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Abstract: We consider statistical inference for a single coordinate of re-
gression coefficients in high-dimensional linear models. Recently, the de-
biased estimators are popularly used for constructing confidence intervals
and hypothesis testing in high-dimensional models. However, some repre-
sentative numerical experiments show that they tend to be biased for large
coefficients, especially when the number of large coefficients dominates the
number of small coefficients. In this paper, we propose a modified debiased
Lasso estimator based on bootstrap. Let us denote the proposed estimator
BS-DB for short. We show that, under the irrepresentable condition and
other mild technical conditions, the BS-DB has smaller order of bias than
the debiased Lasso in existence of a large proportion of strong signals. If the
irrepresentable condition does not hold, the BS-DB is guaranteed to per-
form no worse than the debiased Lasso asymptotically. Confidence intervals
based on the BS-DB are proposed and proved to be asymptotically valid
under mild conditions. Our study on the inference problems integrates the
properties of the Lasso on variable selection and estimation novelly. The su-
perior performance of the BS-DB over the debiased Lasso is demonstrated
via extensive numerical studies.
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1. Introduction
1.1. Background

High-dimensional linear models have broad applications in many fields, such as
biology, genetics, and machine learning. A number of statistical methods have
been introduced to solve the problems on prediction, estimation, and variable se-
lection regarding regression coefficients. On the other hand, statistical inference
in high-dimensional models has recently caught a lot of research interests and
efforts for its importance in providing uncertainty assessment and the nontrivial
statistical challenges.

The Lasso estimator [26] has been a popular tool for modeling high-dimen-
sional data. When the number of covariates p is fixed, however, it has been
shown to have no closed form for its limiting distribution in the low dimensional
setting [19]. Chatterjee and Lahiri [7] showed the inconsistency of bootstrapping
the Lasso if at least one coefficient is zero. Thus, there is substantial difficulty
in drawing valid inference based on the Lasso estimates directly. Nevertheless,
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Chatterjee and Lahiri [8] developed a modified bootstrap estimator based on
the Lasso as well as a bootstrap estimator based on Adaptive Lasso [38]. For p
increasing with the sample size n, Chatterjee and Lahiri [9] showed the bootstrap
approximation consistency for Adaptive Lasso estimators under some technical
conditions.

In the p > n scenario, Zhang and Zhang [33] proposed asymptotically
Gaussian-distributed estimators of low-dimensional parameters in high-dimen-
sional linear regression models. Such estimators are known as the “debiased
Lasso” or the “de-sparsifying Lasso”. In the same paper, they proposed an op-
timization scheme for calculating the “correction score”, whose properties are
carefully studied in [17] for both fixed designs and sub-Gaussian designs. Along
this line of research, many recent papers have studied relevant generalizations
for the debiased approach. Van de Geer et al. [28] considered the debiased Lasso
estimator in generalized linear models with convex loss functions. Biihlmann and
van de Geer [4] and Jankova and Van De Geer [16] studied statistical inference in
misspecified high-dimensional linear models and graphical models, respectively.
Fang et al. [15] considered the debiased method in high-dimensional Cox models.
From the minimax perspective, Cai and Guo [5] studied the optimal expected
lengths of confidence intervals for linear combinations of regression coefficients
in sparse high-dimensional linear models. Javanmard and Montanari [18] consid-
ered sample size conditions for the debiased Lasso method in high-dimensional
linear models with Gaussian design and Gaussian noise. Under some regularity
conditions, they show a potentially weaker sample size condition when the true
precision matrix of the design is sparse. Related approaches are also actively
studied in the context of econometrics and causal inference [1, 3, 10].

The present work is motivated by the connections between statistical infer-
ence and variable selection problems. Variable selection has become an active
research topic in high-dimensional literature for decades. Many established vari-
able selection methods have been proposed and studied [26, 6, 14, 31, 24, 32]. It
is known that if the nonzero coefficients can be consistently selected, least square
estimators based on the selected model can lead to asymptotically valid infer-
ence procedures. However, the consistency of variable selection always requires
the beta-min condition, which assumes the strengths of nonzero coefficients are
uniformly larger than certain threshold. This condition is uncheckable and can
be hard to fulfill in applications. In a recent paper [36], the post-Lasso least
squares is justified for asymptotic valid statistical inference in high-dimensional
linear models. Their analysis is based on the conditions guaranteeing the set of
variables selected by the Lasso is deterministic with high probability. In the cur-
rent work, we explore the interaction between variable selection and inference
problems and demonstrate the benefits of having a large proportion of strong
signals for statistical inference under proper conditions. Specially, we do not re-
quire the beta-min condition and the selected set of variables is not necessarily
deterministic.

Another philosophy for inference in the high-dimensional setting is based
on selective inference, whose focus is on making inference conditional on the
selected model [21, 12, 20, 27]. However, it is not considered in the current work.
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Our proposed approach is closely related to the bootstrap procedures for in-
ference. Bootstrap has been widely used in high-dimensional models for conduct-
ing statistical inference. Mammen [22] considered estimating the distribution of
linear contrasts and of F-test statistics when p increases with n. Chernozhukov
et al. [11] developed theories for multiplier bootstrap to approximate the maxi-
mum of a sum of high-dimensional random vectors. Dezeure et al. [13] proposed
residual, paired and wild multiplier bootstrap methodology for the debiased
Lasso estimators. Zhang and Cheng [34] proposed a bootstrap-assisted debiased
Lasso estimator to conduct simultaneous inference for non-Gaussian errors. The
purpose of using bootstrap in aforementioned two papers mainly concern deal-
ing with heteroscedastic errors as well as simultaneous inference. In the present
work, we show the bias correction effect of bootstrap in high-dimensional infer-
ence.

1.2. The debiased approach

The debiased Lasso [33, 28, 17] for high-dimensional linear models can be de-
scribed as follows. Consider a linear regression model

Yi = x?ﬁ + €, (1)

where 8 € RP is a vector of regression coefficients and €1, ...,¢€, are i.i.d. ran-
dom variables with mean 0 and variance o2. We consider the high-dimensional
scenario where p can be larger or much larger than n. We assume [ is sparse
with support S such that |S| = s. Let X € R™*P be the design matrix with the
i-th row being 2 and y = (y1,...,y,)T. Let X; denote the j-th column of X.
Let ¥" = X7 X/n. Let ¥ = E[X"] denote the population gram matrix which is
positive definite and © = X! Let ©; = ©_; denote the j-th column of ©.

The Lasso [26] estimator of § is defined as

~ . 1

B = angmin { 5_lly - X0l + bl | )
beRP n

for some tuning parameter A > 0. Some of its variations have been proposed

and studied [38, 2, 25]. Suppose that we are interested in making inference of

B; for some j € {1,...,p}. The debiased Lasso estimator of §; can be written

as
apB) _ 5, (G y—XP
B =y + Lot =2, ®
where 2; € R" is the so-called correction score and can be computed via another
Lasso regression. Specifically, define

. . 1
= angmin { X8 + Alslh s 2 =1 ()
~yERP n

for some tuning parameter A; > 0 and

nX4

X,.X3) if © is unknown.

R { X0; if © is known
Zs =
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In fact, the correction score can also be realized via a quadratic optimization
approach [33, 17] when © is unknown. The difference is that the optimization
in (4) can utilize the sparsity of ©;, if ©; is sparse indeed, and can achieve
semiparametric efficiency under proper conditions [28].

A 100 x (1 — )% two-sided confidence interval for 3; can be constructed as

BPD) £ 4 26113512/n, (6)

where ¢, is 7-th quantile of standard normal distribution and & is some consis-
tent estimate of the noise level o.

When © is unknown, it has been proved that the asymptotic normality of
BJ(-DB) requires . > (slog p)? and some other technical conditions, say, in Van de
Geer et al. [28]. These conditions guarantee that the remaining bias of the debi-
ased Lasso is asymptotically sufficiently small such that n~'/2-length confidence
intervals are achievable. In Cai and Guo [5], it has been shown that the minimax
optimal confidence intervals for 8; has lengths of order n~1/2 4+ slog p/n. That
is, to achieve a confidence interval with length of order n~'/2, the condition
n > (slogp)? is unavoidable in the minimax sense. This reveals the optimality
of the debiased Lasso procedure.

Actually, when investigating the worst case scenario considered in Cai and
Guo [5] (Theorem 3), one can see that it concerns the case where s = |{j : |5;] =
Vlogp/n}| < s. That is, loosely speaking, the number of “weak” coefficients
dominates the number of “strong” coefficients. Therefore, if there exists a large
proportion of strong signals, the debiased Lasso may not be optimal. If not, it
is unknown what is a better procedure for statistical inference. This question
is of significant practical value in view of the following numerical experiments,
which suggest that the debiased Lasso estimators can be severely biased for
large signals.

1.2.1. The bias of the debiased Lasso related to signal strengths

We consider a simplified setting where the observations are generated from
model (1) with known noise level 0 = 1 and known X. We set n = 100 and
p = 300. Each row of X is i.i.d. from a multivariate Gaussian distribution with
mean zero and covariance matrix . The noise vector € are 4.i.d. from standard
Gaussian distribution. We consider seven levels of sparsity, i.e. s =4,6,...,16.
For each s, we set S ={1,...,s} and Bs = (4,2,4,2,... ,4,2,4,0.2)T. Compar-
ing with the inflated noise level o1/2logp/n ~ 0.338, first s — 1 coefficients can
be viewed as strong signals and the s-th coefficient can be viewed as weak. We
consider two formats of ¥. The first one is ¥ = I, i.e. the identity matrix. The
second one is X = ¢, where X° is a block diagonal matrix with Xg. ¢. = I
and ¥ g is Toeplitz with the first row equals (1,-0.1,07" 3, —0.1). We com-
pute the debiased Lasso (DB) based on (2) and (3) with tuning parameter
A = 20+/log p/n and the oracle correction sore 2; = XO;.
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F1G 1. Estimation errors of the debiased Lasso for B; € {4,2,0.2,0} at different sparsity levels
with ¥ = I, (left panel) and ¥ = X° (right panel). Each point is the median estimate based
on 500 independent experiments.

When ¥ is identity (left panel of Figure 1), distinct patterns are observed
for signals with different strengths. The debiased Lasso for 3;, j € S¢ has
bias floating around zero. For 3;, j € S, the debiased estimators are always
negatively biased across different sparsity levels. This implies that the debiased
Lasso can lead to low chance of discovering true signals under the current set-up.
Moreover, the debiased estimators for strong signals are more severely biased
as the sparsity level s gets larger. The right panel of Figure 1 displays the bias
of the debiased Lasso when ¥ = 3°. The difference of the left and right panel
of Figure 1 preludes the effect of pg defined in (17) where pg = 1 with ¥ = I,
and pg = 1.25 with ¥ = X at all sparsity levels. When pg gets larger, the bias
of the debiased Lasso on the true support gets larger.

Motivated by this numerical experiment, we look into the effects of signal
strengths on statistical inference in high-dimensional models. Under proper con-
ditions, we provide a new error analysis of the debiased Lasso which shows its
distinct behaviors on and off the true support.

More importantly, we introduce a bootstrapped debiased Lasso approach
(BS-DB), which can have smaller order of bias than the debiased Lasso when
there are a large proportion of strong signals. Figure 2 unveils the bias cor-
rection effect of the BS-DB estimator in comparison to the debiased Lasso in
the simulation settings considered above. It is not hard to see that the bias for
strong signals are significantly reduced with our proposal. The BS-DB estima-
tor is constructed according to Section 2.1 with the same tuning parameter as
in debiased Lasso. More numerical results on constructing confidence intervals
with unknown covariance matrix and unknown noise level are presented in Sec-
tion 4. In next subsection, we summarize the major contributions of the current
work.
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F1G 2. Estimation errors of the debiased Lasso (DB) and of the BS-DB for 8; € {4,2} at
different sparsity levels with identify covariance matriz (left panel) and ¥ = X° (right panel).
FEach point is the median estimate based on 500 independent experiments.

1.3. Summary of our contributions

For the proposed BS-DB estimator defined in (11), we will prove that

BPS=PE) _ gy = fem; + iy, (7)
where rem; is the remaining bias of B](BS_DB) and +/n7); is asymptotically
normal. We upper bound the magnitude of 7em; assuming sub-Gaussian noise
(Condition 3.2).

(a) Suppose that the design matrix is row-wise independent Gaussian (Condi-
tion 3.1) and the irrepresentable condition (Condition 3.3) holds, if n > slogp,
then

\/s_nlm n ﬂs\/sn—lm]l(j € 9) if © is known

|%]| :OP { s_logp
n

(®)

if © is unknown,

where 1(-) is an indicator function, s = |[{j € §:|5;| < CpsA}| for a large
enough constant C, and pg defined in (17). It implies that, under proper con-
ditions, asymptotically valid confidence intervals can be constructed based on
BAJ(-BSLDB) if slogp < n and (s_logp)? < n for unknown ©. This sample size
condition is weaker than the one for the debiased Lasso if s_ < s. We will bring
more discussions on the demand and potential relaxations of the irrepresentable
condition in Section 3. As a byproduct, we get a new error expansion of the
debiased Lasso under current conditions in Theorem 3.3, which shows that its
remaining bias can be of different magnitude for j € S and j ¢ S.

(b) When the design is sub-Gaussian (Condition 3.4), without assuming the
irrepresentable condition, we prove that the remaining bias of the BS-DB is
Op(slogp/n) under mild conditions, which is is asymptotically “no worse” than
the debiased Lasso (Theorem 3.7).
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1.4. Notations

For aset A C {1,...,p}, Xa € R™*I4l is the submatrix formed by X;, je A
Let A°={1,...,p}\A.Forj =1,...,p,let {—j} = {1,...,p}\{j}. For a vector
v € R¥ let ||v]|, denote the standard £,-norm of v. For another vector u € R¥,
let (v,u) = Zle viu;. For a symmetric matrix D € RF>*1 let A, (D) and
Amin (D) be the largest and smallest eigenvalues of D. Let Tr(D) denote the trace
of D. Let I, be the p x p identity matrix. We use e; to refer to the j-th standard
basis element, i.e. e; = (1,0,...,0)7. We use eg, € RP*I%1l to refer to the sub-
matrix of an identify matrix, which contains j-th column of I, for Vj € S;. For a
random variable v, let ||v||y, = sup,~; t~1/2 (E[|v|t])1/t denote its sub-Gaussian
norm. For a random vector V € R*, let V,, = sup|pijp=1 (V5 0}, Let f(n)
and g(n) be two functions. We use f(n) < g(n) to refer to “f(n) = o(g(n))”.
The notation f(n) > g(n) can be defined analogously. We use f(n) < g(n) to
refer to f(n) = O(g(n)) and f(n) 2 g(n) can be defined analogously. We use
¢, co,c1,-.. and Cp,Cq,... to denote generic constants that can vary from one
position to the other.

1.5. Organization of the rest of the paper

The rest of the paper is organized as follows. In Section 2, we introduce the pro-
posed approach for constructing confidence intervals in high-dimensional linear
models. In Section 3, we prove the theoretical properties of the proposed ap-
proach with and without the irrepresentable condition. In Section 4, we demon-
strate the empirical performance of the BS-DB for statistical inference in com-
parison to the debiased Lasso in various settings. In Section 5, we bring more
discussions to the topics related to this paper. The proofs are provided in Section
6 and in the Appendix.

2. Bootstrapping the debiased Lasso

In this section, we introduce the proposed procedure and bring some intuitions
to its merits.

2.1. The procedure for constructing confidence intervals

(i) (Fitting the modified debiased Lasso) Let 3 be the initial Lasso estimator
computed via (2) with tuning parameter A. Let @; be the correction score
defined in (15) (with known or unknown precision matrix). We compute
a modified debiased Lasso estimator based on B and w;:
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(ii) (Bootstrapping the Lasso) Let 3* be the Lasso estimate with input (X, X 3)
and tuning parameter \. We estimate the bias of BJ(mDB) with

<wj7X(B - B*)>

b =By + - ~Bj- (10)

Subtracting 133“ from B](."LD B)

estimator

, we arrive at a bootstrapped debiased Lasso

A(BS—DB A(mDB 7%
B P =B b (11)

(iif) An 100 x (1 —a)% two-sided confidence interval for 3; can be constructed
as

5(BS—DB ol
BT £ o a6y 2/, (12)
where 6 can be any consistent estimator of o.

The modified debiased Lasso computed in Step (i) is based on a different
correction score in comparison to the original debiased Lasso. The specific ex-
pression and rationale are illustrated in detail in Section 2.2. In Step (ii), the
estimator B* is a noiseless Lasso based on the empirical estimates. In the usual
parametric bootstrap, the response vector is constructed as

yf:xfﬁﬁ—&ff,i:l,...,n, (13)

where £ are synthetic i.i.d. standard Gaussian random variables and & is a
consistent estimate of noise level. Hence, the estimator B* employed in Step (ii)
can be viewed as a noiseless Lasso based on parametric bootstrap. In fact, our
* can be replaced with an average of the usual noisy parametric bootstrap
estimators. Although the noisy parametric bootstrap estimates can be used to
generate empirical confidence intervals, our main purpose of bootstrap is for
bias correction rather than uncertainty quantification. Hence, we focus on the
proposed noiseless version which can simplify the computation and does not
introduce extra randomness. (I would like to thank an anonymous referee for
pointing this out.)

We also comment that the current framework and the proposed approach
are different from the results of bootstrapping the Adaptive Lasso considered
in Chatterjee and Lahiri [9]. In fact, in the current work, the beta-min condi-
tion is not required and selection consistency is not needed. As a consequence,
some direct methods, such as least squares after selection, cannot lead to valid
inference procedures under current conditions in general.

2.2. The proposed correction score

Before articulating the format of the proposed correction score ;, let us bring
some intuitions to its construction. Recall that the success of the debiased Lasso
relies on choosing a correction score v € R™ such that [33]

e;‘-P —v'X/n=~0. (14)
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One possible realization of v is Z; defined in (5). In fact, it is ideal but not
amendable to have an “exactly equal” relationship in (14). It can be seen from
later discussion (22) that if v is such that vTX4/n = 0 for a set A C {—j},
then the debiased Lasso based on the correction score v is free from the bias of
B 4. However, an “exactly equal” relationship is not achievable in general since
O" = (¥")~! is not well-defined when p > n. As a compromise, we would like
to obtain a correction score v such that
(eJT —vT'X/n)s =0 and (eJT —vTX/n)ge = 0.

That is, on a “small” set which has large bias, .S, we require the exact equality to
hold in (14) and on S¢, we allow for “approximately equal”. As the true support
S is unknown, we replace it by an estimate based on the Lasso, S = {j: Bj # 0},
which is not necessarily consistent but satisfies certain desirable properties. Let
A= §n{=j} Let PL =1, — X5 (X% X;) X%
operator, where ng X A, /n will be shown to be invertible with high probability.

1
X};‘ denote the projection
J

Formally, our proposed correction score w; can be defined as

nP; XO;
——4—— if © is known
~ . €1 j
w; = <X77PﬁjX®]) (15)
nXk : :
X .X7) if © is unknown,

where )
~A . L 2 ) R . o
k= arﬁgegiln { 2n||X/<c||2 T Ajllge gyl w5 = 1} . (16)

The optimization in (16) is different from (4) as it does not penalize the coef-

ficients in A;. It is easy to see from (15) and the KKT condition of (16) that
(e] —w] X/n)g = 0 no matter © is known or not. We demonstrate the theo-
retical advantages of the proposed BS-DB estimator in the next section.

3. Theoretical properties

In this section, we study the theoretical properties of the proposed BS-DB es-
timator. We will first show some preliminary results under the irrepresentable
condition and then justify the asymptotic validness of the proposed confidence
interval (12). We will further study the robustness of our proposal to the vi-
olation of the irrepresentable condition. For the main results, we assume the
following conditions.

Condition 3.1 (Gaussian designs). Fach row of X is i.i.d. Gaussian distributed
with mean 0 and covariance matriz X, where % satisfies that 0 < Cpin <
Amin(E) < Amax(z) < Chax < 0 and maxi<;<p Ejﬂ‘ < Kqp <o0.

The smallest eigenvalue of ¥ is assumed to be bounded away from zero, which
is used in upper bounding the remaining bias of the debiased Lasso. The largest
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eigenvalue of ¥ is assumed to be finite, which is used in justify the asymptotic
normality. The Gaussian distribution is needed for technical convenience and is
also required in closely related works [30, 18].

Condition 3.2 (Sub-Gaussian errors). ¢; (i =1,...,n) are i.i.d. sub-Gaussian
with mean 0 and variance 0® > 0 such that maxi<i<n ||€i]ly, < Ka.

Condition 3.3 (Irrepresentable condition).
= Sk,s(Ess) 1.
¢ kme%XH ks(Zs,s) |, <

As previously mentioned, Condition 3.3 is crucial in our main analysis. It has
been used in analyzing the variable selection properties of the Lasso [35, 30]
and it is equivalent to the “neighborhood stability” condition [23]. In fact, the
purpose of irrepresentable condition is to guarantee that the support estimated
by the Lasso is a subset of the true support with high probability (Lemma
3.1 and Lemma 3.2). Some concave penalized methods, say Zhang [32], require
weaker versions of Condition 3.3 for guaranteeing such properties and they can
also be suitable for debiasing. For conciseness and computational convenience,
we focus on the Lasso.

It is worth mentioning that Condition 3.3 does not rule out the most difficult
scenarios which yield the minimax optimal sample size condition n >> (slogp)2.
Indeed, the lower bound results for the confidence intervals in high-dimensional
linear models [5, 18] are based on some worst cases satisfying ¢ = 0. Therefore,
our results are comparable to the existing lower bound results achieved by the
debiased Lasso.

3.1. Preliminary lemmas

We first prove some preliminary results as consequences of the irrepresentable
condition. For b € RP, let sgn(b) be an element of the sub-differential of the ¢;-
norm of b. That is, (sgn(b)); = sgn(b;) = b;/|b;j| if b; # 0 and (sgn(b)); € [-1,1]
if b; = 0. Let
_ T -1

ps = max e (Zs.9) 71|, - (17)
Notice that ps € [c1, c21/s] for some positive constants ¢; and ¢y under Condi-
tion 3.1.

Lemma 3.1 (Sparsity pattern recovery for the Lasso). Assume that Condi-
tion 3.1-Condition 3.3 are satisfied. If the sequence (n,p, s, \) satisfies that

cKislogp Ccoo Kilogp
> —— °° d\> \ ———— 18
"= Omin(]- - ¢)2 o —1- ¢ n ( )

for large enough constants ¢ and cy, then

Qo := {§ C S and HBS - /BS”OO < Cps)‘} (19)

holds with probability at least 1 — 1 /p—exp(—can) —cs/n for some large enough
constants C, c1, ca, c3, and pg defined in (17).
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Lemma 3.1 is more general than Theorem 3 in Wainwright [30] in the sense
that the ¢o-bound of the estimation error in (19) does not require the beta-min
condition. This is a nontrivial generalization as sgn(f8s) # sgn(Ss) in general
and dependence between sgn(ﬁs) and X g makes it challenging to get the desired
bound on BS — Bs. Our idea is to decouple 63 with X}, for each k € S with a
“leave-one-out” argument.

The sparsity pattern recovery can be similarly derived for the bootstrap ver-
sion 3*. We summarize an important consequence of Lemma 3.1 and its boot-
strap counterpart in the next lemma. Let S = {j: ﬁ; #0}.

Lemma 3.2. Assume that Condition 3.1-Condition 3.3 are satisfied. If (18)
holds, then

Q= {8* C S and |35 — Bsllo < C*psA}. (20)

holds with probability at least 1 —c1/p—ca/n—exp(—czn) for some large enough
constants c1, ca2, c3, and C*. In the event Qo N5, Sy C S cSs, 5 C S* cs,

and sgn(B;) = sgn(ﬁj) = sgn(ﬁj) for j € Sy, where
Se =418 > (C+C)pshj=1,....p}) (21)
for C in (19) and C* in (20).

Lemma 3.2 implies that the estimated supports based on B and B* can be
upper and lower bounded by two unknown but deterministic sets, namely S and
Sy, with high probability, where S| can be viewed as the set of strong signals.
In addition, the sign vectors of Bs . and ,5’§+ are asymptotically deterministic.
These observations are crucial for the success of our proposed bias correction as
will be seen from the next subsection.

3.2. Illustrations of the proposed bias correction

In this subsection, we layout some key steps for analyzing the proposed approach
based on the results proved in Section 3.1. Let us focus on the case where O is
unknown. We first review some key steps in the typical analysis of the debiased
Lasso. From (3) and (19), we have

<ZJ7 >

n

BB gy = (eF —2TX/n) (B - B)+

T‘ij

where 7em; = Op(slogp/n) by an fo, — £ splitting using the KKT condition
of (4) and ¢;-bound on 3 — B. For the asymptotic normality of \/ﬁ(ﬁj(»DB) —Bj)
to be true, one needs |Fem]| = op(n~1/?), which gives the typical sample size

condition (slogp)? < n, and the asymptotic normality of (Z;,€)/y/n, which
holds under mild conditions.
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Next, we illustrate that, with the proposed BS-DB, the bias coming from
strong signals is removed in two steps. Let W™ = XT¢/n. The event Qg (19)
and the KKT condition of 8 together imply that

B 5y = (T — af X/ (s — ) + 42

= —M(e] — ] X/n) (5% s) 'sen(Bs)

b;

<w]’v 6>

+ (ef —wf X/n) g (555) " WE +<wjl—€> (22)

Tj

where l;j is the dominant bias term and #; and the last term are linear com-
binations of e. For S defined in Lemma 3.2, let S_ = S\ S, denote the set
of weak signals. Let sy = |Sy| and s = |S_|. To see the bias contributed by
strong signals, we rewrite Bj as

7 N (X% 5)51 S sgn(Bs ) (Egs)gl S,Sgn(ﬁsf)
bj = -\ (el =l X 784,54 7S o 5785, it
! (ej ! /n)s <(Eg,s)§_1,s+5gn(5s+) (EQ,S)EE,S_Sgn(BS_) ’

Gn

where sgn(fg .) = sgn(Bs,) with high probability under the conditions of
Lemma 3.2. We will denote G™ as a 2 X 2 block matrix such that GY; =
(G")s,,s, - Loosely speaking, the purpose of bootstrap is to remove G, and
G35, and the purpose of proposed correction score w; is to remove G4 ;. Specif-

ically, in event Q2§ (20), we can similarly show that for 13; defined in (10),

2k N (X% S);l s Sgn(ﬁé ) (E% 5)51 S_ sgn(ﬁg_)
b= (T —Tx ) 459+ S+ ) + R .
/ (6] ’ /n)S <(E’§,s)§1,5+sgn(6§+) (2275)3,5, sen(8%)

G*

Since sgn(ﬁéﬂ = sgn(BS+) by Lemma 3.2, we have G"; = G*,. Moreover,
the second column of G™ and that of G* come from the incorrect sign estimation
of weak signals. The term G , is caused by the possible correlation between X
and Xg_ and it can be large if s is large. To get rid of GY 5 and G7 5, we invoke
that the proposed correction score w; satisfies (e] —w] X/n)g =0.1f S} C s,
then the effects of G 5 and G7 , are removed by the proposed correction score.
To summarize, (22) and above analysis together imply that in Qg N QF,

A(mDB 7% ~ n * ~ <ﬁ}"€>
BIPE) — g — by = =X (el — T X/n), (Ghy—Ghy)+i7y+ i

We will show that the remaining bias, i.e. the first two terms on the right hand
side on the above expression, are Op(s_logp/n). Finally, the validness of the
confidence interval considered in (12) also relies on the asymptotic normality of
(wj,€)/+/n. We will employ the central limit theorem to show desirable results
under proper conditions.
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3.3. Main theorems

In this subsection, we formally establish the main theorems for statistical in-
ference with the BS-DB approach. As a benchmark, we first present an error
analysis of the original debiased Lasso demonstrating its different magnitude of
bias on and off the true support.

Theorem 3.3 (The remaining bias of the debiased Lasso). Suppose that Condi-
tion 3.1-Condition 3.3 hold true and slogp < n. Let B](DB) be computed via (3)

with A = c1y/logp/n and \j = cav/log p/n for some sufficiently large constants
c1 and co such that (18) holds. Then

_——— 0

+ rem;,

BPD g, = (2. €)

where

slogp | psvslogpa(, . .
|@1§| =0, { e P 1(j € S) if © is known (23)

slogp . .
=5 if © is unknown.

Theorem 3.3 implies that when © is known, the remaining bias of B§DB)
can be larger for j € S than for j € 5S¢ as 1 < pg < /s under Condition 3.1.

Moreover, as pg gets larger, the bias of B§DB) for j € S gets larger. These results
coincide with our observations in Figure 1. We mention that one can get rid of
the term which involves pg by estimating B and Z; with two independent subsets
of data (Theorem 7 in Cai and Guo [5] and Proposition H.1. in Javanmard and
Montanari [18]). In practice, especially when the sample size is relatively small,
sample splitting can produce unstable results. Hence, we focus on the version
without sample splitting. When © is unknown, the results of Theorem 3.3 agree
with the existing analysis of the debiased Lasso [33, 28, 17]. With Theorem 3.3
serving as a benchmark, we study the the remaining bias of the proposed BS-DB
in the next lemma.

Lemma 3.4 (The remaining bias of BS-DB). Suppose that Condition 3.1-
Condition 3.3 hold true and slogp < n. Let BJ(BS_DB) be computed via (11)
with A = c1y/logp/n and A; = cav/logp/n for some sufficiently large con-
stants ¢1 and co such that (18) holds. Then the expressions in (7) and (8) hold
true.

Lemma 3.4 shows that the magnitude of the remaining bias of Bj(-BstB) is

determined by the number of weak signals. Comparing with Theorem 3.3, we
see that the remaining bias of B;BS_DB) is much smaller than the remaining
bias of the debiased Lasso when s_ < s. This demonstrates the improvement
of our proposal and convinces our observations in Figure 2. When © is known,
the magnitude of remainder terms of B;BS_DB) can be different for j € S and

j ¢S, which is analogous to the results for debiased Lasso.
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Next, we move on to establish the limiting distribution of the BS-DB esti-
mator. We first prove the convergence rate of a variance estimator, which can
also benefit from the irrepresentable condition. Define

1
&2 = —
n—15]

1Pz yll3, (24)

-1

1_7 v (vTxv. T
where P4 =1, - Xg (XIXg)  xZ.
Lemma 3.5 (Convergence rate of the variance estimator). Suppose that Con-
dition 3.1-Condition 3.3 hold true and slogp < n. Let B be computed via (2)
with A = c1+/log p/n for a sufficiently large constant c; satisfying (18). For 62
defined in (24),

. 2 1
5% — 02| = Op <n1/2+mm{p55’5} ng). (25)
n

On the right hand side of (25), the first term n~!/? comes from the random-
ness of € and the second term comes from the estimation error of weak signals.
It is known that a widely used variance estimator, the mean of squared residuals
based on j3, has convergence rate Op(n~1/2 + slogp/n). We see that 62 is no
worse than and can have faster rate of convergence than the mean of squared
residuals based on the Lasso if pQSS, < 5. That is, 5% can be more accurate when
the number of strong signals is dominant and the correlation among Xg is weak.
The empirical performance of 52 is evaluated in various numerical experiments
in Section 4.

In the next theorem, we collect all the preliminary results and prove the
asymptotic normality of B(-BS*DB) under proper sample size conditions. Let
®(c) = P(x < ¢) for a standard normal variable x.

Theorem 3.6 (Asymptotic normality of BS-DB). Suppose that Condition 3.1
Condition 3.3 hold true and slogp < n. Let Bj(.BS*DB) be computed via (11)

with A = c1y/logp/n and \; = cav/logp/n for some sufficiently large constants
c1 and co such that (18) holds. (i) If ©; is known, then

sup [P (B§BS‘DB> — B < cauwjug/n) - @(c)‘ =0 (26)
ce

(ii) When ©; is unknown, (26) holds if max {s_, [|©(s,)e jllo} logp < v/n.

Theorem 3.6 implies that the proposed confidence interval (12) has nominal
coverage probability asymptotically. The condition s_logp < /n when © is
unknown guarantees that the remaining bias of BS-DB is op(n~'/2). The con-
dition [|©g,)e jllologp < \/n guarantees that A converges to its probabilistic
limit at a sufficiently fast rate such that 7; in (7) is asymptotically normal. It is
especially needed here as our constructed w; is dependent with e. This condition
can be relaxed if S used in (15) is independent of X or is asymptotically deter-
ministic. Hence, one can perform a sample splitting and compute S with one
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fold of the data and compute 4 and other estimates with the other fold of the
data. In this way, the sparsity requirement on ©g, - ; can be relaxed. On the

other hand, some mild conditions can lead to asymptotically deterministic S.
One sufficient condition is that [{j : |5;| < psA}| = 0 which guarantees S = S
asymptotically. The optimality of the proposed confidence interval (12) can be
partially understood from the established lower bound results. Specifically, the
parameter space considered in Theorem 3 of Cai and Guo [5] is

E’O(S) = {(ﬂvaa E) : HB”O S 570—2 2 C1, 1/02 S Amin(z) § Amax(z) S 02}

for some constants ¢; > 0 and ¢ > 1. Let L} (0, ;) denote the minimax
expected length of confidence intervals for 5; ((2.3) of Cai and Guo [5]) over
© at confidence level . Recall that s = [{j : |5;| < /logp/n}|. When © is
unknown, it has been shown that

1 slogp
L (2 )2 —= 4= .
a( O(S)vﬁj)m \/ﬁ—'_ n

Let us consider a more detailed parameter space

E(8+75—) :{(67072) : |S+| < S+, |S—| < 3—a02 > ¢,
1/62 S Amin(z) S Amax(z) S C2, Ps S CB};

for some constants ¢; > 1, co > 1, and ¢3 < 0o. As s_ = s for constant pg, it is
not hard to see that

. 1 s_logp
Ly (E(s4,5-).85) 2 7n T
This shows the optimality of the proposed BS-DB in Z(s4,s_) when © is un-
known.

3.4. When irrepresentable condition does not hold

The irrepresentable condition is always hard to check in reality. Therefore, it is
important to understand whether the proposed BS-DB is still valid for inference
when such a condition is not true. In the next theorem, we justify the theoretical
properties of BS-DB without the irrepresentable condition. We also relax the
Gaussian assumption in Condition 3.1 to sub-Gaussian designs. For practical
concerns, we only prove for the case where © is unknown.

Condition 3.4 (Sub-Gaussian designs). Fach row of X is i.i.d from a sub-
Gaussian distribution with mean zero and covariance matriz Y. The matriz X
satisfies that 0 < Chin < Apin(X) < Anax(E) < Chax < 00. There exists a
positive constant Ky such that maxi<i<n ||xi2*1/2||¢,2 < K < 0.



Bootstrapping the debiased Lasso 2313

Theorem 3.7 (The remaining bias of BS-DB without irrepresentable condi-
tion). Assume that Condition 3.2 and Condition 3.4 are true and slogp < n.
Let BJ(.BS_DB) be computed via (11) with A = c1y/logp/n and \j = cav/logp/n

for some sufficiently large constants c; and co. When © is unknown, it holds

that (i) |
A _ W;, € slo
B](BS DB) B; = :1 +0p ( ngp) .

Theorem 3.7 implies that if n > (slogp)?, then the remaining bias of
BAJ(-BstB) is op(n~1/?) even if the irrepresentable condition does not hold.
Hence, the remaining bias of BS-DB estimator is no larger than that of the
debiased Lasso. The asymptotic normality of (w;,€)/y/n can be established
based on the proof of Theorem 3.6 under proper conditions. We can summarize
that when © is unknown, there is no loss in applying the BS-DB asymptoti-
cally regardless of the irrepresentable condition and BS-DB can achieve more
accurate confidence intervals in existence of a large proportion of strong sig-
nals.

4. Numerical experiments

In this section, we demonstrate the empirical performance of BS-DB in compar-
ison to the debiased Lasso in more practical settings with ¥ and o2 are both
unknown.

We set sample size n = 100, the number of covariates p = 300, and the noise
level 0 = 1. We consider ¥ = I, ¥ = 3 defined in Section 1.2, and another
>} where the irrepresentable condition does not hold. Each row of X is i.i.d.
generated from N(0,%) and ¢; ~ N(0,02) for i = 1,...,n. We consider three
levels of sparsity. Specifically, s = 4k for k € {1,2,3}. Let s_ = |[{j : 5; = 0.2}].
For any k € {1,2,3}, we consider the following two cases

(i) (s,5_) = (4k, 1), Bros = (4,2,4,2,...,4,0.2)T, and Bys1p = Op_s.
(i) (s,5_) = (4k,2k), Bror = (4,2,...,4,2)T, Bory1.s = (0.2,...,0.2)T, and
ﬁerl:p = Opfs'

In case (i), a large proportion of signals are strong and in case (ii), half of the
signals are strong. The purpose is to demonstrate the effect of overall sparsity
and effect of the proportion of weak signals separately. We construct two-sided
95% confidence intervals for 81 = 4, 8y = 2, 8, = 0.2, and Bs11 = 0 in each
setting. We report summarized statistics based on 500 independent realizations
for each setting.

We will compare the coverage probabilities and lengths of confidence intervals
given by the debiased Lasso (DB) procedure and the proposed BS-DB. In both
methods, the tuning parameter for the Lasso is A = 2&“””)\/logp/n, where
6(mit) is computed via the scaled Lasso. The tuning parameter in (4) and (16)
are set to be 65" \/21og p/n, where &8 s computed via the scaled Lasso
with response X; and covariates X_;. The estimated noise level ¢ is computed
according to (24).
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4.1. Identify covariance matric

We first present the numerical results for the case where ¥ = I,, (Table 1). One
can see that the coverage probabilities of debiased Lasso are less accurate than
those of BS-DB in all the scenarios, especially when the number of strong signals
dominant. In comparison, BS-DB has coverage probabilities close to the nominal
level at different sparsity levels and is especially robust to the existence of a large
proportion of strong signals. This agrees with our analysis in Theorem 3.3 and
Theorem 3.6. The lengths of confidence intervals produced by the debiased Lasso
and BS-DB are comparable. Hence, the difference in coverage probabilities is
mainly due to the remaining bias term.

The confidence intervals based on debiased Lasso have relatively poor cover-
age in our numerical studies comparing with in some previous studies. The main
reason is that previous studies always use mean of squared residuals (MSR) to
estimate the noise level which tends to inflate the true value and results in wider
confidence intervals, which compensate for the bias of debiased Lasso. The per-
formance of the proposed variance estimator (24), the scaled Lasso estimator
[25], and the MSR are reported in Table 4. One can see that the proposed es-
timator of noise level is most accurate in different settings. The MSR can have
large bias when the number of strong signals dominants. The scaled-Lasso is
more reliable than MSR but not as accurate as the proposed estimator when
the sparsity is large.

TABLE 1
Coverage probabilities of BS-DB (cov.bsdb), coverage probabilities of debiased Lasso
(cov.db), standard errors of BS-DB (se.bsdb), and standard errors of debiased Lasso (se.db)

when X = Ip.
s—=1 s_=s5/2
s B cov.bsdb  cov.db se.bsdb se.db | cov.bsdb cov.db  se.bsdb  se.db
4 4 0.942 0.888 0.10 0.10 0.936 0.890 0.10 0.10
4 2 0.938 0.882 0.10 0.10 0.932 0.902 0.10 0.10
4 02 0.918 0.866 0.10 0.10 0.948 0.926 0.10 0.10
4 0 0.958 0.828 0.10 0.10 0.948 0.886 0.10 0.10
8 4 0.932 0.666 0.11 0.11 0.900 0.838 0.11 0.11
8 2 0.950 0.652 0.11 0.11 0.934 0.800 0.11 0.11
8 0.2 0.940 0.696 0.11 0.11 0.962 0.840 0.11 0.11
8 0 0.942 0.666 0.11 0.11 0.942 0.818 0.11 0.11
12 4 0.936 0.498 0.11 0.11 0.946 0.742 0.11 0.11
12 2 0.922 0.488 0.11 0.11 0.932 0.716 0.11 0.11
12 0.2 0.948 0.544 0.11 0.11 0.956 0.764 0.11 0.11
12 0 0.956 0.552 0.11 0.11 0.962 0.788 0.11 0.11

4.2. M:ild correlation on the support

In this subsection, we consider 3 = ¥° specified in Section 1.2. This is a harder
scenario than > = I, since pg is increased. Other parameters are set to be the
same as in Section 4.1. We see from Table 2 that the debiased Lasso has coverage
probabilities much lower than the nominal level at all the sparsity levels while
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the BS-DB remains to be robust at most sparsity levels. The most difficult case
is (s,s-) = (12,1), i.e. the overall sparsity is large and most of them are strong
signals, where the confidence intervals given by BS-DB provide lower coverage
probabilities for strong signals. One reason is that the estimated noise level given
by the scaled-Lasso has large errors in this case. Hence, the choice of A can be
improper and cause large finite sample bias for the initial Lasso estimator. One
way to get around this issue is to select A via cross validation. We can see from
Table 4 that the proposed variance estimator has the most reliable performance
when ¥ = ¥? in comparison to other two estimators.

TABLE 2
Coverage probabilities of BS-DB (cov.bsdb), coverage probabilities of debiased Lasso
(cov.db), standard errors of BS-DB (se.bsdb), and standard errors of debiased Lasso (se.db)

when ¥ = 3°.
s—=1 s =s/2
s B cov.bsdb cov.db se.bsdb se.db | cov.bsdb cov.db se.bsdb se.db
4 4 0.936 0.762 0.10 0.10 0.948 0.818 0.10 0.10
4 2 0.950 0.674 0.10 0.10 0.928 0.808 0.10 0.10
4 0.2 0.944 0.662 0.10 0.10 0.924 0.786 0.10 0.10
4 0 0.946 0.846 0.10 0.10 0.940 0.876 0.10 0.10
8 4 0.928 0.530 0.11 0.10 0.926 0.688 0.11 0.11
8 2 0.930 0.464 0.11 0.10 0.946 0.706 0.11 0.11
8 0.2 0.958 0.492 0.11 0.10 0.926 0.702 0.11 0.11
8 0 0.952 0.646 0.11 0.10 0.948 0.810 0.11 0.11
12 4 0.840 0.512 0.23 0.21 0.924 0.622 0.11 0.11
12 2 0.904 0.378 0.23 0.21 0.936 0.610 0.11 0.11
12 0.2 0.948 0.514 0.23 0.21 0.956 0.658 0.11 0.11
12 0 0.940 0.638 0.23 0.21 0.950 0.704 0.11 0.11

4.3. When the irrepresentable condition does not hold

In this subsection, we consider a scenario where the irrepresentable condition
does not hold. Specifically, we set ¥;; = 1, 1 < j < p. The upper diagonal
of ¥ is such that X, = 015if s +1 < k < 16 and j < 16 and X = 0
otherwise. The true ¥ remains to be unknown. It is easy to check that for ¢
defined in Condition 3.3, it holds that ¢ = 0.6 for s = 4, ¢ = 1.2 for s = 8
and ¢ = 1.8 for s = 12. Hence, the irrepresentable condition does not hold with
the current ¥ when s € {8,12}. We examine the performance of the BS-DB
and debiased Lasso in this case. Other parameters are set to be the same as in
Section 4.1.

In the current setting, the results in Table 3 show that the BS-DB still pro-
vides more accurate coverage than the debiased Lasso but both methods are
severely biased when (s,s_) = (12,1). One reason is that, as in the case of Sec-
tion 4.2, the estimated noise levels are largely biased and hence the choices of
tuning parameters are improper. The confidence intervals are also wider when
(s,s—) = (12,1) and one can see that all three variance estimators are severely
biased in this case.
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TABLE 3
Coverage probabilities of BS-DB (cov.bsdb), coverage probabilities of debiased Lasso
(cov.db), standard errors of BS-DB (se.bsdb), and standard errors of debiased Lasso (se.db)
when the irrepresentable condition does not hold.

s—=1 s_=s8/2

s B cov.bsdb  cov.db se.bsdb se.db | cov.bsdb cov.db se.bsdb se.db
4 4 0.934 0.886 0.10 0.10 0.916 0.908 0.10 0.10
4 2 0.908 0.850 0.10 0.10 0.932 0.910 0.10 0.10
4 02 0.938 0.874 0.10 0.10 0.950 0.906 0.10 0.10
4 0 0.922 0.356 0.11 0.10 0.940 0.496 0.11 0.10
8 4 0.874 0.396 0.12 0.10 0.850 0.808 0.11 0.10
8 2 0.874 0.390 0.12 0.10 0.856 0.758 0.11 0.10
8 0.2 0.944 0.538 0.12 0.10 0.910 0.820 0.11 0.10

0.926 0.006 0.12 0.10 0.826 0.076 0.11 0.10
12 4 0.270 0.202 0.32 0.29 0.820 0.620 0.11 0.10
12 2 0.326 0.162 0.33 0.29 0.814 0.608 0.11 0.10
12 0.2 0.278 0.272 0.33 0.29 0.848 0.676 0.11 0.10
12 0 0.084 0.000 0.33 0.29 0.630 0.002 0.11 0.10

[ee]
[e=]

TABLE 4
Median of absolute errors for estimated noise level with identity covariance matriz, ¥ = ¥°,
and when the irrepresentable condition (IRP) does not hold.

Y=1, ¥ =3° IRP does not hold
(s,s—) | sc-Las  MSR Prop | sccLas MSR Prop | sc-Las MSR Prop
(4,1) 0.06 0.33 0.05 0.07 0.38 0.05 0.06 0.32 0.05
(4,2) 0.06 0.24 0.06 0.06 0.27 0.06 0.05 0.24 0.05
(8,1) 0.23 0.87 0.05 0.35 0.16 0.07 0.22 0.88 0.05
(8,4) 0.12 0.50 0.07 0.14 0.56 0.06 0.09 0.47 0.05
(12,1) 0.69 1.96 0.06 1.42 3.44 0.10 1.99 3.66 1.90
(12,6) 0.26 0.86 0.10 0.31 0.98 0.09 0.20 0.76 0.06

5. Discussion

In this paper, we propose the BS-DB procedure for constructing confidence in-
tervals for regression coefficients in high-dimensional linear models. Our analysis
shows that, under the irrepresentable condition and other mild technical con-
ditions, the BS-DB estimator has smaller order of bias in existence of a large
proportion of strong signals in comparison to the debiased Lasso considered in
the existing literature. If the irrepresentable condition does not hold, then BS-
DB is guaranteed to perform no worse than the debiased Lasso asymptotically.
Hence, the BS-DB is a robust and competitive alternative of the original de-
biased Lasso estimator. From our numerical studies, we see that an accurate
estimate of noise level is a key ingredient for inference as it can affect the choice
of tuning parameters and the uncertainty quantification. It would also be of
interest to develop some robust confidence intervals to compensate the bias of
the debiased estimators.
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6. Proofs of main lemmas and theorems

We first declare some notations. Let 4 = B, B and u* = B* — B For any k € S,
let
Xi = Xi = Ska, 500 4, X4,

Let Ay =S\{k}ifjeSand Ay, =S if j ¢ S. Let B,(f,} denote the “leave-one-

out” Lasso estimate of 54, given the oracle S:

~ . 1
B(k) = arg min {2—|y - XSbS”% + )‘HbAJ Hl 2 by = Br,bse = 0} . (27)
bERP n

We mention that throughout our proof (except for Theorem 3.7), we re-
peatedly using the fact that X©; is independent of X_; when X is Gaussian
distributed. This is because the covariance between X_; and X©; is zero.

6.1. Proof of Theorem 3.3

Proof. First consider the case with known ©;. (i) If j ¢ S,

N ~ Zi,€
BPP gy (T~ eTwiy 9

In the event that {§ C S}, tige = 0 and (46) holds. As a result,

<2j76>'

BPP = By = (O] T")s(Ss) W + M(O]'E")s (St 5) ' sgn(Bs) +-

Tj1 73,2

Conditioning on X, using the sub-Gaussian property of €, we have with proba-
bility at least 1 — exp(—cyn),

GTE.HS(ZQS)_lzg.@j _1y1/2
7,11 SClKQ\/ - - < 01K |28 0, I(25 5) 1Y /v

< C1E3)|(S5.5) 152/,

where the last step is due to X©; is independent of Xg. Using Lemma A.1,

given that n > s,
Kg\/ K18
|'I’j71| = OP e .
ny C'min
We bound r; > as
Iryal < 2|67 T15(2 ) sgn(Bs)|

=\ ’6]-,33971(35) + @j,scEgc,S(Egys)*lsgn(Bs) .
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Define
Xg = Xse — Xs¥558s,se. (28)

Then
e B 1,
(X5s) 1Es,so@sc,j:Zs,lszs,sc@sc,jJrg( §s) ' XEX50g¢
1
=—9s¢j+5( 4g) ' XE X505,

where the last step is due to ©g ; + Zgngﬂc@Sc,j = 0 for j ¢ S. Then we
have

1 A y —
rj2l = A gsgn(ﬁs)T(Eg,s) 'XIX%.05:

By the Gaussian property of X, X é‘c is Gaussian and is independent of Xg.
Conditioning on Xg and €, we have IiSc@Sc,j ~ N(0,0; ge @gclﬁsc Oge ;). Notice
that

@] S“esc Sc@Sf <@]] <I(l

Since BS is a function of Xg and e, XSCG)SC,]» is independent of Xg and BS'

Hence,
Sgn(BS)T(E” )—1sgn(Bs)K1
72l =Op )\\/ S’i =Op <)\ %) ;

where we use the fact that

sgn(Bs)" (2%.5) " sgn(Bs) < Isgn(Bs) 131 (£8,8) ™ ll2 = Op(s/Cunin)-
Together with the bound for |r; |, for j ¢ S and A < \/logp/n, we arrive at
(%)

n

[rems| < |rji] + |rj2| = Op

(ii) If j € S, we use an leave-one-out argument. In the event that Scs , for
B*) defined via (27), it holds that

2 ny <24a6>
J(»DB) — B = (ejT - GjTE )i+ jT

= (eI — 0TS 4, (BY) — Ba,) + (eF — OFT™)5(Bs — BY) + %

Tj,1 Tj,2

where the last step is due to Bj(j) = B;. For r; 1, we can bound it similarly as in

the case j ¢ S. In fact, the KKT conditions regarding Bfgj gives

S04, (BY) = Ba)) — Wi = —xsgn(BY)), (29)

3



Bootstrapping the debiased Lasso 2319

where Y7, - is invertible with high probability. As a result,
ria= 0TS, (44 )7 WE 07T (55 4 ) Asgn(B9),

where the last step is due to Bg) is a function of X_; and € and XO; is in-
dependent of X_; and e. By similar arguments as for the case j € S¢, we
have

Vslogp
71l =0p | —— .
n
For 79, we have
(e - OF=")s(Bs — BY)| <10 - 7% yis| + | (€] — ©75")a,(Ba, — BY)
= Op(VE/n)li;| + 0TS ll2l1Ba, — B2
= Op(VE1/n)|i| + Op(/5/n)]Ba, — BY |2,

where last step is due to the independence between X©; and X 4,. By (46),

1
;] < [laslla = Op () 2P ).
n

Using Lemma A.2, ||BAA_7. — BX,)HQ = Op(psA). Together we have for j € S,

[rems| < |rji] + |rj2| = Op

((PS + 13/1—gp> |

It is left to deal with the case where © is unknown. By definition,

2Ty T
A(DB)_ (T _ Y by . Zje
CE R v CT L
Using KKT condition of (4), we have
2 Tsn 2Ty n
_— o T o> N T A N
| = [(ef — =il < |l — ——— =O0p(sAX;). O

[rem]| = |(e] X, X%) Ja| < |le; X, X3) ‘OO”USI P(sA)\))

6.2. Proof of Lemma 3.

Proof. When the results of Lemma 3.2 hold, /Tj C Aj. Let ﬁj =A;N A\j
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(i) We first study the case where © is known. By (9) and (46), in the event
Qo (19) we have

AT AT

. w; e wj €
ﬁ](mDB) — B; = (F — T X/n)a + # =~ Xa,la,/n+ —2—
A L] e
:bJ—l—ij XAJ.UAJ —bj +T (30)
where 1
b = —] Xa, (B, 4,) " Asgn(B) (31)

for 3U) defined in (27). For #;, using the definition of 1; in (15), we have

e O7X"P{ Xa,(Ba, —BL)| |67 XTPE Xa (8] ~Ba)
7 < + —b;
! (X, Py X6O;) (X, Py X6©;) ’

71 7,2

For the denominators in 7;; and 7; 2, noticing that

1 1 ) )
(X P2, X031 2 g (X0, PR X05)| = L 1Py X525 %55, XO5)]
1 1 2 n o }
= n@j,jHPA\jX@JHz n@j,j“P‘aniJ@j’iJ’X@JH
=1-0p(|4|/n+n""%), .

where the last step is due to Pj‘X —; is a function of X_; and is independent
J
of XO;. For the numerator of 7; 1,

07X Py X, (Ba, — B < 167 X7 P Xp 135, — 5l
< ||®;A'FXTP,%].X§J,||20P (psAl(j € S)),

where the first step is due to the projection and the second step is due to Lemma
A2ifje Sand Bs = gj) if j ¢ S. Since Pj‘jXﬁj is a function of X_;, which
J

is independent of X©;, we have
|07 X P X5 |15 = Op(0;,Te(X] Py Xp) = Op(|BjIn).
Since |§J| < s_ with high probability, we have
71| = Op(psy/s=A1(j € S)/v/n).

For 5, by the definition of 8% in (27), it holds that

BY —Ba, = (27, 4) 7 XE e/n— AT, 4,) sgn(BY)
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and hence
T XT s X n —lyyn
9; PAJ‘ 4, (5%, 4,) ' Aj

<Xj,PiX@j>

I7j.2] =
Using the sub-Gaussian property of € conditioning on X, we have
[7j.2] = Op(0l|Pa, P3 X6l2/n) = Op(y/5=/n).
where the last step is due to the independence between X©; and Pf‘X 4, and
||PAJ,P;tX@j||§ = OP(Tr(PAjP;t)) <s_.
Together we have,

751 = Op(ps/3=AL( € )/v/n) + op(y/5=/n).

For the bootstrapped estimate of bias, Z);‘ defined in (10), for Bj defined in
(31)

R . 1 N
b = —] Xa, @y, /n=b; — (nijXAjaAj + bj) : (33)

N
T

Notice that

751 <~} Xa, (B3, = 5+ -] Xa, (357 = BY)) — b

*

Tj2

where fy*',:a = 'Fj,l- By Lemma A.3, 7@]*-’1 can be similarly bounded as for fj’l.
Therefore,
|7:;1| ‘TA;,3| = OP(\/S—PS)\]l(j S S)/\/ﬁ).

For 7% ,, we have

3,2
A 1 ~T A%, (g A7 1 ~T n — A(J
752l = 0] Xa, (B2 = BY)) + ~ X} Xa, (B4, 4,) " sgn(BY)]

A _ N A _ . e
<) Xy (S,a,) T WA+ 2105 Xa, (B4, 4,) 7 sen(B5)) — sgn(B 7))l

L
where the first term can be similarly bounded as #; 2. The second term can be
rewritten using the definition of w;:
AMOTXTPL Xa (85, 4) 7 [sgn(BY)) — sgn(B47)]
n Tpl
n |X] ng X@j |

~k

Tj2 =
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Noticing that Bzg(j ), and 31(4]]) are functions of X_; and e. Hence, X©; is inde-

pendent of P+ X4 | A*’,(j), and A(j,) no matter 5 € S or not. Hence,
Aj J Aj Aj

730 = 0 (3174 X4, (35, ) fsom(35)) = son(35 ] )
=0 (G, 1Y g5 sm(B5 )l )
Ifj¢58, Béj) = bg defined in (43) and B;’(j) = b defined in (48). We have
sgn(B5)) = sgn(B5D)l2
< llsgn(b3,) — sgn(Ba,lla + lsgn(Bs,) — sgn(Ba,)ll2 < v~

If j € S, we have for a large enough constant C', it holds with high probability
that

1BL) = B3P lloe < 1BY) = Ba,lloo + 1183, = B Pllos + 183, — Baj lloo < Cpsh,

where the last step is due to Lemma A.2, Lemma A.3 and Lemma 3.2. Therefore,
with high probability,

lsgn(BY)) = sgn(B3 )13 < I{k € A : 13 < C*psA}
<Kk €A [Br] < (C+C%)psA} < |S—|.
Hence, we have proved
75| = Op (V3N Vi +/5ZpsA/vnl(j € 5)).
Invoking (30) and (33),

~T ~T
A(BS—DB whie . S wie »
B )_/Bj:—; +by =7 = (b = 75) = —— + 7]+ |F1.
The proof for known O is complete.

(ii) Next we consider unknown 6. By (9) and Lemma 3.1 we have

~(m UA)TE ’(f)Te
BIPE) gy = (T — @ X/n)a + o= ] X, ot =
1 0T

~ w
0] Xa, el (S )~ Asgn(Bs) — W+~
wTe
a0 Xa, €8, (Sh.6) " WE +=2=,

(<23

J

3|

75
where

A 1 n o \— A
bj = 7ﬁijXAj€£j( 5,9) FAsgn(Bs).- (34)
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By the KKT condition of (16),

ZAJ_ k=0 and ESC\{ 3 = —Ajsgn(fge (3)- (35)
As a result,
A L. no \— n D ~ no\— n
7] = |~ X ef (Bg.5) " W | < |Bjll[0] X, /nllocllef; (Z5.5) " Wil

< Bl X, /oo max e, (35,5) " Wi lloo = Op(s-A3N),

where the first and last step are due to the (35), the third step is due to Ej c S
with high probability.
For the bootstrapped estimate of bias,

7% ~ ~ A ~ n — Q%
bj = _wJTXAjuA]- /n = gw?XAjegj(Es,s) Lsgn(B%)
R 1. L . .
=b; + ﬁwaAj er}l«;j(zs,s) 1[)\39”(53) — Asgn(Bs)] -

ok
T
J

Now we bound #7. Using (35) again, we have

1751 =A|%@TXAJ- ch,(55,5) " [sgn(B5) — sgn(Bs)]]
AN “ R
- <XnP7iX> sgn(iep, )7 el (5.5) " es (sgn(B5 ) — sgn(Bs.))
< M (1 + 0p(1)llsgn(fg,)2l(S%.5) ™ allsgn(85_) — sgn(Bs_)ll:
< Op(s-AX;/Crnin),

where the first step is by (35), the second step is due to (32) and the last step
is due to Lemma 3.2. Therefore, 77 = Op(s_\)\;). O

Proof of Theorem 3.6. By Lemma 3.4, we are left to establish the asymptotic

normality of (w;, €)/v/n.
First consider the case where ©; is known. Since P e is a function of € and

X_j, it is independent of X©;. As (XG)j,P% e)X_j, e~ N(O HP% €/320,.;) and
<X],Pj£_X6 )/n=0;;+op(l), we have for any t € R,

P (i), €)/v/n < t|X_;,€) = ®(0}/*t/0) + o(1).
Together with Lemma 3.4,
P (VR(BPSPP) — ) <t) = 0(0]/}t/0) +o(1).

The fact that ||[@;]2/v/n = @1/2 + op(1) can be similarly shown as above.
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Next, we consider the case where © is unknown. Let x* = @;;@j and k be
such that

T - =Rt
XﬁjXﬁ—Oand ,%A§ —,%A§.

: o n —1yn o n —1yn
Notice that x5 = (Eﬁj,ﬁj) ZA%%,‘{A;— (Eﬁj,ﬁj) EA,-,A

fo—

k7 = 1. Let 0 = & — k. For some positive constant ¢o, define
& = {18y Hlloe < A5/2

HPijgcm{_j}U”%

inf inf >¢o>0p. (36
1<k gen g llo llusell <3]lusll1 70 nllug3 )

We first prove the desired results in the event £ . At the end of the proof, we
verify that & holds with high probability.
In view of (16), we have
1 N Ton .
S IX03 < 16757 4 Agllgng_y I = Allegng_p
— |nT Al g~ B WA N
= |Ug5§:%;7_“‘ + )‘J||“scn{_j}||l )\J”HSCQ{—J‘}H]-
< H’Og'cn{_j} ”1”2:%00{_]-}7_“”00 + Aj||K§cm{_j}||1 - )‘j”’%g’cm{_]‘} ”17
where the second step follows from the definition of x and the last step is due
to k; = Rj = 1. In event &, the following oracle inequality holds:
1 ~T' N A )\j ~
5 XM < )‘j||’€§cm{_j}”1 - Aj”"‘@cm{_j}nl + ?Hvﬁcm{_]‘}”h (37)
where

1
~T' 5 1 ~ 2
X" = 7n||P’\jX§Cm{ j}lu:s'\cﬁ{ J}”Q

Let J denote the support of kg, (-} Standard decomposition of the right hand
side of (37) leads to

1, ) s i A A
5 1P3 Xaenpylsen B < 52Dl =5 30 [l
keJ keSen{—ji}\J

Using the second statement in event £;, we have
b0, . 3\, . 3\ .
7||UJ||§ < Tj > ol < ij PAGEE
keJ
Hence,
" 3NV |J N . 3N |J
oslle < 2y < Tl < 29171 ang
%o bo
12)0,]J]

950yl < (L 3) gl < =22
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According to our choice of A;, we arrive at

H"ﬂgcm{,- llo logp
051 =0 AL, .
104l = Op ( ™ -

(e XR) _ (e Xn) (& Xsengp8enyy)

(e, X k) 40 ||®§Cﬁ{7j},j||010gp
n F n ’

Therefore,

n n n
XTe

B (e, X k)

Mogeng_lli =
o

where (€, Xk)/n = (e, PJ- X3 /-@A )/n The rest of proof follows from the above

statement for known @.
It is left to verify P(€;) — 1 for & defined in (36). We first notice that

§ 1
Dgenioiy = 5 Kooy Xi + X363, + Xgen_jy#5eni—j)
1 1
= 5 Koy Pa (X5 + Xgenjy#5en i)
1 1
Xy P Xgemac) = — (Xou_yy, PEXR"),

where the last step is due to PEXEC_,KJEC PA X3 <K 7 + P X3 FLA and
J J
Kie = Ii:%c. By the Gaussian property of X, Xk* is mdependent of X . As
J

J
Pfj Xgenq_jy is a function of X_;,

P (152 lle = e1v/logp/n) = o(1)

for some positive constant ¢;. Hence, for A; = C'y/log p/ny with large enough
constant C, the first statement in event &; holds with high probability.
For the second statement, in the event that S, C S C S, it holds that

HPl Se u||2
inf inf il < ¢o
1<k gen—jyllo lwgelli<sliuslliz0 nflull3
i 1P5 Xgenq_jyul3
<2°- max P inf inf A {2]} < ¢o | +o(1),
s1cscs  \IISkgen_jylo lugel<3llulli#0 nllusll3

where flj =Sn {—j} and inequality is because there are at most 2°- different
S. We further use the fact that

. ”Pj"{jXS‘Cﬁ{—j}uH% B - I1Px XSCO{ i3
l[wge [l <3l |10 nlluy3 llwsell1 <3llus |10 n||luy3 ’
where XSfrw{ i XScm{fj} XA E; A EA,-,SCN{—J‘} is independent of XAJ--

Let {g1,..., I Ajl} be an orthonormal basm for the complement of the column
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space of Xz . Then we have

n—|4;|

L 1 T L
1Pf X yulls = D0 198 Xgp_pyull3,
k=1

where gng%cm{ij}\X 4, 1s Gaussian with mean zero and variance

Ty L
9k EFer(—jy.gen(—j) I Where
€L Y ~ I _oy—1 L
EGen{—shSen{—j} = ZFen{—jhEen{—j} T BEen{—i}A; 24, 4, A 8en{—j}"
Moreover, v{ X é‘cm 5 is independent of v}, X ;im 5 for k # k' conditioning

on X ;.. We can then use Theorem 1.6 of Zhou [37] to show that

n—|A4;]|
s_ : : Ty L 2
inf inf E lge Xz.nr nulls < ¢o
|71S R geni—syllo luseln<sllus o £ Sent=i}

n—s
< 25-P inf inf gEXz i< | =o(1
<J5|m<s+>c|0|ch|1g3|uJ|1¢0kZ_1” k Xgen-pula (1)

if n—s > max{max{||r (s, )c[l0, 1} log p, s} and Amin(Eém{_j}Scﬂ{_ﬁ) > 2¢yp.
In fact,
1 _ _
Eseasnent = 1E50) s s
which is positive definite for any S, C S C S. O
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Appendix A: Proof of lemmas and theorems in Section 3
A.1. Some technical lemmas

Lemma A.1. Under Condition 3.1-Condition 3.3, we have the following re-
sults. Let ¢1 > 4, cg > 0. For n > c18, with probability at least 1 — 2 exp(—can),

Clnin/4 S Amin(zg7s) S Amax((zg75‘)) S 401nax- (38)

Proof of Lemma A.1. The proof is standard. See Corollary 5.35 of [29]. |

Lemma A.2. Under conditions 3.1-3.3, if slogp < con for a small enough
constant cg, then it holds that with with probability at least 1 — ¢y /p — cas/n —

exp(—csn), there exists a large enough constant C' such that for B,(Axk,j defined in
(27),

3 < .
rl?ggi ‘ Ak |lg = CpsA
Proof of Lemma A.2. We justify Lemma A.2 in the event {C; < Amin(Eg)S) <
AmaX(Eg g) < Cs}, which holds with high probability by Lemma A.1. We sim-
ilarly show the results of Lemma 6.4-Lemma 6.7 in Javanmard and Montanari
[18] under current conditions. Specifically, define

XF(e+ Xa,(Ba, — b)).
n

u(b) =

By (82) of Javanmard and Montanari [18], we have

A ~ 2
% HP)%kXAk (Bar = B3) ‘2 < [u(B))] ’ u(Ba,) —u(BY))]. (39)

Noticing that

| XE et X (Ban = B) |

keS n
4 1 A(k)
< max | S| Ba )0, B, (O~ BL)
Ak
(X X, (Ba, — BL))
+ max R
keS n

where the first term is no larger that ¢;4/log p/n with probability at least 1 —
¢2/p, the second term can be bounded by

1 500
max ﬁ lei; Es s€Ax 24,4, (Bay = Ba))l
1 k Aps
< gpsmax S a, (Ba, — B3l < 5
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where the last step is due to the KKT condition of BX?. With probability at
least 1 — c3/p, it holds that

(X Xa,(Ba, — BY)) .
ma | T A < ey log p/nma | Xa, (Ba, — B8))e-

It is left to show that

1 H(k
i e X (Ba - B2 = op(1).

Using the KKT condition of (27),
Ak n - n n — Ak
B, = Ban = (a0 T WA, = MZH, ) son(B5)
and hence
1 Ak 2 Ak n - Ak
XA (B = B3 < S IPa.el3 +2X2sgn(B5))" (£4, 4, sgn(BE),

where Pa, = X4, (X}, Xa,)"' X}, . Using the fact that A, C S for any k € S,
we further have

1 (k) 2
I]gleag( E”XVA;c (ﬁAk - 5Ak)||2

2 2 2 AT (xom -1 A(k)
< max || Pa,ellz + 2A"max sgn(By,)" (X4, 4,) " sgn(By,)

C4K228 n 4s)\? 7
n Cvmin

2 2 2 n -1
< 2 |Psel + 25X max (5, 1)z < (40)
with probability at least 1—c5s/n—exp(—cgn). The last step is by Cheybeshev’s
inequality and the fact that

=2 g‘,S);&i,Ak and ||( g,S)Ei,Ak\b <12 5) " lo-

We arrive at if slogp/n < ¢ for small enough constant ¢, then with proba-
bility at least 1 —c3/p—c5s/n—exp(—cgn), there exists a large enough constant
C such that

( ’Zk,Ak)

30| < 41
max [u(By, )| < CpsA. (41)
Note that
5 5k
[u(Bac) — (B XTX,
max - ) < max EIl < Cs.
keS H/BAk _ 6Ak ”2 keS n 2
Together with (39) and (41), we have
. U . .
| P X (B = B3| e [uBa0) —u(BL)
max 2 < I]1<1€a§(|u(,8A )| max

kesS om HéAk B 5,(4]“,3

kkeS‘

BAk - 81(4]1) 9
< C,CpgA (42)

2
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with high probability. Define p(*) € R® such that

X A R
) = = (b X o = B ) wld) = o, — B

HPk Xa,(Ba B(k))‘ Xeapy® |2
max S 2 = a R >%.
€
20|34, — AL * 2n[Ba, - BY
Together with (42), we have
5 A(k) 2C,Cps A
/BAk - /BAk ) < T
with probability at least 1 — c3/p — ¢5s/n — exp(—cgn). O
A.2. Proof of Lemma 3.1
Proof of Lemma 3.1. (i) First consider a restricted Lasso problem
y (1 )
bs = arg min Q_HQ_XSbSHQ‘f')\HbSHl . (43)
bERS® n
Define
o T T -1 1 Pge
TP = X | Xs(XgXs)™ sgn(bs) + ) (44)

By Wainwright [30], if |T?| < 1 for Vk € S¢, then Lasso has a unique solution
such that S cSs.

Since bg is only a function of Xg and ¢, conditioning on Xg and e, T? is a
Gaussian random variable with mean X, gEg,gsgn(Bs) and variance

Piel”
Xo(XEXs) tsgn(bs) + —=2
nA |y

< B r(sgn(bs) T (X5 Xs) " sgn(bs) + [lell3/(n))?).

Var(Ty | X s, €) < Xk

Let
Qo = {[lell3/n < 1.16%, Amax((Z&5)™") < 4/Cunin } - (45)
In QQ,
. _ . - _ 4s
sgn(bs)" (XEX5) " sgn(bs) < lsgn(bs)IZNXTXs) 3 <~
And hence
o 4s 1.102
Var (T | Xs,€) < Xy i (nCmin + W)



2332 S. Lt

Thus,

P (}51%')( [T¢] > max |Xk,sXg Ssgn(bs | + t}Qg)
cge

t2
<2(p— s)exp |
2K (54 e )

By setting t = %, we have for
n> 128K, slogp and A > 8.80 /Kllogp’
Cmin(1_¢)2 1_¢ n

1
P (kme%}§|T]g| > i ¢|QQ> < 2exp(—log(p — s)).

it holds that

By Lemma A.1,
P(Q2) >1—c1/n— exp(—can).

Therefore, R
P(SCS)>1—co/p—c1/n—exp(—can).
C

In the event that {5 C S}, the KKT condition of (2) yields

is = (S5,5) ' WE — ME45) " sgn(Bs)- (46)

(ii) Noticing that for any k € S, P{X}; > Cunin/2} > 1 — exp(—can) by
Lemma A.1 and

1 A ~ 1
Uy, = o~ Wy —sgn(Br) Yk A, 0A
Xk k Xk Xk k B
= L - 2 n(B) — S (Bar — B - A8 4y
Xk g Xk Xk oA A EZk "
Ry, Ra k R3 k

where qukk) is the leave-one-out estimator (27). Using the sub-Gaussian property
of €, it is easy to show that for some large enough ¢y,

P (I;léié(|R1k| > c1(A + +/log s/n)/Cmin) < 2exp(—cszlogp).
For Rj , it holds that for some large enough ca,

Cmax
||5Ak — Bl < 4y G s

Ry | <
e el =

n A
S %k
E’I’L 4k
k.k
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with probability at least 1 — ¢1/p — exp(—can) — ¢3/n due to Lemma A.1 and
A.2. For Rs, it holds that

5k
e [P an R = 8
1 1 A(k)
+ Télggg ‘(Xk )XAk;>(ﬂAk — Bay)

n Ak Ak
< psmax|| S, 4, (35 — Ba)lloo + Op(max | Xa, (BY) = Ba,)l2/m)

65\/5/\
vn
with probability 1 — ¢as/n — exp(—cgn) if slogp < ¢4n for a small enough

constant c4. The last step is due to the KKT condition of Bffk) and (40).
Together we have, for some large enough constant C', we have

_ n ~(k
< max [ 4,25 0, 0, (B Ba)

< psA+

< CpsA
g el < Cps

with probability at least 1 —c1/p—exp(—can) —c3/n for some positive constants
c1 — C3. O

A.3. Proof of Lemma 3.2

For %) defined in (27), define a constrained noiseless Lasso estimator
. (1 R
ﬂ*7(k) = arg min {—||Xsﬁék) — XSng + A||b]l1 : b = Bk, bse = 0} . 4n
bERP 2n

We first prove the following technical lemma.

Lemma A.3. For %) defined in (47), it holds that if n > coslogp for large
enough co, then with probability at least 1 — c3/p—exp(—cyn) — c5/n there exists
a large enough constant ¢i such that

A*v(k) _ L% < )\
max 185 Bsllz < cipsA.

Proof of Lemma A.3. In event Qf, KKT condition of (47) and that of B* give
that

Asgn(B5™) + Asgn(B85) = Shs(B5Y — BP) — 28 5(Bs — Bs)
= 5% 5B - B3) + =8 5(Bs — BY).
We arrive at
0> -ABE® = Bz, sgn(ByY) — sgn(B3)
(Be™ = 55 Tsm s(Be™ — B5) — (8™ — B5) TS s(Bs — B,
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where the first step is by the definition of sub-differential. Therefore,

n Ax,(k oLy Ak, (k D% n A Ak
Amin(C3, )85 = 8515 < 185" — B2l2153 51121185 — B 1l2
Amin(Z55) | i) 4 255113 5~ A
< , #, (k) _ Aw2 ) _ Alk)y2

where the last step follows from the Young’s inequality. In the event that {C) <
Amin(Eg,S) < AmaX(Eg.,S) < Oy}, we arrive at

A, (k Sk CQ ~ ~(k
max |55 = Bill2 < 22 maxBs = 57> < caps)

for large enough constant ¢ with probability at least 1 —c3/p—exp(—can)—cs/n.
The last step is due to Lemma A.2. O

Proof of Lemma 3.2. (i) Define a restricted Lasso problem with observations
(X, y7).

7% : 1 *
bS:argmln{2—||y —Xsbs||§+>\||bs||1}. (48)
beERS n
One can use same arguments in the proof of Lemma 3.1 to get that
P{S" C S} > 1—c1/p—ca/n — exp(—csn).
(ii) The KKT condition for the bootstrapped Lasso gives that

WG =~ A% 5) " sgn(B3)-

For any k € S, for 3*®) defined in (47), we have

Uy, = —A n sgn(By) — n Z,A U,

2k Xk b

1 o 1 n o) A, (k 1 n A, (k Ak
= A s9n(B)) = 5 Sk 4 85, — B0 - T 81 - B

k.k k, kk
Ry k R R3

1 o) A

S Tk A [5,(4,3 Ba,l
k. k

Ry

Note that Ry = Op(\). For Ry, by Lemma A.3 we have with probability at
least 1 — ¢4/p — ¢5/n — exp(—cgn), for some large enough constant ¢,

5 ae (k) _
max |Ry k| < |23 sllz max |54, — B4, ll2 = Op(psA).
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For Rs, by the KKT condition of 3*®*) we have

ey sl
S T ORI Loyt 5. (k) _ 3(k)
< ngg Ek,AkEAk,Ak Ap, Ay [BAk - 5Ak] + Il?gg,(ﬁKXk 7XAk>[BAk - 5Ak]|
n A%, (k AH(k A%, (k Ak
< psmax |4, 4, (85" — BNso + Op (max | Xa, (85 = BL)ll2/n)
= ps>\ —+ Op(n71/2),

where the second step is due to BZ,Ek) — ngk) is independent of X; and the
last step is due to a similar argument for (40). maxyegs |R4x| can be similarly
bounded as for R j using Lemma A.2. Hence, we have with probability at least
1—c7/p—cs/n—exp(—cgn), there exists a large enough constant C* such that

0| < C*pg.
max |G| < C*ps

Therefore Q2§ holds with high probability. In view of g (19), for j € S,

By =B+t = f; — max |u;| > f; = CpsA > C'psA for ; 2 0.
ISP

By =B +1; < B + max Ju;| < B+ CpsA < —C'psA for §; < 0.
ISP

In view of Q (20) and repeating previous arguments, we can get sgn(f;) =

sgn(B;) for j € S O
Proof of Theorem 3.7. We first notice that for @; defined in (15) with © un-
known,

ATE

Alm N N w3
BmPB) gy = (e — T X i+
We have

’(eJT - ﬁ}jTX/n)ﬂ| <

i X_j/nl| il < Xllals = Op(sAX;),

where the second step is by the KKT condition of (16) and the last step is by
the standard analysis of the Lasso. Similarly,

b5 = |(e] — @) X/n)a*| < Ajlla s
To obtain an upper bound on ||%*||1, consider the oracle inequality of B*:
1 R R R R R
%HXU*H% < ABl = AllB Ml < Allaglly + AlBsellr — Al Bsellx
< Alagll + 2A(Bse[ln = Alldge |1,

where we use ||a%.||1 < |85 + [|Bse I in the last step. If 20| Bsellr > a1,
then the right hand side gives ||0%. |1 < 4||Bse|]1. Hence,

9 9. .
1= §||USC||1 < §HU||1 = Op(sy/logp/n).

o 9, 5
[a*][x < iHﬁSc
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If 2||Bse ||y < |[@%]|1, then we arrive at
1 ok - - . .
S IX a3 < MBI — AIB* [l < 2X[[ag ]l — Al
2n

which is the usual oracle inequality. Standard analysis gives |a%|:

Op(sy/logp/n). As a result,

5(BS—DB) __ »(mDB) Sk ije slogp
B; - B = B; — B b=+ 0p(— = | =

J J

A.4. Proof of Lemma 3.5

Proof of Lemma 3.5. We note that

Pyy =Py~ Xgfs) = Ps (y — XP).

When Lemma 3.2 holds true,

%@“Pfi (y— XP)3 <5” = n%@nPg(y ~XB)I < n%@\|P§(y—xé)||§.
For the left hand side,
L |IPE (y— XB)IZ = —L< | PL €3 + — || P&, Xl
n—18] % n—|8 T g
- e p X

where @ = B — . We have
1 R 1 . n N
N Ps, Xall3 < | Ps, X iis |5 < [1%5_s_[alles_[13 = Op(s—p§logp/n).

We can obtain another bound by noticing ||is_||3 < |las||3 = Op(slogp/n).
Therefore,

1 . .
~|IP¢, Xl = Op (minfpks—, s} logp/n)

Moreover,
Lipt e Pt Xg < Lipt et x| |1
—(Ps. e Ps, Xs_tis_) < max ~{Ps, e Ps, X;)| las_|lx
logp ) .
=Op (x/ ® )nusnh
n
where

lis_ |1 < min{s_||is_|lcos /5 |lis]l2} = Op (min{s,ps)\, ,ﬁs,s\/logp/n}) .
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Therefore,
Lot 1 N . logp
E<PS+6’ Pg, Xs is )| = Op | min{pss_, s} )
Finally,
1 1 2 9N — Sy _1/2 9 L1
n_|§|||PS+6||2:U erOP((n—S) =02+ 0p(s_/n+n"1?

forn> s> |§| Hence,

52> 06— Op (n1/2 N min{p%&,s}logp) .
n

By similar arguments, one can show that

1 S_
Lyl =%+ 0p (2 4 )
— Pl .

for n > s. In view of the first inequality in the proof, the proof is complete. [

Appendix B: More simulation results

We report some numerical results with a “nonparametric configuration” of true
coefficients. Specifically, 8 = k=% for k = 1,...,s. We consider the true
covariance matrix of X being identity or X° for ¥° defined in Section 1.2. We
report the average coverage probabilities on and off the true support and the
average confidence interval lengths on and off the true support. In Table 5, we
see that the proposed BS-DB has average coverage probabilities close to the
nominal level when ¥ = I, and the debiased Lasso method has coverage lower
than the nominal level. For ¥ = ¥°, the coverage probabilities given by BS-DB
is closer to the nominal level than those given by the debiased Lasso but both
methods have the average coverage probabilities for §;, j € S, lower than the
nominal level.

TABLE 5
Coverage probabilities of BS-DB (cov.bsdb) and debiased Lasso (cov.db) and standard errors
of BS-DB (se.bsdb) and debiased Lasso (se.db). The rows with j € S are the average results
for the coefficients on the true support and the rows with j € S are the average results for
the coefficients off the true support.

X=1, »=Xx°
s j cov.bsdb cov.db se.bsdb se.db | cov.bsdb cov.db se.bsdb se.db
4 S 0.919 0.891 0.15 0.15 0.893 0.810 0.13 0.13
4 S° 0.943 0.887 0.15 0.15 0.943 0.908 0.13 0.13
8 S 0.944 0.910 0.15 0.15 0.883 0.844 0.15 0.15
8 Ss¢ 0.950 0.907 0.15 0.15 0.948 0.904 0.15 0.15
12 S 0.939 0.894 0.15 0.15 0.898 0.869 0.16 0.15
12 s¢ 0.949 0.894 0.15 0.15 0.944 0.914 0.16 0.15
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