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L' solutions of non-reflected BSDEs and reflected
BSDEs with one and two continuous barriers
under general assumptions”
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Abstract

We establish several existence, uniqueness and comparison results for L' solutions of
non-reflected BSDEs and reflected BSDEs with one and two continuous barriers under
the assumptions that the generator g satisfies a one-sided Osgood condition together
with a very general growth condition in y, a uniform continuity condition and/or a
sub-linear growth condition in 2, and a generalized Mokobodzki condition for reflected
BSDEs which relates the growth of g and that of the barriers. This generalized
Mokobodzki condition is proved to be necessary for existence of L* solutions of the
reflected BSDEs. We also prove that the L' solutions of reflected BSDEs can be
approximated by a penalization method and by some sequences of L! solutions of
reflected BSDEs. The approach is based on a combination between existing methods,
their refinement and perfection, but also on some novel ideas and techniques. These
results strengthen some existing work on the L' solutions of non-reflected BSDEs and
reflected BSDEs.
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1 Introduction

In 1990, Pardoux and Peng [47] first introduced the notion of nonlinear backward
stochastic differential equations (BSDEs for short) and established the well known
existence and uniqueness result of an L? solution for a BSDE with square-integrability
data under the assumption that the generator g is uniformly Lipschitz continuous in
(y,z). Under the square-integrability assumption on data and the uniformly Lipschitz
continuity assumption on generator, El Karoui et al. [10] and Cvitani¢ and Karatzas [8]
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respectively introduced the notion of nonlinear reflected BSDEs (RBSDEs) with one and
two continuous barriers, established the existence and uniqueness of the L? solution,
and explored that these equations have natural connections with the obstacle problem
for PDEs, the optimal stopping problem, the mixed control problem and Dynkin games.
Since, the theory of BSDEs and reflected BSDEs has rapidly been developed and applied
in many areas. For instance, among others readers are referred to El Karoui et al. [11],
El Karoui et al. [12], Jia [36], Peng [48], Peng [49], Peng [50], Peng and Xu [52] and
Rosazza Gianin [54] for the applications in mathematical finance, risk measures and
the nonlinear expectation theory, Bayraktar and Yao [2], Hamadene and Lepeltier [28],
Hamadeéne et al. [30] and Hu and Tang [33] for the applications in the stochastic control
and game theory, and Hamadéne and Zhang [31], Hu and Tang [32], Ma and Zhang
[43], Pardoux [46], Peng and Xu [51] and Ren and El Otmani [53] for the applications in
optimality problems, PDEs and others.

During more than two decades, for the theoretical interests of investigation and
interesting applications a lot of works have been devoted to studying the existence and
uniqueness of a solution for a non-reflected BSDE and a RBSDE by relaxing the square-
integrability assumption on data and the uniformly Lipschitz continuity assumption on
generator used in the pioneer papers [47], [10] and [8]. For instance, the uniformly
Lipschitz condition of ¢ in (y, z) has been weakened to the monotonicity and general
growth condition in y (see assumption (H1) with p(z) = k|z| for some constant k¥ > 0 in
Subsection 2.3 of this paper) and the uniform continuity condition in z (see assumption
(H2)(i) in Subsection 2.3) in the existence and uniqueness results for L? solutions or
L? (p > 1) solutions established respectively in, e.g., Pardoux [46], Briand et al. [3],
Briand et al. [5], Jia [35], Jia [36], Chen [7], Fan and Jiang [20], Fan et al. [23] and
Fan [14] for non-reflected BSDEs, and Lepeltier et al. [40], Klimsiak [38], Rozkosz
and Stominski [55], Klimsiak [39], Fan [16] and Fan [18] for RBSDEs. And, in the
existence and uniqueness results for L? solutions or L? (p > 1) solutions established
respectively in Fan and Jiang [22], Fan [13], Fan [14], Fan [16], Yao [58] and Fan [18], the
monotonicity condition of g in y was further weakened to the one-sided Osgood condition
(see assumption (H1)(i) in Subsection 2.3) and the weak monotonicity condition, which
both unify the monotonicity condition, the Mao’s non-Lipschitz condition (see Mao [44])
and the usual Osgood condition (see Fan et al. [24]). On the other hand, in the case of
concerning only the wellposedness or existence of the L? solution or L? (p > 1) solution,
the assumptions required by the generator g have been further relaxed. For example,
in Briand et al. [5], Xu [57], Fan [16] and Fan [18], besides the (weak) monotonicity
condition in y and the continuity condition in (y, z), a general growth condition in y
and a linear growth condition in z (see assumption (HH) with « = 1 in Section 4)
is the only requirement for the generator g, and in Lepeltier and San Martin [41],
Matoussi [45], Hamadéne et al. [29] and Jia and Xu [37], the generator g needs only
to be continuous and has a linear growth in (y, z) (see assumption (AA) with @ = 1 in
Subsection 2.3).

During the evolution of BSDE theory, many papers have also been interested in the
existence and uniqueness of the L! solutions for non-reflected BSDEs and RBSDEs with
only integrability data. To the best of our knowledge, this problem was first investigated
in Peng [48] for BSDEs with positive terminal conditions. In 2003, Briand et al. [3]
established an important existence and uniqueness result on the L' solutions for BSDEs,
where the generator ¢ satisfies the monotonicity and general growth condition in y,
the uniformly Lipschitz condition in z and an additional sub-linear growth condition
in z (see assumption (H2)(ii)). Recently, this result was successfully extended to the
case of reflected BSDEs in Rozkosz and Stominski [55] and Klimsiak [39] (see also
Klimsiak [38] and Bayraktar and Yao [2]). On the other hand, the investigation on the
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existence and/or uniqueness of the L! solutions for non-reflected BSDEs kept going
deeper. For example, the monotonicity condition in y of the generator g employed in the
existence and uniqueness result of the L' solutions in [3] was weakened to the one-sided
Osgood condition in Fan [19] and Fan [14], and the uniformly Lipschitz condition in z
was also, respectively, weakened to the a-Hélder continuity condition (i.e., ¢(x) = |z|*
in (H2)(i) for some constant « € (0,1)) in Fan and Liu [25] and the uniform continuity
condition in z in Fan [14] (but in Fan [14], the generator g needs to be dominated by
a deterministic process). And, several existence results on the L' solutions of non-
reflected BSDEs were also obtained in Briand and Hu [4], Fan [14] and Fan [17], where
the generator g does not need to satisfy the uniformly Lipschitz condition or the uniform
continuity condition in z. In particular, in Fan [17] the sub-linear growth condition (H2)(ii)
employed in [3] was relaxed to assumption (H2’)(ii) in Subsection 2.3. We also would like
to mention that Hu and Tang [34] and Buckdahn et al. [6] investigated, from a totally
new perspective, the existence and uniqueness on the L' solutions for non-reflected
BSDEs, where the generator g does not need to satisfy the sub-linear growth condition
(H2)(ii) or (H2’)(ii), but the terminal condition needs to satisfy a stronger integrability
condition.

In order to ensure existence of a solution for RBSDEs with two barriers, a Moko-
bodzki condition (i.e., there exists a quasi-martingale between two barriers) or a certain
regularity condition on one of the barriers usually needs to be satisfied as in Cvitani¢
and Karatzas [8], Bahlali et al. [1] and Peng and Xu [51]. By virtue of the notion of local
solutions, these two conditions were replaced with the completely separated condition
of the two barriers, which can be more easily verified or checked, in Hamadeéne and
Hassani [26], Hamadene et al. [27], El Asri et al. [9], Bayraktar and Yao [2] and so on.
Recently, several generalized Mokobodzki conditions, see (ii) of assumptions (H3), (H3L)
and (H3U) in Subsection 2.3 for the case of L' solution, were put forward and proved to
be sufficient and necessary to ensure the existence of an L? (p > 1) or L' solution for a
RBSDE with one or two barriers when the generator g has a general growth in y, see
Klimsiak [38], Klimsiak [39], Fan [16] and Fan [18] for more details. Many efforts in this
direct can also be found in Lepeltier et al. [40], Xu [56], Xu [57], Rozkosz and Stominski
[55], Li and Shi [42] and references therein.

Enlightened by these works aforementioned, especially by Peng and Xu [51], Klimsiak
[38], Bayraktar and Yao [2] and Fan [16], we dedicate this paper to the L' solution of
non-reflected BSDEs and RBSDEs with one and two continuous barriers under general
assumptions on the generator and the data, i.e., (H1), (H2), (H2’), (H3), (H3L), (H3U)
and (AA) mentioned above, see Subsection 2.3 again. Our results strengthen some
corresponding known works on the L' solutions of on-reflected BSDEs and RBSDEs (see
Remark 7.6 in Section 7 for more details). Our approach is based on a combination
between existing methods, their refinement and perfection, but also on some novel ideas
and techniques.

The rest of this paper is organized as follows. Section 2 contains some notations,
definitions, assumptions and lemmas which will be used later. Section 3 consists of four
subsections, which establish three convergence results respectively with respect to the
penalization scheme and the approximation scheme for the L! solutions of RBSDEs with
one and two barriers under general assumptions, and a general comparison theorem
for the L! solutions of RBSDEs under assumptions (H1)(i) and (H2). These elementary
results will play important roles in the proof of our main results in the subsequent
sections. Section 4 is devoted to the L' solution of non-reflected BSDEs. In this section,
we prove an existence and uniqueness result for the L! solution of a BSDE under
assumptions (H1) and (H2) (see Theorem 4.2), and an existence result for the minimal
and maximal L' solutions of a BSDE with generator g := g' + g2, where the generator g'

EJP 24 (2019), paper 88. http://www.imstat.org/ejp/
Page 3/48


https://doi.org/10.1214/19-EJP345
http://www.imstat.org/ejp/

L' solutions of BSDEs under general assumptions

satisfies assumptions (H1)(i), (H2’)(i) and (HH) (resp. (H1) and (H2’)), and ¢? satisfies
assumption (AA) (see Theorem 4.4 and Corollary 4.5). Section 5 deals with the Lt
solution of RBSDEs with one continuous barrier. By Theorem 5.1 we prove the existence
and uniqueness of an L' solution for a RBSDE with one lower (resp. upper) barrier under
assumptions (H1), (H2) and (H3L) (resp. (H3U)) by the penalization method, and show
the sufficient and necessary property of (H3L)(ii) (resp. (H3U)(ii)). And, in Theorem 5.3
we study the same problem, but on existence of a minimal (resp. maximal) L' solution
for a RBSDE with one lower (resp. upper) barrier and a generator g := g' + g2, where
the generator g1 satisfies assumptions (H1) and (H2’) and the generator g2 satisfies
assumption (AA). Furthermore, by Theorem 5.4 we show that under the assumptions of
Theorem 5.3, the minimal and maximal L' solutions for the RBSDE with one lower or
upper barrier can be both approximated by a sequence of L! solutions for RBSDEs with
generators satisfying (H1) and (H2). Section 6 investigates the L' solution of RBSDEs
with two continuous barriers. By Theorem 6.1 we prove the existence and uniqueness
of an L' solution for a doubly RBSDE under assumptions (H1), (H2) and (H3) by the
penalization method, and show the sufficient and necessary property of (H3)(ii). And, in
Theorem 6.3 we study the same problem, but on existence of the minimal and maximal
L' solutions for a doubly RBSDE with a generator as in Theorem 5.3. Furthermore, by
Theorem 6.4 we prove that under the assumptions of Theorem 6.3, the minimal and
maximal L' solutions for the doubly RBSDE can be both approximated by a sequence
of L' solutions for doubly RBSDEs with generators satisfying (H1) and (H2). Finally,
in Section 7 several examples and remarks are introduced to illustrate further the
theoretical results in this paper. And, the proofs of Proposition 3.1 and Proposition 3.3
in Section 3 are detailed in Appendix.

2 Notations, definitions, assumptions and lemmas

2.1 Notations

Let ' > 0 be a fixed real number and (2, Fr, P; (F¢)c[0,7]) be a complete filtered
probability space carrying a standard d-dimensional Brownian motion (5;).c[o,r] together
with the completed o-algebra filtration (F;);c[o,r] generated by B.. Denote by 14 the
indicator function of a set A and by A¢ the complement of A. Let Ry := [0,+0c0),
a®™ := max{a,0} and a~ := (—a)* for any real number «a, and let sgn(x) represent the
sign of a real number z and |y| the Euclidean norm of y € R™ with n > 1. Furthermore,
denote by S the set of all (F;)-progressively measurable and continuous real-valued
processes (Yt)te[O,T]: and for p > 0 we denote by SP the set of processes Y. € § satisfying

1A1/p
1Yllsr := (E[ sup IYtlp]> < +oo.
te[0,T]

M is the set of all (F;)-progressively measurable R¢-valued processes (Z;)c(o,7] satisfying

T
P (/ |Z|?dt < +oo> =1,
0

and for p > 0, MP is the set of processes Z. € M satisfying

1A1/p

T p/2
HZ”MP = E (/ Zf|2dt> < +4o00.
0

We also use the following spaces with respect to variables and processes defined on
Q % [0,T7]:
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« L'(Fr) the set of Fr-measurable real-valued random variables ¢ satisfying E[|¢]] <
+0o0;

» H the set of (F;)-progressively measurable real-valued processes X. satisfying

T
P (/ X, |dt < +oo> =1,
0

 H! the set of processes X. € H satisfying || X||#: := E UOT \Xt|dt} < +00;

* V the set of (F;)-progressively measurable and continuous real-valued processes of
finite variation;

« V7T the set of increasing processes V. € V valued 0 at 0;

« V! (resp. V!) the set of processes V. € V (resp. V1) satisfying E [|V|7] < +oo.

Here and hereafter, for each (F;)-stopping time 7 valued in [0, 7], |V|, represents the
random finite variation of V. € V on the stochastic interval [0, 7]. It is clear that |V|, = V;
when V. € V*.

For any two processes K! and K? in the space V!, we say dK' L dK? means that
there exists an (F;)-progressively measurable set D C 2 x [0, 7] such that

E /T Ip(t,w) dK} (w)| =E

0 0

T
/ 1pe(t,w) dKf(w)] ~0.

And, we say dK! < dK? means that for each (F;)-progressively measurable set D C
Q% [0,T],

E <E

T
/0 ot w) A ()

T
/0 1p(t,w) dKE(w)] ,

ie, K} —K!<K?-K2? 0<s<t<T.

Finally, we recall that a process (Y;):c[o,7] belongs to the class (D) if the family of
variables {|Y;| : 7 is an (F;)-stopping time bounded by 7'} is uniformly integrable.

In the rest of this paper, the variable w in random elements is often omitted and all
equalities and inequalities between random variables are understood to hold P — a.s.
without a special illustration.

2.2 Definitions

In this paper, we always assume that ¢ € L} (Fr), V.€ V, L. € S(or L. = —o0), U. € S
(or U. = 400), L. < U., and that a random function, which is usually called a generator,

g(w,t,y,2) : A x [0,T] x R x R* — R

is (F;)-progressively measurable for each (y, z), and continuous in (y, z) for almost each
(w, t).

We use the following definition for the L' solution of non-reflected BSDEs and
reflected BSDEs with one and two continuous barriers.

Definition 2.1.By an L' solution to BSDE (£,g + dV) we understand a pair
(Ye, Zi)iepor) € SP x MP for each 8 € (0,1) such that (Y;)ico,7) belongs to the class
(D) and

T T T
Ytzf—i—/ g(s,YS,Zs)ds—&—/ dVS—/ Zs-dBs, t€10,T).
t ¢ t
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By an L' solution to RBSDE (¢, g + dV, L) we understand a triple (Y, Z;, Ki)icpo,1] €
8P x MP x Y+ for each 8 € (0,1) such that (Y;).c[0,7] belongs to the class (D) and

T T T T
i+ [ g Yazyts [ vt [ ak.- [ zodb. te )
t t t t
T

Lt < )/t, te [O,T] and / (}/t — Lf)th =0.
0

By an L' solution to RBSDE (¢, g + dV,U) we understand a triple (Y;, Z;, At)iepo,r) €
8P x MP x V1 for each 8 € (0,1) such that (Y;),c[0,7] belongs to the class (D) and

T T T T
Ytzf—i—/ g(s,YS,ZS)ds—I—/ st—/ dAS—/ Zs-dBs, t€[0,T],
t . t t ¢
Y;g S Ut, te [O,T] and / (Uf — )/t)dAt =0.
0

By an L' solution to DRBSDE (¢,g + dV,L,U) we understand a quadruple
(Ye, Zi, Ky, Ay)repo,r) € SP x MP x V1 x V1 for each 8 € (0,1) such that both Y. belongs
to the class (D), and

T T T T T
Ytzf—&—/ g(s,Ys,Zs)ds—i—/ dVS—&—/ sz—/ dAS—/ Zs-dBs, t€[0,T],
t Tt t . t t
Lt S }/t S Ut, t e [O,T], / (Yt - Lt)th = / (Ut - }/t)dAt =0 and dKLdA
0 0

Furthermore, an L' solution (Y3, Zy)ejo,r) of BSDE (€, g +dV) is called the minimal (resp.
maximal) L' solution if for any L' solution (Y/, Z});c[o,r) of BSDE (¢, g + dV), we have

V; <Y/, te[0,T] (resp. Y;>Y/, t€0,T]).

Similarly, we can define the minimal (resp. maximal) L! solution for RBSDE (¢, g+dV, L),
RBSDE (¢,g +dV,U) and DRBSDE (¢, +dV, L, U).

2.3 Assumptions
In this paper, we will use the following assumptions with respect to the generator,
the terminal condition and the barriers.

(H1) () g satisfies the one-sided Osgood condition in y, i.e., there exists a nonde-
creasing and concave function p(-) : Ry — Ry with p(0) = 0, p(u) > 0 for

u>0and [, pfg—;; = 400 such that dP x dt — a.e., V y1,y» € R, z € RY,

(9(w,t,y1,2) — g(w, t,y2, 2))sgn(y1 — y2) < p(ly1 — y2|);

(i) ¢(-,0,0) € H';
(iii) g has a general growth in y, i.e, dIP x dt — a.e., Vr > 0,

¥.(r) := sup |g(-,y,0) — g(-,0,0)| belongs to the space H.

(H2) () g is uniformly continuous in z, i.e., there exists a nondecreasing and con-
tinuous function ¢(-) : Ry — Ry with ¢(0) = 0 such that dP x dt — a.e.,
Vy€ER,z,2 € RY,

‘Q(Wat7y721) - 9(W7t7y722)| S (ZS(‘Zl - 22‘)7
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(ii) ¢ has a stronger sub-linear growth in z, i.e., there exist two constants
v >0and a € (0,1) together with a nonnegative process f. € H! such that
dP x dt —a.e., Vy € R,z € RY,

|g(w,t,y,z) - g(w,t,y,O)\ < ’Y(ft(w) + |y| + |Z|)a

(H2’) (i) g is stronger continuous in (y, z), i.e., dP x dt — a.e., Vy € R, g(w,t,y,") is
continuous, and g(w, ¢, -, z) is continuous uniformly with respect to z;

(ii) g has a sub-linear growth in z, i.e., there exist three constants p, A > 0 and

a € (0,1) together with a nonnegative process f. € H! such that dP xdt—a.e.,

VyeR,zeRY
|g(w7tvyaz) _g(watay70)| < ft(w) +/J’|y‘ + )‘|Z|a'
(H3) () L. € S(or L. = —0), U. € S (or U. = 400), L. < U, & € LY(Fr) and
Lr <§<Ur;

(ii) There exists two processes (C., H.) € V* x M” for each 3 € (0,1) such that
t t
X, = XO+/ dCs+/ H,-dB,, tel0,T]
0 0

belongs to the class (D), g(-, X.,0) € H! and L; < X; < U; for each t € [0, T).
(H3L) (i) L. €S (or L. = —00), £ € LY(Fr) and Ly < &
(ii) There exists two processes (C., H.) € V! x M? for each 8 € (0,1) such that

t t
Xt::XO+/ dCs+/Hs-st, te0,7T)
0 0

belongs to the class (D), g~ (-, X.,0) € #! and L; < X, for each t € [0,T].
(H3U) (i) U €S (orU. = +00), £ € LY(Fr) and ¢ < Ur;
(ii) There exists two processes (C., H.) € V! x M” for each 3 € (0,1) such that

t t
Xt = X0+/ ng+/ Hs 'dBS; te [O7T]
0 0

belongs to the class (D), g7 (-, X.,0) € H! and X; < U, for each t € [0,7].
(AA) g has a linear growth in y and a sub-linear growth in z, i.e., there exist three
constants f, A>0anda e (0,1) together with a nonnegative process f € H!
such that dP x dt — a.e., Vy € R, z € R,

l9(w,t,y,2)| < fe(w) + Alyl + A2

Remark 2.2. It is clear that the assumption (H1)(i) is strictly weaker than both the
uniformly Lipschitz condition and the monotonicity condition in y of g employed in
Pardoux and Peng [47], El Karoui et al. [10], Cvitani¢ and Karatzas [8], Briand et al.
[3], Xu [57], Klimsiak [38], Rozkosz and Stominski [55], Bayraktar and Yao [2] and so
on, the assumptions (H1)(ii) and (iii) are strictly weaker than the usual linear-growth
condition in y of g, and the assumption (H2)(i) is also strictly weaker than both the
uniformly Lipschitz condition in z of g used in the references mentioned above and the
a-Holder continuity condition in z of g used in Fan and Liu [25]. In addition, note that
the assumption (H2’)(ii) is strictly weaker than the assumption (H2)(ii), and that the
assumption (H2) will be used in the existence and uniqueness results on non-reflected
BSDESs and reflected BSDEs with one and two barriers, and the assumptions (H2’) and
(AA) will be employed in the existence results. Note also that the assumptions (H3L),
(H3U) and (H3) will be, respectively, used for RBSDEs, RBSDEs and DRBSDEs, which
relate the growth of g and that of the barriers, and which are the so-called generalized
Mokobodzki conditions.
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Remark 2.3. Since the p(-) defined in (H1)(i) is a nondecreasing and concave func-
tion defined on R with p(0) = 0, by Lemma 6.1 in Fan and Jiang [22] we know that
p(z)/x (z > 0) is non-increasing and then the function p(-) is of linear growth. At the
same time, we can choose the continuous modular function of g with respect to the
variable z as the ¢(-) defined in (H2)(i), which is also of linear growth. Thus, without loss
of generality, we will always assume that there exists a constant A > 0 such that

VezeRy, plx) <A(x+1) and ¢(z) < A(z+1).

In addition, it follows from Proposition 1 in Fan [13] that the concavity condition of
the function p(-) defined in the assumption (H1)(i) can be replaced with the continuity
condition.

2.4 Lemmas

In this subsection, let us introduce several lemmas, which will play an important role
later. Firstly, the following a priori estimate comes from Lemma 3.1 in Fan [16].

Lemma 2.4. Let the triple (Y., Z.,V)) € S x M x V satisfy the following equation:
Yt:YT—i—/ dv;—/ Z,-dB,, te0,T). 2.1)
t t

We have

(i) For each p > 0, there exists a constant C; > 0 depending only on p such that for
each t € [0,7] and each (F;)-stopping time 7 valued in [0, 77,

T % B T +
(/ |ZS|2ds) ‘]—}] <OE | sup |Yiar [P + sup K/ Ymv;)
tAT s€t,T] set,T] SAT

(ii) If Y. € SP for some p > 1, then there exists a constant C, > 0 depending only on p
such that for each t € [0,7] and each (F;)-stopping time 7 valued in [0, T,

.
il

Secondly, the following observation will be used several times later.

Lemma 2.5. Let the generator g satisfy (H1)(i) and (H2’)(ii) (resp. (H2)(ii)), and
(X,Y,X,Z)eS8x8x8x Msatisfy X <Y. < X.. Then, dP x dt — a.e.,

2

E Fils

E

sup [Vonrl? + / V2P 21, 20y 1 26 Pdls
s€[t,T] tAT

T +
fA — ( / |Yr|p1sgn(Yr)dVr>

s€(t,T] AT

< GE

lg( Y, Z)| <g( X, 0)[ +|g( X, 0)|+ (u+ A)(IX [+ XD+ f+ A+ NZ|*  (2.2)
(resp. [g(-, Y., Z.)| <|g(-, X, 0)|+]g(-, X, 0)|[+ (v + A)(|X |+ X)) +v(1+ f) + A+~]Z.]).

Proof. We only prove the case of (H2’). Another case is similar. Indeed, by (H1)(i) and
(H2’)(ii) together with X <Y < X. and Remark 2.3 we know that dP x dt — a.e.,

9(-Y,Z) < g(Y,Z)—g(X . Z)+]9(. X, Z) —g(, X, 0)| + [g(-, X, 0)|
< p(Y =X )+ f A ulX ]+ AZ]* +1g(-, X, 0)]
< A(X - XD+ A+ f+plX |+ AZ]" +19(, X, 0)],
EJP 24 (2019), paper 88. http://www.imstat.org/ejp/
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and
< p(lX - YD+f+uWW+MZP+M(XﬂH
< A(IX =X D+ A+ [+ pl X+ AZ]" + g+, X, 0)].
Then, the desired conclusion (2.2) follows immediately. O

Thirdly, the following lemma has a close connection with the generalized Mokobodzki
condition, which will be shown in subsequent sections.

Lemma 2.6. Assume that ¢ € L}(Fr), V € V!, g is a generator and (Y, Z.) is an L!
solution of BSDE (¢, g + dV). If the generator g satisfies (H1)(i)(ii) and (H2’)(ii) (resp.
(H2)(ii)), then

g(Y.,Z)eH and ¢(-,Y,0) € H . (2.3)

Proof. In view of Remark 2.2 we only need to prove the case of (H2’)(ii). Indeed, for
each positive integer k > 1, define the following (F;)-stopping time:

t
=inf{t € [0,T]: / |Zs|*ds > k} A T.
0

Note that 7, — T as k — +oo due to the fact that Z. € M. By It6-Tanaka’s formula we
deduce that

T

Tk k _ Tk
_/ Sgn(yvs)g((g’ YS? Zs)ds S ‘Yrkl - |YO| +/ Sgn(Ys)d‘/s - / Sgn(Y;)Zs ) st
0 0 0

Then,

/O " (p(Yal) = sen(Yy)(g(s, Y, Z,) — (5,0, Z,))lds

< Yol # P+ [ UV + lo(s.0.20)ds = [ sen(v)2. - dB.,
0 0

By taking mathematical expectation and letting £ — oo in the previous inequality, in view
of (H1)(i), Levi’s lemma and the fact that Y. belongs to the class (D), we can obtain

E

/ (1Y) — sen(Ya)(g(s, Yo, Zs) — g(s.0, ZS>>|ds]
0 2.4)
< E

B T
|€\+|V|T+/O (p(Kel)Jrlg(S’O,Zs))dS]-

Furthermore, noticing that

T T
E / |g(S7Y9’ZS) _9(550723)‘(18 :E / \Sgn(Ys)(g(s,Ys,Zs) _g(S7O7ZS))|dS‘|
0 0
T
< B| [ len¥)(o(s,Ye0 20) ~ 9050, 20)) = p(Yal)] + p(¥eD] ds
0
EJP 24 (2019), paper 88. http://www.imstat.org/ejp/
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we get that, in view of (2.4), (H2’)(ii), (H1)(ii) and Remark 2.3,

T
E / 19(s, s, Z,)[ds
0

.7
< E / <|g<s7Ys,Zs>—g(s,o,zs>|+|g<s,o,zs>|>ds]
0
r B T
< E |l +|V]r+2 / (P(IYa]) + 95,0, Z4) )ds
0
r B T
< B+ Plr+2 / <A|Ys|+A+g(s,o7o>|+fs+x|zs|a>ds]
0
and
T T
E / |g<s,Ys,o>|ds] < E / <|g<s,Ys,o>—g(s,Ys,Zs»+|g<s,n,zs>|>ds]
0 0

T
E / lg(s,Ys, Zs)|ds| + E

0

IN

T
/ (fs + plYs| + >\|Zs|a)d51 :
0

Finally, in view of the conditions of Lemma 2.6 together with Holder’s inequality, we get
(2.3). O

Finally, a similar argument as in Lemma 3.4 of Fan [16] yields the following two
estimates.

Lemma 2.7. Let g be a generator and (Y., Z.,V.)) € § x M x V satisfy the following
equation:

T T T
Yt:YT—F/ g(s,Ys,Zs)ds—i—/ dVS—/ Zs-dBs, t€]0,T).
t t t

Assume that there exist two constants i, A > 0 and a nonnegative process f. € H such
that
dP x dt —a.e., sgn(Y.)g(-,Y.,Z) < f +p|Y.|+A|Z.|. (2.5)

Then for each p > 0, there exists a nonnegative constant C' depending only on p, fi, A\, T’
such that for each ¢t € [0,7] and each (F;)-stopping time 7 valued in [0, 7], we have

T % T p
B ([ 1zkas) + ([ osrvazoas) |5
tAT AT
B T p
S CE sup |Yt€/\‘r‘p + |V|§- + </ fs ds) -Ft .
s€[t,T) tAT

Lemma 2.8. Let g be a generatorand (Y., Z., V., K.) € SxMxV x VT satisfy the following
equation:

T T T T
Yt:YT+/ g(s,Ys,ZS)der/ dvs+/ szf/ Z,-dB,, t€[0,T]
t t t t
or

T T T T
Yt:YT—i-/ g(s,YS728)d5+/ dVS—/ dKS—/ Z,-dB,, te0,T].
t t t t

EJP 24 (2019), paper 88. http://www.imstat.org/ejp/
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Assume that there exist two constants /i, A > 0 and a nonnegative process f. € # such
that

dP x dt — a.e., [g( Y., Z)| < f.+ plY:|+ A Z]. (2.6)

Then for each p > 0, there exists a nonnegative constant C' depending only on p, fi, A\, T
such that for each ¢ € [0, 7] and each (F;)-stopping time 7 valued in [0, 7], we have

T % T p
E </ |Zs|2ds) + |K‘r - Kt/\‘r|p + (/ |g(57Y87 Zs)|d‘9) ]:t‘|
tAT tAT
B T p
< CE| sup |Yia P +|VIE+ (/ fs ds) Fil -
s€t,T] JEAT

3 Penalization, approximation and comparison theorem

3.1 Penalization for RBSDEs

In this subsection, we prove the following convergence result on the sequence of L'
solutions of penalized RBSDEs with one continuous barrier.

Proposition 3.1 (Penalization for RBSDEs). Assume that V. € V!, (H3)(i) holds true for
L.,U. and &, and g is a generator. We have

(i) For each n > 1, let (Y, Z", A") be an L! solution of RBSDE (¢, g, + dV,U) with
gn(t,y, 2) == g(t,y,2) +n(y — Ly)~, i.e

T T
Y, —§+/ gn(s, Y, Z7) ds+/ dvs — / dA? — / Z".dB,, t€[0,T],
t t

Y <U, t e [O T and / Ut Yn)dA? =0,

t
K = n/ (Y'—Ly)” ds, t€]0,T].
0
(3.1)
If for each n > 1, V" < Y"*! < V. with a process Y. € Nge(o,1)S” of the class (D),
dA™ < dA™*, K® < K™ € V™! with sup,,»; E[|KZ|] < +oo for each 8 € (0,1),
lim K’ = Kp € L'(Fr) for a subsequence {n;} of {n} and sup, -, E[|K?[?*] <

Jj—o0

E[|Y,|?] for a process Y. € S and each (F3)-stopping time 7 valued in [0, 7], and
there exist two constants A > 0, a € (0, 1) and a nonnegative process f. € H! such
that for each n > 1,

dP x dt — a.e., |g(-, Y™, Z™)| < f. + N Z™|*, (3.2)
then there exists an L' solution (Y., Z., K., A.) of DRBSDE (¢, g +dV, L, U) such that

Tim (Y7~ Yo + 127 — Z s + [ A"~ A1) =0

holds true for each 3 € (0,1), and there exists a subsequence {K"} of { K"} such
that

lim sup |K,”7 — K| =0.
=90 ¢€[0,T]

(ii) For eachn > 1, let (Y*,Z", K") be an L' solution of RBSDE (&g, +dV,L) with

EJP 24 (2019), paper 88. http://www.imstat.org/ejp/
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gn(tvyv Z) = g(tvya Z) - n(y - Ut)+' i'e"

T T T T
Yt”:§+/ gn(s,YS",Zg)ds—i—/ dv;+/ dK{L—/ Z"-dB,, te0,T),
t t t t

Ly <Y t€[0,T] and / (Y — L)dKP =0,
0

t
AP = n/ (Y~ Ut ds, t€][0,T].
0

(3.3)
If foreachn > 1, Y > Y"*! > Y with a process Y. € ﬂﬁE(OJ)S'B of the class
(D), dK™ < dK"™H1, Am < A™ € Y+! with SUp,,>1 E[|[l%|f3] < 400 for each 8 € (0,1),
lim Ay = Ap € L'(Fr) for a subsequence {n;} of {n} and sup,, E[|A7*] <

J—o0

E[|Y;|?] for a process Y. € S and each (F;)-stopping time 7 valued in [0,77], and
there exist two constants A\ > 0, a € (0,1) and a nonnegative process f. € %' such
that (3.2) holds for each n > 1, then there exists an L! solution (Y., Z., K., A.) of
DRBSDE (&, g +dV, L,U) such that

Tim (Y™ = Yllso + 12" = ZJags + [ K? = K [ls2) = 0
holds true for each 3 € (0,1), and there exists a subsequence {A!”} of {A"} such
that
lim sup |A}7 — Ay =0.
I te(0,T)
Proof. We only prove the claim (i). The claim (ii) can be proved in the same way. Now
we assume that all the assumptions in (i) are satisfied. Since Y" increases in n, there
exists an (F;)-progressively measurable process Y. such that Y;” 1 Y; for each ¢t € [0, T].
In view of (3.1) and (3.2) with the fact that foreachn > 1, Y! <Y" <Y and K} < K2
with sup,,~; E[|K%|?] < +oo for each 8 € (0,1), by Lemma 2.8 we deduce that for each
B € (0,1), there exists a Cp > 0 depending only on 3, A, T such that

2 B

T 2 T
sup E (/ Z:Fds) +|AW+</ g(s,n",22>|ds>
n>1 0 0

B

T

Cs{ B | sup (Y} +|Va))P + V|5 + </ fs ds) +supE [|[K}|°] p < +oc.
0

<
s€[0,T] n>1
(3.4)
For each positive integer k > 1, we define the following (F;)-stopping time:
t
Tp = inf{t >0: |V + |Yt|+|V|t+/ fsds+ Y|+ L > k} AT.
0
Then
P ({w . E'k()((/.)) 2 1, Yk 2 k()(w), Tk(o.)) = T}) =1. (35)

Note the fact that sup,,~; E[| K7 [?] < E[|Y;, |?] < k? for each k > 1. Again by Lemma 2.8
we deduce that there exists a nonnegative constant C' depending only on A\, T such that
foreach k > 1,

Tk Tk 2
sw b | [* jzzpas g+ ([ s vz 22ias )
n>1 0 0
. \ (3.6)
< CB| s (Vo |+ W0 VB, o+ ([ Fras) 172 < a0
s€[0,T 0
EJP 24 (2019), paper 88. http://www.imstat.org/ejp/
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Furthermore, since dA™ < dA""!, there exists an (F;)-progressively measurable and
increasing process (A¢);c(o,7] With Ag = 0 such that A} 1 A; for each t € [0,77, and for
eachj>n>1,

0< A — AP < A — A% te[0,T).

Letting first j — oo, and then taking supremum with respect to ¢ in [0, 7], finally letting
n — oo in the previous inequality yields that

lim sup |A} — A =0, (3.7)

N0 ¢[0,T)

which means that A. € V*. On the other hand, note by (3.6) that sup,,; E[JA? |*] < +o0
for each k > 1. It follows that for each (F;)-stopping time 7 valued in [0, 7] and each
k>1,

lim E[|AZ,, — Arar]] = 0. (3.8)

— 00 TNATE

The rest proof is divided into 7 steps, which will be detailed in Appendix.

Step 1. In view of (3.2), (3.5), (3.6) and (3.8), by using a weak convergence argument,
Lemma 4.4 of Klimsiak [38] and Lemma A.3 in Bayraktar and Yao [2], we show that Y. is
a cadlag process.

Step 2. By virtue of the conclusion of the step 1 together with the definition of K™ and

Dini’s theorem, we show that ¥; > L, foreach ¢t € [0,7] and lim sup (Y;” — L)~ =0.
n=0 ¢c[0,T)

Step 3. Making use of (ii) of Lemma 2.4, the definition of K" and A™ with (3.1),
Holder’s inequality, (3.2), (3.6), the conclusion of the step 2 and Lebesgue’s dominated
convergence theorem, we show that as n — oo, the sequence {Y"} converges to the
process Y. in the space of S for each 5 € (0, 1).

Step 4. Making use of (i) of Lemma 2.4, (3.4) and the conclusion of the step 3, we
show that as n — oo, the sequence {Z"} converges to a process Z. in the space of M”
for each 8 € (0,1).

Step 5. By virtue of the continuity of g and the conclusions of the steps 3 and 4
together with (3.7), we show that there exists a subsequence {K i } of the sequence
{K"} which converges uniformly in ¢ to a process K. € V! in the sense of almost surely
as j — oo.

Step 6. Utilizing (3.2), (3.7) and Lebesgue’s dominated convergence theorem, we
show that the sequence { A"} converges the process A. in the space of S!.

Step 7. Based on all the conclusions of the steps 1-6, we finally show that the
(Y.,Z,K., A)isan L' solution of RBSDE (&, g+dV, L, U). The proof is then completed. []

3.2 Penalization for BSDEs
In this subsection, we prove the following convergence result on the sequence of L!
solutions of penalized non-reflected BSDEs.

Proposition 3.2 (Penalization for BSDEs). Assume that V. € V!, (H3)(i) holds true for
L.,U. and &, and g is a generator. We have

(i) Let (Y",Z") be an L' solution of BSDE (¢, g,, + dV) with g, (t,y, 2) := g(t,y, 2) +
n(y — L)~ foreachn > 1, i.e,,
T T T
}/)'5”:5-1-/ gn(s,Y'S"7Z;’)ds+/ dVS—/ ZT-dBs, te0,T],
t t t (39)

t
K ::n/ (Y — L)~ ds, tel0,T)
0
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If for each n > 1, Y" < Y"*! < Y. with a process Y. € Nge(o,1)S” of the class (D),
and there exist two constants A > 0, « € (0,1) and a nonnegative process f. € H!
such that (3.2) holds true for each n > 1, then sup,,~; E[|K%|’] < +oo for each
B e (0,1), sup,~, E[|K"[?] < E[|Y;|?] for a process Y. € S and each (F,)-stopping
time 7 valued in [0, 7, there exists an L' solution (Y., Z., K.) of RBSDE (¢, g+dV, L)
such that for each 3 € (0,1),

lim (Y™ =Yllss + 2" = Z|lme) =0

n—roo

and there exists a subsequence {K!"”} of { K"} such that

lim sup |K;7 — K{|=0.
70 ¢€[0,T

(i) Let (Y, Z™) be an L' solution of BSDE (&g, +dV) with g (t,y,2) = g(t,y,z) —
n(y — Uy) T foreachn > 1, i.e.,

T T T
Yr=¢ +/ g,(s, Y, Z2)ds +/ dVs —/ Z7} -dB,, te€[0,T],
't t t (3.10)
A = n/ (Y —Ug)tds, tel0,T].
0

Ifforeachn >1,Y" >Y"" >Y witha process Y € 056(071)85 of the class (D),
and there exist two constants A > 0, a € (0,1) and a nonnegative process f. € H!
such that (3.2) holds true for each n > 1, then sup,,»; E[JA%|°] < 400 for each
B € (0,1), sup,»; E[|A"[?] < E[|Y,|?] for a process Y. € S and each (F;)-stopping
time 7 valued in [0, 7, there exists an L' solution (Y, Z., A.) of RBSDE (£, g+dV,U)
such that for each 3 € (0,1),

lim (Y™ =Ylss + 2" = Z|lme) =0

n—oo
and there exists a subsequence {A’’} of {A"} such that

lim sup |A}7 — A = 0.
I ¢€[0,T]

Proof. We only prove (i), the proof of (ii) is similar. Note first that for each n > 1,
yrn<yntl <v e ﬁge(o,l)sﬁ. In view of (3.2), by Lemma 2.8 we can deduce that for
each 3 € (0,1), there exists a nonnegative constant Cs depending only on 3, A, T such

that
T T B
sup E / ZPds | K+ / lg(s, Y, Z0)\ds
n>1 0 0

B
T
CsE | sup (Y + \Ys|)5 + |V|? + (/ fs ds> < 400,
0

B
2

(3.11)

IN

s€[0,T]

and there also exists a nonnegative constant C' depending only on A, T" such that for each
(Ft)-stopping time 7 valued in [0, 7], we have

sup IE U |Z;‘|2ds+|K22] < CE
0

n>1

T 2
sup (¥l 4 Fonr )2+ 1VE + ([ 05) ]
s€[0,T] 0
(3.12)
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For each positive integer k > 1, define the following (F;)-stopping time:
— t —
Th ::inf{tZO: |Y§|+|Yt|+\V\t+/ fods+ LS Zk}/\T.
0
Then

P({w: Jko(w) > 1, Vk > ko(w), m(w) =T}) = 1.

Thus, by letting A™ = 0 and U. = 400, a same argument as in the proof of the steps 1-5
of Proposition 3.1 yields that there exists a triple (Y., Z.,K.) € S8 x MP x V* for each
B € (0,1) satisfying

t t t
K=Y, Y, —/ g(s,Ys,Zs)ds—/ av, +/ Z.-dB,.
0 0 0
Furthermore, for each 5 € (0,1),

Tim ()Y = Yiss + (|27 = Zye) = 0

and there exists a subsequence {K'"’} of {K"} such that

lim sup |K,”7 — K| =0.
I tel0,T)

In the sequel, a similar proof to the step 6 of Proposition 3.1 yields that
- - 2—«
E[Kr] < [Yol + E[l¢]] + E[[V]r] + [[f. [l + AT = [| Z.]|me < 400,

which means that K. € V1. Finally, similar to the step 7 of Proposition 3.1, it is easy to
prove that (Y., Z., K.) is an L! solution of RBSDE (¢, g+dV, L). The proof is complete. [

3.3 Approximation

In this subsection, we prove the following general approximation result for L' solu-
tions of DRBSDEs and both RBSDEs and non-reflected BSDEs as its special cases.
Proposition 3.3 (Approximation). Assume that V. € V!, (H3)(i) holds true for L., U. and
&, gn is a generator and (Y, Z", K", A") is an L' solution of DRBSDE (¢, g,, +dV, L,U)
foreachn > 1. If foreachn > 1, Y < Y"1 <Y, dA” < dA"*t! < dA4 and dK"*! <
dK™ < dK* with Y. € Nge(o,1)S? of the class (D) and A € V! (resp. Y. < Y"1 <yr",
dA™ ! < dA™ < dA' and dK™ < dK"T! < dK with Y. € Nge(o,1)S? of the class (D) and
K € y+l), g, tends locally uniformly in (y, z) to a generator g as n — oo, there exists a
constant A > 0 and a nonnegative process f € H' such that for each n > 1,

dP x dt — a.e., sgn(Y™")gn(-, Y™, Z") < f. 4+ A 2", (3.13)
and for each k > 1, there exists a nonnegative process f* € # such that for each n > 1,
dP x dt —a.e., [gn(-Y", Z") Ljyn<i| < FF+ X127, (3.14)

then there exists an L' solution (Y, Z., K., A.) of DRBSDE (¢, g + dV, L, U) such that for
each g € (0,1),

Tim (Y7 =Yg + 120 = Z e + | K"~ K|t + A7 = A[ls1) = 0.

Proof. We only prove the case that foreachn > 1, Y < Yl <Y, dA" < dA™! < dA
and dK"™! < dK™ < dK' with Y. € Nge(9,1)S? of the class (D) and A € V!, Another
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case can be proved in the same way. Firstly, a same argument as that in proving (3.7)
together with Lebesgue’s dominated convergence theorem yields that there exists an
(Ft)-progressively measurable process (Y;):c[o,7] together with K., A. € Y+ such that
Y,* 1Y, for each t € [0, 7], and
lim (|[K" — K.||s1 + ||A" — A.||s1) = 0. (3.15)
n—oo
Furthermore, in view of (3.13), by Lemma 2.7 we can deduge that for each 8 € (0,1),
there exists a nonnegative constant C's depending only on 3, A\, T such that

supIE / |Z:‘2d5 + / |g7'(S7an,Z?)|dS
n>1 0 0

B

T

CoE | sup (V' + V)’ + V|7 + K7 + |Ar|® + (/ fs d8> < +o0,
s€[0,T) 0

B

IN

(3.16)
and there also exists a constant C > 0 depending only on \,T such that for each
(F¢)-stopping time 7 valued in [0, 7], we have

supE [/ Z;L|2ds}
n>1 0

T 2
sup (|Yonr |+ [Yanr)? + V2 + K712 + [A-* + (/ fs ds) ]
s€[0,T] 0

(3.17)
< CE

The rest proof is divided into 3 steps, which will be detailed in Appendix.

Step 1. In view of (3.14) and (3.17), making use of the technique of stopping times
and (ii) of Lemma 2.4 together with Holder’s inequality and Lebesgue’s dominated
convergence theorem, we show that as n — oo, the sequence {Y"} converges to the
process Y. in the space of S for each 3 € (0, 1).

Step 2. Making use of (i) of Lemma 2.4, (3.16) and the conclusion of the step 1, we
show that as n — oo, the sequence {Z"} converges to a process Z. in the space of M”
for each 8 € (0,1).

Step 3. By virtue of (3.14), (3.15) and the conclusions of the previous two steps, we
show that the (Y., Z., K., A.) is an L solution of DRBSDE (¢, g+dV, L, U). Proposition 3.3
is then proved. O

Remark 3.4. Observe that if there exists a constant A > 0 and a nonnegative process
f. € H' such that for each n > 1,

dP x dt — a.e., |gn(-, Y™, Z™)| < f. + 2", (3.18)

then both (3.13) and (3.14) are satisfied.

3.4 Comparison theorem

We now establish a general comparison theorem for L' solutions of RBSDEs with one
and two continuous barriers as well as non-reflected BSDEs.

Proposition 3.5 (Comparison Theprem). Assume that V7 € Y1 (H3)(i) holds for L.j, U’
and &/, ¢’ is a generator and (Y, Z’, K7, A’) is an L! solution of DRBSDE (¢7,¢7 +
dVI L7, U7) for j = 1,2. If €1 < €2, dV! <dV?, L! < L2, U! < U?, and either

g* satisfies (H1)(i) and (H2);
dP x dt — a.e., Tyyasyzy (g (¢, Y2, Z2) — ¢*(t, Y2, Z3)) <0
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or

g satisfies (H1)(i) and (H2);

dP x dt — a.e., Tyyisyzy (984 Y 2 — 62 (4, Z))) <0
is satisfied, then Y} < Y;? for each t € [0, 7).

Proof. For each positive integer k > 1, define the following (F;)-stopping time:
t
7, = inf{t € [0,T] : / (|ZH? +1Z221%)ds > kY A T.
0

It follows from It6-Tanaka’s formula that for each ¢ € [0,7] and k > 1,

(}/tl/\rk - }/tQ/\Tk)+
Tk
(3 =20t [ sen(v - Y2 - )

tATE

IN

Tk
4 / sen((Y2 — Y2)*) (g(s, Y2, Z1) — g%(s, Y2, 22)) ds
t

ATk
Tk Tk
[ s = v2)) (@K - aR2) & [ snl(v) - ¥2)") (442 - dat)
tATE tATE

Tk
+/ sen((Y) — Y2)*)(Z! - 22) - dB,.
t

ATk

Since L} < L? <Y?, L} <Y}, t€[0,T] and fOT(YS1 — L)dK! =0, we have

Tk
| s = v2)") (4t - are)
tATE

Tk

Tk
/ sgn((Y) — Y2))dK! < / sen((Y] — L})")dx?
t

ATk tATE

IN

Tk
[ LV - L - LR <o
tATE

Similarly, since Y,! < U} <UZ, Y2 <UZ, t€[0,T] and [ (U2 — Y2)dA2 = 0, we have

S

Tk
[ sl - v2)") (42 - da)
t

ATk
Tk

/ sen((Y] — Y2)*)dA? < / sen((U? — Y2)+)dA?
t

ATk tATE

IN

Tk
- / 1jpesyay | U2 — Y2 7H(U? - Y2)dA2 = 0.
t

ATk
Thus, noticing that dV! < dV2, by virtue of the previous three inequalities we get that

(Yti\Tk - }/252/\Tk)+
Tk
< LYty / sen((Y) — Y2)%) (gM(s, Y2, Z1) — g2(s, Y2, 22)) ds
tATE
Tk
*/ sen((V2 — Y2)*)(Z! - 22)-dB,, te0,T)
t

ATk

Finally, in view of the assumptions of g' and g® together with &' < &2, the rest proof
runs as the proof of Theorem 2.4 and Theorem 2.1 in Fan [14] with u(¢) = v(t) = 1 and
A(t) = v, which is omitted. O
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Remark 3.6. Observe that in the proof of Proposition 3.5 the following two assumptions
are not utilized:

T T
/ (Y2 - L3)dK? =0 and / (UL -vhHdAl =o.
0 0

By virtue of Proposition 3.5, the following corollary follows immediately.

Corollary 3.7. Assume that V7 e V!, (H3)(@) holds for L7, U’ and ¢/, ¢7 is a generator
and (Y7, Z? K’, A7) is an L' solution of DRBSDE (¢7,¢7 + dV7, L7, U7) for j = 1,2. If
1< g2, dvt <dv?, L < L2, U! < U?, ¢' or ¢° satisfies (H1)(i) and (H2), and for each
(y,2) € R x R4,

dP x dt —a.e., g'(t,y,2) < g°(t,y,2),
then Y,! < Y;? for each t € [0, T].
Remark 3.8. From the proof of Proposition 3.5, it is not hard to see that the conclusions

in Proposition 3.5 and Corollary 3.7 hold still true when V7 only belongs to V instead of
V!, and both K7 and A’ only belong to V1 instead of V! for j = 1, 2.

Theorem 3.9 (Uniqueness). Let V. € V!, (H3)(i) hold true for L.,U. and &, and the
generator g satisfy assumptions (H1)(i) and (H2). Then DRBSDE (¢, g + dV, L, U) admits
at most one L! solution, i.e, if both (Y., Z., K., A.) and (Y/, Z', K', A’) are L' solutions of
DRBSDE (¢,g +dV, L,U), then dP x dt — a.e.,

Y=Y, Z=2,K =K' and A = A’

Proof. The conclusion follows from Corollary 3.7, It6’s formula and the Ham-Bananch
composition of sign measure. O

4 Existence, uniqueness and approximation for L' solutions of
BSDEs

In this section, we will establish some existence, uniqueness and approximation
results on L! solutions of BSDEs under general assumptions.
We need the following lemma, which is a direct corollary of Theorem 6.5 in Fan [14].

Lemma 4.1. Let ¢ € ILl(]-"T) and the generator g satisfy assumptions (H1)(i) and (H2)(i).
If g is also bounded, then BSDE (¢, g) admits a unique L' solution.

Let us start with the following existence and uniqueness result.

Theorem 4.2. Let ¢ € IL}(Fr), V. € V! and the generator g satisfy assumptions (H1) and
(H2). Then BSDE (&, g + dV) admits a unique L! solution.

Proof. The uniqueness part follows immediately from Theorem 3.9 with L. = —oo and
U. = +oo. In the sequel, we prove the existence part. Let ¢ € L1(Fr), V. € V! and ¢
satisfy (H1) and (H2).

We first assume that ¢ is bounded. Note that V. € V!. It follows from Lemma 4.1 that
the following BSDE

T T
Ys:§+VT+/ g(s,Ys—VS,ZS)ds—/ Z,dB,, t€0,T)]
t t

admits a unique L' solution (Y., Z.). Then the pair (Y., Z.) := (Y. — V., Z)) is just the
unique L' solution of BSDE (¢, g + dV).

Now suppose that g is bounded from below. Write g,, = g A n. Then g, is bounded,
nondecreasing in n and tends locally uniformly to g as n — oo, and it is not difficult
to check that all g, satisfy (H1) and (H2) with the same p(-), ¥.(r), ¢(-), 7, f- and a.
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Then by the first step of the proof there exists a unique L' solution (Y, Z") of BSDE
(&, gn + dV). Furthermore, in view of Remark 2.3, it follows from (H1)(i) and (H2)(ii) of
gn that dP x dt — a.e., for each n > 1 and (y, z) € R x RY,

< Sgn(y)<gn('7y7z) - gn('a()?’z)) + ‘gn('vovz) - gn('a070)| + ‘gn(70’0)|
< p(lyl) +(f + 2% +1g(-,0,0)]
< A+ 4+ ) +19(, 0,0+ Aly[ +v(A 4+ [2)* = g(y,2). (41

Sgn(y)gn('v Y, Z)

Note that £ € LY (Fr), V. € V1, f. € H!, g(-,0,0) € H!, and the generator § is uniformly
Lipschitz in (y, z) and has a sub-linear growth in z. By Theorems 3.9 and 3.11 in Klimsiak
[39] we know that BSDE (|¢], g+d|V|) admits a unique L' solution (Y., Z.) with Y. > 0, and
BSDE (—|¢|,—g — d|V|) admits a unique L' solution (Y ,Z ) with Y < 0. Furthermore,
note by (4.1) that dPP x dt — a.e.,

Liypsyy (e (Y 20 — 9(6 Y, Z7)) <0

and
ﬂ{xt>Yt"} (_g(t75/;na Ztn) - gn(t7Y;n7 Ztn)) < 0.
It follows from Proposition 3.5 and Corollary 3.7 with L. = —o0 and U. = +oo that

Y. <Y" <Y"! <Y for eachn > 1. Thus, by (4.1) we know that (3.13) holds true. In
addition, in view of assumptions (H2)(ii) and (H1)(iii), we have for each n,k > 1,

lgn (Y™, Z0) Lyr<ie| < g Y, Z0) |1 yn <k

|g('aY-n7Z~n) - g('aynaO)MIY_”\Sk + ‘g(~,Y_"’,O) - g('a070)|ﬂ\y_“\§k + |g('a070)|
Y (L+ fo+ YLy <k + 1 Z0]) +9.(k) + [g(-,0,0)]

19(-,0,0)[ +~ (1 + f. + k) +.(k) +~[Z"].

ININ A

Hence, (3.14) holds also true since 9.(k) € H and f,g(-,0,0) € H'!. Now, we have
checked all the conditions in Proposition 3.3 with L. = —o0, U. = +oc and K" = A™ =0,
and it follows that BSDE (£, g + dV) admits an L' solution.

Finally, in the general case, we can approximate g by the sequence g,, where g, :=
gV (—=n), n > 1. By the previous step there exists a unique L' solution (Y.*, Z") of BSDE
(&, gn + dV) for each n > 1. Repeating arguments in the proof of the previous step yields
that (Y, Z") converges in S® x M” for each § € (0, 1) to the unique L' solution (Y., Z.)
of BSDE (§,g+dV). O

Next, we will establish a general existence result on the minimal (resp. maximal) L'
solution of BSDEs. Before that, let us introduce the following weaker assumption (HH)
w.r.t. the generator g.

(HH) g has a general growth in y and a sub-linear growth in z, i.e., there exist two
constants A > 0 and « € (0, 1), a nonnegative process f. € H! and a nonnegative
function ¢.(r) € S such that

dP x dt —a.e., Vy € Rand z € RY, lg(w, t,y, 2)| < fi(w) + @e(w, |y|) + A|z|%,

here and hereafter, S denotes the set of nonnegative functions ¢ (w,r) : 2 x [0, T] x
R+ — Ry satisfying the following two conditions:

* dP x dt — a.e., the function r — ¢;(w, ) is increasing and ¢;(w,0) = 0;
» foreachr >0, p.(-,7) € H.

Remark 4.3. It is not difficult to see that assumption (HH) is strictly weaker than the
assumptions (H1)(ii)(iii) and (H2)(ii) (or (H2’)(ii)).
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Theorem 4.4. Let £ € IL1(Fr), V. € V!, gt satisfy (H1)(i), (H2’)(i) and (HH), ¢° satisfy
(AA) and the generator g := g' + g%2. Then BSDE (¢, g + dV) admits a minimal (resp.
maximal) L' solution.

Proof. We only need to prove the case of the minimal solution. The case of the maximal
solution can be proved in the same way. Now, we assume that ¢ € L' (Fr), V. € V1, ¢!
satisfies (H1)(i), (H2’)(i) and (HH) with p(-), f., ©.(r), A and «, g° satisfies (AA) with f L,
X and @&, and the generator g := g' + ¢2.

In view of assumptions of g, it is not very hard to prove that for each n > 1 and
(y,2) € R x R4, the following function

gn(w,t,y,2) = gh(w, t,y,2) + g2 (w, t, 9, 2)

with
gnlw, by, 2) = inf [g"(w,t,y,u) + (n+ 2\)|u — 2|*] (4.2)
ucRd
and
galw,t,y,2) = inf [g2<w, t,u,v) + (n 4 201)|[u — y| + (n +2))|v — zl(‘] 4.3)
(u,v)ERXR?

is well defined and (F;)-progressively measurable, dP x d¢ — a.e., g, increases in n,
is continuous in (y, z), and converges locally uniformly in (y, z) to the generator g as
n — oo, gl satisfies (H1)(i) with the same p(-), (HH) with the same f., ¢.(r), A and «,
(H1)(ii) with |g}(-,0,0)| < f., (H1)(iii) with the same v.(r) := 2f. + ¢.(r) and (H2) with
d(x) == (n+2\)|z|*, v :=n+2), f :=0and «, g2 satisfies (H1)(i) with p(z) := (n + 2/i)z,
(HH) with the same £, fir, X and &, (H1)(ii) with |g2(-,0,0)| < f., (H1)(iii) with the same
¥.(r) == 2f + fir and (H2) with ¢(z) := (n+ 2X)|z|%, v := n+ 2, f. := 0 and &. Hence,
both (H1) and (H2) are satisfied by the generator g, for each n > 1. It then follows from
Theorem 4.2 that BSDE (¢, g,, + dV) admits a unique L' solution (Y., Z") for each n > 1.
Furthermore, in view of Remark 2.3, it follows from (H1)(i) and (HH) of g}L together with
(HH) of g2 that dP x dt — a.e., for each n > 1 and (y, z) € R x R,

< sgn(y)(g,,ll(-,y, Z) - g’rlb~('707 Z)) + |~g'rlz(~7 O’ Z)| + ‘g‘IQL('7y7 Z)|

< p(lyl) + £+ Azl™ + f 4 Alyl + Al )

S AT AN DA =g,
In the sequel, in the same way as in the proof of Theorem 4.2, we can deduce that BSDE
(1£],g + d|V|) admits a unique L' solution (Y., Z.) with Y. > 0, BSDE (—|¢|, —g — d|V])
admits a unique L' solution (Y.,Z)withY <0, and in view of (4.4) and the fact that
dP x dt — a.e.,

sgn(y)gn (-, v, 2)

H{Yt”>§7t} (gn(tvyvtna ZZL) - g(taiftna ZZL)) <0
and
1{Z¢>Ytﬂ’} (*g(tviftnv Z;L) - gn(tvyvtna ZZL)) < 07

it follows from Proposition 3.5 and Corollary 3.7 that Y. < Y" < Y»tl < Y. for each
n > 1. Thus, by (4.4) we deduce that (3.13) holds. In addition, in view of (HH) of g}L and
g2, we have for each n, k > 1,

90 (Y™ ZM) L ymj<il < oA @ (Y DLy < + AZMY + fo4 GV Ljyn < + A 270
<

FA oo (k)+ ik + X+ X+ A+ 2|27
(4.5)

EJP 24 (2019), paper 88. http://www.imstat.org/ejp/
Page 20/48


https://doi.org/10.1214/19-EJP345
http://www.imstat.org/ejp/

L' solutions of BSDEs under general assumptions

Hence, (3.14) holds also true since ¢.(k) € H and f., f € H'. Now, we have checked
all the conditions in Proposition 3.3 with L. = —o0, U. = +00 and K" = A” =0, and it
follows that BSDE (¢, g + dV') admits an L' solution (Y., Z.) such that for each 3 € (0, 1),

lim (Y7 = Yl|se + (12 = Z.e) = 0. (4.6)

Finally, we show that (Y., Z.) is just the minimal L' solution of BSDE (¢, g +dV). In
fact, if (Y/, Z’) is also an L' solution of BSDE (¢, g + dV), then noticing that g, < g and
gn satisfies (H1) and (H2) for each n > 1, it follows from Corollary 3.7 that that ;" <Y/
for each ¢t € [0,T] and n > 1. Thus, by (4.6) we know that for each ¢ € [0, T],

Y <Y/
Theorem 4.4 is then proved. O

In view of Remark 4.3, the following corollary follows immediately from Theorem 4.4.
Corollary 4.5. Let ¢ € LY(Fr), V. € V!, ¢* satisfy (H1) and (H2’), ¢? satisfy (AA) and
the generator g := g' + ¢g. Then BSDE (¢, g + dV) admits a minimal (resp. maximal) L*
solution.

By Corollary 3.7 together with the proof of Theorem 4.4 it is easy to verify that under
(H1)@{), (H2’)(i) and (HH) (resp. (H1) and (H2’)) together with (AA), the comparison
theorem for the maximal (resp. minimal) L' solutions of the BSDEs holds true. More
precisely, we have
Corollary 4.6. Assume that for j = 1,2, & € L}(Fr), V? € V!, g9 satisfies (H1)(i),
(H2’)(i) and (HH) (resp. (H1) and (H2’)), ¢/2 satisfies (AA), g/ := ¢/'! + ¢’? and that
(Y7, Z?) is the maximal (resp. minimal) L' solution of BSDE (¢7, g7 4+ dV7) (recall Theo-
rem 4.4 and Corollary 4.5). If ¢! < £2, dV! < dV?, and

dP x dt —a.e., ¥V (y,2) € R x R, g"'(t,y,2) < ¢*'(t,y,2) and ¢g"?(t,y,2) < g>%(t,y,2),

then Y,! <Y} for each t € [0, 7).

Remark 4.7. Observe that either g! = 0 or g = 0 is a special case of the generator
g := g* + ¢? in Theorem 4.4, Corollary 4.5 and Corollary 4.6. Hence, they generalize
some known results on the L' solution of BSDEs. In addition, by Remark 3.8 we know
that the conclusion of Corollary 4.6 is still true when both V! and V2 only belong to V
instead of V!.

5 Existence, uniqueness and approximation for L' solutions of
RBSDEs

In this section, we will establish some existence, uniqueness and approximation re-
sults on L' solutions of RBSDEs with one continuous barrier under general assumptions.

Theorem 5.1. Let V. € V! and the generator g satisfy assumptions (H1) and (H2).
(i) Assume that (H3L)(i) holds true for L. and £. Then RBSDE (&, g + dV, L) admits

an L! solution iff (H3L)(ii) is satisfied. Furthermore, if (H3L)(ii) holds also true,
then RBSDE (¢, g+dV, L) admits a unique L! solution (Y., Z., K.) such that for each

g€ (0,1),
Jim (Y7 = Ylss + 127 = Z[lme + | K" = K.||ss) =0, (5.1)

where for each n > 1, (Y,*, Z") is the unique L' solution of BSDE (¢, g, + dV) with
gn(t,y,2) :=g(t,y,2z) + n(y — Ly)~, i.e., (3.9), (recall Theorem 4.2), and

t
K} ::n/ (Y — L,)~ds, tel0,T). (5.2)
0
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(ii) Assume that (H3U)(i) holds true for U. and ¢&. Then RBSDE (&,9+ dV,U) admits
an L' solution iff (H3U)(ii) is satisfied. Furthermore, if (H3U)(ii) holds also true,
then RBSDE (¢, g+dV, U) admits a unique L' solution (Y., Z., A.) such that for each
g€ (0,1),

Tim (Y7~ Yo + 127 — Z. s + A"~ Als2) =0, (5.3)

where for each n > 1, (Y*, Z") is the unique L' solution of BSDE (& g, +dV) with
g (t,y,2) :=g(t,y,z) —n(y — Uy)", i.e., (3.10), (recall Theorem 4.2), and

=n

S

t
An n/ (Y — U)*ds, t€[0,7]. (5.4)
0

Proof. We only prove the case of (i), the proof of (ii) is similar. We assume that V. € V!,
the generator g satisfies (H1) and (H2), and (H3L)(i) holds true for L. and £. If RBSDE
(¢,9 + dV, L) admits an L! solution (Y., Z.,K.), then from Lemma 2.6 we know that
g(-,Y.,Z) € H! and g(-,Y.,0) € H'. Thus, (H3L)(ii) is satisfied with

(CLH) = (- /0 o(5, Yo, Z)ds — V. — K., 7))

and X. :=Y.. The necessity is proved.

We further assume that (H3L)(ii) holds. The uniqueness of the L' solution of RBSDE
(&,9 + dV, L) follows from Proposition 3.5. In the sequel, we prove (5.1). For each
n > 1, let (Y™, Z") be the unique L' solution of BSDE (¢, g, + dV) with g, (t,y,2) :=
g(t,y,z) +n(y — L;)~ and (5.2). We first show that there exists a process X. € Nge(o,1)S”
of the class (D) such that for each n > 1,

Yi<yr<yrtt<X. (5.5)

In fact, it follows from (H3L)(ii) that there exists two processes (C., H.) € V! x M? for
each 8 € (0,1) such that

T T
Xt:XT—/ dCS—/ H,-dB,, te|0,T] (5.6)
t t

belongs to the class (D), g~ (-, X.,0) € H! and L; < X, for each t € [0, T]. And, by (H2)(ii)
together with Holder’s inequality we know that dIP x dt — a.e.,

9 (X, H) <g (- X,0) +(f +|X|+H)* eH'
Then, the equation (5.6) can be rewritten in the form
T T T
X, = Xr +/ g(s, X, Hy)ds +/ dv; —/ (97 (s, Xs, Hy)ds +dCYT +dVIT)
. t t t .
+/ (g_(s,Xs,Hs)ds —|—ng’_ +d‘/;0’_) —/ H,-dBs, te€]0,T],
t t
where V.=V = VOt — V%  and €. - Cy = ¢OF — %~ with VO + vO— %t % e p+i.

On the other hand, in view of (H1) and (H2), by Theorem 4.2 we know that there exists a
unique L' solution (X, Z.) of the BSDE

T T
Xt = XTV§+/ g(s,)_(s,Zs)ds+/ dVs
t t

T T
+/ (97 (s, Xs, Hy)ds +dCY~ +dV7) —/ Zs-dBs, t€0,T).
t t
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And, it follows from Proposition 3.5 and Remark 3.8 that L; < X, < X, foreacht € [0,T].
Therefore, for each n > 1,

T T T
X, = XT\/§—|—/ g(s,Xs,Zs)ds—i—/ dVS—i-n/ (XS—LS)fds
¢ t ¢

T T
+/ (97 (s, X,, Hy)ds +dCY~ +dV7) —/ Zs-dBs, t€0,T).
t t

Thus, by Corollary 3.7 we know that (5.5) holds true.

In the sequel, in view of assumptions (H1) and (H2), it follows from Lemma 2.6 that
g(-, Y1, 0) € H! and g(-, X.,0) € H!, then from Lemma 2.5 together with (5.5) that (3.2)
holds true for each n > 1, with

Fo=1gC Y 0)[ + (L X, 0)[ + (y + AV + X ) +9(1+ f) + A €1,

)= ~v and «. Thus, we have verified that all conditions in Proposition 3.2 (i) are satisfied,
and then it follows that there exists an L' solution (Y., 7., K.) of RBSDE (£,g +dV, L)
such that for each 3 € (0,1),

Jim (Y = Y[ss + 127 = Z[lme) = 0 (5.7)

and there exists a subsequence {K!"} of { K"} such that

lim sup |K;7 — K{|=0.
I ¢€]0,17]

Finally, in view of (5.7), in order to prove (5.1) we need only to show that for each
B € (0,1)

=0. (5.8)
SB
The proof is similar to that of Theorem 5.8 in Fan [16], but for readers’ convenience we
list it as follows. In fact, it follows from (H2) (i) that dP x d¢ — a.e., for each n > 1,

/9(8752”,22’)ds—/ 9(s,Ys, Zs)ds

n—oo 0 0

lim ‘

‘g('7Yn7Z-n) _g(7Y7Z)|
‘g('»Y-nvZ-n) —g(-,Y”,Z.M + |g(-7Y",Z,) —g(-,Y,,Z.)|

INIA

Thus, making use of the following basic inequality (see Fan and Jiang [20] for details)

2A

P(z) < (m+24)x + ¢ (m+2A

), V>0, Vm>1

together with Hoélder’s inequality, we get that for each n,m > 1 and 8 € (0, 1),

/g(s,YS”,Z;L)ds—/g(s,Ys,Zs)ds

¢ 0

S8

B
T
< B (/ lg(t,Y3", Z¢") —g(t,Yt,Zt)dt>
0
r 5.9
D 5 (5.9)
B
< E (/ lg(t,Y,", Z¢) — g(t,Yt,Zt)dt> +(m +24)°T3 || 2" — Z ||y
0
L, 24
&) T8
+¢ (m + 2A) '
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Furthermore, in view of assumptions (H1) and (H2) together with (5.5), it follows from
Lemma 2.5 and Lemma 2.6 that for eachn > 1,

|g(7ynaz) 7g(aYaZ)‘ < |g(aYn7Z)| + |g(aY7Z)| < f_ +7|Z‘a + ‘g(,Y,Zﬂ € Hl
Then, Lebesgue’s dominated convergence theorem yields that for each § € (0, 1),

B
T
0

n—oQ

Thus, letting first n — oo, and then m — oo in (5.9), in view of (5.10), (5.7) and the fact
that ¢(-) is continuous and ¢(0) = 0, we get (5.8). The proof of Theorem 5.1 is then
completed. O

Corollary 5.2. Assume that ¢!, ¢2? € LY (Fr) with ¢! < €2, V1 V2 € V! with dV! < dV?,
and both generators g' and ¢ satisfy (H1) and (H2) with

dP x dt —a.e., ¥ (y,2) e R x R4, ¢'(t,y,2) < ¢*(t,y, 2).
We have

(i) Fori = 1,2, let (H3L) hold for ¢, L! and X' associated with ¢, and (Y%, Z!, K?) be
the unique L' solution of RBSDE (¢, g* + dV?, L?) (recall Theorem 5.1). If L! = L?,
then dK' > dK?.

(ii) Fori = 1,2, let (H3U) hold for ¢, U! and X' associated with ¢°, and (Y?, Z¢, A%) be
the unique L' solution of RBSDE (¢¢, g' +dV?,U?) (recall Theorem 5.1). If U! = U2,
then dA! < dAZ2.

Proof. We only prove (i). The proof is classical, and we list it for readers’ convenience.
Forn > 1and i = 1,2, by Theorem 4.2 we let (Y."", Z"") be the unique L' solution of the
following penalization BSDE:

yir=¢ +/ g'(s, Y, Z3™)ds +/ dvy +/ dEg" */ Zg"-dBs, t€l0,T]
t t t t

with
t
K" = n/ (Vo™ —LY) ds, tel0,T).
0

In view of the assumptions of Corollary 5.2, it follows from Corollary 3.7 that for each
n>1, Y5 <Y?" and then
ta

t
K"~ K" = n/ 2 (Yl — L) ds> n/ (Y2" —L2) ds= K" — K"

t1 t1

for every n > 1 and 0 < ¢; < ¢, < T. Since for each 8 € (0,1), both ||K"" —
K'|gs and ||[K*™ — K2||gs converge to zero as n — co by Theorem 5.1, it follows
that K} — K}, > K2 — K7, for every 0 < ¢; < t; < T, which proves the desired result. O

Theorem 5.3. Let V. € V!, ¢! satisfy assumptions (H1) and (H2’), ¢2 satisfy assumption
(AA) and the generator ¢ := g' + ¢°.

(i) Assume that (H3L)(i) holds true for L. and £&. Then RBSDE (£, g + dV, L) admits an
L' solution iff (H3L)(ii) is satisfied for X., L. and g (or ¢g'). Furthermore, if (H3L)(ii)
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holds also true for X., L. and g (or g'), then RBSDE (¢, g + dV, L) admits a minimal
L! solution (resp. an L' solution) (Y., Z., K.) such that for each 8 € (0,1),
lim (|[Y"™ —Y||ss + |1Z" — Z|[ps) = O (5.11)

n—00

and there exists a subsequence {K'"”} of {K"} such that

lim sup |K,”7 — K{| =0,
I ¢e[0,T]

where for each n > 1, (Y, Z") is the minimal (resp. maximal) L' solution of BSDE
(&, gn +dV) with g, (t,y, 2) :== g(t,y,2) + n(y — L), i.e., (3.9), (recall Corollary 4.5),
and .
K= n/ (Y'—Lg)~ds, t€]0,T]. (5.12)
0

(i) Assume that (H3U)(i) holds true for U. and ¢. Then RBSDE (¢, g + dV,U) admits
an L' solution iff (H3U)(ii) is satisfied for X., U. and g (or gl). Furthermore, if
(H3U)(ii) holds also true for X., U. and g (or g'), then RBSDE (¢, g +dV, L) admits a
maximal L! solution (resp. an L' solution) (Y., Z., A.) such that for each 3 € (0, 1),

T (Y7 = Yillss + 127~ Z.]0) = 0 (5.13)

and there exists a subsequence {A"’} of {A"} such that

lim sup |A}7 — A =0,
ITroote(o,T]

where for each n > 1, (Y, Z") is the maximal (resp. minimal) L' solution of BSDE
(&g, +dV)withg (t,y,2) := g(t,y,2) —n(y—U:)", i.e, (3.10), (recall Corollary 4.5),
and

t
AY = n/ (Y] —Us)tds, te[0,7]. (5.14)
0

Proof. We only prove (i), and (ii) can be proved in the same way. In view of Corollary 4.5,
Corollary 4.6, Remark 4.7, Lemma 2.5, Lemma 2.6 and Proposition 3.2, by a similar
argument to that in the proof of Theorem 5.1 we can prove that all conclusions in (i)
of Theorem 5.3 hold true except for the minimal property of the L* solution (Y., Z., K.)
of RBSDE (¢,g + dV, L) when (Y, Z") is the minimal L' solution of penalized BSDE
(&, Gn + dV) for each n > 1. Now, we will show this property.

Indeed, for any L! solution (Y, Z’, K') of RBSDE (¢, g+ dV, L), it is not hard to check
that (Y’,Z’) is an L' solution of BSDE (¢, g,, + dV) with V. := V. + K’ for each n > 1.
Thus, in view of the assumption that (Y.*, Z") is the minimal L' solution of penalized
BSDE (&, g, + dV) for each n > 1, Corollary 4.6 yields that for each n > 1,

Y <Y/, telo,T).
Furthermore, since nh_)ngc lY™ —Y.||ss =0 for each g € (0,1), we know that
Y, <Y/, t€[0,T],
which is the desired result. O

Theorem 5.4. Let V. € V!, ¢! satisfy assumptions (H1) and (H2’), g2 satisfy assumption
(AA) and the generator g := g' + ¢°.
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(i) Assume that (H3L) holds true for L., £, X. and g (or g'). Then RBSDE (£,g +dV, L)
admits a maximal (resp. minimal) L' solution (Y., Z., K.) such that for each 3 €
(0,1),

T (¥ Y|e + 1127 — Zlls + K"~ Ko[[s) =0,

where, for each n > 1, (Y, Z", K") is the unique L' solution of RBSDE (&, g, +
dV, L) with a generator g,, satisfying (H1), (H2) and (H3L) (recall Theorem 5.1(i)).
(i) Assume that (H3U) holds true for U,, ¢, X. and g (or g'). Then RBSDE (¢, g+ dV,U)
admits a maximal (resp. minimal) L' solution (Y., Z., A.) such that for each g €
(0,1),
Tim (Y™ = Yliso + 12" = Z. s + A" = A1) =0,

where, for each n > 1, (Y*, Z", A") is the unique L' solution of RBSDE (¢, g, +
dV,U) with a generator g, satisfying (H1), (H2) and (H3U) (recall Theorem 5.1(ii)).

Proof. We only prove (i) and consider the case of the maximal L' solution. Now, we
assume that V. € V!, g' satisfies (H1) and (H2’) with p(-), ¥.(r), f., 1, X and «, g° satisfies
(AA) with f., i, X and @&, the generator g := g + ¢2, and (H3L) holds true for L., £, X. and
g (or g'). In view of assumptions of g, it is not very hard to prove that for each n > 1 and
(y,2) € R x RY, the following function

gn(w,t,y,2) = gh(w, t,y,2) + g2(w, t, 9, 2)

with
g'}L(wvta Y, Z) ‘= sup [gl(w7taya U) - (n + 2>\)|U - Z|a} (515)
u€R4
and
G(w,t,y,2) ;==  sup [gz(w,t,u,v) —(n+2n)|u—y|l— (n+25\)\v—z\&} (5.16)
(u,v)ERXR4

is well defined and (F;)-progressively measurable, dP x dt — a.c., g, decreases in n,
is continuous in (y, z), and converges locally uniformly in (y, z) to the generator g as
n — oo, g, satisfies (H1) and (H2), and dP x dt — a.e., for each n > 1 and (y, z) € R x RY,

g0 (5, 2) = g" (0, 0)] < f. 4 plyl + A2, (5.17)

and
g2 (y, 2)| < f A+ Ayl + Az|*. (5.18)
Then, in view of (5.17) and (5.18), we know that dP xd¢t—a.e., Vn > 1 and (y, z) € R x R4,

(g}z('vya Z))_ + (9721('7:% Z))_
(' (,5,0) ™ + £+ plyl + Mz|* + f+ Alyl + Az|*.

9;('7 Y, Z)

<
(5.19)
<

Hence, g,, (-, X.,0) € H! due to (¢'(-, X.,0))” € H!, and then (H3L) holds true for L., &,
X. and g,. It then follows from Theorem 5.1(i) that there exists a unique L' solution
(Y, Z", K") of RBSDE (¢, g, +dV, L) for each n > 1.

In the sequel, let

9(+,2) = 9" (,4,0) = (f. + F) = (n + B)ly| = Al2[* = Al (5.20)
and

9Cy,2) = g (59, 0) + (F 4 f) + (u+ @)yl + Alz[* + Al2|%. (5.21)
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Then by (5.17) and (5.18), 9<gn<g for each n > 1, and both g and g satisfy (H1) and
(H2) with

g (+X,0) < (", X,0)" + (f + )+ (u+ @)X e H,
9 (,X.,0) < (¢'(, X.,0))” € HL.

Thus, (H3L) holds also true for L., &, X., g and g. It then follows from Theorem 5.1 that
RBSDE (£,g9+ dV, L) and RBSDE (£,g + av, L) admit respectively a unique L' solution
(Y,Z,K)and (Y., Z,K.), and by Corollary 3.7 and Corollary 5.2 we know that for each
n>1,

Y <YY" <y" <Y and dK <dK" < dK"! < dK. (5.22)

Furthermore, it follows from Lemma 2.6 that g(-,Y ,0) € #! and g(-,Y.,0) € H!, and
then from (5.20) and (5.21) that ¢'(-,Y ,0) € H' and ¢'(-,¥.,0) € H'. And, in view of
(5.22) together with assumptions (H1) and (H2’) of gl, it follows from Lemma 2.5 that
foreachn > 1,

9" (Y ZM) <19 (Y, 0)+ 19 (Y, 0+ (n+ A) (Y] + V) + f + A+ A28 (5.23)
Then, by (5.23), (5.18) and (5.22) we can conclude that (3.18) holds true with
F=1g"CYL 0+ g GYL0 + (n+ A+ (Y[ + V) +f +f +A+A+ X e

and A := A+ A. Thus, in view of Remark 3.4, we have checked all the conditions in
Proposition 3.3 with U. = 400 and A™ = 0, and it follows that RBSDE (¢, g+dV, L) admits
an L! solution (Y., Z., K.) such that for each 3 € (0,1),

Tim ()Y = Yillso + 127 = Z o + [ K" = K [[s1) = 0. (5.24)

Finally, we show that (Y., Z., K.) is just the maximal L' solution of RBSDE (¢, g+dV, L).
In fact, if (Y/, Z’, K’) is also an L! solution of RBSDE (¢, g + dV, L), then noticing that
gn > g and g, satisfies (H1) and (H2) for each n > 1, it follows from Corollary 3.7 that
Y,* > Y/ for each t € [0,7] and n > 1. Thus, by (5.24) we know that for each ¢t € [0,T],

Y, > Y.
Theorem 5.4 is then proved. O

By Corollary 3.7, Corollary 5.2 and the proof of Theorem 5.4, it is not hard to verify
the following comparison result for the minimal (resp. maximal) L' solutions of Reflected
BSDEs.

Corollary 5.5. Assume that ¢!, ¢2 € LY (Fr) with ¢! < ¢2, V1 V2 € V! with dV! < dV?,
gb! and ¢>! satisfy (H1) and (H2’), ¢"? and ¢?? satisfy (AA), ¢! = g™ + ¢"? and
92 = g2’1 + 92’2 with

dP x dt —a.e., ¥V (y,2) € R xR, g"'(t,y,2) < ¢>'(t,y,2) and g"2(t,y,2) < g>*(t,y, 2).
We have

(i) For i = 1,2, let (H3L) hold for ¢, L and X! associated with ¢* (or g*'), and
(Y* Z', K') be the minimal (resp. maximal) L' solution of RBSDE (¢¢, g* + dV?, L?)
(recall Theorem 5.4). If L! < L2, then Y;! <Y for each t € [0,T], and if L! = L2,
then dK! > dK?2.
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(ii) For i = 1,2, let (H3U) hold for ¢!, U’ and X' associated with ¢’ (or ¢*!), and
(Y Zi, A) be the minimal (resp. maximal) L! solution of RBSDE (¢¢, g° + dV?¢, U?)
(recall Theorem 5.4). If U! < U?, then Y,! <Y} for each t € [0,T], and if U! = U?,
then dA! < dA2.

The following corollary follows immediately from Theorem 5.4.
Corollary 5.6. Let V. € V!, (H3)(i) hold true for L., U. and &, and the generator g satisfy
(AA).

(i) If LT € S', then RBSDE (¢, g +dV, L) admits a minimal (resp. maximal) L' solution.
(i) IfU~ € S', then RBSDE (¢, g+dV, U) admits a minimal (resp. maximal) L! solution.

6 Existence, uniqueness and approximation for L' solutions of
DRBSDEs

In this section, we will establish some existence, uniqueness and approximation
results on L' solutions of RBSDEs with two continuous barriers under general assump-
tions.

Theorem 6.1. Assume that V. € V!, the generator ¢ satisfies assumptions (H1) and (H2),
and assumption (H3)(i) holds true for L., U. and £. Then, DRBSDE (£, g+ dV, L, U) admits
an L' solution iff (H3)(ii) is satisfied. And, if (H3)(ii) holds also true, then DRBSDE
(¢€,g9+dV,L,U) admits a unique L! solution (Y., Z., K., A.). Moreover,

(i) Let (Y",Z", A") be the unique L' solution of RBSDE (&, g,+dV, U) with g, (, y, 2) :=
g(t,y,z) +n(y— L;)~ foreachn > 1, i.e.,

T T T T
X?=£+/ gn(s,mz:)dw/ dv;—/ dAZ—/ 2" dB., te 0.1,
t t t t

YIS U te 0] and [ (U - YIAT =0,
0

t
KD e n/ (Y — L))" ds, te[0,T]
0
(6.1)
(Recall Theorem 5.1(ii)). Then, for each S € (0,1),

lim ([[Y" = Yllss + 12" = Zllme + [ K" = K |[ss + A" = As1) = 0. (6.2)

n— oo

(ii) Let (Y™, Z", K") be the unique L' solution of RBSDE (¢, g, +dV,L)withg (t,y,2):=
g(t,y,z) —n(y — Uy) T foreachn > 1, i.e.,
) T o T T T
Y;”:§+/ g (S7st7Z;L)dS+/ dV9+/ dK;L_/ Zg'dBm te [OvT]v
t " - t t t
L, <Y t€0,T] and / (V" — L,)dK} = 0,
0

t
Al = n/ (Y —Us)t ds, te€[0,T]
0

(6.3)
(Recall Theorem 5.1(i)). Then, for each 3 € (0, 1),

lim (|77~ ¥llss + 12" - Zllye + |E" = Klls + [ A" = Allgs) =0 (6.4)

n— oo
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(iii) Let (Y®,Z") be the unique L' solution of BSDE (&, g, + dV) with g,(t,y,2) =
g(t,y,2) +n(y — Ly)~ —n(y — U;)T foreachn > 1, i.e.,

T T T
Y =¢ +/ gn(s, Y, Z)ds Jr/ dv, — / Z}-dBg, tel0,T],
t t t (6.5)

S

t t
K[ = n/ (Y] —Lg)” ds and A} = n/ (Y~ Ut ds, te€[0,T]
0 0

(Recall Theorem 4.2). Then, for each § € (0,1),

lm (Y™ =Ylss + 2" = Z|lus + [[(K" = A) = (K. — A)|lss) =0.  (6.6)

n—o0

Proof. We assume that V. € V!, the generator g satisfies (H1) and (H2), and (H3)(i) holds
true for L., U. and ¢. If DRBSDE (¢, g + dV, L,U) admits an L' solution (Y., Z., K., A.),
then from Lemma 2.6 we know that g(-, Y., Z.) € #! and ¢(-,Y.,0) € H'. Thus, (H3)(ii) is
satisfied with

(CLH) = (- / (5, Yo, Z)ds — V. — K. + A, 7))

and X. :=Y.. The necessity is proved.

We further assume that (H3)(ii) holds. The uniqueness of the L' solution of DRBSDE
(&,g+dV, L,U) follows from Proposition 3.5. In what follows, it follows from (H3)(ii) that
there exists two processes (C., H.) € V' x M? for each 3 € (0,1) such that

T T
Xt:XT—/ dCS—/ H,-dB,, te[0,T] (6.7)
t t

belongs to the class (D), g(-, X.,0) € H! and L; < X; < U, for each t € [0,T]. And, by
(H2)(ii) together with Holder’s inequality we know that dP x dt — a.e., |g(-, X., H.)| <
lg(-, X.,0)| +~y(f +|X.|+ H)* € H', and then

K. :=/ g_(s,XS,HS)ds—I—/ d027—+/ dvl— e ptt
0 0 0
and

A. ::/ g+(s,XS,HS)ds+/ dCS’JF—i—/ dvot eyl
0 0 0

where V.=V = V" — V%  and €. - Cy = €O — %~ with VO +, vO— %t % e p+i
Thus, the equation (6.7) can be rewritten in the form

T T T . T B T
Xt:XT—i-/ g(s,XS,HS)ds—i—/ dvs+/ sz—/ dAS—/ H,-dB,, te€[0,T).
t t t t t

Furthermore, in view of (H1) and (H2), by Theorem 4.2 we can let (X ,Z.) be the
unique L' solution of the following BSDE

T T T T
X =Xpng+ [ geXoz)as+ [ avi- [ A~ [z, tep
¢ ¢ ¢ ¢
and (X., Z.) be the unique L' solution of the BSDE

B T B B T T . T B
Xt:XTvng/ g(s,XS,ZS)ds+/ dVS+/ dKS—/ Z,-dB,, te[0,T).
t t t t
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It follows from Corollary 3.7 that X < X. < X.. And, for each n > 1, by Theorem 4.2
again we can let (Y, Z") and (Y, Z") be respectively the unique L' solution of the
following BSDEs:

T o T T T T
}Q”:XT/\f—}—/ g(s,Ys",Zg)ds—}—/ dV; +n/ (YS"—LS)*ds—/ dAS—/ Z!-dBs
¢ ¢ ¢ ¢ ¢

and

T .. .. T T - T . T ..
Y, = Xrp v§+/ g(s,YS",Z;L)dS—&—/ st—i—/ dK, —n/ (YS"—US)JFds—/ Z}-dBs
t t t t t
with . .
K! = n/ (Y" — L,)~ds and AP := n/ (Yr —U,)*ds, te|0,T).
0 0
Inview of L. < X. < U., it follows from Corollary 3.7 that for each n > 1,
X <Y"<X.<U and L.<X. <V"< X. (6.8)

Note that (H3L) holds true for L., X7 A £ and X, and (H3U) holds true for U., Xy V ¢ and
X.. In view of (H1) and (H2), it follows from Theorem 5.1 together with Proposition 3.2
that for each 5 € (0,1),

sgp(E[lK%lﬂ] + E[J4%]°)) < +o0, (6.9)
n>1

for a subsequence {n;} of {n},

lim K/ = Ky € LY(Fr) and lim A} = Ap € LY (Fr), (6.10)

]—)OO _]—}OO
and for a process Y. € S and each (F:)-stopping time 7 valued in [0, 7],

sup(E[| K] + E[JA7P) < ¥, [2) 6.11)

n>1

In the sequel, let (Y", 2" A"), (Y, Z", K") and (Y, Z") be respectively defined in
(i), (ii) and (iii) of Theorem 6.1 for each n > 1. Firstly, in view of (6.8), it follows from
Corollary 3.7 and Corollary 5.2 that for eachn > 1,

YI<yr<y"tl< X, dA" <dA™t! (6.12)

and
X <yrtl<yr <yl dK™ <dK". (6.13)

It then follows from Lemma 2.5 that for each n > 1, in view of (H1) and (H2),
l9(, Y, Z0)| < lg( Y0, 0) [+ g (-, X, 0)|+ (v A) (Y [+ X )+ (14 f) +A+4] 20 (6.14)
and
9, Y7, 20| < 1g(-, X, 0)[+1g(, Y1, 0) [+ (v + A (X | +VA )4y (14 £) + A+~|Z7|* (6.15)
with, by Lemma 2.6,
g, Y 0) e H, g(,X.,0) e M, g(,X,0)eH' and g(-,Y1,0) € H. (6.16)
And, in view of (6.8), by Proposition 3.5 with Remark 3.6 we deduce that for each n > 1,

Yn < X’n and Y’n < Yn7
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which means that

K" = n/ (Y™ — L,)"ds < n/ (V" — L) ds= K" (6.17)
0 0
and
A :n/ (Y —U,)Tds gn/ (Y —U,)Tds = A", (6.18)
0 0

Thus, in view of (6.12)-(6.18) together with (6.9)-(6.11), all conditions in Proposition 3.1
are satisfied, and it follows that there exists an L! solution (Y,Z,K ,A), indeed a
unique L! solution, of DRBSDE (&, g + dV, L, U) such that, for each 3 € (0, 1),

Tim (Y7 Ylss + 12" = Zllo + 4" - Al
HIY" = Ylso + 127 = Z ]l + 1K = K |l51) =0,
and there exists a subsequence {K"} (resp. {A™}) of {K™} (resp. {A"}) such that

lim sup (|K;7 — K| +|Aj" — A]) =0.
I te]0,T)

Furthermore, in the same way as in the proof of Theorem 5.1 we can prove that for each

B € (0,1),

lim (‘ [ otsyrznas— [ gs. vz
mee Ao 0 s (6.19)
—|—‘/ g(s,YS",Z:)ds—/ 9(8,Ys, Zs)ds ):0.
0 0 SB

Thus, (6.2) and (6.4) follow immediately.
Finally, in view of the fact that Y < U. and L. < Y™ for each n > 1, it follows from
Corollary 3.7 that for each n > 1,

Yi<yr<yr<yr <yl

which means that, in view of (6.17) and (6.18),

K" = n/ (Y — L) ~ds < n/ (Y" - L) "ds=K" < K" (6.20)
0 0

and

S S

A" = n/ (Y —U,)Tds < n/ (VP —U,)tds = A" < A™. (6.21)
0 0
Thus, by (6.2) and (6.4) we know that for each § € (0,1),
lim [|[Y" = Yi|gs = 0. (6.22)
n—oo

Now, we show the convergence of the sequence {Z"}. Indeed, for each n > 1, observe
that

(V,Z,V) = (Y"-Y,2"-Z,

/0 (9(5, Y7, Z7) — g(s, Yo, Z2)) ds + (K™ — K.) — (A" — A)
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satisfies equation (2.1). It follows from (i) of Lemma 2.4 with ¢ = 0 and 7 = T that there
exists a constant C’ > 0 such that for each n > 1 and g € (0, 1),

8

T +
12— Zllws < C'E | sup [Y)" — Vi + sup / (Y7~ Y) (dKT — dE,)
t€[0,T] t€[0,T] t

r 53
2

+
T
+C'E | sup (/ (Y —Ys) (dAs — dA?))
t€[0,T) t

T
+CIE (/ st_Y;|g(S’st>Z;L)_g(S>YSvZS)|dS>
0

[

It then follows from the fact of L. < Y. < U. and the definitions of K™ and A" as well as
Holder’s inequality that

12" = Z |lme

< O = Yo + I =Y g - ((BIK])? + (BllA7))?)

gy 4 (6.23)

i T
+CY" =Yg - [ E (/ (g(t,Y%Zt")IJrg(t,Yt,Zt)I)dt>
0

Thus, in view of (H1) and (H2) of g, it follows from (6.22), (6.23), (6.20), (6.21) and (6.9)
together with Lemma 2.7 that for each g € (0, 1),

Furthermore, by (6.22) and (6.24), a similar argument to (6.19) yields that for each
Be(0,1),

lim
n—oo

/g(s,Ys",Zg)ds—/g(s,Yst)ds = 0. (6.25)
0 0 S8

Finally, (6.6) follows from (6.22), (6.24) and (6.25). The proof of Theorem 6.1 is then
complete. O

By virtue of (i) of Theorem 6.1, Corollary 3.7 and (ii) of Corollary 5.2, a similar
argument to that in Corollary 5.2 yields the following corollary.
Corollary 6.2. Assume that ¢!, ¢2 € LY (Fr) with ¢! < €2, V1 V2 € V! with dV! < dV?,
and both generators g! and 92 satisfy (H1) and (H2) with

dP x dt —a.e., ¥V (y,2) € R x R, g'(t,y,2) < ¢°(t,y, 2).

For i = 1,2, let (H3) hold for &, L*, U? and X" associated with ¢°, and (Y?, Z%, K*, A?) be
the unique L! solution of DRBSDE (&%, ¢g° + dV¢, Lt, U?) (recall Theorem 6.1). If L} = L?
and U! = U2, then

dK' > dK? and dA' <dA%

Theorem 6.3. Let V. € V!, ¢! satisfy assumptions (H1) and (H2’), ¢> satisfy assumption
(AA), the generator g := g' + gQ, and assumption (H3)(i) hold true for L., U. and £. Then,
DRBSDE (¢, g+ dV, L,U) admits an L' solution iff (H3)(ii) is satisfied for X., L., U. and g
(or gl). Moreover, we assume that (H3)(ii) holds also true for X, L., U. and g (or gl).
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(i) For each n > 1, let (Y",Z", A™) be the minimal (resp. maximal) L' solution of
RBSDE (&, g, +dV,U) with g,(t,y, 2) := g(t,y,2z) +n(y — Ly)” and K", i.e., (6.1),
(recall Theorem 5.4(ii)). Then, DRBSDE (¢,g + dV,L,U) admits a minimal L!
solution (resp. an L' solution) (Y ,Z , K , A) such that for each 3 € (0, 1),

Jim (Y7 =Y s + 1127 = Z ]l + A" = Alls1) =0,
and there exists a subsequence {K"7} of { K"} such that

lim sup |K;7 — K,|=0.
I (0,7

(i) For each n > 1, let (Y*, Z", K") be the maximal (resp. minimal) L' solution of
RBSDE (§,g +dV,L) with g (t,y,2) = g(t,y,2) — n(y — Uy)* and A?, i.e., (6.3),
(recall Theorem 5.4(i)). Then, DRBSDE (¢,9+dV, L,U) admits a maximal L' solution
(resp. an L' solution) (Y., Z., K., A.) such that for each 3 € (0, 1),

lim (V" = Ygs + 12" = Z s + | K" = K.||s2) =0,

and there exists a subsequence {A’’} of {A"} such that

lim sup |A}7 — A = 0.
I (0,7

Proof. We only prove (i), and (ii) can be proved in the same way. In view of Theorem 5.4,
Corollary 5.5, Lemma 2.5, Lemma 2.6 and Proposition 3.1, by a similar argument to
that in the proof of Theorem 6.1 we can prove that all conclusions in (i) of Theorem 6.3
hold true except for the minimal property of the L! solution (Y ,Z , K ,A) of DRBSDE
(6,9 +dV,L,U) when (Y, Z", A") is the minimal L' solution of RBSDE (¢, g, + dV,U)
for each n > 1. Now, we will show this property.

Indeed, for any L' solution (Y., Z., K., A.) of DRBSDE (¢, g +dV, L,U), it is not hard
to check that (Y., Z., A.) is an L! solution of RBSDE (¢, g, +dV,U) with V. := V. + K. for
each n > 1. Thus, in view of the assumption that (Y, Z", A") is the minimal L' solution
of RBSDE (¢, g, + dV,U) for each n > 1, Corollary 5.5 yields that for each n > 1,

Y <V, telo,T]
Furthermore, since lim [|[Y" —Y | ss = 0 for each 5 € (0,1), we know that
n— oo

Y, <Y, tel0,T],
which is the desired result. O

In view of Theorem 6.1, Corollary 6.2 and Proposition 3.3, a similar argument to that
in Theorem 5.4 yields the following convergence result, whose proof is omitted.

Theorem 6.4. Let V. € V!, ¢! satisfy assumptions (H1) and (H2’), ¢2 satisfy assumption
(AA), the generator g := ¢' + ¢2, and (H3) holds true for L., U, &, X. and ¢ (or g'). Then
DRBSDE (¢, g + dV, L,U) admits a minimal (resp. maximal) L! solution (Y., Z., K., A.)
such that for each § € (0,1),

lim ([[Y" =Ylss + (12" = Z ||lme + [[K" = K [[s1 + A" = A[s1) = 0,

n—oo

where for each n > 1, (Y, Z" K", A") is the unique L' solution of DRBSDE (¢, g, +
dV, L,U) with a generator g, satisfying (H1), (H2) and (H3) (recall Theorem 6.1).
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By Corollary 3.7, Corollary 6.2 and the proof of Theorem 6.4, it is not hard to verify the
following comparison result for the minimal (resp. maximal) L' solutions of DRBSDEs.
Corollary 6.5. Assume that ¢!, ¢2? € LY (Fr) with ¢! < ¢2, V1, V2 € V! with dV! < dV?,
¢! and ¢>! satisfy (H1) and (H2’), ¢"? and ¢>? satisfy (AA), ¢' := ¢! + ¢"? and
g2 = ¢>' + ¢>? with

dP x dt —a.e., V (y,2) € R xR, g"'(t,y,2) < ¢g*'(t,y,2) and g"2(t,y,2) < g>*(t,y, 2).

For i = 1,2, let (H3) hold for L?, U?, ¢ and X’ associated with ¢’ (or ¢g*'), and
(Yi Z! K! A?) be the minimal (resp. maximal) L' solution of DRBSDE (¢¢, g' +dV?¢, Li, U?)
(recall Theorem 6.4). If L! < L? and U! < U?, then Y,! < Y;? for each t € [0,7], and if
L' =I1?% and U! = U?, then

dK' > dK? and dA' < dA2.

7 Examples and remarks

We first introduce several examples which the results of this paper can be applied

to. Note that to the best of our knowledge, all conclusions of these examples can not be
obtained by any existing results.
Example 7.1. Let the generator g(w,t,y,2) = |y| + /|z[. Clearly, this g satisfies the
uniformly Lipschitz condition in y and the a-Holder continuity condition in 2, and then,
in view of Remark 2.2, both assumptions (H1) and (H2) hold true for this g. Then, we
have

1) It follows from Theorem 4.2 that for each ¢ € L} (F7) and V. € V!, BSDE (§,g +dV)
admits a unique L' solution.

2) It follows from Theorem 5.1 that if (H3L)(i) (resp. (H3U)(i)) is satisfied, LT € S?!
(resp. U~ € SY) and V. € V!, then RBSDE (¢, g+dV, L) (resp. RBSDE (¢, g+dV,U))
admits a unique L' solution.

3) It follows from Theorem 6.1 that if (H3) is satisfied and V. € V!, then DRBSDE
(¢,9 +dV, L,U) admits a unique L' solution.

Example 7.2. Let the generator g be defined as follows:

) 1
g(w,t,y,2) = h(|y]) + e B (e A1) - (V]z] + Yz +

—1
i t>0
where, with § > 0 small enough,
—zlnz , 0<ax <y,
h(z)=<¢ W(d=)(x—=98)+h(d) , x>0
0 , other cases.

It is not very hard to verify that this ¢ satisfies assumption (H1) with p(z) = h(z),
2
9(t,0,0) = 21,50 + 1, and ¢y (w, ) = h(8) + 1/ (6—)r + e"!Be@I” 1, and assumption (H2)

Vt
with ¢(z) = \/|z| + ¥/|z|, v =2, fi(w) =1 and o = 1/2. We have

1) It follows from Theorem 4.2 that for each ¢ € L}(Fr) and V. € V!, BSDE (¢, g+ dV)
admits a unique L' solution.

2) It follows from Theorem 5.1 that if V. € V! and (H3L) (resp. (H3U)) is satisfied,
then RBSDE (¢, g+ dV, L) (resp. RBSDE (&, g+ dV,U)) admits a unique L' solution.

3) It follows from Theorem 6.1 that if V. € V! and (H3) is satisfied, then DRBSDE
(¢€,9+dV, L,U) admits a unique L' solution.
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Example 7.3. Let the generator g(w,t,y,z) = e ¥ + {/|z|sin|z|. It is easy to see that
this ¢ satisfies assumptions (H1) and (H2’) with p(z) = z in view of the fact that it is
decreasing in y. However, it can be checked that this generator does not satisfy the
assumption (H2)(i). We have

1) It follows from Corollary 4.5 that for each ¢ € I} (Fr) and V. € V!, BSDE (£,g+dV)
admits a maximal and a minimal L' solutions.

2) It follows from Theorem 5.4 that if V. € V! and (H3L) (resp. (H3U)) is satisfied,
then RBSDE (¢, g +dV, L) (resp. RBSDE (¢, g + dV,U)) admits a maximal and a
minimal L! solutions.

3) It follows from Theorem 6.4 that if V. € V! and (H3) is satisfied, then DRBSDE
(¢,9+dV, L,U) admits a maximal and a minimal L' solutions.

Example 7.4. Let the generator g := ¢' + g2 with

0" (w,t,,2) = hlyl) — el PN — e sin? 2] + /o] cos 2] +

\[1t>0

and
9w, t,y,2) = Yyl +ycosy + Iyl - 2] + |Be(w
where h(-) is defined in Example 7.2. It is not very hard to verify that g1 satisfies (H1)(i)
with p(x) = h(z), (H2")(i) and (HH) with f;(w) =1+ 3%/{1»0 + h(9), or(w,r) =R (6—)r+
r3e|Bf(“i)|4 +e"—1, A=1and « = 1/2, and that ¢2 satisfies (AA) with f,(w) = | B:(w)| + 2,
g=3,A=1and & =1/2. We have
1) It follows from Theorem 4.4 that for each ¢ € L' (F7) and V. € V!, BSDE (£,g +dV)
admits a maximal and a minimal L! solutions.
2) It follows from Corollary 5.6 that if V. € V1, (H3L)(i) (resp. (H3U)(i)) is satisfied and
L} € 8! (resp. U~ € 8Y), then RBSDE (&, g% +dV, L) (resp. RBSDE (¢, g% +dV,U))
admits a maximal and a minimal L' solutions.

3) It follows from Theorem 6.4 that if V. € V! and (H3) is satisfied for g2, then DRBSDE
(¢,g% +dV, L,U) admits a maximal and a minimal L' solutions.

We also note that this g1 satisfies neither assumption (H2) nor assumption (H2’)(ii).

Example 7.5. Let the generator g := ¢g' + ¢ with

g (@, t,y,2) = h(ly]) — VPP (e A1) - /2] cos 2] + -7

1
1
\/i t>0

9 (w,t,y,z) = ycos|z| + ¥/|z|siny + /1 + [y| + |2| + | B(w)[?,

where, with § > 0 small enough,

and

B z|lnz|ln|Inz| , 0<az <4
h(z)=<{ h'(6=)(x—§8)+h(s) , =>0;
0 , other cases.

It is not very hard to verify that ¢! satisfies assumptlon (H1) with p(z) = h(z), g(¢,0,0) =
%[100 —1, and ¢y (w,r) = h(6) + ' (6—)r + "B+ @I° 4 1, and assumption (H2’) with

( ) =0, u=0,A=1and « = 1/2, and that ¢? satisfies (AA) with f,(w) = |By(w)|*> + 2,

= )\:Qanda—l/2 We have

1) It follows from Corollary 4.5 that for each ¢ € I} (Fr) and V. € V!, BSDE (£,g+dV)
admits a maximal and a minimal L! solutions.
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2) It follows from Theorem 5.4 that if V. € V! and (H3L) (resp. (H3U)) is satisfied,

then RBSDE (¢,g + dV, L) (resp. RBSDE (¢,g + dV,U)) admits a maximal and a
minimal L' solutions.

3) It follows from Theorem 6.4 that if V. € V! and (H3) is satisfied, then DRBSDE

4)

(¢,g+dV, L,U) admits a maximal and a minimal L! solutions.

It follows from Corollary 5.6 that if V. € V1, (H3L)() (resp. (H3U)(i)) is satisfied and
Lt € S! (resp. U~ € 8'), then RBSDE (&, g% +dV, L) (resp. RBSDE (¢, g% +dV,U))
admits a maximal and a minimal L' solutions.

We also note that this g1 does not satisfy assumption (H2)@3).

Finally, we give the following remark to end this paper.

Remark 7.6. With respect to the work of this paper, we would like to mention the
following things.

1)

2)

3)

4)

5)

6)

7)

8)

The basic assumptions (H1) and (H2) of the generator g used in this paper are
strictly weaker than the corresponding assumptions used in Briand et al. [3],
Klimsiak [38], Klimsiak [39], Rozkosz and Stominski [55] and Bayraktar and Yao
[2] for the L' solutions, where p(x) = kz and ¢(x) = kx for some constant k >
0. Furthermore, assumption (H2’)(ii) is weaker than assumption (H2)(ii), and
assumption (HH) is weaker than (H1)(ii)(iii) and (H2’)({i).

All of conditions (2.5), (2.6), (3.2), (3.13), (3.14) and (3.18) used respectively in
Lemma 2.7, Lemma 2.8, Proposition 3.1, Proposition 3.2, Proposition 3.3 and
Remark 3.4 are very general, which is strictly weaker than the usual linear/sub-
linear growth condition of ¢ in (y, z). Indeed, when these conditions are satisfied,
the generator g can still have a general growth in (y, z), as can be seen in the proof
of our main results in Section 4, Section 5 and Section 6.

The way by which the comparison theorem (Proposition 3.5) is used in Theorem 4.2
and Theorem 4.4 is interesting in its own right.

It is uncertain that the generator g used in Theorem 4.4, Corollary 4.5, Theorem 5.3,
Theorem 5.4, Theorem 6.3 and Theorem 6.4 satisfies assumption (H1)(i), as can be
seen in Example 7.4 and Example 7.5.

Generally speaking, under the assumptions of Theorem 5.3, we do not know
whether the maximal L' solution of RBSDE (¢, g + dV, L) (resp. the minimal L!
solution of RBSDE (¢, g+dV, U)) can be approximated by a sequence of L! solutions
of BSDEs.

Generally speaking, under the assumptions of Theorem 6.3, we do not know
whether the maximal (resp. minimal) L! solution of DRBSDE (¢, g + dV, L,U) can
be approximated by a sequence of L! solutions of RBSDEs with upper barrier U.
(resp. RBSDEs with lower barrier L.). In particular, under the same assumptions
we also do not know whether an L! solution of DRBSDE (&, g + dV, L,U) can be
approximated by a sequence of L' solutions of BSDEs in general.

The continuity condition of g2 (resp. g) in (y, 2) used in Theorem 4.4, Corollary 4.5,
Theorem 5.3, Theorem 5.4, Theorem 6.3 and Theorem 6.4 (resp. Corollary 5.6) can
be relaxed to the left-continuity and lower semi-continuity condition in case of the
minimal L' solution and the right-continuity and upper semi-continuity condition in
case of the maximal L! solution, with a similar argument as in Fan and Jiang [21],
Fan [15] and Fan [18]. The same is in Corollary 4.6, Corollary 5.5 and Corollary 6.5.
Since the associated assumptions are more general, the results of this paper
strengthen some known corresponding works with respect to the L' solutions
obtained, for example, in Briand et al. [3], Briand and Hu [4], Fan and Liu [25], Fan
[17], Klimsiak [38] and Rozkosz and Stominski [55].
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9) Under assumptions (H1)(i), (H2’)(i), (HH) and (H3L) (resp. (H3U)), the existence of
an L' solution for RBSDE (¢, g + dV, L) (resp. RBSDE (¢, g + dV,U)) is still open.
And, under assumptions (H1)@), (H2’)(i), (HH) and (H3), the existence of an L'
solutions for DRBSDE (¢, g + dV, L,U) is also open.

A Appendix

In this section, we will supply the details omitted in the proof procedures of Proposi-
tion 3.1 and Proposition 3.3.

Complementary of the details for the proof of Proposition 3.1

Now, we will detail the proof of steps 1-7 after the equality (3.8).

Step 1. We show that Y. is a cadlag process. Let us first fix a positive integer
k > 1 arbitrarily. Note that f. € H' and sup,,»; [|Z"1.<7, M2 < 400 by (3.6). It follows
from (3.2) that there exists a subsequence {g(-,Y."’,Z"")1.<,, }32, of the sequence

{g(-, Y, Z™)1.<,, }32, which converges weakly to a process “h. in H!. Then, for every
(Ft)-stopping time 7 valued in [0,7], as j — oo, we have

/ Ls<r,g(s, Y9, 20)ds — / *heds weakly in L (Fr). (A1)
0 0
Furthermore, since

sup [E

n>1

T
/ |ZP <, |2t | < +o0,
0

it follows from Lemma 4.4 of Klimsiak [38] that there exists a process kZ e M2 and
a subsequence of the sequence {nj};?‘;l, still denoted by itself, such that for every
(F:)-stopping time 7 valued in [0, T,

/ Ly<r, 209 ~dBS—>/ *Z,-dB, weakly in L?(F7) and then in L' (Fr), asj — oo.
0 0

(A.2)
In the sequel, we define

t t t t
th::YO—Yt—/ khsds—/ dv;—/ dAS—s—/ kZ,-dB,, tel0,T).
0 0 0 0

Then, for each (F;)-stopping time 7 valued in [0, 7], in view of (3.8), (A.1), (A.2) and the
fact that Y,* 1Y, in L} (Fr), we can deduce that the sequence

TNATE TATE TATE TATE
K:L/J\‘rk = Yonj —YTn/{Tk _/0 9(575/3”1‘72:]')(15_/0 d‘/s_/o dAZLJ +/() Z:LJ st

converges weakly to ’“KTATk in ]Ll(]-'T) as j — oo. Thus, since K™ € VT for each n > 1,
we know that
kKal/\‘rk < kKG’Q/\Tk

for any (F;)-stopping times o7 < o9 valued in [0, 7']. Furthermore, in view of the definition
of K. together with the factsthat V. € V, A. ¢ V¥, Y? 1Y and Y* € S foreach n > 1, it
is not hard to check that *K. is an optional process with P — a.s. upper semi-continuous
paths. Thus, Lemma A.3 in Bayraktar and Yao [2] yields that ¥K_,,, is a nondecreasing
process, and then it has P — a.s. right lower semi-continuous paths. Hence, ¥K.,,, is
cadlag and so is Y.,,, from the definition of ¥K.. Finally, it follows from (3.5) that Y’ is
also a cadlag process.
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Step 2. We show that Y; > L, for each ¢ € [0,7] and

lim sup (V}" — Ly~ =0. (A.3)

N0 ¢c[0,T)

In fact, it follows from Fatou’s lemma and the definition of K™ that for each g € (0, 1),

N

0<E [(fOT(Yt - Lt)dt)ﬁ] < liminfE (/OT(W - Lt)_dt>ﬁ

‘ E[| K2|P
< lim Supp>1 [ T‘ ] —0

~ n—oo nﬁ

Since Y. — L. is a cadlag process, it follows that (Y; — L;)~ = 0 and hence Y; > L, for
eacht € [0,T). Moreover, Yy =Y' = ¢ > L. Hence

(¥ — L)~ 40

for each ¢ € [0, 7] and by Dini’s theorem, (A.3) follows.

Step 3. We show the convergence of the sequence {Y"} in the space of S” for each
B € (0,1). For each n,m > 1, observe that

[ (a2 = gl Y 200 ds k(K7 K — (47 = A7)
0

(A.4)
satisfies equation (2.1). It then follows from (ii) of Lemma 2.4 with p = 2, t = 0 and
T = 71, that there exists a constant C' > 0 such that for each n,m,k > 1,

E sSup |Y;57/l\'rk - }/IETT;C 2
te[0,T]
Tk +
< cB iy -vrpe sw (707 -y sz - akp)
) te[0,T] AT

(A.5)
Tk +

s ([T or v aar - )
t

te[0,T] ATk
Tk
[T v gt ) - gt v 2]
0

Furthermore, by virtue of the definition of K™ and A™ with (3.1) we know that for each
t € 0,77,

Tk
/ (Y7~ Y™) (KT — dKT)
tNATE

S

- /tm (Y™ — L) — (Y™ — L,)]dK™ — /tm (V" — L) — (Y™ — L) dK™

ATk ATk (A6)
< [ orenyarre [ oLy aRy
tATE tATE
< sup (YR, — Laar )" [KF| + sup (Yo, — Laar,) | K7
s€[0,T) s€[0,T]
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and

Tk
/ (Y7 — YI) (dAT — dAT)
t

NTk

[ -y - .- v @ar - aaz) (*7)
t

ATk

- / (U, - Y™)dA? / (U, - Y7)dAT <.
t

ATk tATE

Combining (3.2), (A.5), (A.6) and (A.7) with Holder’s inequality yields that for each
m,n, k>1,

E| sup [Yih,, - Yim, 2

ATk
te[0,T]

< By -vrP e [ v Rl
0
w(E
+C(E
B Tk 2 Tk 9 2
+2C)\(]E[/ |};”—th|2dt]> <EU (12 +12™) dt])
0 0

Note that Y 1Y, f. € HY, [V, [+|Y A, |+ LT, < kandsup, >, (B[ K2 2]+ Z"1.<-, [[v2)
< 400 for each k£ > 1 by (3.6). In view of (A.3), from (A.8) and Lebesgue’s dominated
convergence theorem it follows that for each k > 1, as n,m — oo,

D=

1
sup !(ETTkLtATk>I2]> (E[IK21%])? (A.8)
t€[0,T]

wp |V~ Lm.,rf]) ©B (K7
tE[O,T]

E sup |th7/l\7'k - }/1‘7/7\17% |2

t€[0,T)

— 0,

which implies that for each &k > 1, as n,m — oo,

. n
sup |Yih,,

—Y/%,.| = 0in probability IP.
te[0,T

And, by (3.5) and the fact that Y T Y. we know that

sup |Y" —Y;| — 0, asn — oc. (A.9)
te[0,7]

So, Y. is a continuous process, and then belongs to the space S? for each 8 € (0,1) and
the class (D) due to the fact that both Y! and Y. belong to them as well as Y/! <Y < Y.
Finally, from (A.9) and Lebesgue’s dominated convergence theorem it follows that for
each 8 € (0,1),

sup |Y;" —Y;|°
te[0,T)

=0. (A.10)

lim HY“ —Y”S{i = hm E
n—oo n—oo

Step 4. We show the convergence of the sequence {Z"} in the space of M” for each
B € (0,1). Note that (A.4) solves (2.1). It follows from (i) of Lemma 2.4 with ¢t = 0 and
7 = T that there exists a nonnegative constant C’ > 0 such that for each m,n > 1 and
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B € (0,1), we have

T 5
E (/ Z;L—Z;”dt)
0

T
< OB | swp 7P s | ([0 - v @K - dkT)
t€[0.7] t€[0.T] t

+7 2

T
+CE | sup ( JACERRED <dA;”dAs>>
] t

tel0,T

B
+7 2

= B

T
+O/E </ |st - }/Sm| |g(57Y9n7 Z:L) - g(S’}/sma Zgn)| dS)
0

2

Then, it follows from Holder’s inequality together with (A.7) that

8

T 2
E / |z — Z™Pdt

0
+ C’ <IE

1 T g ’
+ (B[EF])* + | B (/0 (Ig(t,Yt",Z?)l+|9(t7th,Zf’)|)dt> :

< C/E sup D/tn _ Y;mlﬁ

sup Y, — Y™
t€[0,T]

t€[0,T]

)2 (B [IKp])

from which together with (3.4) and (A.10) yields that there exists a process (Z;).co,1]
€ Nge(o,1)M” satisfying, for each 8 € (0,1),

N[

T
lim [|Z" — Z||ys = lim E (/ Z;L-Zﬂdt) = 0. (A.11)
n— oo n—o0 0

Step 5. We show the uniform convergence of a subsequence of the sequence { K"}
in the sense of almost surely. Since g is continuous in (y, z) and satisfies (3.2), by (A.9)
and (A.11) we can deduce that there exists a subsequence {n;} of {n} such that

T
lim [ [g(t,Y;", 2,") — g(t, Yy, Zy)|dt = 0,
Jj—o0 Jo
and then . .
lim sup / q(t, }Q’”,Z{”)dt—/ g(t,Yt,Zt)dt’ =0. (A.12)
I ¢ef0,7] |Jo 0

Thus, combining (3.7), (A.9), (A.11) and (A.12) yields that P — a.s., for each ¢t € [0, T,

t t t
K=y =¥ = [y zmas— [avi-ay+ [z ab,

tends to

t t t
K, ;:YO—Y;—/ g(s,YS,ZS)ds—/ dVS—At—i—/ Z, - dB,
0 0 0
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as j — oo and that

lim sup |K;7 — K| =0. (A.13)
I ¢e[0,T)

Hence, K. € V't due to K™ € VT for each n > 1. Furthermore, note by the assumption
that K < K2 for each n > 1 with klim K7+ = Kr € L!(Fr) for a subsequence {n;} of
c— 00

{n}. It follows that K7 € L!(Fr) and then K. € V*:1.

Step 6. We show that the convergence of the sequence {A"} in the space of S*.
Indeed, for each k£ > 1, define the following (F;)-stopping time:

t
oy :=inf{t € [0,T] : / |Zs|*ds > k} A T.
0
It is clear that o, — T as kK — +oo due to the fact that Z. € M. For each k£ > 1, we have

O Ok Ok
Ay, =Y, —Yo+/ g(s,Ys,Zs>d5+/ v, + K, —/ 7, -dB,,
0 0 0

and then

T
E[A,] < Yo + E ||V, | + / 195, Ve, Z2)|ds + V] + Kr
0

Letting £ — oo, in view of Fatou’s lemma and the fact that Y. belongs to the class (D),
yields that

T
E[A7] < |Yo| + E ||¢] + / (95, Ve, Z2)lds + |V + Kr
0

Furthermore, in view of (A.12) and (3.2), it follows from Holder’s inequality that

T
E / l9(s, s, Z,)lds
0

T
— E|lim lg(t, Y™, 2, )|dt

Jj—oo Jo

<E

J—0o0

T
lim / (o + N2 |°‘)dt]
0

< |1 F 1l + AT 2" || Z. st < +00.

T
- /0 (fo + A2t

Thus, we have E[Ar] < oo and A. € V1. Finally, note that 0 < A™ < A. for each n > 1.
From (3.7) and Lebesgue’s dominated convergence theorem it follows that

lim [|A" — A.||s: = 0. (A.14)
n— oo

Step 7. We show that the (Y., Z., K., A.) is an L! solution of RBSDE (¢, g+ dV, L, U).
In fact, it has been proved that Y. belongs to the class (D), (Y., Z., K., A.) € S? x M” x
Y+t x Y+l for each B € (0,1) and it solves

T T T T T
Yt:§+/ g(&YS,ZS)ds—i—/ dVS+/ dKS—/ dAS—/ Zs-dBg, te€]0,T)].
t t t ¢ t

By Step 2 we know that Y; > L, for each ¢ € [0, T], and then
T
/ (Y, — L;)dK; > 0.
0
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On the other hand, in view of (A.9) and (A.13), it follows from the definition of K™ that

T T
0

j—oo Jo
Consequently, we have
T
0

Furthermore, noticing that Y < U. and fOT(Ut —Y;") dA} = 0 for each n > 1, from (A.10)
and (A.14) we can deduce that Y; < U, for each ¢ € [0,7T], and

T T
0

n—oo 0

Finally, let us show that dK 1 dA. In fact, for each n > 1, we can define the following
(F:)-progressively measurable set

Dy = {(w,t) C Q% [0,T]: ¥"(w) > Le(w)}.

Then, from the definition of K" we know that for each n > 1,

T
/ ﬂDndKf] —0,
0

E

and, in view of foT(Ut —Y")dAR =0,

T
/ 1pe A7
0

Thus, noticing that D,, C D,,4+; foreachn > 1 due to Y." < Y"1, by (A.13) and (A.14)
we can deduce that

T
E —F / Ly er,<on|Us — Y7 (U, - V) dAp | =0
0

T T
0 J—roo 0 !
and
T T
E / lch dA[» = lim E / ]ch dA? = U.
0 n n—oo O n

Hence, dK 1dA. Proposition 3.1 is then proved.

Complementary of the details for the proof of Proposition 3.3
Now, we will detail the proof of steps 1-3 after eq. (3.17).

Step 1. We show the convergence of the sequence {Y"} in the space of S# for each
B € (0,1). For each positive integer &, > 1, we introduce the following two (F;)-stopping
times:

t
op = inf{tZO: Yt1|+|Yt+|V|t+Kt1+At+/fstZk}/\T;
0

t
Ty = inf{tz(): / fsk ds Zl}/\ak.
0
Then we have

]P({w : Hko(w),lo(w) 2 1, Vk Z ko(w), A7) 2 l()(w), Tk’l(w) = T}) =1. (A15)
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For each n,m > 1, observe that

/ (Gn (5, Y2, Z0) — gon(5, Y27, Z)) ds + (K" — K™) 1 (A™ — A™))

0

(A.16)
satisfies equation (2.1). It then follows from (ii) of Lemma 2.4 with p = 2, t = 0 and
T = T, that there exists a constant C' > 0 such that for each n,m,k,l > 1,

m

n 2
E sup |}/t/\‘f'kyl - }/;/\Tk11| ‘|

t€[0,T)

Jr
Tk,1
< CE ||y —Y™ >+ sup (/ (}g"—}/s’”)(dK;L—ngn)>
t

Thyt Tht
tG[O,T] ATk 1

+
Tkl
+ sup ( / ¥r—ym) <dA;“—dAz>>
t

tE[O,T] ATk 1

(A.17)

Tk,1
[ v v 2 - gnts. vz as).
0

Furthermore, note that L. <Y < U. and that fOT(Yt" — Ly)dK}! = fOT(Ut —Y™M)dA? =0
for each n > 1. It follows that for each ¢ € [0, 7] and k,1,m,n > 1,

Tkl
/ (Y7~ Y™) (dKT — dKT)
t

ATk 1
Tk,
- / (V" — L) — (¥ — L)) (KT — dKT) (A.18)
tATK 1
Tk,l Tk,l
- - / (V7 — LK™ — / (Y7 — L)dK" <0
tATE 1 EATE,L
and e
/ (Y7 — YI) (dAT — dAT)
tATK 1
Tk,
= [ Yy - - ) Ay - ) (a19)
tATE 1

Tk,l Tk,l

- [ wovma - [ @ vnaar <o
tATE 1 tATK 1

By the definition of 75, ; and the fact that Y1 <YY" <Y, we know that ]LSTN < Liyn<k

holds true for each k,l,n > 1. Then, combining (3.14), (A.17), (A.18), (A.19) and Holder’s

inequality yields that

E sup ‘YZ/L\T;C’Z - Yrtr/?‘rk,l|2‘|
t€[0,T]
Th,L B
< oB iy, vz P [ - vl (4.20)
0

+205\<E U ’|Yt”YtM|2dt]> (E[/ ’(|Z?+|Ztm|)2dtD
0 0

Note that Y! < Y™ 1 Y. < Y.. By the definition of 7 ; and (3.17), it follows from (A.20)
and Lebesgue’s dominated convergence theorem that for each k,1 > 1, as n,m — oo,

E

ATkl tATE,L
te[0,T]

sup |V, —-Y% |2] — 0,
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which implies that for each k£,1 > 1, as n,m — oo,

sup |Yia,, , — Yiar, | — 0 in probability P.
te[0,T] ' '

And, by (A.15) and the monotonicity of Y* with respect to n we know that

sup |Y" —Y;| — 0, asn — oc. (A.21)
t€[0,T)

So, Y. is a continuous process, and then belongs to the space S for each 5 € (0,1) and
the class (D) due to the fact that both Y.! and Y. belong to them as wellas V! < Y < Y.
Finally, from (A.21) and Lebesgue’s dominated convergence theorem it follows that for
each 8 € (0,1),

sup |V - Y|P | =0. (A.22)

lim [|[Y" =Y gs = lim E
n—oo n—oo t€[07T]

Step 2. We show the convergence of the sequence {Z"} in the space of M? for each
B € (0,1). Note that (A.16) solves (2.1). It follows from (i) of Lemma 2.4 with ¢t = 0 and
7 = T that there exists a nonnegative constant C’ > 0 such that for each m,n > 1 and
B € (0,1), we have

T
E / |z — Zm2dt
0

+
T
< CE| sup Y -Y""+ sup </ (Y =Y (dK?dK.Z”)>
t

8
2

B8

te[0,T] te[0,T)

B
2

T +
+C'E | sup < / (Y —Y™) (dA™ — dAg))
t€[0,7) t

- 8

T 2
+C'E (/ YS" =Y gn (s, Y Z) = gm (s, Y™, 257 ds)
0

Then, in view of (A.18) and (A.19), it follows from Hélder’s inequality that

T 2
E / A AU
0
1
2
e (E )
1

T B 2
E (/ <gn<t,Y;”,Zf>+|gm<t,1@m,zzn>>dt> ,

< CF| suwp vy -y

te[0,T)

sup ¥, —v;"|?
telo,)

from which together with (A.22) and (3.16) yields that there exists a process (Z;)¢cjo,1] €
Nge(o,1)M? satisfying, for each 8 € (0,1),

B

T 2z
lim ||Z" — Z.||ys = lim E (/ |z — Zﬂdt) =0. (A.23)
n—oo n—oo 0
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Step 3. We show that the (Y., Z., K., A.) is an L' solution of DRBSDE (¢, g +dV, L, U).
Since g, tends locally uniformly in (y, ) to the generator g as n — oo and satisfies (3.14),
by (A.21) and (A.23) together with (A.15) we can deduce that there exists a subsequence
{n;} of {n} such that

T
lim [ g, (t, Y, Z,"7) — g(t, Y2, Z¢)|dt = 0.
Jj— Jo
Then,
t t
lim  sup / gn, (6, Y, Z77)dt — / g(t,Yt,Zt)dt‘o. (A.24)
I ¢elo,1] 1J0 0

Combining (3.15), (A.21), (A.23) and (A.24) yields that

T T T T T
Yt:£+/ g(&YS,ZS)der/ st+/ dKSf/ dAsf/ Zs-dBs, t€[0,T].
t t t ¢ t

Since L; < Y/* < U; and Y* 1 Y, for each ¢ € [0,T], we have L; < Y; < U, for each
t € [0,T]. Furthermore, in view of (A.22) and (3.15), it follows that

T T
0 n—oo 0
and
T T
/ (U — Y)dK; = lim (U —Y,")dA} = 0.
0 n—=o0 Jo

Finally, let us show that dK LdA. In fact, for each n > 1, since dK"™ 1dA", there exists
an (F;)-progressively measurable set D,, C Q x [0,T] such that

T T
/ 1p, dK? / 1 pe dA?
0 0

Then, in view of (3.15) and the fact that dK < dK™ for eachn > 1,

E =K

T 00 T 0o T
0<FE / ]1UDnth] <> E / 11Dnth] <> E / ]1D"thn] =0
0 n=1 0 n=1 0
and
T T T
0 m— o0 0 m— oo 0 "

Hence, dK 1 dA. Proposition 3.3 is then proved.
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