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Abstract

We obtain an integral formula for the distribution of the first hitting time of the origin

for one-dimensional «-stable processes X, where « € (1,2). We also find a spectral-

type integral formula for the transition operators Pt]R\{O} of X killed upon hitting the

origin. Both expressions involve exponentially growing oscillating functions, which
. . . R\{0}

play a role of generalised eigenfunctions for P, .
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1 Introduction

The main purpose of this article is to extend the results of [23], where a large class
of symmetric Lévy processes was considered, to non-symmetric stable Lévy processes.
For such a process X;, we study the hitting time of the origin, and transition operators
of the process X; killed upon hitting the origin. We construct appropriate ‘generalised
eigenfunctions’ F'*(sz) and F~(sz), and we provide expressions similar to those of [23].
In our case, however, the functions F'* and F~ are no longer bounded; in fact, they
grow exponentially fast, and thus the methods of [23] need to be substantially modified.
Our approach is similar to that of [21], where similar problems for hitting a half-line are
studied. However, we avoid the use of special functions. Instead, we consider integral-
type expressions, related to some extend to [25]; see also the prelimiary version [24] of
that article.

Hitting times for Markov processes are one of the fundamental objects in probabilistic
potential theory, with numerous applications to other areas of mathematics. Various
results for the Brownian motion are collected in [5], Appendix 1. Hitting times for
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Spectral theory for stable processes

symmetric stable Lévy processes have already been studied in 1960s, see, for example,
[3]. In [10] a formula for the density of the hitting time of the origin was obtained
for spectrally positive Lévy processes. The theory was further developed in [32], and
in [34] a series expansion of the density of the hitting time of the origin was found for
stable processes with no negative jumps. Further results for completely asymmetric
stable processes were presented in [43], where series representations for the density are
presented, and in Section 46 of [41]. The Mellin transform for the hitting time of zero
is given in [20]. Additionally, in [43], hitting times of points are proved to be unimodal
when « < 3/2. Later, in [28], unimodality was proven for « € (1,2]. More general results
about unimodality of hitting times for Markov processes can be found in [40]. Asymptotic
analysis of the hitting times of points can also be found in [17, 35, 46]. Estimates for
hitting times of points for more general symmetric Lévy processes were obtained under
some mild regularity assumptions in [14].

Obviously, hitting times and distributions for stable processes have been studied also
for more general sets. These results are, however, of much different nature, and we
only mention some examples that are at least remotely related to our work. Hitting
distributions of the interval [—1, 1] or its complement R \ (—1, 1) have been found in [27]
and [38], respectively; see also [36] for further discussion and references. Hitting times
of half-lines, called first passage times, are of particular interest, being the main subject
of fluctuation theory for Lévy processes; we mention here [13, 19, 21].

As mentioned above, spectral theory of symmetric Lévy processes killed upon hitting
{0} is developed in [23]. Further work in this area can be found in [16], where a
narrower class of symmetric Lévy processes with completely monotone jumps is studied.
Similar work for symmetric processes in half-line can be found in [22] and [26], which
extend the former work [18] on the Cauchy process. Non-symmetric stable processes
in half-line have been studied in a similar way in [21]; see also [24, 25] for preliminary
results for more general non-symmetric Lévy processes with completely monotone jumps.
We note that spectral theory of non-symmetric Markov processes on the half-line was
also studied in [29] (one-dimensional diffusion processes), [31] (branching processes)
and [33] (non-self-adjoint Markov semigroups).

Our main goal is to extend the results from [23] to the class of non-symmetric a-stable
processes, a € (1,2). The symmetric case is much easier, mainly because in this case
the characteristic exponent of the process is real-valued. This property is crucial for the
method developed in [23]. However, the tools developed in [21] allow us to follow some
of the arguments from [23], after appropriate deformation of the contour of integration
to the line along which characteristic exponent takes real values.

Let us briefly motivate the form of our main result, Theorem 1.1. If 7 is the hitting
time of the complement of a compact set D for a sufficiently regular symmetric Markov
process X, then the transition operators P of the process X; killed at 7 are compact
operators on L?(D), and it is easy to find spectral expansion of P?(7 > t): we have

Pr(r> 1) =3 e M, (2) /D on(y)dy,

n=1

where (¢, : n = 1,2,...) is a complete orthonormal system of eigenfunctions of P”,
with corresponding eigenvalues e~**. We refer to [12] for a rigorous discussion of an
analogous description of the transition density (the kernel of P”). When D is unbounded
and PtD fail to be compact operators, one can expect that a continuous variant of the
above expansion holds:

P> 0 = [ 0 ( [ ety )mtas

EJP 26 (2021), paper 14. https://www.imstat.org/ejp
Page 2/33


https://doi.org/10.1214/21-EJP594
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Spectral theory for stable processes

where ¢, are generalised eigenfunctions (or resonanses) of PP with generalised eigen-
values A(s). Here S is some parameter set, and m is an appropriate meusure on S;
again we refer to [12] for a rigorous discussion of such expansion for transition densities.
Similar problem for non-symmetric processes are generally much harder. However, in
certain cases one can hope for similar expansions. In the compact case, if PtD admit a
complete system of eigenfunctions ¢, and co-eigenfunctions ", then it is expected that

Pr(r> 1) = 3 e M (x) / ot (y)dy.

n=1 D

Similar expressions are possible in the non-compact case, of the form

P >0 = [ O [ ety )mas.

The article [21] derives a formula of the form given above for the first exit time from
(0,00) for non-symmetric a-stable processes. Here we prove an analogous result for
the hitting time of 0. In either case the generalised eigenfunctions ¢ (r) = F(sz)
have exponential growth; namely, we (roughly) have F(z) = e**sin(bx + ¢) — G(x) for a
reasonably small remainder term G. As we shall see below, this rapid growth of F' is a
constant source of problems in applications of Fubini’s theorem, invertions of Laplace
transforms etc.

Much of the inspiration for the present work also came from the theory of Rogers
functions ([24, 25]). The characteristic exponent of a stable process is a particularly
simple example of a Rogers function. Many of the results presented below seem to
extend to more general Rogers functions, which suggests that our main results can
possibly be extended to more general Lévy processes with completely monotone jumps.

Distribution of hitting times of the points, as mentioned above, is widely studied and
useful in many applications. For example, in [20] it is used (in different form) to study
stable processes conditioned to avoid zero. Such objects appear also in the proofs in
excursion theory ([7, 20]), potential theory ([4]) and local times (Second Ray-Knight
theorem, [30]), not to mention financial mathematics ([47]). Our formula may help
with describing the asymptotics of hitting times (as in [16]). Our results concerning
generalised eigenfunctions, on the other hand, may provide even more interesting
applications. Such objects invariant under operator of rather standard form seem to be
commonly desired.

1.1 Main results

Let X; be the a-stable process with index « € (1,2) and positivity parameter p €

1- i, i] We assume that X; is normalised in such a way that if 1) is the characteristic
exponent of X, then |¢(1)| = 1. Let
so that (&) = e79|¢|™ for ¢ > 0 and (&) = €'*?|¢|* for ¢ < 0. We remark that our

e
assumption « € (1,2) is not restrictive: if a < 1, then, with probability one, X; never hits
0.
Define the functions G and G~ by the formulas

N
GHa) = G (~a) = 0o / - sl Z6) gy
0

™ — 2t cos(a(f —0)) +1 (1.1)
asin T [ t*sin(a(Z + 6 N )
G+(—J]) = G_ (;L') = o / 5 ( (2 — )) —t@dt
™ o t?*—2tcos(a(f +6)) +1
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for x > 0. Define furthermore
Ff(z)=F (—z) = e " ?sin(|z|cos§ + fsignz + = — Z) — G (2)

for z € R\ {0} with F7(0) = 0. Note that G~ and F~ are given by the same expressions
as Gt and F'T, with p replaced by 1 — p (that is, with § changed to —6). By P* and E* we
denote the probability and expectation corresponding to the process X; started at x. The
following theorem is the first main result of the paper. Note also that F't is continuous
(cf. Lemma 3.1).

Theorem 1.1. Let 7y be the first hitting time of {0} for the process X,. Then

—s%t

1 e
P (g >1t) = Wcosﬁ/o . F~(sx)ds. (1.2)

forx # 0 andt > 0.

The functions F*, '~ can be seen as generalised eigenfunctions of transition opera-
tors of X; killed upon hitting {0}. These operators are defined by the formula

PR £(2) = B7(£(X,);t < 7o), (1.3)

fort > 0, z € R\ {0}, and they act on .Z?(R \ {0}) for arbitrary p € [1,oc]. Although
Pt]R M - is not well-defined (the expectation does not converge), we have the following
spectral-type representation of Pt]R MO This is our second main result.

Theorem 1.2. There is a class of functions H, dense in £*(R \ {0}), with the following
property. If f, g € ‘H, then

| = [T ([T @) ([ enaway) as

oo —s%t [ee)
+/ < 7 (/ e~ 5750 gin (s cos 9)f(x)dx> </ %Y 5110 sin(sy cos 9)g(y)dy> ds.
0 Cos —00 —o0

The class H is discussed in detail in Section 2.2. Theorem 1.2 provides a spectral-type
representation of P?: the parenthesised integrals can be thought of as Fourier-type
transforms of f and g, which diagonalise the action of P?. This is the reason we call F'*
and F~ generalised eigenfunctions of P. We stress, however, that due to exponential
growth at infinity, P’ F'* is not defined unless the process X; is symmetric, that is, § = 0.
For the same reason we cannot write

/00 PtR\{O}f(a:)F+(sx)dm =e 5"t /00 f(x)F*(sz)dz,

t>0,s >0, even for f € H. The left-hand side is usually not well-defined.
We mention here one property of the functions G* and G~. For further information,
see Section 3.

Proposition 1.3. The functions G™ and G~ are bounded, integrable, and their Fourier
transform is given by

« 1 1
D@ -1 P 1 @it

F6H(O = 76~ —sinz ) cem

Furthermore, the functions G*(x) = G~ (—z) and Gt (—z) = G~ (z) are completely
monotone on (0, ).
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Remark 1.4. For § = 0, i.e. the symmetric case, we reproduce the result of Example 5.1
in [23]. In this case function G+ = G~ takes form

as® lsin Z& sin T[> te
G*(sz) = 2= / —elelt gy, 1.4
(s2) ™ o 1 —2t>cos(ma) + 2 ¢ (1.4)
Ft=F~ and
FT(sx) =sin (\sx|+E— g) — G (sx). (1.5)
!

1.2 Structure of the article

The remainning part of the paper is divided into four sections. In Preliminaries we
recall basic definitions and state auxiliary lemmas. In particular, we introduce a suitable
family of test functions 7, and we discuss Nevanlinna class of functions and Cauchy’s
integral formula. In Section 3 we prove a handful of technical lemmas in order to derive
a formula for the generalised eigenfunctions F'™, FF~. The properties of functions G*
and GG~ are studied here, and the proof of Proposition 1.3 is given. Section 4 is dedicated
to the proof of the Theorem 1.2 and, finally, Theorem 1.1 is proved in Section 5.

In our proof, we deform the contour of integration a number of times. Here is a rough
sketch of the argument.

+ We begin with the triple integral I()\) of e *p?(z,y) f(z)g(y).

* We use Plancherel’s theorem to rewrite /() as a triple integral with respect to ¢, &,
7, where ¢ and 7 are the Fourier variables corresponding to z and y (Lemma 4.1).

+ Next, we deform the contour of integration in ¢ and 1 to (—e~%*00,0) U (0, e c0).

* By doing so, we obtain an expression for I(\), which is a Cauchy-Stieltjes transform
¢4(\) of some function of a new variable r (Lemma 4.2).

¢ Since the Cauchy-Stieltjes transform (r — \) is the Laplace transform (¢ — \) of
the Laplace transform (r — t), the above leads to an expression for the double
integral J(t) of p?(x,y)f(x)g(y) (with respect to x and ) as a Laplace transform of
what will be denoted by — Im ¢4(—7) (Theorem 4.7).

* In order to prove Theorem 1.2, we now identify the expression for —Im ¢4(—r)
(which is given in terms of integrals of Laplace transforms of f and g) with an
appropriate integral transform of f and g. This involves deforming back the contour
of integration with respect to £ and n to R, and an application of Plancherel’s
formula. It is here convenient to replace r with s®.

e Theorem 1.1 is proved in a similar way, with an additional step at the end of the
proof: we change the order of the integrals with respect to s and z, and by a density
argument, we are able to remove the integral with respect to x. Changing the
order of integration, however, is not straightforward: it requires an appropriated
deformation of the contour of integration, so that Fubini’s theorem can be applied.

2 Preliminaries

We denote by .#?(R) the space of real-valued functions f on R such that |f(z)|? is
integrable. We use .Z f to denote the two-sided Laplace transform of f:

21~ [ T @) da

EJP 26 (2021), paper 14. https://www.imstat.org/ejp
Page 5/33


https://doi.org/10.1214/21-EJP594
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Spectral theory for stable processes

whenever the integral converges absolutely. If f € Z!(R), then Zf(¢) = Zf(i€)
(with £ € R) is the Fourier transform of f. The Fourier transformation % is extended
continuously to .Z?(R).

2.1 Stable Lévy processes

By X; we denote a one-dimensional a-stable Lévy process with index of stability
a € (1,2). We assume that o > 1 in order that X, is point-recurrent (i.e. it hits single
points with positive probability). The case o = 2 is well-studied and much simpler, so we
require that a # 2.

A one-dimensional stable Lévy process is completely characterised by «, the positivity
parameter p = PY(X; > 0), and the scale parameter k > 0. For a € (1,2), we have
p € [1 -1 1] We denote by ¢ the characteristic exponent of X;:

Eoezth — e_tw(§)7 t> 0’5 [= R (21)

In our case

P(§) = (K|E)* (1 — i tan ((2p — 1)%) signg) ., E£€R.

Our results do not depend on the scale parameter k in any essential way. For this reason,
we choose k in such a way that [¢(€)| = |£]|* for every £ € R. Thus, if we set

09— (2,0—1)777
2

and

e—iea i
wa-firer e

then we have [0| < T — §

(e(=€))* ifE <0

(all complex powers are principal branches). Note that if we replace conditions £ > 0,
& < 0by Re& > 0, Reé < 0, respectively, then the above expression defines a analytic
extension of ¢ to C\ iR. Throughout the text, the symbol ¢) denotes this extension, and
the fact that ¢ (re'?) € (0, 00) for r € (0, 00) will play an important role.

Remark 2.1. Apparently, the results of the present article can be extended to some
Lévy processes with completely monotone jumps, introduced in [37] and studied recently
in [25]. For symmetric Lévy processes this was already done in [23]. In the non-
symmetric case, one clearly has to assume that 1/(1 + ¥(&)) is absolutely integrable,
so that X; is point-recurrent, and points are regular for X; (see [41], Theorem 43.3).
However, a number of further technical conditions will have to be imposed.

Probability and expectation of the process starting from =z € R are denoted by P* and
E”. We define the transition operators P; of X; by

Pif(z) = E*f(X;) = /Rf(y)nﬁ(xt cdy), t>0,z€cR.

The operators P; are convolution operators, and the corresponding convolution ker-
nels p;(z) are known as transition densities. More formally, p; is such that P, f(z) =
f]R f(y)pe(xz — y)dy. The operators P, form a strongly continuous semigroup of operators
on .Z?(R), and their action is diagonalised by the Fourier transformation.

Let D C R be an open set and let

T =inf{t >0: X; ¢ D}
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be the first exit time of the process X; from the set D. The process X; killed upon leaving
D is formally defined to be equal to X; until its life-time 7p. We are more interested in
the corresponding transition operators PP, given by

PP f(x) = E*(f(Xe)Xt<rp) = /D f)P*(Xy € dy;t <7p), t>0,z€D.

The corresponding kernel function pP (z,y), the transition density of the killed process,
is given by so called Dynkin-Hunt formula (we use the name from [8]; it is a consequence
of strong Markov property and it was used in similar context in [45]; the proof for the
Brownian motion case can be found in [1], Section I1.4, and in [9], Section 2.2, however
these proofs are general and can be used in our case)

PP (2, y) =iy — ) = B (prorp (v — Xop)Xtsrp)s  t> 0,2,y € D.

In particular, 0 < pP(x,y) < pi(y — ). We consider D = R \ {0}, and for simplicity we

denote 7o = Try oy, P = PFMY and pY (z, y) = pi 1 (2, ).

Recall that the A-potential kernel of the process X; is defined as
uy(z) = / e Mpy(z)dt, A>0,z € R.
0

By (2.1) and Fubini’s theorem, we have

v
Y=+’

In a similar way, the A-potential kernel of the killed process is given by

FIpi(€) =e WD Fuy(€) = £€R.

o0
u(z,y) = / e Mp(z,y)dt,  A>0,z,y €R.
0

We have
ux(—z)ux(y)
u) (0)

This well-known identity follows from Dynkin-Hunt formula by integration, as follows.
Observe that:

u(z,y) = ua(y — =) — (2.2)

Ug(x» y) = / ei/\tp?(wv y)dt = / ei/\tpt(mv y)dt - EI / eiktptf‘ro (y - X‘I’g)dt
0 - 0 T0 (2‘3)
=ur(y—z) - E* / e A (y — 0)ds = ux(y — ) — B e uy(y).
0
By Theorem 43.3 (4) in [41],
- ux(—x)
Efe ™ = : (2.4)
ux(0)
and (2.2) follows.

Our ultimate goal is to find integral expressions for the distribution of 7y with respect
to IP*. Our starting points are (2.2) and (2.4), which describe the Laplace transforms
(with respect to t) of p?(z,y) and P*(7y € dt) in terms of u). The function u, is in turn
the inverse Fourier transform of 1/(\ 4 1 (—¢)). These expressions, however, are not
suitable for standard inversion formulas. For this reason, we will first multiply the above
expressions by appropriately regular test functions, and only then consider Fourier
transforms in x and y.
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2.2 Test functions

Just as in the symmetric case studied in [23], our representation of p?(x,y) and
P*(ro > t) involves generalised eigenfunctions F* and F'~. In the symmetric case,
F*T = F~ is a bounded function; here F* and F~ have exponential growth at infinity.
This nuisance makes the use of the Laplace transform problematic. To overcome this
difficulty, we introduce a particular class of test functions, following [21] (where stable
processes in a half-line were studied).

Definition 2.2. By H, denote the class of all functions g : R — R such that
1. g(x) =0 forz < 0;
2. g extends to an analytic function in the sector | arg(z)| < 7/2;

3. for every ¢ € (0,7/2) there exists § = §(¢) > 0 such that |g(z)| = O(|z|~°1*]) when
|z| = o0, and |g(z)| = O(1) when |z| — 0, uniformly in the sector | arg(z)| < 7/2 — ¢.

We say that g € H_ if g(—=z) belongs to H . Finally, g e Hifg: R— R, andg =g+ +g_
forsome g, € Hy andg_ € H_.

We note that the classes H,, H_, H are non-empty and non-trivial, e.g. g(z) =
e~slzllogl=+el js in 7 for every s > 0. It was observed in [21] that, on one hand, 7, is
sufficiently rich, while on the other one, the Laplace-Fourier transform of a function
g € H. is a suitably decaying analytical function in the sector | Arg(z)| < m — ¢ for every
e > 0. We rephrase these results for the class H.

Lemma 2.3 ([21], p. 19, Lemma 2.14). Let g € H. Then .Zg(z) is an entire function and
for every e € (0, §) there exists a constant C' such that

| Zg(2)] < Cmin{1, |z|7'}, larg(iz)| < § — € or |arg(—iz)| < § —e.
A similar argument leads to the following estimate of the derivative of .Zg; we omit

the proof.
Lemma 2.4. Let g € H. Then for every ¢ € (0, §) there exists a constant C' such that

(Zg)(2)] < Cmin{1,|2|7?},  arg(iz)] < § — ¢ or |arg(—iz)| < § — <.
Lemma 2.5. The class H is dense in the following sense: if f is a Borel-measurable

function and -
/ f(z)g(x)de =0  foreveryg e H,
—00

with the integral absolutely convergent, then f(x) = 0 for almost every = € R.

Proof. Let p(z) = zlog(z + e) and consider g(z) = e~*(®)x g »)(z) for some s > 0. As
we already remarked above, g € H: it extends to an analytic function in the sector
|arg(z)| < I, and we have |g(z)| = [z +¢e|~*I*l = O(]z|7*I*/2) as |z| — oo and |g(2)| = O(1)
as |z| — 0, uniformly in the sector | arg z| < § — € for every e > 0. Note that p’(z) > 0 and,
by substitution y = p(z), we get

0= /_o; f(z)g(z)dr = /000 e_s?/f(p—l(y))(p—l)/(y)dy 2.5)

for every s > 0. This means that the Laplace transform of f(p~'(y))(p~')'(y) vanishes
for every s > 0, and hence f(p~(y))(p™')'(y) = 0 for almost every y > 0. It follows that
f(x) = 0 for almost every = > 0. A very similar argument shows that f(z) = 0 for almost
every x < 0, and the proof is complete. O
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2.3 Stieltjes functions and Cauchy’s integral formula for the upper half-plane

One of the key steps in the proof of our main result involves Stieltjes-type repre-
sentation of analytic functions in C \ (—o00,0). We deduce this result from Cauchy’s
integral formula for functions from the Hardy space 77 in the upper complex half-plane
H, ={z€ C:Imz > 0}. We begin with a number of standard definitions.

Definition 2.6. A function f : (0,00) — R is a Stieltjes function if

f(x)=%+c2+1/ m<d8), x>0, (2.6)
0

T xr+s

where c1, ¢y > 0 and m is a non-negative Radon measure on (0, c0) which satisfies the
integrability condition [;° min{1,s™!}m(ds) < occ.

Definition 2.7. For p € (1,), by P we denote the space of functions f analytic
in H, such that |f(x + iy)|P is integrable with respect to x € R for each y > 0, and
Jg |f(z + iy)[Pdz is a bounded function of y > 0.

Definition 2.8. A function f analytic in H, is an outer function if

o0

1
log |f(z +1iy)| = ;[ m log|f(s)|ds (2.7)

for every x € R and y > 0. Here for s € R the symbol f(s) denotes the limit lim;_.q+ f(s+
it), which necessarily exists for almost every s € R.

Definition 2.9. The Nevanlinna class .4 " is the set of functions f analytic in H,, which
can be represented as f = f1/f», where f; and f> are analytic and bounded in H,, and
f2 is outer.

The class of outer functions on the unit disk, and the Nevanlinna class .#+ on the
unit disk, are defined in a similar way. Note that composition with a conformal map
between the unit disk and the upper complex half-plane defines a bijection between
the corresponding classes of outer functions, as well as between the corresponding
Nevanlinna classes .#+. We refer to [6, 39] for further details.

We will use the following standard properties of Stieltjes functions, Hardy space .77,
and the Nevanlinna class ./ .

Lemma 2.10 ([23], Proposition 2.1(b)). A function f : (0,00) — R is a Stieltjes function
if and only if f(z) > 0 for z > 0 and either f is constant, or f extends to a analytic
function in C \ (—o0, 0], which swaps the upper and the lower complex half-planes, i.e. if
Imz >0, thenIm f(z) < 0 and ifIm z < 0, then Im f(z) > 0.

Lemma 2.11 ([39], Theorem 4.29). If f is an analytic function in the unit disk with
non-negative real part and f is not 0 everywhere, then f is an outer function.

Lemma 2.12. If f is an analytic function in Hy, Re f > 0in H, and f is not 0 everywhere,
then f is an outer function. If f is a Stieltjes function, then (the analytic extension of) f
is an outer function.

Proof. Suppose that Re f > 0 in H,, and consider the conformal map w(z) = —i(z —
1)/(z + 1) from the unit disk {z € C : |z|] < 1} onto the upper complex half-plane H, .
If g(2) = f(w(z)) for z € By, then g is an analytic function in the unit disk, with non-
negative real part. By Lemma 2.11, g is an outer function on the unit disk. It follows that
f(z) = —ig(w™'(z)) is an outer function in the upper complex half-plane H .

If f is the analytic extension to the upper complex half-plane H, of a Stieltjes function,
then, by Lemma 2.10, Re(if(z)) > 0 for every z € H,. By the first part of the proof, if is
outer, and hence also f is outer. O
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Lemma 2.13 ([39], 5.14(iv)). The sum of functions from 4t is in A4 +. The product of
functions from A4t isin 4. The ratio of a function in .#+ and an outer function is in
N

Lemma 2.14. The function f(z) = /= is outer.

Proof. The function 1/f(z) = 1/4/z is a Stieltjes function. Hence, 1/f is outer, and it
follows that f is outer, too. O

Recall that for © € R limit lim,,, f(z) = « is said to exist non-tangentially if
lim, o f(2n) = @ whenever lim,_, 2z, = x and there is a constant ¢ > 0 such that
|Re(zy, — )| < ¢lm 2, for alln € IN.

Lemma 2.15 ([39], Theorems 5.6 and 5.23(i)). Let f be in the Nevanlinna class 4 +.
Then the boundary limit f(z) = lim,_,, f(z) exists non-tangentially for almost every
x € R. Furthermore, if

/ |f(z)[Pdx < oo (2.8)
R

for some p € (1,00), then f € J#P.
Theorem 2.16 ([11], Theorem 11.8). Let f be in s#P for some p € (1,00). Then

f(z) = L dt (2.9)

when Im z > 0 and

f( ) (2.10)

T omi rREt— z
when Im z < 0.

Corollary 2.17. Let f be an analytic function in C \ (—o0, 0], which is real-valued on
(0, 0), and such that f(—£2) belongs to the Nevanlinna class .4 in the upper complex
half-plane. For s > 0 denote by f(—s) the boundary limit lim;_,o+ f(—s + it) (which exists
for almost every s). Suppose that f0°° |f(—s?)|Pds < oo for some p € (1,00). Then

1 [Imf(-s) , 1 [z Ref(—s) B

Proof. We define an auxiliary function g(¢) = f((—i€)?) in the upper complex half-plane
Im ¢ > 0, and we verify that g satisfies the assumptions of Theorem 2.16. By assumption,
g is in the Nevanlinna class .#*, so g has a non-tangential boundary limit almost
everywhere.

Fix s > 0. Let H(t) = iv/—s + it for t > 0. Then H'(t) = —1/(2v/—s + it), and hence
H'(0) = —1/(2y/—s) = i/(2+/s) is purely imaginary. This implies that H(¢) approaches
2(0) = i/—s = —/s non-tangentially in the upper complex half-plane. As a consequence
(since f(—s +it) = g(iv/—s + it)), we have:

f(=s):= lim f(—s+it) = tl_i>%1+ g(iv—s +it) = g(—/s)

t—0+

for almost all s > 0. Since f(Z) = f(z), we find that g(—%) = f((i%)? 2) = f(-7%) =
f(=22) = f((=iz)?) = g(z) for z € {z € C : Im z > 0} and hence ¢(s) = g(—s) = f(-s
for almost all s > 0.

By Lemma 2.15 and the assumption fooo |f(—s%)|Pds < oo, g is in the Hardy space J#7.
Therefore, by Theorem 2.16, for z € C \ (-0, 0] we have

o 1 [ (1) 1 [ f(=1?) 1 [ f(—t?)
10 =alive) = 5 [ 2= o [T e o [P S

~—
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and, similarly,

NSRS
2mi J_o t+ iz omi Jo t+ivz 2mi Jy t— iz

Adding the corresponding sides of these identities, we find that

f() = o /Ooc<f<—t2>—f(—t2>>( L1 )dt

27TZ t—Z\/g t_'_z\/z
1 > 2t 1 1 _

= — (—2¢1mf(_t2))27dt:_,/ Imf(=$) 4
27TZ 0 t+z T o S+ 2

as desired. Similarly, subtracting the corresponding sides rather than adding them, we

obtain ) - ) )
6= | TR+ f<t2>><t o )
e e * VE Ref(-s)
=501 ), (2 Ref(—tz)) dt ) s stz ds,
as desired. O

2.4 Auxiliary lemmas
We need the following simple corollary of the residue theorem.

Lemma 2.18 ([21], p. 11, Lemma 2.5). Let f be an analytic function in the sector
—e < Arg(z) <b+e(—e€< Argz < ¢) for some e > 0 and b > 0 (resp. b < 0), except
for a finite number of poles at points z = z; lying in the sector 0 < Arg(z) < b (resp.
0 > Arg(z) > b). Assume also that for some § > 0 we have f(z) = O(|z|~'*°) as |z| — 0T
and f(z) = O(|z|~'7%) as |z| — +oo, uniformly in the sector 0 < Arg(z) < b (resp.
0 > Arg(z) > b). Then

/f dz—e“’/ f(e®2)dz +2mi Y Res(f(z))
J

(resp. [)° f(2)dz = €™ [[7 f(e®z)dz — 2mi Y ; Res(f(2;)) for the case b < 0).
We will need the followmg technical estimate.

Lemma 2.19. Suppose that o € (1,2) and h : (0,00) — R satisfies |h(r)| < ¢; min{1,r~1}
and |W' ()| < camin{1,r~2} ifr > 0. Let

o0
K(s) = p.v./ ah<77") dr, s> 0.
0 T

75(1

Then there is a constant C' (which depends only on «, c¢; and c3) such that

Cst~« if 0 1,
K(s)| <4 rhees (2.12)
Cs “log(1+s) ifs>1

Proof. Fix s > 0. Since [r® — s®| > r® — (3r)® > L if r > 25, we have

2s 2s 00
/ ’Wdr’+ ‘h(s)p.v./ +2/ N g 213)
0 re=3: o T 2

s r
The third integral in the right-hand side is easy to estimate: if 2s > 1, we have

= | o
/ R 4 < cl/ dr=— (2.14)
2s re 2s re a(25)a
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while if 0 < 2s < 1,

/ |h(r)‘dr<01/ iadr:c—l (2.15)
2 2

s T s T (v —1)(2s)>"1 "

The middle integral in (2.13) also shows no difficulties:

2s 1
'h(s) p.V./ ———dr
0

e < epmin{l, 57! x st

2 9
p.V./ T dt‘. (2.16)
T

We will show that the principal value p.v. f02 7 dt is well-defined. Write

1 11  at-1)-@"-1)
to—1  at—1 " aft—1)(t*—1)

The first term does not cause any problems and the second term extends continuously
at 1 by I’'Hospital’s rule applied twice:
alt—1)—@t*-1) . 1—tat  (I—a)t? 1-«

BTt — Dt — 1) a1l ite 1 151 2ate-1 | 2a

The estimate of the first integral in (2.13) requires more work. Since
|/ ()] < comin{1,t72} < 2¢co(141)72,
we have

_ 2¢o|r — 3|
(1+7r)(1+s)"

Therefore,

/ hr) —his) |
0

2s
— 1
<202/ L dr.
re — s o T¥—38* (1+7)(1+s)

Since (t —1)/(t* — 1) < 1 for all ¢t > 0, we have

r—s 1 (r/s)—1 o 1

ro_ g - ga—1 (T‘/S)a—l = ga—1 :

It follows that

/25 h(T) _ h(S) ol < 2y /25 1 . 2¢o log(l + 23)
0 Y — s Ssaml fo (1T4+7)(1+s) s*~1(1+s)

Combining the above estimates, we conclude that

Cy log(1 + 2s)

K(S) § m -+ 02517(1 min{l, 571} + 03 min{sia, Slia}
for some constants C7, (5, C5. The desired result follows. O

The following identity is quite elementary.
Lemma 2.20 ([23], equation (4.1)). For every a,b,c € C, Imc # 0, we have

ab) _ Imalmb Im(a/c)Im(b/c)
Im( c) Imec + Im(1/c)

We need one more technical result.
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Lemma 2.21. Lett > 0 and

o0 «@ 1 — e %%
D(z) = / et IS s
0

S

for z € C. Then ® is an entire function, and for every ¢ > 0 there is C > 0 such that

oo —S8z9 —S8z1
_ oy € — €
(& R dS
0 S

whenever |z1| = |22| and both 2, and z; are in the sector |Argz| < § + 5= — €.

=[®(z1) = B(22)| < C

Proof. By Lemma 2.14 in [21] applied to the function exp(—s®t), the function

\I/(z):/ e " te™%ds
0

is entire, and for every ¢ > 0 there is C' > 0 such that if [Argz| < § + 5= — ¢, then
|¥(2)| < Cmin{l,|z|7'}. Integrating ¥ over [0, 2] and using Fubini’s theorem, we find

that
e’} N e’} N -5z _ 1]
/ U(w)dw = / e’ t/ e *dwds = / e tE T s = D(2);
[0,2] 0 [0,2] 0 —$

the use of Fubini’s theorem is justified by the estimate |[e=*"te=*"| < e~*"e*I*|. Therefore,
® is indeed an entire function.

Suppose that ¢ > 0, » > 0 and that z; = 7€' and 2o = re*s® are in the sector
| Arg 2| < § + 5o — €. Integrating over the arc I' of the circle |z| = r with endpoints 2,
and z9, we find that

[@(22) — @(z1)] =

/\I/(w)dw‘ < / |V (re')|rds < 2nr x Cmin{l,r '},
r

S1

which completes the proof. O

3 Properties of the function G*

Recall that the characteristic exponent of X; is given by 1(£) = (e~%¢)* when £ > 0
and (&) = (—e?¢)® when ¢ < 0, and these expressions extend analytically to Re¢ > 0
and Re ¢ < 0, respectively.

Proof of Proposition 1.3. In terms of the characteristic exponent ), we need to prove

that
o 1 1

@) 1 oW 1 evEi1
One way to prove the above identity is to simply evaluate the left-hand side using the
definition (1.1) of G*. We take a different approach: we apply the inverse Fourier
transform to the right-hand side of (3.1) and in this way we derive (1.1).

We denote the right-hand side of (3.1) by ®(i¢). Note that |®(i¢)| < Cmin{1, |¢|71}.
In particular, ®(i€) is square integrable, and hence ®(i¢) indeed is the Fourier transform
of a function G € Z?(R). Observe that ®(—if) = ®(if) for ¢ € R, and hence G is
real-valued.

By definition, ®(i¢) given by right-hand side of (3.1), and hence ¢ extends to an
analytic function in the upper complex half-plane, continuous on the boundary, given by
the formula

ﬁG*(g):mg( > ¢eR. (3.1)

a eiG efiG

(Cie0g)e —1 —it e | iy o0

@(E)sinZ( ), Im¢ > 0.
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Indeed: the pole of o/ ((—ie~"¢)* — 1) is cancelled by ¢'? /(—i¢ — ¢). Furthermore, the
estimate |®(£)| < Cmin{1,|¢|7'} holds in the upper complex half-plane, so that ® is in
the Hardy space %2 in the upper complex half-plane. Hence, by Theorem 2.16, for £ > 0
we have

ng(g):@(ig):i/m O gy o= L [T 20 4 3.2)

2i t—ig 2w )t

It follows that
1 < D(t) — D(t)

FO©) = i) +0= 5 [ T

:1/ Im@(t)dti_l/ Im@(ft)le_l/ ma(t)
0 0

T o t—1E oo t+1i€ T t—1€

(here we added the sides of the first equality in (3.2) and complex conjugates of the
corresponding sides of the other equality in (3.2)). By a straightforward calculation, for
t > 0 we have

.o « 1 1

Im @(t) = sin o Im<e_m(ﬂ/2+9)ta 1  e—im/240) — 1  eiln/24+0)¢ — 1)
.o at®sin(a(§ +0))
=sin L X .
« t2e — 2t cos(a(f +6)) +1

dt
(3.3)

Similarly, for ¢t > 0,

at® sin(a(g —0))
2o — 2t cos(a(f —0)) +1°

Im®(—t) = —sin T x

In particular, Im ®(¢) is integrable over ¢ € R.

Observe that for ¢ > 0, the functions £ — 1/(t—i£) and & — 1/(¢+i€) are Fourier trans-
forms of z — €' X(_,0)(z) and & — e " x(g,o0)(x), respectively. By Fubini’s theorem,
(1.1) and (3.3), the Fourier transform of the function

1 [ 1 [
G (x)= —;/ Im ®(—t)e "X (0,00)(x)dt + ;/ Im ®(£)e" X (—c0,0) () dt
0 0

coincides with .#G on (0,00). Since both G* and G are real-valued, we conclude that
FGT = ZG on R, and consequently G and G are equal almost everywhere.

Finally, for 2 > 0 the functions G*(z) = G~ (—z) and G™(—z) = G~ (x) are Laplace

transforms of nonnegative functions (see (1.1)), and hence they are completely monotone.

O

We will later see that

G (0") = sin(0 + )s GT(07) = sin(—0 +

oA E]

SIE
QA
|
TR
S~—

In particular,
GT(0%) = GT(07) = 2sin Zsin .

We will need the following regularity result.

Lemma 3.1. The function G is Hélder continuous with exponent o — 1, save for a jump
at x = 0. More precisely, the function

g9(x) = G (2)xr\ 0y () = GT(07)x(0,00) = GT(07)X(=00.0)
is Hélder continuous: there exists a constant C such that

lg(x) —g(y)| < Clz —y|*™",  z,yeR. (3.4)
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Proof. We consider first an auxiliary function f(z) = G* () — ce™*x(0,00) (), where

c=2sin 7 sinf = —isin g(eie _ e—w).
Note that f is continuous on R \ {0}, and
e’ e~ ci
fff(f)sin”( - — + ,>+ :
“\u(e 5_2

a
)—1 &—ef  £4e
a
)

W T i0 1 1 —1i0 1 1
_bln(X(flp(g _1—6 ((Xé__eie—é__i>+€ (54—67'9_5—1))

It follows that Z (&) = O(|¢|7%) + O(|¢]72) = O(|¢|7®) as || — oo, and therefore
|Z f(&)] < C1/(1+ [£|*) for € € R. In particular, .Z f is integrable, and hence f, modified
appropriately at 0, is a continuous function. Furthermore, for x,y € R,

- 151_ ZSy min
@) - S = ]/ )7 16 df] / (2. lo — vlely S de -

~al [ ming2, ) o de = Cale -yl
we used a substitution ¢ = |z—y|~ 't in the penultimate step. Thus, f is Holder continuous
with exponent o — 1.

It remains to observe that ¢ — f (modified appropriately at zero) is bounded and
Lipschitz continuous. Indeed, by definition, for some constants ¢y, cs, c3,c4 We have
g(x) = f(x) = (c1 + c2e7%)X(0,00) (%) + (€3 + €4€") X (—00,0)(x) When = # 0. Since both f and
g are continuous at zero, we necessarily have c¢; + co = ¢3 + ¢4, and consequently g — f is
Lipschitz continuous. O

4 Spectral expansion of transition operators P’

In this section we estabilish a generalised eigenfunction expansion for the transition
operators P.

4.1 Multiplication by test functions

Recall that the Laplace transform of the transition density pY(z,y) with respect to t
is equal to the potential kernel ug\(x, y). Our first goal is to apply (2.2) to express the
Laplace transform of [*_ [* f(2)g(y)p}{(z,y)dxdy with respect to ¢ in terms of Fourier
transforms of f and g, where f and g are suitable test functions.

Lemma 4.1. If f and g are in both #*(R) and .#?(R), then

/ / / M f(2)g(y)p! (x, y)dadydt

_ L [ FIHF9E)
5 I W S E @1

- 50 (2177 _foi&iidf)(l B d”)

forall A > 0.

Proof. Recall that p{(z,y) > 0 and [; e *pf(z,y)dt = ul(z,y) < ur(y — ) < ux(0).
Thus, if f and g are integrable functions, then e=** f(z)g(y)p?(z,y) is integrable with
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respect to ¢t > 0 and z,y € R. By Fubini’s theorem and (2.2),

/000 /Z /Z e M f(2)g(y)p? (z, y)dzdydt
- /: /O:o f(@)g(y)ul (z, y)dxdy
-/ : / Z F(@)g(y) <m(y g W) o

Suppose additionally that f, g € £?(R). Since Fuy (&) = 1/(A + (=€) is in L%(R), we
have uy € .Z%(R) and, by Plancherel’s theorem,

| t@ut-ade= o [~ sz ez
| sty =5 [~ FomFus-nin

It follows that

/OOO /_Z /_Z e M f(@)g(y)p? (z, y)dzdydt

- [ ( / O; ﬂ*f(f)eiﬁyg(y)%(adf) dy

k(i 7o) (& [~ i)

Since .7 f(§) Fux(€) and g(y) are integrable, once again applying Fubini’s theorem, we
eventually find that

/ / / e M f(2)g(y)p) (z, y)dudydt

ﬁf(f) 9(=8&)-Fux(§)d§

u:@ (217 /- faﬂwmods) (;ﬂ /- fg(n)ﬁzux(—n)dn)

The desired result follows from .Fuy () = 1/(A + ¥(—£)) after substituting £ for —¢. O

27T

In [23], the process X; is assumed to be symmetric, and so v is real-valued. In this
case inversion of the Laplace transform in ¢ in (4.1) is possible by extending analytically
the right-hand side to A € C \ (—o0, 0], and writing down a Stieltjes-like representation
in terms of boundary values along (—o0,0). In the non-symmetric case this approach is
problematic: the right-hand side of (4.1) no longer automatically extends to an analytic
function in C\ (—o0, 0]. A way around if found by considering more regular test functions,
and deforming the contour of integration in ¢ and 7 so that ¢(§) and v (n) are again
real-valued.

4.2 Contour deformation

Throughout this section, we fix f,g € H. Recall that f and g are real-valued, and their
Laplace transforms are entire functions such that .Zf(£) = 2 f(¢), Lg(¢) = ZLg(€). By
(¢)| and |.Zg(¢)| are bounded by C min{1, |¢|~'} in every closed sector
which contains neither (0, o0) nor (—oo, 0).

EJP 26 (2021), paper 14. https://www.imstat.org/ejp
Page 16/33


https://doi.org/10.1214/21-EJP594
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Spectral theory for stable processes

We will constantly use the following notation. For r» > 0 we let

ho(r) = cos®,

(r)
hi(r) = Re( ff(firew)),
ha(r)

(r)

hs

r

r

For j =0,1,2,3 we define

¢j(A):1/OOO ) g e (—o0,0].

Note that

cosf 1 *© 1 cos 1 <1
st 1 dt — dt.
Po(N) T A1/« /0 o1 asin 7 Al-1/a /o t*+1

Observe also that if f(z) = g(—=z), then ha(r) = hy(r). Finally, we set

P1(N)pa(N)
do(N) 7

and for later needs we extend the above definitions to (—oo, 0) by the formula

Pa(A) = ¢3(A) — A€ C\ (—00,0],

qu(—A) = lim ¢j(—/\ + ig), A>0.
e—0t

The following result is a variant of Lemma 4.1 after appropriate contour deformation.

Lemma 4.2. With the above assumptions and notation, we have

/oc /oo /°° e M f(x)g(y)p (z,y)dadydt = pa(N), X > 0. (4.2)
0 J-—ood-—

Proof. To simplify the notation, we consider only # > 0. The remaining case 6 < 0
is completely analogous. Fix A > 0 and denote the left-hand side of (4.2) by I. By
Lemma 4.1,

L f(—i€) Zgli)
I W

1 Zf(-i§) )(1 /°° Zg(in) )

d — —=—"dn .
sl L T ) (& [ o
Now we deform the contour of integration R to (—e 00, 0) U (0, e?’c0) in each of the

three integrals in the right-hand side.
Recall that ¢(e?r) = 1(—e~¥*r) = r®. Observe that if | Arg&| < |0

J—
2
(4.3)

| Arg(6)| = | Arg(e €)% = | — af + a Arg €[ < 206 )
Qa(——g):(Z—a)m '
and hence
A+ D = A2+ [ + 2ARepp(€) = A + [(€)[* + 2A[1(€)| cos((2 — a)m) 4.5)
c(a)A+[()? = ela, N)(1 + [ (E)])*. ‘
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Since |[¥(&)| = |£|*, we conclude that

A+ () = ela, A)(1 + [€]%). (4.6)

Now we use Lemma 2.18: the function £ f(—i£)ZLg(i)/(A + (&) is analytic in {£ € C:
Re¢ > 0}, and by Lemma 2.3 and (4.6) we have:

L f(—i€)| < Cmin(L,[¢]7), | Lg(i€)| < Cmin(1, |¢]7h),

1 . —a
m < C’(Oz7)\) mln{1,|§‘ }
in the sector {{ € C: 0 < arg(€) < 6}. Therefore, by Lemma 2.3),
L[ 00069, L LI L)
27 J(0,00) A+ (€) 27 J(0,ei%00) A+(€)
1 e L f(—ie'r) Lg(ier)
T om A A+ re dr
In a similar way,
L[ ZICOZe) 1 L)L)
27 J(Z00,0) A+p(€) 27 J(—e=i000,0) A+(€)
_ 1 [T e 0L f(ie ) Lg(—ie"r)
T om 0 A+ re dr.

Now, we combine the above two identities: since

ei‘g.,i’f( ie’ r)fg(ze 7") =e W Lf(ie=¥r)Lg(—ie ),
we find that

1 [ L) Lyli€)
o) e AU

dg

_ 1 Lf(—i€)ZLg(if) 1 Lf(—i)ZLg(i€)

o /moo) A+ 0(E) d“%r/( T I
1 e 0 Lf(ie ) Lg(—ie r) + e L f(—ie'r) Lg(ie?r)

N %/ A4 re dr
1= Re(e= .2 f(ie="r) L g(—ie ")) B

_;A . dr = d3(\).

The same argument applies to the other two integrals in the right-hand side of (4.3),
which are found to be equal to ¢;(\) and ¢2(\), respectively. Finally, again by the same
argument,

1 [ 1 1 [ el et
() 2w /_Oo A+ Y(—n) g 27r/0 Atrra $o(A) (&.7)
We conclude that
A A
1= gy - 22D g0 Ay, @.8)
Po(A)
and the proof is complete. O
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4.3 Application of the Cauchy’s integral formula

We consider f,g € H, and we continue to use the notation introduced in the previous
section. We now use Cauchy’s integral formula given in Theorem 2.16 for the function
VEp4(€). The following set of lemmas justify the application of this result. First we check
that ¢4 € AT,

Lemma 4.3. The function \¢,(—\?) is in the Nevanlinna class 4.

Proof. Recall that for j =0,1,2,3 and A € C\ (—o0, 0], we have

1% hy(r) 1 Oosl/a_lhj(sl/"‘)
¢]()\)_7r/0 To‘—i—)\dr_omr/o s+ A ds.

Therefore, if Im A > 0, then

1 [ Ast/e1h(s1/@)
A (=N%) = — /0 — e s
L o) Sl/a—lhj(sl/a) J L/OO Sl/a—lhj(sl/a)
0 54+ A

(4.9)

ds.

2am Jq 5—A  2am

Writing h;(r) = max{h;(r),0} — max{—h;(r),0}, we see that A\¢;(—A?)\) = ¢;1(—A) —
@i2(—A) — ¢3(A) + ¢;.4(\) for appropriate Stieltjes functions ¢, 1,¢,2,d;3,$;4. By
Lemmas 2.12 and 2.13, A¢;(—A?) is in the Nevanlinna class .4 .

Similarly, we show that A¢o(—\?) is an outer function. We have hg(s'/*) > 0 in (4.9),
and hence Im(Ago(—)2)) > 0 whenever Im A > 0. By Lemma 2.12, —i\¢o(—A?) is an
outer function, and hence also A¢o(—\?) is an outer function.

Lemma 2.13 implies now that the function ¢, = ¢35 — ¢1d2/¢g is in the Nevanlinna
class AT, 0

Next, we study the boundary values of ¢4. This will involve the following pricipal

value integrals:
1 * h;(r)d
KJ(S):—pV/ j(T) 7"7
™ o T¢—s“¢

s> 0,

where j = 0,1, 2, 3. Note that since ho(r) = cosf, we have

cot = cos
Ko(s) = ——&——, 5> 0;

()[So‘_l

see, for example, [23], Example 5.1. For j =0, 1,2, 3, define also

h;(s)
LJ(S) = rso—1 s> 0.
In particular,
cos
LO(S) = W , S > 0.

Lemma 4.4. With the above notation, ¢, extends to a continuous function in the closed
upper complex half-plane, except possibly at 0. If this extension is denoted by the same
symbol ¢4, then we have

Lq(s)L
Im a(—s%) = —Ls(s) + Li(s)La(s)
Lo(s)
LN K@il | Ka()—ilal)
(Im,) Im 1\ Z,ls Im 245 1_28.
Ko(s) —iLo(s) Ko(s) —iLo(s) Ko(s) —iLo(s)
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Proof. Since for f € H the function .Zf is an entire function, the functions h;, j =
0,1,2,3, are continuously differentiable on (0,00). Thus, ¢;, j = 0,1,2,3, extend to
continuous functions in the upper complex half-plane, except possibly at 0; we denote
these extensions again by ¢;. Now, by Sokhozki’s formula (note that thgtjl//a)
continuously differentiable near ¢t = s®), for j = 0,1,2,3 and s > 0 we have

are also

« : « N 3 1 * h](r)
0457 = Jim 0y(-s" vie) = lim - [ D ar
1 [ h(te dt
= lim f/ i ) — =
e=s0t T Jo t—8Y+ieqti~a
1 [ t—s*  h(te 1 [ j hi(t
— lim 7/ 5 i l)dt— lim 7/ ' i l)dt
=0t T Jo  (t—s5Y)2 42 gtl-a em0t T Jo  (t—5%)2 42 gl
1 hy(te hi((s%)a
7p'v'/ i 1)dt7 i((s%) 1)
o t—38%atl—% a(s‘)‘)17§

_ 1p'V./OOC hj(r)dr o whj(s) — Kj(s) — iL;(s);

T roe —se  gso—l g

see [44], Section 1.8, or a similar calculation in the proof of Lemma 4.3 and Section 2.1
in [23]. Hence, we can express ¢4(—s%) as

(K1 (s) —iL1(s))(Ka(s) —iLa(s))
Ko(s) —iLo(s) .

Now, since K; and L; are real-valued for j = 0,1,2,3, the desired result follows by
Lemma 2.20. O

$4(—5%) = K3(s) —iL3(s) — (4.11)

The following estimates will be used to prove square-integrability of s¢,(—s?) for the
application of Theorem 2.16.

Lemma 4.5. With the above notation and assumptions, there is a constant C' such that
for j = 1,2,3 we have

Csl™@ if0<s<l1,
K (s)| <4 7° Ho=s (4.12)
Cs™log(l+s) ifs>1

Proof. By Lemmas 2.3 and 2.4, the functions h; and hs, satisfy the assumptions of
Lemma 2.19, and consequently

Cst— if0<s <1,
|K;(s)| < {

Cs™*log(l+s) ifs>1

for j = 1,2. Similarly, again by Lemmas 2.3 and 2.4, we have |h3(r)| < C min{1,7~2} and
|h%(r)| < Cmin{1,773}, so Lemma 2.19 applies also h3, leading to the desired bound for
Ks. O

Lemma 4.6. With the above notation and assumptions, there is a constant C' such that

6a(-N)] < CAVa—t ifo< A<, 4.13)
! S\ oA log(1+ )2 ifA>1 '

Proof. For s > 0, we have
P1(—5)p2(—5%)
$o(—s%)

S ’ [Zo(s)] '

|Pa(—=5%)| = |¢3(—5") —

EJP 26 (2021), paper 14. https://www.imstat.org/ejp
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Recall that Lo(s) = cosf/(as*"1) for s > 0. By definition and Lemma 2.3, there is a
constant C; such thatif s > 0, then |L;(s)| < C1s'~*min{1,s7!} for j = 1,2, and |L3(s)| <
Cys'~*min{1,s72}. Similar estimates for K;(s), j = 1,2, 3, are given in Lemma 4.5. It
follows that for some constant C; we have

|¢4( )l CQS a, 0<s<1,

and
|pa(—5)| < Cos™*(log(1 + 5))*, s

as desired. O

WV
—

We are now ready to apply Theorem 2.16.
Theorem 4.7. Let f,g € H and t > 0. Then, with the above notation,

o0 o0 1 oo
| sty =1 [ et mon-nan @1
—o00 J —00 0
where Im ¢4 is given by Lemma 4.4.

Proof. Recall that by Lemma 4.2,
o0 o] o0
[ ] e r@euste syt =600, x>0,
0 —o0 J —o0

We verify that the function ﬁ¢4()\) satisfies the assumptions of Corollary 2.17. By
Lemma 4.3, the function A¢4(\?) is in the Nevanlinna class .4 *. By Lemma 4.4, this
function extends continuously to the closed upper complex half-plane, except possibly at
A =0, and, by Lemma 4.6, this extension satisfies

Cv)\l/oz—l/2 fo<A<1
VAga(—N)] < ’
VASEIIS ox /2 og1+ 02 i1

In particular,

o] 1 0o
/ A (=A%) dX < 02/ AL 4 02/ A% (log(1 + A?))*d\ < oc.
0 0 1
Therefore, the assumptions of Corollary 2.17 are satisfied.
We conclude that for A € C\ (—o0,0],
R bl
VIAds(N) = f—e( Vroal = f/ Im ¢ (=1) dr,
7o VT r+ A r+ A

which implies that for A > 0,

/OOO /_0; /_O; e—/\tf(x)g(y)pg(w,y)dxdydt = —% /0Oo /OOO Im ¢>4(—7’)6_”6_’\Tdtdr.

The desired result for almost every ¢ > 0 follows by Fubini’s theorem and uniqueness
of Laplace transforms. Extension to all ¢ > 0 is a consequence of continuity. Indeed,
the right-hand side of (4.14) is clearly continuous in ¢ > 0. Continuity of the left-hand
side results from integrability of f(z)g(y) with respect to x,y € R, and continuity of
t — pY(-,-) on (0, 00) with respect to the topology of uniform convergence. O

EJP 26 (2021), paper 14. https://www.imstat.org/ejp
Page 21/33


https://doi.org/10.1214/21-EJP594
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Spectral theory for stable processes

4.4 Generalised eigenfunction expansion of P}

Our goal in this section is to express Im ¢4(—\) (see Lemma 4.4) in terms of f and g
rather than the Laplace transforms of f and g. This result, combined with Theorem 4.7,
will prove Theorem 1.2. We use the notation introduced in Sections 4.2 and 4.3.

The expression for Im ¢4(—\) in Lemma 4.4:

Im ¢4(—5%) = —Ls(s) + Llfséj(s)
- (Im 1 >1 1 J0(8) —iLu(s) | Ka(s) — iLa(s)
Ko(s) —iLo(s) Ko(s) —iLo(s) — Ko(s) —iLo(s)’

has two parts. The former one is expanded in Lemma 4.8; the latter one is more involved
and it is studied in Lemma 4.11, after a number of auxiliary results.

Lemma 4.8. With the above assumptions and notation,

R ACIC

= _; (/Oo e sin(sx cos 0)f(9:)d:z:> (/OC %5109 gin(sy cos Q)Q(Q)dy).

as®LeosO\ J_ —0
Proof. Recall that for j =0,1,2,3, L;(s) = h;(s)/(as*"!), where
ho(s) = cos ¥, hi(s) = Re(e L f(—ise'?)),
ha(s) = Re(e? ZLg(ise'?)), hs(s) = Re(e' £ f(—ise'®) L g(ise'?)).

For a fixed s > 0, denote Re .2 f(—ise'?) = ay, Im L f(—ise?’) = by, Re Lg(ise’®) = as,
Im .Zg(ise’’) = by. We have

Re(e Zf(—ise?))  ajcos® — by sind

Ll(s) - as®—1 - as®—1 ’
Re(e? Zg(ise? ag cosf — basinf
L2(8) = ( ag,(1 )) = 2 a712 )
as as
Ls(s) Re(e® £ f(—ise?) Lg(ise??))  (ajag — biba) cos® — (a1ba + azby) Sln6‘
3 = a—1 = a—1
as as

It follows that
Li(r)La(r)  (ayaz — bibe) cosd — (a1be + agby) sinf

L: —_ pr—
3(r) Lo(r) as®1
3 (a1 cos @ — by sin @) (as cos @ — by sin §)
as* 1cosf
_ bibgcos@  bibgsin®6)  bib
T asel as®lcos®  as*lcosf’
Since -
by =Im L f(—ise’ ) / e 550 gin (s cos 0)f(x)dz,
— 00
by = Im ZLyg(ise?) = —/ %Y sin(sy cos 0)g(y)dy,
the proof is complete. O

Recall that every f € H can be written as f = f; + f_, where f; = fx(0,00) € H+ and
- = fX(~0,0) € H-. For the next result, we need the following variant of Sokhozki’s
formula.
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Lemma 4.9. Ifs >0, ( = se’ or( = —se™", f ¢ H and f = f, + f_ as above, then

1 L f(=i§) ‘ 1 ‘
Tmp /( e~ 900,0)U(0,e%? c0) §—¢ at = 7$f+<7zg) B igf_(izg) (4.15)

Here (—e~%00,0) U (0, e?c0) denotes a contour that consists of two rays, Arg ¢ = § and
Arg(—¢) = —0, oriented in such a way that the real part increases along this contour.

Proof. Let I'r denote the boundary of the circular sector

Dr={¢€C: ¢ <R, |arg(—if)| < § — 6},

oriented in a counter-clockwise manner. Since |.Z f (—if)| < Cmin{1, [¢|71} in Dg by
Lemma 2.3, we have

va/ LI () 4o i pv/ L) b e
(—e~900,0)U(0,e*f c0) T'r

§—¢

If R > s, then .Z f (—i&) is analytic in the neighbourhood of Dy and ¢ € I'g. Thus, by the
usual Sokhozki’s formula, the expression under the limit in the above equality is equal to
LLf(—iC).

A similar argument applies to f_ rather than f,, but here we need to consider the
boundary I'i of the circular sector

2m E—C R—s00 27

Dp={¢€C: ¢ <R, |arg(i€)| < § +6},

oriented in a clockwise manner. Note that |.Z f_(—i¢)| < Cmin{1, |¢|7!'} in Dg, and so
we have a complete analogue of (4.16) for f_. However, the expression under the limit
in the right-hand side is now equal to —7.2 f—(—i¢) (with a minus sign) due to clockwise
orientation of I'p. The assertion of the lemma follows by combining the above results for
f+and f_. O

Observe that for f € H and r > 0,
e L f(—ise') = / e 350 (cos(sx cos 0 4 0) 4 isin(sz cos O + 0)) f(x)dz.

— 00

Lemma 4.10. With the above assumptions and notation, for s > 0 we have

oo +
Ki(s) = L / (G (s2) _ e 550 gin (52 cos O + ) sign x) f(z)dz, (4.17a)

a—1 >
as sin p

oo +(_ )
Ks(s) = 1 / (G(SI) — @50 gin(sx cos ) — 6) sign x) g(z)dz. (4.17b)

ase—1 sin &
«

Proof. Fix s > 0. By definition,

e(e? ire’
Ki(s) = %p.v./0 Re(e-2f(~ire”)) dr

T(X_S(X

1 / e L f(—ire'?)
= —Dp.v. -_—
2 0

1
dr + —
re — g% +27rp
1

1 25ie)
S or P /(e“’oo,O)u(O.,ewoo) 1/)(5) — s

oo ,—if P —10
/ e~ L f(ire?) dr
0

o g

de.
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The function 1/(¢/(¢) — s®) is meromorphic in C\ iR, with two simple poles at ¢ = se'? and
¢ = —se~ . The corresponding residues are 1/¢'(se’’) = €% /(as*~!) and 1/’ (—se~ ") =
—e~ % /(as*~1), respectively. Removing this poles leads to the identity

1

ki) =5 [
27 (—e~00,0)U(0,e"f 00)

1 e’ 1 e 1
— p.v. — — — | L f(—i&)d
* o Y /(_e—ieoo70)u(07eieoo) (as"—l E—se?  as*l £+ se—lg) F(=ig)de,
(4.18)

(8L f(—i&)dE

where

1 et? 1 e 0 1
P = — . . R.
(€) P(€) — s asel £ — sei? + as®=1 ¢ 4 ge—i0’ ¢ CViR

The second term in the above expression for K;(s) is given by Lemma 4.9: it is equal to

iei@ —1i0

W($f+(—isew) — Lf_(—ise?)) — ﬁ (L1 lise™) — Lf_(ise™ 1))
B asiﬁl (Im(ewfff(_isew)) - Im(ei0$f+(—isei9)))
1

0 (oo}
(/ 5750 gin(sx cos 0 + 0) f (z)dx — / 575110 gin(s2: cos 0 + 9)f(x)dx>
0

a—1
as oo

(in the last step we used the fact that f = fx(0,00) @nd f— = fX(—c0,0))- To identify the
first term in the right-hand side of (4.18), recall that the function G was defined so that

« 1 1
@) 1 P 1 avEi1

Therefore, for s > 0, the Fourier transform of G} (z) = G*(sz) is given by

9G+(§)=sing< ), £eR.

ity SIDT o) _ 1 1

JGs(g)_ s <¢(§/3)—1 e—i@g/s_l—’_eﬂ‘)f/s—l-l)
o a eif 1 R 1
=5 blna<w(£) R g s §+sei0>

for ¢ € R. It follows that ®(¢) = ZGI(£)/(as® sin I) for ¢ € R. Recall that ®(¢) is an
analytic function in C \ iR, bounded by C'min{1, |¢|~1} (see the proof of Proposition 1.3).
Similarly, .# f(—i€) is an analytic function in C \ iR, bounded by C min{1,|¢|~!} in the
sector {¢€ € C: |arg{| < |0]} (by Lemma 2.3). It follows that we can deform the contour
of integration in the first term of the right-hand side of (4.18) to R, which leads to the

integral
o [ e@zr-igd =t [ #0971

2 J_ o
(o)
= ;/ f(2)G(x)d;
as*~lsin T J_ s

we used Plancherel’s theorem in the last step. The desired expression for K (s) follows.
The expression for Ks(s) is obtained from that for K (s) by considering f(z) = g(—z). O

Lemma 4.11. With the above assumptions and notation, for s > () we have

1 as®1gin? =

I = a 4.1
o Ko(s) —iLo(s) cosd ’ (4.192)
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(Gt (sz) +e Sind cos(sxcosf + 0 + I signa)) f(z)da,
(4.19b)

Im =

Ki(s) —iLi(s) sinZ [*
Ko(s) —iLo(s)  cosf /

— 00

Ks(s) —iLa(s) sinZ [ sy sind .
Im Kols) —iLo(s) — cos ). (Gt (—sy) +e cos(sycos — 0 + T signy))g(y)dy.
(4.19¢)

Proof. We fix s > 0. For simplicity, in this proof we write K; and L; rather than Kj(s)
and L;(s). Recall that Ky = — cot Z cos0/(as* ') and Ly = cos6/(as*~'). Thus,

KO—iLOZKg—FL%_ cosd

K242 = ( cosd >2, Im 1 Lo as®!sin® T

as®~lsin T
formula (4.19a) follows. Furthermore,

Ky —ilq KLy — Kol as® lgin T .
I _ _ @ (K sin® 4 [ ST
mKo—iLO Kg—i—L(Q) cos ( LS+ 1CO§O‘)

The expressions for K; is given in Lemma 4.10, while L, is given by

L= _

i0 —iget 1 < i
Re(e iﬁgllse ) — / e swsind cos(sz cosf + 0) f(z)dz.

It follows that

. cr oo
Ky —ily;  sing

I =
mKO—iLO cosf J_

(G (sz) — e """ % sin(sx cos § + 0) sin = signz
o0

+ 75758 cos(sz cos O + 0) cos ) f(z)dx.

This proves (4.19b). Formula (4.19c) follows from (4.19b) by substituting f(z) = g(—=x).
O

By combining the above lemmas, we can finally prove Theorem 1.2.

Proof of the Theorem 1.2. Fix t > 0. By Theorem 4.7 and substitution r = s, we have

| [ r@attte sty =5 [* et mouryir
1 o0

=—— e tas® 1 Im oy (— ) ds.
2 0

Lemma 4.4 provides an expression for Im ¢4(—s®). Combining it with Lemmas 4.8
and 4.11, we obtain

/Z [ 0; f(@)g(y)p} (z, y)dxdy

t o0 e’}
= / — </ e~ 5250 gin (s cos 0)f(x)dac> (/ %5119 sin(sy cos G)g(y)dy) ds
0 oo

— —o0

oo —s%t [ee]
+ / € (/ (Gt (sz) +e ™ $inf cos(sxcosf + 6 + ™ sign x))f(z)da:) X
0

cosf \ J_

X (/ (GH(—sy) + 35 cos(sycosf — O + > sign y))g(y)dy> ds.

— 00
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Thus, the last two integrands in the right-hand side are equal to —F*(sz)f(z) and
—F*(—sy)g(y), respectively. Indeed, for s > 0 we have

Ft(sx) = e sesing sin(s|z|cos0 + Osignz + = — Z) — GF (sx)
= —¢sTsing cos(s|z|cos O + Osignz + Z) — G (sx) (4.20)
= e swsinf cos(szcosf + 0 + Zsignz) — GT(sz),

and a similar formula holds for F*(—sy). The proof is complete. O

5 Hitting time

In this section we obtain the formula for P(7° > t). Our starting point is the expression
for the Laplace transform of 7°:
1—-E%e?7™ 1  uy(—x)

Ooe”\tIPx7—>tdt:7:77
/O (70> %) A X dua(0)

(see (2.4)). Our plan is as follows: with the notation of Section 4.2, we define

_ Z9(0)  $2(N)

when A € C\ (—o0,0], and, as usual, we let ¢5(—A) = lim. o+ ¢5(—\ + ic) when A > 0.
First, we will show that whenever g € H, we have

00 1 o0 oo
/ / e MNP (g > t)g(x)dxdt = —*/ / e Me " Im s (—r)drdt
o Jr TJo Jo

1 o[ o F-
=— / / e Mes 75/ F(sz) g(x)dzdsdt.
mcosf Jo Jo R S

Then, we will change the order of integration. The desired result will then follow by a
density-type argument: the class of admissible functions g is dense in an appropriate
sense, and both sides of (1.2) are continuous functions of z. Note, however, that changing
the order of integration is not merely an application of Fubini’s theorem: the integral in
the right-hand side of (5.1) is not absolutely convergent. For this reason, we will first
deform the contour of integration, only then apply Fubini’s theorem, and then deform
the contour back.

Lemma 5.1. The function \¢5(—\?) is in the Nevanlinna class N*, and it is in £?(R)
for some p > 1.

(5.1)

Proof. The proof of the first part of the lemma is a minor modification of the proof of
Lemma 4.3: the functions \ and A¢o(—\?) are outer functions, A¢2(—\?) is in N'*, and
therefore A¢5(—A?) is in N'F. In order to prove the other part of the lemma, we need to
show that

/ |Ads (=A%) [2d\ < 0. (5.2)
R
By Sokhozki formula (see the proof of Lemma 4.4), we have
_ ZLg(0)  Ka(s) —iLa(s)
—s —s*(Ko(s) —iLo(s))
_ Ks(s) —ila(s) = (Ko(s) — iLo(s))Zg(0)
s%(Ko(s) —iLo(s)) '

¢5(—s%)

By the definition of La(s), we have

La(s) — Lo(s).Z4(0) = Re(e®® Lg(ise?)) — £g(0) cosd _ Re(e'(Lg(ise®) — fg(())))’

ase—1 ase—1
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and hence

|L2(s) — Lo(s)Zg(0)| < [ Zg(ise) - Z9(0)]

Using the bounds |.Zg(z)| < Cmin{1,|z|7'} and |.Z¢'(z)] < Cmin{l,|z|~2} (see Lem-
mas 2.3 and 2.4), we arrive at

asa*1

ILa(s) — Lo(s)2g(0)] < Cnis 1)

asafl

In a very similar way, by the definition of K5(s),

Ks(s) — Ko($)Zg(0) = —p.v. dr

1 /°° Re(c"(Lyg(ire) — £9(0)))
0

= —Dp.V.
™ re — 5%

1 /°° Re(e?? Zg(ire’?)) — Zg(0) cos d
0

dr,

and by Lemmas 2.3 and 2.4, the function h(r) = Zg(ire?’) — Zg(0) satisfies |h(r)| <
Cmin{r, 1} and |//(r)| < C min{1,r~?}. Repeating the proof of Lemma 2.19, with appro-
priately modified estimates (2.14), (2.15) and (2.16), we find that

Cy log(1 4+ 2s)

|K2(s) — Ko(s)Zg(0)| < se—1(1+s)

+ Cys' ™ *min{s, 1} + C3 min{s'~*, 1},
and therefore

|Ka(s) — Ko(5)ZLg(0)] < Cmin{1,s'™“}.
The above bounds and the definitions of Ky(s) and Ly(s) imply that

C' mind{1 11—«
|5 (—s%)| < M = C'min{s~!, s~}
§4s T

We conclude that
|Aps(—A?)| < Cmin{ A}~/ A71Y,
so that Ags(—A?) is in £P(R) for every p € (1, 72-). O

' 2—a

Lemma 5.2. We have, for A > 0,
1 oo oo
o5(N) = —7/ / e Me 5 Im ¢5(—s)dsdt. (5.3)
™ Jo 0

Proof. As in the proof of Theorem 4.7, we find that, by Lemma 5.1, the function ﬁ%(/\)
satisfies the assumptions of Corollary 2.17. It follows that for A € C\ (—o0, 0],

VA [ Imgs(—7)

Ap5(A) = d
f¢5( ) ™ 0 r -+ A "
which implies (5.3). O
Proof of Theorem 1.1. Let g € H. Recall that for ¢ > 0,
Sl 1 uy(—=x)
Atpz A
e "P¥ (o > t)dt = — — .
/0 R YN

Since g is integrable, by Fubini’s theorem, for every A > 0 we have

o At _ Z9(0) 1
/0 /Re MP (19 > t)g(x)dxdt = X () /]Ru,\(—x)g(x)dx. (5.4)
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By Plancherel’s theorem and an argument used in Lemma 4.2,

s ( Lo L[ Zg(i&)
[ gty = 5 [ SEE e = o) (5.5)
and similarly u(0) = ¢o()). Therefore,
o e _Zg(0) (N
/0 /Re P* (> tig(a)drdt = 5 — PEEL = () (5.6)

By Lemma 5.2 we obtain

oo 1 [ [
/ / e MNP (1o > t)g(x)dadt = —*/ / e Me™" Im ¢ (—r)drdt
o Jr 0

/ / —)\t e~s t P 1Im f{f; ( ) )dsdt
- 0

for every A > 0. From the uniqueness of the Laplace transform we get, for almost all

t>0,
o —s5% 7506)

/]RIPI(TO > t)g(x)de = —— /OOO ¢ Im zzg ds. (5.8)

™ s —5%)

By Lemma (4.11), equality (4.20) and the fact that ¢,;(—s*) = K;(s) —iL;(s), j = 0,2, we
get

(5.7)

i P25 L als) i)
do(—s%) Ko(s) —iLo(s)
— ilglsg (G~ (sz) + "5 cos(sa cos @ — 0 + Zsignz))g(z)dz  (5.9)
sin 2 _
~ " cosb /]RF (so)g(z)de.

We have thus proved that for almost all ¢ > 0,

asin T

/Pm(To > t)g(x)dx = a /F sx)g(z)dzds. (5.10)
R

7 cos b

We now change the order of integration in the right-hand side of (5.10). With no loss of
generality, we assume that 6 > 0; the other case is dealt with in a similar manner.
Recall that

F~(sx) = 5 0jn (s\x| cosf — Osignx + g — g) — G (sz).

We split the integral in the right-hand side of (5.10) into three parts:

oo o F*
/ 675 t / ﬁg(m)dajdg = Il —+ IQ + 133
0 R 5

e [ [
")

where

> T g¢in G~
= / = G (s2) g(x)dxzds,
0 0
oS} esT sin 6 —8T o}
e sin(s|z|cos 0 4+ @) — e~ ** sin
0 0 s
with the notation ¢ = = — 5 —
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Since we assumed that § > 0, the function e?*"? sin(|z| cos @ + ) is bounded and
Lipschitz continuous on (—oo, 0]. Recall that by Lemma 3.1, the function G~ is Hoélder
continuous on (—oo,0) with exponent o — 1, and G~ (07) = sin(Z — J +0) = sinp. It
follows that '~ is Holder continuous on (—oo, 0] with exponent o — 1, and F'~(0) = 0.
Furthermore, F'~ is bounded on (—oc0,0], and hence |F~(sz)| < Cmin{1, (s|z|)*~!} for
x € (—00,0]. Finally, by the definition of H, we have |g(z)| < Cmin{1,|z|7%*}. We
conclude that the integrand in the double integral in the definition of I; is bounded by
Cmin{1, (s|z|)* ' }s ' min{1, |z|~%*}e~*"*, and

0 oo
/ / min{1, (s|z|)* ' }s~  min{1, |z| 01*1 e~ dsdx
—o0 JO

0 1/|z| 0o N
< / (/ (s|lz))*" s 1ds +/ s7le® tds) min{1, |z|%*}dzx
—oo \J0 /||

Clearly, f01/|x|(3|a:\)o‘_ls_1ds = |33|0“1fol/|gc| s*~2ds = —L-. Furthermore, if |z| > 1, we
have f11/\x\ s7lems5%ds < f11/\z| s7lds = log|z| < log(1 + |z|). Finally, floo s7te 5"tds <
[T e stds = te7! < 1. Hence,

0 oo
/ / min{1, (s|z)* ' }s~t min{1, |z| 1 e~ tdsda
—oo J0

0
1 1
< / (a—l +log(1 + |z|) + t) min{1, |z| =% }dz < .

— 00

Thus, the integral in the definition I; converges absolutely, and by Fubini’s theorem,

0 oo o, F~
L :/ g(x)/ e~ ? tﬂdsdm.
—oo 0 s

A similar argument applies to I>: again by Lemma 3.1, e % sinp — G~ (sz) is bounded
and Holder continuous on (0, co) with right limit at 0 equal to zero, so that we may use
Fubini’s theorem. It follows that

12:/ g(x)/ e_sate_“ smgp—G_(sas)dex.
0 0

S

The integral I3, however, requires a more subtle treatment. We split it further into two
parts, which are dealt with in a very similar way: since

ei(sxefie +¢) _ e—i(s;cew—&-go)
24 ’

es 50 gin(szcos O + @) =

we have I3 = (I, — I5)/(2i), where

oo 0o isze Y _ s
I, = ei“’/ e_sat/ ig(x)dxds,
0 0 s

0

) oo o oo efismei — e 5T
I zeﬂ“"/ e’ t/ ———g(x)dxds.
0 0

S

Recall that, by the definition of H, g extends to an analytic function in C \ (R, which
is bounded by C'min{1,|z|~°/*} in the sector {z € C : |argz| < |f|}. Furthermore,
exp(isze ") — exp(—sz) is an entire function of x, bounded by 2e°/*l. Hence we may
deform the contour of integration in the inner integral from (0, 00) to (0, ¢"?c0), and find
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that

6

) 0 o eisx67 — e ST
I, = ew/o e st /(0 ; )fg(x)dxds
,et oo

. 00 o o] eirs _ efrseig ) )
= e“"/ e’ t/ ————g("r)e?drds.
0 0 §

The exponential function z +— e~ is Lipschitz continuous in the right complex half-plane,
with Lipschitz constant 1. Therefore, |eis+i® — e=rs¢"’+i?| < min{2,2rs} when r,s > 0.
By the argument used in the analysis of [, it follows that the double integral in (5.11)
converges absolutely, and so, by Fubini’s theorem,

(5.11)

6

) o) ) ) 00 o eirs _ efrsei
I, = ew/ g(ewr)ew/ et dsdr
0 0 8

6

. oo o eisze’ — e 5%
= e“"/ g(x)/ e t—————dsdz.
(0,ei00) 0 s

We now deform the contour of integration with respect to z from (0, ¢*cc) back to (0, o).
Note that the inner integral can be expressed by

0

oo isxe” —sx
_.az € — €
/ e’ t—dS =
0 s
16

00 1 —sz 00 isxe "
_ol—e _al—e
:/ e ? tids —/ e’ tids
0 8 0 &

= O(z) — d(xe™ ),

where <I>(z) is the entire function defined in Lemma 2.21. Furthermore, if 0 < Argz < 0,
then —6 < Arg(ze~ ) < 0. Since § < T < 2+, Lemma 2.21 implies that ®(z) — ®(ze~)
is bounded in the region 0 < Argz < 6.

Since |g(x)| < C'min{1, |z| =%/} in this sector, we may deform the contour of integra-
tion, and eventually find that

) 00 0 o eisxefie _e 52T
I, = ew/ g(x)/ e St dsdz,
0 0 S

which is identical to the definition of 14, except that the integrals are in reverse order.
A very similar argument shows that the order of integration can be reversed in the
definition of I5, and thus also in /3. We conclude that
* o, F(sx
g(x) / e’ tydsdm,
0

o0 «@ Fﬁ
/ e’ 25/ ﬂg(x)dmds =L+1L+1I3= /
0 R s R s
By (5.10), for almost every ¢t > 0 and every g € H,
- o sy
/ g(x)P*(19 > t)dx = i / g(m)/ < F~ (sx)dsdx.
R R 0

7 cos b s

By Lemma 2.5, we have

— %t

1 e
P*(ro > t) = p— /0 F~(sx)ds

S

for almost all z € R\ {0} and ¢ > 0. Since both sides are jointly continuous functions
of z € R\ {0} and ¢ > 0 (the right-hand side by a simple application of Lebesgue’s
dominated convergence theorem), the above equality in fact holds for all z € R\ {0} and
t > 0, and the proof is complete. O
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