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In classical optimal transport, the contributions of Benamou—Brenier and
McCann regarding the time-dependent version of the problem are corner-
stones of the field and form the basis for a variety of applications in other
mathematical areas.

We suggest a Benamou—Brenier type formulation of the martingale trans-
port problem for given d-dimensional distributions u, v in convex order. The
unique solution M* = (M;")¢[0,1] of this problem turns out to be a Markov-
martingale which has several notable properties: In a specific sense it mimics
the movement of a Brownian particle as closely as possible subject to the con-
ditions M ~ w, M} ~ v. Similar to McCann’s displacement-interpolation,
M* provides a time-consistent interpolation between w and v. For particular
choices of the initial and terminal law, M™* recovers archetypical martingales
such as Brownian motion, geometric Brownian motion, and the Bass martin-
gale. Furthermore, it yields a natural approximation to the local vol model
and a new approach to Kellerer’s theorem.

This article is parallel to the work of Huesmann—Trevisan, who consider
a related class of problems from a PDE-oriented perspective.

1. Introduction. The roots of optimal transport as a mathematical field go back to
Monge [54] and Kantorovich [44] who established its modern formulation. Important triggers
for its steep development in the last decades were the seminal results of Benamou, Brenier,
and McCann [19, 22, 23, 53]. Today the field is famous for its striking applications in areas
ranging from mathematical physics and PDE-theory to geometric and functional inequalities.
We refer to [2, 60, 63, 64] for comprehensive accounts of the theory.

Recently, there has also been interest in optimal transport problems where the transport
plan must satisfy additional martingale constraints. Such problems arise naturally in robust
finance, but are also of independent mathematical interest, for example, they have important
consequences for the study of martingale inequalities (see, e.g., [21, 38, 58]) and the Sko-
rokhod embedding problem [10, 43]. Early papers to investigate such problems include [15,
24,26, 28, 41, 62], and this topic is commonly referred to as martingale optimal transport.

In view of the central role taken by the seminal results of Benamou, Brenier, and McCann
on optimal transport for squared Euclidean distance, the related continuous time transport
problem and McCann’s displacement interpolation, it is intriguing to search for similar con-
cepts also in the martingale context. While [17, 39] propose a martingale version of Brenier’s
monotone transport mapping, our starting point is the Benamou-Brenier continuous time
transport problem which we restate here for comparison with the martingale analogues that
we will consider subsequently.
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1.1. Benamou—Brenier transport problem and McCann-interpolation in probabilistic
terms. In view of the probabilistic nature of the results, we present subsequently, it is con-
venient to recall some classical concepts and results of optimal transport in probabilistic
language. Given probabilities u, v in the space P»(R?) of d-dimensional distributions with
finite second moment consider

1
(BB) Tr(, v) = inf EU |vt|2dti|.
Xi=Xo+J§ vs ds, Xo~u, X1~V 0

Then by [22] we have:

THEOREM 1.1. Let w,v € Po(R?) and assume that w is absolutely continuous with
respect to Lebesgue. Then (BB) has a unique optimizer X*.

REMARK 1.2. In Theorem 1.1 (and similarly below), the solution to (BB) is unique in
the sense that there exists a unique probability measure on the pathspace C ([0, 1]) such that
the canonical/identity process optimizes (BB).

In probabilistic terms, McCann’s displacement interpolation is defined by [u, v]; :=
law(X}) where t € [0, 1] and p, v, X* as in Theorem 1.1.

THEOREM 1.3. Let p,v € Po(R?) and assume that p is absolutely continuous with
respect to Lebesgue measure. Let s, t, . € [0, 1], s <t. Then

(1) [[M’ v]S’ [,LL, v]t]k = [I’La U](l—)»)s-i—)u['
Moreover,
) = )T, (. v) = T, ([, vs. [, v])).

Finally, the optimizer of (BB) is given through the gradient of a convex function. More
precisely, by [19], we have the following theorem.

THEOREM 1.4. Assume that [ is absolutely continuous with respect to Lebesgue mea-
sure and w, v € P2(R?). A candidate process X, Xo ~ v, X1 ~ v is an optimizer if and only
if X1 = f(Xo), where f is the gradient of a convex function ¢ : R" — R and all particles
move with constant speed, that is, X; =t X1+ (1 — )Xo = Xo +t (X1 — Xo).

1.2. Martingale counterparts. Let j,v € P2(R?) be in convex order (denoted p <. v)
and write B for Brownian motion on R?. We consider the optimization problem

1
(MBB) MT (i, v) := sup E[ / tr(oy) dt},
M=Mo+ [} o;dB; L0
Mo~pu,My~v

see also (12) below. We have the following theorem.

THEOREM 1.5. Assume that u,v € P> (RY) satisfy u <. v. Then (MBB) has an opti-
mizer M* which is unique in law.
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At its face, the optimization problems (BB) and (MBB) look rather different. However, it
is not hard to see that both problems are equivalent to optimization problems that are much
more obviously related. In Section 6 below, we establish that

3) X* = argmin WZ(X , constant speed particle),
Xo~m, X1~V

4 M* = argmin Wcz(M , constant volatility martingale),
Mo~p,My~v

where W? denotes Wasserstein distance with respect to squared Cameron—Martin norm,
while WC2 denotes an adapted or causal analogue' (in the terminology of Lassalle [49]),
see Section 6 for details.

The reformulation in (4) allows for the following interpretation: M* is the process whose
evolution follows the movement of a Brownian particle as closely as possible subject to the
marginal conditions My ~ u, M1 ~ v. This motivates the name in the following definition.

DEFINITION 1.6. Let u, v, M* be as in Theorem 1.5. Then we call M* the stretched
Brownian motion (sBm) from u to v. We define the martingale displacement interpolation

by
(5) [, vIM = law M,
fort €0, 1].

In analogy to Theorem 1.3, we have the following.

THEOREM 1.7. Assume that u,v € Pz(Rd) satisfy u <c v. Let s,t,A €[0,1], s < t.
Then

(©) [ v G130 = T I e
Moreover,
(7 (t = )MT?(p, v) = MT? ([, v1Y [, v]Y).

1.3. Structure of stretched Brownian motion. In the solution of the classical Benamou—
Brenier transport problem, particles travel with constant speed along straight lines. In con-
trast, we will see that in the case of sBm the movement of individual particles mimic that of
Brownian motion. Broadly speaking, the “direction” of these particles will be determined—
similar to the classical case—by a mapping which is the gradient of a convex function.

For simplicity, we first consider the particular case where u, v, i <. v are probabilities on
the real line and u is concentrated in a single point, that is, u = §,, where m is the center of v.
It turns out that in this case sBm M* is precisely the “Bass martingale” [8] (or “Brownian
martingale”) with terminal distribution v. We briefly recall its construction: Pick f : R — R
increasing such that f(y) = v, where y is the standard Gaussian distribution on R. Then set
fort € [0, 1]

3) M, :=E[f(B)|F:] =E[f(B1)|B:] = fi(B),
where B = (B;):¢[0,1] denotes Brownian motion started in By ~ &g, (F¢)se[0,1] the Brownian

filtration and f; (D) := [ f(b+y)dy1—¢(y), ys ~ N(0, s). Clearly M is a continuous Markov

ICausal transport plans generalize adapted processes in the same way as classical Kantorovich transport plans
extend Monge maps.
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martingale such that My ~ §,,,, M1 ~ v. As a particular consequence of the results below we
will see that M is a stretched Brownian motion.

To state our results for the general, multidimensional case we need to consider an extension
of the Bass construction. Let F : R? — R be a convex function and set

©) fib) = f VE®b + )i, (dy),

where y¢ denotes the centered d-dimensional Gaussian with covariance matrix sId. If B
denotes d-dimensional Brownian motion started in By ~ «, we have

(10) E[VF(B)IF]= fi(B), t€[0,1].

We denote by * the convolution operator between measures. If f is a function and p a mea-
sure we write f(p) := p o f~! for the associated push-forward measure.

DEFINITION 1.8. A continuous R¢-valued martingale M is a standard stretched Brow-
nian motion (s*Bm) from 1 to v if there exist a probability measure o on R¢ and a convex
function F : R? — R with VF (« * yd) = v, such that

M, = E[VF(B)IF] and Mo~ p,

where B is a Brownian motion with By ~ «.

Note that, for o, v € Pz(Rd), there exists a convex function F with V F(« * yd) =v and
F is o % y“?-unique up to an additive constant. (This is a consequence of Brenier’s theorem;
see, e.g., Theorem 1.1 or [63], Theorem 2.12.)

REMARK 1.9. Both Brownian motion and geometric Brownian motion are examples of
standard stretched Brownian motion.

We have the following results.

THEOREM 1.10. Let ju, v € Po(R?) with u <. v. If M is a standard stretched Brownian
motion from [ to v, then M is an optimizer of (MBB), that is, M is the stretched Brownian
motion from | to v.

THEOREM 1.11. Let u,v € Pz(Rd) with <. v. Let M* be the stretched Brownian
motion from [ to v, that is, the optimizer of (MBB). Write M** for the martingale M
conditioned on starting in My = x. Then for u-a.a. x € R? the martingale M** is a standard
stretched Brownian motion.

As a particular consequence of these results, the notions sBm and s?Bm coincide if u
is concentrated in a single point. However, the relation between sBm and s’Bm is more
complicated in general: A notable intricacy of the martingale transport problem is caused by
the fact that, loosely speaking, certain regions of the space do not communicate with each
other.

Consider for a moment the particular case where w, v are distributions on the real line.
In this instance, a martingale transport problem can be decomposed into countably many
“minimal” components and on each of these components the behaviour of the problem is
fairly similar to the classical transport problem. We refer the reader to Section 3.1 for the
precise definition and only provide an illustrative example at this stage.
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EXAMPLE 1.12. Let p :=1/2(A[=3,-2] + A|[2,3])> V :i= 1/6(A|[—4,—1] + A|[1,4])- Then
any martingale M, Mg ~ wu, M| ~ v will satisfy the following: If My > 0, then M| > 0 and
if Mg <0 then M; < 0. That is, the positive and the negative halfline do not “‘communicate,”
and a problem of martingale transport should be considered on either of these parts of space
separately.

If the pair (u, v) decomposes into more than one minimal component, as in the previous
example, there exists no s2Bm from u to v. However, for the one-dimensional case we will
establish the following: A martingale is a sBm if and only if it behaves like a s?Bm on each
minimal component, see Theorem 3.1.

Notably, the challenges posed by noncommunicating regions appear much more intricate
for dimension d > 2, see the deep contributions of Ghoussoub—Kim—Lim [30], DeMarch-
Touzi [25] and Obtéj—Siorpaes [57]. In particular, it is not yet fully understood how to break
up a martingale transport problem into distinct pieces which mimic the behaviour of minimal
components in the one dimensional case.

Below we will give special emphasis to the case d = 2 under the additional regularity
assumption that v is absolutely continuous. This instance seems of particular interest since
it allows to recognize the geometric structure of the problem while avoiding the more intri-
cate effects of nonminimality which are present in higher dimension. Based on the results
of [25, 57] and a particular “monotonicity principle” we will be able to largely recover the
main one-dimensional result (Theorem 3.1) in the two-dimensional case, see Sections 3.2-3.3
below and specifically Theorem 3.13 therein. We conjecture that a similar structural charac-
terization of sBm can be established in general dimensions, pending future developments in
the direction of [25, 57].

1.4. Further remarks.

1.4.1. Discrete time version and monotonicity principle. The classical Benamou—Brenier
transport formulation immediately reduces to the familiar discrete time transport problem
for squared distance costs. Similarly, the martingale version (MBB) can be reformulated as
discrete time problem, more precisely, a weak transport problem in the sense of [34].

The discrete time reformulation of (MBB) plays an important role in the derivation of
our main results. To analyze the discrete problem, we introduce a ‘“monotonicity principle”
for weak transport problems. The origin of this approach is the characterization of optimal
transport plans in terms of c-cyclical monotonicity. In optimal transport, the potential of this
concept has been recognized by Gangbo—McCann [29]. More recently, variants of this idea
have proved to be useful in a number of related situations, see [10, 12, 14, 17, 36, 37, 48, 55,
65] among others. In view of this, it seems possible that the monotonicity principle for weak
transport problems could also be of interest in its own right (cf. [5, 32] which appeared after
we first posted this article).

1.4.2. Schrodinger problem. Our variational problem (MBB) is reminiscent of the cele-
brated Schrodinger problem, in which the idea is to minimize the relative entropy with respect
to Wiener measure (or other Markov laws) over path-measures with fixed initial and final
marginals. We refer to the survey [50] and the references therein. Among the similarities, let
us mention that the solution to the Schrédinger problem is unique and is a Markov law, and
furthermore this problem also has a transport-like discrete time reformulation which is fun-
damental to the dynamic path-space version. On the other hand, (MBB) and the Schrodinger
problem are in particular sense at opposing ends of probabilistic variational problems, we
optimize over “volatilities keeping the drift fixed” whereas the latter optimizes over “drifts
keeping the volatility fixed.”
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1.4.3. Bass-martingale and Skorokhod embedding. The Bass-martingale (8) was used
by Bass [8] to solve the Skorokhod embedding problem. Hobson asked whether there are
natural optimality properties related to this construction and if one could give a version with
a nontrivial starting law. (MBB) yields such an optimality property of the Bass construction
and stretched Brownian motion gives rise to a version of the Bass embedding with non trivial
starting law. Notably a characterization of the Bass martingale in terms of an optimality
property was first obtained in [9], the variational problem considered in that article refers to
measure valued martingales and appears rather different from the one considered in (MBB).

1.4.4. Geometric Brownian motion. From the above results, it is clear that Brownian
motion is (up to an appropriate scaling of time) a s>’Bm between any of its marginals. In fact,
the same holds for Brownian martingales d M; = o d B; for constant and time-independent o'.
We find it notable that the same applies in the case of geometric Brownian motion.

1.4.5. Kellerer’s theorem and Lipschitz kernels. Kellerer’s theorem [47] states that if a
family of distributions (it)s¢[0,1] on the real line satisfies s <t = gy <. u;, there exists a
Markovian martingale (X;);cr, with law(X;) = u, for every z. In contemporary terms (see
[40]), (1) rer., is called a peacock and (X;);cRr, is a Markovian martingale associated to this
peacock.

The technically most involved part in establishing Kellerer’s theorem is to prove that
for u <. v there exists a martingale transition kernel P having the following Lipschitz-
property: A kernel P : x + 7y, v(dy) = [ u(dx)my(dy) is called Lipschitz (or more pre-
cisely 1-Lipschitz) if W (7, m,/) < |x — x| for all x, x’. Kellerer’s proof of the existence of
Lipschitz-kernels is not constructive and employs Choquet’s theorem. Other proofs are based
on solutions to the Skorokhod problem for nontrivial starting law, see [16, 51].

Stretched Brownian motion yields a new construction of a Lipschitz-kernel: Given proba-
bilities i, v, 4 < v on the real line and writing M* for sBm from w to v, then law(M7| M)
is a Lipschitz kernel. We provide the argument in Corollary 3.2 below.

The question whether Kellerer’s theorem can be extended to the case of marginal measures
on R, d > 2 remains open. While all previously known constructions of kernels used for
the proof of Kellerer’s theorem were inherently limited to dimension d = 1, the approach
sketched above seems more susceptible to generalization. We intend to pursue this question
further in future work.

1.4.6. Almost continuous diffusions / local volatility model. Assume that (14;):e[0,1]
(where s, t € [0, 1] are probabilities on the real line) is a peacock such that # — pu; is contin-
uous in the weak topology. Lowther [51] establishes that an appropriate continuity condition
makes the Markov martingale appearing in Kellerer’s theorem unique. In his terms, there is a
unique “almost continuous” martingale diffusion M“¢ such that M/ ~ u,, t € [0, 1]. Under
further regularity conditions, M“¢ is precisely Dupire’s local volatility model.

Stretched Brownian motion yields a simple approximation scheme to M““. Write M" for
the Markov martingale satisfying that for each k € {1, ..., n}, (M}");e[(k—1)/n.k/n] 1S (modulo
the obvious affine time-change) stretched Brownian motion between i x—1y/, and pix/n. M"
is then a continuous diffusion and based on Lowther’s [51, 52] it is straightforward that
(11) M% = lim M",

n—oo

where the limit is in the sense of convergence of finite dimensional distribution (cf. [16]).
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1.4.77. Lévy processes. Many arguments in this article rely only on the independence and
stationarity of increments of Brownian motion. Therefore a problem similar to (MBB), but
based on a reference Lévy process instead, should conceivably exhibit similar properties as
we find in the Brownian case. In this direction, it could be an interesting question to identify
the outcome of the approximation procedure described in (11).

1.4.8. Dual problem, related work. Optimization problems akin to (MBB) were first
studied from a general perspective by Tan and Touzi [62], in particular establishing a du-
ality theory for these type of problems. The dual viewpoint is also emphasized in [42], which
is parallel to the present work. Among other results, [42] derives a PDE that yields a sufficient
condition for a flow of measures to optimize (MBB) or related cost criteria.

1.5. Outline of the article. In Section 2, we introduce the discrete-time variant of our
optimization problem. We also prove some of the multidimensional results stated in the Intro-
duction and provide further properties of sBm (dynamic programming principle for (MBB),
the Markov property of sBm). In Section 3, we state our main results regarding the structure
of sBm in dimensions one and two. In Section 4, we present a monotonicity principle for
weak transport problems, which is crucial for our analysis in dimension two, but may also be
of independent interest. In Section 5, we conclude the proofs of our main results. Finally in
Section 6, we present further optimality properties of sBm and s?’Bm in terms of a (causal)
optimal transport problem between martingale laws.

1.6. Notation. The set of probability measures on a set X will be denoted by P (X). For
p1, p2 € P(X) we write I1(p1, p2) for the set of all couplings of p; and p», that is, all measures
on the product space with marginals p; and p; resp. Two probability measures s, v € P(R?)
are said to be in convex order, short u <. v iff for all convex real valued functions ¢ it holds

that [pdu < [P dv.

In this article, we fix i, v € P(Rd), assume that u <. v and that both measures have finite
second moment.

We denote by M(y, v) the set of all martingale couplings with marginals p and v (which
is nonempty by Strassen’s theorem [61]), that is,

M(u, v) == {m € (u, v) : E*[(y — x)h(x)] =0, Vh :R? - R Borel bounded}.

For a generic measure 7 on R? x RY we denote by (7x)cgre the conditional transition kernel
given the first coordinate or equivalently its disintegration w.r.t. the first marginal. For p €
P(X) and a measurable map f : X — Y, we write f(p) =po f ~1 for the pushforward of p
under f.

For a set A C R? we denote by aff(A) the smallest affine vector space containing it,
dim(A) the dimension of aff(A), ri(A) the relative interior of A (i.e., interior of A with
respect to the relative topology of aff(A) as inherited from the usual topology in R?), and
dA := A \ ri(A) the relative boundary. By co(A) and co(A), we denote the convex hull
and the closed convex hull of A, respectively. The relative face of A at a is defined by
f,(A)={yeA:(a—¢e(y —a),y+e(y —a)) C A,some ¢ > 0}. For aset I CRY x RY,
we denote I'y :={y : (x,y) € I'} and proj; (I') the projection of I" onto the first coordinate.
Given m € M(u, v) we say that I' C R? xR is a martingale support for 7 if 7(I') =1 and
x eri(T"y) for p-a.e. x.

Finally, we denote by A4, y¢, y,d resp. the Lebesgue, standard Gaussian, and the Gaussian
measure with covariance matrix 7 Id in R?, and reserve the symbol s for convolution.
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2. Refined and auxiliary results in arbitrary dimensions. We start by restating our
main optimization problem in (slightly) more precise form.

1
(12) MT :=MT(u,v) := sup IE[/ tr(a,)dt].
Mt:MO'*‘f(; os dBg,Mo~u,Mi~v

Here the supremum is taken over the class of all filtered probability spaces (2, F, IP), with
o an R¥*?_valued F-progressive process and B a d-dimensional F-Brownian motion, such
that M is a martingale. In fact, as a particular consequence of Theorem 2.2, the choice of the
underlying probability space is not relevant, provided that (€2, F, IP) is rich enough to support
a Fp-measurable random variable with continuous distribution.

By Doob’s martingale representation theorem (see, e.g., [45], Theorem 4.2), the supremum
above is the same if we optimized over all continuous d-dimensional local martingales from
wu to v with absolutely continuous cross variation matrix (one then replaces the cost by the
trace of the root of the Radon Nikodym density of said matrix).

We will be also interested in a “static” version of the above problem, just as the Benamou—
Brenier formula is associated to the static optimal transport problem with quadratic cost

wor) WT:=WT(u,v):= sup //L(dx) sup /q(dm,db)m-b.
{7x }x, mean(my)=x g€l (my,y?)
J ndx)my(dy)=v(dy)
The tag (WOT) reflects the fact that this is a weak optimal transport problem (the cost function
is nonlinear in the optimization variable).

REMARK 2.1. Completing the square in (WOT) yields

(13) 1+/|y|2dv—2WT: inf /u(dx)Wz(nx,yd)z,

{7x }x ,mean(mwy)=x
[ u(dx)m, (dy)=v(dy)

where W is the usual L2 Wasserstein distance on P(R%). The r.h.s. of (13) is clearly a weak
transport problem in the setting of Gozlan et al. [33, 34].

We start by establishing the link between the static and dynamic problems introduced so
far, and moreover, establish the uniqueness of optimizers in either case. As a corollary, this
yields Theorem 1.5 stated in the Introduction.

THEOREM 2.2. The static and the dynamic problems (WOT) and (MBB) are equivalent.
More precisely:

1. WT =MT < oo,

2. (WOT) has a unique optimizer 7*;

3. (MBB) has a unique-in-law optimizer M*;

4. * =law(My, M{) and M* = G(*) for some function G, that is, M* can be explicitly
constructed from 7w* (see Remark 2.3 for details).

PROOF. Let M be feasible for (MBB). By It6’s formula and the martingale property of
M, we have

1
E[/O tr(or) dz] —=E[M, - By — My - Byl = E[E[M| - (B — Bo)|Mo]].
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Letting g, = law(M1, By — Bo|Mp = x), we find g, € I1(my, yd) for m, = law(M|My = x)
and

E[/(;ltr(o,)dt] :fu(dx)/qx(dm,db)m b,

From this, we easily conclude WT' > MT.

Now let w be feasible for (WOT). For each x we can find F*(-) convex such that
VF*(y?) = 7. We now define M} = E[VFX(Bl)l]-'tB] for a given standard Brownian mo-
tion on R? with Brownian filtration 7 2. Potentially enlarging our probability space we can
assume the existence of a random variable X independent of the Brownian motion B with
X ~ . We denote the filtration (on the potentially bigger probability space) by F. Since
Mg = [ ym,(dy) =x and [ u(dx)m,(dy) = v(dy) we conclude? that {MX},c[0.1] is a con-
tinuous martingale from p to v. By construction

//L(dx) sup /q(dm,db)m.b=/u(dx)/yd(db)b-vw(b)

ge(my,y?)

=E[E[B; - M{*|X]],

and the last term equals E[ fol tr(oy) dt] as before (o can easily be computed from V F*¥).
This proves WT' < MT and hence WT = MT. The finiteness oo > WT follows from m - b <
|m|? + |b|? and v and y having finite second moment; see (WOT).

To show that (WOT) is attained,> denote by (7""),en (Where 7" (dx, dy) = 7l (dy)u(dy))
an optimizing sequence. The set IT(u, v) is weakly compact in P(R? x R?). Moreover,
the convex subset M(u, v) is weakly closed (hence weakly compact), for example, [63],
Theorem 7.12(iv). By [7], Theorem 3.7, we obtain the existence of a measurable kernel
x = 1, € P(RY) and a subsequence, still denoted by (777),,, such that on a p-full set

1
I > wl(dy) = ma(dy),
n<N

with respect to weak convergence in P(R?). In particular % > n<ny 7" — 7 in the weak
topology in P(RY x R?), where 7 (dx,dy) := u(dx)m(dy). Since M(u, v) is closed, we
have that & € M(u, v). Finally,

WT:lim/;L(dx) sup /q(dm,db)m -b
" gem . yd)

1
:hmfu(dx)— > sup /q(dm,db)m b
N NnquGH(n;’,y”)

51im/u(dx) sup fq(dm,db)m-b
N @y

gell(% X<y T,y

2 A technical point here is to observe that (x, y) — V F*(y) admits a jointly measurable version, as follows by
[27], Theorem 1.1. Hence (x, y) > f7*(y) := [ VF¥ (b—l—y)yld_t(db) is jointly measurable, and as M} = f7*(By),
we see that M,X does define an (X, B)-adapted process.

3Note added in revision: Since we first posted this article the general theory of weak optimal transport has been
further developed and in particular there are now abstract existence results which also cover (WOT), see [5]. We
keep the short argument for the convenience of the reader.
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§/M(dx)limsup sup /q(dm dbym -b
N QEH(NZn<Nﬂ” yd)

f/u(dx) sup fq(dm db)ym-b < WT.
g€l (e, y)

The first inequality is a consequence of the concavity of n > H (1) := sup e, 4 [q(dm,
db)m - b w.r.t. convex combinations of measures. The second inequality is Fatou’s lemma,
noticing that the integrand is bounded in L'(w) (the bound equals the sum of the second mo-
ments of i and y). The third inequality follows by weak convergence of the averaged kernel
on a p-full set and upper semicontinuity of H (-) (see [64], Lemma 4.3 and Remark 6.12). For
uniqueness, it suffices to notice that H (-) is actually strictly concave, which is an easy conse-
quence of Brenier’s theorem. Hence, (WOT) is attained and we denote the unique optimizer
by 7*.

Taking 7* we may build an optimizer M™* for (MBB) as in the first part of the proof (as
the value of both problems agree).

We finally establish the uniqueness of optimizers for (MBB). Let M be any such optimizer.
From the previous considerations, we deduce that the law of (MO, M 1) is the unique optimizer
7* of (WOT). Condltlomng on {Mo = x} we thus have that M connects 8x to . It follows
that u(dx)-a.s. M conditioned on {My = x} is optimal between these marginals. Indeed,

1
(14) sup E|:./0 tr(o*,)dt} = sup ) /q(dm,db)m - b,
)

Ny=x+[} o5dBs,N\~7} qell(my,y

by the results obtained so far, since if M conditioned on {My = x} was not optimal for the
Lh.s. it could not deliver the equality MT = WT. So it suffices to show that the L.h.s. of (14) is
uniquely attained. But any candidate martingale N with volatility o satisfies E[ fol tr(oy) dt] =
E[N B1] (since here we can assume By = 0). Hence, Brenier’s theorem implies that M, =
V F*(B}) on {My = x}, for a convex function F*. Since the optimal transport map V F*
is unique, and the martingale property determines uniquely the law of M, we finally get
M =M*inlaw. O

REMARK 2.3. The proof of Theorem 2.2 shows how to build the optimizer for (MBB)
via the following procedure, making the statement M* = G (7*) in Theorem 2.2 (2) precise:

1. Find the unique optimizer v* of (WOT).

2. Find convex functions F* such that VF*(y?) = Ty

3. Define M} :=E[VF*(B1)|B,1= [ VF*(y + Byl ,(dy).
4. Take X ~ 1 independent of B and let M, := MX.

In particular, this proves Theorem 1.11 in the Introduction.

We now establish further properties of the optimizer M* of (MBB), which hold likewise
in any number of dimensions. The first two of them will be important for the proofs of the re-
sults yet to come, namely that (MBB) obeys a dynamic programming principle and that M*
is a strong Markov martingale. The final property, that M* is an “optimal constant-speed”
interpolation between its marginals, is crucial for the interpretation of our martingale as an
analogue of displacement interpolation in classical transport and in particular proves Theo-
rem 1.7 in the Introduction.
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Assume that (B;);>0 is a Brownian motion on a filtered probability space (2, F, P, (F;);)
and assume that €2 supports a continuously distributed RV independent of (F;),. For (F;);-
stopping times 0 <t < T we define

T
(15) Vi, T, u,v) = sup E[/ tr(au)du:|,
M,=X+/! 0,dBy,t<r<T T
X~u,Mr~v
so that MT = V (0, 1, i, v). Recall that for the supremum in (15) it is irrelevant whether one
considers an extension of the original probability space (cf. Theorem 2.2).

LEMMA 2.4 (Dynamic programming principle). For every stopping time 0 <7 <1

T
(16) VO,1,u,v)= sup {E[/ tr(ar)dri| + V(z, 1, law(My), v)},
My=Mo+[3 or d By 0
0<s<t,Mo~p

with the convention that sup @ = —oo. In particular if M* is optimal for V (0, 1, u, v), then:

1. M¥*|[z.17 is optimal for V(z, 1, law(M?}), v),
2. M*|j0,7] is optimal for V (0, T, i, law(MY)),
3. a.s. we have law(M{|M7,s < 1) = law(M{|M]).

PROOF. Obviously the L.h.s. of (16) is smaller than the r.h.s. of (16). Take now M I fea-
sible for the r.h.s. (so that M! is adapted to a filtration {F), . };>0, B is a Brownian motion
on [0, ] adapted to it, and dM' = V' dB). Let M? be optimal for V (z, 1, law(M]), v).
By Remark 2.3 we may build M? from the starting distribution MT1 and the filtration JF2
of this random variable and a Brownian motion W independent of F ! (and so of MTI), SO
dM?* = o® dW. We then build a continuous martingale M on [0, 1] by setting it to M on
[0, 7] and M? on (z, 1], obtaining easily that

]E[/OT tr(ar(l))dri| + V(z, law(M}),v) = E[/OT tr(o V) dr + /tl tr(ar(z))dri|.

Observing that By = L10,z1(s) By + 1(¢,1)(s)[Br + W — W;] is a Brownian motion for the
concatenation of filtrations F' and F2, and dM = (l[o?f](s)o*s(l) + 1(,,1](s)as(2)) dB, then
the r.h.s. above is the cost of M as a martingale starting at u and ending at v, and so is
smaller than V (0, 1, u, v).

Let M™* be optimal for V (0, 1, u, v). Using (16) it is trivial to show Points (1)-(2). But
from this follows that M*|[o ;] is optimal for the r.h.s. of (16). This, Point (1), and the argu-
ments in the previous paragraph show how to stitch together M*|[o ] and M*|[ 1] to produce
an optimizer M for V (0, 1, i, v). But this must then coincide with M*, by uniqueness. On
the other hand M is defined via M} and a Brownian motion independent of {M : s < 7}, so
law(M M7, s < 1) =law(M|M}) and we conclude. U

Point (3) of Lemma 2.4 immediately implies the following corollary.
COROLLARY 2.5. The unique optimizer M* of (MBB) has the strong Markov property.

PROPOSITION 2.6. Let M™ be the optimizer of (MBB) and set

[, vIM = law(M).
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Then law(M(, M}") is optimal for (WOT) between the marginals p and [, v]f” . Similarly,
the optimizer of (MBB) between these marginals is the time-changed martingale s € [0, 1] —
M;,. Finally, for 0 <r <t <1, holds

WT([M» ] [Ms ] ) MT([Ms ]r s M’U]z ) \/t_rMT(M7V)

(17)
=t —rWT(u,v).

PROOF. We use the notation in Remark 2.3 and write M* = M = fX(B,) where
frOi= [ VPR G+ i ab).
Since [u, v]?/’ = ftX (v/1B1), it is not difficult to see that

NF:=E[fX(ViB)IFE] = fX(ViBy),

is the optimizer of (MBB) from p at s =0 to [u, v]M at s = 1. Of course N* coincides (in
law) with the time-changed martingale s — My, and by Theorem 2.2 we get the optimality
of law(M{, M;). We next remark that J( st )(By) is a matrix-valued martingale, where J
stands for Jacobian, as can be easily seen from the convolution structure or PDE arguments.
Thus, ]E[](fsx)(Bs)] =E[J(f X (J/1By)]. To recognize the “o” of N* and M* we observe
that

AN} =1I(f¥)(VtBy)dB;,
dM* = J(fX)(By)dBy,

by 1t6’s formula. Putting all together we find

[/ JiI(£5) (fB)ds] Jf J(FX) (Vi) ds
_f/ X)(B,)]ds
_JE[/ J(f; )(B)ds]

and again by Theorem 2.2 we get
MT ([, I, (e, 1Y) = VIMT (1, v).

The general case of (17) follows similarly. [

REMARK 2.7. The identities (17), at least for the continuous-time problems, have been
obtained in [42], Remark 4.1, in a more general setting, via a scaling argument. The interpre-
tation of (17) is clear: Our optimal martingale is a constant-speed geodesic when distance is
measured wrt the square of our cost functional.

3. Main results in dimensions one and two. In this section, we study finer structural
properties of the unique optimizer of (MBB) established in the previous section. We get a full
description in dimension one, in dimension two under the additional Assumption 3.8 and a
partial description in general dimensions.
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3.1. The one-dimensional case. Let u <. v be probability measures on the line with
finite second moment. For a measure & on R and x € R, we write uy (x) := [ |x — y|da(y).
The convex order relation <. v is equivalent to u;, < u,.

We recall from [17], Appendix A.1, that the “irreducible components of (i, v)” are deter-
mined by the (unique) family of open disjoint intervals {/; }xcn Whose union equals the open
set

(i <) = {x € Rz [ 1x =yl - 20},
One can then decompose

w=n+Y pmk and v=n+Y v,
k k

where wy = wly, with I = {u,, <u,} and ve(Ir) = i (Iy), whereas 1 is concentrated
on R\ Uy Ix. A useful straightforward result is that every martingale coupling from p to v
(i.e., T € M(u, v)) is fully characterized by how it looks on the sets I; x Ir. The restrictions
Tk i= T0)p, <7, = 7|1, xRk are still martingale couplings (in the sense that their respective dis-
integrations satisfy [ y(mx),(y) = x for pug-a.a. x) but with total mass g (Ix) and marginals
Uk Vk.

We can now state our main result for d = 1, characterizing the structure of stretched Brow-
nian motion.

THEOREM 3.1. Let u <. v be probability measures on the line with finite second mo-
ment. A candidate martingale is an optimizer of (MBB) if and only if it is a standard stretched
Brownian motion on each irreducible component (uy, vi) of (i, v). Hence, stretched Brow-
nian motion (sBm) is a standard stretched Brownian motion (s*Bm) in each irreducible com-
ponent.

Let us explain the terminology used here. Saying that M is s?’Bm on the irreducible compo-
nents of (14, v) concretely means that, conditionally on Mg € Iy, M is a s>Bm from m,uk

to mvk. We stress that in the present 1 — d case Theorem 3.1 is significantly stronger than
Theorem 1.11. Theorem 3.1 is an easy consequence of the two-dimensional considerations,
see the end of Section 5.

We now prove the fact, first mentioned in the Introduction, that in 1 — d the transition

kernel of stretched Brownian motion is Lipschitz:

COROLLARY 3.2. Let u <. v be probability measures on the line with finite second
moment, and M* the unique stretched Brownian motion from  to v. Then the kernel

x> 7wy = law(M{|M§ = x),
has the Lipschitz property: Wi (n}, %) < |x — x'|.
PROOF. By Theorem 3.1, M* is a (s?Bm) in each irreducible component. Assume first
that x < x" and that they belong to the same component. Conditioning to starting in this

component, we can write M = E[ f(B1)|B;], with f increasing and B a Brownian motion
with some starting law. Choose y, y’ such that

E'[f(B)]=x <x' =E[f(B)]
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and observe that this implies y < y’ since f is increasing. (The notation E¥ means we are
conditioning B to start at y.) This in turn implies that for a Brownian motion B starting in
zero the random vector

(f(B1+y). f(Bi+Y),
is ordered and has marginals 7 and 7. Indeed, the latter property follows since My =
x <= Bo=y,s0on}=Law(M}|By=y)= f(Bi + ), and likewise for x’ and y’. Hence,

Wi}, k) <E[|f(Bi+y) — f(Bi +y)|]
=E'[f(B)] - E[f(B)]=x"—x.

On the other hand, if x, x” are not in the same component, we let f and g denote the increasing
functions associated to the representations in terms of (s2Bm)’s. If x < x/, then the range of
f lies below the range of g, and we conclude much as in the above display. [J

We now proceed towards the subtler extension of Theorem 3.1 for d = 2.

3.2. Preliminaries. We briefly discuss some of the aspects related to the decomposition
of martingale couplings in arbitrary dimensions. Later this will be mostly used in dimension
two. After this, we also provide an analytical result of much importance for the next sections.

DEFINITION 3.3. A convex paving C is a collection of disjoint relatively open convex
sets from R¢. Denoting | JC := Jccc C, we will always assume w(lJC) = 1 for such objects.
For x € [JC C R? we denote by C(x) the unique element of C which contains x. We say
that C is measurable (resp. p-measurable, universally measurable) if the function x — C(x)
is measurable as a map from R? to the Polish space of all closed (convex) subsets of R?
equipped with the Wijsman topology.*

DEFINITION 3.4. LetT' c RY x RY and w € M(u, v). We say that a convex paving C is:
e m-invariant if 7, (C(x)) = 1 for u-a.e. x,
e [-invariant if ri(I"y) C C(x) for all x € proj;(I").
Note that a natural order between convex pavings C, C’ is given by
C<, ¢ < Cx)cC'(x) forpu-ae.x,
in which case we say that C is finer than C’ (and the latter is coarser than the former). The

following two theorems are shown in [25, 31, 57].

THEOREM 3.5 (Ghoussoub—Kim-Lim [31]). Given m € M(u,v) and I C RY x R? q
martingale support for 1, there is a finest I -invariant convex paving. We denote it by Cx 1.

THEOREM 3.6 (De March—Touzi [25], Obt6j—Siorpaes [S57]). There is a finest convex
paving, denoted C,, ,, which is m-invariant for all w € M(w, v) simultaneously. Writing
Cu,v =1{Cp v (X)) ccra, the function x — C, ,(x) is universally measurable.

We will actually use another convex paving which incorporates ideas / properties from the
above two.

4The Wijsman topology on the collection of all closed subsets of a metric space (X, d) is the weak topology
generated by {dist(x, -) : x € X}, cf. [25].
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LEMMA 3.7. Given w € M(, v) there is a finest measurable m-invariant convex paving,
which we denote Cy; .

If we knew that C,,,, = C, for arbitrary 7 € M(i, v), this would streamline some of our
proofs. For the case d = 1 this is indeed the case: Here convex pavings correspond precisely
to the supporting intervals of the individual irreducible components. Specifically, if (u, v) is
irreducible, then C;; has just one cell for each 7 € M(, v) (see Appendix A and in particular
Lemma A.6 in [17]). Note, however, that already for d = 2 this can fail.

Lemma 3.7 can be established by a close reading of [25], and adapting the arguments
therein (of course [25] achieves much more!). We give a self-contained, shorter argument
under the following additional hypothesis, which will also appear in Section 3.3.

ASSUMPTION 3.8. For all m € M(, v) and C convex paving we have
T(C(x))=1 p-as. = n(Cx))=1 p-as.

In particular, for such C and 7, C is m-invariant iff 7, (C(x)) = lu-a.s.

PROOF OF LEMMMA 3.7 UNDER ASSUMPTION 3.8. Inspired by [25], we introduce the
optimization problem

inf { / u(dx)G(C(x)) : C is a w-invariant measurable convex paving ¢,

where G(C) :=dim(C) + g¢(C) and gc¢ is the standard Gaussian measure on aff(C), that
is, as obtained from the dim(C)-dimensional Lebesgue measure on aff(C). Let C" be an
optimizing sequence of w-invariant convex pavings and let 2 be a set of p-full measure on
which we have 7, (C"(x)) =1 for all n (here C"(x) denotes an element of C"). Introduce
for x € Q the relatively open convex sets C (x) :=1f, ((1C"(x)). We have’ x € C (x) since
x € () C"(x). Moreover, we have that C;; := {C (x) : x € Q} forms a partition since already
{1 C"(x) : x € 2} is a partition. Let us establish that 7, (C; (x)) = 1.
We start assuming

(18) VKconvex: ricosuppny C K = m,(f, K)=1.

Let us take K := () C"(x). Since C"(x) is closed, convex and satisfies w, (C"(x)) = 1 we
have €0 suppm, C C"*(x). On the other hand, co suppm, cannot be contained in dC"(x)
since by Assumption 3.8 we have 7, (3C"(x)) = 0. By [59], Corollary 6.5.2, we must then
have ri co suppmy C riC"(x) = C"(x) for all n, so ri co suppm, C (1C"(x) = K. By (18)
we get 7y (tfy K) = 1, (Cr(x)) = 1 as desired. All in all Cy is a 7-invariant convex paving,
and since Cr(x) C C"(x) we find [ u(dx)G(Cx(x)) < [ u(dx)G(C"(x)) from which we
get the optimality of C.

To finish, let us establish (18). By the martingale property we easily see® that x €
ri €O supp 7y. From this, ri co supp m, = rf, (ri co suppmy) C rfy K. Hence, ri co suppmy C
rfy K, whose Lh.s. equals €0 supp 7, by [59], Theorem 6.3, so (18) follows. [

REMARK 3.9. The same proof, modulo obvious changes, proves the existence of a finest
measurable convex paving invariant for all # € M(u, v) simultaneously. This, however, does
not establish the existence of a maximally spreading martingale coupling as in [25].

SRecall that A C A’ = f, ACrfy, A’ thata € A <= a e1f,(A) and that rf,(A) =1i A & aer1iA.

OLetm = dim(co suppmy) and suppose x € d(Co suppmy). We can then find an (m — 1)-dimensional hyper-
plane supporting x and having o supp 7, contained in one associated half-space. By the martingale property one
obtains that necessarily suppy, and then co suppwy too, must be actually contained in the hyperplane itself.
Thus dim(co suppmy) <m — 1 yielding a contradiction.
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Here is a sufficient criterion for Assumption 3.8 to hold.
LEMMA 3.10. Assumption 3.8 is satisfied if d € {1,2} and v < 1%

PROOF. This follows by similar arguments as in [31], Lemma C.1. We omit the details.
]

A direct consequence of Theorem 3.6 and Assumption 3.8 is the decomposition of a mar-
tingale into irreducible components. Notice the resemblance to the one-dimensional case
explained in Section 3.1.

PROPOSITION 3.11.  LetCj,y = {Cji, v (X))}, cra be the convex paving of Theorem 3.6 and
assume Assumption 3.8. Then:

(i) we may decompose

w= / WK dCpy()(K) and v = / V(1K) dCpy () (K),

with u(-|K) 2. v(:|K) for Cy »(n)-a.e. K;
(ii) for any martingale coupling w € M(u, v) we have that

(1K x K)=n(-|K xRY)  for C.,(w)-ae. K,

and this common measure has first and second marginals equal to 1 (| K) and v(-|K) respec-
tively;
(i) any martingale coupling m € M(, v) can be uniquely decomposed as

7= [ 7CIK X K)dCuu(K).

The proof is just as in [17], Appendix A.1, but simpler, thanks to the fact that under As-
sumption 3.8 we have that martingales started on two neighbouring cells will not go on to
reach the intersection of the boundaries of the cells. We thus omit the proof.

We finally present a technical lemma which will be extremely useful in the proofs of the
main results in dimension two.

LEMMA 3.12. Let n be a probability measure in R¢ with finite second moment, and
F :RY > R convex such that VF(yd) = 1. Denote V := aff(supp(n)) and let P be the
orthogonal projection onto V. Then, there exists a convex function F:V = R such that
y%-as. VF = VFoP.Foralls >0, the function

RY5b > fi(b) ::fVF(b—l—y)ysd(dy) :va(Pb+z)P(ysd)(dz) cRY,

has the following properties:

1. It is infinitely continuously differentiable.

2. Restricted to V , it is one-to-one.

3. f;(RY) =co VF(RY).

4. fo(y% is equivalent to the m-dimensional Lebesgue measure on V restricted to
co VF(RY), where m = dim(V).

5. supp(fs(y,d)) =Co VF(R?) is convex and does not depend on s > Q nort > 0.
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PROOF. The y?-a.s. equality VF = VF o P, follows from Brenier’s Theorem by taking
VF mapping P(yd) into 1 and observing that V(ﬁ oP)= P((VI:”) oP)= (Vﬁ) o P. Point
(1) follows by change of variables and differentiation under the integral sign. Alternatively,
one can argue with the classical backwards heat equation. Points (2), (3) and (5) follow by
the full-support property of y? in R? and P(y¢) in V.

Point 4 is trivially true if n is a Dirac delta (then m = 0). Otherwise it suffices to consider
the smooth function V 3 v fs(v) = fVI:”(v + z2)y(dz), with y = P(ysd), and to prove
that f(7) ~ Av|eow F(rd)> Where the latter denotes m-dimensional Lebesgue on V' restricted

to coVF (Rd). Since y ~ Ay, we have by [63], Theorem 4.8(i), that Ay-a.e. the Jacobian of
fs is invertible. By the change of variables formula, it is easy to obtain that f;(y) < Ay, and
the previous observation with the Monge—Ampere equation [63], Theorem 4.8(iii), yield

fs()’)

(19) Av-ae.r (r) = [det((J f) ™' (1)) _((fs)_ ()17 ) (7).
By Point 3, fs(V) = coVF(Rd), and so we conclude fs (y) ~ iy lcov F(RY) since under the

dfs(7)

latter measure the density i y is a.e. nonvanishing. [J
coVF(R4)

3.3. The two-dimensional case. Our first main result for d = 2 is a characterization of
the structure of sBm, providing a significantly strengthened version of Theorem 1.11 in the
Introduction.

THEOREM 3.13. Let ju < v be probability measures in R? with finite second moments.
Suppose v < A2, and let M* be the unique optimizer for (MBB). Set 7 = law(M, M}) for
0 <t < 1. Then the stretched Brownian motion M* is a standard stretched Brownian motion
on each cell of C1.

The second main result of this part is the optimality of s>Bm whenever we are able to build
them with respect to the coarser C;,, convex paving. Our proof of such a result relies on the
simplifying Assumption 3.8, which as seen in Lemma 3.10 is verified in dimension two under
the further requirement that v be absolutely continuous. We therefore place this result here,
although in principle it is a result valid in arbitrary dimensions.

THEOREM 3.14. Under Assumption 3.8, if M is a standard stretched Brownian motion
on each cell’ of the convex paving Cu,v, then it is optimal for (MBB) (i.e., it is a sBm).

REMARK 3.15. The difference between Theorem 1.10 and Theorem 3.14 is as follows:
the first result says that standard stretched Brownian motion is optimal in its own, whereas the
second statement allows for more freedom in that we are allowed to choose the convex func-
tion in the definition of stretched Brownian motion dependent on the cells of C,, . Therefore,
this result is a strengthened version of Theorem 1.10.

REMARK 3.16. For dimension one (d = 1), Theorem 3.1 establishes the existence of
standard stretched Brownian motion, and characterizes it as the sole optimizer. Both exis-
tence and optimality are understood with respect to the same (countable) convex paving.
For two dimensions (d = 2), Theorems 3.13 and 3.14 and Lemma 3.10 establish, under the
assumption that v < A2, the existence and optimality characterization of standard stretched
Brownian motion. In this case, however, existence and optimality are understood with respect
to potentially different convex pavings.

"This means that for C w,v(n)-ae. K, the conditioning of M * to Ma‘ € K is a stretched Brownian motion
between the marginals p(-|K) and v(-|K) introduced in Proposition 3.11



MARTINGALE BENAMOU-BRENIER: A PROBABILISTIC PERSPECTIVE 2275

The proofs of these results are deferred to Section 5. Theorem 3.13 relies crucially on a
monotonicity principle which we now establish and which seems of independent interest.

4. A monotonicity principle for weak optimal transport problems. For this part only,
we adopt a more general setting. Let X, Y be Polish spaces and C : X x P(Y) - R U {400}
Borel measurable. Consider for u € P(X), v € P(Y) the optimization problem

(20) inf /M(dx)C(x,nx).
rell(u,v) JXx

This is a weak (i.e., nonlinear) transport problem in the sense of [33, 34] and the references
therein. We now obtain a monotonicity principle for this problem, that is, a finitistic zeroth-
order necessary optimality condition. The role model for this result is a basic fundamental
fact from optimal transport theory: transport plans are optimal iff their support set is cyclically
monotone; see [64], Section 5, for a general version of this result as well as bibliographical
remarks. Recently a number of similar results have been obtained in related areas, see [11,
14, 17, 18, 35, 37, 48, 55, 56, 65]. The term “monotonicity principle” for this type of results
has been suggested by Jiri Cerny and was first used in [10]. Since the present article was
first posted, variants of Proposition 4.1 have been obtained in [5, 32]. We refer to [6] for
a discussion of the relation of Proposition 4.1 and the concept of cyclical monotonicity in
classical optimal transport as well as the connection to martingale optimal transport.

PROPOSITION 4.1.  Suppose that:

e Problem (20) is finite with optimizer m;
e C is jointly measurable;
e u(dx)-a.e. the function C(x, -) is convex and lower semicontinuous.

Then there exists a Borel set I' C X with u(I') = 1 and the following property
ifx,x' eT andmy,my € P(Y) satisfy my +my =1, + my, then
C(x,my) + C(x', ) < C(x,my) + C(x', my).

PROOF. Let
mi+moy =Ty +7Tx’73nd
D= | ((x,x'), m1,m2)) € X2 x P(Y)?: Clx, mx) + C(x', m01) :
> C(x,mp) + C(x',my)
which is an analytic set. By the Jankov-von Neumann uniformization theorem there is [46],
Theorem 18.1, an analytically measurable function
D :=projx2(D) 3 (x,x') (mgx’x/), méx’x/)) e P(Y)?,

so that (x, x/, mix’x,), méx’x,)) e D. Since clearly (x,x’,my,my) € D < (x',x,my,my) €
D, it is possible to prove that we may actually assume that

(21) (mix/ﬂf), méx/7x)) _ (méx,x/)’ m%x,x/))‘

Of course the set D is likewise analytic. Thus extending (mg"'), mg")) to (x,x’) ¢ D by
setting it to (i, 7,’), analytic-measurability and the symmetry property (21) are preserved.

Assume that there exists Q € IT(u, ) such that Q (D) > 0. We now show that this is in
conflict with the optimality of 7. By considering w, where e(x, x") := (x’, x), we may
assume that Q is symmetric. We first define

(22) #(dx,dy) = u(dx) [ | Q:(dx'm{™ ),

which is legitimate owing to the measurability precautions we have taken. We will prove:
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1. 7 e(u,v),
2. [u(dx)C(x,my) > [ (dx)C(x, 7Ty).

For (1): Evidently the first marginal of 7 is @. On the other hand

[ wavian = [ w@o [ oy @y = [ o@x.axmi ).

X, X
The last quantity is equal to fx’x, Q(dx, dx’)mgx’x,) (dy) by symmetry of Q and (21). So
(x,x/) _i_m(x,x/)

/ w(dx) 7 (dy) = / 0(dx, dx)™ "2 (ay)

—/ 0(dx, dx’ x;”<dy)=v(dy>,

by definition of ml(x’x/) and Q. Thus, 77 has second marginal v.
For (2): By convexity of C(x,-), the symmetry of Q and (21), and by the assump-

tion that on the Q-non negligible set D we have C(x, ) + C(x/, my) > C(x, m(x Dy 4

C(x', méx’x/)), we obtain
‘/-M(dX)C(x,ﬁ'x) :fﬂ(dX)C<x,/, Qx(dx/)mgx,x/)>
S/M(dx) /, 0, (dx')C((x, mgxx))

0(dx, dx')C (x, m{"))

Il
><\><

/
,X

C , (x,x") C (x,x")
0(dx, d') (x,m )-;— (x,my7"7)

C(x,my) + C(x', my
<f Q(dx, dx") (xn)z (. )

- f W(dx)C(x, y).

As expected, we have contradicted the optimality of 7.

We conclude that no measure Q with the stated properties exists. By “Kellerer’s lemma”
[13], Proposition 2.1, which is also true for analytic sets, we obtain that D is contained in a set
of the form N x N where u(N) =0. Letting I' := N¢, so I' x I' C D¢, we easily conclude.

O

Il
P

We now go back to the main framework in this article. The monotonicity principle will be
crucially used, under the following guise, in order to prove the results in Section 3.3. For a
kernel 7ty (dy) and fi(dx) = %(6,6 (dx)+6,(dx)), we write wz (dy) i (dx) = %((anx +8,17yr).

COROLLARY 4.2. Let w be optimal for (WOT). Then there exists I' C R? with u(I') = 1
such that
Ox Ty + 87Ty
2
(23) inf s, ) + Wa(mye, v?)).

mean(m,/)=x',mean(m,)=x
(mx—+m ) [2=(7x+7,7)/2

if x,x' €T, then the measure is optimal for



MARTINGALE BENAMOU-BRENIER: A PROBABILISTIC PERSPECTIVE 2277

PROOF. Consider Proposition 4.1, taking X = ¥ =R and setting
Cx,m) =Wa(m, vy,
if mean(m) = x and +o00 otherwise. It is immediate that C(x, -) is convex and lower semi-

continuous. Taking I" to be the p-full set given by Proposition 4.1, the result follows. [

Observe that Problem (23) is of the same kind as (WOT), with initial marginal %
and terminal marginal AT Tt follows as in Theorems 2.2 and Lemma 2.4 that (23) has
a continuous-time analogue, which enjoys the dynamic programming principle, and whose
optimizer is a strong Markov martingale. This fact will be repeatedly used in the next part.

5. Pending proofs.
5.1. Proofs of Theorems 1.10 and 3.14.

PROOF OF THEOREM 1.10. Let A :R¢ — R be in L*(u) and ¢, ¥ : RY — R be con-
jugate convex functions. We start by proving that

24) WTs/¢dv—/x-A(x)du+/u(dx)/y““x))(db)wm,

where y @ :=§, x y<. First, observe that

sup qdm,db)ym -b=  sup qdm,dbym -[b — a].
gel(m,y) gel(m,y@)
Let us write X := {{m, }, : mean(mry) = x and [ u(dx)my(dy) =v(dy)}. From here,

WT = sup w(dx) sup g(dm,dbym -[b— A(x)]
ERNS gl (ry.y (A

= sup M(dx)[—/nx(dm)m-A(x) + sup /q(dm,db)m-b:|
{mrx}re® g€l (my,y A

= sup u(dx) [—x Ax) + sup /q(dm, db)m -b]
{mx}rex gel (my,y A

< / v AW+ sup [ pdx)  sup / g(dm. db)[¢(m) + v (B)]
{ﬂx}.xez qel'I(ﬂx,}/(A(")))

== [x-acdu+ [sav+ [u@o [y @b

by the conjugacy relationship m - b < ¢ (m) + ¥ (b) and the defining property of X. Hence,
(24) follows.

Let now M be standard stretched Brownian motion from u to v in the notation of Def-
inition 1.8 and Equation (9). By classical convex analysis arguments, or optimal transport
theory, there exists ¢, ¥ convex conjugate functions such that A%-a.e. (y%-a.e.)

VE(b)-b=¢(VF®b) + v ).

We choose A(x) = fo_l (x), which is well defined on supp(x) by Lemma 3.12.
By definition u ~ Mo = fo(Bo) ~ fo(a), so

/ X AQ) dp(x) = / x - AG) dfo(e)(x) = f o) -x der(x) = E[ fo(Bo) Bo] = E[Mo - Bol.
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On the other hand,

/ pdv+ / u(dx) / Y AW by g (b) = E[¢(M1)] + / A(u)(dx) / Y (b)Y (b)

—E[p(M)] + f A(u)(dx)E[ (B1)| By = x]

=E[¢(M1)] + E[E[v (B1)|Bo]],
=E[¢(M1) + ¢ (B1)],
since A(i) = o = law(By). So the r.h.s. of (24) becomes in this case
E[¢(M1)+ ¢ (B1) — Mo - Bo] =E[¢p(VF(B1)) + ¥ (B1) — My - By]
=E[VF(B)) B — My - Bo]

1
=E[M;-B — My- Byl = ]E|:/ tr(a,)dt:|.
0
Hence, Theorem 2.2 implies the optimality of M. [

We now work under Assumption 3.8, still in arbitrary dimension d.

PROOF OF THEOREM 3.14. We observe from Proposition 3.11 that the optimization
problem (WOT) can be decomposed/disintegrated along the cells of C,, ,. Therefore, opti-
mality must only hold for C, ,(u)-a.e. K for the corresponding transport problems with
first and second marginals p(-|K) and v(-|K), respectively. This reduces the argument to the
previous case of Theorem 1.10, and we conclude. [J

5.2. Proof of Theorem 3.13. Although this is eventually a two-dimensional result, for the
arguments we do not fix the dimension d to two unless we explicitly say so.

Let M be the unique optimizer of (MBB), where we drop the superscript * for simplicity.
By Theorem 2.2 this continuous-time martingale is associated to the unique two-step martin-
gale 7 optimizing (WOT). Let V F* be the optimal transport map pushing y¢ to 7,.

By Remark 2.3, we know that conditioning on My = x the martingale M is given by

(25) M} = f(B;) where f;'(-) = / VF*(b+ -)yld_t(db).

We fix 0 < t < 1 throughout. By Lemma 3.12, we find B; = (ftx)_l(M;‘). We denote
(26) Ty = law (M| Mo = x, M; = y) = VF* (8 txy-1(,y * ¥{-,).
Important convention: For the rest of this section, we make the convention that x, y, z denote

possible values of the random variables Mgy, M;, M1, respectively.

LEMMA 5.1. Let g be the unique gradient of a convex function such that g(yld_t) =Ty y.
Then VF*(-) = g(—(ftx)_1 (y) 4+ °). In particular V F* is uniquely determined by the family
of translates of g, which we denote by

type(ny,y) :={ar>gla—r):re Rd}.

PROOF. For r € RY write g,(-) = g(- — r). Then, we have y = g(y1 ,) =
851 (8(fx) 1(y) * yl .)- Hence, both VF* and 8(f5)-1(y) push forward S(f )Ly * V1 -
into 7y y, and both are gradients of convex functions. By the uniqueness result in Brenier’s
theorem, it follows that they are equal. Thus, knowing V F* determines g modulo translation.
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Conversely, knowing type(my ) (i.e., the translations of g) determines V F* upon finding the
vector r such that [ g(r + a)yld_t(da) =y. O
Let
27) n' = law(Mo, M,)
and consider
C:={CW)}, :=Cqr,

the minimal 7’ -invariant measurable convex paving of Lemma 3.7. We need to show that on
each cell of C, M is a standard stretched Brownian motion, that is, on each cell C(x), we
need to find a convex function F' = F¢(y) such that

(28) M =VF((fo) ™ (x) + Bi),
where fp and F are related as in (25). To this end, we introduce
A(x) :=type(mry) = {a+> VF*(a —r):r e RY}
and we need to show that on each cell A(x) is constant. We start by establishing a few

preliminary results.

LEMMA 5.2.  If A(x) is constant in each cell of C, then M is a standard stretched Brow-
nian motion on each of these cells.

PROOF. Letx € K for K € C. For x’,x" € K, as A(x) = A(x") = A(x"”), by definition
there must exist a vectors r’, r” (possibly depending on x” and x” respectively) such that
VF¥()=VF*(-—r') and VF*' (-) = VF*(- — r""). We then set VF := VF*. Doing this
for each K € C, proves the claim. Indeed, decomposing u = [ i(:|K) dC(u)(K) as in Propo-
sition 3.11, shows that M is a standard stretched Brownian motion (cf. Definition 1.8) on each
such K. [J

To make use of the previous lemma, we shall study the behaviour of the martingale M for
times in [0, ¢] and [¢, 1]. Let
w(dy,dz) =law(M,, My).

For ! from (27), we denote its disintegration w.r.t. the second marginal by (71)’,) y- Finally,
recall ry , from (26).

LEMMA 5.3.  For law(M;)-a.e. y and JT;-a.e. x, we have

Ty,y(dz) =7y (d2).

PROOF. We have 7y = law(M{|M; = y). On the other hand, 7, y = law(M|M; =
¥, My = x) so by Lemma 2.4 we get 7y y(dz) = 7y(dz) for law(M;)-a.e. y and 7r§—a.e. X.
O

The previous lemma shows that the type of 7, , in fact only depends on y. Indeed, the
same applies also for x.

LEMMA 5.4. For p-a.e. x and wl-a.e. y we have

type(my,y) = A(x).



2280 BACKHOFF-VERAGUAS, BEIGLBOCK, HUESMANN AND KALLBLAD

PROOF. By Lemma 5.1, if g € type(ry y) then VF* is a translate of g (the translation
may depend on x, y). But this means conversely that g is a translate of V F*, thatis, g € A(x).
Reversing the steps gives the equality. [J

We finalize the proof of Theorem 3.13. In a nutshell, the key is to deal with the null sets in
Lemmas 5.3-5.4. Only from now until the end of Section 5 we assume that d = 2.

PROOF OF THEOREM 3.13. Lemma 5.4 proves that for mw'-a.e. (x,y), we have
type(my,y) = A(x). On the other hand, Lemma 5.3 implies that for rl-ae. (x,y),
type(my,y) = D(y) := type(ry). By Fubini, we have

7' ({(x,y): Ax)=D()}) = 1.

We want to use this to show that A(-) is constant on the cells of C,:. We first prove this for

C":= {risupp(7y)}, cga-

By (25) and Lemma 3.12(v) we have that supp(nl) = supp(law(M;|My = x)) =
co VF*(R?) is convex. As in the final part of the proof of Lemma 3.7, the martingale prop-
erty implies that p-almost surely x € ri €0 supp . = risupp ., and by [59], Theorem 6.3,
we know risupp ! = suppx!. Hence, to show that C' is a candidate 7’-invariant convex
paving, it remains to show that the cells of C' are pairwise disjoint or equal.

By Proposition 5.5 below, there is a p-full set of initial positions with the property that,
if x, x’ satisfy risupp 7} Nrisuppn!, # @, thep A(x) = A(x"), that is, the types of m, and
. coincide. This means that VF* and VF* are translates of each other, implying that
CoVF*(R?) =co VFY (RY). From the previous paragraph, this shows supp(r1) = supp( ;/)
and in particular risupp . = risupp 71;/. In one stroke, this proves that C’ is a (7'-invariant)
convex paving and that A(-) is constant on its cells.

Since Cy: is finer than C’, this proves that A(-) is constant in the cells of C: as well, and
we conclude the proof by Lemma 5.2 [J

The crucial Proposition 5.5 below relies on the “monotonicity principle” Proposition 4.1,
and more specifically Corollary 4.2.
For the rest of this section, T is the p-full set of Corollary 4.2.

PROPOSITION 5.5. There is a u-full set S C T with the following property: If x,x" € S
satisfy risupp i Nrisuppn!, # &, then A(x) = A(x").
PROOF. Step 1: By Lemma 5.6 below, for x, x” € I' we have
dimrisuppr} = dimrisupp !, = dim(risupp . Nrisupp )
(29) = O=wml(risuppml Nrisupprl, N{y:myy #myy})
=7}, (tisuppry Nrisuppl, N{y : 7y y # Ty y}).

The goal is now to prove that for pairs x, x” € I the L.h.s. of (29) holds. As we will see in
the final step of the proof, the r.h.s. of (29) is a strengthening of the dynamic programming
principle that allows to deal with the null sets in Lemmas 5.3 and 5.4 more effectively.
Step 2: By Lemma 5.7, we know that if x, x" € ", then
dimrisuppr} = dimrisuppxl, =1 and risuppn} Nrisuppr., # @

= dim(risuppn} Nrisuppr!)=1.
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Step 3: By Lemma 5.8, we have for x,x’ € T’
dimrisupprl =1 and risupprl, ={x'} = x'¢risuppnl.
Step 4: By Lemma 5.9, we have for x,x’ € T’
dimrisupprl =2 and dimrisuppzl, =1 = risuppx. Nrisupprl = 2.

Step 5: By Lemma 5.10, we have that the family C := {risuppn’ : x € T, dimrisuppr’ =
2} consists of pairwise either disjoint or equal sets. As these are open sets, there can only be
countable many different such sets (i.e. |C§| =|N).If C e Cé is such that p({x : risupprl =
C}) =0, then we discard this set C from our convex paving. So we may assume, for C € C}
that w({x : risuppz! = C}) > 0. By Lemma 5.10 the set {x” € C : risupp 71;, = {x'}} is p-null
under the assumption v < A%. Hence, for each of the countable many C € C} we can discard
a p-null set such that on a possibly smaller but still p-full subset of I', which we keep calling
I" for simplicity, we have

x,x"el, dimrisuppr, =2 and {x'}=risuppn), = x'¢risuppn;.
Final Step: By Steps 3, 4 and 5, we may assume that, for x, x" in a u-full set, we have
risuppwL Nrisuppr!, #2 =  dimrisuppx, = dimrisuppr’,.

In this situation, if the common dimension in the r.h.s. is equal to one, by Step 2 also the
dimension of the intersection in the Lh.s. is equal to one. On the other hand, if the common
dimension in the r.h.s. is two, then automatically the dimension of the intersection is two
(as an open convex set in R?). In any case, call d @) this common dimension.®> We find
ourselves in the setting of (29), so by Step 1 we must have with 7 :=risupp ! Nrisupp J'r;/

(30) ap(I Ny :mey #mpy)) =al (I N{y ey #mey}) =0.

Let E be the p-full set of Lemma 5.4 and call S := E N T. For suitable sets Y, Y’ with
7t (Y) =n!,(Y') =1 it then holds for x, x" € S that

type(mx,y) = A(x) VyeY,

type(my,y) = Ax') VyeY.
By Lemma 3.12, 7] is equivalent to d @-x)_dimensional Lebesgue measure on the d .x)_
dimensional open set risupp .. Since risupp i Nrisupprl, is a d @x)_dimensional open
subset it is also of positive d* ’x/)—Lebesgue measure. Then it is also of positive 7] -measure.
Thus ri supp 7z Nri supp n;/ NY has positive 7.-measure, and positive d (x’x/)-Lebesgue mea-
sure. But then again by Lemma 3.12 this same set must have positive 7! ,-measure. We con-
clude that 7 N'Y N'Y’ has likewise positive n;/—measure. The symmetric argument shows that

the same set has positive 77-measure. But by (30) the set {y : Tx,y = Tx/ y} 18 ml-fullin 1. It
follows that

INYNY N{y:myy=myy}

has positive 71 -measure, and by the same token it has positive 7 ;,—measure. In particular,
YN{y:ney=mey}NY # 2,

and taking y in this intersection we find

A(x) = type(y,y) = type(mryr y) = A(x'). O

8Actually the case d®¥) = 2 is settled by Lemma 5.10, but we prefer to give a general argument.
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LEMMA 5.6. I x I is disjoint with the set

dimrisupp ! = dimrisupp 7!, = dim(risupp !} Nrisuppr!,),
(x,x") : and either ! (risupp !} Nrisuppr!, N{m, y # my \}) >0,
or ml,(risuppz! Nrisupprl, N {my y # e y}) >0

PROOF. Take x, x" € I". By Corollary 4.2, the 2-step martingale 5 is optimal for
(23). Consider its continuous-time analogue, that is, the martingale which started at x equals
M* and started at x” equals M* (cf. (25)) and both starting points have equal probability. We

xﬂx+5x/77;(’
2

denote this continuous time martingale by M x.x') By construction, law(M,(x x) |M(()x X
x) = 7! and likewise for x’. Similarly law(Ml(x’x )lM(gx’x V=, M¥) =y) = my,y and the

same holds for x instead of x. By optimality of % also M@ s optimal for the

continuous-time analogue of (23), then by dynamic programming (Lemma 2.4), we obtain
sets Y, Y’ such that

ey =law(MED | ME*) = y) fory e Y with (V) =1,
Tyry = law(Ml(x’x/)lMt(x’x/) =y) foryeY withzl (Y)=1.

The important point is that this is “pointwise” in M§** € {x, x'}.
Now assume further that

dimrisupp . = dimrisupp}, = dim(risupp ] Nrisupp L),

and call d®*") this common dimension. By Lemma 3.12, we have that 7t and 7!, restricted
to risupp . Nrisupp 7!, are equivalent to d ™) _dimensional Lebesgue measure restricted
to this same set. We write

[ :=risupp 7! Nrisupp nfc/.

Necessarily YN 1 is n;—full in 7, and therefore also nfc/—full in/.ButthenYNINY'is n;,-full
in [ too. Inverting the roles of x, x’ this set must also be 7/ -full in /. We conclude

L (IN(YNY) ==L (I\(YNY))=0.
Buton Y NY’ we have 7 , = law(Ml(x’x/) |Mt(x’x/) =y) =7y y, SO

Ti(In {Tre,y #£mpy}) = 71;,(1 N{7y,y #my y}) =0.

This concludes the proof. [

LEMMA 5.7. Call V the set of pairs (x,x) such that risupp . and risuppm!, have
dimension 1 and intersect in a singleton. Then,

VNIl xI')=02.

PROOF. We use the same notation as in the proof of Lemma 5.6, and assume (x, x’) € V.

By construction, law(M,(x’x,)lMéx’x/) = x) = 7! and likewise for x". So M5 condi-
tioned to start at x, or at x’, live respectively in line segments exactly intersecting in a single
point p € R?. By Lemma 3.12, the paths of these martingales (restricted to times in [0, ])
evolve in different “space-time” strips that only intersect along the line L := {(p, s) : s > 0}.
Let 7 :=inf{s : (Ms(x’x/), s) € L}. It follows that 0 < 7 < ¢ on a nonnegligible set. The law
of T conditioned on the starting point of M @.x) §g equivalent to Lebesgue measure on (0, 1).
The reason is that this is true for 1-dimensional Brownian motion, and thanks to Lemma 3.12
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the martingale M ") conditioned to start say in x, is a one-dimensional Brownian motion
after a continuous strictly increasing time-change. Hence, for any set £ C (0, 1) of positive
Lebesgue measure we have P(t € E N (0, t)|M(x ) >0 and P(zr € EN(0, t)|M(x X

x") > 0. Thus, we observe that the law of M,( glven {MS( 5 < 17 At}is different from
the law of M given M) Indeed, when 7 < ¢ (equivalently when M ") = p) and
T € E, one cannot for sure say in which of the aforementioned strips the martingale will con-
tinue to evolve. On the contrary, by observing {Ms(x’x/) s <tAt}andon {r <t}N{r € E},
such a strip is completely determined. Therefore M @.x) fajils to have the strong Markov prop-
erty. But then it cannot be optimal between its marginals, by Corollary 2.5, and so neither can

be M optimal for (23). We conclude by Corollary 4.2 that (x,x") ¢ T x . O

LEMMA 5.8. We have

€2)) {(x,x") :dimrisuppr} = 1,risuppnl, =x',x" erisuppri} N x ) =2

PROOF. The proof is very similar to that of Lemma 5.7. Let (x, x") belong to the leftmost
set in (31). Using the same notation, M @) s a martingale which evolves in a space-time
strip if started at x, and otherwise is a constant equal to x’. We denote 7 the first hitting time
of {(x/,s) : s > 0}. Since the martingale lives in a strip, we have that T < ¢ has probability
strictly greater than 1/2. The strong Markov property of M ) is destroyed at T At, since the
knowledge of the past up to T A reveals whether the martingale is constant or not thereafter.
As before, by Corollary 2.5 and Corollary 4.2, M @) cannot be optimal and (x,x’) ¢ I' x I.

O

LEMMA 5.9. The set I x I is disjoint with

{(x,x") :dimrisuppz} =2, dimrisuppr’, = 1, risuppn} Nrisupprl, # &}.

PROOF. As in the previous proofs, with M ) we associate T = inf{s : M, ;(x X

risuppn!,}. Taking (x, x’) in the leftmost set, it is tedious but not difficult to see that

law(MS) 1)t <t, M) =x) and  law((ME), U) M) =x),

are equivalent to Lebesgue measure on risupp er, x [0, t], where U is uniformly distributed
on [0, ] and independent of everything. The point is that there is a common “space-time”

set E charged by the two aforementioned laws. But the behaviour of M,(x’x,) conditioned on
its past up to T A ¢t is drastically depending on its starting position (see, e.g., whether it will

evolve in a one- or two- dimensional set), whereas if, for example, we knew (M7 (xx') ,T)EE
then this does not reveal the dimension of the set where the martingale will continue to evolve.
This contradicts the strong Markov property and we conclude as before. [J

LEMMA 5.10. The family
Cy = {risupprl : x € I',dimrisupp . =2},
consists of open sets which are pairwise disjoint or equal. Assuming v < A2, we have
CeC, and p({x:risupprl=C})>0
= u({x" € C:risupprl, = {x'}}) =0.

PROOF. Let A consist of all (x, x”) such that:
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e dimrisuppr! =2 =dimrisuppr!,,
e risupprl #risuppn!,, and
e risuppm} Nrisuppr!, # &.

As before we can show that A cannot intersect ' x I'. We do not give the argument, to avoid
repetition, but mention that instead of contradicting the strong Markov property it suffices to
contradict the regular Markov property. We conclude the first assertion.

Now let C € Cj such that p({x :risuppr} = C}) > 0, K := {x" € C :risuppz], = {x'}},
and suppose u(K) > 0. We think of K as a nonnegligible cloud of dots where the mar-
tingale M stays frozen. Since My € K = M, € K, we have v(K) > 0 and by assumption
A2(K) > 0. It follows that {M, € K} is nonnegligible, no matter if M has started on K or
on {x : risuppz! = C} at time zero (in the latter case, by Lemma 3.12). Since both sets of
initial conditions are nonnegligible, we contradict the regular Markov property of M. Indeed,
on {M; € K} the behaviour of M after ¢ is drastically different depending on the starting
condition at time zero being in K or {x : risuppz’ = C}. This contradicts the optimality of
M, and we conclude u(K)=0. O

PROOF OF THEOREM 3.1. A martingale is an optimizer of (MBB) between the marginals
wu, v iff it is an optimizer on each individual component. Hence we may assume wlog that
(u, v) is irreducible. If M is a sBm, then it is an optimizer by Theorem 1.10. It remains to
establish that an optimizer M / 7 is a s?’Bm. As discussed after Lemma 3.7, C,; consists pre-
cisely of one irreducible component which is given by I := rico supp v. We can then establish
the conclusion of Proposition 5.5 using essentially the same arguments with the simplifica-
tion that Steps 4, 5 are irrelevant and hence no further assumptions on v are required. We
then conclude as in the proof of Theorem 3.13. [

6. Further optimality properties. LetT:={0=f <t <---<t,-1 <t,=1}C|[0,1]
be a finite subgrid. Suppose M is a standard stretched Brownian motion from p to v, so
M; = f;(B;) for a Brownian motion starting with some distribution «; see (9). Then

Mf():fl‘o(Bl‘())’ Ml‘] =f1‘1 (Bl‘l)v ceey Ml‘,, =fl‘n(Btn)-
Denote vT ;= law(Myy, My, ..., M;,), the projection of v onto the time indices in T, and
yT :=law(By,, By, ..., By,). Finally, consider the adapted map

[Rd]n+1 5 (bo,....b)) > fl(by, ... ,by) = (fio(B0)s f,(B1), ..., fi (b)) € []Rd]nJrl‘

It follows that

fT ()/T) — UT.
Each component of fT is increasing in the sense that it is the gradient of a convex function.
Such a map is an example of an “increasing triangular transformation,” as in [20]. It can also
be understood in terms of increasingness w.r.t. lexicographical order in case v™ has a density.
In a sense properly explained in [4], fT sends T into vT in a canonical respect. optimal
way: see respect. Proposition 5.6 and Corollary 2.10 therein.

Since this is true no matter the subgrid T, we are entitled to think of M as an adapted
increasing rearrangement of the Brownian motion into a martingale with given initial an final
laws. Also, the aforementioned canonical/optimal character of such rearrangements should
translate into the optimality of M as obtained in the previous section, and vice-versa. We now
make this heuristics rigorous.

Problem (MBB) is equivalent to

(32) inf E[tr(M — B)l],
M;=Mo+[§ o5 dBs,Mo~p,M~v
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since E[tr(M — B)1] = E[tr(M)1]+ E[tr(B)1] — 21E[f01 tr(oy) dt], and the first two quantities
in the r.h.s. do not depend on the concrete coupling (M, B). This also proves that for (32) it
is irrelevant where B is started. We now want to formulate a transport problem between laws
of stochastic processes which is compatible with (32). For ease of notation, we denote

Q:=C([0, 1; RY).

DEFINITION 6.1. A causal coupling between [P and Q is a probability measure 7 on
Q x Q with first and second marginals P and Q respectively, and satisfying the additional

property
(33) Vt,VA € F;: (Q >x > 1wy (A) €0, 1]) is (P, F;)-measurable,

where F is the P-completed canonical filtration and 7, is a regular conditional probabil-
ity of m w.r.t. the first marginal. We denote I1.(IP, Q) the set of all such . We also denote
[Mpc (P, Q) ={m €I, (P,Q) : e(;r) € [1.(Q, P)} for e(x, y) = (y, x), the set of bicausal cou-
plings.

We refer to [1, 3, 4, 49] for more on this definition. In what follows, we write (w, @) for a
generic element in 2 x €.

LEMMA 6.2. Let P and Q be martingale laws, and 7w € Ty (P, Q). Then the canonical
process on 2 x Q is a w-martingale in its own filtration.

PROOF. One can easily see that under & we have:

e {w;:0<s <t} is m-conditionally independent from {ws : 0 <s < 1} given {w; : 0 < s <
t},
o {w,:0<s <t} is m-conditionally independent from {w; : 0 <s < 1} given {w; : 0 <5 <
t},
by bicausality. The first property above, for T > ¢, implies
E™ [wr {ws, @5, 5 < 1}] =E" [wr|{ws. s <1}] =E [or oy, s <t}] = o

The second property implies similarly E” [ |[{ws, ®5, s <t}] = @, so we conclude. []

Let us denote by W Wiener measure (started at zero) on 2. The next lemma establishes
the crucial connection between standard stretched Brownian motion and the present causal
transport setting.

LEMMA 6.3. Let M be standard stretched Brownian motion from wu to v, with M; =
My + fé oy dB;. Then

law(B — By, M) € Tpc(W, law(M)).

More generally, if M is stretched Brownian motion and B is as in Remark 2.3, the same
conclusion holds.

PROOF. Let M be standard stretched Brownian motion from p to v. By Lemma 3.12
there is an orthogonal projection P such that M; = ﬁ(é,), where B, = P B;. By the same
result, the filtrations of M and B coincide. This shows that the coupling law(B — By, M) is
causal from W to law(M). For the reverse causality, it suffices to observe that {Et+h — E; :
h > 0} is independent from {B; : s < t}, so in particular given {M; : s <t} we have that
{Bs — By :s <t} and {M; : s < 1} are independent. The case of M a stretched Brownian
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motion is similar, taking B independent of My and upon conditioning on the latter random
variable. [

We can now put the pieces together to obtain optimality of (standard) stretched Brownian
motion in the sense of trajectorial laws. Let us fix a refining sequence of partition P, of [0, 1]
in order to define the quadratic variation (-) pathwise on C ([0, 1]; R?) in the usual manner,
namely

w = (a))’ll = nli)ngo Z (w§m+1 — w;m)(w{n1+l — a)tjm),
tmePy,

when the limit exist, and otherwise +00. We then consider

(34) inf  E"[tr(w—&)1],
QeM(u,v)
7 €llp(W,Q)

where M¢(u, v) denotes the set of laws of continuous martingales indexed by [0, 1] starting
in p and terminating in v.

PROPOSITION 6.4. Problems (32) and (34) are equivalent. In particular, let M* be the
optimizer of the former, that is, stretched Brownian motion. Then Q* := law(M™) is optimal
for the latter.

PROOF. Let Q, r be feasible for (34). Since
E™ [tr(w — @)1] = EV [tr(w)1] + EQtr(@)1] — 2E7 [tr(w, @)1]

=E"[|w1* — |wo|*] + EQ[|@1|* — |do]?] — 2E™ [tr{w, &)1],

we can equivalently maximize E” [tr{w, ®)1] in (34), rather than minimizing E” [tr{w — ®)1].
However by Lemma 6.2 the canonical process is a 7 -martingale so

E™ [tr{w, @)1] = E" [w; - @11 = E" [E" [w; - &1]do]],
by the product formula and as wy = 0 under 7. Denoting 7 = lawg(wi|wo = x) and g, =
lawy ((w1, w1)|@p = x) we have that the first marginal of ¢, is 7, and the second one is
yd . Indeed, by bicausality 7 — law(w1|wp, wo) = 7 — law(w1|wg) = yd, so in particular
T — law(wi|wg) = yd. Therefore

E™[tr(w, @)1] :/u(dx)/qx(dm,db)m b
(35)
< f,u,(dx) sup /q(dm,db)m-b.
ge(me,y)

By Theorem 2.2, we conclude that the value of (32) is greater or equal than that of (34). Let
M* be the optimizer of (32) (equiv. of (MBB)). By Remark 2.3 M* is precisely built via
attaining the r.h.s. of (35) when maximizing over kernels 7*. By the final part of Lemma 6.3,
we may build a bicausal coupling 7 so that in (35) we have equality. This proves that Prob-

lems (32) and (34) have the same value and that law(M*) is optimal for the latter. [

REMARK 6.5. The discrete-time version of Problem (34) would have shown, in light of
[4], that the optimal way to send a Gaussian random walk into a martingale is through the
Knothe—Rosenblatt rearrangement (the unique increasing bicausal triangular transformation
between its marginals). This is in tandem with the first paragraphs of the present part (once
we switched to increments b; — b; ). Via Proposition 6.4 we know that stretched Brownian
motion attains Problem (34). Hence, one can arguably describe stretched Brownian motion as
the canonical/optimal Knothe—Rosenblatt rearrangement of Brownian motion with prescribed
initial and final marginals.
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