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A support theorem for SLE curves
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Abstract

For all k > 0, we show that the support of SLE,, curves is the closure in the sup-norm
of the set of Loewner curves driven by nice (e.g. smooth) functions. It follows that the
support is the closure of the set of simple curves starting at 0.
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1 Introduction

1.1 Overview

The support of a random variable X in a Polish space is the set of points = such that
for any open neighborhood V of z, we have P(X € V) > 0. In this paper, the random
variable X will be a random process, namely the SLE,; trace, and our goal is to describe
its support.

Characterising the support of random processes such as Brownian motion and dif-
fusions is an important research problem for stochastic (partial) differential equations,
where it was initiated by Stroock and Varadhan [25] when they studied a strong maxi-
mum principle of a PDE operator. In [4] a support theorem was the key to a Horman-
der/Malliavin theory for rough differential equations. The description of a support is
also an important step to study the invariant measure of stochastic equations (see e.g.
[27, 5]). Other questions related to support theorems are large deviation estimates, or
the continuity of solution maps of SDE and SPDE.

SLE, is an important random planar curve that shares many analogies with Brownian
motion and other random processes. SLE,; is proven and conjectured to be the scaling
limits or interface of many discrete models arisen from statistical physics (e.g. [18,
22, 23, 24, 3]). Instead of the Markov property, it satisfies a domain Markov property.
Depending on the parameter x, it has different regularities (similar to fractional Brownian
motion). Moreover, SLE, is defined through a family of deterministic ordinary differential
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equations called Loewner equations with the random input /B, where B is the one
dimensional Brownian motion.

Motivated by the rich study of Brownian motion and other processes and by the
similarities of SLE,; to them, it is natural to ask for a support theorem for SLE,, curves.
Before stating the main result, let us give an overview of SLE,.

The Loewner map (defined in Section 2) associates to certain real-valued continuous
functions A € C([0,1],R) a continuous non-crossing Loewner curve v € C([0, 1], H).
The curve is constructed from a family of Loewner equations. Not every function in
C([0,1],R) corresponds to a curve; see an example in [19, Section 5]. It is proved that
the Loewner curve 7" is defined if locally the 1/2-Holder constant of ) is less than 4
([19], [14D).

We call the Loewner map with the input \/<B the Schramm-Loewner map. It is shown
that this map is almost surely well-defined ([21, for s # 8], [18, for x = 8]), that is, a.s.
it gives rise to a curve. These random curves are called SLE, curves, and (abusing
notation) denoted +" (instead of 7\/;3).

The previous properties could remind us of stochastic differential equations (SDE).
An SDE is also driven by a Brownian motion, and if one replaces the Brownian motion
by smooth functions, then the SDE becomes an ODE and has a deterministic solution.
Recall that the support of the solution to an SDE can be characterized by the solutions
of the ODESs that arise by replacing the Brownian noise by Cameron-Martin paths (see
e.g. [9, Chapter 19]). One could guess that the support of SLE can be described in the
analogous way. We show in this paper that this is indeed true.

The main difficulty in proving such statements is that the Schramm-Loewner map (or,
in the SDE case, solution map) is not continuous, and even only almost surely defined.
If it were, the support theorem for SLE would immediately follow from the well-known
support theorem for Brownian motion. Note also that the SLE, curve is not a diffusion
process, even though the Loewner equation with Brownian motion as an input can be
seen as an SDE. Hence the method of proving support theorems for diffusion processes
does not apply directly to SLE,.

Consider the set D of all functions that have locally vanishing 1/2-Hdélder constant.
See Section 2 for the exact definition and properties of D. Our main theorem is the
following.

Theorem 1.1. Fix x > 0. The support of SLE,,, parametrized by half-plane capacity, in
the space C([0, 1], H) is the closure of {y* : A\ € D} with respect to the sup-norm topology.

Obviously D contains W2, the space of Cameron-Martin paths, so we can also
describe the support of SLE,; as

§= {’Y/\ ‘ A€ W1’23 )‘(0) = 0}7

in analogy to the corresponding result for SDE.
Moreover, the same set can be represented as

S ={y € C([0,1];H) | v simple, param. by half-plane capacity, and v(0) = 0}.

See Section 6 for more details.

Note that in the statement of Theorem 1.1 it is important to specify the topological
space where the random process belongs to. There might be several “natural” spaces to
which the random process corresponds. SLE, can be viewed as a subset of the plane,
a continuous path, an a-Hoélder function ([15], [10]), a p-variation path, or an element
of Besov spaces ([8]). When we consider SLE,, only as compact subsets and measure
distances by the Hausdorff metric, one can show a corresponding version of Theorem 1.1
by applying the method in [2, Lemma 8.2]. For Theorem 1.1 which is a characterization
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of the support of SLE, in the sup-norm, one needs a non-trivial effort. We believe that
a similar statement can be made for Holder and p-variation spaces (see discussion in
Section 6). (Similarly, there are different versions of the support theorem for Brownian
motion and SDE; see for example [17], [1].)

A direct consequence of Theorem 1.1 is that all the above statements are true in the
strong topology of curves, which is weaker than the sup-norm topology. Consider the
space of continuous paths « : [0,1] — H modulo reparametrisation. Then the strong
topology is defined by the metric

pla, B) =inf sup |a(t) — 5o (t)]

Y tef0,1]

where the infimum is taken over all increasing homeomorphisms from [0, 1] to [0, 1].

Corollary 1.2. Fix k > 0. The support of SLE,, in the strong topology, is the closure of
{v*: xeD},
which is equal to the closure of
{y € C([0,1]; H) | v simple, ¥(0) = 0, hcap(7[0, 1]) = 2}.

Theorem 1.1 consists of the two following results.
Proposition 1.3. Let «x > 0. For each € > 0, almost surely there exists A € D such that
17 = YMoo,0,1y < &
Proposition 1.4. Let s > 0. For eache > 0 and A € D, we have P(||v* — v ||s0,0,1) <
g) > 0.

The first proposition implies that the set {y* : A € D} contains the support of SLE,,
while the second implies the other inclusion. Proposition 1.3 is similar to the Wong-Zakai
Theorem [31, 32], which is usually considered as an easier direction of support theorem.
In principle, the Wong-Zakai Theorem says that if one regularizes or approximates the
input (which is Brownian motion), then the output is also approximated. For SLE,;, x # 8§,
this has been shown in [26]. The result for x = 8 follows from [18].

Proof of Proposition 1.3. Let x # 8. Fix a sample of { = \/kB(w). Let 0 =1ty <t; <--- <
t, = 1 with ¢, = £ being a partition of [0, 1]. Define A € C([0, 1], R) such that

o A(tg) = &(tg) for all k.
* \islinear on [tg, tg+1], i-e.

A(t) = Alte) + n(A(tien)) = At))(E — t).

The result in [26, Section 4.1] states that a.s. lim, e [|[7* —7%||s0,0,1) = 0. This shows
Proposition 1.3 in the case « # 8 since the local 1/2-Hoélder constant of A is as small as
we want, i.e. A € D.

For x = 8, let 7% be a sample of the SLEg trace on the time interval [0, 1]. Then it is
almost surely in the support of SLEg, i.e. for any e-neighborhood B. of 7, SLEyg is in B.
with positive probability. From [18, Theorem 4.8] it follows that with positive probability,
a segment of some UST Peano curve %4, mapped into H, is also in B.. In particular, there
is some sample of 4 such that ||7® — 4| 00,[0,1] < E-

Moreover, the UST Peano curve is constructed in [18] as a simple, piecewise smooth
curve. Therefore, by rounding off the edges and reparametrising by half-plane capacity (a
precise argument is conducted in the proof of Proposition 6.4), we find a smooth Loewner
curve v (which in particular has a smooth driving function) with [|[v* — y[oc 0,1) <e. O

Proving Proposition 1.4 is the main part of this paper.
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1.2 Strategy

First let us note a main difficulty in proving Proposition 1.4. Recall that in general,
the Loewner map is not continuous, as the following example in [13, Page 116] shows.

Example 1.5. Let v(") be the simple polygonal path connecting the points 0, z1, w1, 21,

w1, 29, Wa, 22, Wo, ..., and parametrized by half-plane capacity, where
1k k . 1k . k+1/2
Zp=——+1—, Wp=17/—, Zp=—+1—, wWp=1 .
n n 2n n n 2n

One can show that the driving function satisfies |Ut(”)| < 5 fort e [0,1] and some

constant c. But the sequence (7(”))%]1\1 has no convergent subsequence.
Note that as sets, the traces 'y(”) indeed come closer to the trace of the zero function,
i.e. y(t) = i2V/t, but not as parametrized paths.

Figure 1: The “Christmas tree”.

The above example shows that with a small change to a nice function ), the curve 7*
could wiggle drastically. Hence the event {||\/kB — X[ «,[0,1] < 0} does not directly imply
that ||[v® — || < e.

The proof of Proposition 1.4 will be of the form:

If (¢,~°) satisfies (A4), then ||[7* — 7|0 0.1] < & (1.1)

Naturally, one expects (A4) to contain the condition that ||{ — )|« is small. But we need
also something else that prevents a “Christmas tree” behaviour. The exact form of (A)
will be formulated in Corollary 3.3. The condition is roughly as follows:

Forall k, £ isclose to A on [tg,txt1],

where 0 =ty < t; < --- < t, = 1 is a partition of [0, 1] depending on A and ¢, and the
closeness of £ to A on [t, tx+1] depends on how %i. behaves on [tg41, 1]. (%i denotes the
trace of the Loewner chain driven by & restricted to [tx, 1].) This structure of (A) allows
us to make use of the independent increments of Brownian motion, which will imply that
(A) is satisfied with positive probability.

Now we explain roughly how we estimate the difference ||v* — 7’\H007[0,1] in (1.1), and
derive condition (A).

Let0 <ty <t; <tyandt € [t;,t2]. Asin[11, 26], one uses either

() = YO < |f5, (98, (1) + E(to)) — f (v, (£) + E(to))
+1F2 (g, (1) + E(t0)) — (0 (1) + A(to))| (1.2)
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or

() = YO < 15 (35, () + E(t)) = £, (v (1) + Alto))]
+ 1500 (8) + Alto)) — foy (7 (1) + Ato))] - (1.3)

where ffo and fﬁo are reverse Loewner flows (see Section 2), and “on and %AO are the
Loewner traces of ¢ and A started at time t; (see Section 3 for definitions). Which
inequality should one use?

The right-hand sides of (1.2) and (1.3) have two things in common. They contain two
terms. One is the difference between two conformal maps evaluated at the same point.
The other term is the difference between the images of two points under the same map.

The first term of (1.3) can be estimated since the expectation of the moments of ( ffo )
have been studied carefully; see [10]. This is the strategy used in [26]. However, upon
investigating, one needs the expected moments of ( ff;)’ conditioned on ¢ (which is a
multiple of Brownian motion) close to a given A, which is not known.

It turns out that the inequality (1.2) is approachable. To estimate the second term in
the right-hand side of (1.2), we want the map f{\o to be uniformly continuous, uniformly
in 4. This is true for sufficiently nice \. This is where we impose the condition for A in
Theorem 1.1.

To control the distance between vfg (t) and 7} (t), we just need to observe that when
|ta — to| is small, both points stay within a small box around 0; see Lemma 2.1.

For the first term of (1.2), we will apply (2.2) of Lemma 2.4. This lemma concerns
the difference between two conformal maps driven by two driving functions. Roughly
speaking, it tells us that

I3 A (AE
|fto (,)/to(t) + §(t0)> fto(,YtO <t) + f(tO))‘ ’S’ Im,yfo (t)

where a < b means a < Cb for some fixed constant C > 0.

We get an estimate that can go arbitrarily bad if %50 (t) gets close to the real line.
Note that %60 depends only on the increments of ¢ from ¢, onwards. Since Brownian
increments on disjoint time intervals are independent, we can “safely” require a smaller
value for || — ||, j0,4,), depending on inf,cpy, 4, Im yfo (t).

The aforementioned argument works for SLE,, with x < 4 since a.s. inf;c[s, 1,) Im yfo >
0 given fixed ty < t; < t5. The situation becomes more complicated when « > 4 since

P( inf Imnf =0) > 0.
te[ty,ta]

At the end, we show that it will not happen provided that ¢ is close to ), i.e.

P( inf Im’yfo > 0] ¢ close to A on [tg,t2]) = 1.
tEft1,t2]

This is another place where we will use the properties of functions in D.

1.3 Organization of the paper

In Section 2, we gather some basic definitions and facts. In Section 3, we prove a
lemma comparing two deterministic Loewner curves. Then we use it in Section 4 to prove
Proposition 1.4 in the case k < 4. In Section 5, we prove a lemma that generalizes the
proof of Proposition 1.4 to all x > 0. In Section 6, we discuss further characterisations of
the support and some open questions.
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2 Definitions and properties

Definition of the Loewner map. Let A € (C([0,1],R). Consider the family of
Loewner equations with different initial values:

2
t>0,

go(z):z, z € H.

For each z € H, there exists T, € (0, co] where the equation has solution up to time
T at which lim, ;. |g:(2) — A(t)| = 0. Define K; = {z € H: T, < t} for each t > 0. We
call K; a compact H-hull. One can show that ¢, is a conformal map from H\ K; onto H.

The following lemma concerns how big the hull K; is. See [30, Lemma 3.2] for a
(trivial) proof.

Lemma 2.1. Let (K;) be the hulls generated by a driving function . Then for all z € K,

|Rez| < sup |A(s)] and Imz <2Vt
s€0,t]

If for every t > 0, the limit

A= lim g7+ A1)

exists and is continuous in ¢ € [0, 1], then H\ K} is the unbounded component in H of
H\~[0,t]. The curve v C H is called the Loewner curve driven by A\. We call a Loewner
curve simple if it intersects neither itself nor R\ {7(0)}. In that case, K; = 7|0, t] for all ¢.

For each ¢t > 0, let

fe=gr' and fi = fi(- + A1)

The maps f; and ft are conformal on the upper half-plane H. The latter is a centred
version of f;. To emphasize the dependence on ), we also use notations 7, f;, and the
likes.

Let us denote 2 C C([0,1], R) the set of A that give rise to a curve.

We call the map A — 7> from 2 to C([0, 1], ) the Loewner map. It is known that:

» () is not a convex space. Moreover, \ € €2 does not imply a\ € 2 for a > 0. See [16].

It follows from [14, 16] that if A has local 1/2-Holder norm less than 4, then )\ € (2.
In particular, C*°([0,1]) ¢ W2([0,1]) C Q.

 Let P be the Wiener measure on C([0,1],R). Foreach x > 0, P({\: /A € Q}) = 1.

* We do not know whether P({\: \/kA € Q, Vk}) =1.

The space D.
We say that A has local 1/2-Ho6lder norm less than M > 0 if there exists 6 > 0 such

e As) = A)
s) — At
sup ————— < M.
ls—tl<s  \/|s —
Definition 2.2. We say that A € D if \(0) = 0 and it has locally vanishing 1/2-Hélder
norm, that is
|A(s) — A1)l

lim sup ——— =0.

020 s—tj<s  +/|s—t]

Proposition 2.3. Let A € D. Then

* )\ generates a simple curve.
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 There is a function 4(-, A) : (0,00) — (0, 00) such that

|21 — 20| < 0(e;0) = |fM21) — fM22)| <e Vte[0,1]. (2.1)

A proof of this proposition can be found in the proof of [16, Theorem 4.1]. There they
have shown that \ generates a curve, and H \ 7* is a quasi-slit half-plane, therefore a
John domain (see [20, Section 5.2] for a definition). It follows from [20, Corollary 5.3]
that f; (as a conformal map from H to a John domain) is Holder continuous on bounded
sets, with Holder constant and exponent depending on the John domain constant.

A particular example: When \ = 0, then f{(z) = /22 — 4t which is Hélder-continuous
in z on any bounded set, uniformly in .

The following will be our main ingredient to estimate the difference between confor-
mal maps derived from the Loewner equation.

Lemma 2.4 ([11, Lemma 2.3]). Let f} and f? be two inverse Loewner maps with U' and
U?, respectively, as driving terms. Then fort > 0 and z = x + iy € H

£ (2) = £ (=)

1 I 1y\s I 2\/ 1/2 I
YRS e £ e B LGNS ) g
2 y y y
where I, , = \/W
Moreover,
I
1) = 2] £ U = U o (y - ) | 2.2)

Remark 2.5. The inequality (2.2) is the one that will be used. We do not use the full
strength of Lemma 2.4. What we really need is an inequality of the form

£ (2) = £ ()] < @1(|U" = U|looj0.0) P2(y)

where &, &, are two functions such that ®,(y) > 0 and ®;(0%) = 0. Therefore, one can
replace (2.2) by an inequality in [13, Proposition 4.47] which says that

col '12
) = S S WU = U e o (e~ 1)

for some constant ¢y > 0.

3 Comparing two Loewner curves. A deterministic estimate

We recall the following property of Loewner chains. For A € C([0, 1], R), we can run
the Loewner chain from time ¢y > 0 instead of 0, i.e. solve

P
D Gto,(2) = 9ta1(2) — (M) = Ato))

Gto,to (Z) =z

t2t07

We will call the corresponding hulls K, ;, and the trace (if it exists) 7, .

If A generates a trace on [0,%o], and A(-) — A(tg) generates a trace on [tg, 1], then A
generates a trace on [0,1], and () = fi, (7, ().

We will use the following lemma to compare the difference between two Loewner
curves.
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Lemma 3.1. Suppose A € D with the function §(-, \) asin (2.1). Let 0 < tg < t; <it3 <1
with tg11 —tx < At, k=0, 1.

Let ¢ € C([0,1],R) generate a Loewner trace +¢, such that £(t) — £(to), t € [to,ta),
generates a trace fyfo, and suppose

= f I t) > 0.
Cto,ts Eﬁgh] m;, (t)

(€ =¢&(to)) — (A= A(to))llto,to) < €1, @and e, 61 < &

Moreover, suppose [|£ — All0.t,] < €0,
where €g,€1,& > 0.
Then for any a > 0, t € [t1, t2] we have

V() =B S ateocyt, I p(2A ) 458 < 5(a; M),

where o(-; \) is an increasing function with (07; \) = 0, depending on \.

Remark 3.2. The lemma roughly says that
1€ = Allo.t]

Cto,to

17" = 7 Mlitrt) S @CIE = Alljo,82)) +

where @ is an increasing function with ®(0*) = 0 that depends on the modulus of
continuity of \.

Note that ¢, +, depends only on the increment ({(t) — £(to)), t € [to, t2]. Therefore, if
1€ — Allj0,40) is very small compared to ¢, +,, then

17 = Ml ta] S 16 = Al ]

We also see that when ¢ behaves like the “Christmas tree”, then c;, ;, will be small.
In order to prevent this behaviour, we can change ¢ on the interval [0,¢y], making
1€ = All[o,t,] smaller while leaving ¢y, +, unchanged.

Proof of Lemma 3.1. Let X\ and £ satisfy the conditions of Lemma 3.1. Observe that

1€ = Mljto,t01 < 1€(t0) — Alto)| + [[(§ = &(t0)) — (A — A(t0))lljto,ta) < €0 + €1-
Let t € [t1,t2]. We follow (1.2) and estimate

() — YA < If5 (s, () + E(t0)) — fir (45, (8) + (o))
F1F (8, (1) + E(t0)) — [ (v (1) + A(to))]. (3.1)

First we estimate the second term of the right-hand side.

Denoting the modulus of continuity of A by osc(-; \), we have |A(r) — A(s)]
s/:\), and consequently [¢(r) — &(s)| < [&(r) — A(r)| + IA(r) — A(s)| + [A(s)
osc(|r — s|; A) + 4¢ for any 7, s € [to, t2]. Therefore, by Lemma 2.1,

< osc(|r —

()I

|Re’yt>:)(s)| osc(2At; N),
[Tm 7 (s)] <2 F

|Re*yt (9)| < (2At A) + 4E,
[ Tmf, ()] < 2 -

for s € [to,t2]. This means that
|’ny (t) + &(to) — Ato) — i (£)] < 208c(2A%; A) + 52 + 2V2A¢ =: p(2At\) + 52, (3.2)

Suppose p(2At; A) + 5 < §(a; A) for some a > 0. Then by the definition of § and the
above observation

[fi (6, (8) + €(0)) = fis (32, (8) + A(to))| < a
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which provides us a bound on the second term of (3.1).
For the first term of (3.1), we apply Lemma 2.4 to obtain

i (6, (8) + €(t0)) = fis (35, () + &(t0))| < eoy ™"

where y = Im %50 (t) > ctots-
Combining everything, we obtain

() =N < a+ oy,
for ¢ € [t1,to] if @(2At; M) 4+ 58 < 6(a; N). O

If we break [0, 1] into short sub-intervals, we can apply this argument on each sub-
interval. On the very first sub-interval ¢ € [0,¢;] we can directly estimate |y*(t) — y*(¢)]
with Lemma 2.1. Together this will estimate ||[7* —v*||s,[0,1). The precise conditions are
the following.

Corollary 3.3. Suppose )\ € D with the function §(-,\) asin (2.1). Let0 =ty < t; < ... <
t, = 1 such thatt;, — t,_1 < At forallk > 1.
Suppose ¢ € C([0,1],R) with £(0) = 0 generates a Lowner trace such that

Ctutrin =  inf  Tmns (t) >0 forallk >0,
- tE[tht1,thr2] k

where %i is the Léwner trace driven by &(t +t) — &(tx).

Let 0 < & < a be constants such that p(At; ) < a and ¢(2At; \) + 5¢ < 6(a; \), where
©(+; A) is defined as in (3.2).

Furthermore, suppose that ¢, ...,&, are given such that e, < £/2 Aac,,
€1+ ... + ex < 2¢;, for all k, and moreover suppose that

tryo and

(€ = &(tk-1)) = A = Alte—1))lloo,[tx_r.ts] < €k

forallk > 1.
Then
Ve () = Mt)| < 3a

for allt € [0, 1].

Proof. Lett € [0,1]. In case t < t;, applying Lemma 2.1 in the same way as in the proof
of Lemma 3.1 implies
() = (1)) < p(ALN) + & < 2a.

If t > t1, we find & > 0 such that ¢ € [t;41,tx+2]. We apply Lemma 3.1 with the time
points 0 <t < tht1 < tr4a.

Observe that £ —Al[o,¢,] < €1+...+er < 26 < gand [[(§—E(tr)) — (A=At [tr trse] <
€41 T+ Ert2 < 2642 < E.
Lemma 3.1 shows
NS (t) — ()| < a+ QEkcgthz < 3a. O

Remark 3.4. The list of conditions for Corollary 3.3 looks quite long. We describe
roughly how we will find suitable variables such that the corollary can be applied.
Suppose that A and a are given. We will pick £ and At accordingly. Then, to choose
€1,..,€n and &, note that each ¢;, ;,,, depends only on the increments of £ on the interval
[tk, tik+2]. Therefore we can choose ¢, depending on the increments of £ on [¢, 1], and
afterwards choose the increments of £ on [t;_1,tx], then again choose ¢4, and so on.
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4 Proof of the support theorem for x < 4

Let (t) = /kB; and let A € D. Let a > 0 be given.
For simplicity, we first show Theorem 1.1 for s < 4. In this case ~¢ is a simple trace,
as well as ka for all £, > 0. In particular, it will never touch the real line after time 0 and

automatically guarantees the condition ¢, ¢+, ., = infiefr, ,, ¢,,0) Im ’yfk (t) > 0 of Corollary
3.3.

The remaining task is to find a set of positive probability where all conditions of
Corollary 3.3 are satisfied.

First choose At > 0 and £ < a such that o(At;\) < a and @(2At;A) + 58 < §(a; A).
Next, partition [0, 1] into sub-intervals 0 =ty < t1 < ... < t, = 1 such that ¢, —tp_1| < At
forall k > 1.

Suppose now that we have (arbitrary) random variables ¢; < & that are a.s. positive
and measurable w.r.t. F;, | (where F, ; denotes the sigma algebra generated by Brownian
increments between time r and s). By inductively applying the independence of Brownian
increments, we claim that

Pk : [[(€ — E(tem1)) — A = Altx—1)) oo ftrra] < 1) > 0.
To verify this claim, suppose that for some 1 < k <n
PVI 2 k+1: (€= &(ti—1)) = (A = Mti—1))lloo [ty 1,01 < €1) > 0.
Then since ¢ is a.s. positive,
Plex >b and WI>k+1: (€~ €&(tim1)) — (A= Alte)llooufer_s) < €1) > 0

for b > 0 small enough. Since the Brownian increments on [t_1, {;] are independent of
Fit,.1, it follows that

P(I(§ = €(te—1)) = A = AMtr—1))lloo, [t <

lex 2 band Vi > k+1:[[(§ = &(ti-1)) = (A = Alti—1)) oo, -0t < €1)
= P([[(€ = €r-1)) = (A = Altr—1))lloo.ftrr.ts) < D)
>0

and consequently

PV > k& [[(€ = 6(ti1)) — (A = Mtim)lloosfos ] < €0) > 0,

which implies the claim.

Now, it remains to choose suitable ¢;. Since x < 4, the curve yfk a.s. does not hit the
real line for all k. Hence, the random variable c;, ¢, ,(w) := infycp, ., 4, .1 Im yfk(“’)(t) is
a.s. positive. It is also measurable w.r.t. F;,

Then, inductively backward in &, choose

1
tet2

k41
g = =41 ANacy,,

5 (4.1)

thyo-
Finally, every
w € {Vk : |(§ = &(tk—1)) — (A = Ath—1))loo,[tr_s,ta] < €k}
satisfies the conditions of Corollary 3.3, and therefore,
V() = 3B lloo 10,17 < 4a.

This finishes the proof of Proposition 1.4 in the case « € (0, 4].

I Note that the solution of the Loewner ODE is measurable with respect to the driver since it can be seen as
the limit of a Picard iteration.
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5 Proof of the support theorem for general

In case k > 4, we can use the same proof as before, but the condition

Cuoa(w) = _infTm Yo (1) > 0
might be violated. Hence, our main task here is to add some condition that guarantees
Cto b, (w) > 0 for almost all w.

Our main idea is as follows. Let 0 < ¢y < t; < to2. We write fyfo (t) = ffo)tl (Wf1 (t)) where
ffoytl is a conformal map that (extended to the boundary) maps some real interval I onto
3K§0,t1'2 and R\ I into R \ {0}. If %51 (t) € H, then trivially %50 (t) € H. Hence, we only
need to focus on the case fyfl (t) € R. Recall that if [|(§ — &(t1)) — (A = A1) ljty,0] < &
Lemma 2.1 implies

|Re 'yfl (t)] < osc(At; ) 4+ 28 =: «

for t € [t1,t2]. We will show that, under some conditions,
the real interval [—«, a] is contained in the interior of I. (5.1)

This implies 7f1 (t) € I and consequently VEU () € 8Kfo7t1. Moreover, by a property of
SLE proven by D. Zhan (see below), 8Kt§0,t1 intersects R only at its endpoints. Since
%51 (t) actually lies in the interior of I, then %50 (t) lies in the interior of 6[(5(“1 which is
contained in H.

Finally, note that (5.1) is reasonable because by the assumption A € D and the
freedom to choose &, we can estimate

a =~ (a small number) - VAt,

where for I, at least in the extreme case ¢ = 0, it can be calculated that I = [—2v/At, 2V/At].
Now, we fill the above arguments with more rigorous details. First, we analyze ffoytl
as the inverse map of the Loewner flow driven by £(-) — &(to), t € [to, t1]-
In order to do so, we analyze the time-reversed Loewner equation. Recall that if (g;)
is the Loewner flow driven by ¢, then for any sy > 0 we can write fsu = hg, +&(s0) where
(h¢) is the solution of

2

MBS (O}

ho(2) = z,

with W (t) = &(so—1t)—&(so). Forall z € C\{W(0)}, this ODE can be solved on ¢t € [0,T'(z)[

where T'(z) is the first time when h;(z) — W (¢) hits 0, and T'(z) = oo for all z ¢ R.
Suppose that st : H — H\K,, can be continuously extended to the boundary R.

(This holds when the driver is in D, or a multiple of Brownian motion.) It is known that

exists a closed interval I such that

I={zeR:T)<s)t={zeR: f,(zx) e K} (5.2)

Therefore we can analyze the interval I just by the time-reversed Loewner equation.

J. Lind has shown in [14, Corollary 1] that if W has 1/2-Hélder constant less than 4,
then T'(z) is comparable to z2. A comparison argument will show that the result stays
true if the driver is slightly modified. The next two results make it more precise.

2We consider hulls K as closed subsets of the space H, so 0K = {z € K | B(z,6) N (H\ K) # @ forall § >
0}.
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Lemma 5.1. Let V!, V2 € C([0,00), R) with V'(0) = V2(0) = 0 and let (h]);>o solve
2

hy(x) =«
for z € R\ {0}, t € [0,T9(x)) where TY(z) is the first time when hi(x) — Vi (t) hits 0,
j=1,2.

Lett>0,2>0,andé = |[V' = V2| 0. IfT"(z + 6) < t, then T?(z) < t.

Proof. Assume without loss of generality that T*(z + &) = ¢t, i.e. hl(z + §) exists for all
s < t and only dies at time ¢.

We claim that for all s < t, dsh%(z) < dshl(z + ). (Note that this means |9sh2%(z)| >
|0shl(x + §)| since both are negative.)

At s = 0 this is obviously true since

2 2 2 2

TR2@) -V20) 2 746 hi(z+0)_Vi0)

Now if the claim holds for all s < sg, then

h?o(x)—w:/o 85h§(:c)ds</0 Oshi(x + 8)ds = h (z+6) — (z + 0).

Consequently,
hio (z) — V3(s0) < h§0 (z) = V(so) +6 < hio (z +0) — V(sp),

i.e.
2 2
TRE(2) = V2(sg) ~ hL(z+0)— Vi(so)
This shows that there cannot be a first time sy where the claim is violated. By the
continuity of V7 and h}(z), and therefore also d;h](x) in ¢, the claim is never violated at
any time.
To finish the proof of the lemma, note that we have also shown above that

(@) = V2(s) < hy(z +0) = V(s)

for all s € [0,t]. If T (x + §) < ¢, this means that hl(x +J) — V1(s) = 0 for some s < ¢, and
consequently h2(z) — V?(s) = 0 for some smaller s < t. 0

Corollary 5.2. Let V € C'%([0,T],R) with ||[V|/2 < 4 and V(0) = 0. Then there
exists some constant ¢ > 0, depending on ||V, /2, such that if W € C[0,T], W(0) = 0,
W — Voo < eV, and |z| < cv/t, then TV () < t.

Proof. By symmetry, it suffices to consider x > 0. By [14, Corollary 1], there exists a
constant ¢’ depending on ||V[|; /2 such that if z < ¢/v/%, then TV (z) < ¢.

Letc:=c//2. Ifx < cv/t, then o + |[W — V| < IVt 50 TV (2 + |[W — V||oo) < t. The
previous lemma implies 7" (z) < ¢. O

Now, we apply this corollary to our context of A € D and ¢ that is close to A.
Corollary 5.3. Let A € D. Then for sufficiently small At > 0 (depending on \) and € > 0
(depending on \ and At) the following holds:

Let & € C[0,1] with £(0) = 0. Suppose that ¢ generates a Loewner trace v°, and
E(t) — &(AR), t € [At, 2At), generates a trace vit, and [|£ — M[jo,as <& [[(§ —&(AL)) — (A —
AMAD) liat,2a < &

Then if 7%, (t) € R for some t € [At,2At], then 74(t) € K§,.

If additionally ath intersects R only at its endpoints, then Im~¢(t) > 0.
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In other words, the corollary states that inf;ca¢2as Im(7(t)) > 0 when ¢ is close
enough to A in a quantitative way.

Proof. Since the constant ¢ > 0 in Corollary 5.2 depends only on |V ||; /2, wecan fixc >0
corresponding to, say, [|V|1/2 = 3. Let At be small enough such that on the interval
[At,2At], the 1/2-Holder constant of ) is less than ¢/2, and let £ < v At. By Lemma 2.1,

|Re~&, (1) < g\/At + 28 < VAL

for t € [At, 2At].
If now VZt(t) € R, then Corollary 5.2, applied to V(s) = A(At — s) — A(At) and
W(s) = (At — s) — £(At), and (5.2) imply that

V(1) = fR, (74, (1) € DK,

Now suppose that (’)th intersects R only at its endpoints. Then ~%(¢) € H as long as
it is not one of the endpoints.

In the above argument, ¢ and At can be chosen such that the set {z € R | fgt(x) €
K gt} contains more than the interval [—cv/At, cv/At]. Then this interval gets mapped to
an inner segment of ath, and not to its endpoints. In particular, 4*(t) is in the interior
of IKY,. O

We remark that the assumption on ¢ holds almost surely if ¢ is a multiple of Brownian
motion.

Lemma 5.4 ([33, Theorem 6.1]). Let k > 4, and (K;) the hulls of SLE,,. For any ¢ > 0,
almost surely 0K intersects R only at its endpoints.

Now, we can prove Proposition 1.4.

Proof of Proposition 1.4. The case x < 4 has already been shown in Section 4. The proof
for k > 4 is almost identical.

Let a > 0 be given. Choose At > 0 and ¢ < a such that p(At; \) < a and p(2At; X)) +
5¢ < §(a;N\). This time we additionally require At and £ to satisfy the condition of
Corollary 5.3.

Then we partition the interval [0, 1] into 0 = ¢y < ¢; < ... such that |t; — tx_1| = A,
k>1.

The random variables ¢, < & are chosen as in (4.1). Corollary 5.3 together with
Lemma 5.4, applied to £ — &(tg), t € [tk, tk+2], imply that a.s.

inf  Im 'yfk_ (t)>0

Ctyptprs —
Fothz tE€[trt1,tht2]

for all £ > 0. Hence, ¢, are a.s. positive. The argument in Section 4 shows that the event

Vk ||(§ - f(tk_l)) - (/\ - )‘(tk—l))HOC,[tk—l,tk,] < €k

has positive probability.
For each w in this event, Corollary 3.3 implies that [|[7*) — (| 0.1] < 4a. This
finishes the proof. O
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6 Further characterisations of the support and open questions

We note that the set

S:={y*:2eD} CC([0,1];H)

is a deterministic set and does not depend on . One may ask for what specific A (besides
)\ € D) we have v* € S?

First, it is worth mentioning that all curves in S are indeed Loewner curves, i.e. they
satisfy the local growth property (which is not obvious since the closure is taken in the
space C([0, 1]; H). We show this below in Proposition 6.3.

First recall that the half-plane capacity enjoys a uniform continuity property, described
in [12, Lemma 4.4]. We will apply it in the following way.

Lemma 6.1. For any R > 0 and ¢ > 0 there exists § > 0 such that if K, K, are
compact H-hulls with radius less than R such that K, C fill(K3) and vice versa, then
| heap(K1) — heap(K3?)| < e.

Here, for a compact set A C H, fill(A) denotes the complement of the unbounded
connected component of H \ 4, and A° the §-neighbourhood of A.

For a sequence of domains H™ C H that contain a common neighbourhood of oo,
their kernel (with respect to o) is the largest domain H containing a neighbourhood of
oo such that any compact K C H is contained in all but finitely many H”.

Lemma 6.2. Let H" C H be a sequence of simply connected domains that contain a
common neighbourhood of oo, and let H be their kernel (with respect to co). Let z € H,
0 <ry <y, and 21,29 € B(z,r1) N H. If for all n the points z; and 2, are in the same
connected component of B(z,r1) N H™, then they are in the same connected component
of B(z,r2) N H.

Proof. Since H is a domain, we can find a simple polygonal path «; in H from z; to z5.
Note that such a path hits dB(z,71) only a finite number of times. Moreover, by a small
perturbation we can choose «; to cross 0B(z,r1) at each such time. If «; does not cross
0B(z,r1) at all, we are done, so assume from now on that it does. Let U C H be an open
neighbourhood of «;. The definition of kernel implies U C H™ for all but finitely many n.
Without loss of generality we restrict ourselves to that subsequence.

Suppose for the moment that (small neighbourhoods of) z; and z, lie in the same
connected component of B(z,71) \ «;. This means that z; and z2 can be connected by
a simple path as in B(z,r1) that does not intersect «a; except at its endpoints. In that
case, a; U as is a simple loop and by the Jordan curve theorem separates C into two
components. Call the component that contains co the “outside” component.

By construction, «; Uas separates 9B(z,r;) into finitely many segments, alternatingly
“inside” and “outside”. Let A be an “inside” segment. Then there exists an open
connected set Uy C B(z,r3) \ B(z,71) in the neighbourhood of A that is still “inside”
a1 U as. We claim that Uy C H™ for all n. This will imply that U:=UU U UaCH"

A “inside”
for all n, and hence U C H. By alternatingly following segments of a; and U4, we see
that U connects z; and 2, in B(z,mr9) N H.

Let n € IN. By assumption, we can find a path a3 in B(z,r1) N H™ that connects z;
to zo. Since ay U az C B(z,71), the winding numbers of «; U as and «y U ag around Uy
are the same. Therefore U4 is disconnected from oo (and hence also from R) by oy U as.
Since oy Uag € H™ and H" is simply connected, we must have U4 C H™.

It remains to handle the case that (small neighbourhoods of) z; and z lie in different
components of B(z,71) \ a1. By construction, a; N B(z,r1) consists of finitely many seg-
ments. Pick the segment & that bounds the component in which (a small neighbourhood
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of) z1 lies, and let Z3 € a. Now z; and 2z, fulfil the conditions of the lemma again because
any path in B(z,r1) from z; to 22 needs to cross @, and for each n one such path lies in
H™ (by the assumption on 21, 23). Moreover, (small neighbourhoods of) z; and 2z, lie in
the same component of B(z,r1) \ a;. By the previous part of the proof, z; and 2, are in
the same connected component of B(z,r3) N H. Repeating this argument, the lemma in
the general case follows by induction. O

Proposition 6.3. Let y": [0,1] — H be simple paths in H starting at 4y"*(0) = 0 and
parametrised by half-plane capacity. Suppose |7 —¥"|lcc — 0 and let K; = fill(¥[0,t]).
Then the family (Kt).c[0,1] is parametrised by half-plane capacity and satisfies the local
growth property.

Proof. Lemma 6.1 implies hcap(+™[0,t]) — hcap K for all ¢, so the parametrisation by
half-plane is preserved.

To show that (K;) satisfies the local growth property, we will find for any £ > 0 some
4 > 0 such that for all ¢ there exists a crosscut of length less than ¢ in H \ K, that
separates K s \ K; from oco. In the following, we call H}" := H\ 7"[0,¢] and H; := H\ K;.

Since 7 is uniformly continuous, we find 6 > 0 such that |y(t) — 7(s)| < ¢ for all
[t —s] < 6.

Nowlett € [0,1] and 21, 22 € K45\ K;. It suffices to consider z1, 22 € 7]t, t+0]\ K, since
this set bounds K45 \ K:. We claim that z; and z; are in the same connected component
of H; \ 0B(v(t),2¢). This will imply that there exists a segment of 9B (v(t), 2¢) N H; that
separates z; and z, from oo in H; (This can be seen e.g. by mapping H; to H). That
segment is the desired crosscut.

By the choice of § we have z1, 22 € H; N B(7(t),¢), and we can find > 0 such that
B(z;,2r) C Hy N B(y(t),e), i = 1,2. Let n be large enough so that ||y — 7"||ec < 7. In
particular, B(z;,r) C H N B(y(t),e), i = 1,2.

Note that the uniform convergence of 4™ implies v"[0,¢] — K} in the sense of kernel
convergence. Since 4™ are simple, B(z1,r) and B(zs,r) are connected by 4" (¢, ¢ + 4]) in
H}. Moreover, v"(]t,t + ¢]) C B(~(t),e + r) by the choice of § and n. So by Lemma 6.2,
B(z1,r) and B(za,r) are in the same connected component of B(vy(t), 2¢) N H;. O

We turn back to the question of characterising S. Just from the definition of the
support, for fixed v’ # 8, we have a.s. 7"‘, € §. Moreover, since piece-wise linear
functions are in D, any 4 that is approximated by a sequence of Loewner curves
generated by piece-wise linear drivers is in S. In particular, [26, Theorem 2.2] shows
that if \ is weakly 1/2-Hélder and |(f) (iy)| < Cy~" for some 3 < 1 and all ¢,y € ]0,1],
then * has such an approximation, hence is in S.

We can also represent S by different sets of curves. For instance,

S = {y* : X piece-wise linear and A(0) = 0}.

From the results in [26] it follows that

S = {y* : X\ piece-wise square-root and A(0) = 0}.

S={y*| A€ C>®and \(0) =0}
= {y € C>((0,1]; H) | v simple, param. by half-plane capacity, and v(0) = 0}.

To see the last equality, suppose we have a simple curve v € C*°((0, 1]; H) with v(0) = 0.
Then we can approximate it by a simple smooth curve 7 € C>((0, 1]; H) with 7(t) = i2v/t
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on a very small time interval ¢ € [0, §]. Then 7 is driven by a smooth driving function (see
[6]), so ¥ € S. (Strictly speaking, we also need to parametrise 4 by half-plane capacity,
but this will not change the approximation much, as the proof of Proposition 6.4 below
shows.)

We can say more.

Proposition 6.4. Let v = C([0, 1];H), with v(0) = 0, be a simple curve. Then~y € S if
and only if it is parametrised by half-plane capacity.

Proof. First let us show that any v € S is necessarily parametrised by half-plane capacity.
Let v € S and find a Loewner curve 7, e.g. a sample of SLE, (which by definition is
parametrised by half-plane capacity) such that ||y — 7*||o,j0,1] < €. From Lemma 6.1 it
follows that

[ heap(+[0, #]) — heap(y*[0,])] = | heap(1[0,1]) — 2t < ¢(c) forall € [0, 1]

where ¢ : (0,00) — (0, 00) is a function depending on sup{|y(¢)| : ¢ € [0,1]} and satisfying
¢(04) = 0. Since this is true for all £ > 0, we have

heap([0,t]) =2t forallt € [0,1]

as claimed.

For the converse, let ¢ > 0. From [29, Lemma 4.4] it follows that there exists a linear
interpolation v” that is simple and |y —~” llsc,[0,1] < €. Then we can find a simple smooth
curve n € C*°((0,1]; H), with (0) = 0, such that || — 7|/« j0,1] < &, and consequently
M = Vllso,j0,1] < 2¢. Let 7 be the reparametrisation of n by half-plane capacity. Since
n € S, we only need to show that ||7) — v[/s,[0,1) is small.

Again, from Lemma 6.1, since || — || j0,1] < 2¢, it follows that

| heap(n[0,t]) — heap(v[0,t])| < ¢(e) forall ¢ € [0,1]

where ¢ : (0,00) — (0,00) is a function depending on sup{|y(¢)| : t € [0,1]} and satisfying
#(0+) = 0.

Note that hecap(v[0,t]) = 2t = heap(7[0, t]]) for all ¢. Hence, 7j(t) = n(s) where |t — s| <
¢(g)/2. That implies

17— Yl oo,j0,1) < o(e)

where qB : (0,00) — (0,00) depending on ¢ and the uniform continuity of v, and satisfying
¢(0+) = 0. O

There are further questions that we have not answered.

¢ Can one strengthen the topology in Theorem 1.1? Note that the statement of
Theorem 1.1 is the same regardless of x. But as shown in [10], for each « there
exists an optimal . (x) such that 4" is a-Holder continuous for a < a.(x). Ideally,
we would like to characterise the support of SLE, in the a-Ho6lder space, or similarly,
in the p-variation space where p > p. (k) (see [8]).
(Note that it is proved in [7] that 7’\ is 1/2-Holder continuous on [0, 1] for A € wh2,
Hence, almost surely the a-Hélder norm of (v — ~?*) is finite for some a > 0.)

* We do not know how P([[7* = ¥*| o, (0,1] < €) behaves as ¢ — 0F. However as x — 0,
we believe that similarly to [28] the following is true:

1 1
lim —k In P(||y" —4* <e)= inf f/ U'(t))? dt.
K0 "= oeton <9 = e o<ar 2.y 10

EJP 25 (2020), paper 18. http://www.imstat.org/ejp/
Page 16/18


https://doi.org/10.1214/20-EJP425
http://www.imstat.org/ejp/

A support theorem for SLE curves

* To what extent does the converse of Proposition 6.3 hold? Is every (not necessarily
simple) curve, parametrised by half-plane capacity, that satisfies the local growth
property in fact in §? (If not, is there a characterisation which curves are in S§?)

This would give us a full characterisation of S, generalising Proposition 6.4 to
general curves in C([0, 1]; H).

Update: In an ongoing work, the second author gives a positive answer to this
question.
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