u® + 53, we have

L 2 9203 2.3 2.3
(/_oopfu(%y) dy) < exp (2p2+(p2—2ﬁZ)(U+S) - % - BTU - 638

). (8.47)

Using Lemma 2.9 and following the same calculation, we get that if u < ¢, then

(/_; Ptu(z,9) dy)2

2 3
S 2P e (24 (P = 2020wk 0) = = T = T 2w a)).
(8.48)
Combining (8.47) and (8.48), and using that p'/2/3%/6 < t by (1.2), we get that if we set
N(u,z) = BQ/B(L — Z)Q]l{u<p1/2/ﬁs/e} + Lpy>p1/2/85/6y,

then

</; Piu(z:y) dy)2

2 3 2,3 2
S NG exp (204 (62 - 289 +9) - 3 - 20 - D8 o)
(8.49)
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Denoting the second term on the right-hand side of (8.43) by T and then combining
(8.46) and (8.49), we get

TSexp<px—2p_ﬂ23)// M (u,z,2)N(u, 2)

523 T — )2
Xexp(f”pz*“ 3 %

(p* — 282 +26%3) (u + s)> dz du.

Interchanging the roles of z and L — z, and separating out three terms from the expo-
nential that involve only u, we get

9,3 2.3 t 2 2,3 o
T§exp(px—|—pL—p—ﬂs>/exp(—pu+ﬁLu—B3u)/ M(u,z, L — 2)
0 0

356 3 2
(L—2)—2)°
2u

X N(u, L — z)exp (— pz — + (p? = 2B(L — z) + 28%%) (u + s)) dz du.

Now, using (2.1) and (1.5), we have p? — 28L + 23%/3 = (22/34, +2)5%/3 < 0, so we can
discard the term (p? — 28L + 26%/%)(u + s). Therefore,

9,3 2.3 t 2 2,3
Tgexp( 3% ﬁ;)/exp<—p2u+BLu—53u>
0

> —x)—2)?
></0 M(u,x,L—z)N(u,L—z)exp(—(p—Qﬁ(u—i—s))z—((L)))dzdu.

2u
(8.50)

Thus, denoting the double integral in the expression above by R, the proof will be
complete if we can show that R < 3%/3/p*. To do this, choose a positive number r such
that 1/3/7 < r < 2/3, and write

R=Ri+ Ry + Rz + Ry,

where R; is the portion of the double integral for which 0 < u < 1/ p2, R5 is the
portion of the double integral for which 1/p? < u < p/?/3%/%, Ry is the portion with
p'/?/B%% < u < rp/B, and R, is the portion with rp/3 < u < t.

We first estimate R;. Because 7; < 0 and the function = +— bx — cz3 is bounded above
on [0,00) for any b > 0 and ¢ > 0, we have

P U /BQ’LL?’

2.3
B oipsgess, . BTw”
5 + Ly — 3 2 B mu 3

_ 1
= —27134(8*u) — 5(32/?’“)3 = O(1).
(8.51)
Therefore, using also that 23(u + s) < p when u < 1/p?, we have

Ve oo g L—g)—2)?
R1§/0 /0u1/2~ﬁ2/3zQeXp(—(p—26(u+s))z—((2322))dzdu

1/p? 1 o
532/3/0 vl z2exp<—(p—25(u+5>)z) dz du

2

< A2/ 1/p 1
S8 [ i du

03
2/3
< 5—4 (8.52)
p
EJP 26 (2021), paper 103. https://www.imstat.org/ejp

Page 72/76


https://doi.org/10.1214/21-EJP673
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian particle distribution for BBM with inhomogeneous branching

Next, we estimate R,. Suppose 1/p? < u < p'/?/3°/. Since u < p/3 and s < p/f,
we have p — 28(u + s) > p/2 for sufficiently large n. Using also (8.51) again, we get

pH2/85/5 oo B B a2
Ry < / / L)z a2 < _ Pz «LM) s du.
1 0

/2 ud/2 2 2u

p1/2/ﬁ5/6 50 _ Y
— B2/3(L - m)/ L / 2 exp ( = _ W) dzdu. (8.53)
0

1/p2 u3/2 2 2u

To evaluate the inner integral, we will apply Lemma 8.1 with k£ = 3, with L — z in place
of a, with 2u in place of ¢, and with p/2 in place of p. The condition a > pt/2 in Lemma
8.1 becomes u < 2(L — x)/p. Noting that p*t/4 — ap < —ap/2 when a > pt/2, we have

2(L—=x)/p 1 &S] _ _\2
52/3(L—$)/ 37/2/ Z3exp<_pz_((Lsc)z)) dz du
u 0

1/112 2 2u
< 22/3(7 _ 2mmle g 2007 N3 . 3/2) . —p(L—x)/4
< BYP(L — x) 53 U (L —2)* +u’?)e du
1/p? u
, 2L-a)/p 1 2(L—2)/p
< g23empL-z)/4 <(L —x)4/ —du + (L—:l:)/ ul/? du>
1/p? u 1/p?
52/3 B .
e (L = ) og(2p(L ) + 7L — )%
2/3
< 8 = (8.54)
p

When u > 2(L—x)/p, we apply instead the second part of Lemma 8.1. When 2(L—2x)/p <

u < 4(L — z)/p, we disregard the first term in the denominator on the right-hand side of
(8.2) and get

4(L—=x)/p 1 00 I — 2
2/3(7 _ 3 _ Pz (( z) — z)
B2 (L a:)/ u3/2/0 z exp( 5 dz du

2(L—2)/p 2u
sL-m)/p |

< BYA(L - x)/ =7 uZe= (L= /2u g,
2(L-z)/p U

3/2
5 52/3([/ _ x)e—p(L—w)/8<L — JJ)
p

~

52/3
< - e—p(L—w)/8p5/2(L_x)5/2
p

2/3
< B = (8.55)
0

Finally, when 4(L — 2)/p < u < p'/2/3%/%, we disregard the second term in the denomi-
nator on the right-hand side of (8.2) and then apply Lemma 4.1 to get

p1/2/ﬁ5/6 o B N2
52/3(11,33)/ 1 / ZSGXp<pz((Lx)z)) dz du
0

a(L—o)/p U 2 2u
< ﬂ2/3<L — J]) /OO 1 e—(L—a:)z/Qu du
~ 4 3/2
p 0o u
2/3
< = (8.56)
P
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By combining (8.53), (8.54), (8.55), and (8.56), we get
52/3

Ry S 5 (8.57)
Next, we estimate R3. For u > p'/2/3%6, we have N(u,L — z) = 1. Bounding

M (u,z, L — z) by the third expression in (8.45), we get from (8.50)

rp/B 1 2 7 2,3
pou B2u
R3 < - — Lu—
3N/1/2/55/6 ul/2 exp( 2 +Alu 24 )

x /OOO exp ( —(p—2B(u+s))z — @ - W) dzdu.  (8.58)

We now discard the ((L — x) — 2z)?/2u term and apply (8.51) with 1/24 in place of 1/3 as
the constant in front of 3%u3. Using also that r < 2/3 and s < p/f3, we get

rp/B 1 BZU:’, 00 380
S “1/2 - — _
Hs 5 /pl/Z/ﬂB/G ul/? b ( 4 ) /0 <P (( P 2 - 2ﬁ8) Z) dz du

1 rp/B 1 2.3
gf/ 12ep( 5u>du.
P Jpriz gs/e U / 4
Noting that the integrand is decreasing in u and therefore largest when u = p'/2/3%/6,
we get

1 P 35/12 p3/2 _rﬁQ/?’ e 5/4 1/p° 1/2 32/3
R3 P B p1/4 exp —451/2 = p4 E exp —Z E <<T (859)

To evaluate R4, we reason as in (8.58) and use that, by the well-known formula for
the moment generating function of the normal distribution,

Buz  ((L—x)—2)
2 2u ) dz

2
— 27ruexp<(L—x)( +3B+2ﬁ) ;( p+3§+25>>

e (= - 280+ sz

—0o0

to get
t 2,3
pu _ TBu
R4§/ exp( + BLu )
v/ B 2 24
2
xexp((L—x)( p+3ﬁ—|—2ﬁs> ;( p+w+26s> )du.

Because u < p/B, we have —p + 30u/2 + 28s < p/2 + 28s. Considering also that
L—z < p*/B and s < p/p, it follows that

2
exp((L—x)( p—&-?)gu—&-Qﬁ) g( p+35+2ﬁs>><exp<p:;l+o<'?;>>.

Also, we have —p?u/2 4+ BLu = —2~/3~,3%/3u <« p*/3. Therefore,
t 2,,3 3
7
R4§/ exp( Fu +p+0<p>>du
/8 24 8 3

p 762 3 p2u ,03
< - L
~5T,,}B§’égte’(p( 2 s \F))
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Because r > /1/7, the function f(z) = — ;2 + £ is decreasing over [r, 1], and therefore
the contribution from the sum of the first two terms in the exponential above is maximized
when u = rp/B. This leads to

32/3 P 5/3 s e\ p s
Ry S — | = - — 4= |= — 1.
o \E) P\ s s T
Because r > /3/7, the coefficient in front of p3/3 in the exponential is negative. It

follows that R4 < (%/3/p*, which in combination with (8.52), (8.57), and (8.59) completes
the proof.
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