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Abstract: We consider statistical inference for a single coordinate of re-
gression coefficients in high-dimensional linear models. Recently, the de-
biased estimators are popularly used for constructing confidence intervals
and hypothesis testing in high-dimensional models. However, some repre-
sentative numerical experiments show that they tend to be biased for large
coefficients, especially when the number of large coefficients dominates the
number of small coefficients. In this paper, we propose a modified debiased
Lasso estimator based on bootstrap. Let us denote the proposed estimator
BS-DB for short. We show that, under the irrepresentable condition and
other mild technical conditions, the BS-DB has smaller order of bias than
the debiased Lasso in existence of a large proportion of strong signals. If the
irrepresentable condition does not hold, the BS-DB is guaranteed to per-
form no worse than the debiased Lasso asymptotically. Confidence intervals
based on the BS-DB are proposed and proved to be asymptotically valid
under mild conditions. Our study on the inference problems integrates the
properties of the Lasso on variable selection and estimation novelly. The su-
perior performance of the BS-DB over the debiased Lasso is demonstrated
via extensive numerical studies.
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1. Introduction

1.1. Background

High-dimensional linear models have broad applications in many fields, such as
biology, genetics, and machine learning. A number of statistical methods have
been introduced to solve the problems on prediction, estimation, and variable se-
lection regarding regression coefficients. On the other hand, statistical inference
in high-dimensional models has recently caught a lot of research interests and
efforts for its importance in providing uncertainty assessment and the nontrivial
statistical challenges.

The Lasso estimator [26] has been a popular tool for modeling high-dimen-
sional data. When the number of covariates p is fixed, however, it has been
shown to have no closed form for its limiting distribution in the low dimensional
setting [19]. Chatterjee and Lahiri [7] showed the inconsistency of bootstrapping
the Lasso if at least one coefficient is zero. Thus, there is substantial difficulty
in drawing valid inference based on the Lasso estimates directly. Nevertheless,

2298

http://projecteuclid.org/ejs
https://doi.org/10.1214/20-EJS1713
mailto:saili@pennmedicine.upenn.edu


Bootstrapping the debiased Lasso 2299

Chatterjee and Lahiri [8] developed a modified bootstrap estimator based on
the Lasso as well as a bootstrap estimator based on Adaptive Lasso [38]. For p
increasing with the sample size n, Chatterjee and Lahiri [9] showed the bootstrap
approximation consistency for Adaptive Lasso estimators under some technical
conditions.

In the p � n scenario, Zhang and Zhang [33] proposed asymptotically
Gaussian-distributed estimators of low-dimensional parameters in high-dimen-
sional linear regression models. Such estimators are known as the “debiased
Lasso” or the “de-sparsifying Lasso”. In the same paper, they proposed an op-
timization scheme for calculating the “correction score”, whose properties are
carefully studied in [17] for both fixed designs and sub-Gaussian designs. Along
this line of research, many recent papers have studied relevant generalizations
for the debiased approach. Van de Geer et al. [28] considered the debiased Lasso
estimator in generalized linear models with convex loss functions. Bühlmann and
van de Geer [4] and Jankova and Van De Geer [16] studied statistical inference in
misspecified high-dimensional linear models and graphical models, respectively.
Fang et al. [15] considered the debiased method in high-dimensional Cox models.
From the minimax perspective, Cai and Guo [5] studied the optimal expected
lengths of confidence intervals for linear combinations of regression coefficients
in sparse high-dimensional linear models. Javanmard and Montanari [18] consid-
ered sample size conditions for the debiased Lasso method in high-dimensional
linear models with Gaussian design and Gaussian noise. Under some regularity
conditions, they show a potentially weaker sample size condition when the true
precision matrix of the design is sparse. Related approaches are also actively
studied in the context of econometrics and causal inference [1, 3, 10].

The present work is motivated by the connections between statistical infer-
ence and variable selection problems. Variable selection has become an active
research topic in high-dimensional literature for decades. Many established vari-
able selection methods have been proposed and studied [26, 6, 14, 31, 24, 32]. It
is known that if the nonzero coefficients can be consistently selected, least square
estimators based on the selected model can lead to asymptotically valid infer-
ence procedures. However, the consistency of variable selection always requires
the beta-min condition, which assumes the strengths of nonzero coefficients are
uniformly larger than certain threshold. This condition is uncheckable and can
be hard to fulfill in applications. In a recent paper [36], the post-Lasso least
squares is justified for asymptotic valid statistical inference in high-dimensional
linear models. Their analysis is based on the conditions guaranteeing the set of
variables selected by the Lasso is deterministic with high probability. In the cur-
rent work, we explore the interaction between variable selection and inference
problems and demonstrate the benefits of having a large proportion of strong
signals for statistical inference under proper conditions. Specially, we do not re-
quire the beta-min condition and the selected set of variables is not necessarily
deterministic.

Another philosophy for inference in the high-dimensional setting is based
on selective inference, whose focus is on making inference conditional on the
selected model [21, 12, 20, 27]. However, it is not considered in the current work.
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Our proposed approach is closely related to the bootstrap procedures for in-
ference. Bootstrap has been widely used in high-dimensional models for conduct-
ing statistical inference. Mammen [22] considered estimating the distribution of
linear contrasts and of F-test statistics when p increases with n. Chernozhukov
et al. [11] developed theories for multiplier bootstrap to approximate the maxi-
mum of a sum of high-dimensional random vectors. Dezeure et al. [13] proposed
residual, paired and wild multiplier bootstrap methodology for the debiased
Lasso estimators. Zhang and Cheng [34] proposed a bootstrap-assisted debiased
Lasso estimator to conduct simultaneous inference for non-Gaussian errors. The
purpose of using bootstrap in aforementioned two papers mainly concern deal-
ing with heteroscedastic errors as well as simultaneous inference. In the present
work, we show the bias correction effect of bootstrap in high-dimensional infer-
ence.

1.2. The debiased approach

The debiased Lasso [33, 28, 17] for high-dimensional linear models can be de-
scribed as follows. Consider a linear regression model

yi = xT
i β + εi, (1)

where β ∈ R
p is a vector of regression coefficients and ε1, . . . , εn are i.i.d. ran-

dom variables with mean 0 and variance σ2. We consider the high-dimensional
scenario where p can be larger or much larger than n. We assume β is sparse
with support S such that |S| = s. Let X ∈ R

n×p be the design matrix with the
i-th row being xT

i and y = (y1, . . . , yn)
T . Let Xj denote the j-th column of X.

Let Σn = XTX/n. Let Σ = E[Σn] denote the population gram matrix which is
positive definite and Θ = Σ−1. Let Θj = Θ.,j denote the j-th column of Θ.

The Lasso [26] estimator of β is defined as

β̂ = argmin
b∈Rp

{
1

2n
‖y −Xb‖22 + λ‖b‖1

}
(2)

for some tuning parameter λ > 0. Some of its variations have been proposed
and studied [38, 2, 25]. Suppose that we are interested in making inference of
βj for some j ∈ {1, . . . , p}. The debiased Lasso estimator of βj can be written
as

β̂
(DB)
j = β̂j +

〈ẑj , y −Xβ̂〉
n

, (3)

where ẑj ∈ R
n is the so-called correction score and can be computed via another

Lasso regression. Specifically, define

γ̂ = argmin
γ∈Rp

{
1

2n
‖Xγ‖22 + λj‖γ−j‖1 : γj = 1

}
(4)

for some tuning parameter λj > 0 and

ẑj =

{
XΘj if Θ is known

nXγ̂
〈Xj ,Xγ̂〉 if Θ is unknown.

(5)
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In fact, the correction score can also be realized via a quadratic optimization
approach [33, 17] when Θ is unknown. The difference is that the optimization
in (4) can utilize the sparsity of Θj , if Θj is sparse indeed, and can achieve
semiparametric efficiency under proper conditions [28].

A 100× (1− α)% two-sided confidence interval for βj can be constructed as

β̂
(DB)
j ± qα/2σ̂‖ẑj‖2/n, (6)

where qτ is τ -th quantile of standard normal distribution and σ̂ is some consis-
tent estimate of the noise level σ.

When Θ is unknown, it has been proved that the asymptotic normality of

β̂
(DB)
j requires n � (s log p)2 and some other technical conditions, say, in Van de

Geer et al. [28]. These conditions guarantee that the remaining bias of the debi-
ased Lasso is asymptotically sufficiently small such that n−1/2-length confidence
intervals are achievable. In Cai and Guo [5], it has been shown that the minimax
optimal confidence intervals for βj has lengths of order n−1/2 + s log p/n. That
is, to achieve a confidence interval with length of order n−1/2, the condition
n � (s log p)2 is unavoidable in the minimax sense. This reveals the optimality
of the debiased Lasso procedure.

Actually, when investigating the worst case scenario considered in Cai and
Guo [5] (Theorem 3), one can see that it concerns the case where s = |{j : |βj | �√

log p/n}| � s. That is, loosely speaking, the number of “weak” coefficients
dominates the number of “strong” coefficients. Therefore, if there exists a large
proportion of strong signals, the debiased Lasso may not be optimal. If not, it
is unknown what is a better procedure for statistical inference. This question
is of significant practical value in view of the following numerical experiments,
which suggest that the debiased Lasso estimators can be severely biased for
large signals.

1.2.1. The bias of the debiased Lasso related to signal strengths

We consider a simplified setting where the observations are generated from
model (1) with known noise level σ = 1 and known Σ. We set n = 100 and
p = 300. Each row of X is i.i.d. from a multivariate Gaussian distribution with
mean zero and covariance matrix Σ. The noise vector ε are i.i.d. from standard
Gaussian distribution. We consider seven levels of sparsity, i.e. s = 4, 6, . . . , 16.
For each s, we set S = {1, . . . , s} and βS = (4, 2, 4, 2, . . . , 4, 2, 4, 0.2)

T
. Compar-

ing with the inflated noise level σ
√

2 log p/n ≈ 0.338, first s− 1 coefficients can
be viewed as strong signals and the s-th coefficient can be viewed as weak. We
consider two formats of Σ. The first one is Σ = Ip, i.e. the identity matrix. The
second one is Σ = Σo, where Σo is a block diagonal matrix with Σo

Sc,Sc = Ip−s

and Σo
S,S is Toeplitz with the first row equals (1,−0.1,0T

s−3,−0.1). We com-
pute the debiased Lasso (DB) based on (2) and (3) with tuning parameter
λ = 2σ

√
log p/n and the oracle correction sore ẑj = XΘj .
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Fig 1. Estimation errors of the debiased Lasso for βj ∈ {4, 2, 0.2, 0} at different sparsity levels
with Σ = Ip (left panel) and Σ = Σo (right panel). Each point is the median estimate based
on 500 independent experiments.

When Σ is identity (left panel of Figure 1), distinct patterns are observed
for signals with different strengths. The debiased Lasso for βj , j ∈ Sc has
bias floating around zero. For βj , j ∈ S, the debiased estimators are always
negatively biased across different sparsity levels. This implies that the debiased
Lasso can lead to low chance of discovering true signals under the current set-up.
Moreover, the debiased estimators for strong signals are more severely biased
as the sparsity level s gets larger. The right panel of Figure 1 displays the bias
of the debiased Lasso when Σ = Σo. The difference of the left and right panel
of Figure 1 preludes the effect of ρS defined in (17) where ρS = 1 with Σ = Ip
and ρS = 1.25 with Σ = Σo at all sparsity levels. When ρS gets larger, the bias
of the debiased Lasso on the true support gets larger.

Motivated by this numerical experiment, we look into the effects of signal
strengths on statistical inference in high-dimensional models. Under proper con-
ditions, we provide a new error analysis of the debiased Lasso which shows its
distinct behaviors on and off the true support.

More importantly, we introduce a bootstrapped debiased Lasso approach
(BS-DB), which can have smaller order of bias than the debiased Lasso when
there are a large proportion of strong signals. Figure 2 unveils the bias cor-
rection effect of the BS-DB estimator in comparison to the debiased Lasso in
the simulation settings considered above. It is not hard to see that the bias for
strong signals are significantly reduced with our proposal. The BS-DB estima-
tor is constructed according to Section 2.1 with the same tuning parameter as
in debiased Lasso. More numerical results on constructing confidence intervals
with unknown covariance matrix and unknown noise level are presented in Sec-
tion 4. In next subsection, we summarize the major contributions of the current
work.
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Fig 2. Estimation errors of the debiased Lasso (DB) and of the BS-DB for βj ∈ {4, 2} at
different sparsity levels with identify covariance matrix (left panel) and Σ = Σo (right panel).
Each point is the median estimate based on 500 independent experiments.

1.3. Summary of our contributions

For the proposed BS-DB estimator defined in (11), we will prove that

β̂
(BS−DB)
j − βj = r̂emj + η̂j , (7)

where r̂emj is the remaining bias of β̂
(BS−DB)
j and

√
nη̂j is asymptotically

normal. We upper bound the magnitude of r̂emj assuming sub-Gaussian noise
(Condition 3.2).

(a) Suppose that the design matrix is row-wise independent Gaussian (Condi-
tion 3.1) and the irrepresentable condition (Condition 3.3) holds, if n � s log p,
then

|r̂emj | =Op

{ √
s− log p

n +
ρS

√
s− log p

n 1(j ∈ S) if Θ is known
s− log p

n if Θ is unknown,
(8)

where 1(·) is an indicator function, s− = |{j ∈ S : |βj | ≤ CρSλ}| for a large
enough constant C, and ρS defined in (17). It implies that, under proper con-
ditions, asymptotically valid confidence intervals can be constructed based on

β̂
(BS−DB)
j if s log p � n and (s− log p)2 � n for unknown Θ. This sample size

condition is weaker than the one for the debiased Lasso if s− � s. We will bring
more discussions on the demand and potential relaxations of the irrepresentable
condition in Section 3. As a byproduct, we get a new error expansion of the
debiased Lasso under current conditions in Theorem 3.3, which shows that its
remaining bias can be of different magnitude for j ∈ S and j /∈ S.

(b) When the design is sub-Gaussian (Condition 3.4), without assuming the
irrepresentable condition, we prove that the remaining bias of the BS-DB is
OP (s log p/n) under mild conditions, which is is asymptotically “no worse” than
the debiased Lasso (Theorem 3.7).
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1.4. Notations

For a set A ⊆ {1, . . . , p}, XA ∈ R
n×|A| is the submatrix formed by Xj , j ∈ A.

Let Ac = {1, . . . , p}\A. For j = 1, . . . , p, let {−j} = {1, . . . , p}\{j}. For a vector
v ∈ R

k, let ‖v‖p denote the standard �p-norm of v. For another vector u ∈ R
k,

let 〈v, u〉 =
∑k

i=1 viui. For a symmetric matrix D ∈ R
k1×k1 , let Λmax(D) and

Λmin(D) be the largest and smallest eigenvalues ofD. Let Tr(D) denote the trace
of D. Let Ip be the p×p identity matrix. We use ej to refer to the j-th standard
basis element, i.e. e1 = (1, 0, . . . , 0)T . We use eS1 ∈ R

p×|S1| to refer to the sub-
matrix of an identify matrix, which contains j-th column of Ip for ∀j ∈ S1. For a

random variable v, let ‖v‖ψ2 = supt≥1 t
−1/2 (E[|v|t])1/t denote its sub-Gaussian

norm. For a random vector V ∈ R
k, let Vψ2 = sup‖b‖2=1 ‖〈V, b〉‖ψ2 . Let f(n)

and g(n) be two functions. We use f(n) � g(n) to refer to “f(n) = o(g(n))”.
The notation f(n) � g(n) can be defined analogously. We use f(n) � g(n) to
refer to f(n) = O(g(n)) and f(n) � g(n) can be defined analogously. We use
c, c0, c1, . . . and C0, C1, . . . to denote generic constants that can vary from one
position to the other.

1.5. Organization of the rest of the paper

The rest of the paper is organized as follows. In Section 2, we introduce the pro-
posed approach for constructing confidence intervals in high-dimensional linear
models. In Section 3, we prove the theoretical properties of the proposed ap-
proach with and without the irrepresentable condition. In Section 4, we demon-
strate the empirical performance of the BS-DB for statistical inference in com-
parison to the debiased Lasso in various settings. In Section 5, we bring more
discussions to the topics related to this paper. The proofs are provided in Section
6 and in the Appendix.

2. Bootstrapping the debiased Lasso

In this section, we introduce the proposed procedure and bring some intuitions
to its merits.

2.1. The procedure for constructing confidence intervals

(i) (Fitting the modified debiased Lasso) Let β̂ be the initial Lasso estimator
computed via (2) with tuning parameter λ. Let ŵj be the correction score
defined in (15) (with known or unknown precision matrix). We compute

a modified debiased Lasso estimator based on β̂ and ŵj :

β̂
(mDB)
j = β̂j +

〈ŵj , y −Xβ̂〉
n

. (9)
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(ii) (Bootstrapping the Lasso) Let β̂∗ be the Lasso estimate with input (X,Xβ̂)

and tuning parameter λ. We estimate the bias of β̂
(mDB)
j with

b̂∗j = β̂∗
j +

〈ŵj , X(β̂ − β̂∗)〉
n

− β̂j . (10)

Subtracting b̂∗j from β̂
(mDB)
j , we arrive at a bootstrapped debiased Lasso

estimator

β̂
(BS−DB)
j = β̂

(mDB)
j − b̂∗j . (11)

(iii) An 100× (1−α)% two-sided confidence interval for βj can be constructed
as

β̂
(BS−DB)
j ± qα/2σ̂‖ŵj‖2/n, (12)

where σ̂ can be any consistent estimator of σ.

The modified debiased Lasso computed in Step (i) is based on a different
correction score in comparison to the original debiased Lasso. The specific ex-
pression and rationale are illustrated in detail in Section 2.2. In Step (ii), the

estimator β̂∗ is a noiseless Lasso based on the empirical estimates. In the usual
parametric bootstrap, the response vector is constructed as

y∗i = xT
i β̂ + σ̂ξ∗i , i = 1, . . . , n, (13)

where ξ∗i are synthetic i.i.d. standard Gaussian random variables and σ̂ is a

consistent estimate of noise level. Hence, the estimator β̂∗ employed in Step (ii)
can be viewed as a noiseless Lasso based on parametric bootstrap. In fact, our
β̂∗ can be replaced with an average of the usual noisy parametric bootstrap
estimators. Although the noisy parametric bootstrap estimates can be used to
generate empirical confidence intervals, our main purpose of bootstrap is for
bias correction rather than uncertainty quantification. Hence, we focus on the
proposed noiseless version which can simplify the computation and does not
introduce extra randomness. (I would like to thank an anonymous referee for
pointing this out.)

We also comment that the current framework and the proposed approach
are different from the results of bootstrapping the Adaptive Lasso considered
in Chatterjee and Lahiri [9]. In fact, in the current work, the beta-min condi-
tion is not required and selection consistency is not needed. As a consequence,
some direct methods, such as least squares after selection, cannot lead to valid
inference procedures under current conditions in general.

2.2. The proposed correction score

Before articulating the format of the proposed correction score ŵj , let us bring
some intuitions to its construction. Recall that the success of the debiased Lasso
relies on choosing a correction score v ∈ R

n such that [33]

eTj − vTX/n ≈ 0. (14)
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One possible realization of v is ẑj defined in (5). In fact, it is ideal but not
amendable to have an “exactly equal” relationship in (14). It can be seen from
later discussion (22) that if v is such that vTXA/n = 0 for a set A ⊆ {−j},
then the debiased Lasso based on the correction score v is free from the bias of
β̂A. However, an “exactly equal” relationship is not achievable in general since
Θn = (Σn)−1 is not well-defined when p ≥ n. As a compromise, we would like
to obtain a correction score v such that

(eTj − vTX/n)S = 0 and (eTj − vTX/n)Sc ≈ 0.

That is, on a “small” set which has large bias, S, we require the exact equality to
hold in (14) and on Sc, we allow for “approximately equal”. As the true support

S is unknown, we replace it by an estimate based on the Lasso, Ŝ = {j : β̂j �= 0},
which is not necessarily consistent but satisfies certain desirable properties. Let

Âj = Ŝ ∩ {−j}. Let P⊥
Âj

= In − XÂj

(
XT

Âj
XÂj

)−1

XT
Âj

denote the projection

operator, where XT
Âj

XÂj
/n will be shown to be invertible with high probability.

Formally, our proposed correction score ŵj can be defined as

ŵj =

⎧⎪⎨⎪⎩
nP⊥

Âj
XΘj

〈Xj ,P⊥
Âj

XΘj〉 if Θ is known

nXκ̂
〈Xj ,Xκ̂〉 if Θ is unknown,

(15)

where

κ̂ = argmin
κ∈Rp

{
1

2n
‖Xκ‖22 + λj‖κŜc\{j}‖1 : κj = 1

}
. (16)

The optimization in (16) is different from (4) as it does not penalize the coef-

ficients in Âj . It is easy to see from (15) and the KKT condition of (16) that
(eTj − ŵT

j X/n)Ŝ = 0 no matter Θ is known or not. We demonstrate the theo-
retical advantages of the proposed BS-DB estimator in the next section.

3. Theoretical properties

In this section, we study the theoretical properties of the proposed BS-DB es-
timator. We will first show some preliminary results under the irrepresentable
condition and then justify the asymptotic validness of the proposed confidence
interval (12). We will further study the robustness of our proposal to the vi-
olation of the irrepresentable condition. For the main results, we assume the
following conditions.

Condition 3.1 (Gaussian designs). Each row of X is i.i.d. Gaussian distributed
with mean 0 and covariance matrix Σ, where Σ satisfies that 0 < Cmin ≤
Λmin(Σ) ≤ Λmax(Σ) ≤ Cmax < ∞ and max1≤j≤p Σj,j ≤ K1 < ∞.

The smallest eigenvalue of Σ is assumed to be bounded away from zero, which
is used in upper bounding the remaining bias of the debiased Lasso. The largest
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eigenvalue of Σ is assumed to be finite, which is used in justify the asymptotic
normality. The Gaussian distribution is needed for technical convenience and is
also required in closely related works [30, 18].

Condition 3.2 (Sub-Gaussian errors). εi (i = 1, . . . , n) are i.i.d. sub-Gaussian
with mean 0 and variance σ2 > 0 such that max1≤i≤n ‖εi‖ψ2 ≤ K2.

Condition 3.3 (Irrepresentable condition).

φ = max
k∈Sc

∥∥Σk,S(ΣS,S)
−1
∥∥
1
< 1.

As previously mentioned, Condition 3.3 is crucial in our main analysis. It has
been used in analyzing the variable selection properties of the Lasso [35, 30]
and it is equivalent to the “neighborhood stability” condition [23]. In fact, the
purpose of irrepresentable condition is to guarantee that the support estimated
by the Lasso is a subset of the true support with high probability (Lemma
3.1 and Lemma 3.2). Some concave penalized methods, say Zhang [32], require
weaker versions of Condition 3.3 for guaranteeing such properties and they can
also be suitable for debiasing. For conciseness and computational convenience,
we focus on the Lasso.

It is worth mentioning that Condition 3.3 does not rule out the most difficult
scenarios which yield the minimax optimal sample size condition n � (s log p)2.
Indeed, the lower bound results for the confidence intervals in high-dimensional
linear models [5, 18] are based on some worst cases satisfying φ = 0. Therefore,
our results are comparable to the existing lower bound results achieved by the
debiased Lasso.

3.1. Preliminary lemmas

We first prove some preliminary results as consequences of the irrepresentable
condition. For b ∈ R

p, let sgn(b) be an element of the sub-differential of the �1-
norm of b. That is, (sgn(b))j = sgn(bj) = bj/|bj | if bj �= 0 and (sgn(b))j ∈ [−1, 1]
if bj = 0. Let

ρS = max
j∈S

∥∥eTj (ΣS,S)
−1
∥∥
1
. (17)

Notice that ρS ∈ [c1, c2
√
s] for some positive constants c1 and c2 under Condi-

tion 3.1.

Lemma 3.1 (Sparsity pattern recovery for the Lasso). Assume that Condi-
tion 3.1–Condition 3.3 are satisfied. If the sequence (n, p, s, λ) satisfies that

n ≥ cK1s log p

Cmin(1− φ)2
and λ ≥ c0σ

1− φ

√
K1 log p

n
(18)

for large enough constants c and c0, then

Ω0 := {Ŝ ⊆ S and ‖β̂S − βS‖∞ ≤ CρSλ} (19)

holds with probability at least 1−c1/p−exp(−c2n)−c3/n for some large enough
constants C, c1, c2, c3, and ρS defined in (17).
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Lemma 3.1 is more general than Theorem 3 in Wainwright [30] in the sense
that the �∞-bound of the estimation error in (19) does not require the beta-min

condition. This is a nontrivial generalization as sgn(β̂S) �= sgn(βS) in general

and dependence between sgn(β̂S) andXS makes it challenging to get the desired

bound on β̂S − βS . Our idea is to decouple β̂S with Xk for each k ∈ S with a
“leave-one-out” argument.

The sparsity pattern recovery can be similarly derived for the bootstrap ver-
sion β̂∗. We summarize an important consequence of Lemma 3.1 and its boot-
strap counterpart in the next lemma. Let Ŝ∗ = {j : β̂∗

j �= 0}.

Lemma 3.2. Assume that Condition 3.1–Condition 3.3 are satisfied. If (18)
holds, then

Ω∗
0 := {Ŝ∗ ⊆ Ŝ and ‖β̂∗

S − β̂S‖∞ ≤ C∗ρSλ}. (20)

holds with probability at least 1−c1/p−c2/n−exp(−c3n) for some large enough

constants c1, c2, c3, and C∗. In the event Ω0 ∩Ω∗
0, S+ ⊆ Ŝ ⊆ S, S+ ⊆ Ŝ∗ ⊆ S,

and sgn(βj) = sgn(β̂j) = sgn(β̂∗
j ) for j ∈ S+, where

S+ = {j : |βj | > (C + C∗)ρSλ, j = 1, . . . , p} (21)

for C in (19) and C∗ in (20).

Lemma 3.2 implies that the estimated supports based on β̂ and β̂∗ can be
upper and lower bounded by two unknown but deterministic sets, namely S and
S+, with high probability, where S+ can be viewed as the set of strong signals.
In addition, the sign vectors of β̂S+ and β̂∗

S+
are asymptotically deterministic.

These observations are crucial for the success of our proposed bias correction as
will be seen from the next subsection.

3.2. Illustrations of the proposed bias correction

In this subsection, we layout some key steps for analyzing the proposed approach
based on the results proved in Section 3.1. Let us focus on the case where Θ is
unknown. We first review some key steps in the typical analysis of the debiased
Lasso. From (3) and (19), we have

β̂
(DB)
j − βj =

(
eTj − ẑTj X/n

)
(β̂ − β)︸ ︷︷ ︸

r̂emo
j

+
〈ẑj , ε〉
n

,

where r̂em
o
j = OP (s log p/n) by an �∞ − �1 splitting using the KKT condition

of (4) and �1-bound on β̂ − β. For the asymptotic normality of
√
n(β̂

(DB)
j − βj)

to be true, one needs |r̂emo
j | = oP (n

−1/2), which gives the typical sample size
condition (s log p)2 � n, and the asymptotic normality of 〈ẑj , ε〉/

√
n, which

holds under mild conditions.
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Next, we illustrate that, with the proposed BS-DB, the bias coming from
strong signals is removed in two steps. Let Wn = XT ε/n. The event Ω0 (19)

and the KKT condition of β̂ together imply that

β̂
(mDB)
j − βj =

(
eTj − ŵT

j X/n
)
S
(β̂S − βS) +

〈ŵj , ε〉
n

= −λ
(
eTj − ŵT

j X/n
)
S
(Σn

S,S)
−1sgn(β̂S)︸ ︷︷ ︸

b̂j

+
(
eTj − ŵT

j X/n
)
S
(Σn

S,S)
−1Wn

S︸ ︷︷ ︸
r̂j

+
〈ŵj , ε〉

n
, (22)

where b̂j is the dominant bias term and r̂j and the last term are linear com-
binations of ε. For S+ defined in Lemma 3.2, let S− = S \ S+ denote the set
of weak signals. Let s+ = |S+| and s− = |S−|. To see the bias contributed by

strong signals, we rewrite b̂j as

b̂j = −λ
(
eTj − ŵT

j X/n
)
S

(
(Σn

S,S)
−1
S+,S+

sgn(β̂S+) (Σn
S,S)

−1
S+,S−

sgn(β̂S−)

(Σn
S,S)

−1
S−,S+

sgn(β̂S+) (Σn
S,S)

−1
S−,S−

sgn(β̂S−)

)
︸ ︷︷ ︸

Gn

,

where sgn(β̂S+) = sgn(βS+) with high probability under the conditions of
Lemma 3.2. We will denote Gn as a 2 × 2 block matrix such that Gn

1,1 =
(Gn)S+,S+ . Loosely speaking, the purpose of bootstrap is to remove Gn

1,1 and
Gn

2,1 and the purpose of proposed correction score ŵj is to remove Gn
2,1. Specif-

ically, in event Ω∗
0 (20), we can similarly show that for b̂∗j defined in (10),

b̂∗j = −λ
(
eTj − ŵT

j X/n
)
S

(
(Σn

S,S)
−1
S+,S+

sgn(β̂∗
S+

) (Σn
S,S)

−1
S+,S−

sgn(β̂∗
S−

)

(Σn
S,S)

−1
S−,S+

sgn(β̂∗
S+

) (Σn
S,S)

−1
S−,S−

sgn(β̂∗
S−

)

)
︸ ︷︷ ︸

G∗

.

Since sgn(β̂∗
S+

) = sgn(β̂S+) by Lemma 3.2, we have Gn
.,1 = G∗

.,1. Moreover,
the second column of Gn and that of G∗ come from the incorrect sign estimation
of weak signals. The term Gn

1,2 is caused by the possible correlation betweenXS+

and XS− and it can be large if s+ is large. To get rid of Gn
1,2 and G∗

1,2, we invoke

that the proposed correction score ŵj satisfies (eTj − ŵT
j X/n)Ŝ = 0. If S+ ⊆ Ŝ,

then the effects of Gn
1,2 and G∗

1,2 are removed by the proposed correction score.
To summarize, (22) and above analysis together imply that in Ω0 ∩ Ω∗

0,

β̂
(mDB)
j − βj − b̂∗j = −λ

(
eTj − ŵT

j X/n
)
S−

(Gn
2,2 −G∗

2,2) + r̂j +
〈ŵj , ε〉

n
.

We will show that the remaining bias, i.e. the first two terms on the right hand
side on the above expression, are OP (s− log p/n). Finally, the validness of the
confidence interval considered in (12) also relies on the asymptotic normality of
〈ŵj , ε〉/

√
n. We will employ the central limit theorem to show desirable results

under proper conditions.
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3.3. Main theorems

In this subsection, we formally establish the main theorems for statistical in-
ference with the BS-DB approach. As a benchmark, we first present an error
analysis of the original debiased Lasso demonstrating its different magnitude of
bias on and off the true support.

Theorem 3.3 (The remaining bias of the debiased Lasso). Suppose that Condi-

tion 3.1–Condition 3.3 hold true and s log p � n. Let β̂
(DB)
j be computed via (3)

with λ = c1
√

log p/n and λj = c2
√

log p/n for some sufficiently large constants
c1 and c2 such that (18) holds. Then

β̂
(DB)
j − βj =

〈ẑj , ε〉
n

+ r̂em
o
j ,

where

|r̂emo
j | =Op

{ √
s log p
n + ρS

√
s log p
n 1(j ∈ S) if Θ is known

s log p
n if Θ is unknown.

(23)

Theorem 3.3 implies that when Θ is known, the remaining bias of β̂
(DB)
j

can be larger for j ∈ S than for j ∈ Sc as 1 � ρS � √
s under Condition 3.1.

Moreover, as ρS gets larger, the bias of β̂
(DB)
j for j ∈ S gets larger. These results

coincide with our observations in Figure 1. We mention that one can get rid of
the term which involves ρS by estimating β̂ and ẑj with two independent subsets
of data (Theorem 7 in Cai and Guo [5] and Proposition H.1. in Javanmard and
Montanari [18]). In practice, especially when the sample size is relatively small,
sample splitting can produce unstable results. Hence, we focus on the version
without sample splitting. When Θ is unknown, the results of Theorem 3.3 agree
with the existing analysis of the debiased Lasso [33, 28, 17]. With Theorem 3.3
serving as a benchmark, we study the the remaining bias of the proposed BS-DB
in the next lemma.

Lemma 3.4 (The remaining bias of BS-DB). Suppose that Condition 3.1–

Condition 3.3 hold true and s log p � n. Let β̂
(BS−DB)
j be computed via (11)

with λ = c1
√

log p/n and λj = c2
√

log p/n for some sufficiently large con-
stants c1 and c2 such that (18) holds. Then the expressions in (7) and (8) hold
true.

Lemma 3.4 shows that the magnitude of the remaining bias of β̂
(BS−DB)
j is

determined by the number of weak signals. Comparing with Theorem 3.3, we

see that the remaining bias of β̂
(BS−DB)
j is much smaller than the remaining

bias of the debiased Lasso when s− � s. This demonstrates the improvement
of our proposal and convinces our observations in Figure 2. When Θ is known,

the magnitude of remainder terms of β̂
(BS−DB)
j can be different for j ∈ S and

j /∈ S, which is analogous to the results for debiased Lasso.
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Next, we move on to establish the limiting distribution of the BS-DB esti-
mator. We first prove the convergence rate of a variance estimator, which can
also benefit from the irrepresentable condition. Define

σ̂2 =
1

n− |Ŝ|
‖P⊥

Ŝ
y‖22, (24)

where P⊥
Ŝ

= In −XŜ

(
XT

Ŝ
XŜ

)−1

XT
Ŝ
.

Lemma 3.5 (Convergence rate of the variance estimator). Suppose that Con-

dition 3.1–Condition 3.3 hold true and s log p � n. Let β̂ be computed via (2)
with λ = c1

√
log p/n for a sufficiently large constant c1 satisfying (18). For σ̂2

defined in (24), ∣∣σ̂2 − σ2
∣∣ = OP

(
n−1/2 +

min{ρ2Ss−, s} log p
n

)
. (25)

On the right hand side of (25), the first term n−1/2 comes from the random-
ness of ε and the second term comes from the estimation error of weak signals.
It is known that a widely used variance estimator, the mean of squared residuals
based on β̂, has convergence rate OP (n

−1/2 + s log p/n). We see that σ̂2 is no
worse than and can have faster rate of convergence than the mean of squared
residuals based on the Lasso if ρ2Ss− � s. That is, σ̂2 can be more accurate when
the number of strong signals is dominant and the correlation among XS is weak.
The empirical performance of σ̂2 is evaluated in various numerical experiments
in Section 4.

In the next theorem, we collect all the preliminary results and prove the

asymptotic normality of β̂
(BS−DB)
j under proper sample size conditions. Let

Φ(c) = P(x ≤ c) for a standard normal variable x.

Theorem 3.6 (Asymptotic normality of BS-DB). Suppose that Condition 3.1–

Condition 3.3 hold true and s log p � n. Let β̂
(BS−DB)
j be computed via (11)

with λ = c1
√
log p/n and λj = c2

√
log p/n for some sufficiently large constants

c1 and c2 such that (18) holds. (i) If Θj is known, then

sup
c∈R

∣∣∣P(β̂(BS−DB)
j − βj ≤ cσ̂‖ŵj‖2/n

)
− Φ(c)

∣∣∣→ 0. (26)

(ii) When Θj is unknown, (26) holds if max
{
s−, ‖Θ(S+)c,j‖0

}
log p � √

n.

Theorem 3.6 implies that the proposed confidence interval (12) has nominal
coverage probability asymptotically. The condition s− log p � √

n when Θ is
unknown guarantees that the remaining bias of BS-DB is oP (n

−1/2). The con-
dition ‖Θ(S+)c,j‖0 log p � √

n guarantees that κ̂ converges to its probabilistic
limit at a sufficiently fast rate such that η̂j in (7) is asymptotically normal. It is
especially needed here as our constructed ŵj is dependent with ε. This condition

can be relaxed if Ŝ used in (15) is independent of X or is asymptotically deter-

ministic. Hence, one can perform a sample splitting and compute Ŝ with one
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fold of the data and compute κ̂ and other estimates with the other fold of the
data. In this way, the sparsity requirement on Θ(S+)c,j can be relaxed. On the

other hand, some mild conditions can lead to asymptotically deterministic Ŝ.
One sufficient condition is that |{j : |βj | � ρSλ}| = 0 which guarantees Ŝ = S+

asymptotically. The optimality of the proposed confidence interval (12) can be
partially understood from the established lower bound results. Specifically, the
parameter space considered in Theorem 3 of Cai and Guo [5] is

Ξ0(s) = {(β, σ,Σ) : ‖β‖0 ≤ s, σ2 ≥ c1, 1/c2 ≤ Λmin(Σ) ≤ Λmax(Σ) ≤ c2}

for some constants c1 > 0 and c2 > 1. Let L∗
α(Θ, βj) denote the minimax

expected length of confidence intervals for βj ((2.3) of Cai and Guo [5]) over

Θ at confidence level α. Recall that s = |{j : |βj | �
√
log p/n}|. When Θ is

unknown, it has been shown that

L∗
α(Ξ0(s), βj) � 1√

n
+

s log p

n
.

Let us consider a more detailed parameter space

Ξ(s+, s−) ={(β, σ,Σ) : |S+| ≤ s+, |S−| ≤ s−, σ
2 ≥ c1,

1/c2 ≤ Λmin(Σ) ≤ Λmax(Σ) ≤ c2, ρS ≤ c3},

for some constants c1 > 1, c2 > 1, and c3 < ∞. As s− = s for constant ρS , it is
not hard to see that

L∗
α(Ξ(s+, s−), βj) � 1√

n
+

s− log p

n
.

This shows the optimality of the proposed BS-DB in Ξ(s+, s−) when Θ is un-
known.

3.4. When irrepresentable condition does not hold

The irrepresentable condition is always hard to check in reality. Therefore, it is
important to understand whether the proposed BS-DB is still valid for inference
when such a condition is not true. In the next theorem, we justify the theoretical
properties of BS-DB without the irrepresentable condition. We also relax the
Gaussian assumption in Condition 3.1 to sub-Gaussian designs. For practical
concerns, we only prove for the case where Θ is unknown.

Condition 3.4 (Sub-Gaussian designs). Each row of X is i.i.d from a sub-
Gaussian distribution with mean zero and covariance matrix Σ. The matrix Σ
satisfies that 0 < Cmin ≤ Λmin(Σ) ≤ Λmax(Σ) ≤ Cmax < ∞. There exists a
positive constant K1 such that max1≤i≤n ‖xiΣ

−1/2‖ψ2 ≤ K1 < ∞.
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Theorem 3.7 (The remaining bias of BS-DB without irrepresentable condi-
tion). Assume that Condition 3.2 and Condition 3.4 are true and s log p � n.

Let β̂
(BS−DB)
j be computed via (11) with λ = c1

√
log p/n and λj = c2

√
log p/n

for some sufficiently large constants c1 and c2. When Θ is unknown, it holds
that

β̂
(BS−DB)
j − βj =

〈ŵj , ε〉
n

+OP

(
s log p

n

)
.

Theorem 3.7 implies that if n � (s log p)2, then the remaining bias of

β̂
(BS−DB)
j is oP (n

−1/2) even if the irrepresentable condition does not hold.
Hence, the remaining bias of BS-DB estimator is no larger than that of the
debiased Lasso. The asymptotic normality of 〈ŵj , ε〉/

√
n can be established

based on the proof of Theorem 3.6 under proper conditions. We can summarize
that when Θ is unknown, there is no loss in applying the BS-DB asymptoti-
cally regardless of the irrepresentable condition and BS-DB can achieve more
accurate confidence intervals in existence of a large proportion of strong sig-
nals.

4. Numerical experiments

In this section, we demonstrate the empirical performance of BS-DB in compar-
ison to the debiased Lasso in more practical settings with Σ and σ2 are both
unknown.

We set sample size n = 100, the number of covariates p = 300, and the noise
level σ = 1. We consider Σ = Ip, Σ = Σo defined in Section 1.2, and another
Σ where the irrepresentable condition does not hold. Each row of X is i.i.d.
generated from N(0,Σ) and εi ∼ N(0, σ2) for i = 1, . . . , n. We consider three
levels of sparsity. Specifically, s = 4k for k ∈ {1, 2, 3}. Let s− = |{j : βj = 0.2}|.
For any k ∈ {1, 2, 3}, we consider the following two cases

(i) (s, s−) = (4k, 1), β1:s = (4, 2, 4, 2, . . . , 4, 0.2)T , and βs+1:p = 0p−s.
(ii) (s, s−) = (4k, 2k), β1:2k = (4, 2, . . . , 4, 2)T , β2k+1:s = (0.2, . . . , 0.2)T , and

βs+1:p = 0p−s.

In case (i), a large proportion of signals are strong and in case (ii), half of the
signals are strong. The purpose is to demonstrate the effect of overall sparsity
and effect of the proportion of weak signals separately. We construct two-sided
95% confidence intervals for β1 = 4, β2 = 2, βs = 0.2, and βs+1 = 0 in each
setting. We report summarized statistics based on 500 independent realizations
for each setting.

We will compare the coverage probabilities and lengths of confidence intervals
given by the debiased Lasso (DB) procedure and the proposed BS-DB. In both
methods, the tuning parameter for the Lasso is λ = 2σ̂(init)

√
log p/n, where

σ̂(init) is computed via the scaled Lasso. The tuning parameter in (4) and (16)

are set to be σ̂
(init)
x

√
2 log p/n, where σ̂

(init)
x is computed via the scaled Lasso

with response Xj and covariates X−j . The estimated noise level σ̂ is computed
according to (24).
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4.1. Identify covariance matrix

We first present the numerical results for the case where Σ = Ip (Table 1). One
can see that the coverage probabilities of debiased Lasso are less accurate than
those of BS-DB in all the scenarios, especially when the number of strong signals
dominant. In comparison, BS-DB has coverage probabilities close to the nominal
level at different sparsity levels and is especially robust to the existence of a large
proportion of strong signals. This agrees with our analysis in Theorem 3.3 and
Theorem 3.6. The lengths of confidence intervals produced by the debiased Lasso
and BS-DB are comparable. Hence, the difference in coverage probabilities is
mainly due to the remaining bias term.

The confidence intervals based on debiased Lasso have relatively poor cover-
age in our numerical studies comparing with in some previous studies. The main
reason is that previous studies always use mean of squared residuals (MSR) to
estimate the noise level which tends to inflate the true value and results in wider
confidence intervals, which compensate for the bias of debiased Lasso. The per-
formance of the proposed variance estimator (24), the scaled Lasso estimator
[25], and the MSR are reported in Table 4. One can see that the proposed es-
timator of noise level is most accurate in different settings. The MSR can have
large bias when the number of strong signals dominants. The scaled-Lasso is
more reliable than MSR but not as accurate as the proposed estimator when
the sparsity is large.

Table 1

Coverage probabilities of BS-DB (cov.bsdb), coverage probabilities of debiased Lasso
(cov.db), standard errors of BS-DB (se.bsdb), and standard errors of debiased Lasso (se.db)

when Σ = Ip.

s− = 1 s− = s/2
s β cov.bsdb cov.db se.bsdb se.db cov.bsdb cov.db se.bsdb se.db
4 4 0.942 0.888 0.10 0.10 0.936 0.890 0.10 0.10
4 2 0.938 0.882 0.10 0.10 0.932 0.902 0.10 0.10
4 0.2 0.918 0.866 0.10 0.10 0.948 0.926 0.10 0.10
4 0 0.958 0.828 0.10 0.10 0.948 0.886 0.10 0.10
8 4 0.932 0.666 0.11 0.11 0.900 0.838 0.11 0.11
8 2 0.950 0.652 0.11 0.11 0.934 0.800 0.11 0.11
8 0.2 0.940 0.696 0.11 0.11 0.962 0.840 0.11 0.11
8 0 0.942 0.666 0.11 0.11 0.942 0.818 0.11 0.11
12 4 0.936 0.498 0.11 0.11 0.946 0.742 0.11 0.11
12 2 0.922 0.488 0.11 0.11 0.932 0.716 0.11 0.11
12 0.2 0.948 0.544 0.11 0.11 0.956 0.764 0.11 0.11
12 0 0.956 0.552 0.11 0.11 0.962 0.788 0.11 0.11

4.2. Mild correlation on the support

In this subsection, we consider Σ = Σo specified in Section 1.2. This is a harder
scenario than Σ = Ip since ρS is increased. Other parameters are set to be the
same as in Section 4.1. We see from Table 2 that the debiased Lasso has coverage
probabilities much lower than the nominal level at all the sparsity levels while
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the BS-DB remains to be robust at most sparsity levels. The most difficult case
is (s, s−) = (12, 1), i.e. the overall sparsity is large and most of them are strong
signals, where the confidence intervals given by BS-DB provide lower coverage
probabilities for strong signals. One reason is that the estimated noise level given
by the scaled-Lasso has large errors in this case. Hence, the choice of λ can be
improper and cause large finite sample bias for the initial Lasso estimator. One
way to get around this issue is to select λ via cross validation. We can see from
Table 4 that the proposed variance estimator has the most reliable performance
when Σ = Σo in comparison to other two estimators.

Table 2

Coverage probabilities of BS-DB (cov.bsdb), coverage probabilities of debiased Lasso
(cov.db), standard errors of BS-DB (se.bsdb), and standard errors of debiased Lasso (se.db)

when Σ = Σo.

s− = 1 s− = s/2
s β cov.bsdb cov.db se.bsdb se.db cov.bsdb cov.db se.bsdb se.db
4 4 0.936 0.762 0.10 0.10 0.948 0.818 0.10 0.10
4 2 0.950 0.674 0.10 0.10 0.928 0.808 0.10 0.10
4 0.2 0.944 0.662 0.10 0.10 0.924 0.786 0.10 0.10
4 0 0.946 0.846 0.10 0.10 0.940 0.876 0.10 0.10
8 4 0.928 0.530 0.11 0.10 0.926 0.688 0.11 0.11
8 2 0.930 0.464 0.11 0.10 0.946 0.706 0.11 0.11
8 0.2 0.958 0.492 0.11 0.10 0.926 0.702 0.11 0.11
8 0 0.952 0.646 0.11 0.10 0.948 0.810 0.11 0.11
12 4 0.840 0.512 0.23 0.21 0.924 0.622 0.11 0.11
12 2 0.904 0.378 0.23 0.21 0.936 0.610 0.11 0.11
12 0.2 0.948 0.514 0.23 0.21 0.956 0.658 0.11 0.11
12 0 0.940 0.638 0.23 0.21 0.950 0.704 0.11 0.11

4.3. When the irrepresentable condition does not hold

In this subsection, we consider a scenario where the irrepresentable condition
does not hold. Specifically, we set Σj,j = 1, 1 ≤ j ≤ p. The upper diagonal
of Σ is such that Σj,k = 0.15 if s + 1 ≤ k ≤ 16 and j ≤ 16 and Σj,k = 0
otherwise. The true Σ remains to be unknown. It is easy to check that for φ
defined in Condition 3.3, it holds that φ = 0.6 for s = 4, φ = 1.2 for s = 8
and φ = 1.8 for s = 12. Hence, the irrepresentable condition does not hold with
the current Σ when s ∈ {8, 12}. We examine the performance of the BS-DB
and debiased Lasso in this case. Other parameters are set to be the same as in
Section 4.1.

In the current setting, the results in Table 3 show that the BS-DB still pro-
vides more accurate coverage than the debiased Lasso but both methods are
severely biased when (s, s−) = (12, 1). One reason is that, as in the case of Sec-
tion 4.2, the estimated noise levels are largely biased and hence the choices of
tuning parameters are improper. The confidence intervals are also wider when
(s, s−) = (12, 1) and one can see that all three variance estimators are severely
biased in this case.
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Table 3

Coverage probabilities of BS-DB (cov.bsdb), coverage probabilities of debiased Lasso
(cov.db), standard errors of BS-DB (se.bsdb), and standard errors of debiased Lasso (se.db)

when the irrepresentable condition does not hold.

s− = 1 s− = s/2
s β cov.bsdb cov.db se.bsdb se.db cov.bsdb cov.db se.bsdb se.db
4 4 0.934 0.886 0.10 0.10 0.916 0.908 0.10 0.10
4 2 0.908 0.850 0.10 0.10 0.932 0.910 0.10 0.10
4 0.2 0.938 0.874 0.10 0.10 0.950 0.906 0.10 0.10
4 0 0.922 0.356 0.11 0.10 0.940 0.496 0.11 0.10
8 4 0.874 0.396 0.12 0.10 0.850 0.808 0.11 0.10
8 2 0.874 0.390 0.12 0.10 0.856 0.758 0.11 0.10
8 0.2 0.944 0.538 0.12 0.10 0.910 0.820 0.11 0.10
8 0 0.926 0.006 0.12 0.10 0.826 0.076 0.11 0.10
12 4 0.270 0.202 0.32 0.29 0.820 0.620 0.11 0.10
12 2 0.326 0.162 0.33 0.29 0.814 0.608 0.11 0.10
12 0.2 0.278 0.272 0.33 0.29 0.848 0.676 0.11 0.10
12 0 0.084 0.000 0.33 0.29 0.630 0.002 0.11 0.10

Table 4

Median of absolute errors for estimated noise level with identity covariance matrix, Σ = Σo,
and when the irrepresentable condition (IRP) does not hold.

Σ = Ip Σ = Σo IRP does not hold
(s, s−) sc-Las MSR Prop sc-Las MSR Prop sc-Las MSR Prop
(4,1) 0.06 0.33 0.05 0.07 0.38 0.05 0.06 0.32 0.05
(4,2) 0.06 0.24 0.06 0.06 0.27 0.06 0.05 0.24 0.05
(8,1) 0.23 0.87 0.05 0.35 0.16 0.07 0.22 0.88 0.05
(8,4) 0.12 0.50 0.07 0.14 0.56 0.06 0.09 0.47 0.05
(12,1) 0.69 1.96 0.06 1.42 3.44 0.10 1.99 3.66 1.90
(12,6) 0.26 0.86 0.10 0.31 0.98 0.09 0.20 0.76 0.06

5. Discussion

In this paper, we propose the BS-DB procedure for constructing confidence in-
tervals for regression coefficients in high-dimensional linear models. Our analysis
shows that, under the irrepresentable condition and other mild technical con-
ditions, the BS-DB estimator has smaller order of bias in existence of a large
proportion of strong signals in comparison to the debiased Lasso considered in
the existing literature. If the irrepresentable condition does not hold, then BS-
DB is guaranteed to perform no worse than the debiased Lasso asymptotically.
Hence, the BS-DB is a robust and competitive alternative of the original de-
biased Lasso estimator. From our numerical studies, we see that an accurate
estimate of noise level is a key ingredient for inference as it can affect the choice
of tuning parameters and the uncertainty quantification. It would also be of
interest to develop some robust confidence intervals to compensate the bias of
the debiased estimators.
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6. Proofs of main lemmas and theorems

We first declare some notations. Let û = β̂−β and û∗ = β̂∗− β̂. For any k ∈ S,
let

X⊥
k = Xk − Σk,Ak

Σ−1
Ak,Ak

XAk
.

Let Ak = S \ {k} if j ∈ S and Ak = S if j /∈ S. Let β̂
(k)
Ak

denote the “leave-one-
out” Lasso estimate of βAk

given the oracle S:

β̂(k) = argmin
b∈Rp

{
1

2n
‖y −XSbS‖22 + λ‖bAj‖1 : bk = βk, bSc = 0

}
. (27)

We mention that throughout our proof (except for Theorem 3.7), we re-
peatedly using the fact that XΘj is independent of X−j when X is Gaussian
distributed. This is because the covariance between X−j and XΘj is zero.

6.1. Proof of Theorem 3.3

Proof. First consider the case with known Θj . (i) If j /∈ S,

β̂
(DB)
j − βj =(eTj −ΘT

j Σ
n)û+

〈ẑj , ε〉
n

.

In the event that {Ŝ ⊆ S}, ûSc = 0 and (46) holds. As a result,

β̂
(DB)
j − βj = (−ΘT

j Σ
n)S(Σ

n
S,S)

−1Wn
S︸ ︷︷ ︸

rj,1

+λ(ΘT
j Σ

n)S(Σ
n
S,S)

−1sgn(β̂S)︸ ︷︷ ︸
rj,2

+
〈ẑj , ε〉
n

.

Conditioning on X, using the sub-Gaussian property of ε, we have with proba-
bility at least 1− exp(−c1n),

|rj,1| ≤ C1K2

√
ΘT

j Σ
n
.,S(Σ

n
S,S)

−1Σn
S,.Θj

n
≤ C1K2‖Σn

S,.Θj‖2‖(Σn
S,S)

−1‖1/22 /
√
n

≤ C1K2

√
s‖(Σn

S,S)
−1‖1/22 /n,

where the last step is due to XΘj is independent of XS . Using Lemma A.1,
given that n � s,

|rj,1| = OP

(
K2

√
K1s

n
√
Cmin

)
.

We bound rj,2 as

|rj,2| ≤ λ
∣∣∣ΘT

j Σ
n
.,S(Σ

n
S,S)

−1sgn(β̂S)
∣∣∣

= λ
∣∣∣Θj,Ssgn(β̂S) + Θj,ScΣn

Sc,S(Σ
n
S,S)

−1sgn(β̂S)
∣∣∣ .
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Define
X⊥

Sc = XSc −XSΣ
−1
S,SΣS,Sc . (28)

Then

(Σn
S,S)

−1Σn
S,ScΘSc,j = Σ−1

S,SΣS,ScΘSc,j +
1

n
(Σn

S,S)
−1XT

S X
⊥
ScΘSc,j

= −ΘS,j +
1

n
(Σn

S,S)
−1XT

S X
⊥
ScΘSc,j ,

where the last step is due to ΘS,j + Σ−1
S,SΣS,ScΘSc,j = 0 for j /∈ S. Then we

have

|rj,2| = λ

∣∣∣∣ 1nsgn(β̂S)
T (Σn

S,S)
−1XT

S X
⊥
ScΘSc,j

∣∣∣∣ .
By the Gaussian property of X, X⊥

Sc is Gaussian and is independent of XS .
Conditioning on XS and ε, we have x⊥

i,ScΘSc,j ∼ N(0,Θj,ScΘ−1
Sc,ScΘSc,j). Notice

that
Θj,ScΘ−1

Sc,ScΘSc,j ≤ Θj,j ≤ K1.

Since β̂S is a function of XS and ε, X⊥
ScΘSc,j is independent of XS and β̂S .

Hence,

|rj,2| = OP

⎛⎝λ

√
sgn(β̂S)T (Σn

S,S)
−1sgn(β̂S)K1

n

⎞⎠ = OP

(
λ

√
s

n

)
,

where we use the fact that

sgn(β̂S)
T (Σn

S,S)
−1sgn(β̂S) ≤ ‖sgn(β̂S)‖22‖(Σn

S,S)
−1‖2 = OP (s/Cmin).

Together with the bound for |rj,1|, for j /∈ S and λ �
√
log p/n, we arrive at

|r̂emo
j | ≤ |rj,1|+ |rj,2| = OP

(√
s log p

n

)
.

(ii) If j ∈ S, we use an leave-one-out argument. In the event that Ŝ ⊆ S, for

β̂(k) defined via (27), it holds that

β̂
(DB)
j − βj = (eTj −ΘT

j Σ
n)û+

〈ẑj , ε〉
n

= (eTj −ΘT
j Σ

n)Aj (β̂
(j)
Aj

− βAj )︸ ︷︷ ︸
rj,1

+(eTj −ΘT
j Σ

n)S(β̂S − β̂
(j)
S )︸ ︷︷ ︸

rj,2

+
〈ẑj , ε〉
n

,

where the last step is due to β̂
(j)
j = βj . For rj,1, we can bound it similarly as in

the case j /∈ S. In fact, the KKT conditions regarding β̂
(j)
Aj

gives

Σn
Aj ,Aj

(β̂
(j)
Aj

− βAj )−Wn
Aj

= −λsgn(β̂
(j)
Aj

), (29)
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where Σn
Aj ,Aj

is invertible with high probability. As a result,

rj,1 = −ΘT
j Σ

n
.,Aj

(Σn
Aj ,Aj

)−1Wn
Aj

+ΘT
j Σ

n
.,Aj

(Σn
Aj ,Aj

)−1λsgn(β̂
(j)
Aj

),

where the last step is due to β̂
(j)
Aj

is a function of X−j and ε and XΘj is in-
dependent of X−j and ε. By similar arguments as for the case j ∈ Sc, we
have

|rj,1| = OP

(√
s log p

n

)
.

For rj,2, we have∣∣∣(eTj −ΘT
j Σ

n)S(β̂S − β̂
(j)
S )
∣∣∣ ≤ |(1−ΘT

j Σ
n
.,j)ûj |+

∣∣∣(eTj −ΘT
j Σ

n)Aj (β̂Aj − β̂
(j)
Aj

)
∣∣∣

= OP (
√

K1/n)|ûj |+ ‖ΘT
j Σ

n
.,Aj

‖2‖β̂Aj − β̂
(j)
Aj

‖2
= OP (

√
K1/n)|ûj |+OP (

√
s/n)‖β̂Aj − β̂

(j)
Aj

‖2,

where last step is due to the independence between XΘj and XAj . By (46),

|ûj | ≤ ‖ûS‖2 = OP

(√
s log p

n

)
.

Using Lemma A.2, ‖β̂Aj − β̂
(j)
Aj

‖2 = OP (ρSλ). Together we have for j ∈ S,

|r̂emo
j | ≤ |rj,1|+ |rj,2| = OP

(
(ρS + 1)

√
s log p

n

)
.

It is left to deal with the case where Θ is unknown. By definition,

β̂
(DB)
j − βj = (eTj − γ̂TΣn

〈Xj , Xγ̂〉 )û+
ẑTj ε

n
.

Using KKT condition of (4), we have

|r̂emo
j | =

∣∣(eTj − γ̂TΣn

〈Xj , Xγ̂〉 )û
∣∣ ≤ ∥∥∥∥eTj − γ̂TΣn

〈Xj , Xγ̂〉

∥∥∥∥
∞

‖ûS‖1 = OP (sλλj).

6.2. Proof of Lemma 3.4

Proof. When the results of Lemma 3.2 hold, Âj ⊆ Aj . Let B̂j = Aj ∩ Âc
j .
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(i) We first study the case where Θ is known. By (9) and (46), in the event
Ω0 (19) we have

β̂
(mDB)
j − βj = (eTj − ŵT

j X/n)û+
ŵT

j ε

n
= −ŵT

j XAj ûAj/n+
ŵT

j ε

n

= b̂j +
1

n
ŵT

j XAj ûAj − b̂j︸ ︷︷ ︸
r̂j

+
ŵT

j ε

n
, (30)

where

b̂j =
1

n
ŵT

j XAj (Σ
n
Aj ,Aj

)−1λsgn(β̂
(j)
Aj

) (31)

for β̂(j) defined in (27). For r̂j , using the definition of ŵj in (15), we have

|r̂j | ≤

∣∣∣∣∣∣
ΘT

j X
TP⊥

Âj
XAj (β̂Aj − β̂

(j)
Aj

)

〈Xj , P⊥
Âj

XΘj〉

∣∣∣∣∣∣︸ ︷︷ ︸
r̂j,1

+

∣∣∣∣∣∣
ΘT

j X
TP⊥

Âj
XAj (β̂

(j)
Aj

− βAj )

〈Xj , P⊥
Âj

XΘj〉
− b̂j

∣∣∣∣∣∣︸ ︷︷ ︸
r̂j,2

For the denominators in r̂j,1 and r̂j,2, noticing that

1

n
|〈Xj , P

⊥
Âj

XΘj〉| ≥
1

nΘj,j
|〈XΘj , P

⊥
Âj

XΘj〉| −
1

n
|〈P⊥

Âj
X−jΣ

−1
−j,−jΣ−j,j , XΘj〉|

=
1

nΘj,j
‖P⊥

Âj
XΘj‖22 −

1

nΘj,j
|〈P⊥

Âj
X−jΘj,−j , XΘj〉|

= 1−OP (|Âj |/n+ n−1/2), (32)

where the last step is due to P⊥
Âj

X−j is a function of X−j and is independent

of XΘj . For the numerator of r̂j,1,

|ΘT
j X

TP⊥
Âj

XAj (β̂Aj − β̂
(j)
Aj

)| ≤ ‖ΘT
j X

TP⊥
Âj

XB̂j
‖2‖β̂B̂j

− β̂
(j)

B̂j
‖2

≤ ‖ΘT
j X

TP⊥
Âj

XB̂j
‖2OP (ρSλ1(j ∈ S)) ,

where the first step is due to the projection and the second step is due to Lemma

A.2 if j ∈ S and β̂S = β̂
(j)
S if j /∈ S. Since P⊥

Âj
XB̂j

is a function of X−j , which

is independent of XΘj , we have

‖ΘT
j X

TP⊥
Âj

XB̂j
‖22 = OP (Θj,jTr(X

T
B̂j

P⊥
Âj

XB̂j
)) = OP (|B̂j |n).

Since |B̂j | ≤ s− with high probability, we have

|r̂j,1| = OP (ρS
√
s−λ1(j ∈ S)/

√
n).

For r̂j,2, by the definition of β̂
(j)
Aj

in (27), it holds that

β̂
(j)
Aj

− βAj = (Σn
Aj ,Aj

)−1XT
Aj

ε/n− λ(Σn
Aj ,Aj

)−1sgn(β̂
(j)
Aj

)
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and hence

|r̂j,2| =

∣∣∣∣∣∣
ΘT

j X
TP⊥

Âj
XAj (Σ

n
Aj ,Aj

)−1Wn
Aj

〈Xj , P⊥
Âj

XΘj〉

∣∣∣∣∣∣ .
Using the sub-Gaussian property of ε conditioning on X, we have

|r̂j,2| = OP (σ‖PAjP
⊥
Âj

XΘj‖2/n) = OP (
√
s−/n).

where the last step is due to the independence between XΘj and P⊥
Âj

XAj and

‖PAjP
⊥
Âj

XΘj‖22 = OP (Tr(PAjP
⊥
Âj

)) ≤ s−.

Together we have,

|r̂j | = OP (ρS
√
s−λ1(j ∈ S)/

√
n) + oP (

√
s−/n).

For the bootstrapped estimate of bias, b̂∗j defined in (10), for b̂j defined in
(31)

b̂∗j = −ŵT
j XAj û

∗
Aj

/n = b̂j −
(
1

n
ŵT

j XAj û
∗
Aj

+ b̂j

)
︸ ︷︷ ︸

r̂∗j

. (33)

Notice that

|r̂∗j | ≤
1

n
|ŵT

j XAj (β̂
∗
Aj

− β̂
∗,(j)
Aj

)|︸ ︷︷ ︸
r̂∗j,1

+
1

n
|ŵT

j XAj (β̂
∗,(j)
Aj

− β̂
(j)
Aj

)− b̂j |︸ ︷︷ ︸
r̂∗j,2

+
1

n
|ŵT

j XAj (β̂
(j)
Aj

− β̂Aj )|︸ ︷︷ ︸
r̂∗j,3

.

where r̂∗j,3 = r̂j,1. By Lemma A.3, r̂∗j,1 can be similarly bounded as for r̂j,1.
Therefore,

|r̂∗j,1|+ |r̂∗j,3| = OP (
√
s−ρSλ1(j ∈ S)/

√
n).

For r̂∗j,2, we have

|r̂∗j,2| = | 1
n
ŵT

j XAj (β̂
∗,(j)
Aj

− β̂
(j)
Aj

) +
1

n
λŵT

j XAj (Σ
n
Aj ,Aj

)−1sgn(β̂
(j)
Aj

)|

≤ | λ
nλ

ŵT
j XAj (Σ

n
Aj ,Aj

)−1W ∗
Aj

|+ λ

n
|ŵT

j XAj (Σ
n
Aj ,Aj

)−1[sgn(β̂
(j)
Aj

)− sgn(β̂
∗,(j)
Aj

)]|︸ ︷︷ ︸
r̃∗j,2

,

where the first term can be similarly bounded as r̂j,2. The second term can be
rewritten using the definition of ŵj :

r̃∗j,2 =
λ

n

|ΘT
j X

TP⊥
Âj

XAj (Σ
n
Aj ,Aj

)−1[sgn(β̂
(j)
Aj

)− sgn(β̂
∗,(j)
Aj

)]|
|XT

j P
⊥
Âj

XΘj |
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Noticing that β̂
∗,(j)
Aj

, and β̂
(j)
Aj

are functions of X−j and ε. Hence, XΘj is inde-

pendent of P⊥
Âj

XAj , β̂
∗,(j)
Aj

, and β̂
(j)
Aj

no matter j ∈ S or not. Hence,

r̃∗j,2 = OP

(
λ

n
‖P⊥

Âj
XAj (Σ

n
Aj ,Aj

)−1[sgn(β̂
(j)
Aj

)− sgn(β̂
∗,(j)
Aj

)]‖2
)

= OP

(
λ√
n
‖(Σn

Aj ,Aj
)−1‖1/22 ‖sgn(β̂(j)

Aj
)− sgn(β̂

∗,(j)
Aj

)‖2
)
.

If j /∈ S, β̂
(j)
S = b̌S defined in (43) and β̂

∗,(j)
S = b̌∗S defined in (48). We have

‖sgn(β̂(j)
Aj

)− sgn(β̂
∗,(j)
Aj

)‖2
≤ ‖sgn(b̂∗Aj

)− sgn(βAj )‖2 + ‖sgn(β̂∗
Aj

)− sgn(βAj )‖2 ≤ √
s−.

If j ∈ S, we have for a large enough constant C, it holds with high probability
that

‖β̂(j)
Aj

− β̂
∗,(j)
Aj

‖∞ ≤ ‖β̂(j)
Aj

− β̂Aj‖∞ + ‖β̂∗
Aj

− β̂
∗,(j)
Aj

‖∞ + ‖β̂∗
Aj

− β̂Aj‖∞ ≤ CρSλ,

where the last step is due to Lemma A.2, Lemma A.3 and Lemma 3.2. Therefore,
with high probability,

‖sgn(β̂(j)
Aj

)− sgn(β̂
∗,(j)
Aj

)‖22 ≤ |{k ∈ Aj : |β̂(j)
k | ≤ C∗ρSλ}|

≤ |{k ∈ Aj : |βk| ≤ (C + C∗)ρSλ}| ≤ |S−|.

Hence, we have proved

|r̂∗j | = OP (
√
s−λ/

√
n+

√
s−ρSλ/

√
n1(j ∈ S)).

Invoking (30) and (33),

β̂
(BS−DB)
j − βj =

ŵT
j ε

n
+ b̂j − r̂j − (b̂j − r̂∗j ) =

ŵT
j ε

n
+ |r̂j |+ |r̂∗j |.

The proof for known Θ is complete.
(ii) Next we consider unknown Θ. By (9) and Lemma 3.1 we have

β̂
(mDB)
j − βj = (eTj − ŵT

j X/n)û+
ŵT

j ε

n
= −ŵT

j XAj ûAj/n+
ŵT

j ε

n

=
1

n
ŵT

j XAje
T
Aj

(Σn
S,S)

−1[λsgn(β̂S)−Wn
S ] +

ŵT
j ε

n

= b̂j −
1

n
ŵT

j XAje
T
Aj

(Σn
S,S)

−1Wn
S︸ ︷︷ ︸

r̂j

+
ŵT

j ε

n
,

where

b̂j = − 1

n
ŵT

j XAje
T
Aj

(Σn
S,S)

−1λsgn(β̂S). (34)
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By the KKT condition of (16),

Σn
Âj ,.

κ̂ = 0 and Σn
Ŝc\{j},.κ̂ = −λjsgn(κ̂Ŝc\{j}). (35)

As a result,

|r̂j | =
∣∣∣∣ 1nŵT

j XB̂j
eT
B̂j

(Σn
S,S)

−1Wn
S

∣∣∣∣ ≤ |B̂j |‖ŵT
j XB̂j

/n‖∞‖eT
B̂j

(Σn
S,S)

−1Wn
S ‖∞

≤ |B̂j |‖ŵT
j XB̂j

/n‖∞ max
k∈S−

‖eTk (Σn
S,S)

−1Wn
S ‖∞ = OP (s−λjλ),

where the first and last step are due to the (35), the third step is due to B̂j ⊆ S−
with high probability.

For the bootstrapped estimate of bias,

b̂∗j = −ŵT
j XAj û

∗
Aj

/n =
λ

n
ŵT

j XAje
T
Aj

(Σn
S,S)

−1sgn(β̂∗
S)

= b̂j +
1

n
ŵT

j XAje
T
Aj

(Σn
S,S)

−1[λsgn(β̂∗
S)− λsgn(β̂S)]︸ ︷︷ ︸

r̂∗j

.

Now we bound r̂∗j . Using (35) again, we have

|r̂∗j | =λ| 1
n
ŵT

j XAje
T
Aj

(Σn
S,S)

−1[sgn(β̂∗
S)− sgn(β̂S)]|

=
nλλj

〈Xj , P⊥
Âj

Xκ̂〉

∣∣∣sgn(κ̂B̂j
)T eT

B̂j
(Σn

S,S)
−1eS−(sgn(β̂

∗
S−)− sgn(β̂S−))

∣∣∣
≤ λλj(1 + oP (1))‖sgn(κ̂B̂j

)‖2‖(Σn
S,S)

−1‖2‖sgn(β̂∗
S−)− sgn(β̂S−)‖2

≤ OP (s−λλj/Cmin),

where the first step is by (35), the second step is due to (32) and the last step
is due to Lemma 3.2. Therefore, r̂∗j = OP (s−λλj).

Proof of Theorem 3.6. By Lemma 3.4, we are left to establish the asymptotic
normality of 〈ŵj , ε〉/

√
n.

First consider the case where Θj is known. Since P⊥
Âj

ε is a function of ε and

X−j , it is independent of XΘj . As 〈XΘj , P
⊥
Âj

ε〉|X−j , ε ∼ N(0, ‖P⊥
Âj

ε‖22Θj,j) and

〈Xj , P
⊥
Âj

XΘj〉/n = Θj,j + oP (1), we have for any t ∈ R,

P
(
〈ŵj , ε〉/

√
n ≤ t|X−j , ε

)
= Φ(Θ

1/2
j,j t/σ) + o(1).

Together with Lemma 3.4,

P

(√
n(β̂

(BS−DB)
j − βj) ≤ t

)
= Φ(Θ

1/2
j,j t/σ) + o(1).

The fact that ‖ŵj‖2/
√
n = Θ

1/2
j,j + oP (1) can be similarly shown as above.
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Next, we consider the case where Θ is unknown. Let κ∗ = Θ−1
j,jΘj and κ be

such that
XT

Âj
Xκ = 0 and κÂc

j
= κ∗

Âc
j

.

Notice that κÂj
= −(Σn

Âj ,Âj
)−1Σn

Âj ,Âc
j

κÂc
j
= −(Σn

Âj ,Âj
)−1Σn

Âj ,Âc
j

κ∗
Âc

j

and κj =

κ∗
j = 1. Let v̂ = κ̂− κ. For some positive constant φ0, define

E1 =
{
‖Σn

Ŝc∩{−j},.κ‖∞ ≤ λj/2,

inf
|J|≤‖κŜc∩{−j}‖0

inf
‖uJc‖1≤3‖uJ‖1 
=0

‖P⊥
Âj

XŜc∩{−j}u‖22
n‖uJ‖22

≥ φ0 > 0

⎫⎬⎭ . (36)

We first prove the desired results in the event E1. At the end of the proof, we
verify that E1 holds with high probability.

In view of (16), we have

1

2n
‖Xv̂‖22 ≤ |v̂TΣnκ|+ λj‖κŜc∩{−j}‖1 − λj‖κ̂Ŝc∩{−j}‖1

= |v̂T
Âc

j

Σn
Âc

j ,.
κ|+ λj‖κŜc∩{−j}‖1 − λj‖κ̂Ŝc∩{−j}‖1

≤ ‖v̂Ŝc∩{−j}‖1‖Σ
n
Ŝc∩{−j},.κ‖∞ + λj‖κŜc∩{−j}‖1 − λj‖κ̂Ŝc∩{−j}‖1,

where the second step follows from the definition of κ and the last step is due
to κj = κ̂j = 1. In event E1, the following oracle inequality holds:

1

2
v̂TΣnv̂ ≤ λj‖κŜc∩{−j}‖1 − λj‖κ̂Ŝc∩{−j}‖1 +

λj

2
‖v̂Ŝc∩{−j}‖1, (37)

where

v̂TΣnv̂ =
1

n
‖P⊥

Âj
XŜc∩{−j}v̂Ŝc∩{−j}‖

2
2.

Let J denote the support of κŜc∩{−j}. Standard decomposition of the right hand

side of (37) leads to

1

2n
‖P⊥

Âj
XŜc∩{−j}v̂Ŝc∩{−j}‖

2
2 ≤ 3λj

2

∑
k∈J

|v̂k| −
λj

2

∑
k∈Ŝc∩{−j}\J

|v̂k|.

Using the second statement in event E1, we have

φ0

2
‖v̂J‖22 ≤ 3λj

2

∑
k∈J

|v̂k| ≤
3λj

2

√
|J |‖v̂J‖2.

Hence,

|v̂J‖2 ≤ 3λj

√
|J |

φ0
, ‖v̂J‖1 ≤

√
|J |‖v̂J‖2 ≤ 3λj |J |

φ0
, and

‖v̂Ŝc∩{−j}‖1 ≤ (1 + 3)‖v̂J‖1 ≤ 12λj |J |
φ0

.
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According to our choice of λj , we arrive at

‖v̂Âc
j
‖1 = OP

(
‖κŜc∩{−j}‖0

φ0

√
log p

n

)
.

Therefore,

〈ε,Xκ̂〉
n

=
〈ε,Xκ〉

n
+

〈ε,XŜc∩{−j}v̂Ŝc∩{−j}〉
n

=
〈ε,Xκ〉

n
+

∥∥∥∥XT ε

n

∥∥∥∥
∞

‖‖v̂Ŝc∩{−j}‖1 =
〈ε,Xκ〉

n
+OP

(
‖ΘŜc∩{−j},j‖0 log p

n

)
,

where 〈ε,Xκ〉/n = 〈ε, P⊥
Âj

XÂc
j
κ∗
Âc

j

〉/n. The rest of proof follows from the above

statement for known Θ.
It is left to verify P(E1) → 1 for E1 defined in (36). We first notice that

Σn
Ŝc∩{−j},.κ =

1

n
〈XŜc∩{−j}, Xj +XÂj

κÂj
+XŜc∩{−j}κŜc∩{−j}〉

=
1

n
〈XŜc∩{−j}, P

⊥
Âj

(Xj +XŜc∩{−j}κŜc∩{−j})〉

=
1

n
〈XŜc∩{−j}, P

⊥
Âj

XÂc
j
κÂc

j
〉 = 1

n
〈XŜc∩{−j}, P

⊥
Âj

Xκ∗〉,

where the last step is due to P⊥
Âj

XÂc
j
κÂc

j
= P⊥

Âj
XÂc

j
κÂc

j
+ P⊥

Âj
XÂj

κ∗
Âj

and

κÂc
j
= κ∗

Âc
j

. By the Gaussian property of X, Xκ∗ is independent of X−j . As

P⊥
Âj

XŜc∩{−j} is a function of X−j ,

P

(
‖Σn

Ŝc∩{−j},.κ‖∞ ≥ c1
√
log p/n

)
= o(1)

for some positive constant c1. Hence, for λj = C
√
log p/n0 with large enough

constant C, the first statement in event E1 holds with high probability.
For the second statement, in the event that S+ ⊆ S̃ ⊆ S, it holds that

P

⎛⎝ inf
|J|≤‖κ

Ŝc∩{−j}‖0
inf

‖uJc‖1≤3‖uJ‖1 �=0

‖P⊥
Âj

XŜc∩{−j}u‖
2
2

n‖uJ‖22
≤ φ0

⎞⎠
≤ 2s− max

S+⊆S̃⊆S
P

(
inf

|J|≤‖κ
S̃c∩{−j}‖0

inf
‖uJc‖1≤3‖uJ‖1 �=0

‖P⊥
Ãj

XS̃c∩{−j}u‖22
n‖uJ‖22

≤ φ0

)
+ o(1),

where Ãj = S̃ ∩ {−j} and inequality is because there are at most 2s− different

S̃. We further use the fact that

inf
‖uJc‖1≤3‖uJ‖1 
=0

‖P⊥
Ãj

XS̃c∩{−j}u‖22
n‖uJ‖22

= inf
‖uJc‖1≤3‖uJ‖1 
=0

‖|P⊥
Ãj

X⊥
S̃c∩{−j}u‖

2
2

n‖uJ‖22
,

where X⊥
S̃c∩{−j} = XS̃c∩{−j} − XÃj

Σ−1

Ãj ,Ãj
ΣÃj ,S̃c∩{−j} is independent of XÃj

.

Let {g1, . . . , gn−|Ãj |} be an orthonormal basis for the complement of the column
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space of XÃj
. Then we have

‖P⊥
Ãj

X⊥
S̃c∩{−j}u‖

2
2 =

n−|Ãj |∑
k=1

‖gTk X⊥
S̃c∩{−j}u‖

2
2,

where gTk X
⊥
S̃c∩{−j}|XÃj

is Gaussian with mean zero and variance

gTk Σ
⊥
S̃c∩{−j},S̃c∩{−j}gk, where

Σ⊥
S̃c∩{−j},S̃c∩{−j} = ΣS̃c∩{−j},S̃c∩{−j} − ΣS̃c∩{−j},Ãj

Σ−1

Ãj ,Ãj
ΣÃj ,S̃c∩{−j}.

Moreover, vTk X
⊥
S̃c∩{−j} is independent of vTk′X⊥

S̃c∩{−j} for k �= k′ conditioning

on XÃj
. We can then use Theorem 1.6 of Zhou [37] to show that

2s−P

⎛⎝ inf
|J|≤‖κS̃c∩{−j}‖0

inf
‖uJc‖1≤3‖uJ‖1 
=0

n−|Ãj |∑
k=1

‖gTk X⊥
S̃c∩{−j}u‖

2
2 ≤ φ0

⎞⎠
≤ 2s−P

(
inf

|J|≤‖κ(S+)c‖0

inf
‖uJc‖1≤3‖uJ‖1 
=0

n−s∑
k=1

‖gTk X⊥
S̃c∩{−j}u‖

2
2 ≤ φ0

)
= o(1)

if n−s � max{max{‖κ(S+)c‖0, 1} log p, s−} and Λmin(Σ
⊥
S̃c∩{−j},S̃c∩{−j}) ≥ 2φ0.

In fact,
{Σ⊥

S̃c∩{−j},S̃c∩{−j}}
−1 = {(Σ−j,−j)

−1}S̃c∩{−j},S̃c∩{−j},

which is positive definite for any S+ ⊆ S̃ ⊆ S.
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[13] Dezeure, R., P. Bühlmann, and C.-H. Zhang (2017). High-dimensional si-
multaneous inference with the bootstrap. Test 26 (4), 685–719. MR3713586

[14] Fan, J. and R. Li (2001). Variable selection via nonconcave penalized like-
lihood and its oracle properties. Journal of the American statistical Asso-
ciation 96 (456), 1348–1360. MR1946581

[15] Fang, E. X., Y. Ning, and H. Liu (2017). Testing and confidence intervals
for high dimensional proportional hazards models. Journal of the Royal
Statistical Society: Series B (Statistical Methodology) 79 (5), 1415–1437.
MR3731669

[16] Jankova, J. and S. Van De Geer (2015). Confidence intervals for high-
dimensional inverse covariance estimation. Electronic Journal of Statis-
tics 9 (1), 1205–1229. MR3354336

[17] Javanmard, A. and A. Montanari (2014). Confidence intervals and hypoth-
esis testing for high-dimensional regression. Journal of Machine Learning
Research 15, 2869–2909. MR3277152

[18] Javanmard, A. and A. Montanari (2018). Debiasing the lasso: Optimal
sample size for gaussian designs. The Annals of Statistics 46 (6A), 2593–
2622. MR3851749

[19] Knight, K. and W. Fu (2000). Asymptotics for lasso-type estimators. The
Annals of Statistics 28 (5), 1356–1378. MR1805787

[20] Lee, J. D., D. L. Sun, et al. (2016). Exact post-selection inference, with ap-
plication to the lasso. The Annals of Statistics 44 (3), 907–927. MR3485948

http://www.ams.org/mathscinet-getitem?mr=3650395
http://www.ams.org/mathscinet-getitem?mr=2382644
http://www.ams.org/mathscinet-getitem?mr=2680074
http://www.ams.org/mathscinet-getitem?mr=2847974
http://www.ams.org/mathscinet-getitem?mr=3113809
http://www.ams.org/mathscinet-getitem?mr=3769544
http://www.ams.org/mathscinet-getitem?mr=3161448
http://www.ams.org/mathscinet-getitem?mr=3713586
http://www.ams.org/mathscinet-getitem?mr=1946581
http://www.ams.org/mathscinet-getitem?mr=3731669
http://www.ams.org/mathscinet-getitem?mr=3354336
http://www.ams.org/mathscinet-getitem?mr=3277152
http://www.ams.org/mathscinet-getitem?mr=3851749
http://www.ams.org/mathscinet-getitem?mr=1805787
http://www.ams.org/mathscinet-getitem?mr=3485948


2328 S. Li

[21] Lockhart, R., J. Taylor, R. J. Tibshirani, and R. Tibshirani (2014). A sig-
nificance test for the lasso. The Annals of statistics 42 (2), 413–468.
MR3210970

[22] Mammen, E. (1993). Bootstrap and wild bootstrap for high dimensional
linear models. The Annals of Statistics 21 (1), 255–285. MR1212176
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Appendix A: Proof of lemmas and theorems in Section 3

A.1. Some technical lemmas

Lemma A.1. Under Condition 3.1–Condition 3.3, we have the following re-
sults. Let c1 > 4, c2 > 0. For n > c1s, with probability at least 1− 2 exp(−c2n),

Cmin/4 ≤ Λmin(Σ
n
S,S) ≤ Λmax((Σ

n
S,S)) ≤ 4Cmax. (38)

Proof of Lemma A.1. The proof is standard. See Corollary 5.35 of [29].

Lemma A.2. Under conditions 3.1–3.3, if s log p ≤ c0n for a small enough
constant c0, then it holds that with with probability at least 1 − c1/p− c2s/n −
exp(−c3n), there exists a large enough constant C such that for β̂

(k)
Ak

defined in
(27),

max
k∈S

∥∥∥β̂Ak
− β̂

(k)
Ak

∥∥∥
2
≤ CρSλ.

Proof of Lemma A.2. We justify Lemma A.2 in the event {C1 ≤ Λmin(Σ
n
S,S) ≤

Λmax(Σ
n
S,S) ≤ C2}, which holds with high probability by Lemma A.1. We sim-

ilarly show the results of Lemma 6.4–Lemma 6.7 in Javanmard and Montanari
[18] under current conditions. Specifically, define

uk(b) =
XT

k (ε+XAk
(βAk

− b))

n
.

By (82) of Javanmard and Montanari [18], we have

1

2n

∥∥∥P⊥
Xk

XAk
(β̂Ak

− β̂
(k)
Ak

)
∥∥∥2
2
≤ |u(β̂(k)

Ak
)|
∣∣∣u(β̂Ak

)− u(β̂
(k)
Ak

)
∣∣∣ . (39)

Noticing that

max
k∈S

|u(β̂(k)
Ak

)| = max
k∈S

∣∣∣∣∣XT
k (ε+XAk

(βAk
− β̂

(k)
Ak

))

n

∣∣∣∣∣
≤ max

k∈S

∣∣∣∣XT
k ε

n

∣∣∣∣+max
k∈S

∣∣∣Σk,Ak
Σ−1

Ak,Ak
Σn

Ak,Ak
(βAk

− β̂
(k)
Ak

)
∣∣∣

+max
k∈S

∣∣∣∣∣ 〈X⊥
k , XAk

(βAk
− β̂

(k)
Ak

)〉
n

∣∣∣∣∣ ,
where the first term is no larger that c1

√
log p/n with probability at least 1 −

c2/p, the second term can be bounded by

max
k∈S

1

eTkΣ
−1
S,Sek

|eTkΣ−1
S,SeAk

Σn
Ak,Ak

(βAk
− β̂

(k)
Ak

)|

≤ 1

Cmin
ρS max

k∈S
‖Σn

Ak,Ak
(βAk

− β̂
(k)
Ak

)‖∞ ≤ λρS
Cmin

,
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where the last step is due to the KKT condition of β̂
(k)
Ak

. With probability at
least 1− c3/p, it holds that

max
k∈S

∣∣∣∣∣ 〈X⊥
k , XAk

(βAk
− β̂

(k)
Ak

)〉
n

∣∣∣∣∣ ≤ c4K1

√
log p/nmax

k∈S
‖XAk

(βAk
− β̂

(k)
Ak

)‖2.

It is left to show that

1√
n
max
k∈S

‖XAk
(βAk

− β̂
(k)
Ak

)‖2 = oP (1).

Using the KKT condition of (27),

β̂
(k)
Ak

− βAk
= (Σn

Ak,Ak
)−1Wn

Ak
− λ(Σn

Ak,Ak
)−1sgn(β̂

(k)
Ak

)

and hence

1

n
‖XAk

(β̂
(k)
Ak

− βAk
)‖22 ≤ 2

n
‖PAk

ε‖22 + 2λ2sgn(β̂
(k)
Ak

)T (Σn
Ak,Ak

)−1sgn(β̂
(k)
Ak

),

where PAk
= XAk

(XT
Ak

XAk
)−1XT

Ak
. Using the fact that Ak ⊆ S for any k ∈ S,

we further have

max
k∈S

1

n
‖XAk

(β̂
(k)
Ak

− βAk
)‖22

≤ max
k∈S

2

n
‖PAk

ε‖22 + 2λ2 max
k∈S

sgn(β̂
(k)
Ak

)T (Σn
Ak,Ak

)−1sgn(β̂
(k)
Ak

)

≤ 2

n
‖PSε‖22 + 2sλ2 max

k∈S
‖(Σn

Ak,Ak
)−1‖2 ≤ c4K

2
2s

n
+

4sλ2

Cmin
, (40)

with probability at least 1−c5s/n−exp(−c6n). The last step is by Cheybeshev’s
inequality and the fact that

(Σn
Ak,Ak

)−1 � (Σn
S,S)

−1
Ak,Ak

and ‖(Σn
S,S)

−1
Ak,Ak

‖2 ≤ ‖(Σn
S,S)

−1‖2.

We arrive at if s log p/n ≤ c7 for small enough constant c7, then with proba-
bility at least 1−c3/p−c5s/n−exp(−c6n), there exists a large enough constant
C such that

max
k∈S

|u(β̂(k)
Ak

)| ≤ CρSλ. (41)

Note that

max
k∈S

∣∣∣u(β̂Ak
)− u(β̂

(k)
Ak

)
∣∣∣∥∥∥β̂Ak

− β̂
(k)
Ak

∥∥∥
2

≤ max
k∈S

∥∥∥∥XT
k XAk

n

∥∥∥∥
2

≤ C2.

Together with (39) and (41), we have

max
k∈S

∥∥∥P⊥
k XAk

(β̂Ak
− β̂

(k)
Ak

)
∥∥∥2
2

2n
∥∥∥β̂Ak

− β̂
(k)
Ak

∥∥∥
2

≤ max
k∈S

|u(β̂(k)
Ak

)|max
k∈S

∣∣∣u(β̂Ak
)− u(β̂

(k)
Ak

)
∣∣∣∥∥∥β̂Ak

− β̂
(k)
Ak

∥∥∥
2

≤ C2CρSλ (42)



Bootstrapping the debiased Lasso 2331

with high probability. Define μ(k) ∈ R
s such that

μ
(k)
k = −

〈
Xk

‖Xk‖22
, XAk

(β̂Ak
− β̂

(k)
Ak

)

〉
, μ

(k)
Ak

= β̂Ak
− β̂

(k)
Ak

.

max
k∈S

∥∥∥P⊥
k XAk

(β̂Ak
− β̂

(k)
Ak

)
∥∥∥2
2

2n
∥∥∥β̂Ak

− β̂
(k)
Ak

∥∥∥2
2

= max
k∈S

‖XSμ
(k)‖22

2n
∥∥∥β̂Ak

− β̂
(k)
Ak

∥∥∥2
2

≥ C1

2
.

Together with (42), we have∥∥∥β̂Ak
− β̂

(k)
Ak

∥∥∥
2
≤ 2C2CρSλ

C1
.

with probability at least 1− c3/p− c5s/n− exp(−c6n).

A.2. Proof of Lemma 3.1

Proof of Lemma 3.1. (i) First consider a restricted Lasso problem

b̌S = argmin
b∈Rs

{
1

2n
‖y −XSbS‖22 + λ‖bS‖1

}
. (43)

Define

T o
k = XT

k

(
XS(X

T
S XS)

−1sgn(b̌S) +
P⊥
S ε

nλ

)
. (44)

By Wainwright [30], if |T o
k | < 1 for ∀k ∈ Sc, then Lasso has a unique solution

such that Ŝ ⊆ S.
Since b̌S is only a function of XS and ε, conditioning on XS and ε, T o

k is a
Gaussian random variable with mean Σk,SΣ

−1
S,Ssgn(b̌S) and variance

Var(T o
k |XS , ε) ≤ Σk,k

∥∥∥∥XS(X
T
S XS)

−1sgn(b̌S) +
P⊥
S ε

nλ

∥∥∥∥2
2

≤ Σk,k(sgn(b̌S)
T (XT

S XS)
−1sgn(b̌S) + ‖ε‖22/(nλ)2).

Let

Ω2 =
{
‖ε‖22/n ≤ 1.1σ2, Λmax((Σ

n
S,S)

−1) ≤ 4/Cmin

}
. (45)

In Ω2,

sgn(b̌S)
T (XT

S XS)
−1sgn(b̌S) ≤ ‖sgn(b̌S)‖22‖(XT

S XS)
−1‖22 ≤ 4s

nCmin
.

And hence

Var(T o
k |XS , ε) ≤ Σk,k

(
4s

nCmin
+

1.1σ2

nλ2

)
.
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Thus,

P

(
max
k∈Sc

|T o
k | ≥ max

k∈Sc
|Σk,SΣ

−1
S,Ssgn(b̌S)|+ t

∣∣Ω2

)
≤ 2(p− s) exp

{
− t2

2K1(
4s

nCmin
+ 1.1σ2

nλ2 )

}
.

By setting t = 1−φ
2 , we have for

n ≥ 128K1s log p

Cmin(1− φ)2
and λ ≥ 8.8σ

1− φ

√
K1 log p

n
,

it holds that

P

(
max
k∈Sc

|T o
k | >

1 + φ

2

∣∣Ω2

)
≤ 2 exp(− log(p− s)).

By Lemma A.1,

P (Ω2) ≥ 1− c1/n− exp(−c2n).

Therefore,

P(Ŝ ⊆ S) ≥ 1− c0/p− c1/n− exp(−c2n).

In the event that {Ŝ ⊆ S}, the KKT condition of (2) yields

ûS = (Σn
S,S)

−1Wn
S − λ(Σn

S,S)
−1sgn(β̂S). (46)

(ii) Noticing that for any k ∈ S, P{Σn
k,k ≥ Cmin/2} ≥ 1 − exp(−c2n) by

Lemma A.1 and

ûk =
1

Σn
k,k

Wn
k − λ

Σn
k,k

sgn(β̂k)−
1

Σn
k,k

Σn
k,Ak

ûAk

=
1

Σn
k,k

Wn
k − λ

Σn
k,k

sgn(β̂k)︸ ︷︷ ︸
R1,k

− 1

Σn
k,k

Σn
k,Ak

(β̂Ak
− β̂

(k)
Ak

)︸ ︷︷ ︸
R2,k

− 1

Σn
k,k

Σn
k,Ak

(β̂
(k)
Ak

− βAk
)︸ ︷︷ ︸

R3,k

,

where β̂
(k)
Ak

is the leave-one-out estimator (27). Using the sub-Gaussian property
of ε, it is easy to show that for some large enough c1,

P

(
max
k∈S

|R1,k| > c1(λ+
√
log s/n)/Cmin

)
≤ 2 exp(−c3 log p).

For R2,k, it holds that for some large enough c2,

max
k∈S

|R2,k| ≤ max
k∈S

∥∥∥∥∥ 1

Σn
k,k

Σn
k,Ak

∥∥∥∥∥
2

‖β̂Ak
− β̂

(k)
Ak

‖2 ≤ 4

√
Cmax

Cmin
ρSλ
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with probability at least 1 − c1/p − exp(−c2n) − c3/n due to Lemma A.1 and
A.2. For R3,k, it holds that

max
k∈S

∣∣∣Σn
k,Ak

(β̂
(k)
Ak

− βAk
)
∣∣∣

≤ max
k∈S

∣∣∣Σk,Ak
Σ−1

Ak,Ak
Σn

Ak,Ak
(β̂

(k)
Ak

− βAk
)
∣∣∣+max

k∈S

1

n

∣∣∣〈X⊥
k , XAk

〉(β̂(k)
Ak

− βAk
)
∣∣∣

≤ ρS max
k∈S

‖Σn
Ak,Ak

(β̂
(k)
Ak

− βAk
)‖∞ +OP (max

k∈S
‖XAk

(β̂
(k)
Ak

− βAk
)‖2/n)

≤ ρSλ+
c5
√
sλ√
n

with probability 1 − c2s/n − exp(−c3n) if s log p ≤ c4n for a small enough

constant c4. The last step is due to the KKT condition of β̂
(k)
Ak

and (40).
Together we have, for some large enough constant C, we have

max
k∈S

|uk| ≤ CρSλ

with probability at least 1−c1/p−exp(−c2n)−c3/n for some positive constants
c1 − c3.

A.3. Proof of Lemma 3.2

For β̂(k) defined in (27), define a constrained noiseless Lasso estimator

β̂∗,(k) = argmin
b∈Rp

{
1

2n
‖XS β̂

(k)
S −XSb‖22 + λ‖b‖1 : bk = βk, bSc = 0

}
. (47)

We first prove the following technical lemma.

Lemma A.3. For β̂∗,(k) defined in (47), it holds that if n ≥ c0s log p for large
enough c0, then with probability at least 1−c3/p−exp(−c4n)−c5/n there exists
a large enough constant c1 such that

max
k∈S

‖β̂∗,(k)
S − β̂∗

S‖2 ≤ c1ρSλ.

Proof of Lemma A.3. In event Ω∗
0, KKT condition of (47) and that of β̂∗ give

that

−λsgn(β̂
∗,(k)
S ) + λsgn(β̂∗

S) = Σn
S,S(β̂

∗,(k)
S − β̂

(k)
S )− Σn

S,S(β̂
∗
S − β̂S)

= Σn
S,S(β̂

∗,(k)
S − β̂∗

S) + Σn
S,S(β̂S − β̂

(k)
S ).

We arrive at

0 ≥ −λ〈β̂∗,(k)
S − β̂∗

S , sgn(β̂
∗,(k)
S )− sgn(β̂∗

S)〉
(β̂

∗,(k)
S − β̂∗

S)
TΣn

S,S(β̂
∗,(k)
S − β̂∗

S)− (β̂
∗,(k)
S − β̂∗

S)
TΣn

S,S(β̂S − β̂
(k)
S ),
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where the first step is by the definition of sub-differential. Therefore,

Λmin(Σ
n
S,S)‖β̂

∗,(k)
S − β̂∗

S‖22 ≤ ‖β̂∗,(k)
S − β̂∗

S‖2‖Σn
S,S‖2‖β̂S − β̂

(k)
S ‖2

≤
Λmin(Σ

n
S,S)

2
‖β̂∗,(k)

S − β̂∗
S‖22 +

2‖Σn
S,S‖22

Λmin(Σn
S,S)

‖β̂S − β̂
(k)
S ‖22,

where the last step follows from the Young’s inequality. In the event that {C1 ≤
Λmin(Σ

n
S,S) ≤ Λmax(Σ

n
S,S) ≤ C2}, we arrive at

max
k∈S

‖β̂∗,(k)
S − β̂∗

S‖2 ≤ C2

C1
max
k∈S

‖β̂S − β̂
(k)
S ‖2 ≤ c1ρSλ

for large enough constant c with probability at least 1−c3/p−exp(−c4n)−c5/n.
The last step is due to Lemma A.2.

Proof of Lemma 3.2. (i) Define a restricted Lasso problem with observations
(X, y∗).

b̌∗S = argmin
b∈Rs

{
1

2n
‖y∗ −XSbS‖22 + λ‖bS‖1

}
. (48)

One can use same arguments in the proof of Lemma 3.1 to get that

P{Ŝ∗ ⊆ S} ≥ 1− c1/p− c2/n− exp(−c3n).

(ii) The KKT condition for the bootstrapped Lasso gives that

û∗
S = −λ(Σn

S,S)
−1sgn(β̂∗

S).

For any k ∈ S, for β̂∗,(k) defined in (47), we have

û∗
k = −λ

1

Σn
k,k

sgn(β̂∗
k)−

1

Σn
k,k

Σn
k,Ak

û∗
Ak

= −λ
1

Σn
k,k

sgn(β̂∗
k)︸ ︷︷ ︸

R1,k

− 1

Σn
k,k

Σn
k,Ak

[β̂∗
Ak

− β̂
∗,(k)
Ak

]︸ ︷︷ ︸
R2,k

− 1

Σn
k,k

Σn
k,Ak

[β̂
∗,(k)
Ak

− β̂
(k)
Ak

]︸ ︷︷ ︸
R3,k

− 1

Σn
k,k

Σn
k,Ak

[β̂
(k)
Ak

− β̂Ak
]︸ ︷︷ ︸

R4,k

.

Note that R1,k = OP (λ). For R2,k, by Lemma A.3 we have with probability at
least 1− c4/p− c5/n− exp(−c6n), for some large enough constant c7,

max
k∈S

|R2,k| ≤ ‖Σn
S,S‖2 max

k∈S
‖β̂∗

Ak
− β̂

∗,(k)
Ak

‖2 = OP (ρSλ).
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For R3,k, by the KKT condition of β̂∗,(k), we have

max
k∈S

|R3,k|

≤ max
k∈S

∣∣∣Σk,Ak
Σ−1

Ak,Ak
Σn

Ak,Ak
[β̂

∗,(k)
Ak

− β̂
(k)
Ak

]
∣∣∣+max

k∈S

1

n
|〈X⊥

k , XAk
〉[β̂∗,(k)

Ak
− β̂

(k)
Ak

]|

≤ ρS max
k∈S

‖Σn
Ak,Ak

[β̂
∗,(k)
Ak

− β̂
(k)
Ak

]‖∞ +OP (max
k∈S

‖XAk
(β̂

∗,(k)
Ak

− β̂
(k)
Ak

)‖2/n)

= ρSλ+ oP (n
−1/2),

where the second step is due to β̂
∗,(k)
Ak

− β̂
(k)
Ak

is independent of Xk and the
last step is due to a similar argument for (40). maxk∈S |R4,k| can be similarly
bounded as for R2,k using Lemma A.2. Hence, we have with probability at least
1− c7/p− c8/n− exp(−c9n), there exists a large enough constant C∗ such that

max
k∈S

|û∗
k| ≤ C∗ρSλ.

Therefore Ω∗
0 holds with high probability. In view of Ω0 (19), for j ∈ S+,

β̂j = βj + ûj ≥ βj − max
1≤j≤p

|uj | ≥ βj − CρSλ > C ′ρSλ for βj ≥ 0.

β̂j = βj + ûj ≤ βj + max
1≤j≤p

|uj | ≤ βj + CρSλ < −C ′ρSλ for βj < 0.

In view of Ω∗
0 (20) and repeating previous arguments, we can get sgn(β̂j) =

sgn(β̂∗
j ) for j ∈ S+.

Proof of Theorem 3.7. We first notice that for ŵj defined in (15) with Θ un-
known,

β̂
(mDB)
j − βj = (eTj − ŵT

j X/n)û+
ŵT

j ε

n
.

We have∣∣(eTj − ŵT
j X/n)û

∣∣ ≤ ∥∥ŵT
j X−j/n

∥∥
∞ ‖û‖1 ≤ λj‖û‖1 = OP (sλλj),

where the second step is by the KKT condition of (16) and the last step is by
the standard analysis of the Lasso. Similarly,

|b̂∗j | =
∣∣(eTj − ŵT

j X/n)û∗∣∣ ≤ λj‖û∗‖1.

To obtain an upper bound on ‖û∗‖1, consider the oracle inequality of β̂∗:

1

2n
‖Xû∗‖22 ≤ λ‖β̂‖1 − λ‖β̂∗‖1 ≤ λ‖û∗

S‖1 + λ‖β̂Sc‖1 − λ‖β̂∗
Sc‖1

≤ λ‖û∗
S‖1 + 2λ‖β̂Sc‖1 − λ‖û∗

Sc‖1,

where we use ‖û∗
Sc‖1 ≤ ‖β̂∗

Sc‖1 + ‖β̂Sc‖1 in the last step. If 2‖β̂Sc‖1 ≥ ‖û∗
S‖1,

then the right hand side gives ‖û∗
Sc‖1 ≤ 4‖β̂Sc‖1. Hence,

‖û∗‖1 ≤ 9

2
‖β̂Sc‖1 =

9

2
‖ûSc‖1 ≤ 9

2
‖û‖1 = OP (s

√
log p/n).
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If 2‖β̂Sc‖1 < ‖û∗
S‖1, then we arrive at

1

2n
‖Xû∗‖22 ≤ λ‖β̂‖1 − λ‖β̂∗‖1 ≤ 2λ‖û∗

S‖1 − λ‖û∗
Sc‖1,

which is the usual oracle inequality. Standard analysis gives ‖û∗
S‖1 =

OP (s
√

log p/n). As a result,

β̂
(BS−DB)
j − βj = β̂

(mDB)
j − βj − b̂∗j =

ŵT
j ε

n
+OP

(
s log p

n

)
.

A.4. Proof of Lemma 3.5

Proof of Lemma 3.5. We note that

P⊥
Ŝ
y = P⊥

Ŝ
(y −XŜ β̂Ŝ) = P⊥

Ŝ
(y −Xβ̂).

When Lemma 3.2 holds true,

1

n− |Ŝ|
‖P⊥

S+
(y −Xβ̂)‖22 ≤ σ̂2 =

1

n− |Ŝ|
‖P⊥

Ŝ
(y −Xβ̂)‖22 ≤ 1

n− |Ŝ|
‖P⊥

S (y −Xβ̂)‖22.

For the left hand side,

1

n− |Ŝ|
‖P⊥

S+
(y −Xβ̂)‖22 =

1

n− |Ŝ|
‖P⊥

S+
ε‖22 +

1

n− |Ŝ|
‖P⊥

S+
Xû‖22

− 2

n− |Ŝ|
〈P⊥

S+
ε, P⊥

S+
Xû〉,

where û = β̂ − β. We have

1

n
‖P⊥

S+
Xû‖22 ≤ 1

n
‖P⊥

S+
XS− ûS−‖22 ≤ ‖Σn

S−,S−‖2‖ûS−‖22 = OP (s−ρ
2
S log p/n).

We can obtain another bound by noticing ‖ûS−‖22 ≤ ‖ûS‖22 = OP (s log p/n).
Therefore,

1

n
‖P⊥

S+
Xû‖22 = OP

(
min{ρ2Ss−, s} log p/n

)
.

Moreover, ∣∣∣∣ 1n 〈P⊥
S+

ε, P⊥
S+

XS− ûS−〉
∣∣∣∣ ≤ max

j∈S−

∣∣∣∣ 1n 〈P⊥
S+

ε, P⊥
S+

Xj〉
∣∣∣∣ ‖ûS−‖1

= OP

(√
log p

n

)
‖ûS−‖1,

where

‖ûS−‖1 ≤ min{s−‖ûS−‖∞,
√
s−‖ûS‖2} = OP

(
min{s−ρSλ,

√
s−s
√
log p/n}

)
.
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Therefore, ∣∣∣∣ 1n 〈P⊥
S+

ε, P⊥
S+

XS− ûS−〉
∣∣∣∣ = OP

(
min{ρSs−, s}

log p

n

)
.

Finally,

1

n− |Ŝ|
‖P⊥

S+
ε‖22 = σ2n− s+

n− Ŝ
+OP ((n− s)−1/2) = σ2 +OP (s−/n+ n−1/2)

for n � s ≥ |Ŝ|. Hence,

σ̂2 ≥ σ2 −OP

(
n−1/2 +

min{ρ2Ss−, s} log p
n

)
.

By similar arguments, one can show that

1

n− |Ŝ|
‖P⊥

S y‖22 = σ2 +OP

(
n−1/2 +

s−
n

)
for n � s. In view of the first inequality in the proof, the proof is complete.

Appendix B: More simulation results

We report some numerical results with a “nonparametric configuration” of true
coefficients. Specifically, βk = k−0.5 for k = 1, . . . , s. We consider the true
covariance matrix of X being identity or Σo for Σo defined in Section 1.2. We
report the average coverage probabilities on and off the true support and the
average confidence interval lengths on and off the true support. In Table 5, we
see that the proposed BS-DB has average coverage probabilities close to the
nominal level when Σ = Ip and the debiased Lasso method has coverage lower
than the nominal level. For Σ = Σo, the coverage probabilities given by BS-DB
is closer to the nominal level than those given by the debiased Lasso but both
methods have the average coverage probabilities for βj , j ∈ S, lower than the
nominal level.

Table 5

Coverage probabilities of BS-DB (cov.bsdb) and debiased Lasso (cov.db) and standard errors
of BS-DB (se.bsdb) and debiased Lasso (se.db). The rows with j ∈ S are the average results
for the coefficients on the true support and the rows with j ∈ Sc are the average results for

the coefficients off the true support.

Σ = Ip Σ = Σo

s j cov.bsdb cov.db se.bsdb se.db cov.bsdb cov.db se.bsdb se.db
4 S 0.919 0.891 0.15 0.15 0.893 0.810 0.13 0.13
4 Sc 0.943 0.887 0.15 0.15 0.943 0.908 0.13 0.13
8 S 0.944 0.910 0.15 0.15 0.883 0.844 0.15 0.15
8 Sc 0.950 0.907 0.15 0.15 0.948 0.904 0.15 0.15
12 S 0.939 0.894 0.15 0.15 0.898 0.869 0.16 0.15
12 Sc 0.949 0.894 0.15 0.15 0.944 0.914 0.16 0.15
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