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We consider statistical estimation of superhedging prices using historical
stock returns in a frictionless market with d traded assets. We introduce a
plug-in estimator based on empirical measures and show it is consistent but
lacks suitable robustness. To address this, we propose novel estimators which
use a larger set of martingale measures defined through a tradeoff between
the radius of Wasserstein balls around the empirical measure and the allowed
norm of martingale densities. We then extend our study, in part, to estimation
of risk measures, to the case of markets with traded options, to a multi-period
setting and to settings with model uncertainty. We also study convergence
rates of estimators and convergence of super-hedging strategies.

1. Introduction. Computation of risk associated to a given financial position is one of
the fundamental operations market participants have to perform. For institutional players,
like banks, it is regulated by the Basel Committee [39] which dictates rules and require-
ments for such risk assessments. A golden standard has long been given by Value-at-Risk
(VaR), however, more recently this is being replaced by convex risk measures like Average
VaR (Expected Shortfall) or more sophisticated approaches which include market modelling.
Consequently, there is an abundant literature on VaR estimation and some more recent works
related to statistical estimation of law-invariant risk measures; see [5, 11, 12, 28-30, 41]. All
of these works consider a static situation with no trading involved.

In contrast, in this paper we consider estimation of risk for an agent who can trade in
the market to offset her risk exposure. To put in evidence the novelty and relevance of our
setting, we concentrate on one, simple but canonical, way to assess risk: the superhedging
price. Consider a one-period frictionless market with prices (S;, S¢+1) denominated in units
of a fixed numeraire. The current stock prices S; are known and the future prices S;4; are
modelled as random variables, say with return r := S;41/S; drawn from a distribution P on
Ri. For a payoff g : Ri — R, its superhedging price is given by

(1.1) 7¥(g) :=inflx e RIFH e R s.t. x + H(r — 1) > g(r) P-as.}.

In this simple setting, an arbitrage strategy is H € R such that P(H(r — 1) > 0) = 1 and
P(H(r —1) > 0) > 0 and if no such strategy exists we say that no-arbitrage NA(IP) holds. By
the fundamental theorem of asset pricing, absence of arbitrage is equivalent to existence of
a probability measure Q, equivalent to IP, under which S is a martingale, that is, g[r] = 1.
There might be more than one such measure and they can all be used for pricing. Taking the
supremum over IEq[g] enables to compute the maximal feasible price for g and this, by the
fundamental pricing-hedging duality, is the same as the superhedging price of g:

(1.2) @)= sup  Eqlgl
Q~P,Eq[r]=1
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for all Borel g; cf. [13], Theorem 1.31. Despite its theoretical importance and practical rele-
vance, to the best of our knowledge, there has been no attempt to study statistical estimation
of the superhedging price. Our paper fills this important gap. Instead of postulating a measure
P, we build estimators of rr]P(g) directly from historical observations of returns ry, ..., ry
and study their properties. Furthermore, we extend the estimators to take into account also
the option price data. This is practically relevant and methodologically novel in that it allows
a coherent and simultaneous use of historical time-series data with current option price data
or, in mathematical finance jargon, the physical measure data and the risk neutral measure
data.

In contrast, in existing approaches historical returns are, if at all, only used indirectly to
compute 77 (g). In classical mathematical finance, one first postulates a family of plausi-
ble models {IPy : 6 € ®}. Such choice may be influenced by stylised features of historical
returns; see [16] for a recent example, as well as by other considerations, for example, of
computational tractability. Thereon, historical returns are not used and only the “future fac-
ing” options price data is exploited to select a candidate pricing measure Qg. More recently,
pioneered by Mykland [35-37] in a continuous-time setting and pursued within the so-called
robust approach to pricing and hedging, it was suggested to use historical returns to select a
prediction set, that is, the set of paths on which the superhedging property is required, and
then to compute the resulting cheapest superhedge which trades in stocks and options; see [1,
21]. Our approach inherits from that perspective but takes a statistical viewpoint and evolves
it into a dynamic and asymptotically consistent methodology.

To describe our approach, suppose we observe d-dimensional historical returns r| =
S1/80,...,rn = Sn/Sn—1 and for simplicity assume that these are nonnegative i.i.d. real-
isations of a distribution IP which satisfies the no-arbitrage condition. We can equivalently
represent the observations through their associated empirical measures

. 1 Y
Py=— Z (Sr,- >
N ¢
i=1
which are well known to converge weakly to P as N — oo; see [47], Theorem 19.1, p. 266.

This suggests a very natural way to approximate the superhedging price by simply using Py
in place of IP. We show in Theorem 2.1 below that the resulting plugin estimator 7y (g) :=

7PN (g) is asymptotically consistent:

lim #y(g) =n"(g) P™-as.,
N—o0

where P* denotes the law of the process (ry)y>1. However, we also show that 7y has
serious shortcomings. First, it is not (statistically) robust: small perturbations of IP can lead to
large changes in the distribution of 77,y. We argue that the Lévy—Prokhorov metric used in the
classical definition of statistical robustness, Definition 2.6, is not appropriate when looking
at the financial context of derivatives pricing. We propose and study alternative metrics and
ensuing notions of statistical robustness in Section 4.

Second, the plug-in estimator also lacks robustness from the financial point of view of risk
management. In fact, 7 is monotone in N and converges from below so it is always a lower
estimate of the risk: 7y < 7¥. In Theorem 2.11, and in more detail in [38], Section B.8,
we study the convergence rates for the plug-in estimators. This, in the one-dimensional case
d = 1, could be exploited to build conservative estimates for the superhedging price 7" .

A first intuition to improve the plug-in estimator could be to turn to estimators of the sup-
port of IP. Indeed, the superhedging price 7 (g), say for a continuous g, only depends on P
via its support. We could thus replace the Py-as. inequality in the plug-in estimator by an
inequality on an estimator of the support of IP. Such estimators are well studied in statistics,
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going back to [3, 8, 17, 18]; see also [6, 7, 20, 26, 33, 42, 44, 46]. Unfortunately, this approach
does not seem to hold any ground. First, convergence of support estimators usually imposes
strong conditions on IP, for example, compactness and convexity of the support and/or ex-
istence of a density. Second, for the convergence of the superhedging prices we would also
need to impose some uniform continuity assumptions on g. However, under such conditions
on IP and g, we could directly improve the plug-in estimator and consider a suitable 7y +ay;
see Section 2.4.

Instead, to address the shortcomings of the plug-in estimator, we propose novel estimators,
which we introduce in Section 3. They exploit the dual formulation of the superhedging price
in (1.2). In order to achieve financial robustness and to increase our point estimates, we need
to consider a larger class of martingale measures. Thus we consider

moy(8) = sup Eqlgl,
QeQy
where Qp is a subset of all martingale measures M. The plug-in estimator corresponds to
taking Oy ={Q € M : Q ~ Py} and it is natural to replace it with

Qv ={QeM:3P e By(Py) st. Q~ P},

where By (IAP ~) is some “ball” in the space of probability measures around the empirical
measure IPy. We show that this can lead to a consistent estimator if we use a sufficiently
strong metric, for example, the Wasserstein infinity metric WW. In general, however, such
Qy 1is too large. Instead, our main insight is to consider a tradeoff between the radius of the
balls and the behaviour of martingale densities:

Oy := Qe M||1dQ/dP|| s < ky for some P € Bg’N(I@’N)},

where BfN (]AP ~) denotes the p-Wasserstein ball of radius &p around P y and gy — 0 as well
as ky — oo. With a suitable choice of ey, ky, we establish consistency of s, (g) for a

regular g; see Theorem 3.6, and also their financial robustness, see Corollary 3.7. This also
allows us to study the cases when the estimator naturally extends to the setting of superhedg-
ing under model uncertainty about IP; see Corollary 3.8. The statistical robustness of 75, (8)
is shown in Section 4; see Theorem 4.2. In Section 5, we extend our analysis to the case
when risk is assessed not using the superhedging capital but rather via a generic risk measure
p admitting a Kusuoka representation ([31], see (5.1) for a definition). We stress that this is
substantially different to all the works recalled at the beginning of this Introduction since we
consider an agent who can trade and optimises her position to offset the risk. We propose an
estimator, inspired by 7 o (g), and show its consistency.
Finally, we also propose another estimator:

. dQ
o -, 2] 1)
QeM O~Py,Oemll dQ
which is inspired by penalty methods used in risk measures and their representations as non-
linear expectations. Asymptotic consistency of this estimator is shown in Thereom 3.12 and
holds for an arbitrary measurable bounded g.

The rest of the paper is organised as follows. In Section 2, we study the plug-in estima-
tor 7 : its consistency, convergence rates and robustness, both statistical and financial. In
Section 3, we propose improved estimators and establish consistency for all of them, under
different sets of assumptions. Subsequently, in Section 4, we discuss statistical robustness
of all the estimators. We show in particular that no estimator can be robust in the classical
sense of Tukey—Huber—-Hampel, and suggest ways to amend the classical definition to make
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it more appropriate to the superhedging price estimation. Appendix A contains proofs of the
most important results from the main body of the paper. Other proofs, along with auxiliary
results and supplementary discussion, are presented in [38], including convergence of super-
hedging strategies, extensions to a multi-period setting and arbitrage considerations.

Notation. We write P(A) for the set of probability measures on A C R¢. P, = IP denotes
weak convergence of measures. IP € P(Ri) is a generic distribution for returns » so that
Epl[r] = fRi xP(dx). We let M ={Q € P(]Ri) : Eq[r] = 1} denote the set of martingale
measures for the stock prices (S;, S¢+1), where S; > 0 is fixed and Sy = rS;. We write M 4
for the set of martingale measures supported on A. We say that IP € P(Rﬁ) does not admit
arbitrage, or that NA(IP) holds, if {Q € M : Q ~ IP} # &. Above, and throughout, H is a row
vector, r is a column vector and 1 denotes either a scalar or a column vector (1, ..., l)T. We
write span(A) for the linear hull of A.

2. The plug-in estimator. Recall that we want to build an estimator for the superhedging
price 77 (g). The easiest and possibly most natural way to do this is simply to replace the
measure P with the empirical measures Py . This yields the plug-in estimator:

@.1) Ay (g) =N (g).

In this section, we develop the necessary tools to show asymptotic consistency of this es-
timator and understand its properties. The main proofs are reported in Appendix A with
supplementary proofs in [38], Section B.1.

2.1. Consistency. We now state the main result of this section.

THEOREM 2.1. Let P{,P € P(R‘i) and g : IFiflF — R be Borel measurable. Assume
that ri,ra, ... are realisations of a time-homogeneous ergodic Markov chain with initial
distribution P| and unique invariant distribution P such that P| << IP. Then

2.2) lim Ay(g) =" () P -as,
N—oo
where P> denotes the law of the Markov process started from Py.

REMARK 2.2. The assumptions in the above theorem are standard in econometric theory
and cover a variety of models frequently used for modelling of financial returns data. We refer
to Corollary B.3 in [38] for sufficient conditions for stationarity (with exponential decay rates)
for various random coefficient autoregressive models, for example, linear and power GARCH
and stochastic autoregressive volatility models, which are frequently used for option pricing.
Nevertheless, we remark that this assumption rules out deterministic trends, structural breaks
and seasonalities, which need to be treated separately.

The proof for a general g follows by Lusin’s theorem from the case of a continuous claim
g which in turn depends on the characterisation of the superhedging price using concave
envelopes, which we now recall.

DEFINITION 2.3. Let g: ]Ri — R be Borel. For A C ]R‘fr and x € A, we define the
pointwise concave envelope
ga(x) =influ(x)|u: ]Ri — R concave, u > g on A}.
We define the IP-a.s. concave envelope as

gr(x) =inf{u(x)|u : IRi — R concave, u > g P-a.s.}.
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It is well known that in the definition of concave envelopes above we could take infimum
over affine functions instead of concave functions. It follows from the definition of the super-
hedging price in (1.1) that we have

(2.3) 7@ =gp(l) and An(Q) =8&p (1)=&, . (D).

Properties and computational methods for concave envelopes, or more generally for con-
vex hulls of a set of discrete points, have been studied in many applied sciences and there
are a number of efficient numerical routines available for their calculation. Naturally com-
putational complexity increases with higher dimensions. Nevertheless, there exist algorithms
determining approximative convex hulls, whose complexity is independent of the dimension;
see, for instance, [45].

To establish a dual formulation for the plug-in estimator, assume now that Py < IP as well
as no-IP-arbitrage, NA(IP), holds and recall this implies the pricing-hedging duality; cf. (1.2).
It turns out that since supp(IAP ~) € supp(IP) this already implies that NA(]lA) ~) holds for N
large enough. More generally, we have the following.

PROPOSITION 2.4. Let P € P(]Ri) and (PN)yen be a sequence of probability mea-
sures on Ri such that PN = P and supp(PV) C supp(IP). Then

NA(P) ¢ 3Ny € N s.t. NA(PY)  forall N > N.
In particular, if NA(IP) holds then in the setup of Theorem 2.1 we also have

lim 7x(g) = lim sup Eqlgl=7F(g) P®-as.
(2-4) N—o0 _)OOQ’VIAPN,QEM Q

We close this section considering an extended setup where in addition to the traded assets
S, whose historical prices we observe, there also exist options in the market, which can be
used for hedging g. If the market enlarged with those options does not allow for an arbitrage,
the superhedging price of g in this market is again approximated by the plugin estimator,
which now also allows for trading in the options. More precisely, we have the following.

COROLLARY 2.5. LetP e P(]be and g : IR‘JZr — R be Borel-measurable. In addition to

the assets S, assume that there are d traded options with continuous payoffs fi(r) and prices
fo in the market. Define the evaluation map

er)= (', A ) )T

andP:=Poe . Finally, assume no arbitrage, NA(P), holds. Then, under the assumptions
of Theorem 2.1, we have P*°-a.s.,

lim inf{x € RIFH € R 5. x + H(e(r) — 1) > g(r) Vr € {r1,....rx}}
—00

=inf{x e R|IH € R gr x + H(e(r)—1)>g(r) P-a.s.}

= sup Eqlgl.
Q~P,QeM,Eql f1l=fo

It is worth stressing that in the classical approach to pricing and hedging, the historical
returns are seen as physical measure inputs and might be used, for example, for extracting
stylised features which models should exhibit. In contrast, option prices fo are risk-neutral
measure inputs and would be used to calibrate the pricing measures. To the best of our knowl-
edge consistent use of both in one estimator has not been achieved before.



ROBUST ESTIMATION OF SUPERHEDGING PRICES 513

2.2. Statistical robustness. Robustness of estimators is concerned with their sensitivity
to perturbation of the sampling measure IP. To formalise this, suppose we have a sequence
of estimators 7 which can be expressed as a fixed functional T : P(]Ri) — R evaluated

on the sequence of empirical measures, that is, Ty = T(IAP ~). This is clearly the case with
the plug-in estimator of the superhedging price in (2.1). Hampel [19] proposed the following
definition of statistical robustness.

DEFINITION 2.6 ([22], p. 42). Letry,rp,... bei.id. from P e P(Rﬂ). The sequence of

estimators 7Ty =~T(If’N) is said to be robust at IP if for every ¢ > 0 there is § > 0 and Ng € IN
such that for all P € P(Ri) and N > Ny we have

AP, P)<8 = di(Lp(Tw), Lp(Tn)) <e,
where dj, is the Lévy—Prokhorov metric
(2.5) d(P,P) :=inf{8 > 0|P(B) < P(B’) + & for all B € B(R)}.

We sometimes say that Ty is robust with respect to dr to stress the dependency on the
particular choice of the metric. A classical result of Hampel (see [22], Theorem 2.21) states
that if T is asymptotically consistent, that is,

Ty =T(Py) —> T(P) forall P e P(RY)

then Ty is robust at IP if and only if 7 (-) is continuous at IP. The following theorem charac-
terises weak continuity of the superhedging price, and hence also robustness of its estimators.
In particular, it implies that even for i.i.d. returns 77 is robust only for special combinations
of g and IP.

THEOREM 2.7. Let g be continuous and P € P(IR?’F). Then the functional P> JTIF’(g)
is lower semicontinuous at P. It is continuous if and only if

(2.6) 7' (g) = sup Eqlgl.
QeM

In consequence, any asymptotically consistent estimator Ty is robust at P only if the above
equality holds true.

In particular, we see that, in general, the plug-in estimator 77y (g) is not robust w.r.t. d .
The fact that this holds for any asymptotically consistent estimator suggests strongly that
the classical definition of robustness is not adequate in the present context. The superhedg-
ing price 7" (g) is concerned with the support of IP in the sense that for Py, P; € P(IRE{_)
with equal supports, and for a continuous g, we have 71 (g) = 7¥2(g). In contrast, any
§-perturbation in the Lévy—Prokhorov sense allows for arbitrary changes to the support; see
Lemma A.1. In particular, even if P satisfies no-arbitrage, measures in its neighbourhood
may not and one may not employ (1.2) for these. To control the support, we can consider
dg (supp(P), supp(P)), for P, P € P(Ri) and where dy denote the Hausdorff metric on

closed subsets of ]Rff_.

PROPOSITION 2.8. Let g: IRi — R be uniformly continuous and let IP € P(Rﬂl_) such
that N A(P) holds and span(supp(P)) = R¢. Then the functional P(RL) > P — =¥ (g) is
continuous w.r.t. the pseudo-metric dg (supp(IP), Supp(fP)).

Alas, this does not allow us to recover statistical robustness of the plug-in estimator as the
pseudometric above does not admit control over the tails of P. Instead, in Section 4.2, we
consider a stronger YW* metric which allows to obtain an analogue to Hampel’s robustness
result.
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2.3. Financial robustness. The plug-in estimator 77y not only lacks statistical robustness,
as seen above, but is also not a financially robust estimate of risk. In fact, if P; « P, it
converges to the superhedging price from below, that is, 7y 7 7¥. From a risk-management
perspective one would like to find a consistent estimator for the IP-a.s. superhedging price
converging from above. However, as we now show, this is not possible in general. As a
direct consequence of the discontinuity of the superhedging functional with respect to the
Lévy—Prokhorov metric dy, the convergence from above at some confidence level cannot be
achieved in practical applications.

PROPOSITION 2.9. LetP € P(Ri) satisfy NA(IP) and g be bounded and Lipschitz con-

tinuous. Then there exists no consistent estimator Ty of w¥(g) such that for a confidence
level a € [0, 1] there exists Ng € IN and

2.7 P (TN > sup Eqlglforall N > No) >«
QeM,Q~P

forall P € P(RY).

Thus, in order to achieve the above property (2.7) it is necessary to make additional reg-
ularity assumptions on IP and g. We show that this is possible for suitably conservative es-
timators; see Section 3.2 below. In the case of the plug-in estimator, we can never achieve
convergence from above but we can develop an understanding of the order of magnitude of
the difference 7% (g) — Ay (g). We first do this by studying the convergence rates; see also
[38], Section B.8. Second, we achieve this via notions of statistical robustness suited for the
plug-in estimator; see Section 4.2.

2.4. Convergence rates. We now investigate the convergence rate in (2.4). While moti-
vated by financial considerations, the question is of independent interest. We focus on the
one-dimensional case. We let Fp be the cumulative distribution function of IP € P(R4)
and dy = SUP,eR |F]@N (r) — Fp(r)| denote the Kolmogorov—Smirnov distance between P N
and IP.

DEFRINITION 2.10. For Ne N and k=1,...,[1/(3dy)], we define the interquantile
distance

kY = Fp'(3kdy) — Fp'(3(k — 1)dy v 04) fork=1,...|1/(3d)].
Furthermore, we set
N _ {Flgl (1) — Fﬂjl (1 —dy) if IP has bounded support,

Ko ]
0 otherwise,

N
and let/{N :Supke{o ’’’’’ |_1/(3dN)J}Kk .
We can now establish the speed of convergence for the plug-in estimator.

THEOREM 2.11. In the setup of Theorem 2.1 assume d = 1, NA(IP) holds and g is
bounded and uniformly continuous with |g(r) — g(r)| < §(lr — r|) for some § : Ry — Ry
such that §(r) — 0 for r — 0. Then, as N — 00,

77 (g) —An@g)= sup Eqlgl— sup  Eqlg]
Q~P,QeM QN]@NerM
O(8(x™)) if P has bounded support,

1

+ 17) otherwise.
Fp (1 —dy)
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REMARK 2.12. When the support of IP is bounded, the above result holds for all contin-
uous g. Furthermore, ' tends to 0 as N — oo.

LEMMA 2.13 (Dvoretzky—Kiefer—Wolfowitz, cf. [27], Theorem 11.6). Suppose the re-
turns ry,ra, ... are i.i.d. samples from P € P(R4.). Then for every ¢ > 0,

P®(dy > ) < 2 2N¢’,

Theorem 2.11 and Lemma 2.13 yield probabilistic bounds on the distribution of 7* (g) —
7y (g). This is explored in [38], Section B.8, where we also prove Theorem 2.11 and provide
extensions of Lemma 2.13.

3. Improved estimators for the IP-a.s. superhedging price. In the last section, we have
seen that the plug-in estimator is asymptotically consistent but has important shortcomings
from a statistical and financial point of view. To address these, we propose now new estima-
tors and investigate their asymptotic behaviour as well as their robustness. To construct these,
we consider “balls” around the empirical measure Py and we rely on recent convergence rate
results of P n to IP for the choice of the radii.

We start by considering balls in the Wasserstein—oo metric, which offers a very good con-
trol over the support but where we need to make strong assumptions on IP to control the rate
of convergence for Py. Subsequently, in Section 3.2, we consider Wasserstein-p metrics,
p > 1. The use of weaker metrics allows us to treat all measures admitting suitable finite
moments but requires a penalisation over the dual (pricing) measures. In fact, our estimators
rely on a suitable combination of results on convergence of empirical measures with insights
into pricing and control over martingale densities. Similar to the spirit of Corollary 2.5 above,
we combine the physical measure—and the risk neutral measure—arguments; see (3.4). We
note that using Wasserstein metrics, as opposed to weaker metrics, allows us to control the
first moment which is important for no-arbitrage reasons; see [38], Section B.7. Finally, in
Section 3.3, we consider much larger balls, indeed all of M, and let penalisation select the ap-
propriate measures. Short proofs are given here, the main proofs are reported in Appendix A.2
while supplementary proofs are given in [38], Section B.2.

3.1. Wasserstein YW balls. When considering robustness of the plug-in estimator we
saw that to consider measures in a ball around P ~ we have to consider a notion of distance
which, unlike the Lévy—Prokhorov metric, controls the supports. This is achieved by the
Wasserstein-oo distance

WX (P,P):= inf _y-ess-sup |x — y|
(31) )/EH(IP,IP)

=inf|e > 0|P(B) < P(Bf), P(B) < P(B®) VB € B(RY)},

where T1(IP, P) denotes the set of all probability measures y with marginals P and P and
where the equality between the definition and the second representation is a consequence of
the Skorokhod representation theorem. A direct comparison of (3.1) with (2.5) reveals that
W controls the support in a way that d; does not. However, one immediate issue with
considering W is that if P has unbounded support then W (P, IAPN) =ooforall N e N
since Py are finitely supported. For this reason, and also to obtain appropriate confidence
intervals, in order to build a good estimator using YW*°-balls we have to impose relatively
strong assumptions on P.
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ASSUMPTION 3.1. The measure PP is an element of P(A) for a connected, open and
bounded set A € B(Ri) with a Lipschitz boundary. Furthermore, P admits a density p :
A — (0, 00) such that there exists « > 1 for which 1/a < p(r) <o on A.

Under the above assumption, we have explicit bounds on W (P, P ~N). The case d = 1
follows from Kiefer—Wolfowitz bounds while the case d > 2 was established in [15], Theo-
rem 1.1.

LEMMA 3.2. Assume that P fulfils Assumption 3.1 and NA(IP) holds. Furthermore,
let r1,ra,... be i.id. samples from PP. If d = 1, then except on a set with probability
O (exp(—2+/N)), W (P, IAPN) <Iy(l,a, A) :=aN~V4 Ifd > 2, then except on a set with
probability O(N?),

log(N)3/* ifd="2
A N2 l B ’

WP, Py) <Iy(d,a, A) :=C(a, A) 10%21/‘1
— T ifd>3

We let B.° (IP) denote a YW°°-ball of radius € around IP. The above lemma allows to deduce
consistency of the estimator based on such W™ balls.

PROPOSITION 3.3. Consider P € P(R‘j_) satisfying NA(IP) and Assumption 3.1, and let
o,y =Iy(d,a, A) be as in Lemma 3.2. Let g be a continuous function and ry,r2, ... be
i.i.d. samples from P. Then

Ay (g) = sup. nﬂ)(g) \ 7Y (g) as N — oo, P®-a.s.
]PEBIO;(]PN)

REMARK 3.4. The practical use of YW estimators requires a good handle on Iy. Its
dependence on the set A is mild; from [15], we see that if a bi-Lipschitz homeomorphism
¢ : A — [0, 1] exists, then the constant C depends on the domain A only via the Lipschitz
constant of ¢. However, the knowledge of « requires uniform a priori estimates on the density
of IP on A. This should be contrasted with YW? estimators below, which only require finiteness
of certain moments.

PROOF OF PROPOSITION 3.3. From Lemma 3.2, an application of Borel-Cantelli shows
that, P>-a.s., for N large enough P € B}’ P y) and, in particular, 75° > 7*. Further, as
dg (supp(P), supp(PP)) < W (P, P) by (3.1), for all P € Bf}\f(IPN) we have supp(lP) C
supp(IP)?/~, a compact on which g is uniformly continuous. For measures supported on this

compact, Proposition 2.8 yields continuity of P 7% with respect to W™ at P, which in
turn implies consistency of 775 and concludes the proof. [

Thus 775’ is not only consistent but also financially robust. We shall see in Corollary 4.6
below, that it is also statistically robust with respect to YV°°. However, these results only hold
for measures IP which satisfy Assumption 3.1. In the next section, we introduce a family of
estimators which exhibit similar desirable properties for a much larger class of measures IP.
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3.2. Wasserstein WP balls and martingale densities. We assume no-arbitrage NA(IP)
holds and exploit (1.2) to consider estimators of the form

(3.2) oy (g) = sup Eqlg]

QeQn
for different specifications of the sets of martingale measures Qy based on “balls” around
P ~ - In order to guarantee asymptotic consistency, we have to ascertain that the true measure
P is contained in these balls and that we have some control over the tails of the martingale
measures in Q. Our crucial insight, following recent work of [34], is to work with Wasser-
stein metrics defined, for p > 1 and PP, Pe P(Ri) with a finite pth moment, by

- - I/p
WP (P, P) = (inf{/ lr —s|Py(dr,ds)|y € TI(P, IP)}) ,
R4 xR

where T1(P, P) is the set of probability measures on Ri X Ri with marginals IP and P.
In case p =1, [25] showed that Kantorovitch—Rubinstein duality (see [9], Theorem 11.8.2,
p- 421) has a particularly nice expression:

(3.3) WP, P) = sup
feL,

’

[ rranm = [ rorave)

where £ denotes the 1-Lipschitz continuous functions f : Ri — R.! A Wasserstein ball
around P is denoted

Bl (P) =[P e P(RL) WP (P, P) <e}.

For a given ¢ > 0 and k € (0, o], let
’ aQ ~

(3.4) DY (P):=1QeM||==| <k forsome Pe BL(P)|.
’ dP lico

One’s first intuition might be to use Qn = Df N,OO(IAP ~) in (3.2). Interestingly, this does not
work as the balls are too large. Indeed, Wasserstein distance metrises weak convergence and
Lemma A.1 shows that any ball around Py includes measures with full support. As it turns
out, to obtain a consistent estimator a subtle interplay is required between ¢ and & in (3.4).

ASSUMPTION 3.5.

1. r1,rp, ... are realisations of a time-homogeneous ergodic Markov chain with initial
distribution IP| and unique invariant distribution IP such that P; <« IP and [|dPP/dP|| s p) <
oo for some s > 3. Furthermore, Ep[|r|?] < oo for some g > 2ps/(s — 2) and there exists a
sequence (py)neN With Y}y oy < 0o such that if ri ~ P,

(3.5) E[E[f (ry) — m(H)Iri]’] < ok
holds for all || f]lco <1, all N € N, where m(f) =IE[f(r1)].
2. ri,r2,... arei.i.d. samples of IP and there exist a, ¢ > 0 such that IEp[exp(c|r|?)] < co.

Iwe develop the theory for all p > 1. In practice, the choice of p has to be made by the statistician. From
Theorem 4.2 and the equation above Corollary 3.7, it is apparent that, for robustness, one wants to take p as large
as possible. This however makes moment assumptions more restrictive. The cases p =1 and p = 2 are the most
popular in literature, given in particular the nice duality for p = 1 and the fact that L? is a Hilbert space.
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We again refer to [38], Corollary B.3, for examples of processes, which satisfy Assump-
tion 3.5. Clearly, Assumption 3.5.2 implies 3.5.1. Under this assumption [14], see also [34],
used concentration of measure techniques to obtain rates of the decay for P*° (W (P, Py) >
€); see Lemma A.2 and [38], Lemma B.4. This allows to compute explicitly a function
en :(0,1) = Ry with ey (B) \\ 0 as N — oo, such that

P(WP(P,Py) > en(B) <B, N=1.

We say that Assumption 3.5 holds if either Assumption 3.5.1 holds and then ey is given in
(B.3) or Assumption 3.5.2 holds and ¢y is then given in (A.1). We state now the main result
in this section.

THEOREM 3.6. Let g be either Lipschitz continuous and bounded from below or con-
tinuous and bounded, p > 1 and P € "P(Rflk) satisfying NA(IP). Suppose Assumption 3.5
holds and By € (0, 1) satisfy limy_. o By = 0 and limy_ . en(Bn) = 0. Pick a sequence
kn =0(1/en(BN)). Then the limit in IP*°-probability

(3.6) Jim 7o (@) =7"(0),

holds, where QN = DfN(ﬂN).kN (]lSN). Furthermore, if (Bn)NeN satisfies Y N_; BN < 00
then the limit (3.6) also holds P*°-almost surely.

The above result shows that s, is an asymptotically consistent estimator of 7. Note
that we assume no arbitrage NA(IP) so that, using (1.2), the convergence above is equivalent
to

lim sup Eqlgl= sup Egqlgl
N_)OOQEQAN Q~P,QeM

We write Q]'z, = Oy when we want to stress the dependence on p. As mentioned above, the

consistency depends crucially on the choice of Oy . We discuss this further and motivate the
above choice in [38], Section B.7. For p > 1, Dg « (IP) are weakly compact but D;’ () is not

even weakly closed in general; see Lemma A.3. In case of p = 1, taking weak closure of Qzlv
could destroy the asymptotic consistency of the estimator, for example, taking g(r) = (r — 1)
in the example in the proof of Lemma A.3.

For the particular choice of By = exp(—+/N) under Assumption 3.5.2, an explicit compu-
tation yields that for N large enough we have

log(c1 exp(v/N))\ |/ min(max(d/p.2).a/2p)) 1
N ) ™ N1/ min(max(2d/p.8),a/p)

However, many other choices of Sy are feasible. The essential point is that for summable
(Bn), a Borel-Cantelli argument implies that for N large enough the true distribution P
is within an &y (By)-ball around P ~. This allows us to deduce a sufficient condition for
financial robustness of our estimator.

en(Bn) =(

COROLLARY 3.7. In the setup of Theorem 3.6 with Y_3_, BN < 00, let g be such that

G7  3CeRy st sw o Eqlgl=  sw  Eqlgl=r"(o).
QeM. |48 lee=C Q~P,QeM

Then TS, (g) = 7% (g) for N large enough so that the estimator is asymptotically consistent
and converges from above.
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The condition (3.7) is motivated by an approximation result; see Lemma A.4. It allows us
also to consider the case when we are unsure about the frue measure IP and instead prefer to
superhedge under all measures in its small neighbourhood.

COROLLARY 3.8. In the setup of Theorem 3.6, fix C > 0 and assume there exists Q € M
such that ||dQ/dP| o < C. Consider Cy — C and a fixed ¢ > 0. Then

Nlim sup Eqlgl= sup IEqglgl
TQent,,, ¢ ) QeD! - (P)

holds in P*°-probability and P*°-a.s. whenever Y_3,_| Bn < 0.

We close this section with two examples illustrating that the assumptions on regularity of
g in Theorem 3.6 can not be easily relaxed.

EXAMPLE 3.9 (g unbounded, not Lipschitz). Setg(r) = — 1)? and consider (rv)N=>1
1.1.d. from P = ;. For ry > 2, consider the measures

en(BN) rven(BN) en(BN)
8+ (1 - —)3 NN

N = 2y — 1) 2y — DN
and
Qy = en(BN) 50+ (1 B rnen(Bn) >81 4 en(Bn)
2/en(Bn) 2(ry — D/en (Bn) 2(ry — 1)%
Then W (vy, 81) < en(Bn),
dQy |
H dvy H Ven(Bn)

and choosing ry = 1/en(By) we find

VeN(BN)
~2(1/en(BN) —

( Jen(Byn) —1)* —> 00 as N — oco.

Eqylgl >

EXAMPLE 3.10 (g bounded, discontinuous). Set g(r) = 1,»1y and consider (ry)y>1
1.i.d. from IP = §;. Let

1 1
VN = 551—8N(ﬂN>/2 + 531+8N(5N>/2»

then W' (vy, 81) = en (Bn)/2. We conclude
lim sup Eqlgl > lim sup Eqlgl=1#0= sup IEglgl.
N=00nedy N—00 Qgvy,QeM Q~P,QeM

Let us remark that 7 (g) acting on infinite dimensional spaces is bounded by a more
sophisticated version of the plug-in estimator. To see this, define the average value at risk of
g atlevel 1/k, fork > 1, by

AV@RY) ()= max Eplgl.
PP, [P /dP oo <k

In dimension one, d = 1, it can be re-expressed (see [13], Theorem 4.47), as

AV@Rl/k(g) —k/ Pog,l(x)dx



520 J. OBLOJ AND J. WIESEL

which makes the link with the classical value-at-risk apparent. If we now include the ability
to trade and optimise the final position, by the translation-invariance of AV @R{P/ « (1) we can
write

inf AV@R ry—H(@r—1
HeRd 1/k(g( ) — H( )

=inf{x e R|FH e R’ s.t. AV@R] ), (g(r) — H(r — 1) —x) <0},
which is a superhedging price, where the acceptance cone is given by an AV @ R constraint.

An analogous representation and bounds for 7 Ay follow.

COROLLARY 3.11. In the setup of Theorem 3.6, let g be 1-Lipschitz and P € P(]R )
satisfying NA(IP). Then there exists Ny € IN such that for all N > Ny,

inf AV@Rl/k (g(r) — H(r — 1))

HeR4
< 1nfd sup AV@RIIP/,(N(g(r) —H@r—-1)= 75, (&)
HeR ]PEBP (ﬂN)(IPN)
(3.8) = inf{x eRJIH e RY s.1.
_swp AV@RI (g() — Ho—1) —x) <0}
PeB] 5 @N)

< b mf AV@Rl/k (g(r) = H(r — 1)) +2knen(BN)

on a set of probabllzty greater or equal than 1 — By.

Note that

75, (8) = sup sup inf E,[g—H(r—1)].
N i HeR4
Pe 5 NBN )(IPN) Hdv/dIPHOO<kN

The proof proceeds by using a min-max argument to interchange the two suprema and the

infimum above and uses continuity of P> AV@Rl/k (g— H(r —1)) wrt. to W!; see [41]
and [38], Section B.2, for details.

We provide a method for the direct calculation of the Wasserstein estimator implemented in
TensorFlow,> which is based on recent duality results obtained in [10]. As this approximation
is computationally quite costly when a large sample size is used, we opt to compute the upper
bound of T4 (g) given in (3.8) instead. This is shown in Figure 1.

3.3. A penalty approach: Estimator for discontinuous payoffs. In the previous section,
we introduced the estimator 7 4 Wwhere Q ~ were based on Wasserstein balls around P N-
This estimator allowed us to address fundamental shortcomings of the plug-in estimator but,
as the counterexamples demonstrated, it is only asymptotically consistent under suitable reg-
ularity assumptions on g and/or further assumptions on IP. To construct an estimator which
would be consistent also for discontinuous payoffs while preserving some of the desirable ro-
bustness properties of TS it is natural to turn to penalty methods used in risk measures and
their representations as nonlinear expectations. Namely, we use the maximum norm of the
Radon—Nikodym derivative, rather than the Wasserstein distance, in the penalisation term.

20ur Python implementation for all of the numerical examples in the paper can be found at https://github.com/
johanneswiesel/Stats-for-superhedging.
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FIG. 1. Convergence of the plug-in estimator 7t )y (dotted) and the Wasserstein estimator Oy (dashed) to the
true value (solid) as N — oo for g(r) = (1 —r)L<1y —/r — 1151y, P =Exp(1) (left) and g(r) = (r — )T,
P = exp(N(0, 1)) (right). Results averaged over 103 runs.

THEOREM 3.12. In the setting of Theorem 2.1, let NA(IP) hold and let g : IRi — Ry be

Borel-measurable and bounded by some constant C > 0. Then for any Cy N=% ¢ we have

46
3.9) lim sup (EQ[g] - CN<A _inf H;QH - 1)) = sup IEglg]
N—00 Qe M O~Py.QemlldQ o Q~P.QeM

P*°-a.s., where for two probability measures Q, Q the expression || % loo = 00 if Q is not
absolutely continuous w.r.t. Q.

The direct implementation of (3.9) proves numerically expensive and unstable due to the
fraction ||d Q /d Q|| appearing in the penalisation term. Thus, in Figure 2, we show an upper
bound on the penalty estimator derived in the proof of Theorem 3.12 in [38], Section B.2. We
focus on more tractable properties of the plug-in and Wasserstein estimator for the rest of the

paper.

10°

......... 10°

1071

K 6x 107!
l.
1072 -
5
- 4x1071
1073 3x 107!
10~ - 2x1071
10° 10! 102 103 104 105 100 10! 102 103 104 105

FIG. 2. Convergence of the penalty estimator (dashed) in Theorem 3.12 and the plugin estimator iy (dot-
ted) to the true value (solid) as N — oo for g(r) = 1{,<o5), P = plo from [38], Example B.23, (left) and

g(r) =1 <0.5y, P =Exp(l) (right). Results averaged over 103 runs.
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4. Statistical robustness of superhedging price estimators. Recall that in Theorem 2.7
we showed that classical robustness in the sense of Hampel cannot hold unless the superhedg-
ing price is trivial in that (2.6) holds. This is closely related to properties of Lévy—Prokhorov
metric (see Lemma A.1), and we are naturally led to consider stronger metrics than dy , which
offer a better control on the support. Below, we investigate the use of Wasserstein distances.
First, we consider WP” for p > 1 which is sufficient to establish robustness of the estimator
TS, from Section 3.2. Then we turn to an even stronger metric YW* which is needed to study
the plug-in estimator.

4.1. Robustness with respect to the Wasserstein—Hausdorff metric. Following [32], we
consider Wasserstein—Hausdorff distance, that is, a Hausdorff distance between subsets of
P(Ri) equipped with WP,

DEFINITION 4.1. Let B,P C P(Ri). The p-Wasserstein—Hausdorff metric between
sets 3 and ‘J~3 is given by

WP (B, P) := max(sup inf WP (P, P), sup inf WP (P, I~P)).
PepPep peple

In this generality, W? (13, 513) can take the value infinity. Properties of this quantity are
discussed in [32] assuming compactness and uniform integrability of 13 and J3. We apply

this distance to the sets of the form Qy = DfN(ﬂN),kN (]APN) (see (3.4)), and we note that

D ;N Br) K (IAP ~) is neither compact nor uniformly integrable; see Lemma A.3. We used these
sets in Section 3.2 to define consistent estimators Ty, see (3.2) and Theorem 3.6. The fol-
lowing establishes their robustness.

THEOREM 4.2. Fix p > 1. The estimator 5y, studied in Theorem 3.6 is robust with
respect to the p-Wasserstein—Hausdorff metric in the sense that

sup |51 (8) — a2 ()| < WP(Q). OF).
geLy N N

where Qﬁv = DfN(ﬂN)’kN (If’év)for P e P(Ri), i=1,2.

PROOF. Note that for all g € £ and Qi € Qi ,i=1,2, we have

Eq 8] - Egalg] = /Jm

4 RZ xR

+

L8O =@y < [ = sldy ),
RY i
where y € IT(Q!, Q?) is a probability measure on ]Rfi X IE{fI|r with marginals Q' and Q2.
Taking the infimum over all these probability measures y yields
Eqilg]l — Eqelgl <WP(Q', Q)
for all p > 1. The claim follows. [
REMARK 4.3. It follows in particular that if P!, P? admit no arbitrage then

limy_s 0 W”(QJI\,, Q]zv) = 0 implies supp(IPl) = supp(IPz). Indeed, otherwise there exists
a Lipschitz continuous function g such that

sup  [Eqlgl# sup I[Eglgl,
Q~P!',QeM Q~P2,QeM

s0, by consistency, limy_, o W”(Q}V, Q]ZV) > 0, P®-a.s.
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4.2. Robustness with respect to W and perturbations of the support. We reconsider
now robustness of the plug-in estimator from Section 2. In analogy to the previous section, it
seems natural to simply consider the Hausdorff distance between the supports of P }v and ]AP%,
In Proposition 2.8, we established continuity of P(Ri) SP— n]P(g) in the pseudometric
dg (supp(P), supp(fP)) but noted that it was not sufficient for a robustness result. Recalling
the Lévy metric in (2.5), if d. (P, IE’) < ¢ then P can be obtained from IP by redistributing &
mass to arbitrary points on R%, while (1 — &) mass can only be moved in an e-neighbourhood
(in the Euclidean distance) of where IP allocated mass. As we have observed before, the
former operation causes problems, as it changes the null sets of the measure uncontrollably.
This is no longer possible under our pseudo-metric. However, to obtain robustness, we have
to restrict redistribution of mass to an e-neighbourhood for all sets and not only for the whole
support. This is achieved by the W metric as is clear from the second representation in
(3.1). This leads to the following extended notion of robustness.

DEFINITION 4.4. Let‘p C P(Ri) and rq, rp, ... be i.i.d. with distribution P € *J3. The

sequence of estimators Ty = T(IAP n) is said to be robust at P € 13 W.IL. W on 93, if for all
& > 0 there exist § > 0 and Ng € IN such that for all N > Ng and all P €3,

WXP,P)<8 = di(Lp(Tv), Lp(Ty)) <e.

The following asserts robustness of the plug-in estimator in the above sense and is the
main result in this section.

THEOREM 4.5. Let P € P(RY) such that NA(P) holds and span(supp(P)) = R¢. Then,
for a uniformly continuous g, the plug-in estimator iy (g) is robust at P w.r.t. W™ on
P@RYL).

The proof of Theorem 4.5 is reported in [38], Section B.3. There are ways to weaken the
continuity assumption on g and obtain robustness on some 3 C P(Ri); see [38], Corol-
lary B.7. We close this section with a result on robustness of ﬁf\}o (g) from Proposition 3.3.

COROLLARY 4.6. Let g be a continuous function and P € P(Rﬂl_) satisfying NA(IP) and
Assumption 3.1. Then the estimator 75’ (g) from Proposition 3.3 is robust at P w.r.t. W on
P@RYL).

5. Risk measurement estimation. The P-a.s. superhedging price 7 (g) is a very con-
servative assessment of risk of a short position in a liability with payoff g. Instead, we could
use a risk measure pp for such an assessment, as proposed by [2], leading to

PP (g) :=inf{x € R|3H € R? such that pp(g —x — H(r — 1)) <0}.

Note that we include above the ability to trade in the market in order to (optimally) reduce
the risk of g. We consider pp with Kusuoka’s representation

1
(5.1) pr()=sup [ AVERE(9)du(@
nep /o
for a set P of probability measures on [0, 1]. This is not very restrictive since this repre-
sentation, first obtained in [31], holds for any law invariant coherent risk measure; see [23].
Importantly, it enables us to think of pp(g) as a function of the underlying measure IP. Much
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like we did for =¥ (g), we would like to estimate 7”P (g) directly from the observed stock
returns. To this end, we introduce the following estimator:

np (g):= infix € R|3H € RY such that
FN(/gN)(IPN)

sup pIp(g—x—H(r—l))§0}

PeB! 45, Py)

en By
as the natural equivalent to 5, (g). In particular, if B = {64} where « € [0, 1], we simply

have pp(g) = AV@R]P (g) and the corresponding estimator nB » @ )(g) resembles the
NGBV N

Wasserstein W7 estimator for fixed level 1/ky := «. We have the following consistency
result.

PROPOSITION 5.1. Assume g satisfies |g(r) — g(¥)| < L|r — | for some L € R and that
SUP e fol w(da)/al’P < co. Then for any P satisfying NA(IP) and Assumption 3.5 the limit
in P> -probability

lim 7° — PP
w3 B o (B (&) =7 (e)

holds. If Assumption 3.5.2 is satisfied, then the limit also holds P*°-a.s

PROOF. The “>"-inequality follows in the proof of Theorem 3.6. We now prove the
opposite inequality using [41], Corollary 11, p. 538. Fix ¢ > 0. Note that there exists H € R¢
such that pp(g — 7°P(g) —e — H(r — 1)) <0. Then for all Pe BsN(ﬂN)(IPN)’

P (g) < pplg—H(r —1) =pp(g =7 (@) —e—Hr — 1))+ (g) +¢
=[pplg =7 () —e—H@r —1)—pp(g =7 (g) —e— H(r — 1))]
+op(g =7 (g) —e—H@r—1)+7n"(g +e
' (da)

al/P

LWP (P, P) sup
neP /o0

As ¢ > 0 was arbitrary, the claim follows. [l

+ 7P (g) +e.

We note that, in analogy to the above, supp B ) PP (g) offers a natural consistent

N BN )(IPN
estimator for pp(g).

Finally, we present a simple empirical test of the performance of our estimators. We sim-
ulate weekly returns according to a GARCH(1, 1) model:

[ —2
'n = Tnn\/hn» hp=w+ Bh,—1 +O”'y%_1a

where w = 0.02, 8 = 0.1, « = 0.8 and n,, is standard student-t distributed with & = 5 degrees
of freedom. We take 1000 samples from the above IP ~ GARCH(1, 1) and calculate the plug-

in estimator n]@ V@R095 ((; — 1)%) and the Wasserstein estimator JrAX@RO ?]51) )((r — D). We
SN(ﬂN)

. . P .
compare this to a parametric estimator of T AV @Ry o5 ((r — 1)T), where we first estimate the

parameters of the GARCH(1, 1) model and then compute nAV@Rg% ((r — 1)) given the

estimated model P. For each of these estimates, we use a running window of 50 weeks,
which is in line with the Basel III regulations for calculating the 10-day AV@R (see [40],



ROBUST ESTIMATION OF SUPERHEDGING PRICES 525

= True Value
0.14 Plugin historical
-=-- Wasserstein historical
—— Plugin GARCH(1,1)
0.12
0.10
0.08
0.06 ; - /._/,\" !
p \ N = g \ q
0.04 NNRIEW \ 3 ! Y
' AN AT . P
< Tk 3 N
0.02
0.00
0 200 400 800 1000
= True value P
Plugin historical Fo
-=-- Wasserstein historical ,' : H
0.20 { —— Plugin GARCH(1,1) . !
1 ! ! 1
P . 5
P i :
0.15 | ! ! ! !
i ' i - i
P : T T
i | 1 I Vo
| 1 [
0.10 } ! LY
l
0.05 'ﬂ
0.00
0 200 400 600 800 1000
0.10
------ Plugin historical
Wasserstein historical
—— Plugin GARCH(1,1)
0.08
0.06
0.04
0021 v ST s
2006 2007 2008 2009 2010 2011 2012 2013 2014 2015

P
F1G. 3. Comparison of estimates for AV @Rq s ((r — D). Estimates use a rolling window of 50 data points and

we plot the average of the last 10 (first two panes) or 5 (last pane) estimates. The data is from P ~ GARCH(1, 1)
(first pane) and its variant with a change in the parameters for the middle third of the time series. The last pane
uses S&P500 returns.

MAR33, p. 89), which set the minimum length of the historical observation period to be one
year. We also consider the case when the parameters of the model change for observations
330-670. The behaviour of the three estimators is shown in Figure 3. Both the Wasserstein
and plug-in estimator approximate the true value reasonably well—the Wasserstein estimator
being the most conservative estimator. The parametric estimator exhibits the most erratic
behaviour which is due to the unstable estimation of the GARCH(1, 1) parameters with only
50 data points. This shows advantages of our proposed estimators when compared with a
parametric approach, even when the model is correctly selected. The last pane in Figure 3
uses S&P500 weekly returns data from 01/01/2006-01/01/2015 with a moving window of 50
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weeks. The GARCH(1, 1) estimator, for which the model is mis-specified, does not pick up
any markets movements, while both the plug-in and Wasserstein estimator detect the financial
crisis and its aftermath. For similar plots but with GARCH(1, 1) using log-returns, we refer
to [38], Section B.4. While preliminary, we believe that this simple empirical study points
to clear advantages of our approach. In particular, it is encouraging to see that in the last
pane, the Wasserstein estimators clearly picks up the financial crisis and the Eurozone debt
crisis periods. A further in-depth study of comparative performance of different estimators is
clearly needed and is left for future research.

APPENDIX A: ADDITIONAL RESULTS AND PROOFS

A.l. Additional results and proofs for Section 2. PROOF OF THEOREM 2.1. First,
note that if A, is a nondecreasing sequence of sets with A =lim, A, =J,, A, then g4 =
lim, g4,. The “>" inequality is obvious and the reverse follows since g4, is a nondecreasing
sequence of concave functions thus its limit is a concave function dominating g on A.

Using Lusin’s theorem (see [4], Theorem 7.4.3, p. 227), we can find an increasing sequence
K, of compact subsets of supp(IP) such that IP(IR{I|r \K;;) <1/n and g|k, is continuous. Con-
tinuity of g on K, implies that gx, = gpx, < &p. On the other hand, by the argument above,
lim, gk, = &, x, > &p since P(J, K,) = 1. We conclude that lim,, g¢, = gp. Further, by
Birkhoft’s ergodic theorem (see [24], Theorem 9.6, p. 159) and IP; < IP we have

U supp(PY) = {r1,r2,...} isas. dense in supp(P)
N

and hence gk,n{r,.r,...} = &k, a.s. By the argument above, we thus have
M gp =8 = 8U, K,y = im gk, = gp P-as.,

where the second equality follows since the inclusion {ry, r2, ...} C U, K, holds P*-a.s. We
conclude using (2.3). U

LEMMA A.1. LetP € P(]le_) with finite first moment and € > 0. Then for all x € IR‘i
the ball Bgl (IP) in the 1-Wasserstein metric contains 1§y + (1 — L)IP for some A € (0, 1). In
particular, any P € P(Ri) can be written as a weak limit of probability measures PN with
supp(PV) = ]Ri.

PROOF OF THEOREM 2.7. Fix P € P(]Ri) and a sequence PV converging to IP. Let
{r1,r, ...} be dense in supp(IP). Fix n > 1 and note that, for any i > 1, weak convergence
implies that PN (B1/x(ri)) > O for all N large enough. In particular, there exists r/' € By, (r;)
such that gpn (r) > g(r!"). Thus, by the same reasoning as in the proof of Theorem 2.1
above,

.. PN QoA . . 5 . __P
%ﬂg mt (¢) =liminfgpn (1) > lim Tim gyop  oy(1) =77 (g).
We conclude using Lemma A.1 since for a sequence with supp(P") = Ri, by continuity of
g, we have, forall N > 1,

7" (g)=inf{x e RFH e R?st.x + Hr —1) > gonR%} = sup Eglgl.
QEMlRi

For the second part of the theorem, assume IP € P(]Ri) is such that

7(g) < sup Egqlgl=inflx e RIFH e R s.t. x + H(r — 1) > gon RL}.
QeM

d
Ry



ROBUST ESTIMATION OF SUPERHEDGING PRICES 527

Take a sequence (PVN) yen, as above, with supp(]PN ) = Ri and PV = P. Fix ¢ > 0 such
that

26 < 7% (g) — 7P (g).

For every § > 0, there exists Ng € IN such that for all N > Ny we have d, (IPN, P) <§. Let
Ty be an asymptotically consistent estimator of ¥ (g). Then, for all N large enough,

dr, ([,IPNO (Tn), KIP(TN)) >dp ((San(g), 671]PN0 (g)) —dp, (ﬁIPNO (Tn), Sﬂ]PNO (g))
>,

Thus Ty is not robust at IP, which shows the claim. [

A.2. Additional results and proofs for Section 3. We now prove Theorem 3.6 under
Assumption 3.5.2. We adopt the notation of Section 3.

LEMMA A.2 ([14], Theorem 2). Under Assumption 3.5.2, we have

. 1 ex _c2Ngmin(max(d/p,Z),a/(Zp)) ife <1,
WP, Py)>¢) < p(_ a/p) ) f
ciexp(—caNe ) ife>1

for N >1,d #2p and & > 0, where c1, ¢y are positive constants that only depend on p, d,
a, ¢ and Ep[exp(c|r|?)]. Thus for some confidence level B € (0, 1) we can choose

<log(c1/8_1) e @p 20/ Jog(erp7)

_ N
AD e (B)= ) 01 p1y\ C)fa o logep™h
() e

which yields P® (WP (P, Py) > en(B)) < B.

LEMMA A.3. Fix NeWNand p > 1. Let Q, € DfN(ﬁN) iy P) such that Q,=Q¢€
P(IR ) for n — oo. Then |Eqlr — 1]| < Kkyen(Bn) for some K > 0. D? (IP) is
weakly compact for p > 1. In general, DEN(ﬂN),kN (IP) is not weakly closed.

en(BN).kn

Taking the closure of DSN Br) ok (IP) would ensure compactness, but consistency of the
estimator SUPQed, Eqglg] in Theorem 3.6 would be lost in general since the closure might
include nonmartingale measures. To see this, take for instance g(r) = (r — 1) in the example
in the proof of Lemma A.3.

LEMMA A.4 ([43], Cor. 3.3). For a measurable function g bounded from below

sup Eglgl= sup Egqlgl
||Z;§|‘OO<OO,QGM Q~P,QeM

PROOF OF THEOREM 3.6. Let us assume that Assumption 3.5.2 is satisfied. Note that
the “>"-inequality follows from Lemma A.4. Indeed, Lemma A.4 implies that for all N € IN
there exists a martingale measure Qxn ~ IP with ||[dQy/dP|ls < ky such that

sup  Eqlgl <Eqylgl+an,
Q~P,QeM
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with ay — 0 as N — oo. With IP*°-probability (1 — By) we have IP € BfN(ﬂN)(IAPN), and
hence Quy € QN. This gives

IPOO( sup  Eqlgl —an < sup ]EQ[g]> >1—By, N=>1.
QN]PvQEM QEQN

We recall that NA(IP) gives n]P(g) = SUPQ~P,QeM IEq[g] and hence, for any & > 0 and N
large enough, IPOO(JTéN (g) —7P(g) < —e) < Bn — 0as N — oo.

For the “<”-inequality, we assume g is Lipschitz continuous bounded from below and we
take H € R¢ such that

%@ +Hr—1)>g P-as.

Take a sequence Qy € QN with Eq,[g] > 75, (g) — an. By definition, there exist vy €
BfN(ﬂN)(IAPN) such that [|[dQy/dvyllco < ky. In particular, with IP°°-probability (1 — Bx)

we have vy € B;EN(ﬁN)(IP). Let us define
A={z"(@+H(r—1)—g=0}.
Then
Eqylgl <Equ[(7¥(g) + Hor — 1)) 14 + gl ac]
=P (g) + Eqy[Hr — D]+ Eqy[(g — Hr — 1) — 7% ()1 ac]

and the second term on the RHS vanishes since Q is a martingale measure. To treat the last
term on the RHS consider the function

(A.2)

gi=(-Hr-1—-=F@)vo

which is nonnegative, C-Lipschitz for some C > 0 and {g > 0} = A°. Since P(A€) =0, we

have in particular
=‘/ gawy - | gd]P‘:‘/gva—/gvd]P‘
Ac Ac

f gdvy
AC

which by the Kantorovitch—Rubinstein duality (3.3) is dominated by C W, P) <
CWP (vy, IP). We conclude that, for any ¢ > 0,

P¥(rg, (&) — 7" (8) = &) < P®(ay + CkyWP (v, P) > ) < By

for N large enough since eyky — 0. This establishes the convergence of s, (g)to JTIP(g)
in P*°-probability. Further, whenever > %_; Bn < 00, a simple application of Borel-Cantelli
lemma, similarly as in [34], Lemma 3.7, shows that the convergence holds P°°-a.s. This
concludes the proof in the case of Lipschitz continuous g bounded from below and under
Assumption 3.5.2. The remaining arguments, in particular the case when g is bounded and
continuous, are given in [38], Section B.2. [J
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SUPPLEMENTARY MATERIAL

Supplement to ‘‘Robust estimation of superhedging prices” (DOI: 10.1214/20-
AOS1966SUPP; .pdf). Contains proofs of some results in the main paper as well as sup-
plementary technical results.

(1]

(2]
(3]
(4]
(3]
(6]
(7]
(8]
(9]
[10]
(11]

[12]

(13]

(14]

[15]

(16]
(17]
(18]
(19]
(20]
[21]
(22]

(23]

REFERENCES

BURZONI, M., FRITTELLI, M., HOU, Z., MAGGIS, M. and OBLOJ, J. (2019). Pointwise arbitrage pricing
theory in discrete time. Math. Oper. Res. 44 1034—-1057. MR3996657 https://doi.org/10.1287/moor.
2018.0956

CHERIDITO, P., KUPPER, M. and TANGPI, L. (2017). Duality formulas for robust pricing and hedging in
discrete time. SIAM J. Financial Math. 8 738—765. MR3705784 https://doi.org/10.1137/16M 1064088

CHEVALIER, J. (1976). Estimation du support et du contour du support d’une loi de probabilité. Ann. Inst.
Henri Poincaré B, Calc. Probab. Stat. 12 339-364. MR0451491

CoOHN, D. L. (1980). Measure Theory. Birkhduser, Boston, MA. MR0578344

ConT, R., DEGUEST, R. and ScANDOLO, G. (2010). Robustness and sensitivity analysis of
risk measurement procedures. Quant. Finance 10 593-606. MR2676786 https://doi.org/10.1080/
14697681003685597

CUEVAS, A. (1990). On pattern analysis in the nonconvex case. Kybernetes 19 26-33. MR1084947
https://doi.org/10.1108/eb005866

CUEVAS, A. and RODRIGUEZ-CASAL, A. (2004). On boundary estimation. Adv. in Appl. Probab. 36 340—
354. MR2058139 https://doi.org/10.1239/aap/1086957575

DEVROYE, L. and WISE, G. L. (1980). Detection of abnormal behavior via nonparametric estimation of
the support. STAM J. Appl. Math. 38 480-488. MR0579432 https://doi.org/10.1137/0138038

DUDLEY, R. M. (2002). Real Analysis and Probability. Cambridge Studies in Advanced Mathematics 74.
Cambridge Univ. Press, Cambridge. MR1932358 https://doi.org/10.1017/CB0O9780511755347

ECKSTEIN, S., KUPPER, M. and POHL, M. (2020). Robust risk aggregation with neural networks. Math.
Finance 30 1229-1272. MR4154769 https://doi.org/10.1111/mafi.12280

EMBRECHTS, P., SCHIED, A. and WANG, R. (2018). Robustness in the optimization of risk measures.
Preprint. Available at arXiv:1809.09268.

EMBRECHTS, P., WANG, B. and WANG, R. (2015). Aggregation-robustness and model uncertainty
of regulatory risk measures. Finance Stoch. 19 763-790. MR3413935 https://doi.org/10.1007/
s00780-015-0273-z

FOLLMER, H. and SCHIED, A. (2002). Stochastic Finance: An Introduction in Discrete Time. De Gruyter
Studies in Mathematics 27. de Gruyter, Berlin. MR1925197 https://doi.org/10.1515/9783110198065

FOURNIER, N. and GUILLIN, A. (2015). On the rate of convergence in Wasserstein distance of the em-
pirical measure. Probab. Theory Related Fields 162 707-738. MR3383341 https://doi.org/10.1007/
s00440-014-0583-7

GARCIA TRILLOS, N. and SLEPCEV, D. (2015). On the rate of convergence of empirical measures
in oco-transportation distance. Canad. J. Math. 67 1358-1383. MR3415656 https://doi.org/10.4153/
CIM-2014-044-6

GATHERAL, J., JAISSON, T. and ROSENBAUM, M. (2018). Volatility is rough. Quant. Finance 18 933-949.
MR3805308 https://doi.org/10.1080/14697688.2017.1393551

GEFFROY, J. (1964). Sur un probleme d’estimation géométrique. Publ. Inst. Stat. Univ. Paris 13 191-210.
MRO0202237

GRENANDER, U. (1981). Abstract Inference. Wiley Series in Probability and Mathematical Statistics. Wiley,
New York. MR0599175

HAMPEL, F. R. (1971). A general qualitative definition of robustness. Ann. Math. Stat. 42 1887-1896.
MRO0301858 https://doi.org/10.1214/a0ms/1177693054

HARDLE, W., PARK, B. U. and TSYBAKOV, A. B. (1995). Estimation of non-sharp support boundaries.
J. Multivariate Anal. 55 205-218. MR1370400 https://doi.org/10.1006/jmva.1995.1075

Hou, Z. and OBLOJ, J. (2018). Robust pricing-hedging dualities in continuous time. Finance Stoch. 22
511-567. MR3816548 https://doi.org/10.1007/s00780-018-0363-9

HUBER, P. J. and RONCHETTI, E. M. (2009). Robust Statistics, 2nd ed. Wiley Series in Probability and
Statistics. Wiley, Hoboken, NJ. MR2488795 https://doi.org/10.1002/9780470434697

JOUINI, E., SCHACHERMAYER, W. and Touzi, N. (2006). Law invariant risk measures have the Fa-
tou property. In Advances in Mathematical Economics, Vol. 9 49-71. Springer, Tokyo. MR2277714
https://doi.org/10.1007/4-431-34342-3_4


https://doi.org/10.1214/20-AOS1966SUPP
http://www.ams.org/mathscinet-getitem?mr=3996657
https://doi.org/10.1287/moor.2018.0956
http://www.ams.org/mathscinet-getitem?mr=3705784
https://doi.org/10.1137/16M1064088
http://www.ams.org/mathscinet-getitem?mr=0451491
http://www.ams.org/mathscinet-getitem?mr=0578344
http://www.ams.org/mathscinet-getitem?mr=2676786
https://doi.org/10.1080/14697681003685597
http://www.ams.org/mathscinet-getitem?mr=1084947
https://doi.org/10.1108/eb005866
http://www.ams.org/mathscinet-getitem?mr=2058139
https://doi.org/10.1239/aap/1086957575
http://www.ams.org/mathscinet-getitem?mr=0579432
https://doi.org/10.1137/0138038
http://www.ams.org/mathscinet-getitem?mr=1932358
https://doi.org/10.1017/CBO9780511755347
http://www.ams.org/mathscinet-getitem?mr=4154769
https://doi.org/10.1111/mafi.12280
http://arxiv.org/abs/arXiv:1809.09268
http://www.ams.org/mathscinet-getitem?mr=3413935
https://doi.org/10.1007/s00780-015-0273-z
http://www.ams.org/mathscinet-getitem?mr=1925197
https://doi.org/10.1515/9783110198065
http://www.ams.org/mathscinet-getitem?mr=3383341
https://doi.org/10.1007/s00440-014-0583-7
http://www.ams.org/mathscinet-getitem?mr=3415656
https://doi.org/10.4153/CJM-2014-044-6
http://www.ams.org/mathscinet-getitem?mr=3805308
https://doi.org/10.1080/14697688.2017.1393551
http://www.ams.org/mathscinet-getitem?mr=0202237
http://www.ams.org/mathscinet-getitem?mr=0599175
http://www.ams.org/mathscinet-getitem?mr=0301858
https://doi.org/10.1214/aoms/1177693054
http://www.ams.org/mathscinet-getitem?mr=1370400
https://doi.org/10.1006/jmva.1995.1075
http://www.ams.org/mathscinet-getitem?mr=3816548
https://doi.org/10.1007/s00780-018-0363-9
http://www.ams.org/mathscinet-getitem?mr=2488795
https://doi.org/10.1002/9780470434697
http://www.ams.org/mathscinet-getitem?mr=2277714
https://doi.org/10.1007/4-431-34342-3_4
https://doi.org/10.1214/20-AOS1966SUPP
https://doi.org/10.1287/moor.2018.0956
https://doi.org/10.1080/14697681003685597
https://doi.org/10.1007/s00780-015-0273-z
https://doi.org/10.1007/s00440-014-0583-7
https://doi.org/10.4153/CJM-2014-044-6

530
[24]
[25]
[26]
[27]
[28]

[29]

(30]

(31]
(32]
(33]

(34]

[35]
[36]
(37]
(38]
[39]
(40]
[41]
[42]
[43]
[44]
[45]
[46]

[47]

J. OBLOJ AND J. WIESEL

KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Probability and Its Applications
(New York). Springer, New York. MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

KELLERER, H. G. (1985). Duality theorems and probability metrics. In Proceedings of the Seventh Confer-
ence on Probability Theory (Brasov, 1982) 211-220. VNU Sci. Press, Utrecht. MR0867434

KOROSTELEV, A. P., SIMAR, L. and TSYBAKOV, A. B. (1995). Efficient estimation of monotone bound-
aries. Ann. Statist. 23 476-489. MR1332577 https://doi.org/10.1214/a0s/1176324531

KOSOROK, M. R. (2008). Introduction to Empirical Processes and Semiparametric Inference. Springer
Series in Statistics. Springer, New York. MR2724368 https://doi.org/10.1007/978-0-387-74978-5

Kou, S., PENG, X. and HEYDE, C. C. (2013). External risk measures and Basel accords. Math. Oper. Res.
38 393-417. MR3092538 https://doi.org/10.1287/moor.1120.0577

KRATSCHMER, V., SCHIED, A. and ZAHLE, H. (2012). Qualitative and infinitesimal robustness of tail-
dependent statistical functionals. J. Multivariate Anal. 103 35-47. MR2823706 https://doi.org/10.
1016/j.jmva.2011.06.005

KRATSCHMER, V., SCHIED, A. and ZAHLE, H. (2014). Comparative and qualitative robustness
for law-invariant risk measures. Finance Stoch. 18 271-295. MR3177407 https://doi.org/10.1007/
s00780-013-0225-4

KUSUOKA, S. (2001). On law invariant coherent risk measures. In Advances in Mathematical Economics,
Vol. 3 83-95. Springer, Tokyo. MR1886557 https://doi.org/10.1007/978-4-431-67891-5_4

L1, X. and LIN, Y. (2017). Generalized Wasserstein distance and weak convergence of sublinear expecta-
tions. J. Theoret. Probab. 30 581-593. MR3647070 https://doi.org/10.1007/s10959-015-0651-7

MAMMEN, E. and TSYBAKOV, A. B. (1995). Asymptotical minimax recovery of sets with smooth bound-
aries. Ann. Statist. 23 502-524. MR1332579 https://doi.org/10.1214/a0s/1176324533

MOHAIJERIN ESFAHANI, P. and KUHN, D. (2018). Data-driven distributionally robust optimization using
the Wasserstein metric: Performance guarantees and tractable reformulations. Math. Program. 171
115-166. MR3844536 https://doi.org/10.1007/s10107-017-1172-1

MYKLAND, P. A. (2000). Conservative delta hedging. Ann. Appl. Probab. 10 664-683. MR1768218
https://doi.org/10.1214/a0ap/1019487360

MYKLAND, P. A. (2003). Financial options and statistical prediction intervals. Ann. Statist. 31 1413-1438.
MR2012820 https://doi.org/10.1214/a0s/1065705113

MYKLAND, P. A. (2003). The interpolation of options. Finance Stoch. 7 417-432. MR2014243
https://doi.org/10.1007/s007800200093

OBLOJ, J. and WIESEL, J. (2021). Supplement to “Robust estimation of superhedging prices.”
https://doi.org/10.1214/20- AOS1966SUPP

BASEL COMMITTEE ON BANKING SUPERVISION (2013). Fundamental review of the trading book: A re-
vised market risk framework. Technical report.

BASEL COMMITTEE ON BANKING SUPERVISION (2019). Minimum capital requirements for market risk.
Bank for International Settlements, Basel, Switzerland.

PICHLER, A. (2013). Evaluations of risk measures for different probability measures. SIAM J. Optim. 23
530-551. MR3033118 https://doi.org/10.1137/110857088

POLONIK, W. (1995). Measuring mass concentrations and estimating density contour clusters—An excess
mass approach. Ann. Statist. 23 855-881. MR1345204 https://doi.org/10.1214/a0s/1176324626

RASONYI, M. (2002). A note on martingale measures with bounded densities. 7r. Mat. Inst. Steklova 237
212-216. MR1976516

RODRIGUEZ CASAL, A. (2007). Set estimation under convexity type assumptions. Ann. Inst. Henri
Poincaré Probab. Stat. 43 763-774. MR3252430 https://doi.org/10.1016/j.anihpb.2006.11.001

SARTIPIZADEH, H. and VINCENT, T. (2016). Computing the approximate convex hull in high dimensions.
Preprint. Available at arXiv:1603.04422.

TsYBAKOV, A. B. (1997). On nonparametric estimation of density level sets. Ann. Statist. 25 948-969.
MR1447735 https://doi.org/10.1214/a0s/1069362732

VAN DER VAART, A. W. (1998). Asymptotic Statistics. Cambridge Series in Statistical and Proba-
bilistic Mathematics 3. Cambridge Univ. Press, Cambridge. MR1652247 https://doi.org/10.1017/
CBO09780511802256


http://www.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
http://www.ams.org/mathscinet-getitem?mr=0867434
http://www.ams.org/mathscinet-getitem?mr=1332577
https://doi.org/10.1214/aos/1176324531
http://www.ams.org/mathscinet-getitem?mr=2724368
https://doi.org/10.1007/978-0-387-74978-5
http://www.ams.org/mathscinet-getitem?mr=3092538
https://doi.org/10.1287/moor.1120.0577
http://www.ams.org/mathscinet-getitem?mr=2823706
https://doi.org/10.1016/j.jmva.2011.06.005
http://www.ams.org/mathscinet-getitem?mr=3177407
https://doi.org/10.1007/s00780-013-0225-4
http://www.ams.org/mathscinet-getitem?mr=1886557
https://doi.org/10.1007/978-4-431-67891-5_4
http://www.ams.org/mathscinet-getitem?mr=3647070
https://doi.org/10.1007/s10959-015-0651-7
http://www.ams.org/mathscinet-getitem?mr=1332579
https://doi.org/10.1214/aos/1176324533
http://www.ams.org/mathscinet-getitem?mr=3844536
https://doi.org/10.1007/s10107-017-1172-1
http://www.ams.org/mathscinet-getitem?mr=1768218
https://doi.org/10.1214/aoap/1019487360
http://www.ams.org/mathscinet-getitem?mr=2012820
https://doi.org/10.1214/aos/1065705113
http://www.ams.org/mathscinet-getitem?mr=2014243
https://doi.org/10.1007/s007800200093
https://doi.org/10.1214/20-AOS1966SUPP
http://www.ams.org/mathscinet-getitem?mr=3033118
https://doi.org/10.1137/110857088
http://www.ams.org/mathscinet-getitem?mr=1345204
https://doi.org/10.1214/aos/1176324626
http://www.ams.org/mathscinet-getitem?mr=1976516
http://www.ams.org/mathscinet-getitem?mr=3252430
https://doi.org/10.1016/j.anihpb.2006.11.001
http://arxiv.org/abs/arXiv:1603.04422
http://www.ams.org/mathscinet-getitem?mr=1447735
https://doi.org/10.1214/aos/1069362732
http://www.ams.org/mathscinet-getitem?mr=1652247
https://doi.org/10.1017/CBO9780511802256
https://doi.org/10.1016/j.jmva.2011.06.005
https://doi.org/10.1007/s00780-013-0225-4
https://doi.org/10.1017/CBO9780511802256

	Introduction
	The plug-in estimator
	Consistency
	Statistical robustness
	Financial robustness
	Convergence rates

	Improved estimators for the ¶-a.s. superhedging price
	Wasserstein Winfty balls
	Wasserstein Wp balls and martingale densities
	A penalty approach: Estimator for discontinuous payoffs

	Statistical robustness of superhedging price estimators
	Robustness with respect to the Wasserstein-Hausdorff metric
	Robustness with respect to Winfty and perturbations of the support

	Risk measurement estimation
	Appendix A: Additional results and proofs
	Additional results and proofs for Section 2
	Additional results and proofs for Section 3

	Acknowledgments
	Supplementary Material
	References

