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Abstract

This paper obtains Holder continuity of the mild solution to a stochastic parabolic
equation defined on a bounded domain with homogeneous Dirichlet boundary condi-
tion. The Gaussian noise involved in the equation is white in time and correlated in
space. The approach is based on a new Hoélder-type estimate for the Green function in
the domain.
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1 Introduction

This paper concerns the Dirichlet problem for the following stochastic partial differ-
ential equation (SPDE) in a bounded domain D C R%:

Ouu(t,x) = Lu(t,x) + g(t,z,u) + o(t,z,u)W, t>0,z€D,
u(t,z) =0, t>0, x€ 0D, (1.1)
u(0,z) = ¢(x), r €D,

where L is a second-order differential operator defined as
Lu(t,x) = a;;(t, £)0;u(t, x) + bi(t, £)Oult, x), (1.2)
and W is the centered Gaussian noise that satisfies

E[W(t,x)W(s,y)} = 60(t - S)f(.%‘ - y)7 (1.3)

where dy(-) denotes the Dirac measure and f is a nonnegative and continuous function
defined on R%\{0}. Einstein summation convention is used in this paper.
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The Dirichlet problem for SPDEs

SPDEs with space-time noise have been widely studied. Although stochastic integrals
with respect to space-time noise are well-defined in very general settings (cf. [27, 4,
20, 3]), the analytic property of the solution to an SPDE is affected significantly by the
specific form of the noise, and in some cases, the solution may not be a function but
only a distribution in Schwartz’s sense. For example, if the noise is white in space and
time, only in one-dimensional case the solutions to second-order SPDEs are function-
valued (cf. [27, 13]). On the other hand, when considering nonlinear SPDEs, the
solutions are expected to be regular so that the nonlinear mappings can be defined.
For one-dimensional case, many results have been done for both Cauchy problems and
initial-boundary value problems [27, 10, 11, 6].

In the study of nonlinear SPDEs, Dalang and Frangos [5] and Dalang [4] proposed
the following condition on the space-time noise: the spectral measure j 7, defined as the
inverse Fourier transform of f in (1.3), satisfies

pp (d€)
/]Rd1+|£2<oo. (1.4)

Under this condition, Dalang [4] proved that the Cauchy problem for SPDE (1.1) has a
unique mild solution that satisfies sup, , E[|u(¢, z)|P] < oo for any p > 1, but did not show
whether the solution has a continuous modification. Later, Sanz-Solé and Sarra [24, 23]
proposed a reinforcing condition:

/Rd um‘ﬁ){_" < oo with 5 € (0,1), (1.5)
under which they proved Holder continuity of solutions to the Cauchy problem for
SPDE (1.1) with £ = A. Their result was extended by Marquez-Carreras and Sarra [19]
to the Dirichlet problem with D = [0,1]? and £ = A. It is worth noting that condition (1.4)
alone cannot guarantee the existence of a continuous version of the solution (cf. [2, 1]).

Krylov et.al. established a complete L,-theory on the whole space [16] and domain
[15, 14]. By Sobolev’s embedding, the regularity in proper Holder spaces can be obtained,
but requires higher regularities of the data.

Most literatures about SPDEs on bounded domains in the sense of Walsh are dealing
with convex domains (c.f. [12, 25]). In the last decade, the interests on the results
including large deviation principle, intermittency and spatial asymptotics of the solutions
have grown up considerably. However, all of these results deal with the special domains
such as R?, [0,1] or a closed ball (c.f. [19, 22, 7, 26]). Since the shape of the domains
play a crucial role, some results do not extend directly to general bounded domains (c.f.
[21]). This article allows to go a step further on the assumptions of domains.

The aim of this paper is to prove Holder continuity of solutions to SPDE (1.1) in
general bounded domains, under condition (1.5). The approach in [19] is based on the
specific form of the heat kernel on [0, 1]¢, which is constructed by the method of images
[8]. Their approach does not seem to work for £ in (1.2) and general domains. Our
method is based on a crucial estimate of the Green function associated with £ (see
Lemma 3.3). We prove that the mild solution is Holder continuous with exponents 7/2 — ¢
in time and 1 — ¢ in space for any € > 0. The indices coincide with those for the Cauchy
problem (cf. [23]) and the Dirichlet problem with D = [0,1]¢ (cf. [19]).

We remark that some other assumptions instead of condition (1.5) were proposed in
the literature to study the continuity of solutions to SPDEs. For example, Sanz-Solé and
Vuillermot [25] introduced the condition

2

t o0
sup / (t—7)7" Z)\j(/ |G(t, x; T, y)ej(y)dy) dr < o0 (1.6)
0 = D

(t,x)€[0,T1xD
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involving the Green function for £, and obtained Holder regularity for SPDE (1.1)
in bounded convex domains. As condition (1.6) is weaker than condition (1.5), it is
interesting to extend our results under it, especially for non-convex domains.

This paper is organized as follows. Section 2 gives the main theorem after introducing
notations and assumptions. In Section 3, we apply Kolmogorov’s continuity criterion
and crucial esitmates of the Green function to prove Holder continuity of the solution to
SPDE (1.1).

2 Notation and main results

Let R? be the Euclidean space of points » = (z!,...,2%) and B,(z) := {y € R? :
|z —y| < r}. Let D C R be a bounded domain. C™*#(D) denotes the usual Hélder space
with m =0,1,... and 8 € (0,1) (cf. [18]); Cy(D) consists of all continuous real-valued
functions vanishing on dD. Let T' > 0 be a fixed constant. Define Q1 := [0,7] x D.

Fori=1,...,d, we write d;u = du/dz" and Vu = (d1u,...,0u).

Let (9, F,{F:},P) be a complete filtered probability space and P be the predictable
o-algebra generated by {F;}. Let W = {W(p),» € D(R?*!)} be a centered Gaussian

random field with covariance functional given by
seyi= [ [ [ els.anste = pus, pdsdyds,
R, JRd JR4

where f : R%\ {0} — R, is a continuous function with f(z) = f(—x) for all 2. We assume
that the inverse Fourier transform of f is a non-negative tempered measure on R¢, which
is denoted by p, and satisfies (1.5).

Fix a constant 3 € (0,1). We assume the boundary D € C'*5, the definition of which
is standard (cf. [18, Page 9]).

Definition 2.1 (Boundary regularity). We write 0D € C'*# if there is a constant py > 0
such that 0D N B, (x) for each x € 0D is a connected surface whose equation under a
local coordinate system {y'} is given by y' = U(y?,...,y?) with ¥ € C1*5,

Define the Green function G(t, z; s, y) associated with £ on D as follows:

W = L,G(t,1;5,y),

G(t7x;57y)‘t:s = (50(3} - y)?
G(t,l’;S,y)‘xeaD =0.

Then we can introduce the mild solution to SPDE (1.1) (cf. [27]).

Definition 2.2. A P ® B(D)-measurable function u(-,-) is a mild solution to SPDE (1.1)
if it holds for all (t,x) € Qr that

u(t,x)=/DG(t7x;0,y)¢(y)dy+/o /DG(t,x;S,y)g(&yw(syy))dyds (2.1)
+ [ [ Gtas ot putsn)wds. ).

Let D be the closure of D.

Assumption 2.3 (Parabolicity). There exist positive constants A\ and \s such that for
any (t,z) € [0,T] x D and ¢ = (¢',...,¢%) € R,

MIEP < aij(t, 2)€'¢ < Aol
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Assumption 2.4. There exist a positive constant A and a constant « € (0,1) such that
forallt,s € [0,T) and z,y € D,

Jai; (t, 2) — aij(s,y)| < A(je —y|* + [t — s[%),
i (t, ) — bi(t,y)| < Alz —y[*.

Assumption 2.5. The functions g and o are P ® B(D) ® B(R)-measurable on Q x [0, T] x
D x R, and there exists a constant M such that

sup lg(wt,2,0)[ + |o(w, t,2,0)|] < M.

(w,t,2)€eQx[0,T]xD
Assumption 2.6. There exists a constant K such that
|g(w, t7 €, T) - g(w7 ta z, rl)| + |0(W7 t» xz, ’I’) - U(w7 ta Zz, ’I"/)| < K|’f’ - TI‘?
for any (w,t,z,r,7") € Q x [0,T] x D x R
In view of [7, Theorem 7.2] and [25, Theorem 5], the following existence and unique-
ness result follows immediately from Gaussian estimates (see Lemma 2.10).
Lemma 2.7. Let (1.4) and Assumptions 2.3-2.6 be satisfied. If v € Cy(D), then
SPDE (1.1) has a unique mild solution u which satisfies
sup  E[|u(t,z)|P] < o0, Vp > 2. (2.2)
(t’I)GQT
Our main result stated below shows that the unique mild solution of (1.1) has a
Holder continuous version.
Theorem 2.8. Let (1.5) and Assumptions 2.3-2.6 be satisfied. If ) € C*(D) N Cy(D),
then the mild solution of SPDE (1.1) has a modification in the space Cg‘”"([O, T|x D) :=
ﬁ5>OCV%_E777_6([07 T] X E)
Remark 2.9. Although [7, Theorem 7.2] and [25, Theorem 5] do not address the same
problem in this article, their methods can be extended based on Lemma 2.10. Besides,

it has been shown that W in our paper satisfies their assumptions on the noise (see [4,
Remark 10] and [25, Page 839]).

The proof of Theorem 2.8 is given in the next section. Here we remark that the
property (2.2) along with Assumptions 2.5 and 2.6 ensures that the stochastic integral
in (2.1) is well-defined (cf. [27, 4]). Indeed, one will see that
%

E (/ot/D/DG(t,x;&y)J(s,y,u)f(y—z)o(s,@u)G(Lx;s,z)dydzds)

] (2.3)

is bounded for any p > 2.
The following estimates for the Green function, taken from [18, Chapter IV], play a
key role in the proof of Theorem 2.8.

Lemma 2.10. Under Assumptions 2.3 and 2.4, there exist two positive constants k; and
ko such that

2
G(t,x;s,y) < kl(t—s)fg exp <_k2|$ty|>’ (2.4)
-5
) 2
IV.G(t,x;8,y)] < kl(t—s)_% exp (—kglxty>, (2.5)
—s
) 2
|0:G(t, z; 8,9)| < kl(t—s)_d% exp <—k‘2|iy>, (2.6)
—s
forallz,yc Dand0<s<t<T.
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Letting T'x(¢,x;s,y) be the fundamental solution of d,u = ﬁAu in RY, the esti-
mate (2.4) implies that there is a positive constant k3 depending on k1, k2, and d such
that

G(tvx;svy) < k3Fk2(t7x;3ay)7 (2.7)

forall z,y € D and 0 < s <t <T. This is called Gaussian estimate, which can be easily
proved by the maximum principle.

Remark 2.11. Lemma 2.10 is proved in [18, Chapter IV], of which the original version
assumes the coefficients a;; and b; to be defined on [0, 7] x R? and satisfy Assumptions 2.3
and 2.4. Although the coefficients in this paper are defined on [0, 7] x D, they can easily
be extended to the whole space R? and still satisfy the same assumptions.

3 Proof of Theorem 2.8

To prove the Holder continuity of the mild solution, we need the following three
lemmas, of which the first one is a property of the path in the bounded domain D. Given
x,z € D, we define ﬁw,z as the set, which consists of all continuous paths satisfying the
following two conditions:

(i) the endpoints of the path are x and z;

(ii) each point on the path belongs to D.

Lemma 3.1. For any bounded domain D C R® with C'*# boundary, there exists a
constant Kp > 1 depending only on the shape of D such that for any two points x,z € D,
we can find a path in Pm,z; and the length of this path is bounded by Kp|z — z|.

We postpone the proof of this lemma to the end of this section. Now we aim to
treat the solution « as a random field with parameter (¢, z), and apply the Kolmogorov’s
continuity criterion which is shown in [17, Lemma 1.4.1] to prove the continuity of
solution u up to a modification.

Lemma 3.2. Let {X(t)}ter be a stochastic process indexed by t = (t',¢?,...,tN) € T
where T is a domain in R". Suppose that there exist constants C > 0, p > 0, and
a;>0,i=1,...,N with 3" a7' < 1 such that uniformly for all s, t € T,

N
E[lX(t) — X(s)["] < C(Z jt'—s' “)

i=1

then X has a continuous modification X. Moreover, define ag := d/(Zi\;l a; ') and let
a;, i =1,..., N be positive constants less than «;(ag—d)/(aop), i = 1,..., N respectively,

then we have
P
X(t)—X
E|| sup | N() - (5)7‘ < 00.
stt (o [t — s|%)

The following lemma gives the crucial estimates. The idea for the proof of this lemma
is derived from the proof of Theorem 7 of Chapter 1 in [9], which proves the estimates
for the fundamental solution in R¢.

Lemma 3.3. Under Assumptions 2.3 and 2.4, for any 0 € [0, 1], we have:
(i) forall0 < s <t < T and x1, 22,y € D,

|G(t,$1; Say) - G(tax2737y)|
S C(t - 8)_% "rl - xQ‘e(Fk2/2(taxl; 57y) + sz/g(t,])g; S, y))7 (31)

where C' is independent of 0, s, t, x1, x2, and y.
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(ii) forall 0 < s <ty < t; <T andz,y € D,

|G(t17 x€;s, y) - G(t27 x€;s, y)|
0 _o
<Oty —t2)2(ta — 5) 2 (Thyy2(te, 75 5,y) + Ty pa(ta, 235,9)), (3.2)
where C'is independent of 0, s, t1, ts, x, and y. The constant ks is taken from Lemma 2.10.

Proof. The results for # = 0 or 1 are direct consequences of Lemma 2.10. Therefore,
we only consider the case § € (0,1). For any z1, 22 € Dand 0 < s <t < T, when

t—s<|ry— 2, the Gaussian estimate (2.4) indicates that

2
G(t, 155, y)| < kit —s)"% exp (- k2|$19>7

t—s
and
12
Gt 255, )| < ha(t — 5)~% exp (— k'”“ty)
— S
So we have

|G(t7$1’ S, y) - G(ta T2; Svy)|

—_ 2 12
gkl(t—s)%(t—s)*# lexp(—b'xl vl >+6XP<—/€2|$2 yl )]
t—s t—s
0 _dto |1 — yl|? |z — y|?
< kylzy — 2|0t —s)" 2 |exp *kgti + exp *kgti .
—s — 5

Then we focus on the case t — s > |z — x2|2. Based on Lemma 3.1, there exist a constant
Kp and a path P,, ,, € Py, 4,, such that the length of P,, ,, is bounded by Kp|z1 — z2|.
Then we use (2.5) to obtain

|G(t,x1;s,y)—G(t,xg;s,y)| S sup |VLG(ta§157y)‘ 'KD|J:1 —.132|
EE€EPL uy

2
< sup C(t—s)f% exp —k2|y ¢l |x1 — ol
€EPy ay t—s

Due to £ € Py, ,,, we have
2ly — & > [z1 — y)? — 2lz1 — &£ > |21 — y[? — 2KD) |21 — 2]
Therefore, one has

|G(t,l‘1; S, y) - G(ta T2; Svy)|

_ 2 k a2
<Ot — ) a1 — o) [a1 — 20| P exp (sz% |x1t zal” _ 32 |x; d >
— S — S

k 2
S C(t_ S)idTM‘,rl —ajg‘eexp (- 22|x11€y|>
— S

Hence, forall 0 < s < t < T and z,,z2,y € D, we have

G(t,2155,y) — G(t, 2235,y
_d+0 0 ko |$1 - y|2 ko |x2 — y|2
<Ct—28)""7 |z — — = I+ — =k I
Ct—s)" "7 |x1 — x2 [exp ( 5t exp 5 14 ,
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which completes the proof of (i) in Lemma 3.3. As for the second estimate (3.2) in
Lemma 3.3, we adopt a similar method as in the proof of (i). We first consider the case
to — s < t; — to. It is easy to see that t; — s < 2(¢; — t2), and we combine this estimate
with the Gaussian estimate (2.4) to obtain that

T—S

2
mvwwwn<%u7—ﬁd?@r4a3mp<—m“'y')

for r € {t1,t2}, then we can get that

G(t1,2;5,y) — Glta, 75 5,y)|

— |2 2
(t1 — S)_# exp ( - k2|a:y> + (t2 — s)_# exp (— k2|$y|>1
i —s to — s

On the other hand, if to — s > t; — t2, we have

[V

< 2k1(t1 —t2)-

(ta—8) L = (t1 — )+ (t1 —t2)(t1 —8) Hta —5) 1 <2(t; — )L

Combining this estimate with (2.6) and applying the mean value theorem, one can get
that there exists ¢ € [to, 1] such that

d+2 — 2
Iﬂma&w—G@wwwﬂéa%ﬂ);(h—hﬁ%—bfg@m<—bwm)

tl—S

2
< C(te — 8)_#@1 —t2)%exp <— k2|a:y|>

_ 2
< C<t1 - 5)_%(t2 - S)_%(ﬁl — t2)g exp ( — ]{;2|my)

tl — S
Therefore, forall 0 < s < t, < t; < T and z,y € D, we have

|G(t17$,87y) - G(tQ;xa S»y)| S C(tl - tQ)%(tQ - s)ig(rkz/Q(tlaz;svy) + Fk2/2(t27‘r;83y))'

Then Lemma 3.3 is proved. O

We now start to prove Theorem 2.8.

Proof of Theorem 2.8. Based on Definition 2.2, we only need to prove the Holder continu-
ity of each terms in the right hand side of (2.1). For non-zero ¢ € C%(D)NCy(D), one can
take a simple transformation to reduce the problem to the case with ¢ = 0; for example,
consider the equation of v = u—1). Besides, the proof of the term consisting g(¢, x, u(t, z))
can be easily proved with Lemma 2.7 and 3.3, Holder inequality, Assumptions 2.5 and 2.6.
Therefore, we pay more attention to the term

Ul(t,x) ::/0 /DG(t,x;s,y)a(s,y,u(s,y))W(dS,dy).

We divide the proof into two steps, which prove the continuity for space and time
separately.
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Step 1: Let z; and z» be two different points in D. By the Burkholder’s inequality
(see the proof of [4, Theorem 5]) and f > 0, forall ¢t € (0,7] and p > 2, we have

E[[U(t,21) = U(t, z2)"]

(/ / / |G(t, x1;5,y) — G(t, z2:8,y)| - lo(s,y,uls,y))| - fly — 2)

o(s, z,uls, 2))| - |G(t,x1; 8, 2) — G(t,xg;s,z)|dydzds> ] )

< CE

Similar to the proof of [4, Theorem 13], we use the Holder inequality, stochastic Fubini
theorem, Assumptions 2.5 and 2.6, and Lemma 2.7 to acquire that

E[U(t, 1) — U(t, z2)/7] (3.3)
co(ir s Blutsnl) ([ [ [ 1650 - Gt
(s,2)€[0,t]x D o JDJD
- fly —2) - |G(t, 2158, 2) — G(t, 225 8, z)|dydzds) ’
Set 6 € (0,1) a constant to be determined. Combine (3.3) with (3.1) to acquire
E[[U(t, 21) = U(t, z2)["]

t
< Clzy —$2|9p[/ (t—s)_e/ / (Cryy2(ts 2158, y) + Ty a(t, w25 8, 9))
0 Re JR4

(NS

fly—2) (Cpyya(t, 158, 2) + Uiy p2(t, w25 8, 2) ) dydzds

Define
Fa)i= [ Tualtoass )iy - 2l altsis, )y
Re JRA

for any z,¢ € {x1,x2}. Then we have

E[U(¢, xz1) — U(t, x2)|"] (3.4)

(SIS

t
< Clxy — x2|9p [/ (t— s)_e(F(xl,xl) + F(z1,22) + F(xa,21) + F(x2,22))ds
0
When x = ¢, we use the Fourier’s transform to obtain

F(z,x) :/ / Lpy2(t,058,9) f(y — 2)Li, j2(t, 05 8, 2)dydz
R JR4

[ oY,

where 0 is the origin in d-dimensional space. Applying the fact that (recalling n € (0, 1))

4 (t — 2
sup {(T +(t—8) ¢ T exp ( - F(S)ﬂ)} < 00, (3.5)
(t-s)lel2E€Ry ke
we have
Fa,) < O — s [ (1 IR tusd) < e = o),
]Rd
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where C is a constant independent of . For the case x # ¢, we apply the definition of
the non-negative tempered measure (s to obtain that

F(l‘,() = /]Rd /]Rd Fk2/2(t70;say +o—x— (_Z))f(y)rk2/2(ta0;87 —Z)dde

= [ T Chalt.055) #Tualt, 055 )y < = )y

= [ el —ap2mi) e - W)uf(dﬁ)-

Note that the integration is a real number, we have

/Rd sin(27 - (¢ — x)) exp ( - W)Mf(df) —0,

then we apply (3.5) and the nonnegativity of ;1 to get that

Pl < [ ow (= T ) < co- s

where C is a constant independent of ¢, s, x, and ¢. Combine these estimates with (3.4),
one has

t 2
B(|U(t,21) — Ut )] < Cla — x29p</ (t— s)"_e_lds) . (3.6)
0

To make the integral in the right side of (3.6) finite, we need 0 € (0,7n). For any € > 0
small enough, we take § = — . Then we have

E[|U(t,$1) — U(t,xQ)‘p] < C’|$1 _ $2|(n7€)p7

where C' is a constant independent of ¢, x1, and z5. Applying Lemma 3.2 to obtain that
for any € > 0, the function U has a modification, of which the trajectories are Holder
continuous in z € D with the exponent n —¢.

Step 2: To prove the continuity of U in ¢, we set 0 <ty < t; < T'. Following the proof
in Step 1, we have that for almost all z € D,

E[|U(t1,x>—U<t2,x>P]scE< / 1 /D /D G(t1,7:5,9) - |0(5,9,u(s,9))|

(NS

fly—2) - |o(s,z,u(s, 2))]| - G(tl,x;s,z)dydzds>

+cm( / ” /D /D (Gt 335, 9) — Glta, 255,9)| - |o(s,, u(s, )]

(NS}

. f(y - Z)|0(57 2, U(S, Z))‘ ' |G(t171'; S, Z) - G(tQa T3 $7Z)dyd2d5>

=: Il + 12.

Gaussian estimate (2.7), Assumption 2.5 and 2.6 yield

t1
I; < (/ / / F;@(thx;s,y)f(y—z)I‘kQ(tl,x;&z)dydzds)
to JR4 JRE
t1

< C(/ (t — s)”_lds) <Oty —ta) 7.
to

[S]

2
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On the other hand, for any 7,t € {t1,¢2}, define

B(r,t) ::/ / Tr, (7,25 8,y) f(y — 2)T, (¢, 23 8, 2)dydz,
R? JRd
Set 6 € (0,1) a constant to be determined, then (3.2) indicates
op t2 —0
E<Cti-t)¥| [ =97 [ [ Cultsisy + Tl
0 Rd JR4

P
2

fly —2) - Tgy(t1, 258, 2) + Ti, (to, 23 8, 2))dydzds (3.7)

(NS}

= O(t1 — t2)97p |:At2(t2 — S)ie(B(tl,tl) + B(t17t2) + B(tg,tl) + B(tg,tz))ds

When 7 = t, we apply (1.5) and (3.5) to obtain
B = [ [ Tursss ) flo = s (r.s.2)dyds
Re JR4

= [ e (- 2 s < -9,

where the constant C is independent of 7, s, and z. For the case 7 # ¢, we also have

B(rt) = / / Th (7,2 8,9) F(y — 2) T (25 5, 2) dydz
]Rd ]Rd,

< Cmax{(r — )", (t —s)"'}.

where C' is a constant independent of 7, s, and z. Therefore, the estimate (3.7) shows

to ya
IQ S C(tl — tg)%) (/ (tg — 5)”7071d8) 2,
0

where C' is a constant independent of ¢, t3, and z. For any ¢ > 0 small enough, we
take the constant § = 1 — 2¢. Similar to the proof in Step 1, we get that for any € > 0,
the function U has a modification, of which the trajectories are Holder continuous in
t € [0,T] with the exponent n/2 — «.

For the joint space-time Holder regularity, note that the following estimate

Eflu(ty, z1) — u(t2, 22)|] < CE[|u(ty, z1) — u(ty, z2) "] + CE[[u(ty, z2) — u(tz, v2)|"]
< C(|lzr — x2|™° + |t1 — t2|np/2_6)a

holds for all ¢1,t, € [0,T], 1,22 € D, and € > 0 small enough, where C is a constant
independent of ¢1, t3, 1, and x2. Then we can apply Lemma 3.2 to complete the proof. O

We conclude this paper with the proof of Lemma 3.1.

Proof of Lemma 3.1. For any z,z € D, define the infinum length of paths in P, . as
dp(z,z). Obviously, for a fixed bounded domain D with C**# boundary, the function
dp(z, z) is uniformly bounded (the upper bound is independent of the choice of points
x and z). Moreover, there exists a continuous path with the endpoints x and z, which
satisfies that each point on path is in D, and the length of this path is dp(z, 2).
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Suppose the constant Kp does not exist, then there exist two sequences of points
{xn}nen and {2z, }nen such that z,,, z, € D for all n € N and

lim 92&naZn) _ (3.8)

n—oo |1'n - Zn‘
which gives |z, — z,] =3 0. Since the domain D is bounded, we can take the sub-
sequences of {z,},en and {z, }nen, which also denote as {z,}n,en and {z,}nen for
convenience, such that z,, and z,, converge to the same point e as n — co. When e in the
interior of D, there exists a constant p; > 0 such that B,, (e) C D. Take N large enough
such that z,, 2z, € B,, (e) for any n > N. Then it is easy to find dp(zn,2n) = |Tn — 2n|,
which is contrary to (3.8).

For the case that e € 0D, define py as the constant in Definition 2.1. Based on
Definition 2.1, we can find a local coordinate system (y', ..., y%) such that the intersection
of B, (e) with 0D has the form y' = ¥(y?,...,y%). Without loss of generality, we assume
that the origin of local coordinate system is e, and the set {y! € B, (e)|y* < ¥(y?,...,y%)}
is in D (otherwise we use a new local coordinate system (7', ...,7%) and a new function
VU such that §' = —y', ¥ = —U, and §* = ¢’ fori = 2,...,d). Take N large enough such
that z,,, 2z, € B,,(e) foralln > N. Now we fix n > N, and only consider the situation that
the line segment x,, z, has the intersection with 9D (x,,z, denotes the line segment with
the endpoints x and z). Define the points Z,, and Zz,, in the set x,,z, N dD as the closest
points to x and z, respectively. Then the line segment z,,z,, has the representation

Tn(5) = (Fn(5), U0 (8)s -, Tn(5)) = T + 5(20 = Tn), s €[0,1]
in the local coordinate system. Define a curve segment

Cz,z, == (\I](QTQL(S)’ s 7@5@))7@2(8)’ s 7@2(8)% s € [Ov 1]7

then the curve segment C

(i) each point of C; =,

(ii) the endpoints of C;, z, are Z,, and z,;

(iii) the projection of Cz,;, on the surface y' = 0 is the same as the one of Z,Z,.

We claim that for a fixed point e, there exists a constant K; > 1, which is independent
of n, such that the length of C;, z, is bounded by K;|Z, — Z,|. This fact can be proved by
the definition of integrating along curves and the boundedness of the first derivatives of
V. Therefore, the continuous path x,%,, — Cz, 3, — Zn2, isin D and the length is bounded
by Ki|x, — z,|. This property contradicts to (3.8), which proves Lemma 3.1. O

..z, has the following properties:
is on the boundary 0D;
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