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Abstract

We provide two methods to construct zero-range processes with superlinear rates on
Z<. In the first method these rates can grow very fast, if either the dynamics and the
initial distribution are translation invariant or if only nearest neighbour translation
invariant jumps are permitted, in the one-dimensional lattice. In the second method
the rates cannot grow as fast but more general dynamics are allowed.
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1 Introduction

The zero-range process was introduced by Spitzer [10] as a Markov process on INJ,
where INj is the set of non-negative integers, and S is a denumerable set. In this process
particles are indistinguishable, and a particle leaves a given site x at rate g(n), where n
is the number of particles present at x. Once a particle jumps from x it moves to a site
y chosen according to a transition probability matrix p(z,y) on S. The choice of target
site y is independent of the time at which the jump occurs and of the past of the process.
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Zero-range processes with rapidly growing rates

Throughout this paper S will be an integer lattice and p(x, y) will be the transition matrix
of a random walk on that lattice. On occasions we will write p(z) for p(0, 2).

The existence of the dynamics was proved initially by Holley [6] and Liggett [7].
Their results were extended by Andjel [1] who adapted to the zero range process a
technique introduced by Liggett and Spitzer [8]. Andjel assumes that the rates satisfy a
Lipschitz condition sup,,~q |g(n + 1) — g(n)| < oo, thus imposing that the rates grow at
most linearly. More recently, Baldzs, Rassoul-Agha, Seppaldinen and Sethuraman [3]
construct the zero-range process with totally asymmetric dynamics p(z,y) = 1(y —x = 1)
and nearest neighbour jumps in the one-dimensional lattice Z, under the assumption
that the jump rates are non-decreasing and grow at most exponentially. Under these
conditions, they prove that the process is Markov and admits a one parameter family of
extremal invariant measures. Their proofs are based on a representation of the model
as a system of columns with monotonically increasing heights, for which the totally
asymmetric assumption on the dynamics is crucial.

In this article we introduce two methods to construct zero-range processes with
superlinear rates on integer lattices, and identify the associated martingales. The first
method allows for quite general rate functions g, but requires either nearest neighbour
transition probabilities on the one-dimensional lattice Z, or that both the dynamics and
the initial distribution be translation invariant on Z?. The second method can be applied
to quite general random walks on Z¢, but is more restrictive on the rate functions.

2 Notation and results

Throughout the article the set of sites will be the integer lattice, S = Z?. Given a
transition matrix p(-, -) on Z< and rate function g : INy — [0, +00) such that g(0) = 0, our
goal is to construct an associated Markov process on the state space

X = N%

endowed with the product topology. Elements 1 € X will be called configurations, with
n=(n(z): x € Z%), n(z) € Ny, the number of particles at site z. We also define

Xpi={neX,> nlx) < oo} (2.1)

the set of configurations with finitely many particles. We say that a function f : X — R
is local if there exists a finite set A C Z? such that f(n) = f(¢) whenever n(z) = £(z) for
all x € A. We call the smallest such set the support of f.

Let g : Ny — R>0, g(0) = 0. The formal generator of our dynamics is

Lfm = > gm@)p@y) (") - (), (2.2)
z,y€Z 2ty

where f : X — R is a bounded local function, and

n(z) —1, z=uzandn(z)>1,
n"Y(z)=qn(y)+1 z=yandn(z)>1, (2.3)
n(z) otherwise.

Informally, at rate g(k) a site x containing k particle loses one that jumps to site y with
probability p(z,y). We will say that a process (7, t > 0) on a subset of X is a solution of
the martingale problem associated to L if for any local bounded function f

¢

Fln) — Fmo) — / Lf(n)ds,  t>0

0
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is a martingale. We also say that the process satisfies the integrated forward equation if
for any f as above

t
Blf)] = fom) + [ E[Lfn)]du V0. @)
0
In some cases we can show a stronger result, the forward equation, that is:
d
ZE™(F ()] = B [Lf (). (2.5)

We are interested in the situation when the rates are non-decreasing and diverge at
0,
gn) <gn+1), neNy, and lim g(n)= co. (2.6)
n—oo

Condition (2.6) will imply that the processes we construct are attractive, that is, the
coordinate-wise partial order of configurations

nEEX, n<E = nx) <é(x)Vaez?

is preserved by the dynamics. This means that there exists a coupled process ((nt, &), t >
0) with initial value (n,{) such that P(n, < &Vt > 0) = 1 and both (r, ¢ > 0) and
(&, t > 0) follow (2.2); the coupling in this case is said to be increasing. One such
coupling is the basic coupling, which tries to match the two marginal processes as
much as possible, and supplements the rates to get the right marginal distributions. Its
generator is given by

Lo, ) = > gln@) A&@) plx,y) (f"™Y,€Y) = f(0,€))

T, y€Z, xAty

+ Y lem@) = g((@) AE@)Tp(a,y) (f0™,0)) = f0.€) (7
x,y€Z, x#y

+ > [9&@) — g@) A @) p,y) (f(n,67Y)) = f(n,9)),
T, y€EZY, x#y

f: X xX — R alocal, bounded function. This partial order on X induces a partial order
on the set of probability measures on X: given two such measures p and v we say that
p<vif

/ F(n)du(n) < / F(n)dv ()

for any bounded local, increasing function f. By Strassen’s Theorem, ; < v if and only if
there exists a probability measure ¢ on X x X concentrating on {(n,£) € X x X : n < ¢}
whose first and second marginals are ;4 and v respectively.

The zero-range process started from an initial configuration n € X is a well defined
continuous time Markov process with bounded rates on a countable state space. We will
denote by S(t) the semigroup associated to L acting on configurations with finitely many
particles,

S(t)f(n) =E"[f(m)], n€ Xy, fabounded local function.

The semigroup S(t) also acts on probability measures on X;: if ;1 is such a measure, then
wS(t) is the unique measure such that

/fS(t)(du) = /S(t)fdu V bounded local function f.

It then follows from the attractiveness of the process that for any bounded local function
f,t>0,and n < ¢ € Xy, we have S(t)f(n) < S(t)f(§). And if ¢ < v are probability
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measures on Xy then pS(t) < vS(¢). In words, the semigroup S(¢) maps increasing
functions into increasing functions and preserves the order of measures on Xy.

When the initial configuration € X \ Xy, we can consider an increasing sequence
n" — & n™ € Xy for all n > 1, and apply basic coupling to obtain a limiting process
N = lim, Ny, t > 0; this paper is concerned with finding conditions under which
this process is well defined for all times, and identifying its martingales and invariant
measures.

A set of transition probabilities {p(z,y)}, yeza is translation invariant when the
random walk they determine is translation invariant; that is, p(z,y) = p(y — x) with
{p(2)}.cza such that p(z) > 0,z € Z¢, and ), p(z) = 1. Let us now define a family
{T® : z € Z4} of translation operators acting on X, on C(X) and on the set P of
probability measures on X as follows,

T*(n)(y) =nly —x), T*f(n) = f(T™n) Yo,y e Z' ne X, fe C(X),  (2.8)

and
/ fd(T%p) = / (T*f)dp Va € Z%, € P, f € C(X) bounded. (2.9)

We say that p € P is translation invariant if 7%y = y for all = € Z<.

The first result shows that the process can indeed be constructed starting from a
translation invariant measure p on X. In order to state it, we need to introduce a family
of auxiliary measures associated to u. Let us first define [u],, on X as

[l (0 (1) = Ky, ona) = kisn(y1) =0, ..., n(y;) = 0)

(2.10)
=pu(n:n@) =ki,...n(z) = ki),

foralli,j € N, all ky,...k; € No, all z1,...,2, € [-n,n]¢ and all y1,...,y; ¢ [-n,n]%

Proposition 2.1. Let {g(n)},>0 be as in (2.6), and consider translation invariant transi-
tion probabilities {p(x,y)},  ez:. Let u be a translation invariant probability measure
on X such that [ n(0)du(n) < co. Then, for all t > 0, the sequence (11, S(t) converges as
n — oo to a probability measure p; on X satisfying:

i) u is translation invariant,

ii) / 1(0)dpie(n) < / n(0)dp(n),
iii) Semigroup property: for s,t > 0, pit4s = (ft)s,

and if j1,, is an increasing sequence of probability measures on X that converge weakly
to i, then

iv) Um p, S(t) = pe.

It follows from this proposition that if i is a translation invariant measure with finite
mean, then the process started from almost any configuration with respect to p will not
suffer explosions. Unfortunately, we cannot deduce from this that the same holds for any
given unbounded deterministic initial condition.

A natural question is whether equality holds in part ii) of this proposition. In §4.1
we answer the question affirmatively when p(z,y) corresponds to a nearest neighbour
random walk on Z.

Given a parameter ¢ > 0, consider the product measures p, with i.i.d. marginal
distributions

w(k)e®,  xeZi ke N, (2.11)
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where
L
w(0) =1 and w(k) = — k> 1.
(0) ® =115

The parameter ¢ is called the fugacity, and the measure exists as long as

o0

2(¢) ==Y w(k)o* < oc.

k=0

With the hypotheses (2.6) the measures are well defined for all choices of ¢, and they
have finite moments of all orders. The particle density is given by

R(¢) = E**[n(x)] = ﬁ S kw(h)*

k>1

which turns out to be strictly increasing in the parameter ¢,

M8

0oR(6) = {3 Kuk)eh —

k\2
P ) (2 )9} > 0

=
Il

1

by Jensen'’s inequality. We also point out that limy_,o R(¢) = 0 and

R(¢) Soo  as ¢ — oo.

Finally, for any ¢ > 0 we have

oo

Z(lgb) > glk)et w(k) = ¢, xez. (2.12)
k=1

Erelg(n(x))] =

It is known that the measures {y4}4~0 are invariant for the zero-range dynamics
when this is well defined, see e.g. [1, 10]. The following result states that this remains
so under our hypotheses.

Theorem 2.2. Invariant measures
Let the rates {g(n)},>o be as in (2.6). Consider translation invariant transition probabil-
ities {p(x,y)}s yeza. Then ugy satisfies (jy): = g, for all ¢ € (0,00) and t > 0.

Forne X andn € N let
n"(z) =n(z) if |z/<n and n"(x)=0 if |z[>n. (2.13)

The process 7 with initial value n™ is well defined.

Let us now recall the following graphical construction, first developed by Harris in
[5], which for simplicity we describe in the particular setting of translation invariant
Zero-range processes.

Graphical representation. Let {p(z)}.cz« be such that p(z) >0, z € Z¢, 3" _p(z) = 1.
Independently for each site z, 2 € Z?, consider a marked Poisson process

r? = {((y,t),m{, ), (y,t) €T}, (2.14)

where I'” is an intensity 1-Poisson process on {(y,t) € [0,00) x [0,00)}, and the marks
{m(y.), (y,t) € I'*} are i.i.d. random vectors in Z¢ with distribution {p(z)}.cz«. We
will now give an explicit construction of the zero-process (7, t > 0) associated to a
finite initial configuration n € X, a rate function g(n) and an underlying translation
invariant{p(y — x)}, yez« random walk. Assume that the zero-range process (7, s < t)
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has been built up to time ¢—. Then, if the Poisson point process I'* has an atom at (y, t)
and 7 (z) > 1, the site = will lose a particle if g(n;—(z)) > y. If that is the case, the
particle will jump to the site z € Z% such that m? BT AL

The advantage of this method is that it allows us to construct zero-range processes for
all initial finite-particle configurations in the same probability space. Furthermore, in the
particular case d = 1 we might improve the construction so that we can simultaneously
construct all nearest neighbour zero-range processes. To see this, independently for
each x € Z, consider a marked Poisson point process I['* = {((y, ), U(g”w)), (y,t) e T},
where as before I'” is an intensity 1-Poisson process on {(y,t) € [0,00) x [0,00)}, and the
marks are independent uniform random variables, Ué’t) ~ UJ0,1], (y,t) € I'*. For given

transition probabilities p(1) = p, p(—1) = ¢ = 1 —p and z € Z, let m™P? = 1 if Uty <P

(y,t)
(pya)

and m;, = —1 otherwise. Then the process (1\"?, t > 0) constructed using the atoms

(y:t)
and marks of the marked Poisson process '™ .= {((y,1), m?y’(f)’q)), (y,t) eT"},isa
nearest neighbour zero-range process with underlying (p, ¢)-dynamics.

Applying the graphical representation to simultaneously construct the processes

(n?, t > 0), we obtain n*(x) < n**(z) for all x, t, n. We can now let
ne(z) = 1iran Ny (), (2.15)

where the process 7; takes values in (INg U {oo})Zd. The rest of the article focuses on
finding a subset Y C X and conditions on the rates and jump distributions so that
(nt, t > 0) is @ Markov process on Y.

In § 4 we consider the one-dimensional case X = IN¥ with nearest neighbour transi-
tions, p(z,y) = 0if |x — y| > 1. Then, we let

n

> nz) < oo} (2.16)

Y:{neX:limsuan_’_lw:

—n
be the space of configurations with bounded Cesaro mean, and prove:

Theorem 2.3. Let d = 1, let {g(n)},>0 be as in (2.6), and let {p(z,y)}s ycz be the
transition probability matrix of a nearest neighbour random walk. If ny € Y, then
(n¢, t > 0) is a Markov process onY .

Next, we show that this process solves the martingale problem associated to the
generator (2.2). Note that when p(-,-) is symmetric our proof requires that the rate
function g is bounded by an exponential function.

Theorem 2.4. Let d = 1, let {g(n)},>0 be as in (2.6) and let {p(x,y)}sycz be the
transition probability matrix of a nearest neighbour random walk.

i) Ifp(0,1)—p(0,—1) # O then (1, t > 0) is a solution of the martingale problem associated
to L and (2.4) holds.

ii) If g is bounded by an exponential function, g(n) < ce”, for some c, § > 0, and all
n € IN, then (n,t > 0) is a solution of the martingale problem associated to L and (2.5)
holds.

In §5 we find an alternative set of conditions ensuring the good definition of the
process; these are more restrictive on the jump rates, but allow for general finite range
transitions and any dimension. In order to derive the results of that section we need to
construct our process with a different limiting procedure. Given n € X we enumerate the
particles of 7 in an arbitrary manner. Then we let 2° be the position of the i-th particle
and for each N € IN we define

N (z) ::Zl(xizz), ze 7

=1
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and
h(n) == sup (g(j) —g(j —1)). (2.17)
1<j<n
Then, for a given continuous time random walk on Z? and z € Z® we let 7 be the hitting
time of the origin, P? the law of the random walk starting from z and

F,(t) := P?*(1o <1t).
Finally, forn € X, ¢t > 0 and z € Z% we let

m, (t’ n) = Z Fﬂ—z(h(l)t)

i€N

In §5 we will see that 7, (t,n) is an upper bound for the expected number of particles
reaching z € Z¢ over the time interval [0, ¢], for the initial configuration 7.

The following result is a version of Theorem 2.4 with different hypotheses on the
jump rates and transition probabilities, for general dimension d > 1.

Theorem 2.5. Letny € X, g: Ng — [0,00) as in (2.6), T > 0, p(x,y) a set of finite-range,
translation-invariant transition probabilities such that

i) for any z € Z¢
mz(Ta 770) < 00, (218)

ii) there exist positive 6, c such that g(n) < ce®” for any n € IN.

Then the process {M;;t € [0,T]} given by

t

MY = f(ne) - Fno) / Lf(n)ds 2.19)

0

for any t € [0,T)], is a martingale for any local, bounded function f : X — R. Moreover
(2.5) holds.

An application of this theorem is given by the following corollary.

Corollary 2.6. Assume that the initial configuration of particles has finite Cesaro mean
p = limsup,,_, m 2 |z|<m Mo(x) and that the rates satisfy (2.6). Let p(z,y) be
translation invariant, finite-range transition probabilities. Then, the conclusions of
Theorem 2.5 hold for any T' > 0, if either of the following conditions is satisfied,

a) > ,cz42p(0,2) = 0 and there exists a < 2 such that sup,, g(n) n™* < oo,
b) lim, g(n)n=Y* =0.

Finally, we note that by the law of large numbers, for any ¢ > 0, the measure
in (2.11) is supported on Y. Then, once the zero-range process is well defined, for
instance under the hypotheses of Theorems 2.3 or 2.5, Theorem 2.2 identifies a family of
translation invariant, invariant measures.

The proofs in this paper are presented as follows: In § 3 we prove Proposition 2.1,
Theorem 2.2 and a lemma establishing some properties of the invariant measures 4. In
§ 4 we restrict the setting to Z with nearest neighbour transition matrices p(z,y) = 0 if
|z — y| > 1. We first show that the process started from an arbitrary configuration in Y’
does not undergo explosions, then that it satisfies the Markov property and after that a
conservation of mass property for translation invariant initial distributions. Finally, in
the last part of that section we prove Theorem 2.4. In § 5 we prove Theorem 2.5 and
Corollary 2.6. We conclude the paper stating some open problems in § 6.
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3 Translation invariant initial distributions

In this section we first prove Proposition 2.1, where the zero-range process is con-
structed for translation invariant initial distributions having a finite mean. We then prove
Theorem 2.1 concerning invariant measures.

Proof of Proposition 2.1. To prove ii) let {[u], }nen be the family of probability measures
associated to p as in (2.10). We now show that

[ @) < [ n©dut)
forallt > 0, z € Z¢ and n € N. Let ¢;,,(z) = [n(x)d[u],S(t). This is increasing in n

and therefore converges to a limit c;(z) € [0, 00]. Since 7Y~ [u],, < [it]pn|y—z|.., for all
z,y € Z%, alln € IN and ¢t > 0 we have

con(z) = / n(a)d{ulnS(t) = / (TV=20)(y)d[] S (1)

(3.1)
= /n(y)dTy’“"[u]nS(t) < /n(y)d[u]wuyﬂnS(t) = Ctntlly—alo (Y)-

Taking limits as n goes to infinity we get ¢;(z) < ¢;(y) and exchanging the roles of x
and y we get the opposite inequality. Hence c¢;(z) does not depend on x and we rename
it ¢;. Fix € > 0. Then there exists ng such that for all n > ny

/n(O)d[u]nS(t) > M — ¢, forany constant M < ¢;.
It then follows from (3.1) that:

Z DY) d[plne+mS(t) > (2m + 1) (M —¢). (3.2)

Y:[[ylloo <m

But the left hand side of (3.2) is bounded above by

> [0SO = Y [ atw)dludngn

yez! vez! (3.3)
= (2n9 +2m + 1)d/77(0)d/,t7

where the first equality follows from the fact that the number of particles of a finite
initial configuration is conserved. It now follows from (3.2) and (3.3) that

(2n9 + 2m + 1)4

and letting m go to infinity we get
M—eg/n(ﬂ)du-
Since ¢ is arbitrary we conclude that
M < [ o).

As M is any number strictly smaller than ¢,, this implies that ¢, < [ 7(0)du < co. Using
again the assumption that [ 7(0)du < oo, we see that the sequence {[u],S(¢)}nen is tight,
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and from the fact that it is increasing it follows that it must converge to a measure p;
with [ 7(0)du: < [n(0)dp and ii) is proved.

Since [u]n, < T%[p)n 2|, and the semigroup preserves the order of measures we
have:

[1]nS(t) < T [ptlng ) S()-

Taking limits as n goes to infinity we get pu; < T”pu,. Since the opposite inequality can be
proved in the same way, i) follows.

Let now {1, }nec be an increasing sequence of probability measures on Xy converg-
ing weakly to p. For all £ > 1 we have [u,]r < un, hence

[Mn]ks(t) < MnS(t)’

and therefore
(1]kS(t) < h}Ln pnS(t).
Taking limits in & we get

Ht § lim ﬂns(t)'

Then, using the fact that as k goes to infinity, [u,]x increases to u,,, write
paS(t) = lim{py]iS(1) < lim{uleS(t) = s,

thus proving iv).
In order to obtain iii), note that

Hits = hgn[/t]ns(t +5) = li?([u}nS(t))S(s).
Since [u],S(t) increases to fi, the result follows from iv). O

We now turn to the proof of Theorem 2.2. Recall the definition (2.11) of the family
of translation invariant, product measures {4 }4>0. Given a measure p on X we will

consider its projection on X, := ]Ng*"v”] ,

IL, (1) (&) = p(n € X, n(z) =&)YV € [-n,n]?), &€ X, (3.4)

Note that while [u], as in (2.10) is a probability measure on X, II,, (1) is a probability
measure on X,,. Clearly IT,, (1) = I, ([u].) for any m > n.

Proof of Theorem 2.2. For n € IN we say that z,y € Z? are equivalent (z = y) if all the
coordinates of x — y are multiples of 2n + 1. Define a transition matrix p,, on [—n, n]d as
follows: for z,y € [—n,n]¢ let

pn(xvy) = Z p(l‘,Z).

ziz=y

A standard computation shows that the measures II,, (1) are invariant for the periodic
zero-range process on X, with transition probability matrix p,(-,-). Call S,(t) the
semigroup associated to this process. Now define a new process on X,,. In this new
process particles jump as in the original process following the transition matrix p(-, -)
but when a particle jumps to a point off [—n, n]¢ it vanishes. Call S,, () its semigroup. By
means of appropriate couplings we will now prove that

I (116) 50 (1) < T, (115 (1)) (3.5)
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and

M (p1g)Sn(t) < Hn(ﬂtb)gn(t) = (pg)- (3.6)

Note that the measures involved in these expressions are supported on X . To prove
(3.5) first let

(3.7)

n:p(z) _ 77(9”) -1, z=xand 7](95) > 1,
n(z) otherwise.

Then, consider the following generator of a Markov Process (7, &) on X, x Xy:

Grm&= > g AE@) pla,y) (f(n™Y, 7)) — f(,€))

z,y€[—n,n]d, z#y

+ Y @) — gn(x) AE@)p(, v) (F0™Y,€) = F(0,6))

z,y€[—n,nld, £y

+ Y [9€@) = glnla) ML) pa,y) (f(n,£5Y)) = f(0,€))

z,y€[—n,nld, zty

+ > lg(n(x) A E@))] plx,y) (Fr",£5Y)) = f(n,€)) (3.8)
w€[~n,n)4 yeZ\[~n,n)d

+ > lg(n(z)) — g(n(x) A&(@)] pla, y) (f(n",€) — f(n,€))
w€[—n,n)4 yeZ\[~n,n)d

+ > [9(&(x)) — g(n(x) A &) pla, y) (f(n,€7Y)) = f(,))

we[—nn]4, yez\[~n,n]?

+ > 9(&(@)) pz, ) (fF(0,€7Y)) = F(1,€)).-

€74\ [—n,n]d,yeZ

In the same fashion as basic coupling (2.7), this generator matches the evolution of
(ne, t > 0) and (&, t > 0)as much as possible, and supplements the rates so that the
semigroups of the first and second marginals of the process with generator G are S,,(t)
and S(t) respectively. Moreover, if this process starts from a configuration (7, £) such
that n(z) < &(z) for all x € [—n, n]¢, then P(n(z) < &(z)) = 1 for all z € [—n,n]? and all
t > 0. Hence, (3.5) follows.

To prove (3.6) we procede similarly: we consider the following generator of a Markov
Process on X,, X X,

Him &)= > gn@) A&@)pla,y) (F0r™Y,€74)) — F(,9))

z,y€[—n,n]d, z#y

+ > lgm@) = g@) A @)l y) (F(™Y,€) — F(1.9))

z,y€[—n,n]d, £y

+ Y [9E@) = g@) A &) p(,y) (F(n,67Y)) = f(0,))

z,y€[—n,n]d, £y

Y (YD pla2)lg@) AL@)] (F(n".€7Y) = F0,9))

wyel—nnld zty2=y

+ o> (Y p2)lgm@) = g(n(z) AE@DI(F (", €)) = f(0,€))

z,y€[—n,n]d  zFy,z=y

+ o (Y p2)lgE) = g(n@) AE@DI(f(0,67Y)) = f(,6)).

z,y€[—n,n]d z#y,z=y

(3.9)

The semigroups of the first and second marginals of the process with generator H are
S, (t) and S, (t) respectively. On the other hand, if n(z) < £(x) for all x € [-n,n]?, then
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P(ni(x) < &(z)) = 1 for all z € [-n,n]? and all t > 0. Hence, the inequality in (3.6)
follows. Finally, the equality in (3.6) is due to the invariance under S, (t) of I, (114).
Now, fix ¢ > 0 and let

p= / n(a)dpg (),

which does not depend on x. For n > ||z« let

0 < din(o) = p= [ (@) (1L, 120)50 (1)
Note that this function is decreasing in n. Let
di(z) = limdy (). (3.10)

To prove that (3.10) does not depend on = we apply analogous arguments to those used
to derive (3.1). By coupling and the fact that n — [|z]lcc < (n+ || — Y|loo) — |l¥llcc We see
that

/n(y)d(ﬂmu%yum(u¢)5n+|\x7yuoo(t)) > /n(x)d(ﬂn(w)gn(t))

and
i eyl () < din(2).
Hence d;(y) < d;(x) and role reversing z and y we conclude that d;(z) = d;(y) for all
x,y € 7.
To derive an upper bound for }_ . (_,, .14 di.n (), Write

S d@ = Y ([ 0@ )Sn®) - [n@d(iL)3,0)). @11
]d

z€[—n,n z€[—n,n]d

Coupling the processes with semigroups S‘n and S,, and starting them from the same
random initial configuration distributed according to II, (us), we see that the rate at
which (3.11) increases with t is, at all times, bounded above by

A= Y v [a@dMe) =p Y s,

:L’E[fn,n]d’, :L’E[fn,n]d,

y¢[—n,n]? y¢[—n,n]?
Hence

S ([ @S0 - [ @S, o) < e,
z€[—n,n]?
and .
tAy,
0 <lim — > din(x) < =0

But since d, () is decreasing in n and its limit does not depend on z, this can
only happen if d;(z) = 0. Together with (3.6) this implies that the finite-dimensional
distributions of I1,,(14) S, (t) increase as n — oo to the finite-dimensional distributions of
Lo It now follows from (3.5) and part ii) of Proposition 2.1 that (ue); = lim, [ue].S(t) =

fi- =

We finish this section with a lemma describing some simple properties of the invariant
measures fiy.
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Lemma 3.1. Assume lim,, g(n) = oo and that n € X is distributed according to ps, then
> exp(vk)ps(n(z) = k) < oo Ve,y >0,
keN

and for any o > 0

k
lim lim sup % log u¢<2n(—x) < ak) = —00. (3.12)

N
$—00 k00 =1

Proof of Lemma 3.1. The first statement follows immediately from the divergence of
g(k). For the second statement, first note that for any M > 0

lim pg(n(x) < M) =0.

Pp—o0
Hence,
: n(z)
| <1)=0.
et (a—i—l = )

Therefore for any 0 < p < 1 there exists a ¢(p) such that for any ¢ > ¢(p) we have

k k
e <; n(—x) < Oék) <P <Z X; < cH—lk> )

=1

where {X;};>; are i.i.d. Bernoulli with parameter p. But the right hand side above is

equal to
b 1
P Y; > ——k

where Y7,Ys, ..., Y, are i.i.d. Bernoulli with parameter 1 — p. Using the expression for
the large deviation rate of Bernoulli random variables, see for instance [2], we see that
forany K >0

k
1 1
«
i=1

k—o0

if 1 — p is small enough. Hence (3.12) holds. O

4 Dimension 1, nearest neighbour transitions

Throughout this section we assume that d = 1 and that {p(z,y)} yez corresponds to
a translation invariant, nearest neighbour random walk on Z,

p y=x+1,
p(,y)=4qq y=x—-1, (4.1)
0 otherwise,

where 0 <p,¢<1,p+qg=1.

Let X; and Y be as in (2.1) and (2.16) respectively. Since we will be following
the evolution of individual particles, it will be convenient to consider elements of Y
as increasing limits of elements of X;. Hence, for n € Y and n € IN we define n" =
(n”(:zc))gﬂeZ as in (2.13).

Lemma 4.1. Non-explosion

Letd =1, {p(x,y)}syez be as in (4.1) and consider rates {g(n)},>o that satisfy (2.6).
Letng € Y. Then (1, t > 0) defined by (2.15) satisfies n;(x) < oo a.s. for allt > 0 and all
x € Z. Moreover, n, € Y a.s. forallt > 0.
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Proof of Lemma 4.1. Let j : X]% — Rand r: X% — R be given by

and

r(C,¥) = [¢(0) = (0)]".

Note that for all {,9 € X we have r((,9) < j((,v).

Given initial configurations (y, ¥y consider the coupled processes (;, ¥; on XJ%. We
claim that j({;, %) only increases when a 1 particle jumps off 0. To justify this last
statement, first note that if a ¢» and a ( particle jump together the value of j remains
unchanged. Then look at jumps of a ( particle not accompanied by a ¢ particle occurring
at some time s, and consider the following cases,

1. The ( particle jumps from k < 0 to k — 1. In this case for any n < 0 and any m > 0
the expression > (¢(x) — ¢ (z)) either remains unchanged or decreases by one
unit.

2. The ( particle jumps from k& < 0 to k + 1. Since no v particle jumped, it must be
the case that just before the jump we had (;_ (k) — ¢s—(k) > 0. The expression
Yo (C(xz) — ¥(x)) only increases if n = k+ 1. But > 7", ((s(z) — ¥s(x)) =
Y1 (G (@) = e (2)) +1 < 307, (Cs—(x) — 95— (x)) and therefore j does not
increase.

3. The ( particle jumps from k£ > 0 to k + 1. In this case for any n < 0 and any m > 0
the expression > (¢(z) — ¢ (z)) either remains unchanged or decreases by one
unit.

4. The ( particle jumps from k£ > 0 to £ — 1. Since no ¢ particle jumped, it must
be the case that just before the jump we had (;_(k) — s (k) > 0. The expres-
sion " (¢(x) — ¢(x)) only increases if m = k — 1. But Zi;;(gs(x) —s(x)) =
Zﬁ;}l(@,_(m) — () +1 < E’;:n(gs_(x) — 9s_(x)) and therefore j does not
increase.

5. The (¢ particle jumps from 0 to either 1 or —1. In this case j either remains
unchanged or decreases by one unit.

Next look at jumps of a v particle not accompanied by a ( particle occurring at some
time s, and consider the following cases,

1. The v particle jumps from k < 0 to k£ + 1. In this case for any n < 0 and any m > 0
the expression > (¢(z) — ¢ (z)) either remains unchanged or decreases by one
unit.

2. The v particle jumps from £ < 0 to £ — 1. Since no ( particle jumped, it must
be the case that just before the jump we had (;_(k) — ¥s—_(k) < 0. The ex-
pression ) - (¢(x) — ¢(x)) only increases if n = k. But Y -, ((s(z) — ¥s(x)) =
Yoo (o (@) = Ys () +1 < 300111 (Cs—(2) — 95— (x)) and therefore j does not
increase.

3. The v particle jumps from k£ > 0 to k£ — 1. In this case for any n < 0 and any m > 0
the expression > (((x) — ¢ (z)) either remains unchanged or decreases by one
unit.

4. The ¢ particle jumps from k£ > 0 to k£ + 1. Since no ( particle jumped, it must
be the case that just before the jump we had (;_ (k) — ¢s—(k) < 0. The expres-
sion Y. (¢(x) — ¢(z)) only increases if m = k. But, Zizn(gs(x) — s(x)) =
Z’;:n(gs_(x) — () +1 < E’;;i(@._(m) — 9s_(x)) and therefore j does not
increase.
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The only remaining case is when a ¢ particle jumps off 0. In this case j either remains
unchanged or increases by one unit.

Therefore, if we denote by N;(¢)) the number of ¢ particles that jumped off 0 on [0, ¢],
we get

7(Cer V) < J(G ) < 5(Co,b0) + Ni(2)) (4.2)
and

Gt(0) < 9e(0) + 7r(Ces t) < ¥e(0) + 5(Cos o) + Ni(2)). (4.3)
Fix now n € Y and let

. IRS . IRS
v =v(n) := max { lim sup - Z n(z), lim sup - Z n(—x)}.
=1 z=1

Let ¢ be large enough so that lim % Sor_ &(x) > v for pg-almost all £. Consider zero-
range processes 1" and ¢” having initial configurations nj = " and &) = £, with ¢
distributed according to ;4. By (4.3) we get

1y (0) < &(0) + j(ng, &) + Ne(€") -
Taking limits as n goes to infinity, we see that 7,(0) < co a.s. will follow from

i) j(n,&) <o as.,
ii) lim, &'(0) < o© a.s., and
iii) lim,, N¢(€") < oo a.s..

To prove iii) note that E[N,(£")] = fot E%[g(¢(0)]ds. Then
[ Ewienldnate = [ ( / EE [g(€n(0 )]dS)du¢(£)
= [([ 5 o) dnate)) i

by Tonelli’s Theorem. Since the process is monotone in n and g is increasing, the RHS in
(4.4) is bounded above by

([ B loteoana@)as =t [ oteonina(e) < o

from the invariance of 114 and the fact that E#¢[¢(£(0))] < oo (2.12). With our choice of
¢ we get j(n,§) < oo for py—almost all . This proves i). Using the invariance of p4, write

[ i€ )o@ = [ €0 = [ s < o

from where ii) follows.
To prove that n;, € Y, ¢ > 0, we apply the second inequality in (4.2) to ng and £; and
take limits in n to obtain

(4.4)

I, &) < J(no, o) + Ne(§),

which implies the desired result. O

We now prove the Markov property. The proof relies on the graphical representation
described in § 2. Let us denote by w = {I'? } .z the collection of independent, marked
Poisson processes labelled by sites in Z, see (2.14). For x € Z and s < t, let Ff(s’t] be
the Poisson atoms falling in Rx¢ x (s,?] x Z¢ and w,,; = {I‘f’(s’t]}rez. Then, given an
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initial configuration ny € X, we can describe the state of the process 7, at time t as a
function of its state 7, at time s, and the updates w,; occurring on (s, ],

e = Ds (s, Wst) a.s.. (4.5)

The Markov property follows immediately from the independence of the distribution of
the Poisson atoms in disjoint regions of [0, c0) x [0, 00) x Z<. Also, note that the mappings
®, 4(-,-) are monotone in the first coordinate, a consequence of the fact that the rates
{g9(n)}n>0 are non-decreasing.

We now show that it is possible to take limits in (4.5) to extend it to initial configura-
tionsin Y.

Proof of Theorem 2.3. Given n € Y, consider ™ 5, the sequence of processes (n;’, t >

0) and the process (1;, t > 0) constructed in (2.13), so that in particular 5} < 7™ <,
foralln € Nand ¢t > 0.

In order to prove the theorem, it will be enough to show that the process (7, t > 0)
satisfies, for any s < t,

= lim @, ((ns)*, ws 5.
= lim () wey) aus
From lim,, . 7" > ()%, k € N, we have
Ny = nlglgo ny = nlgrgo D, (17, ws ) > @Sﬁt((T]S)k,ws,t) a.s..
On the other hand, for each fixed n € NN,
(I)s n’ s =1 (I)s s < li (bs s k; s
,t(775 w ,t) kgr;o ,t((ns) w t) = kg{; ,t<(77 ) w ,t)
and taking limits in n this yields the opposite inequality,
n = nl;ngo Dy (0l wsy) < khﬂngo @s,t((ns)k,wsyt) a.s..
The result follows. O

4.1 Mass conservation

The next lemma states that when the initial configuration is distributed according to
a translation invariant measure, mass is preserved.

Lemma 4.2. Let d = 1, {p(x,y)}syez as in (4.1) and consider rates {g(n)},>o that
satisfy (2.6). Let p be a translation invariant measure such that p := u[n(O)] < oo. Then
p = E*[n(0)] for all t > 0.

Proof of Lemma 4.2. By part ii) of Proposition 2.1 E*[n;(0)] < p. Hence it suffices to
show the opposite inequality. Let ¢ > 0 be such that E”[ (0 )] < FE [ (0)]. Consider

coupled families of processes (17, t > 0), (1, t > 0), (&, t > 0), (&, t > 0), such that

1. no ~ p, and n{ is obtained from 7 as in (2.13),
2. & ~ g, and £ is obtained from ¢ as in (2.13),

3. (pf, t > 0) and (¢, t > 0) follow the dynamics (S,(t)),. , defined in the proof of

>0
Theorem 2.2,

4. (ns, t > 0) and (&, t > 0) follow the zero-range dynamics (St) determined by
(2.2),

5. nf <myforallt>0a.s., and & <& forallt > 0a.s..
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Processes with properties 1 — 5 above can be constructed by means of the graphical
representation, using the same family of marked Poison processes {FZ:}gC ¢z FOT the
construction of (n}, ¢t > 0) and (£, t > 0), particles that jump out of [—n,n| are removed.
Let us denote by P#*#¢ the joint law of these four processes, such that P* is the marginal
law of (m, ¢t > 0).

Denote by U, (t) and ®,(¢) the number of ™ and " particles that jump from » to

n + 1 (and are thereby lost) over the time interval [0,¢]. Let

Tn(m,§) =1 sup > (n(y) —EW)IT.

zE€[—n,n] yElz,n]

Now note that J,,(n?,£") — ®,(s) + ¥, (s) can only decrease in time. Hence
Un(t) < @n(t) — Jn(ns &) + Jn(ng, &0) < Pn(t) + Jn(ng. &), P —a.s..

Let

Gn(m, &)= sup Y (n(y) — W)™

z€(—o0,n] yElz.m]

Then clearly
U, (t) < @,(t) + Gn(nd, &y) PHH —a.s..

Now note that

(I>7L(t) + GTL(TIOa §0)
n

— 0 in P#**#¢- probability as n — oo,

hence the same holds for ¥, (¢)/n in P#*#+-probability. Similarly, if we denote by ¥_,, (¢)
the number of n-particles jumping from —n to —(n+ 1) over [0, ¢], it follows that ¥_,,(¢)/n
converges to 0 in P#*#¢-probability. We thus get

n

1
1- - _ n — 0 . P“Xud)_ b blt a
im =" n(2) = ;' (2)] =0 in probability,

—n
and in particular lim,(1/n) >.", n{*(z) = p in P**#¢-probability. Since n,(z) > n;(z)
Prxts as., we get lim,(1/n)>" n(z) > p in P#-probability. But E*[n(z)] does
not depend on x by part i) of Proposition 2.1, hence the last inequality implies that
E#[n(0)] > p. O

4.2 Proof of Theorem 2.4

To prove the theorem we will need two lemmas and a proposition which we state
here and prove later:

Lemma 4.3. Asymmetric transitions
Letd =1, {g(n)}n>0 as in (2.6), and consider {p(x,y)}s yez as in (4.1) with p # ¢. Then,
forn €Y, the distribution P" of the process (1, t > 0 : no = 1), satisfies

En[/otg(ns(g;)) ds] < oo (4.6)

forallx € Z andt > 0.

Lemma 4.4. Exponentially bounded rates
Letd =1, {g(n)}n>0 as in (2.6), and consider {p(x,y)}+ycz as in (4.1). Assume further
that the rate function is exponentially bounded: there exists A > 0 such that

g(n) < e, n € INy.
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Then forn € Y, Y the set in (2.16), the distribution P" of the process (n;, t > 0: 19 = 1),
satisfies

sup E"[g(ns(x))"] < oo (4.7)
s€[0,t]

foranyr € [1,00), z € Z, and t > 0.

Proposition 4.5. Let (n;, t > 0), no € Y be the process given by (2.15). If, for some
r > 1, for allt > 0, and any initial configuration ng €Y,

sup B0 [g(ns(x))r] < oo, YxeZ4, (4.8)
s<t

then the process satisfies the forward equation:

d 70 70

—E"[f(n)] = F [Lf(ﬂt)],

dt
for any local bounded function f : X — R.

Proof of Theorem 2.4. We start showing that {r;,¢ > 0} is a solution of the martingale
problem under the hypothesis of either item of the theorem. For each fixed n € IN and
initial configuration 7y € Y, the process {n;"; ¢ > 0} is supported on the countable state

space
{neX; ) n@)="> m@?}

lz|<n

and the transition rates are bounded above by g( >jzl<n no(z)) < oo, so this is a Markov
chain without explosions. Therefore, for any local, bounded function f : X — R the
process

¢

MP(f) = ) — FOnl) / Lf() ds 4.9)

0
is a martingale with quadratic variation

MEY = DD g @)@ y) (Vo f () ds,
0

z,yeZd

where V. , f(n) := f(n™¥) — f(n) and n™¥ is as in (2.3). Let A be the support of f and let
A= {y €Z, infpeqally — 2| < 1}. Then

E[M}(f)*] = E[(M}(f))] < 8||f||§o/0 > Elg(ni (x)]ds. (4.10)

z€A

Due to (4.6) and (4.7), in either item of the statements of the theorem, we can take
the limit as n — oo in (4.9) and conclude that the sequence M;*(f) converges a.s. and in
L' to

Mi(f) = f(ne) — f(no) — / Lf(n.)ds.

Now, using Fatou’s Lemma and (4.10), we can control the second moment of the incre-
ment M;(f) — Ms(f):

E[(Mi(f) = My(£))?] = B liminf (M(f) = MZ2(1)’]

n—oo

< liminfE[(Mt"(f) - Msn(f))z]

n—oo

< 8| fI% / S Elg(ns(x))ds.

8 z€A
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It then follows from the main result of [9] that M,(f) is a martingale. Now, for item i) of
the theorem, (2.4) follows from Fubini’s Theorem and Lemma 4.3, and for item ii) of the
theorem, (2.5) follows from Lemma 4.4 and Proposition 4.5. O

4.3 Proof of Lemmas 4.3 and 4.4 and of Proposition 4.5

We will now compare two zero-range processes starting from elements n,{ € X;. The
particles of n will be classified as v and p particles. This means that at any time ¢ and
any site z, we will have n;(z) = v:(x) + ps(x). This comparison will be made thanks to an
auxiliary process ((y:, pt, &), t > 0) on X3.

Rather than writing down a long generator we state the rates of this process for
an arbitrary configuration (v, p,&). To do so we introduce some further notation: for

v,p € Xy, define
p(0)+1 =0,
) = {p( )

(0)  #0,
Ly fAEn =1 2=
T {7(%) N

and

We now state the rates of the auxiliary process,

1. For z € Z, at rate pg(y(z) A &(z)) the process jumps to (y=* 1, p,£77F1),

2. For z € Z, at rate qg(vy(z) A &(z)) the process jumps to (y&*71, p, £orL).

3. For z € Z, at rate p[g(&(z)) — g(7(x) A &(x))] the process jumps to (v, p, E57F1).

4. For z € Z, at rate q[g(¢(z)) — g(v(z) A &(z))] the process jumps to (v, p, 5% 1).

5. For z € Z, at rate p[g(y(z) + p(z)) — ( ( )] the process jumps to (v, p™* T, €).

6. For z € Z, at rate q[g(y(z) + p(z)) — g(v ( ))} the process jumps to (v, p” %71, &).

7. Forz € Z\{—1}, atrate p[g(7(z)) —g(7(x) A&(x))] the process jumps to (v**, p, &).
8. Forz € Z\ {1}, atrate q[g(v(z)) — g(v(z f( ))] the process jumps to (v**~1, p,§).
9. Atrate p[g(v(—1)) —g(v(—=1)A&(—-1))] the process jumps to (v~ 1, p%, €) if v(0) > £(0),

and to (710, p, €) if v(0) < £(0).
AN

. Atrate q[g(7(1)) — g(v(1) A&(1))] the process jumps to (1, p°, &) if 4(0) > £(0), and
to (y°, p, &) if 4(0) < £(0).

The processes (&, t > 0) and (¢, t > 0) follow basic coupling (2.7) except at config-
urations v, ¢ such that y(—1) > £(—1) or (1) > £(1), and v(0) > £(0). Then at rate
pla(v(=1)) — g(&(=1))] (q[g(v(1)) — g(£(1))], resp.) a y-particle is removed from —1 (1,
resp.), and added to the p-process, at 0.

To derive some of the properties of this process it is convenient to distinguish p-
particles from each other. To do so, we label them with positive integers and adopt the
convention that whenever a p-particle has to jump from a site x the jump is performed by
the particle having the lowest label among those present at x. If there are k p-particles
in total at time 0 we label them as 1, ...,k in an arbitrary manner and then each time a
p-particle is created we attribute to it the lowest available label in IN. We now let ¥(¢) be
the number of p-particles in the system at time ¢, and denote by Z; the total number of
returns (that is, up to time oo) to the origin of the i-th p-particle. We can now state some
properties of the process ((%, P, &), t > 0).

—_
(=)
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i) If 5y := v + p; (coordinatewise) then (1;):>¢ is a zero-range process with rate
function g.

ii) The process (& )¢>0 is a zero-range process with rate function g.
iii) If 7(0) < &0 (0) then ~,(0) < &,(0) for all ¢ > 0.

iv) Assume p # ¢. If the initial configuration is such that p(x) = 0 for all z # 0
then the conditional distribution of Z,...,Z; given {¥(¢) = k} corresponds to
i.i.d. geometrically distributed random variables.

The first two properties are immediate consequences of the jump rates. Note that they
imply that the total number of particles is conserved. Hence, for any initial configuration
in X j’ the jump rates are bounded. The third property follows from items 9 and 10 and
the fact that the rates are non-decreasing. The fourth property is a consequence of the
following facts, which are derived from the jump rates.

1. The trajectories of the p-particles have initial position at the origin.
2. The creation of p-particles only depends on the evolution of v and £-particles.

3. Due to the convention adopted for the jumps of the p-particles, the discrete-time
skeletons of the continuous-time trajectories perform i.i.d. (p, ¢)-random walks,
which are independent of the evolution of the v, ¢ particles.

Our next lemma follows from these considerations.

Lemma 4.6. Letd =1, {g(n)},>0 be as in (2.6), and let {p(z,y)}» yez be as in (4.1) with
p # q. Assume that at time 0 there are no p-particles off the origin and let H(t) be the
number of jumps off 0 performed by p-particles over the interval [0,t]. Then there exists
0 < C < o independent of t such that

E[H(t)] < CE[Y_ pi(x)].

Proof of Lemma 4.6. Let X; be the number of jumps off 0 performed by the i-th p-
particle and let N(t) be the number of p-particles created in the time interval [0, ¢].
Then X; < Z; + 1 for all « > 1, and since we assume no p-particles are present at time
0, N(t) = >, pe(x) = 9(t). By property iv) above #(t) is independent of the random
variables Z;. Hence,

N(t)
BIH®)] < B[ Y (2 + )] = E[N®)] (B[] +1)

i=1

and the lemma follows. O

We recall the mapping j : X7 — R

Lemma 4.7. Let ((v:, pt,&:), t > 0) be the Markov Process on X} with dynamics deter-
mined by the rates 1 — 10 above. Denote by N (t) the number of ¢-particles jumping off 0
in the time interval [0,t]. Then for allt > 0

Zpt@?) < Zpo(l‘) + N(t) + 7(70,0)-
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Proof of Lemma 4.7. First note that j(vs,£s) can increase by at most one unit at any
given time, and that this can only occur when a £-particle jumps off 0. We omit the proof
of this assertion since it follows the same arguments as the proof of Lemma 4.1. Then,
note that j(vs,&s) decreases by one unit when a p-particle is created. Therefore,

> o) = polx) < N(E) + j(v0.€0) — 5(7: &)

and the lemma follows from the fact that j(v;, ;) is non-negative. O

Proof of Lemma 4.3. In this proof we adopt the following notation: E” and E"-*¢ will be
the expectations associated with the zero-range process starting from 7, and with the
auxiliary process starting from (v, p, £), respectively. Since the construction is translation
invariant, it suffices to show that (4.6) holds when x = 0.

We wish to compare E" | [ g(n,(0))ds] and E[ [} g(15(0))ds] where 7 and ¢ are arbitrary
elements of X ;. To do so we will apply Lemma 4.7 to an initial configuration (v, p,{) such
that for all = # 0, y(z) = 1(z) and p(z) = 0, 7(0) = n(0) A £(0) and p(0) = [1(0) — (0)]*.
As noted before v, + p; is a zero-range process with initial configuration n. Hence

E"[#{n-particles that have jumped off 0 over [0, ]}|
= EVPs [#{y—particles that have jumped off 0 over [0, t]}} (4.11)
+ EV*4[4{p-particles that have jumped off 0 over [0,#]}].

Due to property iii) of the construction, and recalling that N(¢) stands for the number of
&-particles jumping off 0 in the time interval [0, t], we have

E7P4[4#{~-particles that have jumped off 0 over [0,#]}] < E"”¢[N(¢)].
From (4.11), the previous inequality, and Lemma 4.6, we get

E" [#{n-particles that have jumped off 0 over [0, ¢]}]
< EVPEN()] + CEYPE[Y " pi(a)],
x

and using that in the auxiliary process the £-particles evolve as in a zero-range process,
we conclude

E"[#{n-particles that have jumped off 0 over [0, t]}]
< ES[N()] + CEYE [ pu(a)]. (4.12)

Let us now fix € Y and pick o > 0 and g > 0 such that
[ €@ > > max [ LS )t 3 )
o max 1m sup — —Z ), 1msup — x .
12 - an:177 - pnz:177

We then apply (4.12) to ™ and a random configuration ¢ distributed according to IL,, (1),
where II,, was defined in (3.4). We obtain

E"" [4#{n-particles that have jumped off 0 over [0, ¢]}]

S/ﬁwwwmwM@+/mﬁfﬂmeMMWM@, (4.13)

where for all x # 0, v"(z) = n™(x) and p"(x) = 0, v"*(0) = n™(0) A £(0) and p"(0) =
[7"(0) =" (0)].
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The first term of the right hand side above is equal to

[ 5[ stconas] amm© < [ 5[ [ steonas] dwre

Since p, is invariant, this is equal to

‘ / 9(£(0)) d(pa) (€) = tar < 0.

To obtain an upper bound for the second term in (4.13) we use Lemma 4.7 as follows:

JE [ ] ) €
< e (32l + 810+ 560 )] ) €
< [ B <[00 + N0 + 566 d(1L (1) © @14
<n0)+ [ EINO)] (1L, (0))(©) + [ 30,€) AT (1) €
<o)+ tat [ 50 (1L, (s0)) )

To complete the proof we show that [ j(n™, &)d(IL,(iq))(€) is bounded uniformly in n. To
do so, note that

/ 0 (I (1)) (€) < / 301, €)d(1a)(€).

It now suffices to prove that [ j(n, £)d(pa(€)) is finite. This is done as follows: let k be
such that

m

1 m
max{sup—z:n ) 81136%277(1‘)}<
= =1

m>k T

Then, define

L(O:inf{ :71?>pr2€ z) 2 8, 1n>f[EZ£ }

If ¢ is distributed according to u, the random variables £(z),x € Z are i.i.d. and by
Lemma 3.1 have finite exponential moments. Hence, we can apply standard large
deviation results to conclude that u,(L(§) > ¢) decays exponentially with ¢. Now define

M(€) = max{L(¢), k}. Then j(y,&) < Y/, . n(x). Hence

/j(n,ﬁ)dua(s) < B(l + Z/M(g)dua(f)) <00

and the proof is completed. O

The proof of Lemma 4.3 relied on the fact that the number of visits to the origin of a
random walk with non-vanishing drift has finite expectation. This fails in the symmetric
case, and to prove that the conclusion of the lemma still holds in this case, we will
restrict the family of rate functions to those having at most exponential growth.

Proof of Lemma 4.4 . 1t is enough to prove the lemma for x = 0. Recall the graphical
representation from § 4. We will use it to simultaneously construct the zero-range
process for all nearest neighbour dynamics determined by jump probabilities (p, q).
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Fix n € IN and let ™ be the truncated configuration in (2.13). Under the graphical
representation and not counting multiple visits, the number of particles initially to the
left of the origin that at any point during [0, ] have reached 0 is maximal for the totally
asymmetric dynamics (p,q) = (1,0), whereas the number of particles initially to the right
of the origin that ever reach it during [0, t] is maximal for the opposite totally asymmetric
dynamics (0, 1). Indeed, enumerate particles in the initial »™ configuration according
to their distance to the origin and any arbitrary order for particles occupying the same
site. Let then X ,, be the position of the i-th particle in " at time 0, and let us denote by
Xi(_]f;Q)(t) its position at time ¢ under the (p, ¢) dynamics. Furthermore, let us stipulate
that on the event that there is a jump out of a site in the graphical representation, the
particle with the highest (lowest) index at the site is removed if the direction of the jump
is to the right (left). Then it is easy to check that the graphical representation ensures
that

xXP0) < x00() and XV > x%V(t) forallt > 0.

In particular, if a particle initially to the left of the origin ever reached it during [0, ¢]
for the (p, ¢) dynamics, the same must hold for the (1,0) dynamics, with an analogous
statement holding for the particles initially to the right of the origin and the (0,1)
dynamics. For the rest of the proof, we continue using the superscript (p, q) to specify
which particular dynamics is being referred to.

Fix t > 0. For the (p, ¢) dynamics, we have

#{particles that reach 0 over [0,t]} < #{i € Z, X, ,, =0}
+ ﬂ{z’ €Z, X;n <0, Xi(f:;q)(s) > 0 for some s € [O,t}}
+ ﬁ{z’ €Z, X;n >0, Xi(f;f)(s) < 0 for some s € [071&}}.
Let 7 > 1. Due to the bound g(k) < e*¥, k € Z, and the previous observations,
g(n?’(p"q) (0))?” < PO exru{iez,X,;,n<o,X§}n'°)(t)zo}
o e)\rﬁ{iEZ,Xz,n>0,Xf?ﬂ’,l)(t)go}’

uniformly for s € [0, ¢]. Taking expectations and applying the Cauchy-Schwarz inequality,
we get

1
sup B g ()] < 0 [ (o2 e o X 00
s€[0,t]

1
X [E”n <62Arﬁ{ieZ, Xq,,n>0,Xff)ﬁl>(t)§0})} E

We need to show that the last two factors on the right above are uniformly bounded in n.
We treat the first, the proof for the second one is completely analogous.
To do so, given (£,£') € Y2 such that

-1

J6&)=swm [ 3 €@ - €@)] <o,

nzl = "p

we consider the coupled versions of two zero-range processes (&;,&") following the
(1,0) dynamics, with initial states (¢, £’) obtained by means of the graphical representa-
tion. Let N(¢,€) and N(t,{’) be the number of particles jumping from —1 to 0 over the
time interval [0, ¢] for the configurations ¢ and &’ respectively. It is now easy to verify that

7'(€s,€0) + N(5,6) = N(s5,&) < j'(€,8). (4.15)
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Indeed, j’ only increases when N(s,¢’) increases and N (s, £) remains constant, and j'
decreases whenever N (s,¢) increases and N(s,{’) remains constant. But since j' is
nonnegative, (4.15) implies that

N(t,§) < N(t,&) +5'(¢,¢). (4.16)

For n € Y the configuration in the statement of the lemma, define

a*max{hmsup Z?] hmsup Zn }

neN T
1
Nozinf{nem,vzznzjz )<a+1land - mzln ) <a+1}, (4.17)
and consider ¢y > 0 such that E#¢o[n(0)] = p > a+ 1. For o ~ pug,, let

! !
K(o)=inf{n €N, foralll>n: Zn(—x) < ZO’(*I)} < 00 as..

rx=1 =1

With this definition we have j'(n,0) < ZK(”) n(—x). Note moreover that for £ € Y,
#{i € Z, X;, < 0,X27(t) > 0} = N(t,€"). Then, by (4.16) applied to 7 and o, we get

Iouk [62/\rﬁ{i€Z, Xl-,n<o,xf},;°>(t)zo}} < oo [eamzﬁ‘;)n(ﬂ) NN ()]
By Cauchy-Schwarz again,
" [62,\7«11{@‘6%, X, <0, X,ﬁ,;“’(t)zo}}
< E,u%[ ATy ,(1 n(— 1)] EHo [64)\7'N(t,0'):|%

By the fact that the invariant distribution pg4, is a product measure, the occupation
number at the origin {ogl’o) (0), s > 0}, 061’0) ~ e, is @ birth and death process at

equilibrium with constant birth rate ¢y = E#<o[g(c(—1))] (and death rate g(os (& 0)(0))).
Therefore (Nt = N(t,o), t > 0) is a Poisson process with intensity ¢y, and finite

exponential moment
Btso [647,,\ Nt} _ e‘i’(’(e“"—l)t .

It remains to prove that E*éo [¢?*" POy 7(=2)] < co. We can bound K (0) < Ny + K (o), if
Ny is asin (4.17) and we define

K()—sup{ke]NZ z) < a+1)k}.

Then
Broo [ DD 0(-0)] < s [64»-2?2?“”)77(—@}
< EHoo [ev(No+f((a))]

— ¢"No Fhag [e'yf((ﬂ)]

with « := 4Ar(« + 1). By the inclusion of events

k

{K(o)=k} C {Z o(—z) < (a+ 1)k} ,

r=1
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it remains to show that

Ze”k ;L%(Z o(—z) < (a+ 1)k> < 00,
k

z=1

but this follows from (3.12) if ¢q is large enough. Hence

sup E"" [g(n?’(p’q)(o))r}
s€0,t]

is bounded uniformly in n, and the lemma follows by taking the limit n — oo.
O

Proof of Proposition 4.5. Let f : X — R be a bounded, local function with support A, de-
fine A:= {y € Z, inf,ca ||y — || < 1}. Hypothesis (4.8) and the graphical representation
described in §4 imply that for any = € Z and ¢ > 0 the process (n;(z); s > 0) has finitely
many jumps over [0, ¢ + 1], and

P ({ni(z) # m—(x) or ne(x) # ney () for some xz € A}) = 0.

Therefore P(lim,_,+ Lf(ns) = Lf(n:)) =1 ¥t > 0. Since by (4.8) the random variables
g(ns(x)), s € [0,t+1] are uniformly integrable for any finite ¢, E™[Lf(n,)] is continuous in
s € [0,t+ 1], and from (2.4) we conclude that E™[f(n;)] is differentiable with derivative

LB () = BV (L)

which is the forward equation. O

5 Alternative construction of the zero-range process

In this section we provide an alternative construction of the zero-range process again
under the assumption that the rate function g is non-decreasing. This construction is less
general than the construction of §3 and §4 in the sense that it places more restrictive
assumptions on the rate function g(n), for instance for dimension d and mean-zero,
finite-range jump dynamics it requires that sup; <<, (9(k) — g(k — 1)) < Cn® with a < 2,
see Corollary 2.6. On the other hand, it also works on dimensions greater than 1 and
does not require nearest neighbour jump probabilities.

We start with some definitions. Let {p(z,y)}, ez« be a family of translation invari-
ant transition probabilities and consider the continuous-time random walk (Xy; ¢ > 0)
generated by {p(z,y)}(5,y)cze. Let P* the law of (X;; ¢ > 0) with initial condition X = 2.
Let

70 = inf{t > 0; X; = 0}

be the hitting time of the origin by the random walk and let
F.(t) := P?*(1o <1t).

Notice that it may happen that 7y = +oo with positive probability. We recall some
notation from §2. Given n € X and {z'};cy an enumeration of the particles of 7, let

V()= 1" =2), zez¢ (5.1)
=1
and
h(n) == sup (g(j) —g(j —1)).
1<j<n
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Finally, forn € X, t > 0 and z € Z? we let

=Y Fuo(h(i))

i€IN

Lemma 5.1. Let 1y € X be an initial configuration of particles and let {x}};cn be an
enumeration of the particles of ny. Lett > 0 and z € Z*. If m.(t,no) is finite for any
z € Z4, then ns(z) < oo for all s € [0,t] and = € Z%, and it satisfies

log E[e”* )] < (e — 1)ym. (¢, mo)
for any s < t, any # > 0 and any z € Z%.

Proof. Note that the sequence of initial configurations {n}’}yecn is increasing, and
therefore one can use the graphical representation to construct a sequence (7}¥;t > 0)
of zero-range processes with initial conditions 7', such that /¥ (z) is increasing in N for
any t > 0. Therefore, the limit

ne(w) = lim 7" ()

exists in [0, co]. By monotonicity this limit is the same as in (2.15). Our aim is to prove
that it is finite. For any N € IN and any ¢t > 0, »¥ and 7, N+1 differ in only one site
ziv *1 and by only one unit. Conditioned on the trajectory of (nt ;t > 0), the process
(zNT1:t > 0) is a time-inhomogeneous random walk with transition rates

re T @, y) = ply — @) [gn (2) + 1) — g (2))]

and initial position z; N+l Since the zero-range process nN has exactly N particles,
ri (@, y) < ply — 2)h(N +1).

In particular, (z¥;¢ > 0) can be coupled with a random walk (X}¥;¢ > 0) with transition
probabilities {p(z)}.cz« starting at o)) in such a way that both walks visit exactly the
same sites in exactly the same order, and such that the walk (z¥;¢ > 0) always visits
sites after the walk (X ﬁ Mt 2 0). Moreover, we can define these couplings in such a
way that the walks (X/;¢ > 0) yen are independent. Define

N i=inf{t > 0; XN =2}, 7V

z

= inf{t > 0;z = 2}

and notice that

N
N> T
“ 7 h(N)

Now we observe that the number of particles at site z at time ¢ is bounded by the number
of particles that passed by z up to time t. Therefore, for any z € Z% and any N € NN,

N N
<Y A(F <) <Y 1(7E < h(i)t)

Taking expectations, we see that

EWO Ns Z x 7z Sm (S 770) WZ(t7770)'

Therefore, (7:;0 < s < t) is well defined. Notice that 7, satisfies

z) <> 1(rL < h(i)t)

i€IN
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The RHS of this estimate is a sum of independent random variables with Bernoulli laws
of parameter p; = F,: _.(t). Therefore,

log E™[ef:(*)] < Zlog(l +pi(e? — 1)) < (e — D (t,m0),
i€N

which finishes the proof of the lemma. O

5.1 The martingale problem and the forward equation

In this section we show that under the conditions stated in Theorem 2.5, the process
constructed in Lemma 5.1 satisfies the martingale problem.

Proof of Theorem 2.5. Recall that according to Lemma 5.1, the process (1;;0 <t < T) is
well defined as the increasing limit of the processes (1;";0 < t < T) yen, which are the
zero-range processes with initial configuration 7}’ given by (5.1). Since the process n}¥
has a finite number of particles, for any local, bounded function f : X — R,

t
ME() = 1Y) = f0) = [ Lrayas
is a martingale. Since f is bounded, f(n) — f(nd') converges a.s. to f(n:) — f(no)
and also in L?, for any p > 0. Let A C Z% be the support of f, that is, A is the
smallest subset of Z¢ such that f() = f(¢) whenever 7 and ¢ agree on A, and define
A={yeZ p(x—1y) >0 for some x € A}. Since f is local and p(-, -) is finite range, both
A and A are finite. We have that

Lfm) = Y ply—2)gn(@)(fn"") — f(n))

z,y€EA
+ Y ply—a)gm@)(f(n—38.) — f(n))
zEAy¢A
+3 Y p(x—y)gw) (f(n+0z) — f(n),

r€AygA

where 0, is the configuration with exactly one particle at site = and no particles at other
sites. From Lemma 5.1,

log E™ [g(nf (2))7] < (¥ — 1y (t, o)

forany 0 <t <T,any N € N and any z € Z%. From (2.18), this implies that there exists
a constant C' = C(f, ¢, 8, p) such that

E [|Lf(n])P] < exp {C(e 1) sup (T o)}
zEe

forany 0 <t < T and any NV € IN. This shows that

N—oc0

t t
tim [ LfY)ds = [ Lf(n.)ds
0 0
in L? for all p > 1. Therefore the process

My(f) = lim M{(f)

N—o00

is well defined and it is a martingale, as we wanted to show. Now (2.5) follows from an
argument analogous to the one applied to prove Proposition 4.5. O
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5.2 Finite range random walks

Proof of Corollary 2.6. Since under condition a) or b) the rate function is bounded by
an exponential, we only need to show that (2.18) is satisfied. First note that under the
assumption
1
li — <
msup v > mo(z) < p,
[lz|| <m

for any »z € Z? there exists an enumeration of the particles {z}};cn and a positive

constant ¢ = ¢(z) such that
|k — z|| > ck'/d (5.2)

for any k > n(z). Let us obtain a generic bound for the probability P*(ry < ¢). By
translation invariance,
P*(rg < t) =P°(7_, < 1),

where
T_p = inf{t > 0; X; = —xa},

so we can assume wlog that Xy = 0. We now proceed to show that (2.18) holds under
condition a). Since
> ap(z) =0,

z€Z4

the random walk (X;; ¢ > 0) is a martingale. Therefore, by Doob’s inequality, for any
p>1,
E°[ sup || X[[] < CLE (|| X:||"].
0<s<t
Notice that
CpE (| X 7]

PO(r_, <t) <P sup [|X]| > [lzf]) <
0<s<t [|z[|

On the other hand, a simple induction in p argument shows that if p € IN there exists a
constant C depending only on the transition probabilities {p(z)},cz« and the exponent p
such that

EO|X.||P] < C##/2.

This can then be extended to all p € R, p > 1 because by Jensen’s inequality for any real
valued random variable Y, [E(|Y|?)]'/? is increasing in p. We conclude that

Cptr/?
0 P
Therefore, by (5.2) and (5.3),
CtP/2h(k)P/?
Z Fz(’;‘—z(h(k)t> <mo(z) + Z  wd
keN kE>no(z)

Noting that condition a) implies that sup,, h(n)n~* < co and then taking p large enough
to satisfy a < % — ]% we see that the above sum converges and (2.18) is satisfied.

To prove that condition b) implies (2.18) too, first note that from (5.2) and the finite
range condition on p(z,y), there exists a constant D such that for k large enough, the k-th
particle of our enumeration must jump at least DFk/? times before reaching z. Therefore
Fyr_.(h(k)t) is bounded above by

x

P(Zy+ -+ Z|pasa) < h(k)t), (5.4)
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where the Z;’s are i.i.d. exponential random variables of parameter 1, and | Dk'/?|
denotes the integer part of Dk!/¢. Since condition b) implies that

lim h(k)

k—o0 kl/d B 07

by exponential large deviation bounds the probability in (5.4) tends to 0 faster than
exp(—ak'/?) for some o > 0. Therefore 3, Fyr_.(h(k)t) < oo and the proof of the
corollary is complete. O

Remark 5.2. One could try to use a large deviations bound in order to improve the
estimate on the hitting time of the origin. This gives only a marginal improvement on
the class of rate functions for which our method applies. The idea is the following. If
h(n) < n?/4, then the event {7y < h(n)t} is a large deviation under P*0, since the walk
does not have time to reach the origin in such a short time. By large deviations, we know
how to realize this rare event efficiently: we need to put a constant drift towards the
origin, in such a way that the walk arrives to the origin exactly at time ¢. A reasoning
along these lines will eventually lead to a sharp estimate, but this sharper estimate
does not allow to go beyond h(n) < n*?. For h(n) > n?/%, this is no longer a large
deviations estimate, but an estimate on Green’s functions, since in that case, up to
time h(n)t the walk has time to explore a region of space that has the origin near its
center. Therefore, large deviations estimates may help to prove Corollary 2.6 for a rate

nZ/d

g(n) = a0y With a(n) 1 4oo slower than n° for any § > 0, but not to cross the threshold

n?/?, and fundamentally different techniques are needed to study faster growing rates.

Remark 5.3. For finite-range, asymmetric random walks, one can apply large deviation
bounds to improve condition b) in Corollary 2.6. The particles that have a reasonable
chance to ever hit the origin belong to a curved cone of radius o(t'/2*¢), with vertex
at the origin and central ray in the direction opposed to the mean of the walk. The
number of points in this cone up to distance n from the origin is of order o(n%“d‘l)s).
If {z{;;n € IN} is a labeling of the particles in the cone in increasing distance from the
origin, we have that |zj| = O(nd%l*s/) for some ¢’ > 0 that goes to 0 when ¢ — 0.
Therefore, part b) of Corollary 2.6 should hold under the condition sup,, g(n)n~* < oo for
some a < d%l. Since the computations are very demanding and the result is not optimal,
we decided to exclude them from the article.

6 Open problems

We finish this paper stating some open problems.

1. Does equality hold in item ii) of Proposition 2.17?

2. By Proposition 2.1 we see there is a large class of initial configurations for which
the process does not explode. Are all configurations with a finite asymptotic density
in that class? Theorem 2.3 states that this is the case when p(z,y) corresponds
to a nearest neighbour one-dimensional random walk, but its proof cannot be
generalized and new ideas are required.

3. In the context of Theorem 2.4, does the integrated forward equation hold in the
symmetric case for any increasing function g(k)? Does the backward equation
hold if g(k) is bounded by an exponential? Regarding this last question, in [3] the
backward equation is proved up to some finite time £ which depends on the initial
configuration when d = 1 and p(0,1) = 1.
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