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Abstract

We consider a broad class of Approximate Message Passing (AMP) algorithms defined
as a Lipschitzian functional iteration in terms of an n x n random symmetric matrix A.
We establish universality in noise for this AMP in the n-limit and validate this behavior
in a number of AMPs popularly adapted in compressed sensing, statistical inferences,
and optimizations in spin glasses.
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1 Introduction

Motivated by the ideas from belief propagation algorithms, Approximate Message
Passing (AMP) algorithms were initially introduced in the context of compressed sensing,
see [13, 14, 15, 16]. Thereafter they have received great popularity in a number of
emerging applications in data science, statistical physics, etc. concerning the develop-
ment of efficient algorithms for some randomized estimations and optimizations with
large complexity.

One major application has been laid on the subject of matrix estimations, in which
one aims to extract the structure of a signal matrix in a randomized environment. A
popular setting is the so-called spiked model, where the data arrives as the sum of a
noise, an n x n symmetric random matrix A4,,, and the signal, an n x n symmetric low-rank
matrix 7,

A, =A,+Z,.
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Universality of approximate message passing algorithms

The goal is to recover the structure of Z,, from the realization of the matrix A,. A typical
example one considered in the literature is when A,, is the normalized Gaussian Wigner
ensemble and 7, is given by

1 T
YA ¢ £ 1.1
n=—D wr @2 (1.1)
=1
where z!,..., 2" are non-random column vectors with ||z‘||; = v/n and the parameters

Y1,-..,7% > 0 are the signal-to-noise ratios (SNR’s). In probability and statistics, this
spiked model has been intensively studied by means of the spectral method, see [2, 6,
7,9, 18, 20, 22, 32, 33]. In Bayesian optimal approach, the setting often considered
in the literature is to assume that the vectors z!,..., 2" are randomized and their i-th
marginal vectors, (z},...,2l) for 1 <i < n, are independently sampled from a given prior
distribution. It turns out that the corresponding Minimum Mean Square Error Estimator
(MMSEE), E[(z,...,2")|A,], can be connected to the Gibbs expectation of the famous
Sherrington-Kirkpatrick (SK) mean-field spin glass model arising from the statistical
physics [35]. One peculiar feature within this connection is that this model satisfies the
so-called Nishimori identity, namely, the conditional distribution of the vectors z',..., 2"
given the data A, is equal to the distribution of the vector-valued spin configuration of
the corresponding SK model. This allows one to fully understand the behavior of the
MMSEE and its phase transition in terms of SNR’s, see [3, 10, 11, 23, 24, 25, 26] for the
recent progress.

The study of the above Bayesian estimation arises a challenging computational
problem in searching for polynomial-time algorithms in simulating the MMSEE. To this
end, AMP algorithms have been widely adapted [21, 28, 29, 30, 31, 34, 37] and known to
achieve a good level of success; in some cases, it allows to obtain the Bayesian-optimal
error estimates, see [11, 12, 29]. In addition to being useful in matrix estimations, AMP
has also been applied to a number of randomized optimization problems in mean-field
spin glass models in recent years. In particular, it was shown in [17, 27] that AMP allows
to implement polynomial-time algorithms in the optimization of the SK Hamiltonian and
its variants.

In these applications, the AMP algorithm is formulated as a sequence of n-dimensional
vectors (v*]);~( of the form

k
v[k+1] = Anfk(v[k]a s ,’U[O]) - Z bk,jfjfl(v[j_l]v B U[O])7
j=1

for
1Nk n 0]
br,j = E; Pe (v,
where f;, € C*(R*!) and the two vectors fi(vlFl, ... v[%) and f;_;(vl=1, ... v[%) above
are defined coordinate-wise by v, ... 0% and vV ... 0% respectively. The key

component here is the initialization v[°!

large n limit.

When Z, is a zero matrix and the initialization vl is independent of A,,, it was known
[4, 5, 8, 19] that under mild assumptions on f;’s, this iterative algorithm converges in
the sense that for any Lipschitz function ¢ € C(R**!), almost surely,

; it influences the convergence of the AMP in the

L1 k 0
nh_>n30521¢(v1[ Lo =Eg(Vi, ..., Vo), (1.2)
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where (Vi, ..., Vo) is a centered Gaussian random vector with covariance
EVCL+1%+1 = Efa(va7 ceey W])fb(%a sy ‘/0)7 VO S a, b S k —1.

When Z,, is of the form (1.1) and the spectrum of fln exhibit the so-called Baik-Ben
Arous-Péché (BBP) phase transition [1], namely, the top eigenvalue of A, stays a gap
away from the rest of the eigenvalues and the principal eigenvector is correlated to
the prior, a recent paper [29] further showed that an analogous convergence remains
valid when the AMP is initialized by the principal eigenvector, see Example 2.8 below.
The typical way to use AMP is to select the functions ¢, f, ..., fo properly (usually are
smooth and with bounded derivatives) so that the limit (1.2) converges to the desired
quantities of interest by adjusting the number of iteration %, see, e.g., [15, 27, 29].

While the above convergences were known to be true when A,, is Gaussian, in this
work we investigate their validity under general randomness. When the signal matrix
is not presented, i.e., Z, = 0 (or equivalently, 4, = A4,,) and ul? is independent of A4,
this question was answered earlier in the work [4], in which they showed that if the
evolution functions fx, ..., fo of the AMP are polynomials, then the AMP converges to the
same limit of (1.2) independent of the choice of the randomness on A,,. In our setting,
we consider a generalized AMP with Lipschitz evolution functions and let it iterate in
the presence of the signal matrix. Our first main result validates the universality of
the AMP. As a consequence, this implies that the universality established in [4] also
holds for Lipschitz functions and under the presence of the signal matrix Z,,. (We note
here that the work in [4] can be actually extended to Lipschitz evolution functions by
[4, Proposition 6] and its proof, but only when Z,, = 0.) Furthermore, we show that
universality of AMP with spectral initialization remains valid when the system exhibits
the BBP phase transition.

Our approach is based on a Gaussian interpolation argument. In doing so, the central
ingredient relies on a novel control on the moments of the partial derivatives of the
AMP orbit with respect to the entries of the noise matrix A,,. While our argument are
formulated for the purpose of this paper, the same strategy is expected to be applicable
in more general settings.

2 Main results

We begin with some notations. For any column vectors «°,u',...,u* € R” and a
function f : R¥*! — R, we define f(u*,u*~1 ... u%) as a column vector by
ko k—1 0 ko k—1 0
fu™ o wd), = flud,ul ™).

Forz,y € R", set ||zl = (31 1‘2)1/2 and (z,y) = >_;_, z;y;- Let M,,(R) be the collection

=11

of all n x n real-valued symmetric matrices. For X, Z € M, (R), denote

X

X, = —

Vn

and X P
X, =2

\/ﬁ+n

The generalized approximate message passing is formulated as follows.

Definition 2.1. Let u/¥ : M, (R) — R" be a measurable function. For any k > 0, let
Fy, € C(R¥*1) be Lipschitz. The generalized AMP orbit corresponding to (X, Z), (Fy.)r>o,
and ul" is the sequence of vector-valued functions u*! : M, (R) — R" for k > 0 defined
iteratively by

uF (X)) = Fu(Xpul (X)), ul 1 (X)), w2 (X)), ul (X))
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We now specify the randomness on X, Z, and u° Let o > 0 be fixed. For any n > 1,
let u’ = (u);c[,) be an n-dimensional random vector and Z = (z;i/); i7c[n) be an n x n
random symmetric matrix. Assume that there exists a constant C(o) > 0 such that
(A

Ui ), max Eexp('z: |)) < C(o). 2.1)

o i,i’€[n]

0|2
sup(Eexp(”u ”2> maerxp(

n>1 on i€[n]

Suppose that A = (aii’)i,i’e[n] is an n x n random symmetric matrix, whose upper trian-
gular entries are independent with zero mean and unit variance and are o-subgaussian,
e., Berai < eA0%/2 for all A € R.

We further assume that A is independent of «° and Z, but allow «° and Z to be
dependent on each other. An important example of A is when the entries a;;:’s are
standard normal. In this case, we denote A by G and we call Definition 2.1 associated to
X = G a Gaussian AMP. Our main result shows that if we initialize u[”)(X) = u, then the
AMP corresponding to any A is essentially the same as the Gaussian AMP.

Theorem 2.2. Let ul’)(X) = u°. For any k > 0 and Lipschitz function ¢ on RF*!, we
have that in probability

nhango‘(bkm(A) - (I)k,n(G” =0,

where
Ppn(X) =~ > oul(X),..., Wl (X)), X € My(R). 2.2)

Next we introduce the AMP used in the matrix estimation and some optimization
problems in mean-field spin glasses.

Definition 2.3. Let f_ | = 0. For k > 0, assume that f;, € C'(R**!) is Lipschitz and
its first-order partial derivatives are also Lipschitz. Let X € M,(R). Starting from an
initialization v/ (X), define the AMP orbit for k > 0 iteratively by

VX)) = X fr(0(X), ol (X Zbk,] )iV, (x0), 2.3)

where

L~ Of o [0]
by (X)) = *E _ (X)), (X)),
k»J( ) n — a’ul[']]( )(Uz ( )’ 7Uz ( ))

Note that Definition 2.3 is not a direct example of the generalized AMP in Definition
2.1 due to the term b; ;(X). Nevertheless, since by ;j(X) is an average of the partial
derivatives, this quantity is essentially indistinguishable between different randomness
and this allows us to establish the following universality.

Theorem 2.4. Let v[%(X) = u°. For any k > 0, if ¢ is Lipschitz on R**!, then in
probability,
lim ’¢k n( ) ¢k:,n(G)’ =0,

n—oo

where

n

Ben(X) = = S0 (X), 0 (X)), X € My(R).

i=1
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Remark 2.5. As pointed out in the introduction, it was known [4, 5, 8, 19] that if Z = 0,
the Gaussian AMP in Definition 2.3 converges, see (1.2). If fy, ..., fr are polynomials and
Z =0, it was further understood in [4] that this convergence is independent of the choice
of the randomness of A. Theorem 2.4 here extends this universality to Lipschitz functions
and in the presence of Z. We refer the reader to check [17, 27] for the universality of this
AMP in the optimization of the Hamiltonian of the SK and related models. We mention
that while our extension here allows to achieve the same result in [27], the work [27]
adapted [4] directly with a truncation argument.

Example 2.6. For v > 0,set Z = ’yuo ® uY. In this case, An is a rank-one spiked matrix,

A A u® @ ud

A, =
\/EJHy n

In matrix estimation, one would like to recover the vector «° from the realization of An.
When A = G, the MMSEE, E[u0|/1n], is popularly adapted for this purpose and it can be
simulated via the AMP in Definition 2.3 with specifically chosen functions f;’s, see, e.qg.,
[11]. Theorem 2.4 here indicates that in a non-Gaussian noise environment, the AMP in
Definition 2.3 still allows to implement the same simulation for u° as the the Gaussian
AMP.

Recall that the initialization «° and the signal matrix Z are assumed to be independent
of the noise. In Example 2.6, since the MMSEE is a measurable function of the spiked
matrix An, it is often more desirable that the initialization depends on An, as it should
provide a better estimate for the MMSEE. When A = G, an attempt along this line has
been successfully carried out in [29]. Our last main result addresses universality towards
this direction. For any X € M, (R), denote by Al(Xn) > )\Q(Xn) > > )\n(X'n) the
eigenvalues of X,, and by ¢! (X,,) the top eigenvector of X,, with [|¢)'(X,,)||2 = v/7. Set

P(X) = sign(($(X,), u®)) P (Xn) (2.4)

whenever (¢!(X,,),u°) # 0. Note that although there are two possible choices of ¢ (X,,)
up to a sign, the definition ¢/(X) here is not influenced by this difference.

Theorem 2.7. Assume that

liminf A (G,) > max (lim sup réleagn|)\g(én)|7 1),

n—0o0 n—00

o A . . (2.5)
l%rgl(gf A(An) > max(hrrln%sotip 221422(”‘)\4(An)|7 1),
and
hminflmin(|<¢1(én),u0> @t (An),u%)]) > 0. (2.6)

n—,oo M

Consider the AMP orbit (v!Y)y<,<) defined in Definition 2.3. Let vl°(X) = ¢(X). If
¢ € C(R*+1) is Lipschitz, then in probability,

lim |¢k,n(A) — ¢k,n(G)| = 0

n—oo

The assumptions (2.5) and (2.6) say that the top eigenvalue stays a gap away from
the rest of the eigenvalues and the principal eigenvector is correlated to the prior vector
u?. These behaviors are not only required in our proofs for technical purposes, but also
appear to be quite typical in the BBP phase transition, see the following example.

Example 2.8. Recall A,, from Example 2.6. Let u® = (u9,...,u?) for u?, ... u° i,

'
where w is a centered random variable with compact support and unit variance. Recall
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from [6] that the BBP transition point is equal to 1: If v < 1,

lim Al(én) =2, a.s.,

n—oo

RETR (2.7)

nlgr;o H<¢ (Gn),u >: 0, a.s.;
ify>1,

lim A\ (Gp) =7+~ >2, as.,

n—oo
1 A (2.8)

lim E<1/)1(Gn),u0> =v1-79"2>0, as..

These imply that the spectral method can be used to gain useful information about «°
only if the SNR exceeds the critical threshold, i.e., v > 1, as in this case the principal
eigenvector is positively correlated to ©°. In [29], the convergence of AMP in Definition
2.1 initialized by the top eigenvector was investigated, which states that again when
v>1,

1
lim —
n—oo n

3 o(w(G), ul(G)) = B (w, prw + oxg). (2.9)
=1

Here, starting from p9 = /1 —~2 and 0g = 1/7, (pr)x>1 and (o )x>1 are defined through

tet1 = YE[w fr(prw + org)],
0—]%+1 = ]E[fk:(/j/kw + ng)2]7

where g ~ N(0,1) is independent of w. Note that G, is a perturbation of G, by a
rank-one matrix. The eigenvalue interlacing property implies that for any small § > 0,
asymptotically

V2= 8 < M(Gr) < Xi(G) < M(Gn) < V246

for all 2 <i < n, where \1(G,) and X\, (G,,) are the largest and smallest eigenvalues of
G, respectively. Note that this inequality, (2.7), and (2.8) are also valid for A. Hence,
the assumptions of (2.5) and (2.6) are valid and as a result, the convergence of (2.9) is
universal in probability.

Remark 2.9. In Theorems 2.2, 2.4 and 2.7, although we assume that ¢ is Lipschitz, these
theorems indeed also hold for polynomial ¢ (this is particularly relevant for applications
in statistics when considering square losses). This essentially follows from a truncation
argument along with the moment bound of ||u[*/(A)||, in Proposition 5.4.

Our approach to proving Theorem 2.2 is to match the first and second moments of
®;, , between A and G, respectively. To this end, we define a Gaussian interpolation
X = A(t) := VtA++/1T—1tG for 0 < t < 1 and control the t-derivatives of E®; ,,(A(t)) and
E®y, . (A(t))?. The hope is that if the total number of the terms as well as their orders
appearing in these derivatives are small enough, then we anticipate that an application
of the approximate Gaussian integration by parts would make the derivatives small.
However, due to the iteration of the AMP, these derivatives involve highly complicated
Hadamard products of a large number of column vectors in terms of the higher order
partial derivatives of ul/(X) and X,,ul’(X). As a result, the control of their p-th moments
are extremely delicate, especially for those of X, uld (X). The novelty of our analysis
adapts a Taylor expansion of the derivatives up to the p-th order, which allows us to
extract the dependence of the ¢-th row of X out of the derivatives. This combining with
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a subtle moment computation in this expansion perfectly cancels out the majority of the
smaller order terms and yields the following moment controls (see Proposition 5.4 and
Lemma 5.5) that for any p > 1, there exists a universal constant C' > 0 such that for any
collection P of variables z;;- for 4,7’ € [n] counting multiplicities with |P| = m, we have

1/p C

(K¢ A). P _—

ffgf&% <E‘apu ()] ) =
UNEr

= nm/Qv

sup sup (IE|8P (/Alu[k] (A))l
n>24€(n]
where Op is the partial derivatives with respect to the variables in P. Using the Markov
inequality and the union bound, these yield a uniform control on the derivatives that for
any P with |[P| = m and § > 0, with probability at least 1 — Cn9,
1
max|8pu[k](A)i| <

i€[n] B n%_‘;_% ’

. 1
max| O (Aul(4)) | < s

Once Theorem 2.2 is established, the proof of Theorem 2.4 follows essentially by a
special choice of the functions Fy, ..., Fi,.... Although the term b ;(X) in (2.3) relies
on all coordinates, its form averages out the partial derivatives and consequently, by ;(A)
and by, ;(G) are asymptotically equal in probability, which is already enough to establish
Theorem 2.4 following an induction argument. Lastly to show Theorem 2.7, recall that
while both AMP’s in Theorems 2.4 and 2.7 share the same iteration procedure, their
initializations are of different kind; the former is initialized independent of A,,, but the
latter adapts the principal eigenvector of A,,. We show that this eigenvector can be
approximated very well by the power method (see Lemma 8.1). In view of this method, it
is essentially a special case of our generalized AMP with the choice Fy(zg,...,20) = ank
and an analogous argument as that for Theorem 2.4 allows to establish Theorem 2.7. One
technicality here is that in order to guarantee the convergence of the power method, one
would have to choose the initialization carefully and ensure that the principle eigenvalue
of A, is well-separated from the other eigenvalues. This explains why the assumptions
(2.5) and (2.6) need to be in position.

We mention that our approach can also be extended to prove universality for a
number of different settings of the AMPs, such as for the high-dimensional version of
the AMP in [19] and for the signal recovery in the square/rectangular spiked matrices
via the AMP initialized by top eigenvectors/singular vectors [29], whose corresponding
eigenvalues/singular values exhibit the BBP phase transition. It is plausible that they
can be obtained from our approach. We do not pursue these directions here.

The rest of the paper is organized as follows. Sections 3-6 are the preparation for the
proof of Theorem 2.2. Section 3 establishes a Gaussian concentration inequality for the
function @, ,(X) as well as a number of prior controls on the AMP orbit. In Section 4, we
show that in proving Theorem 2.2, it suffices to assume that ¢ and F}’s are smooth with
uniformly bounded derivatives. Section 5 provides the main estimates on the moments of
the derivatives of the AMP orbits. In Section 6, we carry out our interpolation argument
and present the proof of Theorem 2.2. The proofs of Theorems 2.4 and 2.7 are provided
in Sections 7 and 8, respectively. Finally, the Appendix gathers error estimates of some
approximate Gaussian integration by parts.

3 Lipschitz property and concentration inequality

Consider the AMP in Definition 2.1 with initialization «/”(X) = u°. In this section, we
establish a Lipschitz property for this AMP and a concentration inequality for @ ,,(G).
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These will be used later in the proof of Theorem 2.2. Recall that the functions Fj in
Definition 2.1 are Lipschitz. Let 7 be the Lipschitz constant of Fy. For any X € M, (R),
denote by || X||2 the {5 — f5 operator norm of X.

Proposition 3.1. If $ ¢ C(R**!) is Lipschitz with Lipschitz constant n > 0, then we
have that

0] K
B (X) — B (V)] < ] X — Yoo (P2 1) S0, )000)
=1

NG
W0 (X)) — 4,0 k
i a0 - °<Y>||2;@£(Y

where

N k
Ap(X) =25 (o + - + e ) (1 Kullz + 1)+ [Fo(O)] + -+ +|Fea (0)[ +1) 3.1)
and
Or(Y) = (1 + |[Vaull2) max(no, - ., 1) +2)". (3.2)

This proposition says that the AMP orbits behave stably subject to a small perturbation
to the matrix X and the initialization. From this, we show that the Gaussian AMP is
concentrated.

Theorem 3.2. Let ul’)(X) = u°. For any k > 0, if ¢ € C(R**+') is Lipschitz, then

lim |y, (G) — By, (G)|* =0,

n—oo

where E is the expectation conditionally on v° and Z.

For the rest of this section, we establish these results.

3.1 Proof of Proposition 3.1

The proof of this proposition relies on two lemmas on the boundedness and the
Lipschitz property of the vector ul*] (X) following an iterative argument.

Lemma 3.3. Forevery k > 1,

™ (X))o < Ap(X)([[u(X) |2 + Vn), (3.3)
where Ay (X) is defined in (3.1).

Proof. Write

[« (XI5 = ZFE (XX, ul2(X), (X)),
Using the Lipschitz property of F;_; and the trivial bound (a + b)? < 4(a? + b?) yields
4] 2 - o o] 2 S [r] 2\ /2 2
113 < S (mer (1Kl (0 + > () )+ IF )
i=1

§4Z(77§—1|Xnu[e N0 + - 1Z|U[7 )1+ Fr—1(0) >

i=1

= dnp_y | Xl (XI5 + 47— 12”““ )| + 4nFy_1(0)*

EJP 26 (2021), paper 36. https://www.imstat.org/ejp
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so that from the Minkowski inequality,

[ul(X) 12 < 2001 | X l2llul= (X)) |2 + 270 1Z||U[T] )2+ 20'/?|F;_1(0)]

(Z (X))o +n'72),

where
C =200+ -+ 1) ([ Xnll2 + 1) + 2(Fo(0)] + - - + [Fi1(0)]).

If we let t; := ||ul(X)|| + n'/? and C’ := 1 + C, then the above inequality implies that

Using induction yields that
te < C'(14 0Ny, V1 <0<k,
which implies that for A, (X) := (1 + C")* = (2 + O)*,
[ ()2 < C'(1+ €Y ([a (X)) |2 + Vi) < Ap(X)(|u(X)]lz + V)
and this completes our proof. a

Lemma 3.4. For any X,Y € M,(R),

[ul (X) — ulM (V) ]|z < O(Y) Ae(X)]| X0 = Yall2(Jul(X) |2 + v/)
+ 0, (V)|[ull(X) = ) (Y)]l2,

where Ay (X) is defined in (3.2).

Proof. From the Lipschitz property of F,_1,

X))z < e (1Kl (X) = Vol |\2+Z|\u[' —ull(¥)]2).

Here, forany 1 < /¢ < k,

I u D) = VoI 2 < D0 |21 X0 — Yall2
+ Va2 0 () =0 2.

If we let
C= (1 =+ ||Y’VLH2) maX(WO» ) nk—l)a
D = || Xy, = Yyllo max([ul (X) |2, ..., [ul=H(X)]12),
then
-1
() = ¥ lo < C(D+ 3l (X) = a1 (1)]l2).
r=0
EJP 26 (2021), paper 36. https://www.imstat.org/ejp
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If we let
te == D + |JulN(X) — ul(V)]]2,
then for C' :=C +1,
{—1
t<C'y tp, 1<L<k

r=0

and by induction, t, < C’(1 + C")*~'ty. Consequently, for ©,(Y) := (1 + C")¥,
[ul(X) = ul (V)2 < C"(1+ ") Mg < O1(Y )t
and this completes our proof by noting that
D < |1 Xp = Yo 2 (el (X) |12 + V) Ap 1 (X) < [1X5 = Yo 2 ([0l (X) [l + vR)AR(X). O

Proof of Proposition 3.1. From the Lipschitz property of ¢ and Lemmas 3.3 and 3.4,
our assertion follows immediately. a

3.2 Some prior bounds

Lemma 3.5. For any integer p > 1, we have that

E 0P p
aup(EILCIE EAZI
n>1

np/2 ’ npb

El| A5, B A, 13) < oo.

Proof. Note that z2? < p!e’62 and |z|P < plel*l. The inequality (2.1) implies that

E[«°|5 057\ 1/2 0|2
p < sup(ET) < sup \/ploPEellv’lz/on < /plorC (o).
n>1 n

n>1 np/Q n>1

Next, note that the operator norm is no larger than the Frobenius norm. This and the
Jensen inequality lead to

E|Z]|5 Yoy |z |\ p/2 EY V. |z P
sup || ||2 < SupE(ZZ”L _12| i | ) < sup Ez,z _21 | i |
n>1 np n>1 n n>1 n

< p!ap n E v < pl pC( )
sup —5— E e’ Hoa o).
o nzli TL2 =P

i,i'=1

Finally, since the entries of A are independent o-subgaussian with zero mean, it is
well-known (see, for instance, Corollary 4.4.8 in [36]) that sup,,>; [ 4,[|4 < cc. Putting

these bounds together yields the uniform integrability of || A, ||> and this completes our
proof. a

Lemma 3.6. For any k > 0, we have that

(Kl A 4
supE(M) < 00 (3.4)
n>1 \/ﬁ
and if € C(R**') is Lipschitz,
sup B| @y, ,,(A)[* < o0. (3.5)
n>1
Proof. The proof follows directly from Lemmas 3.3 and 3.5. a
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3.3 Proof of Theorem 3.2
First of all, we establish a Gaussian concentration inequality for the functional ® ,,.

Lemma 3.7. Let ul”(X) = «°. For any k > 0, if ¢ € C(R**') is Lipschitz, then there
exists a constant c > 0 such that for every ¢t > 0,

P(|®,0(G) — E[@4,(G)]| > t — (R, + 1)e™/¢) < ce /() | gemn/e

where P and E are the probability and expectation conditionally on v° and Z, and

O G fl) (14 120" 3.6)

Proof. From ul%(X) = ul%(Y) = u® and || X,,||2 < || X,.||2+ ] Z]||2/n, Proposition 3.1 implies

k ¢ ¢
(@ (X) = @pn (V)] < 0l X = Yalla 30 (14 1 Xull2) (14 [Vallz) -

where €, is defined in (3.6) and ¢ is a constant independent of n. Observe that for any
M > 0,if | X, |2, || Yall2 < M, then

k
Bpn(X) < (V) + oI X0 = Yalla A (2M)) D (1 + [ Xl A M) (L + [|Yall2)).
{=1

This implies that if

T(X) = inf (‘bnY Q1 X = Yaull2 A (2M
X0 Y M (RO Yo 2 <M k(YY) + ol (] 2 A (2M))

k

A Xl A MY+ 1Ya]l2)))),
(=1

then T'(X) > @ ,(X) if || X, |2 < M and consequently, T'(X) = &, (X) if || X, |]2 < M.
Next, note that for any Y,, € M, (R) with ||Y, ]| < M and X, X’ € M, (R),

1 X0 = Yallz A (2M) < (| X5 — X312 + [ X5, = Yall2) A (2M)
<X = Xpll2 A (2M) + [1X5, = Yall2 A (2M)
< X = Xpll2 + X5, = Yall2 A (2M)

and

(14 [ Xnlla A M) < (141X = Xpll2 A M + 11X A M)
14
‘ .
= A D + 3 (1) (15— Xl A )" (141X A A1)
a=1

14
L
< X A0+ 3 (1)1 - Xalladr® 1 )
a=1
N
= (1+[|X |l A M)+ ||X,, — X! M Y14 M)~
(U X AD 41X = X Y ()=t )

a=1

From these and noting that the ¢5-operator norm of a matrix is less than its Frobenius
norm, we see that T'(X) is Lipschitz with respect to the Frobenius norm with Lipschitz

EJP 26 (2021), paper 36. https://www.imstat.org/ejp
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constant len/nl/2 for some constant ¢; independent of n. Hence, the usual Gaussian
concentration inequality for Lipschitz functions implies that

P(|T(G) - E[T(GQ)]| > t) < 2¢ /(™) "y > .
Now note that as long as we fix M large enough at the beginning,

P(|T(G) — ET(G)| > t) > P(|®),(G) — ET(G)| > ¢, |Gy 2 < M)
(1,0 (G) = ET(G)] > t) = P(|Gnll2 > M)
P(|®) ., (G) — ET(G)| > t) — coe "(M—ea)*/e2

vV
=

v

where the last inequality used the well-known bound that the largest eigenvalue of
G is concentrated around its mean with exponential tail bound, which follows by the
Borell-TIS inequality and cs, c3 are two constants independent of n and M. On the other
hand,

ET(G)

E[®4 ,(G); |Gulla < M)+ E[T(G); [|Gnll2 > M]
E[®4n(G)] + E[~ @40 (G) + T(G); | Gnll2 > M].

Here,
- o 1/2 1/2
[E[~®4,n(G) + T(G); | Gnlla > M]| < (E(|@kn(G)| +[T(G))?) " "P(|Gnll2 > M)
<cy (Q +1) —n(M—c3)?/2ca
for some c, independent of n and M. From these,
P(|Phn(G) — BE[®pn(G)]| >t — ca(Q + 1) M —ea)?/262)
< 2% —nt?/(4c12Q2 )+C2€ (Mfcg)z/c;).
This completes our proof. ad

Proof of Theorem 3.2. From Lemmas 3.5 and 3.7 and the Markov inequality, in proba-
bility P,

lim |®4,,(G) — E[@4,,(G)]| = 0.

n— oo

In addition, from

1/4 1/4

(| (G)~Bl@r 0 (G)]] 1) < (BOsn()) "+ (B(B[@r () ) ! <2(Bk 0 (G)1),

the uniform upper bound (3.5) gives

sup (B| B (G) — B[d ()] ) < o0.

n>1

Hence, the assertion follows. O

4 Smooth approximation

Recall that the functions Fj in Definition 2.1 and ¢ in Theorem 2.2 are Lipschitz.
In this section, we show that to prove Theorem 2.2, it suffices to assume that these
functions are smooth and their derivatives of any nonzero orders are uniformly bounded.
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Proposition 4.1. For any k > 0, there exists a constant C' independent of n such that for
any e > 0, there exist some functions ¢ € C>°(R*¥*1) and F;, € C®°(R“*?!) for0 </ <k —1,
whose partial derivatives of any nonzero orders are uniformly bounded such that

|Phn(X) = Prn(X)] < 2C D || Xnlls, (4.1)

where

:

- 1 & _
By n (X fz (@M (x), a" M (x),... d%x)

and al*! is the k-th AMP orbit in Definition 2.2 associated to the functions Fy, ..., Fj,_;
and the initial condition % (X) = ul?(X).

Proof. Denote by 7, the Lipschitz constant of F;. Let ¢ > 0 be fixed. Assume that
¢ € C*(R*) is a mollifier with ¢, > 0 and J ¢¢dz = 1 and it is supported on the unit
ball {x € R : ||z||2 < 1}. Define (o (z) = e~ “HV¢(z/e). Set

Fro(z)=Fy* ez /Qs z —y)Fe(y)dy.
Note that for any ¢ > 0 and = € R‘*!,
Fu(e) = Fu(o) = | [ Gl)(Fea - 22) - Fu@))dz] < mee [ Nelage(z)az < mie

for some constant 7, > 0. In addition, for any index a = (ay, ..., ag) € ({0} UN)**! with
la] == Zf:o a, > 1, if a,, > 1 for some 0 < ry < ¢, then

eltlal

_ 1 / — /
0 Fiw) = ey [ 07 6(F2) 00, Frlwydy = 1711 [ 996210, Fulo — <)

where
r_
o = (e Qg1 Qg — 1, g1, ., Q).

Since F}, is Lipschitz and (, is supported on the unit ball, it follows that the par-
tial derivatives of all nonzero orders of F; are uniformly bounded. In particular,
sup, |[VF(z)|2 < 7/, independent of . Let n = maXlngg{n;-, 77;-’}. To show (4.1), note
that

JuléH ) — a1, < (Rl w0l - Fy(X,ald alet gl

( ][
< PRl ul= 1l — Fy(

(

1

I[P

+||Fg Xnu[],u[efl],...,u[o])— (X il L ,...,ﬂ[o])Hz

< e+ (| Knlla 6 = alf o + 3 flul) - al)).

r=0
Since @l% = «[, an induction argument implies that
[ul(X) — a1 (X)[ls <eC (1 Xalld, (4.2)
=0

where C is a constant depending only on ¢ and 7. Finally, by the same argument, for any
e > 0, there exists a ¢ € C>°(R**!) with uniformly bounded partial derivatives of any
nonzero orders such that ||¢ — @||o. < . From (4.2) and the Lipschitz property of ¢, our
proof is completed. a
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5 Bounding the derivatives

We establish uniform moment controls on the partial derivatives of the generalized
AMP orbit in Definition 2.1. For ¢ > 0, recall the random vector «° and the random
matrix Z from (2.1). Let G, (o) be the collection of n x n symmetric random matrices
A = (aiir)i,ire[n), Whose entries are centered independent and each of them are o'-
subgaussian for some 0 < ¢’ < o. We also assume that G, (o) is independent of u? and
Z.

For any m € NN, denote by [m] = {1,...,m}. For any n > 2, let 7,, be the collection
of all sequences (i, i..),>1 C [n]? with i, < i, for all » > 1. Let P be an arbitrary finite
subset of N and let m = |P|. For h € C"(M,,(R)) and (i,,i,),>1 € T, denote by

Oph(X)eR

the partial derivative of » with respect to the variables z; ; for all » € P counting
multiplicities. For a vector-valued function H = (hq, ..., hy,) for hy,..., h, € C"(M,(R)),
we also set the partial derivative of H by

8PH(X) = (8ph1(X)7 . ,aphn(X)) e R"

and denote

For any n > 2 and m > 0, denote by B,,(m) the collection of all
(P, (irv i;)erv A, Z)

for P C N with |P| = m, (ir,7,) € Tn, A € G,(0), and ¢ € [n]. The following is our main
estimate.

Proposition 5.1. Consider the AMP orbit (u/*l(X));>0 in Definition 2.1 with ul®(X) = u°.
Assume that the functions Fj, in Definition 2.1 satisfy the following assumption:

Fy, € C=(R**!) and its partial deriatives of all nonzero orders are uniformly bounded.
(5.1)

Letk>0,p>1,and m > 0. Let U € C®(R**+1), Assume that its partial derivatives
of nonzero orders are uniformly bounded. Define a vector-valued random function on
M, (R) by

UX) =UXuf(X), ..., Xou(X), w1 (X),...,u(X)) e R".

There exists a universal constant F,TCJP m such that

FU
sup (E|8pU(A)i|p) Ve o Zkpm Vn > 2.

By (m) - nm/2 s

As we shall see, this bound will be used to control the Gaussian interpolation between
the first two moments of ®;, ,(A) and @, ,,(G). For the rest of this section, we establish
this proposition in three subsections. First of all, we derive explicit formulas for the
derivatives of the AMP orbit. Next, we show that Proposition 5.1 is valid if U depends
only on the marginal variables. The general case is treated in the last subsection.
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5.1 Some auxiliary lemmas
Let k > 0 and m > 1 be fixed. Let vy, ...,vx € C™(M,(R)) and F € C™(R**+1). Set

V(X) = F(uop(X),...,v0(X)) € R, VX € M,(R).

Let (ir,4,.)r>1 € Tn. Let P be a finite subset of IN with |P| = m. Forany 1 < r < m, set
J-(k) ={0,...,k}" and set P,(P) the collection of all partitions P = {Py,...,P.} of P
into r nonempty subsets. For J = (j1,...,J.) € J-(k), set

aJF(yk7"'7y0) 8 UJIF(yk7'-'7y0)~

Lemma 5.2. We have that

opV = Z Z Z (9JF ’Uk,...,vo)apl’l)jl ~-~8p,,,vj7,

1<r<m JeJ, (k) PEP,(P)

Proof. We argue by induction on the size of the set P. The case |P| = 1 is obvious.
Suppose that the conclusion holds for some m > 1 and all P C IN with |P| = m. Without
loss of generality, it suffices to show that the conclusion holds for P = [m + 1]. From
induction hypothesis, we compute directly to get

1)V = 041y (Fpm)V) = Z Z Z (aJFa{mH}(aPl vj, O, vj,)
1<r<m JeJ, (k) PEP,(Im])

k
+ (Z 8]‘“]F3{m+1}’0j)3p1vj1 cee apTUjT).
=0
To handle the first summation, note that

T

a{m+1} (aPI Ujy =0 aPTUjT) :Z(apl vjl) e (aPS—llUjs—l)(8{m+1}UP3vjs)(aps+1vjs+1) e (aPTUjT)’

s=1

which implies that

Z Z Z a‘]F’a{m-%—l} (6P1Uj1 T aprvjr)

1<r<m JeJ, (k) PEP,([m])

Z Z Z 8JF(8p1 Vjy * 8prvj7,).

1<r<m JeJr(k) PEP,(Im+1]):{m+1}¢P

(5.2)

On the other hand, since

k
(Z aj”]F@{m_,_l}’Uj)@pl’Ujl (913 V5, = Z a%-%-l JFaplvﬁ ~6pijra{m+1}’Ujr+1,

j=0 Jr+1=0
it follows that

k
Z Z Z (Z ]JFa{m+1}U]>aplv]1 . -aprvjr

1<r<m JeJ, (k) PEP-(m]) =0

Z Z Z aJFaPl Ujy - aPr+1UjT+1'

1<r<m JeJr41(k) PEPr41([m+1]):{m+1}eP

EJP 26 (2021), paper 36. https://www.imstat.org/ejp
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To simplify this summation, we write

Z Z Z aJFaPl Ujy =t 8Pr'+lvj1'+1

1<r<m J€T,11(k) PEPr 41 (fm+1]):{m+1}P

= Z Z Z 8JF6P1 Vjy = aprvjr

2<r<m+1 JeJ, (k) PEP,(Im+1]):{m+1}eP

= Z Z Z 8JF(9P1 Vjy = 6p7‘vjr

1<r<m JeJ,(k) PEP,(Im+1]):{m+1}eP

+ Z Z 8JP’aPl Ujy - 6Pnz+lvjnz+l7

JETm+1(k) PEPmi1([m+1])

where in the first equality we changed the variable r+1 — r, while in the second equality
we divide 2 < r <m+1into2 <r < m and r = m + 1 and use the observation that
P1([m + 1]) contains no element P so that {m + 1} € P. Combining this summation with
(5.2) yields the desired formula. O

Lemma 5.3. For any H = (hy,...,hy) for hy,..., h, € C"™(M,(R)), we have that
N 1 N
Op(XnH(X)) = 7 > Eop\(yH(X) + X, 0pH(X),
rcP

where E, € M,(R), whose entries are equal to 1 at (i,,i,) and (i.,i,) and are zero
otherwise.

Proof. 1t suffices to assume that P = [m]. If m = 1, then (1) (X, H(X)) = n~ /2B, H(X)+
Xna{l}H (X). Assume that the assertion is valid for m > 1. Then

N 1 N
8[m+1} (X.,LH(X)) = 3{m+1} (% Z Era[m]\{T}H(X) + Xnﬁ[m]H(X))
re[m]

> B (b H (X) + Oy (X H (X))

re[m]

1
n

1 .
= Z ET‘a[‘H’L-l‘l]\{T}H(X) + Xna['rn-‘rl]H(X)'

re[m+1] 0

Bl

Bl

5.2 Moment control

The most crucial ingredient of this paper lies on the following proposition, which
establishes two special cases of Proposition 5.1.

Proposition 5.4. Consider the AMP orbits in Definition 2.1 with the initialization
ul”(X) = u® and assume that (Fy)x>o satisfies (5.1). For any k >0, p > 1, and m > 0,
there exist constants 'y, , ,, and I'; , . such that for any n > 2,

r
Bs?g)(]E‘apu[k](AMp)l/pS Lo (5.3)
and
A o Do
S (E|op (A,ulf(4)) |P)? < % (5.4)

Proof. We argue by induction on k£ > 0. First assume that k = 0. We aim to show that (5.3)
and (5.4) are valid for all p > 1 and m > 0. For any P with |P| = m, since dpul’(X) = u°

EJP 26 (2021), paper 36. https://www.imstat.org/ejp
Page 16/44


https://doi.org/10.1214/21-EJP604
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Universality of approximate message passing algorithms

if m = 0 and dpull(X) = 0 if m > 1, (2.1) obviously implies (5.3). To show (5.4), note
that for any P with |P| =m

X, ul, if m =0,
Op(Xpull(X)) = —=E’, ifm=1and P = {r} for somer > 1,
0 ifm > 2,

where E, € M, (R) is equal to 1 on the entries (i,,i,) and (i,.,i,) and is zero elsewhere.
To control the first case, note that " is independent of A and the entries in A are
independent. From the subgaussianity of a;; and (2.1), there exist positive constants
A(o) and D(o) such that for any n > 1 and A € [-A(0), A(0)],

B T i) < BeXo I /2n < RAEo I /2n < (o).

Consequently, from 2% < (2p)! cosh r and the Jensen inequality,

i1 @4 P _ /(2p)!D(0)
NG Aoy

On the other hand, the Cauchy-Schwarz and Jensen inequalities imply that
P/Q(Iluollz)p
vn

P)W (E(Iluo||%>P>1/2

n

2P
(E’ j=1%ij ’)1/2(E(Iluo||§)p)1/2 < D'(0),
n

where D’(0) is a constant independent of n and is guaranteed by the moment assumption
(2.1). Combining these two inequalities validates (5.4) for (k,p,m) = (0, p, 0). In the
second case, since E,u° has only two nonzero entries and they are uo and !, i the bound
(2.1) implies (5.4) for (k,p,m) = (0,p,1). The third case is evident. In conclusmn (5.4)
holds for k=0, p > 1, and m > 0.

Next, we assume that there exists some k; > 0 such that (5.3) and (5.4) are valid
forall 0 < k < kg, p > 1, and m > 0. Our goal is to show that they are also valid for
k=ky+1,p>1,and m > 0. Denote by

)

n n 2
Zij olP Zj:l Zij
g —u | <
E‘ n uj| <E n
Jj=1

no 2
< (E’ Zj:l Zij

vl (X) = X, ulkol (X)), olko =1 (X) = wlko=1l(X), . 0l0(X) = w0 (X).
First we verify (5.3). Assume that m = 0. From the Lipschitz property of F},,,

(Bl (4),7) 7 = (615 (oll(a), ..., o ()),)

< i,y Z (Bof(A);[P) P + [Fy, (0)],
=0

where 7y, is the Lipschitz constant of F},,. By induction hypothesis, (5.3) follows when
(k,p,m) = (ko + 1,p,0) for all p > 1. Now suppose that m > 1. For n > 2, consider an
arbitrary P with |P| =m, (ir,%,.)r>1 € Tn, A € G,(0), and ¢ € [n]. From Lemma 5.2,
ol X =30 3 OsE ), (X))
reP JeJ,(ko),PEP,(P)
ap, P (X) - ap WP (X).

K2
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From this, Minkowski’s inequality, Holder’s inequality, and the boundedness of the partial
derivatives of I}, there exist constants 7y, ;’s such that

(E|8pu[k°+l](A)i|p)1/p < Z Z Nko.J H(E\aplv[jl](A)i|rp)1/rp.

reP JeJ,(ko),PEP(P) =1

Since each vl7l(A) is either A, ull(A) or ulil(A), this implies that

max(Lry ., 1) T |P|)
(E‘a uko—i—l] ‘p 1/ZJ< Z Z H 0, 0,70, | P
|Pi/2
FEP JET, (ko) PEP, (P) I=1 e

o ;
N TLM/Q Z Z HmaX(FkOvav‘Pl"Pko’TPa|Pl|)

reP JeJr(ko),PEP,(P)I=1
1

nm/2 Fko-‘ervm :

Hence, (5.3) is valid for k = kg + 1, p > 1, and m > 1. Putting these two cases together
yields the validity of (5.3) fork=ko+ 1, p > 1, and m > 0.

Now we verify (5.4). Let P C N with |P| =m, (i,i.)r>1 € Tn, A € Gu(0), and i € [n].
Note that from Lemma 5.3,

. 1 5 .
Op (Xulto (X)) = 7n Y E0p rul (X)) + X, 0puto (). (5.5)
reP

The first term can be controlled by

(62 5 o)

1
< = D (Blows Opgryul N (A)g, + 8u, Opgryul 1 (A),,

repP

1/p

)1/10

IN

1
N> (10 yul () )7+ (BJ0p gyl (A);, 1))
reP

2m1—‘k0+1,p,m— 1
nm/2

) (5.6)

where 60, = 1if ¢ = ¢/ and it is zero if ¢ # /. As for the second term, note that for any
u € R"™,

|(Knu)i] < [(Xn)i] + (izj) el

j=1

This implies that

(B[ (A opulti(a)) )17

< (E|(a.amtor ) )7+ 1 (B(3 )" fortter i 2])

n p . 2p
< (B|(An0pulho*1(4)) )7 + (E(Zj_l %) )1/ 2p (E”apumﬂ] A, )1/ "

np np

Here, from (2.1), n PE(}" i1 2J) is bounded above by a constant independent of n.
From the validity of (5.3) for k = kg + 1, p > 1, and m > 0 that we established above, we
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also have that

(el A

(EZ?:l |3P“[k°+1] (A)i|2p>1/2p < Tkot1,2p,m
np

<
n nm/2

and from Lemma 5.5 below,

(B| (Andpulie () 1) V7 < Tiothpn,

i nm/2

where Ty 41 ,,m is @ universal constant independent of n. Therefore, we arrive at

(Bl (Anpu () |1)77 < =

% - pm/2’

where C is a constant independent of n. Plugging this inequality and (5.6) into (5.5)
yields (5.4) for k = kg + 1, p > 1, and m > 0. This completes our proof. a

At the end of this subsection, we establish the following lemma used in the above
proof.

Lemma 5.5. Let k > 1. Assume that for any p > 1 and m > 0, there exists a constant
Iy p,m such that

3 k p\1/p Fk,p,m
Bﬁg)(Ef@pu[ ](A)i| )< oz Vn > 2. (5.7)

Then for any p > 1 and m > 0, there exists a constant Yy, ,, ,, such that

sup (B| (A,dpulf (4)) [1)17 < TE2m > o

B (m) nm/2 )

Proof. Our idea is to use the Taylor expansion to track the dependence of
(An0pul(A))”

on each variable a;; in each iteration. By Jensen’s inequality, it suffices to assume that
p is even. Let m > 0 be fixed. Let P C IN with |P| = m, (iy,i.),>1 € Tn, 4 € G,(0), and
i € [n]. Denote

V(X) = opul(X).

For any D C [p], let Zp be the collection of all I = (1,...,¢,) € [n]? such that s are
distinct for s € D and

{ts :s€ D} C{15:8€ D} (5.8)

For I € Ip and X € M,(R), let X! € M, (R), in which each entry of X7 is equal to that
of X except that it vanishes on the sites (i,¢s) and (ts,¢) for all s € D. For ¢ € [n] and
0 <t <1, define

£t = V(X' (1))

for
X'(t) =tX + (1 - )X

Here, V, is the (-th entry of V. Write by Taylor’s theorem,

p—1 .(a)

1
V) = 1) = I s [ = ! () + N6
> |

p—1
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Note that here

a I
fL(a) (0) = Z 8VL—(X)%.LSI T,

wTep Oy, - .axml

Also, note that [n]? = U Dc[p]ID. Write

AV < o 3 3 By i, Vi (4) -V, (4)]

DC[p] I€Zp

=m0 3 3 [E(T ea) (L) (T Vi)
DClp] I€Zp SC[p] 1€(p] les lese

=m0 3 3 [e(T o) (T i) (TT Vi)
DClp| I€Zp SC|p] le[p] les leSe

# o 2 3[BT ow) (T 2500)]
[p] I€Zp le[p] l€[p]
=: An’1 + An’g.

To control these two terms, note that from 2%? < (2p)! cosh z and the o-subgaussianity,
we have the bound

1 1/2 o2
su%)}(]E|aij|p) /p < suI[)](IE|aij|2p) /2 <& = (2p)le /2, Vp > 1.
1,J€[Nn 1,JE[Nn

First we handle A,, ;. From the given assumption,

0%V, (AD) 2p) 1/2p

]E‘—a ceeag,,
( ox; 0Ty, e tea
I a
WV (A) Y L o) o Dranarmbia
Qv Qi nlatm)/2

st e
( 0x;,, Oz,

Using the Minkowski inequality, this inequality, and (5.7) yields that after dropping 1/a!,

F amaa
HeEne) > <[[S 5 et

les €S a=0sq,..., Sa €

1 _ [S| Ch s
a a . 5
S nlSim/2 (Z D] F’“a4pva+m£4ap) " plSim/z
a=0
Also, since

B [0 oal” <e( [ 150w < [Ceo o
0 0 0

we have, by dropping 1/(p — 1)!, that

1 Py (AL(t 2p \1/2p
I 2p\1/2p oV, (A'(1)) o
[T@EN P < T D (/0 Bl gy gy i G, |t
leSe eS¢ s1,...,s4€D Sp S1
[D[PT, 4p,p+m54p
- H nPt+m)/2
lese
1
— p p
= s 1L 1P Tkn €y
lese
/
. D,S
T opletm)lse/2”
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Combining these together leads to

S np/2 Z Z Z H E|a |2p 1/2PH(E|MI ‘Zp 1/2p H IE| |2p 1/2p

DClp| I€Zp SC[p] l€[p] 1es lese

T ¥ 3 e
2p n‘S‘m/Q n(P+7”)|SC‘/2

DC[p] SC[p]

Cp,sCph s

SIS (ST D) tpm) /2

DClp] SCIv)

<z X CosChs

DC[p] SCIp]

A,

| /\

where the last inequality used the fact that |S¢| > 1 since S C [p].
Next we turn to the control of A,, 5, which requires more steps. Let D C [n] and
I € Ip. Write

[T M Zal ) (H ﬁa“sg)(n 8xia:o 890“)7 )’

le(p] 55,586, rElplb=1 r€[p]
where the first summation is over all a = (a1, ...,a,) € {0,...,p—1}P and @l := a1!- - - a,!,
while the second summation is over all 57, = (s{,...,s;, ) € D% for 1 < r < p. Set

Sa = D™ x --- x D%. Note that from our construction of A!, its entries at (i,5) and
(ts,1) are all zero for all s € D and consequently, (5.8) implies that A! is independent of
Qieys - -5 4, 1t follows that

D IF DD YD ML

a DC[p] I€Ip Sa

where

Qr
ol o —
A(I,sal,...,sgp) = E(am S, I | | I aibs;')»
;

r€[p] b=1
0V, (Al
~1 L Ly
L(I,5,,.. .,sgp) = E( H —8CUu o ),
’I"E[ ST sy
Aﬁ([,ilh,...,sgp) = A(I,E}ll,... )E(I,sal,...,ggp)
To control the right-hand side, note that
A5, .50 < eotlel

and from (5.7),

3 _ 9%V, (A1) p\1/p
o8k, < ] (E\—axw S \ )

r€(p]
kaera,
< H n(m+ar)/2 = pm+\a|)/2 H k.p,m+ar;
rEp) r€[p]

where |a| := a1 + - - - + a,. For any fixed D C [p]
of all I € 7p such that there are exactly b many entries that appear once in I. For any
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I € Ipy, let Sz 1, be the collection of all (5} , ..., 8h ) € Sg such that all entries that
appear exactly once in [ also appear in

{[’s%""’bs}ll’[‘sf?'"7L8Z27'"a[/s’l’w"a[’sgp}"
Note that when b = 0, every entry in I € Zp o must appear at least twice in I and hence,

Sa,1,p = Sa, Or equivalently, S ;, = (. Also, note that S; 1 is nonempty only if |a| > b.
From these, we can write

| D] | D]
)IDIDIED IOV IED I DD Z
a IeIp Sa a b=0I€Ipy Sa,ip a b=0I€Ip, SE

|DIAal | D]

DI NDIED DD DD IS

a  b=0 I€IpySar1p a b=11€Ipsb Sg 1,

To control the first summation, note that for any I € Zp, there are exactly b many
entries in I that appear once and the other entries are repeated. This implies that

|Zps| < CfD’banrL(p—b)/2J7
where Cp is a universal constant independent of n. Plugging this inequality to the
above equation yields that
[DIAlal

np/QZ Z Z Z|‘AL ’aﬂ"'viap)|

a b=0 IEIDbSQIb

AL |\a\£pill(}||
p+|a
- np/2 Z Z n(pm-+lal)/2 H Lk.pm+an
r€lp]
|D|Aal 1 | H ‘
al #p+la
< Z bz: npm/2+lal/2+p/2—b—[(p—b)/2] > D‘ 5 H Fk,p,ﬂl-‘rar
a =0 re p
e 1 algrta
a| &P
= Z Z npm/2+(p b)/2—|(p—b)/2] CD lel + a H Fk-l-,p,m—i—ar
@ =0 relp]
|D|Alal
- an/2 Z \Pymtars (5.9)
a TE[p

where the third inequality used |a| >b. As for the second summation, observe that for
(84,5---,8% ) € 8¢ 1, then there exists one entry, say ¢, in [
that appears only once in I and 1t does not appear in the entries of 5[1“ ;oo ,sh . Hence,
a;,, is independent of

anr
Qipq = Qi1 Qirgyq " Ay, I | | I aiLng

re[p] b=1

which results in EA(Z, 5, ,..., s ) = 0. Therefore,

| D]

WZZ SN AL, L8| =0, (5.10)

a b= ]_IEIDbS,Ib
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Finally, combining (5.9) and (5.10) together and dropping 1/a! lead to

|D|Aal
1 al ep+la
Aol < o 2 > Coul DI T Trpanta,
b=0 ]

DC[p] a = r€p

This completes our proof. a

5.3 Proof of Proposition 5.1
Let m = |P|. From Lemma 5.2, the Minkowski inequality, and the Cauchy-Schwarz

inequality, we can compute the partial derivatives of U(X); to see that (E|0pU(A); |p)1/ b
is bounded above by a sum, in which each summand is of the form

(E|0p, v, (A) - Dp, v, (4)])

for some 1 <r < mand (ji,...,jr) € Jr(2(k +1)). More importantly, P = {P,..., P.} €
P,.(P) and each term v;, (A) is equal to either (X,,ul)(A)); or ulfl(A); for some 0 < ¢ < k.
Now, using the Hoélder inequality gives that

(]E|6p1 v, (A) o 8PT,Uj,,.(A)‘p>1/p < (E’aPlvjl (A)’rp)l/rp o (E|6P,.'Uj,. (A)’rp>1/7-P.

Here, from Proposition 5.4, each term on the right-hand side is bounded above by a
term of order 1/n!7:l/2 and they together yield that a bound of order 1/n!/"/? since
|Pi| + -+ |P:| = |P]. This completes our proof.

6 Proof of Theorem 2.2

We establish universality for the generalized AMP in Definition 2.1. Recall that in

Theorem 3.2, we use P and E to denote the probability and expectation conditionally on
u%, Z. The following proposition shows that conditionally on «°, Z, the first two moments
of the AMP orbits between A and G asymptotically match each other.
Proposition 6.1. Consider the AMP orbit in Definition 2.1 with the initialization ul’ (X) =
u’ and assume that (F},)>o satisfies (5.1). Let k > 0. Assume that ¢ € C>°(R¥*!) has
uniformly bounded partial derivatives of any nonzero orders. There exists a universal
constant C' independent of n such that for any n > 2,

. - C
E|E®, ,(A) — E®; (G)| < NG (6.1)
and
E| By, (A)? — B, (G < - 6.2)
;M ;M = \/ﬁ7

where @, ,(X) is defined in (2.2).

The proof of Theorem 2.2 is argued as follows. From Proposition 4.1, it suffices to
assume that the functions ¢ and F}’s in Definition 2.1 have uniformly bounded partial
derivatives of any nonzero orders. First of all, we claim that

lim B(®,,(A) — By, (A)) = lim B(®,(G) — Bd (@) = 0.

n—oo n—oo

Note that from Theorem 3.2,

lim |y, (G) — Edy,.,(G)|* = 0.

n—oo
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Now from Proposition 6.1,

lim |E®k,(4)? — P, (G)?] < lim E|E®s,(A)? — E®y,(G)?| = 0.

Since
IE(Edy, . (A))7 — B(ED,.(G))
= E(|E®y,.(A) — EDy ,(Q)|[Edy 0 (A) + EDy . (G)])
< (BB (A) — By (G)]*)? (B[EDy . (A) + Bdy, (G)])
< (B(|Edy . (A) — B ()] (B®k0(4)2)2 + (B0 (G)?) ),

2
|
1/2

it follows from Proposition 6.1 and the moment control in (3.5),
. ~ 2 ~ 2
lim [B(B® . (4))" — B(EP:.(G))"| = 0.

Putting these limits together yields the claim. Consequently, the proof of Theorem 2.2
follows by our claim and Proposition 6.1,

E (@4, (A) — 00 (G))* < 9B (D (A) — BEdy . (A))
+ 9B (Edy ,(A) — Bdy . (G))°
+ 9B (@5, (G) — BP0 (G))* = 0.

For the rest of this section, we establish Proposition 6.1 in five subsections using the
Gaussian interpolation and approximate Gaussian integration by parts. In doing these,
Proposition 5.1 will be of great use in tracking the error terms. Subsection 6.1 shows
that to prove Proposition 6.1, it suffices to assume that the main diagonals of A, G, Z are
all equal to zero. The Gaussian interpolation between @y, ,,(A4) and ®; ,,(G) is introduced
in Subsection 6.2 and the control of its derivative is handled in Subsection 6.3. Finally,
the proofs of (6.1) and (6.2) are established in Subsections 6.4 and 6.5, respectively.

6.1 Deletion of the main diagonal

By the virtue of Proposition 3.1, it suffices to assume that the main diagonals in A and
Z are zero. To see this, recall &, ,,(X), Ax(X), and O (X) from Proposition 3.1. Assume
that A’ is equal to A except that the main diagonal vanishes. Note that from Lemma 3.5,
|A,|l2 and || Al |2 are of order O(1). On the other hand, since

[An — ALll2 =

max |a;|

1
% 1<i<n

and

1 2,2
_ > < E > < —no“t /2
]P(\/ﬁ 1?%}%'@”' B t) = ]P(|a”| =t s 7

these imply that in probability,
lim ||A, — AL|2=0.
n—oo

As a result, Proposition 3.1 implies that the AMP orbits corresponding to (A, Z) and
(A’, Z) satisfy that in probability,

lim |®y,,(A) — @y, (A")] =0,

n—oo
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which together with Lemma 3.6 gives that

lim E|®,(A) — 4, (A")| =0.

n—oo

Next one can prove by an almost identical argument to show that the AMP orbits
correspond to (A4’,Z) and (A’,Z’) are also asymptotically the same under the L!(P)-
distance, where 7’ is the same as Z except that its main diagonal is zero. From this, in
what follows, we assume that the main diagonals of A, G, and Z are all equal to zero.

6.2 Interpolation

Define the Gaussian interpolation between A and G by
A(t) = (ai;(1))i jepn) = VEA+ VI —1G, 0 <t < 1.

Denote

An(t) = i‘/(%

~—

and

An(t) = j%) +Z

For ¢ € C°°(R¥*!) with uniformly bounded partial derivatives of all nonzero orders,
define

Dpn(t) = Edy, (A1)
Note that
E|E®; ,(A) — E®y, o (G)| = E| @y, (1) — .0 (0)].
To show (6.1), our goal is to show that

! C
E|®D), ,,(t)]dt < —
| ool <

for some constant C' independent of n. Note that ul%(X) = u. A direct differentiation
gives

k n
(D) = e > E(Bym(u“ﬂ (A®), ..., u(A(t))) o %
= =1

[
- u (A(t)))i, 0<t<1. (6.3)

Here and thereafter, if v, € R", we define v o v = (v;v]);¢[n s the Hadamard product
between v and v’. Note that this operation is commutative.
To simplify our notation, denote

An (t) = (aii’ (t))i,i/e [n]>

1 raz Gii
150 (T :*( - )
@i (t) = 5 Vi o Vi-t

for

Also, denote

uld(t) = ull(A)),
Dy, Fu(t) = 0y, Fo(A, ()ul (), u (1), ... u(1)).
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Observe that

Lull(2) = 0, o) o (A (6107 (0),
LBt = 8, Fy(t) o (Ay(t)ul) (1))

dt
+ 0y, Fiu(t) 0 (An (85 Fo(t) © (An(t)ul (2)))),

and
Ll (1) = 0, Fa(1) o (An(0)ul (1)
+ 0, Fa(t) © (An(t) (0, Fa() o (An()ul (1))
+ 0, Fa(t) o (An(t) (90, Fi(1) 0 (An(t) (Do Fo(t) 0 (An () (1))))) )
+ 0y, Fa(1) © 90 Fo(t) © (An (D) (1)).

For general 1 </ <k,

d . A d
Sul?(t) = 0y, Foor (6 (An(®)u*1(0) + An(t) 2l 1(0)) +Zayﬁ 1

From these equations, one readily sees that the vector

d

By, (uM (t), ..., ul%(t)) o %um (A(t))

ull(e).

appearing in (6.3) can be written as a summation of column vectors, in which each
summand is of the form w" (t) = (wj (t));e[n) for some 0 <r < £ — 1 that is defined by an
iterative procedure through some functions L°, L', ... L™ € C>(R*), whose partial
derivatives of any nonzero orders are uniformly bounded. More precisely, starting from

define
w™ll(t) = UBTU(A®)) o (A, ()w" B~ (1), VI <s <7, (6.4)
where
UFN(X) := L* (Xpu (X)), .., Xl (X)), o1 (X), Ll (X)), VO< s < (6.5)
and
Urti(X) == 8y, ¢ (ulF(X), ..., ul (X)) ©.6)
o L (X, ul=U(X), ., XuM (X)), w7 (XD, L ul(X0). '
Finally, set w” () = w"™["(t).
6.3 Bounding the derivative of the interpolation
For r > 0, from the iteration (6.4) and expanding the Hadamard product,
Ime o 1 -
i=1 Iez,
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for

Vi(®) = (LT A (@i + 1 221.0) SO A (DU (A

=1

(H Ui, l] ) (ﬁ(aml,i, (t) + n_l/zzilﬂ)il))aihio (t),

=1

(6.8)

where Z, is the collection of all I = (ig,i1,...,ir,4,.41) € [n]"? with ig # iy # -+ # i, #
ir+1. Here we view each I as a directed graph of length r + 1 with vertices (is)o<s<r+1
and edges e;(l) = (i;,4;4+1) for 0 <1 < r. For any I € Z,, disregard the direction, let A(} be
the collection of all 0 <[ < r with e;(I) = e;(0). Let Z,(s) be the collection of all graphs
in Z, so that disregard the direction there are exactly s many edges that appear once.

Proposition 6.2. For any I € Z,(s), we have that for any 0 < t < 1,

1 a7, IFIAY <2,
/ E|EV;(t)|dt <
0 S, IfAY] >3,

where E is the expectation conditionally on u°, Z and C, is a universal constant indepen-
dent of n.

To prove this proposition, we first establish a key lemma. For any 0 < b < r + 1,
let Z,.(s,b) be the collection of all I € Z,.(s) with |A%] = b. Note that when b = 1, the
set Z,.(s,b) is nonempty for all 1 < s < r 4+ 1 and when 2 < b < r + 1, the set Z,.(s,b) is
nonempty only if 0 < s <r 41 —b.

Lemma 6.3. Ifb =1, then forany 1 < s <r+41,

|Z,(s,1)| < Cpyonl ™7 JHst1, (6.9)
If2<b<r+1,thenforany0<s<r+1-b,

IZ,(5,b)] < Chponl ™2 I+t (6.10)
Here, C, s are universal constants independent of n.

Proof. For any graph I € Z,(s,1), let I’ be the graph, in which we disregard both
multiplicities and directions of the edges. See Figure 1 for examples. Observe that there
are at most |(r + 1 — s)/2| many edges in I’ that appear at least twice in I and the total
number of edges of I’ is at most [(r + 1 — s)/2] + s. This implies that the total number of
vertices of I’ should be at most |(r + 1 — s)/2| 4 s + 1 so there are at most nl =2 1+s+1
many such I’.

Since different I can correspond to the same I’ (again we refer the reader to Figure 1
for examples), it remains to show that for each I’, there are at most a constant multiple
(independent of n) of many different I that corresponds to I’. First fix such a possible
I’ and write E(I") for the edge set of I'. Each edge of I’ may correspond to an edge of
multiplicity 1 in I or to an edge of multiplicity at least 2 in I (ignoring directions). We
choose s edges in I’ so that they correspond to the multiplicity 1 edges in I. There are
(\F¢ )‘) ways to choose such s edges. Now, for the remaining (|E(I’)| — s) many edges,
the multiplicities are at least 2 in I and they add up to » + 1 — s. To count how many
possibilities there are, it is equivalent to find how many ways r + 1 — s can be written as
sum of (|E(I')| — s) many integers which are at least 2, which in turn is bounded above

by the number of ways to partition the integer » + 1 — s as sum of (|E(I’)|' — s) many
positive integers, and it is well-known that the number of ways is (‘ B( IT,")_‘ isq)' Moreover,
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each edge has two possible directions in I. Finally, each vertex in I’ can correspond to
several i; (0 <t <r+1)in I (see Figure 1). As there are at most |[(r+1—3s)/2] +s+1
vertices in I’, and each vertex can correspond to at most r + 1 many #;’s, there are at
most (r + 1)L"+1=9)/21+s+1 many such correspondence. Therefore, the total number of [
that an I’ can correspond to is bounded above by

r—s

(TJF1)L(r+1fs)/2J+s+12('E‘§/”)'(\Eu'n—s—l) < (TJF1)L(r+1fs)/2j+s+122ur+1_s>/zj_Qr_s Oy
This proves (6.9).

To prove (6.10), note that in this case, the edge ¢;(0) has multiplicity b, and hence
there are at most [(r + 1 — b — s)/2] + 1 many edges in I’ that appear at least twice in I.
Here, the latest +1 comes from e;(0). The remaining of the proof is similar to that of
(6.9), and we omit the detail. O

(a) One example of I € Z,-(s,1) (b) Another example of I € Z,.(s, 1)

(c) The corresponding undirected graph I’

Figure 1: (a) and (b) are two different directed graphs in Z,(s,1) for » = 7 and s = 2.
After we disregard the multiplicities and directions, they correspond to the same I’ as
shown in (c), where the solid edges correspond to the edges in [ that appear only once
and the dashed edges correspond to those in I with multiplicity > 2.

Proof of Proposition 6.2. Let I € Z,(s) be fixed. Disregard the direction, let A} be the
collection of all ¢ AY so that e;(l) appears exactly once in I and A? be the collection
of all I ¢ AY so that e;(l) appears more than once in I. In addition, for any R C [r], set
AY(R) =AYN R, A}(R) = A} N R, and A%(R) = A2N R. Let A;(R) := A}(R) U{0}. From
these and (6.8), after expanding

T

H (aiH»l 2 (t) + n71/22il+1 K3 ) )
=1

we can write

BV (1) = 32 e B [0 A0)Ara(0) (00,00 P, 0 0) ( TT e ®))]
RC[r] IEAL(R)
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for

r+1
3= TT0000, Ara = T o) Zoa=TT nie
=0

leA2(R) leRe

Note that inside the expectation, the two parentheses are independent of A; r(t), and
each term in the second parentheses appears only once in I. From these, we can apply
Proposition 5.1 and Lemmas A.1, A.2, and A.3 in Appendix to control V;(¢). To see this,
note that forany0 <t <landp>1,

(E\ae,<o>(t)|”)1/p <C, (6.11)

and

. p\1/P 1 1
(Elac, ) (®)7) " < Cp(ﬁ + ﬁ)

for some universal constant ), independent of ¢. Let I£; r be the expectation only with
respect to a.,(;)(t) for all I € A;(R). Using these bounds and Lemmas A.1, A.2, and A.3,
we get that

‘EI,R[UI(A(t))(a’GI(O)(t)‘A(I)(R)ld )( II aef(” ))H

leA}(R

is bounded above, up to an absolute constant independent of I and n, by

(i vi=) () mnlonatiawenrioe) ™

where A(t,€) = (aii (t,€))i,ire[n) is defined as a;i (t,£) = £a;ir (t) for all 4,4’ € [n] satisfying
(2,i") = er(l) or (i',i) = ey (I) for some | € A;(R) and a;i(t,€) = a;i (t) otherwise. Here,

IAY(R)|+2, if|A%(R)| =0 by (A.4),

so=1{ |AYR)|+1, if |[A%(R)|=1by (A.1), (6.12)
|AT(R)|, if [AY(R)| > 2 by (A.3).
The summand in the above bound is over all « := (a;)iea,(r) € ({0} UN)*, |af :=

ZleAI(R) «g, and 3(11,1{ is the partial derivative with respect to xel(l) of order «; for all
I € A;(R). From this inequality, it follows that

/‘]E Ur(A AIR()(aeI(O)(t)‘A?(R)la )( H e (1) ( )”dt

leAl(R)
L [ B[ [ 1EI,R[|a;tRUI<A<t,&)))ﬁdg)w}dt
<c /O (EA,,R@)?)”Q% ( /O Blog pUr (A ¢)[*d) et
A > /E’aIRUI Idé) at, (6.13)

lee|=s0

for some constants C' and ¢’ independent of I and n, where the second inequality used
the Cauchy-Schwarz inequality, while the third inequality used the Holder inequality
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and the bounds (2.1) and (6.11). The last inequality can further be controlled as follows.
From the product rule,

o= Y (T1 (2))([Torvt).

Bi:leAr(R) leA;(R) =1

where the summand is over all 3; € ({0} U IN)"*?2 satisfying that ZZ; Bie = og for

l € A7(R) and 8?(2) is the partial derivative 85;" for all I € A;(R). Now, using the
Minkowski and Holder inequalities leads to

)

(B|05 rU1 (A(t,€))[*) 2

< Z ( H ( ))H(Elaﬁﬁ)U}’% (t, 5))| r+2))1/z(r+2).

Bui:leAr(R) leAr(R)

From (6.5) and (6.6), note that any nonzero-order partial derivatives of U ¥I’s are uni-
formly bounded. From Proposition 5.1, each term on the right-hand side is bounded
by

- 1/2(r+2) T
(Blof Ul en* ) <

- nZIEAI(R) Bre/2’
where I'y is a constant independent of n. Consequently,

(E|07 pUr(A® N[ 2 < Y ( 11 ( )) =ik (,lgj,(mﬂw/?

BileA;(R) 1€A(R)

- Y (I (3) e

BrleAs(R) leh;(R)

e S CI ()T

BileAr(R) lEAI(R)

Plugging this inequality into (6.13) and noting that Z is independent of A, G together
with the bound (2.1) yield that

an{I/Q/Ol\E[UAA(t))ZI,RAI,R(t)(ae,(>()| 1, o®) (T acn®)]]a

leAL(R)
C//
< —.
— nlRel/2+s0/2

Here, note that

R+ [A(R) = (]A

= A7
A

(RO + [AL(RO)[ + [AT(RY)]) + [AL(R)]

(RO)| + [AF (D] + A ()]
([rDI-

Also, note that s is the number of edges in I that are crossed once disregard the

direction. This implies that Al([r]) > s — 1 and that A}([r]) = s if |[A%(R)| > 1 since
|AY] > 1+ |AY(R)| > 2. Recall (6.12). If |[A}(R)| = 0, then

v

|R°[ + 50 = |[R°| + [AJ(R)| +2> (s —1) +2=s+1;
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if [A%(R)| = 1, then
|R¢| + 50 = |R°| + |AN(R)| +1>s+1;

if [A?(R)| > 2, then
|R°[ + 50 = [R°| + [AL(R)| = s.

From these, if |[A%| < 2, then |[A}(R)| can only be 0 or 1 for any R C [r] and this implies
that

1
. Cs
/O BBV, (t)|dt < —5575

and if [AY] > 3, then |A(R)| could be larger than 2 for some R C [r] and hence,

1
- Cs
/O E|EV(t)|dt < —7
for some constant C; > 0. This completes our proof. a

6.4 Proof of Proposition 6.1: first moment

Recall (6.7). Our proof will be completed once we establish that

1 C
WZ/ E[EV; (t)|dt < 7z (6.14)
I€Z,.

where C' is an absolute constant independent of n. Recall from the definition of 7,(s,b)
that when b =1, Z,.(0,b) = 0 and Z,.(s,b) # @ for all 1 < s < r + 1 and that the set Z,.(s,b)
is nonempty only if 0 < s < r 4+ 1 — b. From these,

r+1
SN EVI(H) =) > EVi(t
I€Z, s=01TI€Z,(s)
r—+1 r+1r+1-b ~ (615)
=> > EV(t +Z > BVt ZZ > EVi®).
s=1TI€Z,.(s,1) s=11€Z,(s,2) =3 s=0 I€Z,(s,b)

In what follows, we let C..; s and C;, . be absolute constants independent of n. Here,
from the first case of Proposition 6.2 and Lemma 6.3, the first two summations can be
controlled by

/

1o C
rlos |4 gt1 rl,s
n1+ (r+1)/ Z / E[EV; (t)|dt < < r+1)/2 (Cpaant TG D/2

IGI (s,1)
r4l—s | _ (7‘+1 s) 1
= LUrls ;1 snL el 2
< CT 1 SCT 1 s 71/2
forl1<s<r+1and
1 1 i o
. [ === ]+s+2 r2,s
Pl (r1)/2 Z / E[EV;(t)|dt < Pl (r1)/2 Cra,sn n(s+1)/2
IeZ,(
= Cp,sCly R it
< C’r 2 sCr 2 Sn_1/2
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for 0 < s < r — 1. To control the second summation, from the second case of Proposition
6.2 and Lemma 6.3,
1 ! ~ 1 r+l1—b—s Cl
R ENETERYE) - - . [F52==+s+2 b
plt+(r+1)/2 Z /o E[EVr(¢)|dt < nlt(r+1)/2 Crpsnt™ 72 2
IET,(s,b)

’ L7‘+17b—sJ_r+17b75_(Q_1)
r,b,s r,b,sn 2 2 2

S Cr,b,scl

r,b,s

n-(3-1
for 0 < s < r+ 1 —b. Plugging these into (6.15) yields (6.14) and this completes our

proof.

6.5 Proof of Proposition 6.1: second moment

Our approach is the same as that for the first moment. Set
Upn(t) =B, . (A1), 0 <t < 1.
Note that
E|E®;,,(A)? — E®kpn(G)?| = E[¥h (1) — U0 (0)].
To control this expectation, we again consider the derivative

(1) = 2B (A1) Prn (D).

Again, our goal would be to show that
1
/ E|EW) ,,(t)|dt
0

is bounded above, up to an absolute constant, by n~1/2, To see this, recall from Section
6.2 that @) () can be written as a summation, in which each summand is of the form

F 2 wi)

for some 0 < r < k — 1. In a similar manner, from (6.7) and (6.8), ]E\Il;m(t) can also be
written as a sum, in which each term is equal to

B0 (AD) (- > Wi ) = e 2 D0 BV,

i=1I€T,
where
. B r+1 r
Via(t) = BUl 2 aw) (TT ol A@)) (T 0 + 0722000 )i (0
1=0 =1
for

U7 A®) = o (1), ., ul (1), Vi € [n].

Here, V; ;(t) is essentially the same as V;(t) (see (6.8)) except that it contains one extra
term Ui[TH] (A(t)). In view of the proof of Proposition 6.2, an identical argument implies

that for any ¢ € [n] and I € Z,.(s),

C’ .
1 o R(Ti)/za lf ‘A?| S 2a
/ E|EV; ((t)|dt <
0 c’ .
—Z4, if [A9] > 3,
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where C is a universal constant independent of n and i. Consequently, as in the proof of
(6.14), it follows that

1 L o
711+(r+1>/2[§/0 E‘Evi,l(ﬂ\dtﬁm

for some constant C' independent of n and ¢ and the same inequality remains valid after
taking n=1 Y"1,

2 - R C
WZZ/O B[EV:,(t)]dt <~

i=11€Z,

which completes our proof.

7 Proof of Theorem 2.4

We establish the proof of Theorem 2.4. For notational convenience, if a,, and b,, are
two random variables, we denote

an < by,

if |a, —b,| — 0 in probability; if they are n-dimensional random vectors, then this notation
means that in probability, .
,}l_)ngc E”an - an% = 0.

To begin with, recall from Lemma 3.6 and Theorem 3.2 that due to the Lipschitz
property of the functions (Fj)x>o, the AMP orbit defined in Definition 2.1 is uniformly
square-integrable and the average along the Gaussian AMP orbit is concentrated with
respect to E. Here, in the setting of Definition 2.3, since both f, and its first-order
derivatives are Lipschitz, an identical argument also allows to show that (v[k])k,zo is
uniformly squared-integrable and when X = G, its average along the orbit is self-
averaged with respect to [E. More precisely, for any Lipschitz ¢ € C(RF*1),

% Z s(W*(@), ... v@))

n
1€[n] i€[n]

)

\
=h
©-
CN

=
a
“@ﬁ
a

(7.1)

Denote by (v%[¥);, the AMP orbit in Definition 2.3 with the replacement of b ; by
1- 0
i, = B Y O @), 00 @)

and initialization v&[0 = 0.

Lemma 7.1. For any Lipschitz ¢ € C(RF*1),
1 G,k G, 1 G,k a,
=3 oM@, G) = = YT (o), e ).
i€[n] i€[n]

Proof. Consider the initialization

uwl(X) = 0l (X) = .

Set
u(X) =0,
uPH(X) = fo(ul(X)),
WPl (X) = X, ul?(X) = X, fo(ul (X))
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and for / > 1, set
361 (X) =0,
B (X) = f(BP(X), uBEDX) LB (X, W0 (X),

uP(X) = X, uB R (X) = > b a1 ().

j=1

The main feature of this construction is that u[*4(X) = v%[@(X) for all # > 0. Note that
bfj depends only on «°, Z and it is uniformly bounded. Although Definition 2.1 assumes
that F}.’s are nonrandom, with no essential changes to the proof, Theorem 2.2 indeed
extends to randomized F},’s that are dependent only on u°, Z and the Lipschitz constants
of F,’s are bounded by some constants independent of u°, Z. Hence, the assertion follows
by applying Theorem 2.2 to (ul)s>q and ¢(ul3*) uBE=11 " [0, O

Lemma 7.2. For any k > 0,
oF(@) = oS (@),
Proof. We argue by induction. Obviously the assertion is valid for £ = 0. Assume that
there exists some k' > 0 such that it is also valid for all 0 < k < k’. From the triangle
inequality,
[l +1(@) — oS (@),

< |Galla|| frr @F NG, . .. 0 UG)) = @ ENG), ..., 0FON )|,

o
+ Z (w5 (G| i1 V@), - U@ = £ (0FTH(@), 0@ @)

k/
+ D 1bw i (G) =5 (| £ (@), PPN @) |,
j=1

By induction hypothesis, Lemma 3.5, and noting that the first-order partial derivatives of
f;’s are uniformly bounded, the first two terms after dividing by /n converge to zero
in probability. As for the last term, note that (7.1) implies that b, ; < by ;(G) for all
1 < j < K. Also, note that from the relation, u3 = ¢4, in the proof of Lemma 7.1,
the Lipschitz property of f;_; and Lemmas 3.5 and 3.6 (here, again Lemma 3.6 is valid
despite of the fact that F)’s are dependent on Z and u") imply

1 ,
Sgli —nEHfj,l(vG’[J*H(G), . ,UG’[O](G))H2 < 00. (7.2)
Hence, the third term also vanishes in probability and this validates the announced
result. O

We are ready to prove Theorem 2.4, namely, for any k£ > 0 and Lipschitz ¢ € C(RF*?!),
1 1
- S o(wM@),... 0 6) = - ST o), 0A). (7.3)
1€[n] i€[n]

We argue by induction. Evidently this is valid for £ = 0. Assume that there exists some
k' > 0 such that it is also valid for all 0 < k < k’. From Lemmas 7.1 and 7.2,

1 ! 1 ’
=~ (0" TG, (@) = = 3T (o))
i€[n]

1€[n]

1 /
== S ol A), o (4)).
i€[n]
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We claim that

ST (), o) = ST o), ol ().
i€[n

i€[n]

If this is valid, then (7.3) is also true for k 4+ 1 and this would complete our proof. It
suffices to show that

v (A) < o*(4), VO<k <K +1.

Easy to see that this is valid if £ = 0. Assume that there exists some 0 < k" < &k’ such
that this equation holds for all 0 < k < k. Write

[l () — w4

< ”A”H2ka”(v[k”](A)v"'av[O]( )) fk”( k//](A)v"'va’[O](A))H
k//

+ ) [bwr [ Fi-a T (A), 00 A)) = £ (0T (A), 0@ A))
j=1
k”

+ D [brr  (A) = 08 ]| -1 (S E=1(A), L wE L)),
j=1

Here, from the induction hypothesis, after dividing by /n, the first two lines vanish in
probability by using the fact that by~ ; is uniformly bounded and Lemma 3.5. As for the
last one, write

bk//’ (A) bk}” 5 (bk”’j (A) - bk”,](G)) + (bk;”’j (G) bk)” -).

Note that (7.1) implies bk,, o= bku,j(G), while the induction hypothesis of (7.3) implies
that bf,,’j = b,‘f},,yj. Hence, bknJ (A) < ka/,,j. This and (7.2) imply that the third line also
vanishes in probability. Hence, v[* +11(A) < v&*"+1(A) and this completes the proof of
our claim.

8 Proof of Theorem 2.7

We establish the proof of Theorem 2.7. Our strategy is to approximate the principal
eigenvector by the power method. In view of this, it is essentially a special case of the
generalized AMP in Definition 2.1. Once this is done, universality would follow by an
analogous argument as that for Theorem 2.7. Again, we adapt the notation a,, < b,, from
Section 7.

8.1 Power method

The well-known power method states that if the principal eigenvalue stays a gap
away from the other eigenvalues, then one can generate the principal eigenvector via an
iteration procedure.

Lemma 8.1 (Power method). LetY € M, (R) andy € R"™ with |yl = 1. Let A\ > --- >
An be the eigenvalues of Y satisfying A\ > maxa<,<y |Ar| and y' be the normalized
eigenvector associated to 1. If \; # 0 and y [ y', then for any d > 1,

1 A (@
. 1 1 T
sign({(y*,y))y H —— max |— (8.1)
|y s, < oty s |
Proof. Let y',...,y™ be the orthonormal eigenvectors associated to A1, ..., \,. Write
y=cy' +- ey’
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where ¢ = (¢, ...,¢,) € R™ satisfies ||¢/l2 = ||y|l2 = 1. Note that
Y = Myt + - 4 e dy”
and

Y 9yllo = (A3 4+ A2 2, (8.2)

7’! n
From these,

Yiy eyt 4 e\ dyn
Yylla (2224 4 ... 4 c2724) "/
e Af]y" +sign(er) o7 _s erAfy”
(3N 4o 4 2 )\2d)1/2

— sign(c1)

y +slgn(01)zr 2 |01Ad|y
(+ S 500"

= sign(c1)

If we denote

then

)

— \/1+H)2+H>1/2 < <H2 +H)1/2 _ /2

. s
— sign(c1)y Hz - ( 1+1 1+1I

H HYdyllz

where we used that /1 + x — 1 < x for x > 0. Now, the assertion follows by

;T—H/y |22<ra<n

We continue to show that the AMP orbits in Definition 2.1 initialized by the principal
eigenvector and the power method can be as close as we want by increasing the power
iteration d. Let € € (0,1). For any d > 1, let

uA,a,d(X) — A\/ﬁXguo
E[|Afu®|[2 + v/ne

1 2d

29
12

Ar

II<
= N

r<n

C

and A

UG’E’d(X) S A\/HXWCLZUO )

E[|GRul|l2 + v/ne

Let \(X,) > -+ > \(X,) be the eigenvalues of X,.. Let ¢'(X,) be the principal
eigenvector of X,, with |[¢/'(X,)|2 = v/n. Recall the vector ¢ defined through (2.4).
Let vl¥l, pA-edlk]l and v&=4k be three AMP orbits that are defined via Definition 2.1
associated to the initializations 1, u*%, and u%*¢9, respectively. For any Lipschitz
¢ € C(RF*1), denote by qﬁk o qﬁz/;d and qﬁ}gzs’d the averages of ¢ over these AMP orbits,
respectively.
Lemma 8.2. Assume that (2.5) and (2.6) are valid. Suppose that ¢ € C(Rk“) is
Lipschitz. We have that in probability,

A,e,d

lim lim lim |¢kn A)— o, (A)] =0,

el0 d—oon—oo
G,e,d

lim lim lim ’¢k G)—¢pn (G )’:O.

el0 d—oo n—oo
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Proof. We only need to establish the first equality. First of all, we claim that in probability

lim lim lim le(A) — uA’E’d(A)Hz =0.

el0 d—woon—oon

Define .
ue’d(X) = —\/EX;qu .
| X duOll2 +ey/n
From (2.5), (2.6), and (8.2), there exist 0 < § < 1 and §’, " > 0 such that

lim sup max )\T(f}") <6,
n—oo 25r<n )\1(An)
nmmfi|<¢1(fin),u0>| > &,

n—oo N
and

.. 1 2d 0 .. 1 1/ 3 0 A \d / 11\d
— > — > .
lim inf \/>HAnu l2 > hnn_1>1or01f n|<1/1 (An),u >’)\1(An) >6"(1+46")

n— oo n

Note that (8.1) implies that

H ust(A)  Y(A) n e

M
A v b S e 2

A1(

d €
[[Ad w0l
n

)
)

Ay
An +e€

From these inequalities, as long as d is large enough such that

Mo e .
5/ 5/(1+5//)d+5 ’
we have J
. us(A)  P(4)
| - < 8.3
msup|[ == - S < (8.3)

Next, note that

_ 1A%

1 |Agu® |2/ v/m — Bl Agu® |2/ v/n
ﬁ”ue,d(A) _ uA,s,d(A)H2 — | | H

vm | (Il Adull2/ v/ + <) (Bl Adu®lo/ v/ + <) |
_ 1Adu0], | 1 Adull, fau.zxguo”g’
52\/ﬁ \/ﬁ \/ﬁ .

From Lemmas 3.5 and 8.3 (established below), in probability,

. Ly ca Ae,d 2 _
nh_}rr;o EH” (A —u (A)H2 = 0.
Combining this with (8.3), our claim follows.

Now to establish the first assertion, note that similar to Proposition 3.1, the assump-
tion that both f; and its first-order partial derivative are Lipschitz ensures that the
average ¢y ,(X) of ¢ along the AMP orbit (v[¥);>; is Lipschitz with respect to its initial-
ization. The proof of this fact follows directly from the same proof as that of Proposition
3.1. Hence, it suffices to show that in probability,

lim lim lim EHM (4) — o= M (4], =0, VEk > 0.

el0 d—woon—oo N
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When k = 0, this is valid by our claim. Assume that this is also valid for all 0 < k < k’ for
some k’. We prove that this is also valid for ¥’ + 1. To see this, we use triangle inequality
to write

O ]

< [ Anlla| fer @A), .. 0PN A) = fir (AN (A), ot
b3 e @B ) — fyma (45 A
=1
£ 2 b (4) = b Ay 0D ), oAt O ),
where

) = Y gffg’] (oo, ot ),
Vg

1€[n]
Here by Lemma 3.5, Lemma 3.6, and the Lipschitz property of f, and its first-order

derivative, these terms vanish in probability from the induction hypothesis. a

At the end of this subsection, we establish the following lemma, which was used in
the above proof.

Lemma 8.3.

1 A N
lim fIE‘HAduOHQ — |G|, =0, (8.4)
lim ~ E|HGd w0y — B G4ul5|* = 0. (8.5)

Proof. We establish (8.4) first. Consider the AMP orbit
ul%(X) =P,
u (X)) = X, ulf(X) = XEu®) k>0

Note that ul¥t1)(@) = G4u0 and ul*+1(A) = A%, Recall that Theorem 2.2 implies that if
¢ € C(RFT1) is Lipschitz, then limy, o0 |k,n(A) — ¢k (G)| = 0 in probability. However, we
can not apply this result directly to |Ju!*t')(X)|3 since each term inside the summation is
not Lipschitz. To this end, we adapt a truncation argument Forany M > 1,let p € C*(R)
be uniformly bounded by 2M? and satisfy that p(z) = 22 on [~ M, M] and p( )= (M+1)?
forx ¢ [—(M + 1), M + 1]. Note that for any = € R,

2? — p(z) = (2% = p(@))1zjepe, vy + (@ — (M 4+ 1)) 1 jzjer+1,00)}
which implies that
2% — p(2)]* < 42" + IMY) 10> 03
It follows that from the Jensen and Cauchy-Schwarz inequalities,

Bl S WAG) - plul (G) |

2

1=1
EZ a GNP (G| = M)+ oM P(ul G| = M),
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Here, from Proposition 5.4, there exists a constant C' > 0 independent of n, 7, and M > 1,

Elu"N o) <c

and
[d+1] 8
E|u; G C
P(ul () 2 ) < O < €
Consequently,
I~ [ d 2 40C
Bl S (@) — ol e) [ < T

i=1

Similarly, the same inequality is valid for A. Now from Theorem 2.2 and the dominated
convergence theorem,

2

T B LS (0@ - pult ) <o
=1

Hence, we arrive at

S 1 d+1 2 d+1 512 _ 640C
tim sup — B |ul (@) 5 — a5 < Tz

Since this is valid for all M > 1, this limit is indeed equal to zero. From this, since both
n~ 12| uldt (@) ||y and n=/?||uldt 1 (A) ||, are uniformly square-integrable by Lemma 3.6,
the assertion (8.4) follows. The proof of (8.5) can be established by using Theorem
3.2 and an identical truncation argument. As this part of the proof does not involve
additional complications, we omit the details here. O

8.2 Main argument

We are ready to establish the proof of Theorem 2.7. Recall the AMP orbits (v [¥] k>0
and (v %), 5, from last subsection. Define

0
pAedl=d(x) = — \{)ﬁ“ 7
E[|AZull2 + v/ne

0

pGedl=d( ) v

- E||Gdul; + e

For —d <k < -1, set

,UA.,E,d,UC-‘rl] (X) — Xn,UA,E,d,[k] (X),
vG,E,d,[k+1] (X) _ XnUG’E’d’[k] (X)

Note that v*=40l(X) = ¢454(X) and v& =401 (X) = u%=4(X). This implies that
(vAedlkl) S g and (v&e %Ik, 5, are again AMP orbits with the initializations v4-5% =4 (X)
and v%= %= (X). The key feature of this construction is that the initializations are inde-
pendent of X and its norm is bounded above by ||u°||2/c. Hence, the assumption (2.1) is
satisfied with possibly a larger ¢. From an identical argument as that of Theorem 2.4,
we see that the AMP orbit (UA’E’d’[k]) k>—q satisfies universality. In particular, for any
Lipschitz ¢ € C(RF*1), this implies that

A,e,d A,e,d

P (A) =9, (G).
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Finally, since Lemma 8.3 implies that the initialization satisfies
UA,E,d,[*d] (G) _ uA,s,d(G) = uG,s,d(G) _ UG,s,d,[fd] (G),

the argument in the second half of the proof of Lemma 8.2 applies to the present setting
and it yields that

UA,s,d,[k] (G) — UG,s,d,[k] (G)

for all £ > —d. Consequently,

A,e,d G,e,d

i (G)=0i,  (G).

From this and Lemma 8.2, the announced result follows.

A Approximate Gaussian integration by parts

This appendix gathers three inequalities of approximate Gaussian integration by

parts. Let s > 1 be fixed. Let a4, ..., as be independent random variables with zero mean
and unit variance. Suppose that ¢;,..., gs are i.i.d. standard standard normal and are
independent of aq,...,as. Set

a;(t) = Vita; + V1 —tg;

for0 <¢t<land1l < j <s. Seta(t) = (ar1(t),...,as(t)). In what follows, we denote
a=(a1,...,a5) € ({0JUN)®, ol = ay!---a;!, and |a| = a1+ - -+as. Also, 9% = 03} - - - 05>

and z® = z{* - - x%e.

Lemma A.1. Let f € C*(R®). For any 0 < t < 1, we have that
|Ef(a(t))ar(t) - as (t)c’zl(t)|
Ela (t)4]'/4 N jag ! N 1/2 (A.1)
< (;f S [T Elay@)¥er+D)’ 4(/0 B[ f (€a(t)|]dg)

laj=s j=1

Proof. From Taylor’s theorem, for any z € R?,

8(1
fo = ¥ DO L5 [Costeand

lal<s—1 lal=s

From these, for any « satisfying that |a| < s — 1, we can write
Ea(t)*ai(t) - - an(t)ai(t) = Eai (£)** a1 (t) - Eas(t)** T - - Eag(£)* T (¢).

If aj = 0 for some 2 < j < s, then this expectation vanishes. If o; # 0 forall2 < j <,
then the condition |a| < s — 1 forces that &; =0 and ay =--- = a; = 1 so that

Eay (t)* T tay (t) - Bag(t)*2 T - - Eay (1)* T (t) = Eay (t)a(t) - Bag(t)? - - - Eay(t)* = 0

since
: g1
Bay ()i (1) = B(Viar + VI~ 1g1) (5 )
Vi VIt
Vi T3 (A.2)
=FEa? - ———=FEa,91 + ~—~—Fa, 91 — Eg} = 0.
1 N 191 NG 191 91
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From these,
[Ef(a(t)ar(t) - - as(t)a (t)|
1 1
— | —= 3 [ E[ai(t) - ayt)ay(t)a(t)*d” f(€a(t))]de
‘(8—1)! |a=s/0 ‘

271/2 ! 2 1/2
< ﬁ 3" E[(as(t) - as(t)aa(t)a(t)?)?] " (/O E[|0° f(¢a(t))] ]dg> .

|a]=s

Finally applying the Cauchy-Schwarz inequality and the independence of a4 (¢), ..., as(t)
to the first expectation in the last line ends our proof. a

Lemma A.2. Let f € C*~1(R®). Forany 0 <t < 1 and r > 2, we have that
[Ef(a(t))ai(t)"az(t) - - as(t)a (¢)]

47174 s 1
< B0 S Bl ) T Blay 0] / [0 f(€a(t)) ] dc) .

—92)!
(5 2) |a]=s—1 Jj=2

(A.3)

Proof. Consider Taylor’s expansion,

f(l‘): Z 80<f(0)xa+ (8_12)' Z xa/o aaf(fl‘)dg

ol
loo|<s5—2

la|=s—1
For any « satisfying |a| < s — 2, we can write
Ea(t)®ai(t)" - as(t)a(t) = Bay ()™ T a(t) - Bag(t)*2 - Eag(t)* ().

Observe that if a; > 1 for all 2 < i < s, then |a| > s — 1, which is not possible. Thus, one
of the ao, ..., as; must be zero so that this expectation vanishes. Consequently,

[Ef(a(t))ar(t) az(t) - as(t)ar(t)]

which leads to the assertion by applying the Cauchy-Schwarz inequality to the first
expectation in the last line. a

Lemma A.3. Let f € C*T1(R?). For any 0 < t < 1, we have that
[Ef(a(t))az(t) - - as(t)ar(t)]
ad (141174 s 1 1/2
< Elan ()77 E[al(t)ml]uzxHE[%@)%H%)]V‘*(/ E[|o° f (¢a(t)) ) d¢) "

|
5 la]=s+1 j=2 0
(A.4)

Proof. Write

|| <s " al=s+1
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For « satisfying |a| < s, write
Ea(t)%as(t) - - - as(t)ar (t) = Bay (t)* a1 () Bag(t)*2 T - - - Bag (t)* .

If a; = 0 for some 2 < j < s, then this expectation is equal to zero. If a; > 0 for all
2 < j < s, then oy = 0 or a; = 1. In the former case, the expectation vanishes; in
the latter case, this expectation is also equal to zero since Ea,(t)a(t) = 0 due to (A.2).
Consequently,

B/ (a(®)aat) a<t>a1<t>!
1 .
E z / [aa(t) -~y (6)in (Ha(t) 0" F(€a(t))] de|

|a]=s+1
s% - E[(ag(t)-~-as(t)al(t)a(t)a)g]m(/o E[|aaf(ga(t))\2]d§)”2
laj=st1

The rest of the proof follows by using the Cauchy-Schwarz inequality and the indepen-
dence of a;(t),...,as(t) to the first expectation of the last line. O
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