The Annals of Probability

2021, Vol. 49, No. 1, 287-321
https://doi.org/10.1214/20-A0P1452

© Institute of Mathematical Statistics, 2021

GRAVITATIONAL ALLOCATION FOR UNIFORM POINTS ON THE SPHERE

BY NINA HOLDEN!, YUVAL PERES? AND ALEX ZHAI®

1Department of Mathematics, Massachusetts Institute of Technology, ninahold @ gmail.com
2Microsqﬁ Research, Microsoft, yperes @ gmail.com

3Department of Mathematics, Stanford University, alexlinzhai @ gmail.com

Given a collection £ of n points on a sphere S,zl of surface area n, a fair
allocation is a partition of the sphere into n cells each of area 1, and each
associated with a distinct point of £. We show that if the n points are chosen
uniformly at random and the partition is defined by considering a “gravita-
tional” potential defined by the n points, then the expected distance between
a point on the sphere and the associated point of £ is O (y/logn). We use our
result to define a matching between two collections of n independent and uni-
form points on the sphere and prove that the expected distance between a pair
of matched points is O (4/logn), which is optimal by a result of Ajtai, Kom-
16s and Tusnady. Furthermore, we prove that the expected number of maxima
for the gravitational potential is ®(n/logn). We also study gravitational al-
location on the sphere to the zero set £ of a particular Gaussian polynomial,
and we quantify the repulsion between the points of £ by proving that the
expected distance between a point on the sphere and the associated point of
Lis O(1).

1. Introduction. 3 Let n be a positive integer, and let S2 C R? be the sphere centered at
the origin with radius chosen such that with A, denoting surface area we have X, (S%) =n. For
any set £ C Sﬁ consisting of n points, we say that a measurable function v : Sﬁ — L U {oo}
is a fair allocation of A, to L if it satisfies the following:

(1.1) MmN (00)=0, Mm@ '@)=1 vzecL

For z € £, we call 1/f_1 (z) the cell allocated to z. In other words, a fair allocation is a way to
divide S,% into n cells of measure 1 (up to a set of measure 0), with each cell associated to a
distinct point of L.

Let £ be a random collection of 7 points on S2 which is invariant in law under rotations
of the sphere, that is, ¢ (£) has the same law as £ for any rotation ¢ : S2 — S2. An alloca-
tion rule is a measurable map £ +— ¥, which is defined almost surely with respect to the
randomness of £, such that (i) ¥, is a fair allocation of A, to £, and (ii) the map L +— v,
is rotation-equivariant. The latter property means that for any rotation ¢ and almost every
x €85, we have Yy c) (@ (x) = (Y (x)).

Gravitational allocation is a particular allocation rule based on treating points in £ as
wells of a potential function. The cell allocated to z € £ is then taken to be the basin of
attraction of z with respect to the flow induced by the negative gradient of this potential. When
the potential takes a particular form which mimics the gravitational potential of Newtonian
mechanics, it is ensured that a.s. each cell has area 1. In this paper, we will mainly consider
gravitational allocation on the sphere for the case when L is a set of n points chosen uniformly
and independently at random from S,%.
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F1G. 1. Gravitational allocation to n uniform and independent points on a sphere with n = 15 and n = 40. The
basin of attraction of each point has equal area.

Let us now define gravitational allocation precisely. Consider the potential U : S% — R
given by

(12) U)=)_loglx —zl,
zeL

where | - | denotes Euclidean distance in R3. For each location x € S%, let F(x) denote the
negative gradient of U with respect to the usual spherical metric (i.e., the one induced from
R3). Note that F(x) is an element of the tangent space at x € S%, and we think of it as
describing the “force” on x arising from the potential U .

For any x € S% \ L, consider the integral curve Y, () defined by

dYy B
7 (1) = F(Yx(1)), Y (0) = x.

Since F is smooth away from L, by standard results about flows on vector fields (see, e.g.,
the proof of Lemma 17.10 in [23]), for each fixed x € S,Zl \ L the curve Y, can be defined over
some maximal domain (—o0, 1y ), where 0 < 1, < 00. For x € £, we set T, = 0. Note that the
force F represents the speed of a particle, rather than being proportional to its acceleration as
in Newtonian gravitation.

We then define gravitational allocation on the sphere to be the allocation rule given by

z ifxes,%\.c,tnTme(r)=zandzeL,
Ty
(1.4) V(xX)=1x ifxe L,

o0 otherwise.

(1.3)

For z € L, the set
(1.5) B(z)={xeS;:y(x) =2z}

of points allocated to z will be called its basin of attraction. See Figures 1, 2, and 3 for
illustrations.

It turns out, as stated in the following proposition, that each basin of attraction almost
surely has unit area, so that (1.4) indeed gives rise to a fair allocation.

PROPOSITION 1. Forn € N, let S% be the sphere centered at the origin with surface area
n, and let L C S% be a set of n distinct points. The function  given by (1.4) defines a fair
allocation of Ay to L.
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FIG. 2. Gravitational allocation to n uniform and independent points with n = 200 and n = 750 (see Figure 1
for smaller n). The basins become more elongated as n grows, reflecting Theorem 2. The MATLAB script used to
generated these figures is based on code written by M. Krishnapur.

The proof of Proposition 1 is given in Section 2. We are now ready to state the main results
of this paper.

1.1. Statement of main results. Our first main result estimates the average distance be-
tween a point x and the point ¥ (x) it is allocated to.

THEOREM 2. Letn €{2,3,...}. Consider any x € S%, and let L C S% be a collection of
n points chosen uniformly and independently at random from S,ZV For any p > 0, there is a
constant C > 0 depending only on p such that for r > 0,

(1.6) Py (x) — x| > r\/logn] < Cr=".

In particular, for some universal constant C > 0,

(1.7) E[|v (x) — x|] < C\/logn.

FI1G. 3. Left: lllustration of Yy, B(z), and ¥ (x) for x € S% and z € L. Right: Gravitational potential, by M.
Krishnapur.
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Gravitational allocation is optimal in the sense that (1.7) cannot be improved by more than
a constant factor for other allocation rules for uniform and independent points (see Remark 9).

We remark that one may obtain the bound (1.7) (without the tail estimate (1.6)) more
directly via the following identity, which is of independent interest and also applied in the
proof of Proposition 6 stated below:

(1.8) /SZ/ F (Y, (0))|dt di, (x)——/ |F(x)| dhn (x).

Taking the expectation over L, the left-hand side upper bounds the average value of
| (x) — x|, while the right-hand side can be shown to be O (4/logn) using simpler versions
of estimates carried out in Section 4. We give the short proof of (1.8) in Section 2.

Fair allocations are closely related to distance-minimizing perfect matchings between sets
of points. For example, we have the following corollary of (1.7). See Section 1.3 for two short
proofs.

COROLLARY 3. Forn €{2,3,...} consider two sets of n points A ={ay,...,a,} and
B ={b1,...,b,} sampled uniformly and independently at random from S%. We can define a
matching ¢ of A and B (i.e., a bijection ¢ : A — B) using gravitational allocation, such that
for some universal constant C,

1 n
E|:— > lplar) — ak|:| < C,/logn.
=

The next theorem shows that the expected number of local maxima of the potential U is
of order 10’; - [26], Ques-
tion 12.6, who, in the context of gravitational allocation to the zero set of a Gaussian analytic
function, ask about properties of the graph whose vertices are maxima for the potential U
and whose edges formed by allocation cell boundaries.

THEOREM 4. [If N € NU {00} denotes the number of local maxima of U, then for some
universal constant C > 0 we have

n Cn
<E[N]= :
Clogn logn

As a corollary to Theorem 4, we can deduce that the fypical basin diameter is at least of

order +/logn.

COROLLARY 5. For any € > 0, there exists a 5 > 0 such that for any fixed x € S,%, with
probability at least 1 — €, the cell containing x has diameter at least 5/logn.

Note that (1.7) from Theorem 2 also gives a lower bound on | (x) — x|. However, the
bound is only for the expectation, allowing for the possibility that |/ (x) — x| is usually of
constant order but takes very large values with a small probability. Corollary 5 rules out this
possibility. The short proof is deferred to Section 1.4.

As mentioned above, the bound (1.7) is optimal among all allocation rules up to multiplica-
tion by a constant for the case where the points of £ are uniform and independent. However,
there exist other rotationally equivariant point processes that are spread more evenly over the

1Alternatively, this bound for the right-hand side follows from Lemma 18, along with a basic estimate which
shows that the expected contribution from “close” points of L is of order 1.
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FI1G. 4. A simulation of gravitational allocation to the zeroes of the Gaussian random polynomial (1.9). The
cells are evenly proportioned, in contrast with the more elongated shapes seen in Figure 2. The simulation was
made by R. Peled and J. Ding, based on code by M. Krishnapur.

sphere, and in these cases it is possible to have E[|Y¥ (x) — x|] = O(1). We now introduce
one such process constructed by taking the roots of a certain random Gaussian polynomial.
Specifically, we look at the polynomial

n
Jnn—1)---(n—k+1) ,
(1.9) P@)=) & z,
> N
where 1, ..., ¢, are independent standard complex Gaussians. The roots Ap, ..., A, of p are

then n random points in the complex plane, which we can bring to the sphere via stereo-
graphic projection in such a way that

L= {Pn_1 (\/ﬁ)‘k)}z=l

is a rotationally equivariant random set of n points on S,% (see Section 7 for details). Heuristi-
cally, the points of £ are distributed more evenly than independent uniformly random points,
because roots of random polynomials tend to “repel” each other (see Figure 4). This can be
quantified as follows.

PROPOSITION 6. Let i : S% — L be the gravitational allocation to L. Then

N

(1.10) E[l/ |x — ¥ (x)|dr (x)] <X_
: 2 s ()| =

1.2. Related work on allocations. Nazarov, Sodin and Volberg [26] analyzed a fair allo-
cation to the zeros of a certain Gaussian entire function g, obtained from the gradient flow
determined by the potential U = log|g| — %|z|2. The term “gravitational allocation” was in-
troduced by Chatterjee, Peled, Peres and Romik [8], who considered gravitational allocation
to the points £ C R? of a unit intensity Poisson point process (PPP) for d > 3. Both papers
[26] and [8] prove an exponential tail (with a small correction for the PPP when d = 3) for
the diameter of the cell containing the origin. Phase transitions for the cells of gravitational
allocation to a PPP in R? were studied in [9].

The gravitational allocation for a PPP in R? as studied in [8] is not well-defined for d = 2
because the sum defining the force is divergent. Indeed, a lower bound for d < 2 was given
in [19] (based on results from [17, 25]): any allocation rule for a PPP in R? withd = 1,2
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satisfies E[X9/2] = oo, where X is the distance between the origin and the point it is allocated
to. Nevertheless, one can study the behavior of gravitational allocation in two dimensions by
considering a finite version of the problem, which motivates our present setting of taking
finitely many points on the sphere. Our quantitative bounds are consistent with [17], because
the average distance (after appropriate scaling) grows as /log n with the number of points 7.

Gravitational allocation can also be viewed as an instantiation of the Dacorogna—Moser
[10] scheme for a general Riemannian manifold D with volume measure m. This scheme
provides (under certain smoothness assumptions) a coupling = between probability measures
pom and pym by solving the PDE Au = pg — p; and then considering the flow for the vector
field —Vu. The coupling 7 is deterministic (i.e., if (X,Y) ~m for X ~ pom and ¥ ~ pym
then Y is a deterministic function of X), and is called a transport map for this reason.

It was observed by Caracciolo, Lucibello, Parisi and Sicuro [7] that the differential equa-
tion Au = pp — p1 may be seen as a linearization of the Monge—Ampere equation, which
describes the optimal transportation map for the Wasserstein 2-distance. Based on this, they
predicted the leading order asymptotic term for optimal quadratic allocation in 2-dimensions
(in addition to related predictions for higher dimensions). The 2-dimensional prediction was
recently confirmed by Ambrosio, Stra and Trevisan [3] for optimal quadratic allocation cost
to i.i.d. points sampled from a 2-dimensional Riemannian manifold. However, they do not ob-
tain their result by studying an explicit allocation method, but via a duality argument. Finer
estimates with simpler proofs, for more general manifolds, and with sharper error bounds
were obtained by Ambrosio and Glaudo [2].

Earlier works have also studied other allocation rules besides gravitational allocation. The
stable marriage allocation [14, 15] can be defined for every translation-invariant point process
with unit intensity in R? for d > 1: it is the unique allocation which is stable in the sense of the
Gale—Shapley marriage problem. With this allocation, a.s. all cells are open and bounded, but
not necessarily connected. Allocation rules for a PPP in R¢ which minimize transportation
cost per unit mass were considered in [21] with various cost functions, using tools from
optimal transportation.

We remark that the results of the current paper were announced in the work [16] by the
same authors.

1.3. Matchings: Proof of Corollary 3 and related works. 1In this section, we will give two
short alternative proofs of Corollary 3, and then discuss other results on matchings.

PROOF OF COROLLARY 3 USING ONLINE MATCHING ALGORITHM. See Figure 5. Con-
sider the gravitational allocation ¥ to the point set B3, and set ¢(a1) = ¥ (a1), so that Theo-
rem 2 gives

E[|¢(a1) —ai|] < C,/logn.
Define

A =lar, ..., a,), B =B\ {yan}.

Note that since v is a fair allocation, ¥ (a1 ) is uniformly distributed over elements of I3 (under
the randomness of a;). Thus A" and B’ both have the law of n — 1 points chosen independently
and uniformly at random from S,%. Also, it is clear that A" and B’ are independent since ¥ (a;)
is independent of A’. Hence, we may repeat the same procedure with the sets A" and B’ to
define ¢(az), and we bound |p(az) — a| using Theorem 2 with n — 1 points. (However,
note that our matching algorithm for » — 1 points occurs on S%_l, so we must rescale by a
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S? S? S2

n n n

FIG. 5. Illustration of the proof of Corollary 3. The set B\ ¢(ay) consists of n — 1 uniform and independent
points on the sphere S% of area n.

multiplicative factor ,/-"5.) Repeating this procedure, it follows that

12 c \/ﬁ
E| - ay) —a < — —./log(k Vv 2) <2Clogn.
[n];ko( v) kq_n; /log(k v2) <2C1log -

PROOF OF COROLLARY 3 USING THE BIRKHOFF—VON NEUMANN THEOREM. Let ¢4
and ¥ describe gravitational allocation to .A and B, respectively. Then we can form a cou-
pling between the uniform distributions on A and B as follows: we sample (a, b) € A x B by
drawing X uniformly at random from Sﬁ and setting a = ¥ 4(X) and b = ¥(X).

We have by Theorem 2 that the expected coupling distance satisfies the bound

(1.11) Ela —b| <Ela — X|+E|b — X| <2C,/logn.

By the Birkhoff-von Neumann theorem (see, e.g., [32], Theorem 5.5), any coupling between
two uniform distributions on n elements is a mixture of deterministic matchings between
the two sample spaces. By choosing a deterministic matching that minimizes the cost, there
exists some matching between .4 and 3 whose average matching distance is upper bounded
by the quantity in (1.11), that is, the average matching distance is of order v/logn. [J

REMARK 7. Each proof of the corollary gives a general procedure for obtaining a match-
ing from an allocation rule. In particular, we see from the second proof that if A, B C S,% are
two sets of n points, and ¥ 4 and ¥ are fair allocations of A, to A and B, respectively, then
there exists a matching ¢ : A — B such that

112 Yla—e@| = [ b= vacldra + [ v = vs00]|diao.

acA

Minimal matchings of random points in the plane have been extensively studied (see, e.g.,
[1, 24, 30, 31]). The asymptotic behavior of the minimal average matching distance was
identified in [1]: it was shown that for two sets .A and B of n i.i.d. uniformly chosen points
from [0, ﬁ]z, there exist constants Ci, C> > 0 such that

. |
nli)ngOP<C1,/logn < E(p:r,{llng Z lp(a) —a| < Cz,/logn> =1.

bijective ¢ €A

In the limit as n — oo, one expects minimal matching on the sphere to be essentially equiva-
lent to minimal matching in a square, as the local geometries are the same to first order; see,
for example, [3, 22] for proofs of this. For completeness, we have included a statement and
proof of one direction of the equivalence; see the Appendix for the proof.
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PROPOSITION 8.  Consider any integer n > 2, and write N = n?. Suppose that X and Y
are two sets of N i.i.d. uniformly random points from S%,, and A and B are two sets of n i.i.d.
uniformly random points from [0, \/n)>. Then, for a universal constant C,

1 . c |
JE min D le@)—al<C+ 7 E min 3 lpG) —xl.

bijective acA xeX

bijective

REMARK 9. Combined with [1], Proposition 8 implies that the bound of Corollary 3
is optimal up to multiplication by a constant. Using (1.12), we further get that gravitational
allocation is optimal in the sense that the bound (1.7) cannot be better for other allocation
rules up to multiplication by a constant.

Leighton and Shor studied the optimal maximal matching distance for uniform points in
the square. The lower bound derived in [28, 29] and the upper bound derived in [24] show that
for two sets A and B of n i.i.d. uniformly chosen points from [0, /2]%, there exist constants
C1, Cy > 0 such that

. 3/4 - 3/4
nlgréoP(Cl (logn)*/* < wg\lnggpp(a) —a| < Cy(logn)®/ ) 1.
bijective

The maximal travel distance for the matching algorithm used in the first proof of Corollary 3
is of order /i, as compared to (logn)>/* for the optimal matching. However, note that our
matching algorithm is online, meaning that the points of A are revealed one by one, and we
have to match a given point of A to a point of B before revealing the remaining points of .A.
The typical maximal travel distance will always be at least of order /n for online matching
algorithms since this will be the typical distance between the two last points that are matched:
Conditioned on the position of the last point of 53 the law of the associated point of A will be
uniform.

The allocation and matching problems for uniform points have also been studied for do-
mains of dimension d not necessarily equal to 2, and with cost function given by the pth
power of the distance for p > 1. Asymptotic results for the optimal allocation or matching
have been obtained for d =1 or 2 and all p > 1 [1, 6] as well as for d > 3 and certain p > 1
[4,5,12, 13].

1.4. Proof outline for distance bound (Theorem 2) and a heuristic picture. In order to
bound |y (x) — x|, we will bound separately the duration 7, of the flow Y, and its speed
|F (Y ()| for t € (0, 7). The probability distribution of 7, may be calculated exactly using
Liouville’s theorem (Proposition 11) and turns out to be exponential (with a constant mean
independent of n).

It remains to control |F(y)|, which turns out to be of order /logn. If it is always less
than +/logn, then combining with the tail bounds for 7, yields the theorem. However, this
is not precisely the case, as | F'(y)| can be very large if y is close to a point in £. We show
in Section 5 that the contribution to |F (y)| coming from points in £ outside a ball centered
at y of radius ®(1/4/logn) is very unlikely to exceed C+/logn for C > 1. Therefore, if
|F(y)| > C+/logn, the main contribution to the force is most likely coming from points of
L rather close to y. In that case, we argue (see Lemma 20) that one of these nearby points
typically is the point of attraction for y under the gravitational flow, which gives a bound for
the distance traveled when |F (y)| is large.

The simulations in Figure 2 suggest that the cells formed by gravitational allocation on the
sphere are long and thin. This qualitative picture is depicted in Figure 6, and the accompany-
ing description gives a heuristic argument along the lines of our proof outline above for why
this is the case.
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Z1 @ i2,.
’/”’ v 0(1/+/1ogn)
*—————— " —

«

FIG. 6. The figure gives a heuristic argument justifying Theorem 2. Since the “force” F is typically of order
JTogn and the force exerted by a point at distance d has magnitude of order 1/d, the force exerted on a particle is
dominated by the forces from far away points, except if there is a point of L at distance of order 1//Togn or less.
The probability that there are no points in a strip of width 1//logn and length R./logn decays exponentially in
R, which suggests (heuristically) that the probability of traveling further than R./logn should be smaller than
exp(—cR) for some ¢ > 0.

Finally, we provide the proof of Corollary 5 upon an application of Theorem 4.

PROOF OF COROLLARY 5. Let E be the event that there are less than Cn/logn local
maxima, where C is a constant depending only on ¢ that is chosen large enough so that
P(E) > 1 — ¢/2 (this is possible by Markov’s inequality and Theorem 4).

Let R = M, and note that for each local maximum, the spherical cap of radius R

2Crn
centered at that maximum has area less than 7 R = 5120%. Thus, on the event E, the total

area of points on the sphere within distance R of a local maximum is at most
Cn c¢elogn ¢n

1.13 =,
(1.13) logn 2C 2

meaning that at most %" of the gravitational allocation cells are fully contained within spher-
ical caps of radius R around local maxima.

Next, let E” denote the event that the cell containing x has some point which is not within
R of any local maximum. In particular, note that each cell in the allocation contains one point
in £ and has at least one local maximum on its boundary, so whenever E’ holds, it means that
the cell containing x has diameter at least R. By (1.13) and rotational equivariance, we have
that

P(E") = P(E'| E) - P(E) = <1 ~ g)P(E) >1—e,
which gives the desired bound with § = % = /3= O

1.5. Organization of the paper. The organization of the rest of the paper is as follows.
In Section 2, we prove Proposition 1 establishing that gravitational allocation on the sphere
is in fact a fair allocation. We will then carry out most of our proofs in the complex plane
under stereographic projection rather than directly on the sphere. Basic facts about converting
between the coordinate systems are recorded in Section 3, which also contains a restatement
of Theorem 2 in terms of the plane (given as Theorem 17). Section 4 contains the proof of
Theorem 17 (and hence Theorem 2), with the proof of the main technical estimate deferred
until Section 5. In Section 6, we prove Theorem 4 on the number of local maxima of the
potential. Section 7 studies gravitational allocation to the zero set of the Gaussian polynomial
(1.9) by proving Proposition 6. Finally, we present a short list of open problems in Section 8
and relate matchings on the sphere to matchings in a square (by proving Proposition 8) in the
Appendix.
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2. Proof that gravitational allocation is a fair allocation. In this section, we prove
Proposition 1. The nontrivial property to verify is that for each z € £, we have 1,,(B(z)) =1
almost surely. Let Ag denote the spherical Laplacian (i.e., the Laplace—Beltrami operator on
the sphere). The key property of our potential U is that AgU is constant outside of L, as seen
in the next proposition.

PROPOSITION 10. Fora given 7 € S,%, let g : S%l — R be given by g(x) =log|x —z|. We
have
2
Asg(x)=2mé, — —.
n

Consequently,

AsU(x)=2m ) 5, —2m.
zel
(We view &, as a distribution where fsg g(x)8;(x)dr,(x) = g(2) for any test function g :
S2 —R)

PROOF. Without loss of generality, we may assume z = (0, 0, r,), where r,, =,/ ﬁ is

the radius of the sphere. In spherical coordinates, we then have g(6, ¢) = log(2sin(¢/2)) +
logr,, where 6 and ¢ denote the azimuthal and polar angles, respectively. Using the formula
for Ag in spherical coordinates, we find that

1 1 9 0 1 1 92
Asg = (smqb g) - %8

r2 sing ¢ ¢ r2 sin2¢ 002
1 1 0 )
Sln(pﬁcos 2(@/2) =

which is valid at all points other than z.
Since the integral of Agg(x) with respect to area measure over S% must be 0, we deduce
that Agg =278, 2”. O

Proposition 10 already gives an informal proof of Proposition 1 via the divergence theo-
rem. Consider any z € L. If we assume that the cells B(z) have piecewise smooth boundaries,
and then note that F'(x) is parallel to 0 B(z) at points x € d B(z) for which the boundary is
smooth, we get

21 — 27k, (B(2)) = AsUdM, = — diVFd)\.n=/ F -nds =0.
B(2) B(2) 9B(z)

We give the formal proof using a slightly different approach (following [8]) involving
Liouville’s theorem for calculating change of volume under flows, which will also be needed
in proving Theorem 2. Conveniently, this approach allows us to sidestep the technicalities
involved in analyzing the boundary of B(z).?> We now state the version of Liouville’s theorem
we need.

PROPOSITION 11 (Liouville’s theorem). Let M be an oriented n-dimensional Rieman-
nian manifold, and let do denote its volume form. Consider a smooth vector field X on M.

2We also believe, however, that the technicalities are not too hard to overcome using arguments similar to those
in [26], Section 7.
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FI1G. 7. Illustration of the proof of Lemma 12.

Let ®; denote the flow induced by X, where ®,(x) € M is defined for all (x,t) in some
maximal domain D C M x R. Let Q C M be an open set with compact closure. Then

d
/ da:/ div X da.
t=0J D+ () Q

dt
PROOF. Since the maximal domain D is open (see proof of Theorem 17.9 in [23]) and
the closure of €2 is compact, we know that ®,(£2) is actually defined for all ¢ in some open
interval containing 0. The result then follows from the formulas used in proving Proposi-
tion 18.18 in [23], where the smoothness of the relevant n-forms allows us to interchange
integration over €2 and differentiation with respect to . [J

Recall that for x € S,% we wrote (—oo, Ty) for the maximal domain for which Y, (¢) is
defined.

LEMMA 12. Fixz € L, and for t > 0, define
E,:{xeB(z) : rx>t}, Vi = X (EY).

Let ®; denote the gravitational flow for time t. Then ®,(E;) = Ey, and the pushforward of
An (as a measure on E;) under ®; is equal to e 2y, (as a measure on Eg). In particular,
we have V; = e~ 21V,

PROOF. We apply Proposition 11 to Sﬁ \ £ with the vector field X = F = —VgU, so that
div X =div F = —AgU, and refer to Figure 7 for an illustration.

Recall that ®_;(x) = Y, (—s) is defined for all x € S,% and s € (0, c0). Thus, for all s €
(0,1), we have that ®; is a bijection from E; to E;_; (with inverse ®_;). Now, consider
any Q C E, that is open with compact closure in S2 \ £. By Proposition 11, we obtain for
0 <s <t that

d
%An((bs(g)) = _/¢ @

s

AsU dh, :/ 270 dhy = 277 b (D5 ().
0 (Q)

Solving the resulting differential equation yields
An(2) = e 72 0, (D4 ().

Since any measurable subset of Ej can be approximated by a set of the form ®,(€2), this
shows that the pushforward of A, under ®; is e 2y, O

We can now give the formal proof of Proposition 1.

PROOF OF PROPOSITION 1. Consider any z € £, and define E; and V; as in Lemma 12.
By Lemma 12, we have for all ¢ that
2.1) Vo—Vi=Vo(l —e ™) =21Vt + O(r?).
We will deduce that Vy = 1 by estimating Vo — V; in another way for small 7.
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For any x € Srzl, let us identify the tangent space TxS,% with a plane in R in the natural
way,> so that F(x) may be regarded as a vector in R3. By a direct calculation, we have
Fx)= + O(1) for x in a neighborhood of z. This implies

xl2
(2.2) E|Yx(t) — 2 =2(F (Y, (), Yo (t) — 2) = =2 + O(| Y (t) — z)).
Write Eg . = Eg \ E.. The above estimate implies for ¢ — 0O that
(2.3) sup |x — zl2 <2e+4+o0(e) and inf |x — z|2 >2¢e —o(g).
X€Ep, x¢Eo ¢

Indeed, given 6 € (0, 1), if |Y,(#) — z| > O is sufficiently small as compared to § we
get from (2.2) that L%le(s) —zPe[-Q2+8),—(2 —8)] for all s >1¢, so |ty — 1] €

Yy (H)—z)* |Yx
[F2

bounded between spherical caps of radius +/2¢ + 0(+/¢), which means it has area 27 & + 0(¢).
This gives

glgzlz ], which implies (2.3) since § was arbitrary. We get from (2.3) that Ey ; is

Vo — Ve = An(Eo,e) =2 - & + 0(¢).

Comparing to (2.1), we conclude that Vo = 1, as desired. [

Lemma 12 is also the main observation needed to explain the identity (1.8) relating travel
distance to average force. Essentially, it implies that the gravitational flow linearly interpo-
lates between the uniform measure on Sfl and the (discrete) uniform measure on £. Conse-
quently, each gradient vector is “flowed through” by the same total mass. We turn this into a
formal proof below.

PROOF OF (1.8). Take any z € £, and let E; be as in Lemma 12. Then we have

f j F(Y<(®))|dtdry, (x)_f / (Ye()| - 1g 5 dAy(x) dt
:/o /Et|F(Yx(t))} ~dh, (x)dt
:/OOO /EO}F(x)| e @ (x) di

00 1
:/ e_zmdt-/ \F(x)\dx:—/ |F (x)| dhn(x).
0 Eo 21 JE,
Note that Eg = B(z) \ {z}, so averaging over all z € £, we obtain (1.8). [

3. Stereographic projection. Rather than work directly on the sphere, it is more conve-
nient to work in the plane via stereographic projection. We devote this section to describing
how to transform between the two coordinate systems, and we give a restatement of Theo-
rem 2 for the plane.

Let H =R? x {0} C R? denote the horizontal plane, and let zo = (0,0, 1). The usual
stereographic projection map P : R® — R? is given by

2(x — zg)

Px)=z0+ —
lx — 2ol

3that is, by TXS% C T,R3=R3.
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Letr, = /ﬁ denote the radius of S,%. We use the rescaled version of P defined by P, (x) :=

VnP(r; I'x). The next proposition collects a few basic facts about P, ; these can be verified by
elementary calculations. In the second bullet point, P, gp, (r) denotes the pullback of gp, (x)
by P,.

PROPOSITION 13.  The map P, : R> — R3 has the following properties:

e Forany x,y € R3, we have

4nr2-|x— |2
2 n y
P,(x)— P = .

2./nry
[x—razol?’

e P, is a conformal map from Sﬁ \ {rnzo} to H. Its conformal scaling factor is that

is, if g and g’ are the respective metrics on S,% \ {rnzo} and H, then

2 /nr, \?
—_— =P .
<|x _rnZO|2) 8x n 8 Py (x)
Let £ = {P,(y) : y € L} be the image of £ under P,. Note that the points of L are drawn
independently from a measure u, on R? that is the pushforward under P, of the uniform
probability measure on S2. For x € H = R?, let

[ Ixl?
pn(x) =/14+ —.
n

From the conformal scaling in Proposition 13, it is straightforward to check that u, has
density

diy 1

dx — mnp,(x)*

Next, we give the planar version of our potential function. We define for any x, y € R? the
planar potential functions

lx =yl

m, u(x) = Z“(X’Pn()’))ZZM(x,y),

yeL yeE

3.1 u(x,y)=uy(x)=log

By Proposition 13, we see that u satisfies for all x, y € Sfl \ {rnz0},

4n
u(Po(), Pa() =log( 5 I = y1) =loglx = 1 +log(16)
n

whence u (P, (x)) = U (x) +nlog(16). We remark that since we only care about the gradient
of the potential, the additive constant term » log(167) is not important.
We also define for x, y € R? the planar gradient

y—x 1 X
W‘FE'W, f(x)ZZf(X,Y)-
Y 1+T yel

(3.2) F(x,y)==Vuy(x) =
Note however that f(P,(x)) is not simply the pushforward of F(x) under P, for x € S,%.
Nevertheless, f(P,(x)) and (D P,),(F (x)) are scalar multiples of each other. To see this, we
invoke the following fact about conformal maps, which is routine to verify.
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PROPOSITION 14. Let M| and M3 be two Riemannian manifolds of the same dimension,
and let g1 and gy be their respective metrics. Suppose we have a conformal mapping h :
My — M>, and let ¢ : M; — R denote the conformal scaling factor, that is, h*g> = c’g1.
Then, for any function w € C*°(M1) and x € M1, we have

(Dh),(Vw) =c* - V(woh™ ).
PROOF. Consider any point x € M1, and its image y = h(x) € M;. Let (-, -) denote the
natural pairing between vectors and 1-forms. For any v € Ty, we have
22((Dh) v, V(w o h™ 1)) = ((Dh) v, d(w o h ™)) = (v, dw) = g1 (v, Vw)
= ¢ (" g2) (v, Vw) = ¢ 2g2((Dh)3v, (DI)x (Vw)).
Since (Dh),v ranges over all elements of Ty, this implies
V(woh™)=c"2(Dh) (Vw),

which is the desired result upon multiplying both sides by ¢2. [

COROLLARY 15. Forany x € S%, let X = P, (x). Then we have

2
dnr;

70|4f()7) = 710, (D)* f (F).

(DPn)x(F(x)) = % — rnz

Since f and (D P,),(F) are scalar multiples of each other, they have the same integral
curves up to reparameterization. Let us now make explicit the change of parameterization.

PROPOSITION 16. Consider any X € R?, and let x = P, (X). To lighten notation, let
v = Yy (t). Define

t
4 ~
o0 =7 [ pu(Pa))'ds and T0) = Pulro1):
Then Yz (¢t) is an integral curve along f starting at X.

PROOF. The result follows from the calculation
1

d ~ d
—Yz(t) = (DPn)x(F(yg—l(z))) —a 1) = (DPI’L)X(F(yo'—l(t))) : m

dt dt
1 o _ ~
= (DP)(F(p-10) - —pn(Vr) ™ = f (Ve (1),
where we have used Corollary 15 in the last step. [

Finally, we define the plallar allocation function 1Z ‘R [ by 1} (X) = (Ppoyo P, H).
The cells w_l(z) for z € £ will correspond to basins of attraction under the flow induced
by f. We can now reduce Theorem 2 to an analogous statement in telrms of the plane.

THEOREM 17 (Planar version of Theorem 2).  For any p > 0, there is a constant C,, > 0
such that for r < n'/? we have

P[|¥(0)| > ry/logn] < Cpr".
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PROOF OF THEOREM 2 FROM THEOREM 17. By rotational symmetry, we may assume
without loss of generality that x = Pn_l(O). Proposition 13 applied with y = ¥ (x) ensures
that we have |[x — ¥ (x)| <C |1Z(0)| for a universal constant C. Observe that it is sufficient to
prove the theorem for r < Cn!/3, since |x — 1 (x)| < /n. Theorem 17 gives

P(|x — v (x)| > r\/logn) < P(|%(0)| > ry/logn/C) < C,(r/C)P,

which is the desired inequality upon renaming of constants. []

4. Tail bound for travel distance. In this section, we give the proof of Theorem 17
following the strategy described in the Introduction. For any Q C R?, write

fxIQ):= Y flx.y.
yeLnQ

The following lemma, whose proof is deferred to Section 5, gives an upper bound of order
+/logn for the magnitude of f at points not too close to L.

LEMMA 18. There is a constant ¢ > 0 such that for any My, M>, M3 > 1 with M| <
n1/3/«/logn, and with § = W, we have

P max X R2 Bx,8 > M loen <M2€_CM2/M3+0(]).
(L_p s |6 1R Bk, 80)] = o) <

The next two lemmas control the behavior of points at which the magnitude of f is large.

LEMMA 19. Suppose x € R? and r > 0, and consider any w € dB(x,r). Let ny, =
%(w — x) denote the outward pointing unit normal vector to 0B(x,r) at w. Then, for any
y € B(x,r), we have

1 |w]

PROOF. Leta=y —x and b = w — x. Note that
2y —w, w—x)=2(a—b,b) =—2|b|> +2(a, b)
< —lal* = |b* + 2{a, b) = —|a — b|?

=—ly —wl®
Thus,
1/ y—w 1 w
(f(w,y),nw)=—<72+—-7z,w—x>
r\ly —w| no|4 W
n
powx—w) fwl jwoxl 1 ul
rly —w|? n r - 2r n’

as desired. O

LEMMA 20. Forx € B(0,n'/?) C R* and § € (0, 1) define

£= sup |f(yIR*\B(,9)
yeB(x,0)

For any positive integer k < %\/ﬁ, iflf(x)] > (5T 4 1) -max (&, 1/8), then either IZD
B(x,8)| > k or ¥(x) € B(x, 28).
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PROOF. Let yi, y2, ..., ym be the points of £n B(x,§), write £; = |y; — x|, and assume
without loss of generality that the ¢; are in increasing order. There is nothing to prove if
m > k, so assume henceforth that m < k.

Note that since | f(x)]| > (5L 4+ 1) . max(&, 1/§), we have by the definition of & that

| (x| B(x,8))| > 5k)**! - max(&, 1/8).

The force exerted by y; has modulus at most 1/¢; + 1/(164/n). Since the ¢;’s are increasing,
we get

(1/€1 + 1/(106/m)k > | f(x | B(x,8))| > (5k)* ! - max(¢, 1/8),

sof; < ﬁ(Sk)_k min(§, 1/£€) since k,n > 1 and max (&, 1/§) > 1. Let j be the largest index
for which £; < (5k)/ £y, and let r = (5k)” £. Note that r < §/2.

Now, consider any w € dB(x,r), and let n,, = %(w — x) denote the outward facing unit
normal vector as in Lemma 19. We will show that (f(w | R?),n,) < 0. To do this, we

consider separately the contributions from the regions R? \ B(w,§), B(w,§) \ B(x,r) and
B(x,r).
For the first region, by the definition of £ (and recalling that r < §/2), we have
4.1 |f(wIR*\ Bw,8))| <&.
For the second region, note that for all i > j, we have

6 —r > (5k)/ ey — (5k) ey > 4kr,

which implies

f(w] Bw, 9\ B, )= Y |fw, )| < Z( ! +M)

(42) i=j+1 i=j+1 gi -r n
_ L, kel
~4r n

Finally, for the last region we have by Lemma 19 that

JoJlwl L klw]|
<L < —— 4
>_ 2r + n ~—  2r + n

j
@3  (f(wl] B(x,r)),nw)=<z fw, xi), ny

i=1
Combining (4.1), (4.2) and (4.3), we see that
1k 1k
U 1R, o) = (=5 + )+ (- + 5

2r n 4r n

1 2k|w|

=i Goin A T8

4.9 2k|w|
<——max(§,1/8) + ——+§
4 n
0.9 n 2k|w|
—_——t—<
- 46
Since this holds for all w € dB(x, r), it follows that no integral curves of f may escape
B(x,r). Consequently, we must have ¥ (x) € B(x,r) C B(x, 25) as desired. [

0.

We are now ready to prove Theorem 17.
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PROOF OF THEOREM 17. Note that it is enough to prove the result for sufficiently
large n. We will establish the desired bound by considering the probabilities of three events.
Given p > 0 choose k € {2,3,...} and € > 0 such that 2(k — 1) — 4ek > p. Throughout
the proof all implicit constants may depend on p, k and €. Define r’ = r!=¢ and r” = r1 72,

Lets = T and define the event

Er= () {I£nB@. 8| =<k}
xeB(0,r/Togn)

Consider a (8/2)-net S C B(0, r/logn) of size O(~ 10g") Then

2
P(E{) <Y P(ILN B(s.28)| > k) = o(r ?;gn) L O(52k+D)
(4.4) seS

22k r?
=0(rs IOgn)ZO((r”)Zk(logn)k 1) o(r=r).

Next, let

Ex={ max__|f(x|R*\B(x,8)| <r'/logn].

x€B(0,2r/logn)
According to Lemma 18 with M| = 2r, M, =r" and M3 =r", we have
(4.5) P(ES) < dr2ec/M+0M = g(e="2) = 0(r7P).

Finally, we define an event relating to the “time traveled” along integral curves of F'. Recall
the notation Y, (¢) for the integral curve along F starting at z € S2. Let 7 denote the largest
time for which Y, (¢) is defined for all ¢ € (0, t); we have (almost surely) that ¥ (z) = Y, (7).
For C := 27 ((5k)**! 4 1) define the event

€
E; = {‘L’ < r—}
Co
According to Lemma 12, we have
€
(4.6) P(EY) fexp< 27 - 2 ) =0(r 7).
0

Suppose now that Eq, E> and E3 all hold. We claim that in this case |1Z(0)| <r./logn.
Indeed, suppose instead that 1 (0)] > r/Togn.

Let Yy(¢) and o be defined as in Proposition 16, that is, Yo () is the integral curve along f
starting at 0 € R?, and it is related to Y, by

Yo(1) = Po(Y, (07 1())).

Since |I70 (0)]=0and |}~’0 (o(r)| = |1Z(O) |, it then follows bz the intermediate value theorem
that there must be some minimal time ¢’ € (0, t) for which Yy(o (t')) € d B(0, r/logn).
Note that from the definition of ¢ in Proposition 16, we have

t/

o) =7 | " pn(Pa(Ya(9)) s = 7 [ on(Fotor o2 as

Since |Yo(o (s))| < ry/Togn < n'/3/logn for all s < ¢/, the integrand is bounded above by 2
for sufficiently large n. Consequently, we have

o(t') <2nt’.
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Then, by a version of the mean value theorem, we must have for some s € (0, 7") that

~ 1~ ~
£ (Yo(o ()] = —[Yo(o (') — Yo(0)|
4.7 o)
ry/logn _ ryflogn  Cp ,
= 2t = 2nT zgr ‘/@’

where in the last step we have used the assumption that £3 holds.
Our next goal is to apply Lemma 20 with x = Yp(o (s)). First, we must establish that the
hypothesis holds. Note that since E» holds, we have

g:= sup |f(y|R*\B(y,8)| <r'/logn.
yeB(x,8)
Then (4.7) gives

C C
IGE ﬁr’\/logn > ﬁmax(s, 1/5),

verifying the hypothesis for Lemma 20.

Then, we must either have |£ N B(x,28)| > k or @(x) € B(x,28). However, the first
statement contradicts the assumption that £ holds, while the second statement contradicts
@(x) = 1;(0) ¢ B(0, r/logn). Thus, we conclude that whenever E1, E> and E3 all hold,
then | (0)| < r4/logn. In other words, we have using (4.4), (4.5) and (4.6) that

P(|[7/(0)] > r\/logn) < P(ES) + P(ES) + P(ES) < O(r "),
as desired. [
5. Tail bound for gravitational force. The goal of this section is to prove Lemma 18.

In fact, we will prove the closely related bound given by Lemma 21 below, from which
Lemma 18 follows easily.

LEMMA 21. There is a constant ¢ > 0 such that for any M > 1 and z € B(0,n'/3), and
1

with § = M logn’ we have
P max X R2 Bx,S >IM,/10 n)<e ct (1)
(xeB(Z,«/logn)|f( | \ B( ))| g ) -

PROOF OF LEMMA 18 FROM LEMMA 21. Let § C B(0, Mj+/logn) be a \/logn-net
with |S|=O0(M 12). For each z € S, we apply Lemma 21 to the disk of radius /logn centered
at z with M = M3 and t = M>/M3. Taking a union bound, we obtain

P max x |R*\ B x,8))| > Mp,/logn < M?. e~ M2/M3 C(l),
(xGB(O,Mn/lOgn)|f( | \ B ))| 2 & ) =1
as desired. [J

Throughout the section, we will often consider separately the effects of points in £ within
various regions. To this end, it is convenient to extend the notation f (x | 2) introduced earlier
to more general functions: for any function H : R* x R — R, we write

Hx|Q):= Y H(x,y),

yeEﬂQ

A |2 =E[HE )] =n [ He.y) ).

The proof of Lemma 21, given in Section 5.5, uses a series of lemmas which will occupy the
remainder of this section.
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5.1. Basic estimates. We first collect some basic estimates that will be used repeatedly.
Let Dy f(x, y) denote the Hessian of uy (x) with respect to x, and let D; f (x, y) denote the
tensor of third partial derivatives of u,(x) with respect to x (we may regard D f and D; f
as elements of R* and R8, resp.). The following lemma follows from direct calculation using
the formula (3.2) for f.

LEMMA 22. For x € B(0, \/n) and any y, we have the bounds

(5.1) rel=o(—=)+o( )
(52) Dif ) = 0( =) +0(5)
(5.3) |D2f(x,y)|§0(|x_1y|3>+0(|,:—2|>.

We also give here a general exponential tail bound which will be used repeatedly.

LEMMA 23. Suppose g : Q2 — [—1, 11¥ for some 2 C R?. Let L be a set of n points
drawn independently from py, andletY =3, 5nq &(2). Then

(5.4) logP(|Y|>1) < —%-t+log(2k)+2n/9}g(z)|dun(z),

1
(5.5) logP(|Y —EY|>1) < 7 t +log(2k) + 2n /Q}g(z)|2dll«n(z).

REMARK 24. We will only use Lemma 23 for k < 4.

PROOF. We assume throughout the proof that = R?; we may make this assumption by
setting g identically equal to the O vector on R?\ Q. Write g(x) = (g1(x), g2(x), ..., gx(x)),
and let xq, ..., x, be the points of £. We use the inequalities

e <1+42|s| forse[—1,1], e’ <1+s+2s> forse[-2,2]

Since |g;(x;)| <1, we obtain

E[e] =1+ /Q(eg"(“ — 1) dua (@) =142 [ |ei@)] dpaa(2

2 i n .
< eXp( fg}g (2)]du (z))
Defining g; (w) = gi(w) — /q, 8i(z) dun(z), we also have

E[egi(xj)—Egi(xj)] :E[e§i(xj)] -1 +f (egi(z) — %) — 1)d/1vn(Z)
Q
<142 [ B du @ <exp(2 [ @ dino)

< eXp<2/Q|gi(Z)|2dun(z)>-

Letting Y; denote the ith coordinate of Y, summing the above bounds over all j and using
Markov’s inequality yields

logP(Y; > 1) < —1 + 2n /Q 18| ditn (),

logP(Y; —EY; >1t) < —t —I—2n/9|g(z)}2d,un(z).
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The above inequalities also apply for ¥; replaced with —Y;. Union bounding over 1 <
i <k and both choices of signs, and using the inequalities |Y| < Zle |Y;| and |Y — EY| <
Zf‘zl |Y; — EY;|, we obtain (5.4) and (5.5), as desired. [

5.2. Bounds of averages.

LEMMA 25. Consider a point z € B(0,n'/?) and a radius R < n'/?>. Let Q = R?\
B(z, R). Then

[fz|1Q)|=O0(R).

PROOF. First, note that by rotational symmetry, we have E[F(z)] =0 for any z € S%.
Thus, by Corollary 15, we have
(5.6) F(z|R*) =0.

Next, by Lemma 22, if we (slightly abusing notation) let u,, denote the density of the measure
/'Ln >

[fz1 BG B))| =

n/B(z,R) f(z,y),u,,(y)dy‘ = A(Z’R)’f(z, y)|dy

=0 Rz La O(R? = O(R
= (/0 e r)+ (R*|z|/n) = O(R).
Combining this with (5.6), we obtain
F 1| <|Ff(zIRY)| +[F(z]| Bz, R))| = O(R). O

LEMMA 26. Consider a point z € B(0,n'/?) and a radius R < n'/?. Let Q = R? \
B(z, R). Then

D1 f(z|Q)]=0(1).

PROOF. By direct calculation, we find that

Dy fie,yy = T NT iyl 1( h 2% )
e —y* |22 lz12y2 )"
|z =yl PAT4ES n(1 4 E5)2

Let A(z,y) and B(z,y) denote the first and second terms, respectively. Note that for any
r > 0, we have by rotational symmetry that

2w .
/ A(z,z+re'%)do =0.
0

Also, since |z| < n'/2, we have | B(z, V)= O(n=1) for all y. We then have with &, denoting
the density of the measure w,,

DI f(z|Q)|=n

/Q(A(z, ¥) + B(z, ) ttn () dy‘

[e'¢) 2 . .
(5.7 =n / r/ Az, z+re) pn(z +re®)dodr| + O(1)
R Jo

[ee)
< - Az, v)| - h,(y) — h,(Y)|dr + 0(1).
_n/R r yeg}gaér)| (z, y)| y’y/re%agxw)l n(y) — hy(y)|dr + 0(1)
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To estimate the final expression, first note that |A(x, y)| = 0(|x y|2) Also, for any r > 0,
we have

1 1
h —h,(y)| = —
y,y’Iel}Jan(z,r)| n() n(y )| an(l + (V—rllZ\)z)4 an(l + (r+,|12|)2)4
(r=1z)*>  (r+1z)? . 4
- n n an(l + (r—r\lzl)z)S
B
n?max(1,r10/n5) )
Applying these estimates to (5.7), we have
Difz| )| = 0(/°o = dr) +0(1)
- r nmax(l,r10/n5)
|zl
:O( 1/2>—|—0(1)_0(1) 0

5.3. Far contributions.

LEMMA 27. Let R be a number with 1 < R < nl/3. Consider any point z € B(0, n1/3),
and let Q = R? \ B(z,2R). Then, for some c > 0,

—ct+0(1)
P(xergé>fR)|f(x | Q)] > 1(R +/logn)) <e

PROOF. We first claim that for small enough ¢, each of the following inequalities occurs

with probability at least 1 — e =<+ (1);
(5.8) |f(z| Q)| <t(R+/logn),
(5.9) ID1f(z| Q)] =<1,
(5.10) max D f (x| | <1/R.
xe

We do this by applying Lemma 23 three times with different functions g.
First, take g(x) = o @ f(z, x) with Cy alarge enough constant so that Lemma 22 gives
the upper bound

lg(x)| <

1 ( 1 +@>< 1 ( 1 +n_2/3>
Jogn\|z—x|  n /)~ Jlogn\|z — x| '

Note that this bound ensures |g(x)| <1 for all x € 2, so that Lemma 23 applies. Lemma 23
then gives

logP(|f(z| Q) — f(z| Q)| > Cit,/logn)

(g 07

logn
n—4/3

1
1 =t
<—=t+0()+4n | ————du,(x).
2 Q logn

!
5.11) §—5z+0(1)+2nfQ ()
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We estimate the integral in the last expression by observing that w, (x) = O(1/n) for all x,
and pt, (x) = O () for x ¢ B(z, n'/2). Thus,

[x—z

—4/3

|z—lx\2 tn
n/ ———duy(x)
Q logn

<togn Uy G im)ars [ () ear)

_ o
~ logn

Substituting into (5.11), we obtain

——(0(logn) + 0(1)) = O(1).

_ 1
logP(| f(z| Q) — f(z| Q)| > Cit,/logn) < —§t+ o(l).

By Lemma 25, we also have f(z | ) = O(R). Thus, after rescaling ¢, we see that (5.8)
occurs with probability at least 1 — e =<+ for small enough c.

Next, take g(x) = C%Dl f(z, x) with C; large enough so that Lemma 22 gives

1

lg(x)] <

Ix —z|?

Using Lemma 23, we obtain
logP(|D1 f(z| Q) — D1 f(z| Q)| > Cat)

1

1 2
5—11+0(1)+2n/§2( +—) dpn(x)

x —z|?
1 1

5——t+0(1)+4n/(74+ )d,un(x)
4 Q\|x —z|

1 4 ] 1
:——t+0(1)+—,un(§2)+0(/ —4-rdr)=——t+0(1).
4 n R T 4

By Lemma 26, |D; f(z | Q)| = O(1). Thus, after rescaling ¢, we see that (5.9) also occurs
with probability at least 1 — =<+ for small enough c.

Finally, we take g(y) = C% - MaXyep(z,R) D2 f(x,y)| with C3 large enough so that
Lemma 22 gives

R _
()] < -+ Rn~,

ly —

Using Lemma 23, we obtain

logP D Q R
ogP( max_ |Df(x| )| >Csi/R)

<logP<£ > max |Dyf(x,y)| >t>
- C — xeB(z,R)
yeLN

_ R —4/3
<—t+01)+2n 5+ Rn dpn(y)
e\ly —z|

% R
5—t+0(1)+2n_1/3R,u,,(§2)+0(/ —3-rdr>=—t+0(1).
R T
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Thus, after rescaling 7, (5.10) occurs with probability at least 1 — e~<TO() for small
enough c.

Now, suppose that the inequalities (5.8), (5.9) and (5.10) all hold. Then (5.9) and (5.10)
imply that

rlrgl(ax |Dy f(x| Q)] <2t
Combining this with (5.8) yields

max Q)| <r(3R lo ,

xeB(Z’R)U(X | ) <tB3R + /logn)

which holds with probability at least 1 — e~<*TO() Rescaling ¢ gives the result. [J
5.4. Near contributions.

LEMMA 28. Let0<g < % and 2 < R < n'/3 be given. Consider any z € B(0,n'/3) and
any Q2 C B(0, R) \ B(z, q). There is an absolute constant ¢ > 0 such that for all t > 0, we
have

P( |f(x Q) — f(z|Q)]=> t/q) < g“1=0M)0qlogR)
xeB(

PROOF. Let Qi =R\ B(z,1)and 2, =QN B(z, 1).
We first apply Lemma 23 twice on €2;. Taking g(y) = maxxe]g(Z q/2) | D1 f(x,y)| with
C1 large enough to ensure that |g(y)| <1 on 1, we find that

logP< nax |D1f(XIQI)\>C1l/6]>
§—t+0(1)+2n/ [ dpn(y)
(5.12) <—t+0()+O(nq)- / (7|2 )dun(y)

2R q
<—t+0)+ O(qua(R21)) + 0(/1 > -rdr>
(5.13) =—t+ 0(1) + O(qlog R).

For our second application of Lemma 23, we take g(y) = ‘C/—ff (z, y) with C, large enough
to ensure |g(y)| <1 on 1. We obtain

logP(|f(z | Q1) — f(z| Q)| = Cat//q)
<) H+2 2d
<S40+ n/9|g<y>| ()

2
+ @) dpin(y)

1
(5.14) <—§f+0(1)+0(nCI) / (ly_Z|

1 12| 2R g
<—§t+0(1)+0<nq )-Mn(91)+0(/1 r—z-rdr>

1
= _Et +0()+ O(glogR).
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Combining (5.13) and (5.14) and rescaling ¢, we obtain

1ogP( max |f(x|s21)—f(z|szl)1>z/f) —ct+0O(1) + O(qlog R)

xeB
for sufficiently small c. Setting = 5/, /q, this may be rewritten as
P( max |f(x Q) — Fz| Q) >s/q) < =05/ /a+O0()+0(glog R)
(5.15) xebear
< qcst(l) . eO(qlogR).
Next, we analyze the contribution from €2,. Let g(y) = CLS -q log% “MaXyxeB(z,q/2) | (X,
¥)|, where C3 is a large enough constant so that (using Lemma 22)
1
ly =zl
for all y € 2. We cannot apply Lemma 23 directly, because we do not have |g(y)| <1 on all

of ©2,. However, a similar argument using a more precise analysis of exponential moments
will work. Note that

o7 » !
Bl e )= (14 [ (@0 1) dunto)
Q)

<exp(n [ e - 1) diun(6) )
( (exp(— qlogl %) — 1) -rdr)
(2 qq _1/4dr + O(L:/quogédr>)

=exp(0(g'"").

Markov’s inequality then implies

1 1
g(y)fz-qlog—-
q

< exp

logP( max |f(x| Q)| >

3t
1) <—t+0(q'%).

q

Setting ¢ = C% log é - s, this may be rewritten as

P Q S/C3—0(1).
(Xeg(l%/z)v(x | Q)| > s/q) <q

Note that this also implies that | f(z | 22)| = O(1/g), and so we may conclude that

5.16 P Q) — F(z 1 )| > < ,es—0(1)
(5.16) (max 1192 =TI 25/4) <q

for small enough c. Combining (5.15) and (5.16) gives the result. [

5.5. Overall disk bound: Proof of Lemma 21. PROOF. We may assume throughout the
proof that n is chosen sufficiently large. Let Q2 = B(z,2+/logn). According to Lemma 27
with R = ./logn, we have for small enough c that

1
5.17 P( max x| R2\ Q)| > —tM./lo n)Se—ctM—i-O(l)'
5.17) (P IR\ Q)| > 1M log
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We next consider contributions from within Q. Let S C B(z, +/logn) be a §-net of
B(z, \/Togn) with |S| = O(logn/8?). For each s € S, we apply Lemma 28 with the region
Q; :=Q\ B(s,25). We use the parameters g = 26 and R = 4,/logn. For a small enough c,
this gives

P( T%E(lx |f(y | Q )_ f(s | Q )| > t/48) < 6(31‘ o) 0(510g10gn) _86‘1 0(1)

where we use that § = O(1/4/logn) in the last step. Letting S’ be a §/2-net of B(z, §), using
that a point of £ outside B(y, §) exerts force at most 2/§ on y for sufficiently large n, and
decreasing c if necessary, we get

P( max, £ (v | (B(5,28)\ B, 8))| 2 1/45)

<P yan 120 (86,29 51 9)] 2 17)
(5.18)

< Y P(I£N(B(5,28)\ B(y,8/2))| = 1/8)
yes’

< e—ct/82
Combining the two estimates above,

P(max |£(v IR\ B(,8) — Fs |2 = 1/26)

yeB(s,8)

= P(y;};%gfmlf 1 925) = Fls | 2] = 1/45)

+ P(y£?§8)|f(y | (B(s,28)\ B(y,9)))| = 1/48)
< (Scth(l)'

Using a union bound over all s € S, we obtain

P( max |f(y1Q\B(.8) —F(s ||z —rM logn>
yESBE(s,S)

<|S]- sct—o) < (logn) L8572 ger=0() — ger—0(1) < p—ct+0()
Note that by Lemma 25 and (5.17), we have

71920 < [F(s IR*\ B(5,28)| + [f(s IR*\ )| < 0(1) + O(/logn),

so it follows that

1
P< max f(y 1R\ B(»,8)| = StM logn> < e c1+OM),
yesBe(s,S)

Combining with (5.17) completes the proof. [

6. Local maxima of the potential. In this section, we prove Theorem 4. The upper and
lower bounds will be treated separately, but both bounds require estimates on the probability
density of |F(x)| (or equivalently, on | f (0)| after stereographic projection). We collect the
required bounds in the following lemma, whose proof is deferred to Section 6.3. We let I»
denote the 2 x 2 identity matrix and for matrices A, B we write A < B if B — A is positive
semidefinite.
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LEMMA 29. Forany x € S,% and any € < 1, consider the stereographic projection taking
x to 0. Let f be the planar version of F as defined in (3.2). Then

: ) B _ 1 )
(6.1) llzll_f(l)lpe P(|f(0)—y| <e)= 0<logn

uniformly for all y € R?, and

1 1
liminf8_2P<|f(0)| <8ande(O)§——12> =Q< )
£—0 5 logn
Furthermore, (6.1) still holds if, when defining f (0), we sum over n — 1 (instead of n) uniform
points on L.

Throughout this section, we regard n € N as fixed. For each ¢ € (0, 1), we will form a
partition of S% into a collection A(e) of ©(ne~2) spherically convex* regions satisfying the
following properties:

e The diameter of each region is at most €.
e Foreachregion B € A(g), there exists a point xp € B such that B contains all points within
distance ¢/8 of xp.

Furthermore, it is possible to choose these partitions so that A(¢’) is a refinement of A(g)
whenever ¢ < ¢. Constructing partitions with the above properties is straightforward; we
omit the details.

6.1. Upper bound. Foraset B € A(¢), we say that B is a critical set if it contains a local
maximum for U and sup, g IVF(x) = VF(y)llop < % where the tangent spaces at x and

y are identified by the rotation along the spherical geodesic connecting x to y.

PROOF OF THEOREM 4, UPPER BOUND. Suppose that B € A(e) is a critical set. Let
y € B be a local maximum of U, so that V>U (y) < 0. Recall also from Proposition 10 that
TrV2U (y) = AsU(y) = 27. Thus, [|[V2U (y)|lop < 27.

By the definition of critical set, this means also that |VZU (X)lop < 10 for all x € B.
Consequently, integrating along the geodesic between y and xp, we have |F(xg)| < 10¢.
Then, by Lemma 29, for any B € A(¢) we have

2
P(B is a critical set) < P(|F(xp)| < 10¢) <P(| f(0)| <20¢) = 0<1§gn)’
where we have used Corollary 15 to translate bounds between F(xp) and f(0).

Now, let N(¢) denote the number of critical sets in A(g). Note that N(¢g) increases as
¢ decreases, and we have lim,_, o N(¢) = N almost surely over the randomness of £ (the
potential U is smooth away from its singularities, and its local maxima are bounded away
from its singularities). Thus, by the monotone convergence theorem, we have

2
(6.2) E[N]= lin})E[N(s)] < limsup<|A(s)| . 0( ¢ )) = 0( " ) 0

0 logn logn

4Recall that a region is spherically convex if for any two of its points, the region contains a minimal geodesic
between them.

SThe symbol V when applied to functions or vector fields on the sphere refers to the covariant derivative. This
gives us simple estimates when integrating over geodesics. Note however that in any case, as ¢ — 0, the local
geometry approaches a flat Euclidean one anyway.
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6.2. Lower bound. Consider a set B € A(¢) and the stereographic projection sending x g
to 0. Defining «# and f as in (3.1) and (3.2), we say that B is a candidate set if:

o VZu(0) < —1in,
e | f(0)] < 155- and
° |z|z%f0rallz€£.

We first show that for small enough ¢, every candidate set must contain a local maximum.
Indeed, we will show that if B is a candidate set, then « has a local maximum somewhere in
B(0,¢/16).

First, note that since all points in £ are assumed at least distance % from the origin, by
Lemma 22, we have a uniform upper bound on |D; f (x)| for x € B(0, ¢/5) that does not
depend on ¢. Thus, for ¢ small enough, we have that D; f(x) = VZu(x) < —%12 for all
x € B(0,¢/95).

Now, consider f as a map from R? to R?. For any x € 3 B(0, £/16), we have

[F@x) =[O, 3] = - <0

Then we have the homotopy f;(x) = (1 — ) f(x) — tx which satisfies f;(x) % 0 for all r €
[0,1] and x € 9 B(0, £/16). It follows by standard results about topological degree (see, e.g.,
[11], §3) that f(x) = 0 for some x € B(0, ¢/16), and by our earlier observation that VZu(x)
is negative definite in this region, this must be a local maximum.

Finally, by Proposition 13 and taking ¢ small enough, the disk B(0, ¢/16) in the plane
corresponds to points on the sphere with distance less than &/8 from xp. Thus, our local
maximum lies within the set B.

PROOF OF THEOREM 4, LOWER BOUND. Let C(g) denote the number of candidate sets
in A(g), so by the preceding discussion it suffices to lower bound E[C (¢)].
Consider any B € A(¢e). Lemma 29 already gives us that

2
6.3) (|f(0)y < 155 and V2u(0) < —112) Q( ° )
5 logn

We next show that when the above occurs, very rarely does it happen that |z| < % for some
z € L. Indeed, let z1, z2, ..., zZ, be the points in £ ordered uniformly at random. For each i
and y € R?, we have by Lemma 29 that
&2
i) = (iogn)
100 logn

Py - s0.2)] <
Applying the above with y = — f(0, z;) gives the estimate

JF#

(1= Lana |10 < 15 ) =P(11= 1) 0 (£ ) =05 )
— an < = i — - — .
“ 100 al=y logn n%logn
Taking a union bound over all z;, this gives
1 e £2
P(Izl5—f0rsomeze£and|f(0)\<—):0< )
n 100 nlogn

Combining this with (6.3), we find that B is a candidate set with probability 2 (%). Thus,
for all small enough ¢,

E[N] > E[C(e)] = |A(e)| - Q(l ;n>—sz<lo';n>,

as desired. O
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In order to prove Lemma 29, we first analyze the contribution

6.3. Proof of Lemma 29.

314
f(0, z) from a single point z drawn from w,. A helpful property is that f (0, z) turns out to
be a mixture of Gaussians, as explained in the following lemma.

LEMMA 30. Let z € R? be a point drawn from ji,, and let X = /n f(0, z). Then X can
be sampled as a 2-dimensional Gaussian of covariance V - I, where V itself is a real-valued

o 1/2x

random variable. Moreover, the probability density function py of V is
pv(x) = 252

Note that
L 4 [ IT |
r=|— 5| =1— 5.
1+ 2 do 1+

t
P(Jz] <t)=/0 znr'nn(l—i—ﬁ)z
n

PROOF.

|7*/"—’,we have
1 1
= P(|z| > /n- t).

Hence, since | X| =
1+ 241

P(IX|>1)=1-
It follows that X actually has the same distribution as z/./n, and so its probability density

function is given by
(x) :
X)=———""""—55.
P R+ 2

We then have the integral identity
_/Oote_’ ot dt:_/oo 1 o125 | 28 g
0 0 4ms3

1 1
Le_r2/23> ds,

o ]
_ (L s (
252 27s
—l/2x‘ 0

m(14r2)2 Cx
—Jo

which shows that X can be sampled as a 2-dimensional Gaussian of covariance V - I, where

V itself is a real-valued random variable with density py (x) = Zx%e

The next lemma provides estimates for the sum of » i.i.d. copies of the random variable
V from Lemma 30, which will be relevant when we consider the sum of the contributions to

f(0) from all n points.
Let V be a nonnegative random variable with probability density py(x) =
., V. be n i.i.d. random variables each with the same distribution as V

LEMMA 31.
glze_l/zx.Let Vi, ..
Then we have
n 2 n
2 ad 3, §4n10gn) — Q)
i=1

P(Z =100

)

and
1
()=
i=1 Vi IOgI’l
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PROOF. For the first bound, define for each i the event E; = {V; < n/100}, and write
E =('_, E;. For each i, we have

E[V; | Eil= /n/loo L1210
i il= = logn,
0 2t

E[V,

1

) w00y
|Ei]:/ —e Vg < —
0

By the independence of the Vi, we have E[V; | E]=E[V; | E;] and E[V? | E]=E[V? | E;].
Therefore,
n
5

(i

Thus, we have

and

=

n
E) <nlogn hence P(ZVi >4nlogn ‘ E) <
i=1

2 2 1
< n_ hence P Z V2 > n E -
200 100 2

u n? d 1 1
P[> Vvi<—and ¥V, <4nl > —P(E) = -P(E})"
(2 ;= 10g & ; i < nogn)_4 (E) = P(E))

- %(e—”/")” =Q(1).

For the second bound, let S = % _; Vi. Consider the three events
{s 1} T {1<s<11 } 8 {11 s}
— — = - = =~ — N == — 10 < .
S 2 48 %" S Pt
For the first event, we have

E(ITI ) /P(S<1/s)ds</ P(V) < 1/s)ds

(6.4)
:/ e ds =2e7".

To control the second event, let m = [% log, n, and for each positive integer k < m, let Ny
denote the number of V; with V; € [2k—1, 2K]. Note that
k—1 k -7k okl n
ENy=n-P2"" <Vi<2%)=n-(e —e )EW
By Hoeffding’s inequality, we then have

1 1
P(Nk < 3 -n-2k> fexp<—3—2 “n- 22k).

Define the event E’ = iz {Nk >3 Lon. Z_k}, and note that on the event E’, we have

1 &1

ZV_ ZNk 261> — Z—n2_k 2t = E

so that E/ N YV, = &. Consequently,

P(Y;)<1—P Zexp( n- 2‘”‘) 0(n™?),
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and so

1 —1
(6.5) E(ITZ : §> <n-P(Yy)=0(n"").

1 48
E(1T3 . —) < .
S logn

Combining this with (6.4) and (6.5), we conclude that E(%) = 0(10;;1)’ as desired. [J

Finally, we also have

Finally, we need an elementary estimate for certain conditional Gaussian covariances.

LEMMA 32. Consider an n-dimensional Gaussian Z = (Zy, Z», ..., Z,), and write
S=3Y",Zi.Let ¥ and ¥’ be the covariance matrices of Z and Z conditioned on S =0,
respectively, that is, we have

i =ElZiZ;] and X{;=E[Z:Z;|S=0l.

Then

EAEED 9
i,j=1 i,j=1
PROOF. Fix any v € R". We have
(v, Tv) = E((v, Z2)?) = E(E((v, Z)? | S))
>E(E([v. Z — E[Z | §])*| S))
=E((v,2)?| S =0) = (v, Z'v).

Since this holds for all v, it follows that ¥’ < . Consequently, the Hilbert-Schmidt norm of
¥’ is less than or equal to that of X, which is the desired inequality. [

We are now ready to prove Lemma 29.

PROOF OF LEMMA 29. Let V; be as in Lemma 31, and for each i, let X; be drawn from
a Gaussian of covariance V; - I». In light of Lemma 30, we may create a coupling in which

1 n
0)=— X;.
f(0) ﬁ;

Thus, f(0) is distributed as a mixture of centered Gaussians, where the covariance has the
distribution of % > i1 Vi. Let ps denote the probability density of f(0). Then we have by
the continuity of p s and Lemma 31 that

n 1
lim sup ¢ 2P 0) <e)= 0 =E<—>=O< >,
msupe*P(|O)] <e) = pr(0) =E( 35— e
proving the first bound in the case y = 0. The general case follows similarly, since py is
maximized at 0 (being a mixture of centered Gaussian densities). The last assertion of the
lemma follows by a similar calculation where we sum over n — 1 instead of n points.



GRAVITATIONAL ALLOCATION FOR UNIFORM POINTS ON THE SPHERE 317

For the second bound, consider any point z = (z1, 22) € R2. A direct calculation shows

that
f(0)=<— 71 2 )
1

zz—i-z% z%—i—z%

sz(()) =

-z 20z 112
VI 2 o=l
(3 +23)?| 2122 -7

n
Thus, writing X; = (x;,1, x; 2) and summing over all i, we see that
A B

where A = % e xi%l - xi%z and B = %Z?:] Xi1Xi2.

Now, define the event E = {31, V? < % and )%, V; <4nlogn}, so that Lemma 31
gives P(E) = Q(1). Conditioned on the value of the V;’s we have that the x; ;’s are indepen-
dent of the x; 2’s. This independence still holds if we condition on the event f(0) = 0, which

implies that E[x; 1x;.1x;2xj2 | £(0) =0, E1=E[x;1xj1 | f(0) =0, E]%. We get

E[B*| [(0)=0, E] = ZZE Xi1Xj1%i2%72 | f(0) =0, E]

i=1j=1

e ZExllxmfm) 0,E]’

i,j=1

4 n
—ZZExllxjHE [sz

i,j=1

1
- 25
where the first inequality follows from Lemma 32. By Markov’s inequality, this implies that
2 1
(6.6) P(181= ;| r0=0.8) <.

A nearly identical argument shows that the above inequality also holds with B replaced
by A. Indeed, the quantities under consideration are invariant under the rotation (xy, x3)

(x‘:/L-xz 41 \/_xz) which takes B to A. Define the function

1) =P(VSO) 25D | O =x.E).
Then (6.6) and the corresponding inequality for A imply that
2 1
) = P(max((Bl.|A) = 5 | O =0.E) = 5.

Also, let p s denote the probability density of f conditioned on the event E. Note that

n 1
E\———— E)> .
(271 YV ) ~ 8w logn

Moreover, it can be checked that r and p | g are both continuous functions. Thus,

prie(0) =

limi(r)1f<s_2 -P(Vf(O) < —élz and | f(0)| < 8))

>11m1nf( 2 P(E)/ pflE(x)r(x)dx)=Q<10:;n)' .
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7. Gravitational allocation for roots of a Gaussian polynomial. In this section, we
study gravitational allocation to the roots of a certain Gaussian random polynomial and
prove Proposition 6. Recall that we look at the polynomial given by (1.9). We bring the
roots Aq, ..., A, € C of p to the sphere via stereographic projection. More explicitly, letting
P, be the rescaled stereographic projection map defined in Section 3 and viewing the A as
lying in the horizontal plane in R, it turns out that

= (P (Vnrofi,

is a rotationally equivariant random set of n points on S%. The rotational equivariance comes
from the particular choice of coefficients for p; see [20], Chapter 2.3.

PROOF OF PROPOSITION 6. By (1.8) and rotational symmetry, it suffices to compute
E|F(x)| for any fixed point x € S,%. It is convenient to pick x = (0,0, —y/n/4m) = Pn_l(O).
Letting f be as in (3.2), we then have

1
0, nii) = p——
SO =
where complex numbers are interpreted as two-dimensional vectors in the horizontal plane.
Using Proposition 13 to convert between F'(x) and f(0), we then have

Foo=varo = [Ty a2 [T “
k=1

n 4‘01

which gives a simple expression for F in terms of two independent complex Gaussians.
Taking expectations of the magnitude, we obtain

E|F(x )\_IE:gl: #
o

which together with (1.8) establishes (1.10). [

8. Open problems.

1. We have proved O (4/logn) bounds on typical distances for gravitational allocation to
uniform points, but our results do not rule out the possibility of a small set of points with
allocation distances much larger than /logn or, equivalently, of some allocation cells having
large diameter. Let z € £ be chosen uniformly at random, and consider the cell B(z) allocated
to z. What is the law of the diameter of B(z)? Furthermore, what is the law of the maximal
basin diameter, that is, the law of max{|x — ¥ (x)| : x € 82, ¥ (x) € £}?

2. The matching algorithm we consider in Corollary 3 considers the gravitational field
defined by the points B. One could attempt to define and analyze a matching algorithm where
A and B are viewed as sets of particles undergoing dynamics where they exert attractive
forces on particles of the opposite kind (as a variant, they may also repel particles of the same
kind). One difficulty is that after the dynamics have evolved for some time the points are no
longer uniformly distributed.

3. In Corollary 3, we consider a matching algorithm defined in terms of gravitational al-
location. An alternative greedy matching algorithm can be obtained by iteratively matching
nearest pairs of points, thatis, we find i, j € {1, ..., n} such that |a; —b;| is minimized, we de-
fine ¢ (a;) = b;, and we repeat the procedure with A\ {a;} and B\ {b;}. [18], Theorem 6, sug-

gests that an upper bound for the average matching distance is fo‘/ﬁ p 0496 gp = @ (n0-222).
Can this bound be improved?
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APPENDIX: RELATING MATCHINGS IN SQUARES AND ON SPHERES

In this Appendix, we will give the proof of Proposition 8.

PROOF OF PROPOSITION 8. Let Q = [0, /nw]> CR?, and let Q0 = Py '(Q) € S%,. 1t
is more convenient to consider .4 and BB having points drawn i.i.d. uniformly from Q rather
than [0, \/n]?; clearly, the original statement follows after rescaling by /7.

We will construct matchings of A to B based on matchings of X’ to ). We first note that
|X N Q| ~ Binom(N, Ay (Q)/N), and since

AN(Q) =Nun(Q)=n+0®/N),

we then have

(A1) E[|[X N Q| —n|=0(/n).

Conditioned on the size of |A' N Q |, the points of A= Py(X N Q) are distributed as i.i.d.
points ai, ... ,Zil xng| on Q according to a density proportional to py, which is within
O(n/N) in total variation distance to uniform. By this result on the total variation distance,
we can couple aj and @; for j =1,...,|XA N Q| such that a; = @; except on an event of
probability O(n/N). Combining this w1th (A.1), it follows that A may be coupled to A so
that

ElA\ Al = 0<f>+0( N) 0(J).

Similarly, we may couple B:= Py(yn Q) to Bsothat E|B\ E| = 0(/n).
Now, let @ : X — ) be a matching which minimizes )", .y |x — @(x)|, and let dpin denote
the minimal value. Define the sets

A =ANA,
A2={a cAi: (PNoao Pﬁl)(a) Eg},
As=laecAy:(PyodoPy')a) eB),

which satisfy A3 € A; € A; € A. We may define a matching ¢ : A — B by setting ¢(a) =
(Pno@o Py 1)(a) for a € Az and matching the remaining points in an arbitrary manner.

Note that the distance between any two points in Q is at most /2w n. Also, by rotational
symmetry, we have

2an (0
E) la—¢@|<2E Y |x—¢x)|= JjV(Q)E[dmm]=0(%)-E[dmm].

acAj xeXﬂQ
Thus,
E) |a—¢@)
acA
<E ) |a—¢(@]|+v2an-ElA\ A
aceAs
(A2) = 0(%) -Eldmin] + vV27n(E[A\ A1 + E|A; \ A2| + E| A\ A3])

- 0(%) Eldmin] + v271(0 (V1) + E|A\ 4| + E|B\ B])

0(%) Eldmia] + O(n) + O(V/n) - E|A\ Ay,
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It remains to estimate Elﬂ \ Az|. We will use the fact that for piecewise smooth curves
v,y C S%, and a rotation ¥ € S O3(R) chosen uniformly at random, the expected number of
intersections of y with 9y’ is proportional to % “ly|-1y’l. (See, e.g., the spherical kinematic
formula given in [27], Theorem 6.5.6. Our statement amounts to the special case j =0 and
A=B=8%)

For each x € X, let v, denote the geodesic in S?\, connecting x to (x). Then the rotational
symmetry of X and the above kinematic formula give

. _ 90
(A.3) EM\AﬂiﬂhekﬁmﬂaQ#QHSOOM%gLEZHWL
xeX

Substituting (A.3) into (A.2) and using the facts that |8Q| =0((/n) and EY .y |y« =
O (E[dmin]), we conclude that

E Y la—p(@)| < 0n) + O )Eldonl,
acA N

which gives the desired result upon dividing by n. [

Acknowledgments. We thank Manjunath Krishnapur for useful discussions as well as
sharing his code for producing simulations. We thank Weston Ungemach for reference sug-
gestions related to Liouville’s theorem. We also thank two anonymous referees for their care-
ful reading of the paper and numerous helpful comments. Most of this work was carried
out while N. Holden and A. Zhai were visiting Microsoft Research in Redmond; they thank
Microsoft for the hospitality.

REFERENCES

[1] AiTAL, M., KOMLOS, J. and TUSNADY, G. (1984). On optimal matchings. Combinatorica 4 259-264.
MRO0779885 https://doi.org/10.1007/BF02579135
[2] AMBROSIO, L. and GLAUDO, F. (2019). Finer estimates on the 2-dimensional matching problem. J. Ec.
Polytech. Math. 6 737-765. MR4014635 https://doi.org/10.5802/jep.105
[3] AMBROSIO, L., STRA, F. and TREVISAN, D. (2019). A PDE approach to a 2-dimensional match-
ing problem. Probab. Theory Related Fields 173 433-477. MR3916111 https://doi.org/10.1007/
s00440-018-0837-x
[4] BARTHE, F. and BORDENAVE, C. (2013). Combinatorial optimization over two random point sets. In
Séminaire de Probabilités XLV. Lecture Notes in Math. 2078 483-535. Springer, Cham. MR3185927
https://doi.org/10.1007/978-3-319-00321-4_19
[5] BOUTET DE MONVEL, J. H. and MARTIN, O. C. (2002). Almost sure convergence of the mini-
mum bipartite matching functional in Euclidean space. Combinatorica 22 523-530. MR1956991
https://doi.org/10.1007/s00493-002-0004-x
[6] CARACCIOLO, S. and SICURO, G. (2014). One-dimensional Euclidean matching problem: Exact solutions,
correlation functions, and universality. Phys. Rev. E 90 042112.
[7] CARACCIOLO, S. and SICURO, G. (2014). Scaling hypothesis for the Euclidean bipartite matching problem.
Phys. Rev. E90 012118.
[8] CHATTERIEE, S., PELED, R., PERES, Y. and ROMIK, D. (2010). Gravitational allocation to Poisson points.
Ann. of Math. (2) 172 617-671. MR2680428 https://doi.org/10.4007/annals.2010.172.617
[9] CHATTERIJEE, S., PELED, R., PERES, Y. and ROMIK, D. (2010). Phase transitions in gravitational alloca-
tion. Geom. Funct. Anal. 20 870-917. MR2729280 https://doi.org/10.1007/s00039-010-0090-7
[10] DACOROGNA, B. and MOSER, J. (1990). On a partial differential equation involving the Jacobian de-
terminant. Ann. Inst. H. Poincaré Anal. Non Linéaire 7 1-26. MR1046081 https://doi.org/10.1016/
S50294-1449(16)30307-9
[11] DEIMLING, K. (2010). Nonlinear Functional Analysis. Springer, Berlin. MR0787404 https://doi.org/10.
1007/978-3-662-00547-7
[12] DOBRIC, V. and YUKICH, J. E. (1995). Asymptotics for transportation cost in high dimensions. J. Theoret.
Probab. 8 97-118. MR1308672 https://doi.org/10.1007/BF02213456


http://www.ams.org/mathscinet-getitem?mr=0779885
https://doi.org/10.1007/BF02579135
http://www.ams.org/mathscinet-getitem?mr=4014635
https://doi.org/10.5802/jep.105
http://www.ams.org/mathscinet-getitem?mr=3916111
https://doi.org/10.1007/s00440-018-0837-x
http://www.ams.org/mathscinet-getitem?mr=3185927
https://doi.org/10.1007/978-3-319-00321-4_19
http://www.ams.org/mathscinet-getitem?mr=1956991
https://doi.org/10.1007/s00493-002-0004-x
http://www.ams.org/mathscinet-getitem?mr=2680428
https://doi.org/10.4007/annals.2010.172.617
http://www.ams.org/mathscinet-getitem?mr=2729280
https://doi.org/10.1007/s00039-010-0090-7
http://www.ams.org/mathscinet-getitem?mr=1046081
https://doi.org/10.1016/S0294-1449(16)30307-9
http://www.ams.org/mathscinet-getitem?mr=0787404
https://doi.org/10.1007/978-3-662-00547-7
http://www.ams.org/mathscinet-getitem?mr=1308672
https://doi.org/10.1007/BF02213456
https://doi.org/10.1007/s00440-018-0837-x
https://doi.org/10.1016/S0294-1449(16)30307-9
https://doi.org/10.1007/978-3-662-00547-7

(13]

(14]
[15]
[16]

(17]

(18]
(19]

[20]

(21]
(22]
[23]

[24]

[25]

[26]
[27]
(28]
[29]
(30]

(31]

(32]

GRAVITATIONAL ALLOCATION FOR UNIFORM POINTS ON THE SPHERE 321

FOURNIER, N. and GUILLIN, A. (2015). On the rate of convergence in Wasserstein distance of the em-
pirical measure. Probab. Theory Related Fields 162 707-738. MR3383341 https://doi.org/10.1007/
s00440-014-0583-7

HoOFFMAN, C., HOLROYD, A. E. and PERES, Y. (2006). A stable marriage of Poisson and Lebesgue. Ann.
Probab. 34 1241-1272. MR2257646 https://doi.org/10.1214/009117906000000098

HOFFMAN, C., HOLROYD, A. E. and PERES, Y. (2009). Tail bounds for the stable marriage of Poisson and
Lebesgue. Canad. J. Math. 61 1279-1299. MR2588423 https://doi.org/10.4153/CIM-2009-060-7

HOLDEN, N., PERES, Y. and ZHAI, A. (2018). Gravitational allocation on the sphere. Proc. Natl. Acad.
Sci. USA 115 9666-9671. MR3860784 https://doi.org/10.1073/pnas.1720804115

HoLROYD, A. E. and LIGGETT, T. M. (2001). How to find an extra head: Optimal random shifts of
Bernoulli and Poisson random fields. Ann. Probab. 29 1405-1425. MR1880225 https://doi.org/10.
1214/a0p/1015345754

HoLROYD, A. E., PEMANTLE, R., PERES, Y. and SCHRAMM, O. (2009). Poisson matching. Ann. Inst.
Henri Poincaré Probab. Stat. 45 266-287. MR2500239 https://doi.org/10.1214/08- AIHP170

HoLROYD, A. E. and PERES, Y. (2005). Extra heads and invariant allocations. Ann. Probab. 33 31-52.
MR2118858 https://doi.org/10.1214/009117904000000603

HOUGH, J. B., KRISHNAPUR, M., PERES, Y. and VIRAG, B. (2009). Zeros of Gaussian Analytic Functions
and Determinantal Point Processes. University Lecture Series 51. Amer. Math. Soc., Providence, RI.
MR2552864 https://doi.org/10.1090/ulect/051

HUESMANN, M. and STURM, K.-T. (2013). Optimal transport from Lebesgue to Poisson. Ann. Probab. 41
2426-2478. MR3112922 https://doi.org/10.1214/12- AOP814

LEDOUX, M. (2017). On optimal matching of Gaussian samples. Zap. Nauchn. Sem. S.-Peterburg. Otdel.
Mat. Inst. Steklov. (POMI) 457 226-264. MR3723584

LEE, J. M. (2003). Introduction to Smooth Manifolds. Graduate Texts in Mathematics 218. Springer, New
York. MR1930091 https://doi.org/10.1007/978-0-387-21752-9

LEIGHTON, T. and SHOR, P. (1989). Tight bounds for minimax grid matching with applications to the
average case analysis of algorithms. Combinatorica 9 161-187. MR1030371 https://doi.org/10.1007/
BF02124678

LIGGETT, T. M. (2002). Tagged particle distributions or how to choose a head at random. In In and Out
of Equilibrium (Mambucaba, 2000). Progress in Probability 51 133-162. Birkhduser, Boston, MA.
MR1901951

NAZAROV, F., SODIN, M. and VOLBERG, A. (2007). Transportation to random zeroes by the gradient flow.
Geom. Funct. Anal. 17 887-935. MR2346279 https://doi.org/10.1007/s00039-007-0613-z

SCHNEIDER, R. and WEIL, W. (2008). Stochastic and Integral Geometry. Probability and Its Applications
(New York). Springer, Berlin. MR2455326 https://doi.org/10.1007/978-3-540-78859-1

SHOR, P. W. (1985). Random Planar Matching and Bin Packing. Thesis (Ph.D.)—Massachusetts Institute
of Technology. ProQuest LLC, Ann Arbor, MI. MR2941118

SHOR, P. W. (1986). The average-case analysis of some on-line algorithms for bin packing. Combinatorica
6 179-200. MR0875840 https://doi.org/10.1007/BF02579171

TALAGRAND, M. (1994). Matching theorems and empirical discrepancy computations using majorizing
measures. J. Amer. Math. Soc. 7 455-537. MR1227476 https://doi.org/10.2307/2152764

TALAGRAND, M. (2014). Upper and Lower Bounds for Stochastic Processes: Modern Methods and Clas-
sical Problems. Ergebnisse der Mathematik und Ihrer Grenzgebiete. 3. Folge. A Series of Mod-
ern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of
Modern Surveys in Mathematics] 60. Springer, Heidelberg. MR3184689 https://doi.org/10.1007/
978-3-642-54075-2

VAN LINT, J. H. and WILSON, R. M. (2001). A Course in Combinatorics, 2nd ed. Cambridge Univ. Press,
Cambridge. MR1871828 https://doi.org/10.1017/CB0O9780511987045


http://www.ams.org/mathscinet-getitem?mr=3383341
https://doi.org/10.1007/s00440-014-0583-7
http://www.ams.org/mathscinet-getitem?mr=2257646
https://doi.org/10.1214/009117906000000098
http://www.ams.org/mathscinet-getitem?mr=2588423
https://doi.org/10.4153/CJM-2009-060-7
http://www.ams.org/mathscinet-getitem?mr=3860784
https://doi.org/10.1073/pnas.1720804115
http://www.ams.org/mathscinet-getitem?mr=1880225
https://doi.org/10.1214/aop/1015345754
http://www.ams.org/mathscinet-getitem?mr=2500239
https://doi.org/10.1214/08-AIHP170
http://www.ams.org/mathscinet-getitem?mr=2118858
https://doi.org/10.1214/009117904000000603
http://www.ams.org/mathscinet-getitem?mr=2552864
https://doi.org/10.1090/ulect/051
http://www.ams.org/mathscinet-getitem?mr=3112922
https://doi.org/10.1214/12-AOP814
http://www.ams.org/mathscinet-getitem?mr=3723584
http://www.ams.org/mathscinet-getitem?mr=1930091
https://doi.org/10.1007/978-0-387-21752-9
http://www.ams.org/mathscinet-getitem?mr=1030371
https://doi.org/10.1007/BF02124678
http://www.ams.org/mathscinet-getitem?mr=1901951
http://www.ams.org/mathscinet-getitem?mr=2346279
https://doi.org/10.1007/s00039-007-0613-z
http://www.ams.org/mathscinet-getitem?mr=2455326
https://doi.org/10.1007/978-3-540-78859-1
http://www.ams.org/mathscinet-getitem?mr=2941118
http://www.ams.org/mathscinet-getitem?mr=0875840
https://doi.org/10.1007/BF02579171
http://www.ams.org/mathscinet-getitem?mr=1227476
https://doi.org/10.2307/2152764
http://www.ams.org/mathscinet-getitem?mr=3184689
https://doi.org/10.1007/978-3-642-54075-2
http://www.ams.org/mathscinet-getitem?mr=1871828
https://doi.org/10.1017/CBO9780511987045
https://doi.org/10.1007/s00440-014-0583-7
https://doi.org/10.1214/aop/1015345754
https://doi.org/10.1007/BF02124678
https://doi.org/10.1007/978-3-642-54075-2

	Introduction
	Statement of main results
	Related work on allocations
	Matchings: Proof of Corollary 3 and related works
	Proof outline for distance bound (Theorem 2) and a heuristic picture
	Organization of the paper

	Proof that gravitational allocation is a fair allocation
	Stereographic projection
	Tail bound for travel distance
	Tail bound for gravitational force
	Basic estimates
	Bounds of averages
	Far contributions
	Near contributions
	Overall disk bound: Proof of Lemma 21

	Local maxima of the potential
	Upper bound
	Lower bound
	Proof of Lemma 29

	Gravitational allocation for roots of a Gaussian polynomial
	Open problems
	Appendix: Relating matchings in squares and on spheres
	Acknowledgments
	References

