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Abstract

We construct the &3 measure on a periodic three dimensional box as an absolutely
continuous perturbation of a random translation of the Gaussian free field. The shifted
measure is constructed via Girsanov’s theorem and the relevant filtration is the one
generated by a scale parameter. As a byproduct we give a self-contained proof that
the ®4 measure is singular wrt. the Gaussian free field.
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1 Introduction

The ®4 measure on the three dimensional torus A = T3 = (R/27Z)? is the probability
measure v on distributions .#’(A) corresponding to the formal functional integral

v(dg)= " % exp [—/\ fA(<p4 — oogoz)dx] wu(dp) " (1.1)

where 1 is the law of the Gaussian free field with covariance (1 — A)™! on A, Z a
normalization constant and A the coupling constant. The oo appearing in this expression
reminds us that many things are wrong with this recipe. The key difficulty can be traced
to the fact that the measure we are looking for it is not absolutely continuous wrt. the
reference measure p. This fact seems part of the folklore even if we could not find
a rigorous proof for it in the available literature apart from a work of Albeverio and
Liang [1], which however refers to the Euclidean fields at time zero, and the work of
Feldman and Osterwalder [11] in infinite volume. The singularity of the <I>§ measure is
indeed a major technical difficulty in a rigorous study of (1.1). Obtaining a complete
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construction of this formal object (both in finite and infinite volume) has been one of the
main achievements of the constructive quantum field theory program [12, 10, 26, 11, 22,
5, 8].

In recent years the rigorous study of the ®; model has been pursued from the
point of view of stochastic quantization. In the original formulation of Parisi-Wu [25],
stochastic quantization is a way to introduce additional degrees of freedom (in particular
a dependence on a fictious time) in order to obtain an equation whose solutions describe
a measure of interest, in this case the <I>§ measure on A as in (1.1) or its counterpart
in the full space. Rigorous analysis of stochastic quantization for simpler models like
<I>‘2L (the two-dimensional analog of eq. (1.1)) started with the work [20]. It has been
only with the fundamental work of Hairer on regularity structures [19] that the three
dimensional model could be successfully attacked, see also [9, 21]. This new perspective
on this and related problems led to a series of new results on the global space-time
control of the stochastic dynamics [24, 15, 2, 23] and to a novel proof of the construction
of non-Gaussian Euclidean quantum field theories in three dimensions [14].

A conceptual advantage of stochastic quantization is that it is a method which is
insensitive to questions of absolute continuity wrt. to a reference measure. This, on
the other hand, is the main difficulty of the Gibbisan point of view as expressed in
eq. (1.1). In order to explore further the tradeoffs of different approaches we have
recently developed a variational method [4] for the construction and description of ®3.
We were able to provide an explicit formula for the Laplace transform of <I>§ in terms of a
stochastic control problem in which the controlled process represents the scale-by-scale
evolution of the interacting random field.

The present paper is the occasion to explore further this point of view by constructing
a novel measure via a random translation of the Gaussian free field and by proving
that the ®3 measure can be obtained as an absolutely continuous perturbation thereof.
Without entering into technical details right now, let us give the broad outline of this
construction. We consider a Brownian martingale (W;);>o with values in .#’(A) and such
that W; is a regularization of the Gaussian free field u at (Fourier) scale ¢t. Let us denote
PP its law and E the corresponding expectation. In particular, W; — W, in law as ¢t — oo
and W, has law . We can identify the ®3 measure v as the weak limit v7 — v as T — oo
of the family of probability measures (v7)r>o on .#’(A) defined as

V() =P (Wr € ),

where PT is the measure on paths (W;);>o with density

dp? Le*VT (W)
dIp Zr ’

and
Vi) = [ (@) = arg(@)* + br)da,
A
is a quartic polynomial in the field ¢ with (ar,br)r a family of (suitably diverging)
renormalization constants. The scale parameter ¢ € R allows to introduce a filtration
and a measure Q" defined as the Girsanov transformation

dQv
dPp

1 t
= exp (L; - 2<L”>T> . LY = / (vg, W) 12 (n) (1.2)
9'1“ 0

where ((LV););>0 is the quadratic variation of the (scalar) local martingale (L});>o and
(v¢)e>0 is a progressively measurable process with values in L?(A). Let

.7i —Vr(Wr) dQ” o
Dpi=7e ar )
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be the density of P” wrt. Q”. We will show that it is possible to choose v in such a way
that the family (D7 )70 is uniformly integrable under Q" and that Dy — Do, weakly in
L'(QV). With particular choice of v we call Q" the drift measure: it is the central object
of this paper. By Girsanov’s theorem the canonical process (W;);>( satisfies the equation

dW, = v dt +dW,, ¢ >0,

where (Wt)@o is a Gaussian martingale under Q" (and has law equal to that of (W;);>¢
under P, i.e. it is a regularized Gaussian free field). We will show also that the drift
v; can be written as a (polynomial) function of (WS)SE[O,t]' that is v; = %((Ws)se[w]).
Therefore we have an explicit description of the process (W;):>o under the drift measure
Q" as the unique solution of the path-dependent SDE

AW; = Vi(Ws)sefo,)dt +dWy, > 0. (1.3)

Let us note that this formula expresses the “interacting” random field (W;); as a function
of the “free” field (W;),. It is a formula which shares very similar technical merits with
the stochastic quantization approach.

The drift measure Q" is half way between the variational description in [4] and the
(formal) Gibbsian description of eq. (1.1). It constitutes a measure which is relatively
explicit, easy to construct and analyze and which can be used as reference measure
for ®3, very much like the Gaussian free field can be used as reference measure for
®3[13, 171

Let us remark that from eq. (1.3), after specifying f/t (see equations (3.1) and (3.2)
below) we can deduce a decomposition of the form

Wr = Wr + WE + Ry, (1.4)

Here R € C ([0,00],%'%) QU-almost surely and WEI € € ([0, 00],4/27%) Q"-almost
surely, can both be constructed form W, and have given law under Q". This decomposi-
tion allows one to reduce many almost sure properer ties of QV and so of ®3 to properties
of the “free field” W. For the slightly less singular Hartree nonlinearity this has been
exploited in [6, 7] to prove local wellposedness almost surely for initial data distributed
according to the Gibbs measure. Let us briefly sketch another application of (1.4): we
can use it prove that the Wick square is well defined almost surely with respect to the
@4 measure. Indeed we can write

W] = lim (W} Ee[W3(0))
= lim (W3 — Eq.[W7(0)) + WrWE + WrRy.

Now it is well known that W3 — Eq.[W2(0)] converges to a well defined random distribu-
tion as T' — oo, which is the Wick square of Wr. It has been shown in [4] Lemma 4 and
Lemma 25 that WTW[Tg] converges to a well defined random distribution. Finally since
R e C([0,00],%"°) and WecC ([0, 0], € ~/279) we can deduce that also limy_, Wr Ry
is well defined.

As another application of (1.4) we provide also a self-contained proof of the singularity
of the ®3 measure v wrt. the Gaussian free field . We have already remarked that
the singularity of ®4 seems to belongs to the folklore and we were not able to trace
any written proof of that. However, M. Hairer, during a conference at Imperial College
in 2019, showed us an unpublished proof of his of singularity using the stochastic
quantization equation. Our proof and his are very similar and we do not claim any
essential novelty in this respect. Albeit the proof is quite straightforward we wrote down
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all the details in order to provide a reference for this fact. The basic idea is to consider
the observable [, [W4] where the brackets denotes Wick products and prove that it
diverge with different speed as T' — oo under the measure P and Q" because in the
first case the process (W;); is a Brownian martingale and therefore by the properties of
Wick products also the process ([, [W/']), is a martingale with variance growing like 7.
Under the measure Q" however the presence of the drift (V;);>o produces a deterministic
contribution whose size is also 7" and which dominates the fluctuations of the observable.
Therefore the singularity of ®3 can be directly linked with the pathwise properties of
the scale-by-scale process (W;);>o in the ultraviolet region and our proof of singularity
shows also that the drift measure Q" is singular wrt. P. Intuitively, the drift (V;);>¢ in
the SDE (1.3) is not regular enough (as ¢ — oo) to be along Cameron-Martin directions
for the law P of the process (W;);>o and therefore the Girsanov transform (1.2) gives a
singular measure when extended all the way to T' = +oc.

Let us stress that the main contribution of the present paper remains that of describ-
ing the drift measure as a novel object in the context of ®3 and similar measures and
pursuing the study of Euclidean quantum fields from the point of view of stochastic
analysis.

Notations. Let us fix some notations and objects.

e For a € R? we let (a) := (1 + [a]?)'/2. B(x,r) C R denotes the open ball of center
z € R and radius r > 0. We write A < B for A < CB for some constant C' and
A=< Bfor A< BandB < A

e The constant x > 0 represents a small positive number which can be different from
line to line.

e Denote with .#(A) the space of Schwartz functions on A and with ./(A) the dual
space of tempered distributions. The notation f or .% f stands for the space Fourier
transform of f and we will write g(D) to denote the Fourier multiplier operator
with symbol g : R" — R, i.e. Z(g(D)f) =9g%f.

e B, =By q(A) denotes the Besov spaces of regularity o and integrability indices p, ¢
as usual. ¥ = ¢“(A) is the Holder-Besov space B, ., W*? = W*P(A) denote
the standard fractional Sobolev spaces defined by the norm || f||ws.« := ||{D)* f|| L
and H® = W*2. The symbols <, >, o denotes spatial paraproducts wrt. a standard
Littlewood-Paley decomposition. The reader is referred to Appendix A for an

overview of the various functional spaces and paraproducts.

2 The setting

The setting of this paper is the same of that in our variational study [4]. In this section
we will briefly recall it and also state some results from that paper which will be needed
below. They concern the Boué-Dupuis formula and certain estimates which are relevant
to the analysis of absolute continuity.

Let Q := C (R4+;%¢~3/27%(A)) and . be the Borel o-algebra of Q2. On (£,.7) consider
the probability measure P which makes the canonical process (X;):>o a cylindrical
Brownian motion on L?(A) and let (#1);>0 the associated filtration completed with
respect to sets of P-measure 0. In the following £ without any qualifiers will denote
expectations wrt. IP and IEq will denote expectations wrt. some other measure Q.

On the probability space ({2, &, P) there exists a collection (B}"),cz: of complex (2-
dimensional) Brownian motions, such that B} = B, ", B!, B/" independent for m # +n
and X; = Y, s €™ B, for example in .7 (A).
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Fix some decreasing p € C°(R4, R ) such that p = 1 on B(0,9/10) and suppp C
B(0,1). For z € R3 let p;(z) := p({z)/t) and

d 1/2
(o) = | RG] = (2 ol ) () 2

Denote J; = o4(D)(D)~! and consider the process (W;);>o defined by

t
Z 6i<m>/ ”5(”)ng, t>0. (2.1)

nez3 0 <Tl>

It is a centered Gaussian process with covariance

t
W ::/ JsdXs =
0

pr2nin(s,t) (’ﬂ)

E[(We, o) (We,9)] = >

nezs

for any ¢,v € #(A) and t,s > 0, by Fubini theorem and Ito isometry. By dominated
convergence lim; o E[(W;, o) (Wi, )] =37, cys (n)~2¢(n)ih(n) for any ¢, € L2(A). For
any finite “time” T the random field W7 on A has a bounded spectral support and the
stopped process W = Wz for any fixed T' > 0, is in C(R,C*(A)). Furthermore
(W[I); only depends on a finite subset of the Brownian motions (B"),czs.

Observe that J; satisfies the following bound

P e T

for any function f € B, , or f € W*P with p € [1,00] and s € R and for any o € R.

We will denote by [W}*], n = 1,2,3, the n-th Wick-power of the Gaussian random
variable W; (under P) and introduce the convenient notations W7 := 12[W?], W} :=
4[W}]. Furthermore we will write [((D)~/2W;)"],n € IN for the n-th Wick-power of
<D>_1/2Wt. It exists for any 0 < t < oo and any n > 1 since it is easy to see that
(D)~'/2W, has a covariance with a diagonal behavior which can be controlled by log(t).
These Wick powers converge as T — oo in spaces of distributions with regularities given
in the following table:

Table 1: Regularities of the various stochastic objects. The domain of the time variable
is understood to be [0, 00], C¢* = C ([0, 00]; ) and L?*%* = L? (R4 ;%¢*). Estimates in
these norms holds a.s. and in LP(IP) for all p > 1 (see [4]).
W w2 s JW?3 [((D)~/2W)"]
Ce=Y2= Cce~'- CeVEinLPe? Ce -

We denote by H, the space of (ﬂt)ao-progressively measurable processes which are
P-almost surely in # := L?(R, x A). We say that an element v of I, is a drift. Below we
will also need drifts belonging to H® := L*(R,; H*(A)) for some a € R where H%(A) is
the Sobolev space of regularity a € R and we will denote the corresponding space with
H¢. For any v € H, define the measure Q" on (2 by

aQ" [ I L o
= exp vsdXs — = |lvs||72ds]| -
dP 0 2 /o L

Denote with H. C H, the set of drifts v € H, for which Q"(2) = 1, and set W := W—1(v),
where

t
It(v):/ Jevgds.
0
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We will need also the following objects. For all ¢t > 0 let §; : R?* — [0,1] be a smooth
function such that

0:(&)os(€) = Ofors>t,

0:(¢) = 1for |¢]| < ¢/2 provided thatt > Ty (2.2)

for some 7y > 0. For example one can fix smooth functions 0, n: R3 — R, such that
0(¢) = 1if [¢] < 1/2 and 0(¢) = 0if [¢§] > 2/3, n(§) = Lif || < 1 and n(&) = 0if [£] > 2.
Then let 6,(§) := 6(£/t) and define

04(&) := (1= n(£))0:(€) + ()N ()04 (€)

where ((t) : R — R is a smooth function such that {(¢) = 0 for ¢ < 10 and ((¢) = 1 for
t > 3. Then eq. (2.2) holds with T, = 3. Let

fP=0D)f (2.3)
for any f € .%/(A).

Our aim here to study the measures ;1 defined on €~/2=% as
dpr — o Vr(Wr)
dPp ’
with
Ve(e) =2 [ (¢ —arg? +br)da. g€ C2(A), 2.4
A

and suitable ar, by — co. For convenience the measure uT is not normalized and, wrt.
to the notations in the introduction we have
dPpT 1

du — pT(Q)

Recall the following results of [4].
Theorem 2.1. For any ar,br € R, and f : €~ '/>~%(A) — R with linear growth let

VEL(p) == f(9) + Vr(y),

where Vr is given by (2.4). Then the variational formula

_vf
—log [ (ny € V1 ) pr(de)
= —1ogIE[67VI{(WT)] (2.5)
. T
= infuen, B [V (Wr + Ir(u) + 3 J3 el ]

holds for any finite T'.

This is a consequence of the more general Boué-Dupuis formula.
Theorem 2.2 (BD formula). Assume F' : C([0,T],C>(A)) — R, be Borel measurable and
such that there exist p,q € (1,00), with 1/p+1/q = 1, E[|F(W)|?] < oo and E[le~F")|4] <
oo (where we can regard W as an element of C([0,T], C*(A)) by restricting to [0,T)).
Then

—logE[e M) = inf E
og Ele I=nf

1 T
FOV+ 1) + 5 [ mm;mﬂ. 2.6)

We will use several times below eq. (2.6) in order to control exponential integrability
of various functionals. By a suitable choice of renormalization and a change of variables
in the control problem (2.5) we were able in [4] to control the functional in Theorem 2.1
uniformly up to infinity.
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Theorem 2.3. There exist a sequence (ar, br)r with ar,br — 0o as T — oo, such that

1 T
E va(WT+1T(u))+§/ ||ut||Lz(A)dt]
0

1
= Bofra) + ) [ )+ 51 W]
where (recall that I} (u) = 0(D)I;(u) by (2.3))

17 (1) == ue + Mecr W 4 AL p Jo (W2 = I (u)) (2.7)
and the functionals W1, : C([0,T],C>®(A)) x C([0,T],C>°(A)) — R satisfy the following
bound

f 1 4 T 2
[P (W, I(w))] < Qe (W) + 2 (Hr (w)l[za + 17 (w)l3)

where Q7 (W) is a function of W independent of v and such that sup; E[|Qr(W)|] < co.

As a consequence we obtain the following corollary (cfr. Corollary 1 and Lemma 6
in [4])

Corollary 2.4. For f : €~'/>~%(A) — R with linear growth the bound
—C < E,uT [ef] < C,

holds, with a constant C independent of T'. In particular pr is tight on ¢—12n,

3 Construction of the drift measure

We start now to implement the strategy discussed in the introduction: identify a
translated measure sufficiently similar to ®3. Intuitively the ®3 measure should give
rise to a canonical process which is a shift of the Gaussian free field with a drift of the
form given by eq. (2.7). Indeed this drift « should be the optimal drift in the variational
formula. A small twist is given by the fact that the relevant Gaussian free field entering
these considerations is not the process W = W(X) but that obtained from the shifted
canonical process X} = X; — fot ugsds which we denote by

WY =W (X") =W — I(u).

Moreover, to prevent explosion at finite time, we have to modify the drift in large scales
and add a coercive term. This will also allow later to prove some useful estimates. As a
consequence, we define the functional

Es(Wyu = =AM W3 — Ao Jo(W2 = I2 () + J(D)"V2([(D)2Wy)"])  (3.1)

where T > 0,n € N are constants which will be fixed later on and where we understand
all the Wick renormalizations to be given functions of W, i.e. polynomials in W where
the constants are determined according to the law of W under P. We look now for the
solution u of the equation

u=Z(W"u)=Z(W - I(u),u). (3.2)
Expanding the Wick polynomials appearing in Z(W — I(u),u) we obtain the equation

us = Z(W —1I(u),u)
AT (W3 — W2, (u) + 12W, (I, (1))? — 4(T, (u))?]

(3.3)

—)\]l ﬁ}J [((W2 — 24W, I, (u) + 12(Is(u))?)) = 12 (u)]
o () (D)2 ([((D) =2 W) I (—(D) /2 I (w))" ']
EJP 26 (2021), paper 81. https://www.imstat.org/ejp
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for all s > 0. This is an integral equation for ¢ — u; with smooth coefficients depending
smoothly on W and can be solved via standard methods. Since the coefficients are of
polynomial growth the solution could explode in finite time. Note that for any finite
time the process (us)s>o has bounded spectral support. As a consequence we can solve
the equation in L? and as long as fot |lu||2.ds is finite we can see from the equation that
sup,« |lus||%. is finite. By the existence of local solutions we have that, for all N > 0, the

stopping time
t
TN := inf {t > 0‘/ ||USH%2dS > N} )
0

is strictly positive P-almost surely and u exists up to the (explosion) time Ty, :=
supyen 7n- The following lemma will help to show that P-almost surely 7.y, = +oc and
will also be very useful below.

Lemma 3.1. Let
EENUADES Z() )LD EWL) (D) 2L (w))" ),
then we have

”wéH%QdS + SngHIb(w” ’3[;’_—11/2,71.-}—1
s<t
t
<1+ / (2E|jws + gs||32 + 4K gs — Aux, (W, w)|:)ds
0
uniformly in t > 0, for any pair of adapted processes w, g € L?(IP,H) such that
t
E/ lgs — Auxs (W, w)||%2ds < oo.
0

Proof. Take ¢, = inf {t >0: fot |ws|2.ds > N}. By Ito’s formula we have

tALN
/ / Aux; (W, w)ws ds = Auxyp, , (W, w) + martingale
A

where

n

Aux, (W, w) Z 1= ( ) /([[(<D>_1/2Wt)i]](<D>_1/2It(w))"+1—i). (3.4)

=

Integrating over the probability space and using Cauchy-Schwarz inequality, we obtain

(fmm |ws||?ds + 4Aux;, , (W, w)>

UA Lircony (W7 + 4 Auxy (W, w)wy)]
E [Licony (2lwe+ gellZ2 + 4 [y (Ausi (W, w) = giwy — [lwe72)]
2B frcny lwe + gl 7e + AR rc, 3 19 — Awxe (W w)[7.

NN

where g; is an arbitrary function. By Lemma 3.7 below, we have constants ¢, C and a
random variable Q1 (W) such that

sup sup BE[|Q¢n,y (W)|] < oo,
teR NelN

and .
c/ ||1115||2L2d5—&—c||[t(w)|;fvtll/m+1 Q+(W / |wsl|%2ds + Aux, (W, w)
0
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t
< IR s+ C [ s+ QuW)
As a consequence, we deduce
t
n+1
E [ Lol tads + Bl 1)
0
t
S 14 [ CBLcllon+ guls + 4o Ellg, — Awx,(W,w) [F2)ds,
0
t
< 1 +/ (2E||lws 4 gs||22 + 4E||gs — Auxy (W, w)]||2,)ds.
0
And we can conclude by sending N — co and using monotone convergence. O
In particular, taking w = —1;¢<,,u and g = —w, we have

t
IEJ/ M tta]225 + SUp EJ T, (1) [ o
0 s<t

t
$+/Em@ww—M%M%w%M&
0

for all t < T, where, using (3.3),

us — Auxs (W, —u) = _)‘JS[WE - WEIS(U) + 12W5(Is(u))2 - 4(Is(u))3] (3.5)
“M oy (W2 = 24W, I (u) + 12(15(u))?)) = I (u)]. '
Then, for any s < T we have
E(15<TN s — Auxs (W, _U)H%Q) <Cr+ EHIS(]ISQTNU)HrHl

W-—1/2,n+1>

provided n is chosen sufficiently large. Using Gronwall’s inequality this gives

T
E/Hh@wdé®§&u
0

and we can let N — oo to obtain
T
E [ s s o,
0

which implies Ty, = +o0c. In addition and by construction, the process ull = Tircryyue

satisfies Novikov’s condition, so it is in H, and Girsanov’s transformation allows us to
N

define the probability measure Q" on C (R, %~ /?7"(A)) given by

o0 1 (o]
dQ"" = exp [/ uldX, — 5/ U5%2(A)d5] dPp,
0 0

under which Xt“N =X — fot uNds is a cylindrical Brownian motion. Moreover, under Q“N
N t N
the process (W := [, J.dX! )t>0

also that W;‘N = W, for 0 < s < 7 and that u satisfies the equation

has the same law as (W;);>o under P. We observe

Uy = AW — Moy Ju(WE2 = I (u) + Jo(D) " 2([(D)V2W)"]),  (3.6)

where we introduced the notations W%3 := 4[(W*)3] and W%? := 12[(W¥)?]. Note that
here the Wick powers are still taken to be given functions of W, i.e we are still taking
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The ®4 measure via Girsanov’s theorem

the Wick ordering with respect to the law of W under P (or, equivalently, the law of wu”
under Q“N ).

If we think of the terms containing W*" as given (that is, we ignore their dependence
on u), eq. (3.6) is a linear integral equation in v which can be estimated via Gronwall-type
arguments. In order to do so, let us denote by U : H — « the solution map of the equation

o =Z(H, ). (3.7)

This last equation is linear and therefore has nice global solutions (let’s say in C(R,, L?))
and by uniqueness and eq. (3.6) we have v, = U, (W") for ¢t € [0,Texp). From this
perspective the residual dependence on w will not play any role since under the shifted
measure the law of the process W* does not depend on u. By standard paraproduct
estimates (see Appendix A) we have

t
1@l S ot [ Lan 7252 - 1) o~ds
0
t
S BT [ ()W e 2w md,
0

where we have crucially exploited the presence of the cutoff 1,7, to introduce the
small factor T~" and we have employed the notation

Hy :=/0 (IT2W 2 e+ [17D) 2 ([(D) ~2W )" ) | L= ]ds

t

| " 1 - uyn
5/0 <S>1/2<H{J5WS’3||<§1/2»1C18+/0 WHWW I/QWS) [l z-1/2ds.

By Gronwall’s lemma,

SuPpery (Wl S Hryexp [CT 7 [N [We2gon ] (3.8)
Under Q“N, the terms in ﬁTN are in all the LP spaces by hypercontractivity and moreover
for any p > 1 one can choose T large enough so that also the exponential term is in LP.
Using eq. (3.6) it is then not difficult to show that E,~, [RE 15,-1/2-x] < coforanyp > 1
(again provided we take T large enough depending on p) as long as N; > N,. By the
spectral properties of J and the equation for u, the process ¢ — 1 ;<r)u; is spectrally
supported in a ball of radius 7T, so we get in particular that

TNy AT
Bouw | [ Juclads
0

uniformly for any choice of Ny > Ny > 0.

ST,

Lemma 3.2. The family (Q*" )y weakly converges to a limit Q* on C (Ry, € =3/27%).
Under Q" it holds Ty, = oo almost surely and Lawgu (X*) = Lawp (X). Moreover for any

finite T’
dﬂQuLgT /T 1 /T 2
— 7T —ex usdXs — = Ug||72ds ]| .
d]P|9‘T p A 2/, || HL2

Proof. Consider the filtration (¥y = .%,, ), and observe that (Q“N |(§N) is a consistent
N
family of inner regular probability distributions and therefore there exists a unique
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extension Q" to ¥, = Vy¥y. Next observe that {Tey, < o0} = UpeniZexp < T} C
Urenx Nyeni7v < T} and that for any N, 7' < oo, we have

TNAT TN AT
/ a2 s / s |2 s

0 0

Eq. =E ST

Qv

On the event {ry < T’} we have

TNAT
[ llas = .
0

and therefore we also have Q“({ry < T'}) < CT'**N~! which in turn implies Q% (Texp <
T) = 0. This proves that T, = +oo under Q*, almost surely. As a consequence we can
extend Q" to all of # = vV CFr since for any A € % we can set

Q“(A) =Q“(AN{Texp = +o0})
=lim Q(AN{Texp = oo, 78 = T})

~lim QY (AN {ry > T}).
If A € %1 then by monotone convergence

Equ[La(X")] = lmy o Bu[Lanreary) (X)) =m0 Bgun [Tanireryy (X))
= Hmyeo Ep[lanircryy (X)] = Ep[la(X)].

This establishes that Lawgu«(X*) = Lawp(X). On the other hand if A € % we have,
using the martingale property of the Girsanov density,

Eq:[La] = lim Equ[Tan(r<ry)]

1 JoN usdXs—1 [TV |lus||? ods
= Jim B [Lungrary ol 04 5 el

= lim E |1 efoT
AO{TQTN}

u,dXo—1 [T HuSHQLst}
N—o0

) |:]1A€f0T ugdX,—1 [T HuSHist}
by monotone convergence and the fact that 7.y, = +oco P-almost surely. Therefore

u
AR 7r _ o wdXe=d f7 fual2ads
dP|z,

as claimed. O

The following lemma will also be useful in the sequel and it is a consequence of the
above discussion:

Lemma 3.3. For any p > 1 there exists a suitable choice of T such that

Equ [sup || I;(u) ||}~ ] < .
>0

Proof. This follows from the bound (3.8), after choosing T large enough, where we recall
that 7 has been introduce in the definition of the drift through eq. (3.1). O
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3.1 Proof of absolute continuity

In this section we prove that the measure ur is absolutely continuous with respect to
the measure Q*“ which we constructed in Lemma 3.2. First recall that the measures pp

defined on () as
dpr — o Vr(Wr)
dPp

can be described, using Lemma 3.2, as a perturbation of Q“ with density Dy given by

dP
7 AQ"

= d,LLT
dQ«

at least on .

_ dpr
z, dP

_ efvT(WT)ffoT wdX+4 [ w2 2 dt
)
Fr

DTZ

Lemma 3.4. There exists a p > 1, such that for any K > 0,
p
SL%pIE)Qu [|DT| ]l{HWool‘cg—l/angK} < 0. (3.9)

in particular, the family (Dr)r is uniformly integrable under Q".

Proof. The proof eq. (3.9) is given in Section 3.2 below. For the uniform integrability
fix e > 0. Our aim is to show that there there exists ¢ > 0 such that Q“(A4) < J implies
fA DpdQ" < e. From Corollary 2.4, for any € > 0 there exists a K > 0 such that

/2> pr ({|Weo

12> K}) = DrdQ.

/{|W00|<g1/2N>K}

Then for any A € .% such that Q*(A)P~D/P < ¢/ (2 supy Equ “DTVDH{HW I 1o <K}D
©lleg—1/2—r X

/ DrdQ = / DrdQ" + / DrdQ
A AN{Woslly—1/2-w 2K} AN{[Woslly—1/2-n <K}

P u (p—1)/p
S¢&/2+supEq ['DT| ]l{uwoonvuhg}} Q*(4)
<e O

Corollary 3.5. The family of measures (ur)r>o is sequentially compact w.r.t. strong
convergence on (2, #). Furthermore any accumulation point is absolutely continuous
with respect to Q.

Proof. We choose a sub-sequence (not relabeled) such that Dy — D, weakly in Ll(Q“),
for some D, € L'(Q%). It always exists by uniform integrability. We now claim that for
any A € #

lim pr(A4) = /ADOOdQ“.

T—o0

It is enough to check this for A € %g for any S € R, since these generate .%. But there
we have forT > S,

A A
by weak L' convergence. O

Recall that the ®4 measure can be defined as a weak limit of the measures jir on
¢ ~1/2=% given by

/f(@ﬂT(d@) = /f(w)e‘VT(“’)@T(dw) = Ep[f(Wr)eVr(V)]
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where 7 is the Gaussian measure with covariance p2(D)(D)~2. From this, together with
the above considerations, we see that any accumulation point i, of fir satisfies

fioo (A) = Equ[14(Wase) Do), (3.10)
for some D, € L'(QY).

3.2 LP bounds

Now we will prove local LP-bounds on the density Dr. In the sequel we will denote
W = W*, with  satisfying (3.3), namely u = U(W). Before we proceed let us study how
the functional U (W) behaves under shifts of W, since later we will want to apply the
Boué-Dupuis formula and this kind of behavior will be crucial. Let w € L?([0,00) x A)
and denote

uw’ =U(W +I(w)) and AY :=UW + I(w)) +w = u® + w.

The process h" satisfies

Y —w=u" =Z(W 4 I(w),u").

[1]

More explicitly, for all s > 0 we have

Y —wy = —ANT W3] — 12MT [W2 I, (w) — 12XT W, (Is(w))? — 4N (I, (w))?
12X oy s ([W2] = I (u®)) — 24N oy (Jo (Wi Lo (w) = I3 (u)))
=12\ >y s (Ls(w )>2~> I (u™))

+ 300 (D JsI(D) AW (D) 2 L (w)) ™
Decomposing

[W2Is(w) = [W2] = 0Ly (w) + [W2] = (1 = 05) s (w) + [W2] o Ly (w) + [W] < Ly(w),

we can write

U’ = U(W + I(w)) = —4NJ[W3] = 120J,([W2] = L2(h®)) + 2, (3.11)

with
¥ = —12\J [[WQ]]>

S

(1 — 0)I(w) — 12X J, ([[Wf]]ofs(w))—uu [W2] < I,(w)
—12AT W (Io(w))? — AN (Ls(w))? = 24X (s 7y (Js (Wl (w) = 0,12 (u®)))
—12M oy Jo (Ls(w))? = 12 (u ))"_‘12/\]1{5<T}J5([W]]>Ib( “))
+320 0 (1) J(D)V2I(D) 2 W) T (D) =Y/ 2 I (w)) ] 512

The first two terms in (3.11) will be used for renormalization while the remainder r%
contains terms of higher regularity which will have to be estimated in the sequel.

Proof. Proof of eq. (3.9) Observe that

Lt e <ac) S @B (<N Woell 1o ) = exp (=1 Woe + LU 210 )

and
|Dr|P = e*p[VT(WTH(U(W)))JrfoT UW)dX+34 [ HUt(VV)Hiadt].

Combining these two facts we have

Y
Eq- [exp (—p Ve (Wr + Ip(U(W))) + [} U(W)dX, + L [ 11U )Ilizdt)
~[Wao + Lo U W) 21, )]
=K [exp (fp (VT(WT +Ir(U(W))) + fo U(W)d X, + %foT ”Uf(W)HZL?dt)
~[Wee + Lo UMW) 12-)]

A
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The ®4 measure via Girsanov’s theorem

The Boué-Dupuis formula (2.6) provides the variational bound

— log lq- [|DT|p]1{HWH<g—1/2—NSK}}
2 infuen, B [p (Ve (Wr + Ir(h) + 3 i [1h°]3,dt)
— T w\||n e’}
252 J Tel2adt + [Woe + Loo ()21 o+ 5 7 3]

where we have set h* = w + U(W + I(w)) as above. Recall now that from Theorem 2.3
there exists a constant C, independent of 7', such that for each h",

Ep<Wﬂmw4ﬂww+;A Mw;wﬂ

T
AHIT<hW>Hi4+-]€ ZT<hW>u%2]

1
_C+E
C+4 P

where
T(h) = BY + ALcr W+ AL J, (W2 = I2(R")).
Using eq. (3.11) we compute
LicrlT (W) = Ticrh? + Acr W 4+ Ay Jy (W2 = I2(h?))
Lo (U + wy) + ALicr W+ My Jy (W2 = I (B™))

Ilth(T‘zu =+ wt).

At this point we need a lower bound for

E [3 (M) 13+ Jo e+ wil3adt) + 552 [ lwg]3adt
FWoe + Lo (B ) oosamr + 3 J5 lun220te] — C.
Given that we need to take p > 1, this expression present a difficulty in the fact that the
term fOT ||w||2 .dt appears with a negative coefficient. Note that this term cannot easily

be controlled via fOT |r 4+ wy||2.dt since the contribution 7%, see eq. (3.12), contains
factors which are homogeneous in w of order up to 3. This is the reason we had to
localize the estimate, introduce the “good” term |[We + Io(h")[[Z_,/2_,., and introduce
the term J,(D)~*/2([({D)~/2W,)"]) in (3.1) which will help us to control the growth
of r. Indeed in Lemma 3.6 below, a Gronwall argument will allow us to show that
fOT |we |3 2d¢t can be bounded by a combination of the other “good” terms as

T
E / w|22dt
0

This implies that for 1 < p < 2,

<E

T
s + 1T 0o [ Nt 723t 1
0

—log g [‘DT‘”{HWH “1/2- ~<K}]
> inf e, B {3 [z 0) 4 + 7 07 ()]
w w T w
(1= P)C [ B+ N B s+ fy I (B 3t

HWoe + Lo (W) -1 /o- } = C
> —C

which gives the claim. Note that here we used the bound

Bl oo (W)l 1720 S BIWoollG-1/2-n + El[Woo + Loo (W) |12
S CHE[We + Too(B")|-1/2-
as well as the fact that |17 (h")||g-1/2—x < |[Too(R™)|l=1/2-x to conclude. O
EJP 26 (2021), paper 81. https://www.imstat.org/ejp
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The following lemmas complete the proof.

Lemma 3.6. Forn € IN odd and large enough

T T
E / ws]22ds < E / s + rPds 4+ B B () [2 o+ (AL + 1.
0 0

Proof. Let us recall the notation

n

A (W) = 3 <n> (D)D) 2WL) (D) =21 (w)) ).

=0

Write r{’ = 7Y + Aux, (W, w) and observe that by Lemma 3.1 we with g = r* we have

||ws||de8+SupE||I (@) o S1 +/ (2El|ws + 74|72 + 4B[7Y[[72)ds

s<t

Now by Lemma 3.8 below
(1712
t
" w brpw
S/O lwsl|F2ds + [ e (w5 o + 2 (RN o + 12 (R)][ 7 + Qe (W)

for a random variable Q),(W) such that sup,cr E[Q¢(W)] < co. Gronwall inequality allows
to conclude. O

Lemma 3.7. There exists constants ¢, C' and a random variable Qr (W) such that for any
stopping time 7
sup E[|Q-x7(W)]] < oo,
T

and

T
—Qr(W) + e / lewsllZods + e Tz () [
T J—
< / |ws|3 2ds 4 Auxy (W, w)
0

< Cllr(w )||”+11/2n+1+0/ lwsl|72ds + Qr (W)

Proof. We recall that (see eq. (3.4))

n

> (1) facoy e wayiwy )y

:On—|—1—z

Auxp (W, w)

n

- X n+11—(n> @) 2wy (D) 2 Er )y

1
— e (@) s

and since E [sup; . [|[[((D)~Y/?Wr)]||%._.] < oo forany p < oo and any > 0 it is enough
to bound ||((D)~'/2 I (w ))"+1_i||qBa for some ¢ > 1 by the terms ||I7(w)|[;F) . .., and

L7 (w) )% < fo |ws]|3 2ds. By interpolation we can estimate, fori > 1,

(DY~ 2 I (w))™ 1| s, (D)2 Iz (w)l[}: | +C

S
1
S r(w)]lgy. (F/zlﬁﬂHIT( w)llfn’ +C (ete = o)
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Choosing ¢ = n/ (n — (71%1)) > 1, we have

1 1\ ¢
<||IT( W)y (f/zlﬁﬂllfT(w)}}ll) = (@) s [T () | 7

Now for n large enough W < - +1 and using Young’s inequality we can estimate

W)y oo [ ()| T < )y (HIT( T ¢ )

S Mz ()52 2 s + [z (w)][F +1 O
Lemma 3.8. Let
Ty = —12AJ, [[W2ﬂ = (1= 05)Is(w) + 120 J; ([[Ws?}] o I;(w)) + 12)\JS[[W52]} =< Is(w)

—IAT WL (L (w))?2 — AN (L (w))* — 24T (WL (w) = 0,12(u™)))
1A (L ())? = 0,12 (u)) + Mgy Js (W2 = ().

Setting h" = u+ w, there exists a random variable Q:(W) such that sup, E[|Q:(W)]|] < co
and

@l </ s Zods + TG o in + I BN e+ T () s+ Qe(W).

Proof. Note that

1 oery s (W2 = Ru)F2 Sr gyl WG 122 (u)]]7

S o (W2l + ()1 34) -
Moreover h* = u" + w implies
b b
1 (N o SN @) o 4 I ()

and || 2 (u®)||4, SN2 (h)||4 4 + || 12 (w)]|4 4. From Lemma 5.2 we get

t
12 (w)[7s S C + / [ws|[Z2ds + [ 7 (w52 2
0
The estimation for the other terms is easy but technical and postponed until Section 5. O

4 Singularity of ¢ w.r.t. the free field

The goal of this section is to prove that the ®3 measure is singular with respect
to the Gaussian free field. For this we have to find a set S C ¢~ '/2~%(A) such that
P(Ws € S) =1 and Q*“(Ws € S) = 0. Together with (3.10), this will imply singularity.
We claim that setting

C1/2— 1
si={ree ) s [16n11- 0
" A
for some suitable sequence (7},), such that 7,, — oo, does the job. Here

[(02.1)*] = (02f)* = GE[(0rWos(0))?] (07 f)* + BE[(01Wes (0))]?

denotes the Wick ordering with respect to the Gaussian free field. For later use we
define
WIT3 = 4(07W,)? — 12E[(07W,(0))?) (00 W)
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and
W2 = 12((07W,)? — E[(07W:(0))?]).

Before we proceed with the proof let us briefly motivate the choice of the event S and
give a sketch of the proof below. By Ito’s formula one can show that

/ﬂeTWgoﬂ:/ /GTJthT’BdXt (4.1)
A 0 A

where we recall that under P X; is a cylindrical Wiener process. From this formula using
the properties of Wf 73 and Ito isometry we will deduce that

oo
/ / 07 J,WIT3dX,
0 A

and extracting a subsequence we get P(IW,, € S) = 1. On the other hand with R denoting
a regular remainder we have

2
E

=T, (4.2)

oo (oo}
/ [0rWi] = / / 07 J,WIT3axy — / / 07 JWIT3 L W3dt + R, (4.3)
A 0 A 0 A

and under Q“ the process X is a again a cylindrical Wiener process. Therefore, as
in (4.2) we have a martingale whose variance is estimated as

oo
/ / 07 J,WIT3aX "
0 A

However now the additional drift term in (4.3) grows faster than 7''/2%? since it behaves

as the positive term
/ / (00 J;WET3)24dt,
0o JA

whose average can be estimated exactly as in (4.3), that is proportional to 7". To make the
argument rigorous we need only to show that all the neglected terms cannot compensate
for this divergence, this will be done by estimating their average size and then using
Borel-Cantelli.

Let us start by proving that P(W,, € S) = 1 for some sequence (1},)s.

(s fom) ] <o

Proof. Wick products corresponds to iterated Ito integrals. Introducing the notation

2

EQu = T

Lemma 4.1. Forany § > 0

lim E

T—o0

dw!™ = 0pJ,dX,,

we can verify by Ito formula that

/ [rWi] = / / WIT3qulT = / / 07, WIT3dX,.
A 0 A 0 A

Since 07J; = 0 for t > T, Ito isometry gives

oo 2 T
/ / O, WOT3dX,| =E / / (0p J,WIT3)24t.
0 A 0 A
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Then, again by Ito formula the expectation on the r.h.s. can be estimated as

[ o]

= 4B || Y / / / dw?" (ky don(kg)dweT(kg)

k1,k2,ks

S2 92 k 02.(k ko) 02.(k3)o2 (k
_ uE / / / (k1) 0% (k2)o 2( 2) 07:( 3)0523( 3)d31d52d53
[ (k2) (k3)

T

k}] ko,ks

<

Now recall that ||.J; f[|r2(a) < (6)7%/2|| || 12(a) to conclude:

1 T
m/o /A(HTJthT’S)th

The lemma implies that 7-(+9/2 [ [(6:W)*] — 0 in L?(P). So there exists a

sequence (7)), such that T, 1+0/2 Jil(01, Weo)*] — 0 almost surely.
The next step of the proof is to check that Q“(W,, € S) = 0. More concretely we will
show that for a sub-sequence of (7},),, (not relabeled)

1

T
1

e 5/[[9TW 15 oo,
Q" almost surely. Observe that

fAH(OTWOO)ﬂ] = fo fA OrJ; W T dX

N 0TJtW"T’3dXtu + [ [ O W dt

[ [\ 0 W AXE — N [ [, (00 J,W(T2) T, WiH3dt
A [ Or T W) (W2 - 17 (w))dt

+ Jo" JAOr T W) (D)~ 2 [((D) AW e

We expect the term
/ / (07 J,WIT3) [, W dt

to go to infinity faster than 7', Q“-almost surely. To actually prove it, we start by a

computation in average.
o0
E [ / / (GTJth“?’)JtW?dt} =T.
0 JA

Lemma 4.2. It holds
Proof. Recall that dwf T = frJ;dX;. With a slight abuse of notation we can write

[ [ (Or W) L, Widt
Or(k)o; (k S1 sz
— 16 sz (Zk1+k2+k3 kfo dw? (k1 )dw?7 (k) dwiT (k3)
X iy tkrtkami Jo Jo " s dwsl<k1>dw52<k2>dw33<k3>) dt
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and by Ito isometry

Zk1+k2+k3 k fo - 52 dwng(kl)dwjfZT (k2)dw§§(k3)

Yty o o o Sy dwey (ka)dwe, (ko) duw,, (ks)]

s1 ps2 07 (k1)o? (k1) 07 (ka)os, (k2) 07 (ks)os, (ks)
62k1+k2+k3 kfo 2 <k1>21 <k2>22 <k> dsidsadss

For T large enough and since o2 and 6 are positive, we have denoting ¢, = 6702

e s LIS ’“s g dndssdl

k ki+ko+ks=k
/m o} (k)

(k)2 > / " / / - 2 2’;2) <k§];§>dsld52d53dt

ki+ko+ks=k

k

Introduce the notation Z3 = {n € Z*® : n = (n1,ny,n3) withn; > 0}. Furthermore we
denote pr(k) = pr/2(k) — pr/s(k) After restricting the sum to (Z%)* we get the bound

T/2~ o (k) T/8 o2, (k1) o2, (k2) o (k3
2 f Zk: RACE Z ki,ka, ks € Z+ fT/SQfT/32fT/32 (k12 (k2> d51d52d83dt
ki+ka+ k3 =k

1 ~ T/8 (k1) o3, (k2) o3 (kS)
A ZkEZi pr(k) 22 k1, k2, ks € Z% fT/32 f 37/32 fT/32 k1 <k2> k3)2 dsidsadss
ki+ka+ks=k

Now, for large enough T' if k; + ko + k3 = k and (k;) < T/8 then (k) < T/2 x 0.9.
Furthermore if T large enough and k1, ko, k3 € Zi and ki + ko + ks = k, while (k;) >
(3T/32) x 0.9 (recall that if (k;) < (37/32) x 0.9 and s > 37/32 then o,(k1) = 0) we have
(k) > T/8. So for any k for which the integral is nonzero we have pr/2(k) — pr/s(k) =1

(recall that p = 1 on B(0,9/10) and p = 0 outside of B(0,1)). This implies

1 T/8 ]41 k
hezs A 623 3132 J3r/32 Jaryz2 (k1) 2> < 3>
ki+ks+ ks =k
1 /T/ ’ / / 03, (k2) 03, (ks)
= 7 d81d82d53
17 klak?27k33 ezt 37/32 J31/32 J3T/32 kl k?2> <k3>2
2
The upper bound < 7' it is easier to obtain, essentially as in Lemma 4.1. O

Next we upgrade this average bound to almost sure divergence of the random variable
at least as 7' ¢ for some ¢ small.

Lemma 4.3. There exists a 6y > 0 such that for any 6o > 6 > 0, there exists a sequence
(T},)n such that P — almost surely

1 [ ,
= / / (0Tn thf%‘?) JW3dt — co.
n 0 A

Proof. Define

1 o .
Gr = 17—6/ /(QTJthT’S)JthdtJF sup | Wil 1z
T 0 A t<oo
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We will show that e~¢7 — 0 in L'(PP), which implies that there exists a sub-sequence
(T,,),, such that e~%7» — 0 almost surely. From this our statement follows. By the
Boué-Dupuis formula

~logBle O] = inf B % /O h /A Or [0 (Wy + L)AL LW: + I () ]dt+

1 o0
+wmmmumw§mm+2/|mﬁm@
t<oo 0

- 1 00
L 0

veH,
1
T Z / / AiBldt

(4,7)€{0,1,2,3}2\(0,0)

1
+WMMQHWW§W~+2/|MMM%
0
viergam[ — 5/ /eTtheTv ) Widt

1
+7T1*5 Z / / AZB]dt

(4,5)€4{0,1,2,3}2\(0,0)

WV

1 1 [
+5 sup [ L(0)|[g- 12 — Csup [Willg 1o + */ Ivtllizdt}
2 t<oo t<oo 2 0

where where have used that 617J; = 0 for ¢t > T and introduced the notations, for
0<i<3,

A 4(3) 07 ([0 WP~ (0L, (v))"),

and

5= (2)H e 1m0,

Our aim now to prove that the last three terms are bounded below uniformly as 7' — oo
(while we already know that the first one diverges). For i € {1,2,3}

1AHZ2 + B2 < (O (Ie(@)ll-1/2-n + 1L ()7 + Qe (W),

by Lemmas 5.4 and 5.6. Here Q,(W) is a random variable only depending on W such
that sup, E[|Q:(W)[?] < oo for any p < co. Then

T i Di
Tll 5 Z(Z,J)e{o 1,2 3}2\7& 0) fo fA | Al B]|dt
S Tl ™= Z(m )€{1,2,3}2 fo 1431172 + ||BJ||L2dt ]
Tlﬂs Zi€{1,2,3} fo | A9 2| B || L2 dt + Tl*é Zi€{1,2,3} fo ALl 2 || B 2 dt.

Now for the first term we obtain

T i ]
E s Yipean: Jo 14il3 + 1B 13:dt]
= Bl Cigenose o ) 1H(w<w§U2mewm%+wanw}
= mE [SUPt (”It( )||<g—1/27~ +||It( )H )] T1 T1=23*
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For the second term we use that || A9 ;> < Q:(W) so

1 [T .
B | [ 1A B e
_0
1 r 1/2 2 T12 L |12
< B | [ O IANde+ [0 B
_0 0
< 1 g —1/2] 40112
S B [ @A
_O
1 T 1/2496 K 2
ga B | [ O e+ 1) s+ QW)

C C
S Tiemwl [s%p (RG] Py ||It(v)%(1)} + T

Since sup, |1 (v)[|%: < 5 llvel|22dt in total we obtain for T large enough. The third term
is estimated analogously. Then

—log E[e~“7]
> inf E LT (07 J,WIT3) J,W3dt + L_¢ sup || I¢(v)
vel, T3 Jo  Ja t t 2 T1/2-25 ) [
1 C *° C
K 2
—Ctsilolz ||Wt‘|<g,1/2,~ + (2 - T1/226> /0\ ||vt||L2dt_ T1/226:|

1 oo
> E [Tl—é/o /A(QTJthT’g)JtW?dt] —C =

K
(5—1/2-&

as claimed. O

Next we obtain an estimate which will help with the proof of the main theorem.

Lemma 4.4. We have

> 1 07,312
Egu — (O W, 7)2dt .
ke [ [ [ amornwirpu] <o

Furthermore, there exists a (deterministic) sub-sequence (T,),, such that

/ / Op, J W3 qx
0 A

Proof. Recall that under Q“ we have W; = W} + I;(u) where u is defined above by (3.3)
and Lawqu (W™) = Lawp(W). With this in mind we compute

T 1 o s T 1
T — E 42 4
/0 /A ti+o (b7 JW, ™) dt /0 /A ot vt

4,J<3

—0

1
/248

Q" almost surely.

where, as above,

%Z%ﬁMﬂWMWMWMWﬁ-

1

By Lemmas 5.4 and 5.6 we have that Equ[||A;||3.] < C so the Cauchy-Schwartz inequality
gives the result. O
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Theorem 4.5. There exists a sequence (T),),, such that, Q“-almost surely,

1
e /A (07, W '] — —o0.

/ [(0rWe)*] = / / O J, W)™ dX,.
A 0 Ja
Since dX; = d X} + u:dt we have also

Proof. We have

PR EIN

i f%o N eTthéTvstt“ + i f%o IN GTJtWtQT’gutdtug
= 1)y OTJtWtTe’ chgi 7 J° [y 00 T W T2 WP dt
— ot fo [y 0 WP T (W2 = 1) (u))dt

+ris Jo Sy 00 T W T(D) T 2[((D) AW,

The first term goes to 0 Q“-almost surely by Lemma 4.4. To analyze the third term we
estimate

i 20 [\ 0 T W{T P T (W2 = I (u))dt

s 2 [\ Or T WIT R T (W2 = 12 (u))dt

s o 100 T W2 || J (W2 = 17 (w) | ot

s Jr 220 J W 2 [ W2 oo | T ()| 2t (4.4)

1/2
T—1/2—25 (f’]Zj ||9TJthT73||%2dt>

_ T,_ u,2
)TV ([0 (W2 s | ) 22)?)

By the computation from Lemma 4.4 we have then

VAR AN/AN

1/2

T 1/2
Equ | 771272 (/ |9TJthT’3||2L2dt> -0,
T

and sup, Equ [(|[W}"?||¢-1-s/2 || I:(u)]| 12)?] < co. Therefore (4.4) converges to 0 in L*(Q).
For the fourth term we proceed in the same way:

/OOO/AHTJthT’?’Jt@Vm[[(<D>‘1/2Wt“)"ﬂdt‘

/T / OrJ W2 T (D) A [((D) 7AWy de
0 A

T
< [ 1Br B (D) (D)W e

OT
SO A P e (RS R [Pt

. T 1/2 T 1/2
< (/ t2<“><|oTthfT*3Lz>2dt> (/ t2<“>|u<<D>1/2Wt“>”n||zsdt>

which is bounded in expectation uniformly in 7', so the fourth term goes to 0 in L'(QY)
as well. It remains to analyze the second term. Again introducing the notation

A3 =4 () J0r QoW 1Orn)), W = alGr,
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we have

1 [ y
ﬁ / / 07 J,WIT3 J, W3 dt

QTJtWQT,u3JWu3dt+ Z = 5/ /AthWu3dt

1<z<3

T16

Now observe that

T 5/ /GTJWQT’USJW“:)’dtQu ~P s 5/ /GTJtWGT’ JWidt,

so the lim sup of this is co almost surely. To estimate the sum we again observe that for
i >3 Equ[||A}]|2,] < (t)~'*° and by Young’s inequality

T 3 u,d T i u,<
Jo Sy AL W dE I Ly 1AL 2 || T W3 e dt

<
r i u,
<y OO W
< Jo @14 + Jo Lo 7RIS W R adt

Taking expectation we obtain

/ /A’J, Wi-dt
0
/ / (01407 | + T1 Tis L / / )BT W | Fadt
g %/ /<t>71/3+5+%/ /<t>72/3dt—>0.
T2 Jo Ja T =0 Jo Ja

We have deduced that

1
ik

<

1 / 4 O0r,u,3 u,3
— (0T Wo)*] = / /9 JWT WP dt + Ry,
T1-6 A[[ T )l = T Ve T

where Ry — 0 in L*(Q%). We can conclude by selecting a sub-sequence (T},),, such that

1

Tn
0, ,u,3 u,3
T%,(;/O /AHTJtWtT tht dt — oo

Q"-almost surely and Rz, — 0, Q“-almost surely. O

5 Some analytic estimates

We collect in this final section various technical estimates needed to complete the
proof of Lemma 3.8.

Proposition 5.1. Let 1 < p < oo and pi1,p2,p},py > 1 such that - + - = - + - = .
1 2
Then for every s, > 0
ID)*(f9)llLe S I{DY*** fllLe2 (D)~ gllLes + (D) gl Loy DY~ £l g -
Proof. See [18]. O

Lemma 5.2. There exists ¢ > 0,n € IN such that for any § > 0 there exists C5 < oo for
which the following inequality holds for any ¢ € H'(A)

H¢|4+E CH¢| n+11/2 n+1 +§H¢HH1 + Cs.
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Proof.
[otas < 1Yol D) 260 e
< DY 20 s (DY 2| s s |12
< UDYV2| s [l 2 Bl
So

(IelE0)2/2 < (DY V26) 2208112 ||| 15+

and applying Young’s inequality with the exponents (32, 32/9,32/22), we obtain

(D) =/26 2201 6] 21 ] 1540 Cs/(D)~ 1/2¢||168/5+5||¢H16/9+6\|¢||208/55

g
< D)V20|134 + 519112 + 0|3 )21/204_0(S

and subtracting 6(||¢[|1.)2!/%° on both sides of the inequality gives the result. O

Lemma 5.3. The following estimates hold with € > 0 small enough

1 t
17e([WE] = (1 = 0T (w))lI7> < O (/O [wsll*ds + [ 7e(w)[[fy-1 /2,041 + ﬂWt2]]II%1a>

1 ! n n
VA2 o T % e ([ T lPds 4 1y e + V21

1 ¢ n n
[ HIWEL < L)l S e ( / s 12ds + 1 (w) [fy—12.000 + |uW3u||<g-1-s)
Proof. We observe that since [W?] is spectrally supported in a ball or radius ~ ¢

W1+ < O MWD -1

For the first estimate we know that (1 — ;) ;(w) is supported in an annulus of radius ~ ¢,
5o ||(1=0) It (w)| 2 < (&)~ 14| I (w)|| g1 -- and furthermore by interpolation || I;(w)||z1-- <
1L (w) || 5 1 e (w52 S ([ Ze(w) || 525 || e (w)][5,4. By definition (¢)1/2J, is a uniformly bounded
Fourier multiplier regularizing by 1, and putting everything together, by paraproduct
estimates

1Te([WE] = (1= 00) T (w))[I72

S U117 [ S e A

SO W e Vo
€22 S RO Wl )

< ([ IlPas 4 I + W)

For the second term in addition observe that the function <t>1/ 2], is spectrally supported
in an annulus of radius ~ ¢, and regularizes by 1 so again by estimates for the resonant
product

[T (W2l o L(w)llT S O NIWENNG —veoe I Te(w) |31
S O OCNIWEING - e (w) [

For the third estimate again applying paraproduct estimates and the properties of J,

e ([W2T < ()72 < (67 NIWE G- e () [
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Now, the claim follows from interpolation and Young’s inequality
ITWETI% - | T (w) 1 31—

S MW —a—e I e (w) 155 e (w) |35
< IMWENE - + Ie(w) 1 + ([ 1e(w)| 15

(e=2/7)

A

t
([ e 4 1 o+ NIV ) 0

Lemma 5.4. Let f € C ([0,00],¢~'/?7%) and g € C([0,00], H') such that f;,g; have
spectral support in a ball of radius proportional to t. There exists n € IN such that the
following estimates hold:

1T (Fegi)IFe S O 2 Fillf-1r2-s gl s,

e (feg) 72 S 732 (1l %o sams + Ngellzn + Ngellfy—1/2.0) 5
and
1 Te(g)F2 S 82 UlgelFrn + Ngellfyr—r/20)-

Proof. By the spectral properties of J;,

1T (Fegt)ITe < O 21 felZoe lgellze S (02212

(Qg—l/z—é Hgt”‘}f-

Applying Young’s inequality with exponents (%, W/El)) with n such that % <4d+e¢

where ¢ is chosen as in Lemma 5.2 we have

(&) 21 el G- /2o lgel 7o )2 (1 fell-1/2-5 + lgell75%)

<
< O (Iellg-1/2-s + 19elly—1/2m + Ngelln) -

Now the second estimate follows from chosing n large enough (depending on §) and
using Besov embedding after taking f = g. O

Lemma 5.5. The following estimates hold
O T (Wep(w) = 1 ()72 S e (w) |75 + 1 @)l 7 + IWellr/2ws

(& T (Ls(w))? = L()lge S ()15 + 11 (@) 11 /2

Proof. For the first estimate we again use the spectral properties of W, I, and J and
obtain by paraproduct estimate

1Ts(Wele(w) = I} (u)) |72 (& IWal g L) 141122 () 17

<
S OO UWG e I () a1 ()14

and the claim follows by Young’s inequality. For the second
15 (Ls (w))® = ()72 S 6> N s @) 7411 (@) 172

and the claim follows again by Young’s inequality. O

Lemma 5.6. Let f; € C ([0,00],471/27%) and g; € C([0,00], H') such that f, g: have
spectral support in a ball of radius proportional to t. Then the following estimates hold

(e (frge)llF2 S (20 £

I(Te(Fege))llze < )72 (IfellG—1=s + llgelr— + llgel7n)

z-1-ogell72
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Proof.
I(Te(fege) T2 S O3 fellioe lgellF S @ 20N fellZ-asllgell3--

This proves the first estimate. For the second we continue

& 2N SelF-a-sllgel e S O 2N -1 gl llgell s

SO (el %15 + Ngell - + Ngell3—1) - D

Lemma 5.7. It holds

T
/ / (W2 = I2(w)))? < T% (sup wcg) (sup [T, (w) 25).
0 A t t

and
T T

[ [oaw? - pyy s 7% (suput(wnzl [ hwnlBact + sup w3
0 A t 0 t

8 )
€—1-96 .

Proof. This follows in the same fashion as Lemma 5.6. O

A Besov spaces and paraproducts

In this section we will recall some well known results about Besov spaces, embeddings,
Fourier multipliers and paraproducts. The reader can find full details and proofs in [3,
16].

First recall the definition of Littlewood-Paley blocks. Let x, ¢ be smooth radial
functions R? — R such that

* suppx € B(0, R), supp ¢ C B(0,2R) \ B(0, R);

c0<x, <L x(§)+ ijo p(277¢) = 1 for any € € R%;

s supp (277 ) Nsuppp(27%) = @ if |i — j| > 1.
Introduce the notations ¢_1 = x, ¢; = ©(277.) for j > 0. For any f € .#/(A) we define
the operators A; f := ﬁgl(apj(f)f(f)), j=-—1.

Definition A.1. Let s € R,p,q € [1,0]. For a Schwarz distribution f € .'(A) define the
norm

1B, = 12718 fll£e)j=1llea

Then the space B;, , is the closure of Schwarz distributions under this norm. We denote
¢ = B~ the Besov-Holder space and H* = Bg', the Sobolev spaces.

Proposition A.2. [et1 <p; <po <ooandl1 < q; < gy < 0. Then B;hql is continuously
o)
embedded in By, ¢, 7" 7.

Proposition A.3. For any s1, s € R such that s; < sq, any p, q € [1, 0] the Besov space
B,!, is compactly embedded into B,? .

Definition A.4. Let f,g € ¥ (A). We define the paraproducts
frg:=> AifAjg, and f=<g:= > AfAjg=g> f
j<i—1 j>it+1
Moreover we introduce the resonant product
fog = Z AifAjg.
li—jI<1
Then fg=f <g+fog+f>g.
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Proposition A.5. Let « < 0,8 € R. For f,g € #(A) we have the estimates

1f = gllme-s S [l fllesllglze, 1f = glles < N llsllgllzes,
If = glle—e S [ fllesllglae, 1f = glles < I llwsllgllen-

Let a, B € R such that o + 8 > 0. Then

Ifogllmers S NFllwellgllae, Ifogllgess < N fllwsllgllee

By density the paraproduct and resonant product also extend to bilinear operators on
the respective spaces.

Proposition A.6. Let o € (0,1) 5,7 € R such that 5+ v < 0, a + §+~ > 0. Then for
f9,h € ., and for any § > 0,

[(f > g) o h = g(f o h)llgarstv—s S || Flle |l e lgllae,

I(f = g)oh—g(foh) esllgllza

Proposition A.7. Assume f € €“, g € H?,h € H" and a + 3+~ = 0. Then

eototr S flle (b

/Td[(f = g)h = (f o h)gl S I fllwllgllmallPll s

Remark A.8. Proposition A.7 is not proven in the above references but is quite easy and
the reader can fill out a proof.

Definition A.9. A smooth function n : R¢ — R is said to be an S™-multiplier if for every

multi-index « there exists a constant C,, such that
o m—|a| d
9ga ()] Se (L+(€]) ; V€ € R (A.1)

We say that a family (n,):>0 is a uniform S™-multiplier if (A.1) is satisfied for every 1,
with C,, independent of t > 0.

Proposition A.10. Let 7 be an S™-multiplier; s € R, p,q € [1,o¢], and f € B; ,(T), then

(D)l gz < 11155,

Furthermore the constant depends only on s, p, q,d and the constants C,, in (A.1).

Proposition A.11. Assume m <0, a € (0,1),3 € R. Let n be an S™-multiplier, f € €7,
g € H®. Then for any § > 0.

[nM)(f > g) = D) f = g)llma+s-m—s S fllsllglae-

Again the constant depends only on «, 3,0 and the constants in (A.1).

Proposition A.12. Let § > 0.We have for any ¢, ¢ € [1,00],q1 < ¢2

I1f1l5;

p,q2

< |1 fllBs

P.q1

< ||fHB;fg§'

Furthermore, if we denote by WP s € R,p € [1, 0] the fractional Sobolev spaces defined
by the norm || f|lws.a := ||(D)*f||«, then, for any q € [1, 0],

1£l55., < 1 fllwesss < 1] pas2s.
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