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Reflected BSDEs with two optional barriers and
monotone coefficient on general filtered space”
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Abstract

We consider reflected backward stochastic differential equations with two optional
barriers of class (D) satisfying Mokobodzki’s separation condition, and coefficient
which is only continuous and non-increasing. We assume that data are merely inte-
grable and the terminal time is an arbitrary (possibly infinite) stopping time. We study
the problem of the existence and uniqueness of solutions to the mentioned equations,
and their connections with the value process in nonlinear Dynkin games.
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1 Introduction

Let F = (F;);>0 be a filtration satisfying the usual conditions and 7" (terminal time)
be an arbitrary (possibly infinite) F-stopping time. We also consider as given an Fr-
measurable random variable ¢ (terminal condition), a real function f (coefficient) defined
on QxR xR, which is [F-progressively measurable with respect to the first two variables,
and IF-optional processes L, U (barriers) of class (D) satisfying some separation condition.
In the present paper, we consider reflected backward stochastic differential equations
(RBSDE for short) which informally can be written in the form

dY; = —f(t,Yt) dt — dR; + dM; on [07T]7 limg, 00 Yrne =&,
(Y,M,R) € O x Mjpe X V,, (1.1)
L<Y <U on [0,7], dR is “minimal”.

In (1.1), O (resp. M,,., V) is the space of IF-optional processes (resp. local F-martingales,
finite variation FF-predictable processes). We study the problem of the existence and
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Reflected BSDEs with two optional barriers

uniqueness of solutions to (1.1) — also in case of one barrier, i.e. U = oo — and their
connections with nonlinear optimal stopping problem and nonlinear Dynkin games.

The notion of nonlinear RBSDEs was introduced by El Karoui et al. in [12] (one
reflecting barrier) and by Cvitanic and Karatzas in [7] (two reflecting barriers). In both
pioneering papers the authors considered bounded terminal time 7', continuous barriers
L, U and filtration IF generated by a given Brownian motion. In that case (1.1) may be
formulated rigorously as follows:

Yo =&+ [ Yo, Z)dr + [ dR, — [ Z,dB,, te0,T],
(Y,Z,R) € O, x O x V,, (1.2)
L<Y,<U, te0,T], [ (Y,—L,)dR} = [/ (U, —Y,)dR; =0,

where O, (resp. V,) is the subspace of O (resp. V,) consisting of continuous processes.
In [7, 12] it is assumed that the generator f is Lipschitz continuous with respect to y, z
and the data are in L?, that is &, f(-,0,0), sup,< | L¢|, and sup, 4 |U;| (in the case of two
barriers), are square-integrable. Note that in the special case of Brownian filtration
each local F-martingale M is of the form M = ZdB, which allows one to consider f
depending also on Z.

In [7] an existence and uniqueness result for (1.2) is proved. Moreover, it is shown
there that the solution is linked with Dynkin games via the formula

TNO
Y, = ess sup ess me(/ Fr Yo, Z,) dr + Loloer + Uplycoer + g1g=T=T\fa) (1.3)

o>a T>a

holding for any stopping time « € [0,7]. When U = oo, the above formula reduces to the
optimal stopping problem which was proved to be related to RBSDEs with one reflecting
barrier in [12].

The theory of RBSDEs has been significantly developed over the last two decades and
assumptions from the papers by Cvitanic and Karatzas [7] and by El Karoui et al. [12]
were successively weakened. We shall provide a brief overview of the literature to show
the main directions of relaxing of the standard assumptions considered in the pioneering
papers. The case of cadlag barriers is considered in [17, 22, 29]. RBSDEs with monotone
generator satisfying weak growth condition are studied in [22, 28, 34] and we refer
the reader to [5, 21, 22, 34] for equations with LP-data for p € [1,2]. Equations with
Brownian-Poisson filtration and cadlag barriers were studied in [16, 18, 19, 20, 36]. The
case of general, right-continuous filtration IF, monotone generator f and L'-data was
studied in [23]. Equations with T being an arbitrary stopping time were studied in [35]
(Brownian filtration), in [1] (Brownian-Poisson filtration) and [24] (general filtration).

In most of the existing papers on RBSDEs cadlag barriers are considered, and there
are only few papers dealing with non-cadlag case. Such equations with L?-data and
Lipschitz continuous generator were studied in [30] (Brownian filtration), in [13, 14, 31]
(Brownian-Poisson filtration) and [3, 4, 15] (general filtration). RBSDEs with L'-data
and optional barriers were considered only in [25, 26] in case of Brownian filtration and
bounded terminal time.

As already mentioned, in the present paper we study the existence and uniqueness
of solutions of class (D) to RBSDEs (1.1) with general filtration IF and possibly infinite
terminal time 7. We also assume that L and U are F-optional processes of class (D)
satisfying Mokobodzki’s condition — existence of a special semimartingale between the
barriers - and such that

limsup Lypg < € < liargiololf Urpng.- (1.4)

a— o0

As for f and V, we will assume that they satisfy the following conditions.
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(HD) B(fy dIV]+ [y [f(r,0)]dr) < oo,
(H2) for a.e. t € [0, 7] the function y — f(¢,y) is non-increasing,
(H3) y +— f(t,y) is continuous for every ¢ € [0, 7],

(H4) fOT |f(r,y)|dr < oo for all y € R.

One of the main novelty of the paper is that we study RBSDESs in the general frame-
work described above. Some of the above conditions on the data were considered in
the literature before in the context of RBSDESs, but here it is the first time that all these
conditions are taken into account as one framework. Such far reaching generalization, as
compared to the previous papers on RBSDEs, forces us to provide new proof techniques,
and this is our second main contribution in the paper. Now, we shall describe briefly the
new difficulties which appear in the paper and compare our methods with the already
existing literature.

When dealing with RBSDEs with optional barriers, one of the main difficulty is the
fact that the penalty method - one of the two known in the literature approaches to the
existence problem for RBSDEs - is not applicable. Thus we are left with the second
method, considered in [7, 12] and commonly used in case of optional barriers. This
method consists of two steps: a) solving linear RBSDE by using the Snell envelope theory
(in case of one barrier) or by using the Snell envelope theory combined with a decoupling
method (in case of two barriers), b) applying a fixed point theorem (Banach contraction
principle). In our framework part a) presents no difficulties and its proof proceeds
analogously to the case of more regular data (see e.g. [14, 26]). The problems begin
when we proceed to the nonlinear case since we can not apply fixed point argument —
the reason is twofold: 7' may be infinite and f is assumed to be merely non-decreasing
with respect to y. To overcome this difficulty, we employ a natural method, coming out
from PDEs, which is based on the iteration of equation in (1.1) admitting the following
generic form

dY" = —f,(t,Y""1) dt — dR" + dM]. (1.5)

However, since we do not assume any growth condition on f with respect to y, in general,
it is not true for solutions of (1.1) that EfOT |f(r,Y;)|dr < co or E|R|r < oo, and even if
this is true, it is very hard to show uniform integrability of the sequence (f,,(-,Y"™1))p>1.
Thus, it is by no means clear how to pass to the limit in (1.5) and in the Dynkin game
formula (1.3) for the value process Y. In fact, by the comments in the foregoing, in
general (1.3) is not even well defined, and we shall use an alternative formulation of (1.3)
based on the nonlinear expectation (cf. (1.6)). The method we propose in the present
paper for proving an existence result for (1.1) is based on a suitable localization (by
means of a sequence of stopping times) of a particular iteration of the form (1.5), in
case of one barrier, and a certain iteration of nonlinear decoupling system in case of
two barriers (cf. (1.8)). Note here that one has to be very careful when choosing the
proper localization because somehow we have to control uniformly in n behavior of Y
at T' (possible infinite).

Now, we shall describe the content of the paper in more details. In Section 3, for f
satisfying (H1)-(H4) we introduce the notion of nonlinear f-expectation

g({,ﬁ : Ll(Q’FﬁwP) — Ll(QvfamP)v

associated with BSDE (1.1) with no reflection, and we prove its basic properties. Here
a < [ are stopping times.
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In Section 4, we give a definition of a solution to (1.1). We are looking for a triple
(Y,M,R) € O x Mo X V, such that Y is a regulated (ladlag) process such that

TAa TAa TAa
Y; = Yrpa +/ for,Y,)dr —|—/ dR, —/ dM,, t€]0,T Aal
t t t
for every a > 0, and moreover, Y satisfies the terminal condition of the form
Yrrna = & a— o0.

We also require that R is minimal in the sense that for every a > 0,

/TM( ~Todrt Y (V- L)ATRS
0

0<r<TAa

TAha
+/ (Ur =Y )dRy™+ > (U =Y;)ATR; =0,
0 0<r<T ha

where R = RT — R~ is the Jordan decomposition of R, f,, = limsupg,, XS,Q;T =
liminfy,. X, and R*™ (resp. R*™) is the cadlag part of the process R™ (resp. R™). We
prove that there exists at most one solution (Y, M, R) to RBSDE (1.1) such that Y is of
class (D).

In Section 5, we prove that under (H1)—-(H4) and E|¢| < oo, there exists a solution
(Y, M, R) to RBSDE (1.1) with one reflecting lower barrier L such that Y is of class (D).
In this case R is an increasing process. We also show that for every stopping time o < 7T,

Y, = ess sup«‘)a A Lrlier +€127).
T>Q

Let us stress here that in general ERy and E fOT |f(r,Y,)|dr are infinite. We give
necessary and sufficient condition for which these integrals are finite. We show that if
this is the case, then

Y, =esssupE( | f(r,Y.)dr+ L:1,c7 +&1,-7|F,)
T>o a

In Section 6, we are focused on our main goal, i.e. problem (1.1) (with two reflecting
barriers). We first show that each solution to (1.1) such that Y is of class (D) admits the
representation

Y, = f & (Ll Ubdyory + €1y 1.6
isngt)lgS(S?gscgles noe(Lplir<oery + Uslioary + &1 {r—o=1y}), (1.6)

where p, § are the so called stopping systems (see Section 6), and
(_
Ly=Lg+ Lolge, U, =Uslg+ U lge.
Using this representation, we prove a stability result for (1.1). To prove the existence of
a solution, we consider the nonlinear decoupling system
Y,! = ess SUp;<, <7 E(Y? + ftT Y —=Y2) dr + Ll + L —7|Fp), (1.7)
}/752 = eSS SuptSTgT E(Y7—117'<T — U7-17—<T|.Ft) '

introduced in the linear case (f = 0) by Bismut [6]. Since, as we mentioned before, the
integral in (1.7) may be infinite, we reformulate (1.7) as the following system of RBSDEs
with one reflecting lower barrier:

Ay} = —f(t, Y} = Y2)dr — dR! + dM} on [0,T], Y} =¢,
dY? = —dR?+ dM? on [0,T], Y2 =0, (1.8)
Y24L<Y!, YI-U<YZ
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Using the results of Section 5, we prove that under (H1)-(H4), (1.4) and Mokobodzki’s
condition (the existence of a special semimartingale between the barriers) there exists
a solution (Y!, M R'), (Y2 M?, R?) to (1.8) such that Y'!, Y2 are of class (D). Next we
show that the triple

(Y,M,R) := (Y', M',R") — (Y2 M? R?)

is a solution to (1.1). We also give a necessary and sufficient condition under which
E|R|r and E fOT |f(r,Y,)| dr are finite. Finally, using our existence and stability result,
we show that there exists a solution (Y, M, R) to (1.1) such that Y is of class (D) even if
f,V do not satisfy (H1). It is worth mentioning here that in general, without (H1) there
is no solution to equation of type (1.1) with no reflection. In other words, we show that
for the existence of solutions to reflected BSDEs weaker assumptions on f are needed
than for the existence of solutions to related BSDEs.

2 Notation and standing assumptions

Let a > 0. We say that a function y : [0, a] — R is regulated if the limit y,+ = limy, ¢ ¥y,
exists for every ¢ € [0, a), and the limit y,_ = lim,q, y,, exists for every s € (0, a]. For any
regulated function y on [0,a] we set Aty =y, — 3, if 0 < ¢ < a, and Ays = ys — ys—
if 0 < s < a. It is known that each regulated function is bounded and has at most
countably many discontinuities (see, e.g., [10, Chapter 2, Corollary 2.2]). For = € R, we
set sgn(z) = 1,20 /||

Let (Q, F, P) be a probability space, F = (F;);>¢ be a filtration satisfying the usual
conditions and let 7" be an F-stopping time. For a > 0, we set T, = T' A a. For fixed
stopping times o, 7 we denote by 7, - the set of all IF- stopping times taking values in
[0,7]. We also set T, = T,.1, T™ = To.-, and T = T L. For given 3 € T, we let L*(Q, F5, P)
denote a space of 73 measurable random variables ¢ satisfying E|¢| < co. An increasing
sequence {7} C T is called a chain (on [0, T]) if

YVwel InelN Vk>n m(w)=T.

We say that an FF-progressively measurable process X is of class (D) (on [0,77) if the
family {X,, 7 € T, 7 < oo} is uniformly integrable. We equip the space of processes
of class (D) with the norm ||.X||; = sup, ¢y ;< E|X-|. In the sequel, in case X, is not
defined, we set X, = 0.

We denote by M (resp. M;,.) the set of all F- martingales (resp. local martingales)
such that My = 0, and by V (resp. V') the space of all IF- progressively measurable
processes of finite variation (resp. increasing) such that V5 = 0. V! (resp. V1'1) is the
set of processes V € V (resp. V € V1) such that E|V|r < oo, where |V|r stands for the
total variation of V on [0,T]. V, (resp. V; ) is the space of all predictable V € V (resp.
V € V). For V € V, by V* we denote the cadlag part of the process V, and by V¢ its
purely jumping part consisting of right jumps, i.e.

VA=Y ATV, V=V -V teloT).
s<t

In the whole paper all relations between random variables are understood to hold
P-a.s. For processes X and Y, we write X < Y if X; <Y, ¢t € [0,7,], a > 0. For
a process X, we set ?S = limsup, 4, Xy, ys = limsup, , X, &s = liminf,45 X, and
ZKS = liminf, |, X,, s € [0,T,], a > 0. By [8, Theorem 90, page 143], if X is an optional
process of class (D), then ?, ZK are progressively measurable, and 7, g are predictable
processes.
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Throughout the paper, L and U are F-adapted optional processes of class (D), and ¢
is Fr-measurable random variable. We always assume (except Section 5) that (1.4) is
satisfied which implies that F|¢| < co. The generator (coefficient, driver) is a map

Qx[0,T] xR > (w,t,y) — flw,t,y) €R,

which is [F-progressively measurable for fixed y. For an IF-adapted regulated process Y,
we set

fr(@)=FtY), t€l0,T)].

As for V, we always assume that V' € V.

3 BSDEs and nonlinear expectation

Definition 3.1. We say that a pair (Y, M) of F-adapted processes is a solution of the
backward stochastic differential equation on the interval [0,T] with right-hand side
f +dV and terminal value ¢ (BSDET (¢, f + dV') for short) if

(a) Y is regulated and M € M.,
(b) foTa |f(r,Y,)| dr < 400 for any a > 0,

(c) for everya > 0,
T, T, T,
Yt:YTﬁ/ f(r,mdr+/ dw—/ dM,, te0,T.],
t t t

(d) lim,—00 Y7, =& a.s.

Remark 3.2. Existence, uniqueness and some other properties of solutions to equation
BSDET(g, f + dV) we will use later on follow from [24] (see also [27]). In these papers
it is assumed that V is cadlag but the results of [24, 27] may be applied to the case
when V is regulated by a simple change of variables. Indeed, if (Y, M) is a solution to
BSDET (¢, f* + dV*) with
f(ty) = flty + V),
then (Y, M) with Y =Y + V% is a solution to BSDE?' (¢, f + dV).
We now introduce the notion of nonlinear expectation in our general framework.

Definition 3.3 (Nonlinear expectation). Assume (H1)-(H4). Let o, 8 € T, o < 3. We say
that an operator
El 5 LNQ, Fp, P) = LN, Fo, P)

«

is a nonlinear f-expectation if for any £ € L' (2, Fg, P), we have 5({,,3(5) =Y,, where
(Y, M) is the unique solution of BSDE® (¢, f).

We say that a cadlag process X of class (D) is an £/-supermartingale (resp. £f-
submartingale) on [o, ] if £/ (X-) < X, (resp. &/ (X;) > X,) forall 7,0 € T such that
a <o <7 <pB. X is called an £/-martingale on [a, 3] if it is both £/-supermartingale
and &£f-submartingale on [a, j3].

For a given finite variation process V' and stopping times «, 8 (o < ) we denote by
|V|a.5 the total variation of the process V on [a, 8]. By BSDE“# (¢, f +dV') we denote the
problem (a)-(d) of Definition 3.1 but with 0,7 replaced by «, 5, respectively.

In Proposition 3.4 we gather some properties of nonlinear f-expectation which will be
needed later on. These properties are direct consequences of the existence, uniqueness,
stability, and comparison theorems for BSDEs proved in [24]. Properties (i)-(iii) below
were proved in [27, Proposition 5.6].
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Proposition 3.4 (Basic properties of nonlinear expectation). Assume that f satisfies
(H1)-(H4) and o, B € T, a < .

(i) Let¢ € LY(9, Fg, P) and V' be an IF-adapted finite variation process such that V,, = 0
and E|V |, < co. Then there exists a unique solution (X, N) of BSDE*(¢, f +dV).
Moreover, if V (resp. —V') is an increasing process, then X is an £f-supermartingale
(resp. £7-submartingale) on [a, f)].

(ii) If&1,& € LY(Q, Fp, P) and & < &, then £ 4(&1) < €7 4(&).

(iii) If f1, fo satisfy (H1)-(H4), o, B1,52 € T, a < B1 < Bo, & € LY(Q, Fp,, P), & €
LY(Q, Fs,, P), then

B1
@) - el @I < Bl &l + [ 176 - PO dr

[e3%

B2
+ [P yplalz.).

here V! = &/ v2=gl’
where Y =&, 5 (§1), Yy = Enp, 5,(62),
(iv) Let¢ € LY(Q, Fs, P). For every A € F,,
1487 4(€) = €14 (140),
where fA(t7 y) = f(t7 y)lAltZOu

(v) Let¢ € LY(Q,Fs, P). For every v € T such thatvy > 8,
B
€15(6) = EL,(9),
where f5(t,y) = f(t,y)li<p.

4 Definition of a solution and a comparison result

Definition 4.1 (BSDEs with one reflecting barrier). We say that a triple (Y, M, K) of
IF-adapted processes is a solution of a reflected backward stochastic differential equation
on the interval [0, T| with right-hand side f 4+ dV, terminal value ¢ and lower barrier L
(RBSDET (¢, f 4+ dV, L) for short) if

(a) Y is regulated and M € M,

() KeVH, L <Y;, t€[0,T,),a >0, and

T,
@ —
/ (Y,_ — L,)dK + Z (Y, —L)AYK, =0, a>0,
0 0<r<T,

(c) foTa |f(r,Y,)| dr < 4+oc0 for every a > 0,

(d) for anya > 0,
Ty Ta Ta Ta
Y, =Yz, +/ for,Y,.)dr +/ dv, +/ dK, —/ dM,, te|0,T,],
t t t t
(e) limy_yoo Y7, =€ a.s.
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Definition 4.2 (BSDEs with two reflecting barriers). We say that a triple (Y, M, R) of
IF-adapted processes is a solution of a reflected backward stochastic differential equation
on the interval [0, T| with right-hand side f + dV, terminal value £, lower barrier L and
upper barrier U (RBSDE” (¢, f +dV, L,U) for short) if

(a) Y is regulated and M € My,
b) ReV,, Li <Y, <Uy, te€0,T,], a >0, and

Te
/ (Vi ~TdR + 3 (Y, - L)A*RY
0 0<r<T,

Te
+/ (U, — Vo) dR:™ + 3 (U~ Y)ATR; =0, a>0,
0 0<r<T,

where R = R* — R~ is the Jordan decomposition of R,
(© [5°|f(r,Y;)]dr < oo for every a > 0,
(d) for anya > 0,

Ty T Ta Ta
Y}:YTa—i—/ f(r,YT)dr—i—/ dVT—l—/ dRT—/ dM,, te€l0,T,],
t t t ¢

(e) lim, oo Y7, =€ a.s.

Proposition 4.3 (Comparison result). Let (Y%, M?, R') be a solution of RBSDET (¢!, fi +
dVi L, U%), i = 1,2. Assume that f! satisfies (H2) and &' < €2, f1(-,Y?) < f2(-,Y?)
dt ® dP-a.s., dV! <dV? L' < L2, U' <U% If(Y! - Y?)* is of class (D), then Y < Y2,

Proof. By (H2) and the fact that f!(-,Y?) < f2(-,Y?) dt ® dP-a.s. we have
Livisyvey(FH (Y = 2 Y2) < Lpvasyay (F1 (Y = f1(n Y72)) < 0. (4.1)

By the minimality condition for R', R? and the assumption that L' < L? and U! < U?,
Lyt sy2 yd(Ry — R)* < 1yi sy2 ydRYSY 4 1y1 Sy2 jdRP T =0 (4.2)

and
1{Y1‘1 >YT2}A+(R71~ — Rg) < 1{YT1 >YT2}A+R713+ + 1{YT1>YTQ}A+R3’_ =0. (4.3)

By [25, Corollary A.5], for all ¢ > 0 and stopping times o, 7 € 7= such that ¢ < 7 we
have

-yt s -vhr e [ Ly (P YD) - 20, Y2 dr

Jr/ 1{Y7~1,>YT2,}d( Z / 1{y1>y2}A (V#*Vf)

o<r<tv9

+/ 1{Y7*1—>Y7‘27}d(R R2 Z / 1{y1>y2}A (Rl Rg)

o<rlT
- / Live syz yd(M; — M7).
By the above inequality, (4.1)-(4.3) and the assumption that dV; < dV5, we have

(YE-y:HT < (v -y>*)*T /1{YT17>Y37}d(M3—M3) (4.4)

o
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Let {r} be a fundamental sequence, on [0, T,], for the local martingale M* — M?2. By
(4.4) with 7 replaced by 7, > o, we get
Tk

(V= Y2 < (VA = Y2 = [ L avaydM] - M), BN

g g
g

Taking the expectation and then letting k& — oo we obtain E(Y,! — Y2)* < E(Yp — Y7 )t
for a > 0. Letting a — oo yields E(Y,! — Y2)* = E(¢! — ¢2)T = 0. In both limits we used
the fact that (Y1 — YQ)Jr is of class (D). Therefore, by the Section Theorem (see, e.g., [8,
Chapter IV, Theorem 86]), (V! — ;)T =0, t € [0,T]. Hence Y! < Y2, O

5 Existence of a solution for BSDEs with one reflecting barrier

In this section, we focus on the existence problem for nonlinear RBSDEs with one
reflecting barrier. Therefore, exceptionally, in this chapter, we assume that, instead of
(1.4), it holds

limsup Lypg <E. (5.1)

a—r o0

First, we prove that the process Y defined by means of the Snell envelope is the
first component of the solution to linear RBSDE. The proof is relatively standard and
analogous to that in [15] with one exception that some extra effort is needed to prove
behavior of Y at T (we allow infinity). After a priori estimates (Section 5.2) we proceed
to the proof of an existence result for nonlinear RBSDEs. We divide the proof into three
steps which we formulate as three separate results. In Proposition 5.3 we assume that f
is Lipschitz continuous in y with Lipschitz constant depending on time. In Proposition
5.4, we assume that f is merely bounded from below. Finally, in Theorem 5.5, which
is the main result of this section, we consider the problem in full generality, i.e. under
assumptions (H1)-(H4). We close the section by showing that the first component of the
solution to nonlinear RBSDE is the value process in nonlinear optimal stopping problem.

5.1 Existence results for linear equations

Recall (see e.g. [9, page 417]) that if we set forany o € T,
Y () = esssup E(L;|Fqa),
T>Q

then there exists a positive supermartingale Y of class (D) on [0, 7] such that for every
a €T,Y(a)=Y,. Moreover, for any a,o € T such that o < o,
Yo=esssup E(L; 1<, + Yo1l,o0|Fa). (5.2)
T€Ta,o
Proposition 5.1 (Linear equations and Snell envelope representation). Assume that
¢ € LYQ,Fr,P) and V € V'. Then there exists a unique solution (Y, M, K) of the
problem RBSDET (¢,dV, L), such that Y is of class (D). Moreover,

Y, = ess S71_1pE(/ dv, + L71{7—<T} + fl{T:T}‘]‘-a), a€eT. (5.3)
7€ o «

Proof. Observe that (Y, M, K) is a solution to RBSDE” (¢, dV, L) if and only if (Y +V, M, K)

is a solution to RBSDE” (¢ + V7,0, L + V). Therefore, without loss of generality, we may

assume that V' = 0. Defining Y by the right-hand side of (5.3), and using (5.2) and the

Mertens decomposition theorem (see [32]), we get that there exist K € V;r M e Mioe

such that for any a > 0,

T, T,
Y;:YTCLJF/ dKT—/ dM,, te0,T,).
t t
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Clearly, conditions (a) and (c) of Definition 4.1 are satisfied. Now, we shall prove that
conditions (b) and (d) of Definition 4.1 are satisfied. Once this is done the existence part
of the proof is complete. Applying [15, Lemma 3.2, Lemma 3.3] on each interval [0, 7,]
we get that K satisfies (b). By [24, Lemma 3.8], we have

lim Yy, < €. (5.4)

a—r 00

On the other hand, taking 7 = T in (5.3), we have Y,, > E(¢|F,). Hence lim,_,» Y1, > &.
From this and (5.4), we deduce that lim,_,., Y7, = £. Uniqueness follows from Proposition
4.3. O

5.2 A priori estimates for solutions to one barrier RBSDEs

We shall need the following additional assumption.

(H5) There exists a process X such that L < X, EfOT f(r,X,.)dr < oo and X is a
difference of two supermartingales of class (D) on [0, T7.

Proposition 5.2 (A priori estimate). Assume that (H1),(H2),(H5) are satisfied and E|¢| <
oo. Then there exists ¢ > 0 such that for any solution (Y, M, K) of RBSDET (¢, f +dV, L)
such that Y is of class (D),

T

T T
I+ B [ UfYoldrs B < o(IXh+ E [ 10ldr+ B [ dv,
0 0 0

T T
+E/ f‘(r,XT)dr—i—E/ acl,),
0 0

where X; = Xo + Cy + Hy, t > 0, is the Doob-Meyer decomposition of the process X
appearing in (H5). Moreover, M is a uniformly integrable martingale and

T T T
Mt =E</ f(’/‘,Yr)dT—F/ d‘/7~+/ dK7|.Ft) —)/07 t e [O,T}
0 0 0

Proof. Let X be as in condition (H5), and H € M,,., C € V; be as in the assertion of the
proposition. Observe that

Ty Ts Ta Ta
Xy = X, +/ f(r, X,.)dr +/ dv, +/ dcC, — / dH,, te[0,T,],
t t t t

where C;, = — ﬁf f(r, X,.) dr—V;+C;. Thus, (X, H) is a solution to BSDE” (X7, f4+dV +dC)
(note that X7 is well defined by (H5)). By [24, Proposition 2.7] there exists a solution
(X, H) of BSDET (¢ V X7, f +dV T +dC™) such that X is of class (D). By Proposition 4.3,
X > X, so X > L. Observe that the triple (X, H,0) is a solution of RBSDET (¢, f +dV* +
dC*, X). Therefore, by Proposition 4.3, X > Y. By [22, Proposition 4.3],

T T T
Yoo, Iy + BK, < B([¥e| + 20X 1+ [ 15n0ldr+ [ 5 X)ars [ dv).
0 0 0

Letting a — oo and using the fact that Y is of class (D) on [0, 7], we get

T T T
Wi+ EXr < Bl + 20X+ [ 150ldr+ [ Xyars [ avl,).

From this inequality, [24, Theorem 2.9] applied to (Y, M) (as a solution to BSDET' (¢, f +
dK +dV)) and (X, H), we infer the desired inequality. The second part of the assertion
now follows easily from equation (d) of Definition 4.1. O
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5.3 Existence results for one barrier RBSDEs

Proposition 5.3 (Existence: Lipschitz continuous driver case). Assume that (H1), (H2),
(H4) are satisfied, E|§| < oo, and there is a Borel measurable function X : [0,00) — R
such that [, A(r) dr < co and

|f(t7y1)_f(tay2)| S)‘(t)‘yl _y2|7 te [O7T}7 Y1, 92 €R. (5.5)

Then there exists a unique solution (Y, M, K) of RBSDET (¢, f + dV, L) such that Y is of
class (D).

Proof. Let (Y°, MY) be a solution of BSDET (¢, f + dV') such that Y is of class (D). The
existence of the solution follows from [24, Proposition 2.7]. Observe that by (5.5) and
(H1), for any process X of class (D), EfOT |f(r, X,)| dr < co. Therefore, by Proposition
5.1, for each n > 1, there exists a solution (Y™, M" K") of RBSDE” (¢, fyn-1 + dV, L)
such that Y is of class (D). Moreover,

Y — esssupE(/ Fr, Y dr +/ AV, + L1 7y +§1{T:T}|}‘a>, acT. (5.6)
TET o « a

By Proposition 4.3,
YO<y?<yvi<yl<...<yvi<vyi<yl (5.7)

Set Y = lim, 0o Y2, Y = lim,_,o, Y?**1. Clearly Y,Y are of class (D). By (5.5)-(5.7)
and the Lebesgue dominated convergence theorem

Yo = esssup B / FrY,)dr+ / WV, + Ll gary + €l oy |Fa), €T,
TET o « @

and

Xa = ess SupE(/ f(?”7 YT) dr +/ v, + LT1{T<T} + fl{T:T}|‘7:Q)7 aeT.
T€Ta @ e

By Propositions 5.1, 5.2 there exist K, K € V;’l and M, M € M such that (Y, M, K) is
a solution of RBSDET (¢, f +dV, L), and (Y, M, K) is a solution of RBSDET (¢, f + dV, L).
The proof will be complete once we prove that Y; = Y, for a.e. t > 0. By [25, Corollary
A.5] and (5.5), for any stopping time o € T,

)d(K — K,)*

r—

T T
ElY, —Y,| < E/ AT, —L\drw/ sqn(Y,_ — Y

+E Y sgn(Y, - Y, )AN(K, - K,). (5.8)
o<rT

By the minimality condition for K, K and the fact that L < Y,Y, we have
sqn(Y, > Y, )d(K, — K,)* < 1gy, o0y A + 1y »p,3 dKT =0, (5.9)
and
sgn(Y, > Y )AT(K, - K,) <1y, 3 ATK, + 1y > 3ATK, = 0. (5.10)

By (5.8)—(5.10)
ElY,-Y_| < / AT)E|Y, —Y |dr, c€T.

Applying now Gronwall’s lemma yields the result. O
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Proposition 5.4 (Existence: bounded from below driver case). Assume that (H1)-(H4)
are satisfied, F|¢| < oo, and there exists a progressively measurable process g such that
E fOT lg(r)| dr < oo and f(t,y) > g(t), t € [0,T], y € R. Then there exists a unique solution
(Y,M,K) of RBSDE” (¢, f 4+ dV, L) such thatY is of class (D). Moreover, K € V}'* and
M e M.

Proof. For each n > 1, we let
fn(rv y) = Cn<r) wnelg{f(ra l) + n‘y - l"},

where ¢, : [0,00) — [0,1] is a Borel measurable function such that [ ¢,(r) dr < oo, and
cn(r) /S 1asn — oo for every r > 0. It is easy to check that for each n > 1 the hypotheses
(H1), (H2) and (H4) are satisfied for data (&, f,,,V). Moreover, for any ¢ € [0,7] and
y1,y2 € R,
|fn(t’yl) - fn(ta y2)| < Cn(t) n |y1 - y2|'

Therefore, by Proposition 5.3, there exists a solution (Y, M", K™) of RBSDE” (¢, f,, +
dV, L) such that Y is of class (D). Observe that for each n > 1, f, < fn1+1. Thus, by
Proposition 4.3, we have Y* < Y+l n > 1. SetY = sup,,~; Y. We shall prove that
Y is of class (D) and lim,—~ Y7, = £. By Propositions 5.1,5.2 and the assumptions
on f there exists a solution (X, N, A) of RBSDE”'(¢,0, L) such that X is of class (D),
EfOT |f(r,X,)|dr < o, and EAr < co. Observe that (X, N) is a solution of BSDE? (¢, f +
dV + dA), where A; = — f(f f(r, X,)dr — Vi + A;. By [24, Proposition 2.7] there exists a
solution (X, H) of BSDET'(¢,f +dV T 4+ dA*) such that X is of class (D). By Proposition
4.3, X > X, so X > L. Clearly, the triple (X, H,0) also is a solution of RBSDE” (¢, f +
dV* + dAT,X). Therefore, by Proposition 4.3, X > Y", n > 1. Summarizing, we have

YI<y"<X, n>1. (5.11)

Thus, Y is of class (D) and lim,—, Y7, = £&. By (H3), fu(r,Y,") — f(r,Y;) as n — oo.
Since f,, < f,4+1 we infer from (H2), (5.11) and the assumption on f that

g9(r) < fulr,Y,") < f(r, ). (5.12)
Set .
T, = inf{t > 0; / |f(r, Y, dr > k} AT.
0
By (H4), {74} is a chain on [0,7]. Observe that the triple (Y, M™, K") is a solution of
RBSDE™ (Y], f, +dV,L). Hence, by Proposition 5.1, for every o € T,

Y = esssupE( fu(r, Y1) d?‘—l—/ av;. +LT1{T<Tk} +Y;;1{T:Tk}|fa)' (5.13)

Te7—0,7‘k o

By the definition of 73, and (5.12),

Tk
E/ | fn(r,Y,") = f(r,Y3) | dr — 0 (5.14)
0
as n — oo. By (5.11), (5.13), (5.14) and [25, Lemma 3.19],

Y, = esssupE( F(r,Y,) dr + / AV, + Lylgrery + YTkl{T:Tk}U-})

Ten,rk o

for o € 7™ . By Proposition 5.1 there exist K* € Vi and M* € M, such that (Y, M*, K*)
is a solution of RBSDE™ (Y, , f + dV,L). By uniqueness, for any a > 0, K} = K;"! and
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MF = MF, t € [0, 73 A a]. Therefore, we may define processes K and M on [0,T] \ {oo}
by putting K; = KF, M; = M} on [0,7;, A a], a > 0. Since {7} is a chain on [0, 7],
we get that (Y, M, K) is a solution of RBSDE” (¢, f + dV, L). Uniqueness follows from
Proposition 4.3. The second assertion of the proposition follows from Proposition 5.2
since f~ <|g|. O

Theorem 5.5 (The existence result for one barrier RBSDE). Assume that (H1)-(H4) are
satisfied and E|¢| < co. Then there exists a solution (Y, M, K) of RBSDET (¢, f + dV, L)
such that Y is of class (D).

Proof Consider a strictly positive Borel measurable function ¢ : [0,00) — R such that
Jo° g(r)dr < co. For each n > 1, we let

falry) = f(ry) V(—n-g(r), yeR.

By Theorem 5.4 for each n > 1 there exists a solution (Y, M", K™) of RBSDET (¢, f,, +
dV, L) such that Y" is of class (D). Since f, > f,+1, we have by Proposition 4.3, Y™ >
y"*l. Set Y = inf,>; Y". By [24, Proposition 2.7] there exists a solution (X, H) to
BSDET (¢, f + dV) such that X is of class (D). By Proposition 4.3,

X<yr<vl n>1, (5.15)

thus Y is of class (D) and lim, ,~ Y7, = & By (H3), f.(r,Y.,*) — f(r,Y,) as n — oo.
Moreover, since f,, > f,+1, it follows from (H2) and (5.15) that

Fr Y < fu(r, Y1) < fi(r, X). (5.16)

Set
t
= inf{t >0 / Fr YD)+ fo(r X)) dr > kY AT
0

Then, by (H4), {7} is a chain on [0,7]. Observe that (Y, M", K™) is a solution to
RBSDE™ (Y, f,, + dV,L). Therefore, by Proposition 5.1, for every o € T,

vy = esssup B "y dr—|—/ Wy + Ll gy + Vi ()| Fr). (517)

TETS Th o

By the definition of 74, and (5.16),
Tk
E/ | fr(r,Y,) — f(r,Y,)|dr — 0. (5.18)
0
Now, repeating step by step the reasoning following (5.14), we get the desired result. O

Remark 5.6. Instead of condition (H1) on f one can consider the following seemingly
more general condition: there exists a process S which is a difference of two supermartin-
gales of class (D) such that EfOT |f(r,S.)|dr < co. However, this hypothesis, in fact,
would not affect the generality of the results of the paper. Indeed, let S = Sp + C' + N by
the Doob-Meyer decomposition of S (C' € V* 1 N € M). Observe that (Y, M, K) is a solu-
tion of RBSDET(§ f+dV, L) if and only if (Y M, K) is a solution to RBSDE” (¢, f+dV L),
whereY =Y —S, M = M—N, £ =¢—8r, f(r,y) = f(r,y+S,),V=V+Cand L = L—S.
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5.4 Optimal stopping problem with nonlinear expectation

Repeating step by step the proofs of the results of Section 8 in [15] and [15, Theorem
6.1], with using Proposition 3.4 and Proposition 4.3, we get the following result.

Lemma 5.7. Assume that (H1)-(H4) are satisfied and E|§| < co. Fora € T, let

Y(a) :=esssup &L _(L8),
TeT '

where Lf =Lilicr + E14—7. Then

(i) There exists an optional process Y which aggregates the family (Y («)).c7, that is
Y, =Y («a) foreverya € T.

(ii) Y is the smallest £f-supermartingale majorizing L%,

(iii) If L is u.s.c. from the right, then Y coincides with the first component of the
solution to RBSDET (¢, f, L).

Theorem 5.8 (Nonlinear Snell envelope representation). Assume that (H1)-(H4) are
satisfied and E|¢| < co. Let (Y, M, K) be a solution of RBSDE™ (¢, f + dV, L) such that Y
is of class (D). Then for every a € T,

Y, = esssup SCJ;T (/ dVe + L1, or + 517=T).
TETa a
Proof. Without loss of generality we may assume that V' = 0 (cf. the beginning of the
proof of Proposition 5.1). By Proposition 3.4(i), Y is an £/-supermartingale. Of course,
Y > Lf. Let Y’ be an £/-supermartingale such that Y’ > L¢ and (Y, M, K) be a solution
to RBSDE” (Y7, f,Y’). Then, by Proposition 4.3, Y > Y. On the other hand, since Y’
is an £f-supermartingale, Y, = esssup,~, £f .(Y]). Therefore, by Lemma 5.7(iii) and
Proposition 4.3, Y = Y’ (since Y’ is u.s.c. from the right as an £7-supermartingale).
Thus Y’ < Y, which implies that Y is the smallest £/-supermartingale majorizing Lf.
This when combined with Lemma 5.7(ii) gives the desired result. O

6 Existence results for RBSDEs with two barriers and Dynkin
games

In this section, we shall prove existence results for reflected BSDEs with two optional
barriers that satisfy the following Mokobodzki’s condition:

(H6) There exists a special semimartingale X such that L < X <U.

First, we focus on the existence result which asserts additionally (see Theorem 6.1)
that variations of [ f(r,Y,)dr and R on [0, T] are integrable. For this we shall need a
stronger version of (H6) of the following form:

(H6*) There exists a process X being the difference of two supermartingales of class
(D) on [0, 7] suchthat L < X < U and E [ |f(r, X,)| dr < oc.

We call (H6*) the strong Mokobodzki’s condition. Observe that (H6%*) is also a
necessary condition for the mentioned integrability of [, f(r,Y;)dr and R. To give
an existence result under general condition (H6), we first prove stability results for
RBSDEs (see Subsection 6.2), i.e. results concerning convergence of YY" to Y when
(&ny fr, L™, U™) converges to (&, f,L,U). In this regard, we prove Corollary 6.5 and
Proposition 6.7. Both results have different limitations. To apply Corollary 6.5, we
need integrability of fOT | fa(r,Y;)|dr and fOT |f(r,Y;)| dr (see Remark 6.6), while applying
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Proposition 6.7 requires monotone convergence of data. Finally, in Subsection 6.3, we
prove the main result (Theorem 6.8) of this section, i.e. the existence result for RBSDEs
under (H1)-(H4), (H6). We close the paper with an observation that the proof of Theorem
6.8 applies even if we dispense with integrability assumptions on f and V included in
(H1). Therefore, we get the existence result (Theorem 6.9) under (H2)-(H4), (H6). This
may seem strange, since (H1) is necessary for the existence of solutions to BSDEs with no
reflection. However, a moment’s consideration on the definition of a solution to reflected
BSDE makes it clear that additional condition on Y, as compared to non-reflected BSDEs,
of being between the barriers prevents Y from blowing up, and hence allows one to
consider weaker assumptions.

6.1 Existence for RBSDEs under strong Mokobodzki’s condition

Theorem 6.1 (Existence of integrable solutions of two barriers RBSDEs). Assume that
(H1)—-(H4), (H6*) are satisfied. Then there exists a unique solution (Y, M, R) of the
problem RBSDE” (¢, f +dV, L,U) such that Y is of class (D). Moreover, R € V}, M is a
martingale of class (D) on [0,T], and

T
E/ |f(r,Y,)| dr < oo. (6.1)
0

Proof. Let (Y10 M19) be a solution of BSDET (¢, f + dV) such that Y1 is of class (D),
and let (Y20, Z29) = (0,0). Next, for each n > 1, let (Y!», M1" K%") be a solution of
RBSDE? (¢, f, + dV,L + Y>" 1) with

fn(rv y) = f(Ta Yy— Yr277l_1)a

and let (Y2", M?", K?") be a solution of RBSDE?(0,0,Y*"~! — U) such that Y'1:», Y2"
are of class (D). In both cases the existence of required solutions follows from Theorem
5.5 (see also Remark 5.6). We shall prove by induction that the sequences (Ylvn)nzo,
(Y2™),,>0 are non-decreasing. Clearly Y1 > Y19 and Y21 > Y20, Suppose that for fixed
ne N, Yin >yln=ltand Y?n" > Y2?n~1 Using this and (H2) we infer that f,,; > f,, and
L+Y?" >L+Y?"! Thus, by Proposition 4.3, Y t! > Y1 By a similar argument,
y2n+l > y2n_ Consequently, (Y"),>¢ and (Y?"), >0 are non-decreasing. Next we
show that Y! := sup,,~; Y™ and Y? := sup,,~; Y™ are of class (D). Let X be as in (H6*).
Then there exist processes H € M and C E_V; such that for every a > 0,

Ta Ta
X, = Xr, +/ dc, 7/ dH,, te0,T,).
t t

This equation may be rewritten in the form

Ta Ta Ta _ Ta
X, = Xr, +/ F(r, X,) dr +/ dv, +/ ac, — / dH,,
t t t t

where C; = — [ f(r, X,.) dr — V, + Cy. Let (X2, H?) be a solution of BSDE” (0,dC"~) and
(X', H') be a solution of BSDE” (X1 V &, f + dV + dCT) such that X!, X? are of class
(D) (cf. Theorem 5.5), where f(r,z) = f(r,z — X2). Observe that X = X' — X2, This
implies that X' > L + X2 and X2 > X! — U. Therefore, (X!, H!,0) is a solution of
RBSDE” (X1 V&, f+dV +dCt, L+ X?) and (X2, H?,0) is a solution of RBSDE”'(0, dC'—,
X' — U). We shall prove by induction that for each n € IN, X! > Y'» and X? > V2",
Let n = 0. Since X2 > 0, it follows from (H2) that f > f. Thus, by Proposition 4.3,
X! > Y0, Since Y29 =0, we have X2 > Y29, Suppose that for fixedn ¢ IN, X! > yl:»
and X2 >Y?" Then L+ X2>L+Y?"and X! —U > Y"" — U, and by (H2) we have
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f > fni1. Consequently, by Proposition 4.3, X! > Y1+l X2 > y2n+l the induction is
complete. Summarizing, we have

YI,O S YLn S Xl, O — YQ,O S Y2,’n S X2, n Z O (62)
Therefore, Y!, Y? are of class (D) and

€< lim Yr, lim Y7 =0. (6.3)

a—r 00

We shall show that there exist M, M? € M,,., K', K? € VT such that (Y!, M K!)isa
solution of RBSDE”' (¢, f + dV, L + Y?) with

flry) = flry=Y72)
and (Y2, M2, K?) is a solution of RBSDE?(0,0,Y! — U). By (H3),
fer, Y b —y2n=hy o f(r Y1 —V?), as n— oo. (6.4)
Moreover, by (H2) and (6.2),
fr, XH < flor, VB — Y21 < fr, VM0 — X3). (6.5)
Set .
me=inf{t > 05 [ 1Y = X2+ | XDl dr 2 K AT,

By (H4), {7} is a chain on [0, T]. By Proposition 5.1, and (5.2) for every o € 7%,

Ygl’":esssupE</ f(r,le’"fo’”*l)err/ dV,

TE€ET o,

(L + V) ey + VA ) ) (6.6)

By the definition of 7, (H4), (6.4) and (6.5),

Tk
E |f(r, VB —y2n=hy — f(r Y~V |dr -0, as n— oo. (6.7)
0

By (6.2), (6.6), (6.7) and [25, Lemma 3.19],
Y} = ess supE( fer,Yh—Y2)dr +/ v,
T€To, 1), o o

+ (L- + Y7'2)1{T<7'k} + lekl{T:Tk}U:a) :

for every o € T™. By [24, Lemma 3.8], lim,—. Y} ., < Y.. From this, since {7} is a

chain, we infer that lim, YTla < £. Consequently, by (6.3), we get

lim Yo, =&

a— o0

Next, by Proposition 5.1, foralln > 1and o € T,

Y2" = ess SupE((Yan_1 - UT)1{7'<T}|]:”)'
T€Ts

Letting n — oo and using (6.2) we get

Y2 = esssupE((YT1 - UT)1{7<T}\}-0)-
TET

EJP 26 (2021), paper 91. https://www.imstat.org/ejp
Page 16/24


https://doi.org/10.1214/21-EJP655
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Reflected BSDEs with two optional barriers

By Proposition 5.1, for any k > 0, there exist K* € V,f and M* € M, such that
(Y, M* K'*) is a solution of RBSDE™ (Y} | f+dV, L+Y?). By the uniqueness argument,
KMF = KPFY MPR = MRt e (0,7 Aa), a > 0. Therefore, since {7} is a chain,
we may deﬁne processes M1 and K'on [0,T]\ {co} by putting M} = M}*, K} = K},
t € [0, 71 Aa], a > 0. Clearly, the triple (Y, M, K') is a solution ofBBSDET(f7 f+dV,L+
Y?). By Proposition 5.1 again, there exist K? € V;,M2 € M, such that the triple
(Y2, M?, K?) is a solution of RBSDE?(0,0,Y! — U). Write Y = Y — Y2, M = M! — M?,
R = K'—K?2. We shall show that (Y, M, R) is a solution of RBSDE” (¢, f+dV,L,U). Directly
from the definition of a solution to RBSDE” (0,0, Y — U/) and RBSDE” (¢, f + dV, L + Y?)
(cf. Definition 4.1), we deduce that Y is of class (D), lim, 00 Y7, =&, L <Y < U, and for
any a > 0,

Ta T Ta Te
Y, =Yg, + f(r,Y,)dr +/ dv, +/ dR, — / dM,, te€[0,T,].
t t t t

Therefore, what is left is to prove that R satisfies the minimality condition (b) of Definition
4.2. For this observe that for any a > 0,

Ta
/ (Yo = L)dRF" + 3 (Y, — L)ATR}
0 0<r<T,

Ta
g/ vl —L, 3dKl*+ > W = (Lo +Y)ATK =0
0

r
0<r<T,

and

Ta
/ Uy =Yoo )dR + S (U, — YV,)AYR;
0 0<r<T,

Ta
g/ (Y2 Y1 JAKZ*+ > (Y, —U)ATK? =0.
0 0<r<T,

Uniqueness of the solution follows from Proposition 4.3. Finally, by Proposition 4.3,
Y <Y <Y, whereY (resp. Y) is a solution to RBSDE” (¢, f+dV, L) (resp. RBSDET (¢, f+
dV,U)). Therefore (6.1) follows from (H2) and Proposition 5.2. O

6.2 Nonlinear Dynkin games and stability results for RBSDEs
Definition 6.2. Let 7 € T and H € F,. Write H* =Q\ H. If H° N {r =T} = 0, then the
pair p = (1, H) is called a stopping system.

We denote by S the set of all stopping systems and for fixed stopping times o,v € T
we denote by S, , the set of stopping systems p = (7, H) such that 0 < 7 < . We put
S, := S, 7. Note that any stopping time 7 € 7 can be identified with a stopping system
(7,9). Therefore we may write 7 C S.

For a stopping system p = (7, H) and for an optional process X, we set
XY= Xg+ Xolge,  Xb=X 1y + X Ly,

Repeating step by step the proofs of [14, Lemma 4.15, Lemma 4.17] with using
Propositions 3.4 and 4.3 we get the following result.

Theorem 6.3 (Dynkin games value process representation). Assume (H1)-(H4). Let

EJP 26 (2021), paper 91. https://www.imstat.org/ejp
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(Y, M, R) be a solution to RBSDET (¢, f 4+ dV, L,U). Then for every a € T,

TNAO
i & sty gi”“’(/ AV, + Lylir<ocry + Uslipar) + 51{r:o:T})
— ’7’7 o - 9 [e3 (6%

TN

= essinf esssup &L (,(/ dVe + L% <o + U fgery +E1 g )
b= (o s p:(T,H)Epsa L TA . pt{r<o<T} slic<ry + &1y T}

(6.8)

Remark 6.4. The proof of (6.8) is much more simpler than the proof of the corresponding
result for one barrier (Theorem 5.8). This is due to the fact that in (6.8) we can always
indicate e-optimal stopping systems regardless on the regularity of barriers L, U. These e-
optimal stopping systems p. = (7., H.), 4. = (0., G.) are given by the following formulas
(see [14, (4.19)]),

Te=f{t>a; Vi <Li+e} AT, oc=inf{t>a; Y, >U, —e} AT
and
Ho={we Y, ()(w) <L ((w) +e}, Ge={we® Y, ) (w)>U, () (w)+e}
Note also that formulas of type (6.8) for linear RBSDEs (however without using the

notion of RBSDEs) were proved in [2].

As a corollary to the above theorem we obtain a stability result for solutions to
RBSDEs. Before stating it, we give some remarks about the process X. Assume that
X is positive. From the definition it follows easily that & is the smallest progressively
measurable process majorizing X which is u.s.c. from the right. Let

So =esssup BE(X,|Fy), a€T.

T>Q

By [9, page 417], S is the smallest supermartingale majorizing X, so S is u.s.c. from the
right and X < S. Thus y < S. Therefore y is of class (D) and

X1l < 1S = [ X1 (6.9)

Corollary 6.5 (Stability of solutions to RBSDEs: case |). Assume that (&;, f;, L, U%), i =
1,2, satisfy (H1)-(H4). Let (Y, M*, R*) be a solution to RBSDET (&;, f;, L', U%), i = 1,2.
Then

' = Y2l < Blg — & +2I|L" = L] + 2|U" = U]y

oNT
+mmE/ i — fol(r. £ 0 (209 dr,
p,0ES 0
where
2P0 = Lpl{rcocry + Uil {o<r) + Elfr—g=}.

Proof. By Theorem 6.3, Y?, i = 1,2, admits representation (6.8). Observe that

T e T—
<Ly =L+ L' = 1P, Uy = U < Uy = UZ| + L = L7,

|L[1)7u _ Li,u
By this, (6.8) and Proposition 3.4,

ElYa ~Y2 < swp B(jg &l +|L = 2|+ L' = L], + |U} — U2 + [2F — 17, )

7,0 o
ONT f s
+ sup E ‘fl _f2|(7'757"717—/\0(2177 ))dT‘
p,0€ESy a
Now, using (6.9), we get the desired result. O
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Remark 6.6. Maintain the notation and the assumptions of Corollary 6.5. In case
[, Y2), f2(-,Y?) € LY([0,T] x Q; P), we infer from this corollary that

T
Y=Yl < Bléy - &| + 2| L' = L[ + 2|U" = U?|y +E/ |[fr = fol (r, Y,2) dr.
0

This is a consequence of the fact that (Y2, M2, R?) may be regarded as a solution to
RBSDET (¢,g+ f1, L,Y) with g = f1(-,Y?) — fa(-, Y?). Thus, we get the analogue of [14,
Corollary 5.2] and [15, Proposition 11.2].

Proposition 6.7 (Stability of solutions to RBSDEs: case Il). Assume that f, f,, n > 1,
satisfy (H1)-(H4) and f,, /' f asn — oo. Let {L"} be a sequence of optional processes
of class (D) on [0,T] such that L™ L.

(i) Let (Y,M,K) (resp. (Y",M",K™)) be a solution to RBSDET (¢, f + dV, L) (resp.
RBSDEZ(¢, f +dV,Ly,)). Then Y™ /Y.

(ii) Let (Y, M,R) (resp. (Y™, M"™, R")) be a solution of RBSDE” (¢, f 4+ dV, L,U) (resp.
RBSDET (¢, f,+dV, L,U)) such thatY (resp. Y") is of class (D). Then ||Y —Y™||; — 0
asn — oo.

Proof. (i) By Theorem 5.8 and Proposition 3.4(ii), for every a € T,

Y' = esssup 55,7 (/ dV, + L1, .7+ flT:T)
TETa [e%

<esssup &l . (/ aVe + L 1.7+ ngzT) =Y,.
TETa / «

By Proposition 3.4(ii), Y" < y»tl n > 1. Set X := SUp,,>1 Y"™. Then X < Y. For the
opposite inequality first observe that foranya € 7, 7 € T, and n > 1,

Xa > ess Sup 55,7 (/ dVT + L:-L]-T<T + §1T:T) > gg,‘r (/ d‘/; + L21T<T + gl‘r:T) .
T€Ta e @

By Proposition 3.4(ii), &1 ([ dV, + Lt cr +&l,—7) = EL ([ dVi+ L1, cp +El—7)
a.s. Hence

Xoz € ([ Vot Loter+€1ior)

[e3%

for any o € 7 and 7 € 7,. Thus

X, >ess supé’g:ﬁ(/ dV, + L; 1.7+ flT:T) =Y, «a€eT.
TET o «

(ii) For each n > 1, f, < f,41, so by Proposition 4.3, Y < yntl SetY := SUpP;,>1 Y™ By
Proposition 4.3
Yl<y"<y, n>1. (6.10)

Thus, Y is of class (D) and lim,_, o ffTa = £. We will show that Y = Y. By (H2),
sgn(Y, — Y2)(f(r,Y,) = fu(r, Y1) < |f(r,Y2) = fulr, Y. 6.11)
By the minimality conditions for R and R™ (cf. Definition 4.2(b)),
sgn(Y,— —Y," )Jd(R} — R2)* < 1yy, syn 1 dRT +1py, syn ydR™ =0 (6.12)
and

sgn(Y, — V)AT(R, — R}') < 1y, sy} ATRY + 11y, oy ATRP = 0. (6.13)
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By [25, Corollary A.5], for all @ > 0 and stopping times 0,7 € 7= such that ¢ < 7, we
have

Y, — Y7 < Y, - Y7+ / sgn(Y, — YY) (F(r.Yy) — fulr, Y)) dr

o

+ [ sen(vio <Y )d(RL <R+ Y son(Y, - VAT (R] - R

o<r<T
— [ san(vi- - vz yao, - ag),
By the above inequality and (6.11)-(6.13),
Vo ¥ < 1V =2+ [ 1Y)~ fu Yol dr
- /T sgn(Y,— =Y.' ))d(M, — M). (6.14)
By (H2), (6.10) and the fact that f,, < f,+1 and f,, < f we have

S1(r,Ye) < fu(r,Y2) < f(r, Y. (6.15)

Let .
o = inf{t >0 / Ao, Yo+ £ (r. Y dr > kY AT.
0

Observe that by (H4), {0} is a chain on [0, T]. By the definition of {0}, (H4) and (6.15),
Ok
E/ |f(r,Ye) = fulr,Ye) | dr — 0 (6.16)
0

as n — oo. Let {7} be a fundamental sequence on [0,7,] for the local martingale
fo' sgn(Y,— — Y™ )d(M, — M™). By (6.14) with 7 replaced by 7, = o Ak, T > o we have

Tk
Yy — Y| < Vs — Y2 +/ 0 Y3) = fulr.Y) dr
Tk
—/ sgn(Y,_ — Y™ )d(M, — M™). (6.17)

Since Y and Y™ are of class (D) and (6.16) holds true, we get, by taking the expectation
in (6.17), letting n — oo and then k — oo, that E|Y, — Y,| < E|Yy, — Yz, | for a > 0.
Now, letting a — oo, and using the fact that Y, Y are of class (D), we get E|Y, — Y,| = 0.
Therefore, by the Section Theorem (see, e.g., [8, Chapter IV, Theorem 86]), |Y; — YQ| =0,
te[0,T),soY =Y. O

6.3 Existence for RBSDEs under Mokobodzki’s condition

Theorem 6.8 (The existence result for two barrier RBSDEs: the general case). Assume
that (H1)-(H4), (H6) are satisfied. Then there exists a unique solution (Y, M, R) to
RBSDET (¢, f +dV, L,U) such thatY is of class (D).

Proof. Let X be the process appearing in condition (H6). Since X is a special semi-
martingale, there exists an increasing sequence {7} C 7 such that X is a difference of
supermartingales of class (D) on [0, 7] for every k > 1. Let ¢ be a strcitly positive Borel

measurable function on R such that [ o(t) dt < co. Set o, (t) = 112552). We let

fn,m(ta y) = max{min{f(ta y)a Qn(t)}v _Qm(t)}'

EJP 26 (2021), paper 91. https://www.imstat.org/ejp
Page 20/24


https://doi.org/10.1214/21-EJP655
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Reflected BSDEs with two optional barriers

Observe that f, ,, is non-decreasing with respect to n and non-increasing with respect

to m. Moreover, fum(t,y) 7 fm(t,y) := max{f(t,y), —om(t)} as n — oo and fi(t,y)
f(t,y) as m — oo. Let L, U be regulated processes defined by

La —ebbme(L |Fa), Uy =esssup E(U,|Fa), aeT.

TETa TETa

By Prop051t10n 5.2, ﬁ U are supermartingales of class (D) on [0, 7. Clearly, L <L<
U< U. Since L U are of class (D) on [0, T], we get, by using (H4), that there exists a
chain {7} on [0, 7] such that

E/ f(r, L, |dr—|—E/ |f(r,U)|dr <k, k>1. (6.18)

By replacing v by v A 7 we may assume that v, < 7. We define
L} = Lilgpza,y + Lilesn,y, U = Ulpizy,y + Uilgess,)-

Observe that
L<Lir<p"t'<p<U<U"™ <Uu"<U, n>1. (6.19)

Moreover, L™ L and U™ N\, U. Finally, we set

Xl;n"m = th{tS'Yn/\"/rn} + fjtl{t>7n277n} + 0t1{t>')’7n>')’n}'

Observe that L™ < X™™ < U™ and that the process X™™ is a difference of supermartin-
gales of class (D) on [0,7T]. Therefore, by the form of f, ,,, (H6*) holds with L", U™,
X™™ and f, . By Theorem 6.1, there exists a unique solution (Y™, M™™ R"™™) of
RBSDE” (¢, fu.m, L™, U™) such that Y™™ is of class (D). By Proposition 4.3, {Y™™} is
non-decreasing with respect to n and non-increasing with respect to m. Set

Y™ =supY™™, Y =inf Y™ (6.20)

n>1 m21

Since L < Y™™ < U, n,m > 1 and L, U are of class (D), by the diagonal method we can
find a subsequence (m,) of (m) such that lim, . E|Y;™" — Y, | = 0 for every k > 1.
Let kK < n Am. By Theorem 6.3, for any o € T *,

TAO
Y™ = esssup ess inf ECJ::‘T"XU ( / v,
p=(7,H)ESx ;, =(0:G)ESa o

+ Lplir<ocp) + Uslioar) + Yw’i’ml{mamk})

Set, for every a € T7*,

TNOC
Y®) ()= esssup essinf gima (/ av.,
p=(1,H)ES ., I=(0:G)ESa .

+ Ly Lir<ocmy T Uslgpen) + Y5, 1{T=a=wk})-

By Theorem 6.1 and Theorem 6.3, there exists a solution (Y*, M*, RF) to the problem
RBSDE(Y,,, f, L,U) such that Y*)(a) = Y,,, a € T*. By Remark 6.6,

E|Yme —YE < By — Y, |+ B / \f = Frm, (7, Y, dr.
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By (6.18), (6.19), (H2) and the Lebesgue dominated convergence theorem,
Yk
E/ |f - fn,mn |(T7 an’m") dr
0

Tk . .
: QE/O L L+ 0012 e (g, ()} (F (0 L)L+ Lf (0 Uy dr = 0 (6.21)

asn — oo. Thus, for any k£ > 1, Y is the first component of a solution to the problem
RBSDE"™ (Y, , f, L,U). What is left is to show that Y, — co as @ — oco. For this observe
that by Proposition 4.3,

n

Y m <ynm < Xn,m’ n,m > 1,
where (Y™™, M™™, K™™) is a solution to RBSDE” (¢, f,,, L™) and (Y """, M """, K" is
a solution to RBSDET@ fr,U™), where f"(t,y) := min{f(¢,v), on(t)}. By Proposmon
6.7(ii), Y " Y™, and by Proposition 6.7(1), Y™™ 2 Y™, where (Y, M ", K") is
a solution to RBSDET (¢, f,U™), and (Y™, M™, K™) is a solution to EBSDET(f, fm,L).
Therefore Y <Y™ <Y™. Letting m — oo and using once again Proposition 6.7 yields

Y <Y<Y,
where (Y, M, K) is a solution to RBSDE” (¢, f,U), and (Y, M, K) is a solution to the
problem RBSDE” (¢, f, L). From this we get the desired result. O

Theorem 6.9 (Existence for RBSDEs with non-integrable driver). Assume that (H2)-(H4),
(H6) are satisfied. Furthermore, assume that |V|r < oo a.s. Then there exists a unique
solution (Y, M, R) to RBSDE” (¢, f +dV, L,U) such thatY is of class (D).

Proof. By (H4) and the assumption that |V|r < oo a.s., there exists a chain {d;} on [0, T
such that

Ok
E/ r0|dr+E d|V|,<oo k> 1.

Let f,,.», be as in the proof of Theorem 6.8. Set V"™ = V;* An — V,” A m. By Theorem
6.8 there exists a solution (Y™™, M™™ R™™) of RBSDET (¢, f,.m + dVym, L,U) such
that Y™™ is of class (D). By Proposition 4.3, {Y"™™} is non-decreasing with respect to
n and non-increasing with respect to m. Now, repeating step by step the reasoning
(6.20)-(6.21) of the proof of Theorem 6.8 with v replaced by J;, we get that Y defined
by (6.20) (but with Y™ defined as above) is the first component of the solution to
RBSDE’ (Y, , f, L,U) for any k > 1. It remains to show that Y7, — £ as a — co. We can
not argue as in the proof of Theorem 6.8, because in general, under the assumptions
of the present theorem, there are no solutions to RBSDE? (¢, f,U) and RBSDET (¢, £, L).
To get the desired convergence, we shall utilize the fact that {0} is a chain. By the
definition of a solution to RBSDE? (Y5, , f, L, U), Y5, na — Y5, @s a — oo for every k > 1.
Since {0y} is a chain, for any w € ) there exists k, > 1 such that §;(w) = T(w), k > k.
Therefore Y, — £ as a — oo since by (6.20), Yr = &. O
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