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Rescaled Whittaker driven stochastic differential
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Abstract

We study some linear SDEs arising from the two-dimensional ¢g-Whittaker driven
particle system on the torus as ¢ — 1. The main result proves that the SDEs along
certain characteristics converge to the additive stochastic heat equation. Extensions
for the SDEs with generalized coefficients and in other spatial dimensions are also
obtained. Our proof views the limiting process after recentering as a process of the
convolution of a space-time white noise and the Fourier transform of the heat kernel.
Accordingly we turn to similar space-time stochastic integrals defined by the SDEs,
but now the convolution and the Fourier transform are broken. To obtain tightness
of these induced integrals, we bound the oscillations of complex exponentials arising
from divergence of the characteristics, with two methods of different nature.
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1 Introduction

The two-dimensional ¢g-Whittaker driven particle system on the torus [6] has an
interpretation as a discrete (2 + 1)-dimensional surface growth model. It is proven in [4]
that the fluctuations of the particle locations satisfy a system of linear SDEs in the limit
q — 1. Our main objective in this paper is to prove the weak convergence of these SDEs
to the additive stochastic heat equation. In this way, a full picture for the fluctuations of
the Whittaker driven particle system follows and it holds at the process level.

For q € [0, 1), the g-Whittaker driven particle system in [6] carries interlaced particles
occupying different vertices of a periodic lattice in two dimensions. These particles jump
to the right in the lattice according to rates defined by ¢ and distances to certain nearest
particles. The interlacing of the particles stays the same over time. Vertices occupied
by the particles can be mapped to certain edges in perfect matchings of a periodized
hexagonal lattice. These edges induce a certain height function for a discrete surface.
Hence, the particle system can be seen as a discrete surface growth model.

Through this correspondence, the particle system is believed to belong to the
anisotropic Kardar-Parisi-Zhang class described as follows. In general, the height
function H(z,t) of a surface growth model is expected to satisfy the following stochastic
partial differential equation (SPDE) [14]:

%—Ij(x,t) = vAH (z,t) + (VH,AVH)(z,t) + oW (x,t), xR (1.1)
Here, A is the Laplacian in 2 and W is a space-time white noise. The scalars v, o and
the 2 x 2 matrix A are physical parameters associated to the surface. The anisotropic
class consists of growth models where signs of the eigenvalues of A differ [23]. It is
predicted by Wolf [25] for this class that the expected noise in the height function should
behave like the expected noise in the Edwards-Wilkinson equation which is also called
the additive stochastic heat equation. (The additive stochastic heat equation is the SPDE
in (1.1) without the nonlinear term (VH,AVH).) See [22] for a broad discussion of
Wolf’s prediction and the recent mathematical progress. For physics introductions to
surface growth models, see the lecture by Kardar [13] and the monograph by Barabasi
and Stanley [1]. Walsh’s lecture notes [24, Chapter 5] give a solution theory of the
additive stochastic heat equation.

The first instance of Wolf’s prediction is obtained in [4] by taking an iterated limit of
the ¢g-Whittaker driven particle system. The first limit is as mentioned above, showing
that the fluctuations of the particle locations converge to the solution {&(z);x € R} of a
system of linear SDEs as ¢ — 1. Here, R is a finite quotient group in Z? and describes
the locations of the particles in a reduced manner. See [4, Theorem 1] or Example 2.2
for these SDESs, and they are called the Whittaker driven SDEs in this paper.
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Our main interest arises from the other limits in [4] in proving Wolf’s prediction for
the particle system, which we now recall. The Whittaker driven SDEs are defined with
the drift vector A¢ for ¢ € R and a constant matrix A. A crucial observation made in
[4] is that the discrete Fourier transform of A:

Ak) =S Agpe @R ke R, (1.2)
TER
satisfies
-~ k, Qk
M@:fMMH+L§l+OMm,k%Q (1.3)

for a real vector U and a real strictly negative definite matrix (). In terms of Fourier
multipliers, a Laplacian defined by the quadratic form in (1.3) is thus hidden in the drift
vector of the Whittaker driven SDEs. Let the Whittaker driven SDEs be subject to the
following spatial mesh points at time 6~ 't:

|67 Ut + 67 Y2(—Q)Y%2|, zeR2 (1.4)

Upon passing R  Z? and then § — 04, the SDEs are proven in [4] to converge to the
additive stochastic heat equation in terms of the correlation structure. It is pointed out
in [4] that only a few properties of the matrix A (Assumption 2.4) are needed to obtain
this convergence.

The main theorem of this paper (Theorem 3.1) proves convergence of the distribution-
valued processes X° which are defined by the (R  Z?)-limit of the Whittaker driven
SDEs subject to the generalized matrices A mentioned above. In other dimensions d,
X9 defined by some generalized Z?indexed processes also converge to the additive
stochastic heat equation. The limiting scheme is for § — 0+ and in the path space of
continuous, distribution-valued functions. The definition of X° in any case incorporates
discrete characteristics as in (1.4) and the Edwards-Wilkinson growth exponent (d —
2)/4. The SDEs from [4] and the present result give a proof of the Edwards-Wilkinson
fluctuation in the Whittaker driven particle system, now at the process level.

The proof of the theorem focuses on the stochastic integral part Z° of X°. We
view its convergence as § — 0+ as convergence of integrands of space-time stochastic
integrals and do not use the limit of covariance functions from [4]. This viewpoint begins
with the fact that the corresponding part of the solution of the additive stochastic heat
equation can be written as a stochastic convolution of the space-time white noise and the
Fourier transform of the heat kernel by It6’s and Plancherel’s isometries. We find that
Z° satisfies a similar form, the difference being that its integrand shows truncation of
spatial domain and discretization from the characteristics. This representation provides
an alternative explanation of the emergence of the additive stochastic heat equation.
The choice of the characteristics in (1.4) also arises naturally from the usual diffusive
scaling of space and time (see the discussion before Proposition 4.2). Nevertheless, the
discrete characteristics diverge and break the convolution and the Fourier transform
to the effect of inducing new oscillations from complex exponentials. These properties
make it the central question whether the regularity of Z? will be lost in the limit.

We obtain the tightness of Z° by two different methods (Sections 4.1.3 and 4.1.4).
The first method proves a uniform Holder condition of the covariance functions since
79 are Gaussian processes. The other one generalizes the factorization method (cf. [8]),
viewing Z° as stochastic integrals that approximate stochastic convolutions. Either
method relies on a semi-discrete integration by parts to obtain precise decay rates of the
broken Fourier transforms in the stochastic integral representation of 7 % (Section 4.1.1).
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Figure 1: A set representation of R,, with m = 4 and ms = 1. The vertices are
(7%7 *2)7 (%7 72)3 (%a 2)a (*%7 2)

Organization of this paper. In Section 2, we discuss the explicit solutions of the
Whittaker driven SDEs and their limit as R * Z2. In Section 3, we set up notations for
the main theorem (Theorem 3.1) of this paper and outline its proof. The proof is divided
into Sections 4 and 5. As we need more complicated notations after Section 2, the reader
can find a list of frequent notations for Sections 3-5 in Section 6.

Acknowledgements. The author would like to thank an anonymous associate editor,
an anonymous referee, Fabio Toninelli, and Edwin A. Perkins. The associate editor and
the referee provided valuable comments that significantly help improve the presentation.
The extension beyond two spatial dimensions of the author’s earlier proof is suggested
by the associate editor and Fabio Toninelli. Edwin A. Perkins pointed out [24] in a brief,
but illuminating, conversation on the additive stochastic heat equation.

2 Fourier representations of the Whittaker driven SDEs

In this section, we specify the Whittaker driven SDEs and their generalizations. Then
as in [4] we represent these SDEs in terms of Fourier transforms and derive their infinite
volume limits.

First, we recall the discrete quotient groups that label coordinates in the SDEs. Given
two positive integers mz and m such that my/m € (0,1), R, is defined to be the quotient
group Z?/~, where the equivalence relation ~ is given by

T~y &=z + (jim,jam) =y + (jame,0) for some ji,j» € Z (2.1)

[4, Remark 1]. The quotient group Z?/~ can be identified as a discrete parallelogram
subject to periodic boundary conditions. Whenever R, is used as a set, we always refer
to the discrete parallelogram defined by (2.2) below. See Figure 1 for an example of this
set representation of R,,.

Proposition 2.1. The quotient group Z? /~ is isomorphic to the quotient group defined
as the discrete parallelogram

m m m m m m
{(xl,xz)EZQ‘—§§x2<§,—2 —72$2§$1<5—E25E2} (2.2)
subject to the pasting rule “=” as follows:
(1) Points on the lower and upper edges are pasted together by the rule
m m m mz m ma
y T ) = - s o ) v |:_7 5 o 7)0Za
(= 2) (= m22) nelTy Tt ety
which is along the direction defining the left and right edges.
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(2) Points on the left and right edges are pasted together horizontally.

Proof. Write P,, for the discrete set defined in (2.2). For z,y € P,,, * ~ y implies
x = y since, with respect to the notation in (2.1), jo = 0 by the assumption that
—m/2 < m3,y2 < m/2 and then j; = 0 for a similar reason. Also, any point in Z? is
~-equivalent to a point in P,, by the observation that the translated parallelograms
P + (jim — jama, jam) for ji, jo ranging over Z tile the whole space Z?. Hence, we
conclude that there is a natural isomorphism between Z? /~ and P, /=. ]

Given the set R,,, consider the following system of linear SDEs:

A (z) = Y Ay & (y)dt + VudWy(z), € Ry, (2.3)
YERm

Here, 4, , € Rand v € (0,00) are constant, and {W(z);z € R,,} is an m?-dimensional
standard Brownian motion.

Example 2.2 (Whittaker driven SDEs). In [4], the SDEs derived from the Whittaker
driven particle system on R,, are defined by (2.3) with the following coefficients:

(1—eP)1—-eB)

v 1—e ¢
and
e P(1—eP) B e C(1—eP)1—eB) B e B(1—-eP) .
1—e© (1-e9)2 1—eC Y70
e P(1—e B
B 1—eC y:x—|—(—1,0),
Apy={ e 91-eP)1-ebB)
! = -1
Er=aE y=x+(0,-1),
e B(1—eP)
1—eC y:$+(17—1)7
0, otherwise,
for constants D € (0,00),C € (0,D), and B = D — C with C/D = my/m. |

In the sequel, we work with more general matrices A satisfying only Assumption 2.3
and Assumption 2.4 stated below. See [4, Section 4, especially Theorem 2 and Remark 5]
for these assumptions. In Remark 2.5, we will recall the reason why these assumptions
are satisfied by the matrix in Example 2.2.

Assumption 2.3. Ford > 1, E(k‘) : R? — C satisfies the following conditions:
(1) /T(k) is 27-periodic, is in €>°(R?), and satisfies m = A(—k).
(2) A(0) = 0 with iVA(0) € R%.
(3) The function
R(k) < A(k) + A(—k) = 2Re A(k), ke R% (2.4)
satisfies
R(k) = Q(k) + O(|k]*), k—0, (2.5)
with Q(k) = (k, Qk) for a real strictly negative definite matrix Q.
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(4) R(k) defined by (2.4) is nonpositive and its only zero in T¢ is k = 0. [ |

Here in (4) and throughout this paper, T¢ = [—7, 7]¢

conditions are implicitly imposed.

is a set and no periodic boundary

Assumption 2.4. A is a matrix indexed by Z? x Z? such that, for some integer mg > 2,
A restricted to R,,, X R,, satisfies the following conditions every m > my:

(1) Translation invariance holds on the quotient group R,,:

Af-,y = Aﬂ?+2,y+zv v T,Y,2 € R (2.6)

(2) The discrete Fourier transform g(k) defined by (1.2) with R = R,,, satisfies As-
sumption 2.3 with d = 2.

Moreover, these discrete Fourier transforms on R,, x R,, are independent of m for
m > mg. |

Notice that the constancy of the Fourier transforms in Assumption 2.4 is equivalent
to the finite support property of z — A, o on 72

Remark 2.5. The matrix A in Example 2.2 satisfies the translation invariance in Assump-
tion 2.4. By this property and the group property R,, = —R.., A(k) and R(k) defined by
(1.2) and (2.4) take the following simple forms: for all £ € R?,

A(k) = Z Ag pet®h)

TERm
= Ao7o + AO,(17_1)ei(k1*k)2) + A07(0,_1)efik2 + A07(_170)67ik1,
R(k) = A0,0 + AO,(l,—l) COS(kl - k2) + AO,(O,—l) COS(kQ) + AO,(—l,O) COS(kl),

These explicit forms can be used to verify the rest of Assumption 2.4. See [4, Proposition 2
and Appendix B] for the details. |

Assumption 2.4 is in force in the rest of this section.

Recall that the explicit solution to the linear system in (2.3) is given by

§a) =Y e+ > ﬁ/o I (@, y)dW(y), Yo ERm  (2.7)

YERm YERm

(cf. [12, Eq.(6.6) in Section 5.6]). Here in (2.7), et4 is understood to be the usual matrix
exponential of the sub-matrix of A restricted to R.,, x R,,,. Note that even in the Whittaker
driven case (Example 2.2), A is not a generator matrix. So not all of the entries of these
matrix exponentials are nonnegative. We decompose the Gaussian process £ into

E’Hl — nm + <m7 (2.8)

where n"(x) and ("(x) are defined by the first and second sums in (2.7), respectively.
We say that ™ is the deterministic part of {”* and (" is the stochastic part.
To apply Assumption 2.4, we turn to the Fourier transform of ™. Define

1.
fula) Ee’““) (2.9)
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and

> &) frlz), €eCRm. (2.10)

TERm

Then the translation invariance in Assumption 2.4 and the definition (1.2) of E(k) imply
that for any analytic function F', the usual multiplier formula holds:

F(A)E (k) = F(A(K))E(k), Y ke R (2.11)

The processes n™ and (™ can be represented by their Fourier transforms ﬁ”\l(k)

and C/T\”(k:). For this purpose, it is enough to require that k£ be points ranging over the
following set:

e 2 2
/Cmdzf{ (Fﬁ, i(@rl +7“2)>
m - m\m

The additional properties that we need are summarized in Lemma 2.6 below (see [21,
Chapter 1] or [4, Section 3.1]). For any subset E of Z2, write

TlaTQEZ,—?Sﬁ,T2<T;}. (2.12)

(@1, 02 = Y d(x)da(w). (2.13)

z€E
Lemma 2.6. Let f; and K,, be defined by (2.9) and (2.12), respectively.
(1) For any k € K,,, fi is well-defined on the quotient group R,,.
(2) {fx;k € K} is an orthonormal basis of (CRm (- g, ).

m

(3) The following inversion formula holds:

= Y k) fu(z), VzeR,. (2.14)

ke m

Corollary 2.7. With respect to the decomposition in (2.8), it holds that

= > WGk fi(o), (2.15)

ke,

=V Y / (=AW AW, (k) fi () (2.16)
ke,

for all x € R,,, where {/W(k); k € K,,} is an m?-dimensional complex-valued centered
Brownian motion defined by

Wik) = 3" Wily) fu(y)- (2.17)

YERm

Proof. Since ;" = etAg(’)” by definition, (2.15) follows from (2.11) and (2.14). Similarly,
we obtain from the definition of (" that

—Vi Y [ X AT R )
YERm V0 keKmn,
=T Y [T W)
ke
EJP 24 (2019), paper 36. http://www.imstat.org/ejp/
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which is (2.16). ]

The next result uses the above Fourier characterizations to define the limit of £™ as
m — oo. See also [4, (6.4) and (6.8)] for the following limiting mean and covariance
functions. To state the result, we introduce some notation. For all m > mg, we extend
£™ to the whole space Z? by setting

EM(x)=0, Vze R[En

The same extension applies to n”* and (™. Also, we write

Koo () 4! {(k;l,/@) ER| —m <k <77 < ko — TRy < 7r} (2.18)

and Cov[X;Y] = E[XY] — E[X]E[Y] for complex-valued random variables X and Y.

Proposition 2.8. Assume that (1) the my’s defining R, ’s are chosen so that lim ms/m=
m—00

m and (2) the initial conditions &)* satisfy

sup sup |m&P(K)| < oo, and for somefi € €(R?), lim mé (ky) =f(k) (2.19)
meNk' ek, m—00

for all k € K (M) and sequences (k,,) such that k,, € K,,, and k,, — k.
Under these assumptions, the sequence {{™(x);x € Z?} converges in distribution in

CRy, IR)Z2 to a Gaussian process £ = {£>(z); x € Z*} characterized by the following
equations: forall0 < s <t < oo and z,y € Z2,

1 o
E[¢°(x)] = W/w dketAR k) (k) (2.20)
v $ ~ . ~ .
Cov[e® (2); €2 (y)] = (%)2/0 d,,ﬁ/W Ahes—N AW i lka) (t-P AR =ik} (2.21)

Moreover, by (2.20) and (2.21), £°° admits an extension, still denoted by £°°, which is a
jointly continuous real-valued Gaussian process indexed by R, x R2.

Proof. We compute the mean function and covariance function of £™ in the limit m — oo
first. By (2.15), (2.19) and dominated convergence,

m— 00

: m 1 A -~ i x
lim n"(z) = W/’C - dketA B (k) et (k)

1 2 .
= (2)2/ dke AR (k) et k) (2.22)
T T2

where the last equality follows from the 27-periodicity of the integrand. (K., (7) can be
read as the limiting parallelogram of K,,, in R? as m — c0.) For the covariance function,
first notice that by Lemma 2.6 (2), the complex-valued Brownian motion in (2.17) satisfies

Cov[W,(k); Wo (k)] = Sp_prs, YO<s<t<oo, kk € Kpn. (2.23)
Hence, for any z,y € Z2 and m large such that z,y € R,,, (2.16) gives

Cov[&5 (@) & ()]

v s ) A 5 N TS ¢ N A ’ (k! = 1
- YE| Y / (=N AK) 362D 4T (k) x / (=P A (=5 9 T (1)
m kol €l YO 0
EJP 24 (2019), paper 36. http://www.imstat.org/ejp/
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Z / drels=MAW) gilk.a) (t—) (k) ;~iCky) (2.24)
kE]C
U [T [ dpete—nAR) gk (=) A(—k) —i0k.y) (2.25)
m—o00 (27‘1’)2 0 T2 .

by dominated convergence and the 27-periodicity of the integrand as above in (2.22).

Next, we show the weakly relative compactness of the sequence of laws of £™. For
any 0 < s <t < T and z,y € Z2, (2.24) gives

E[|6"(y) - ¢ (@)[°]

(Y
~ ~ ¢ ~ N
— % Z (/ dr| (=AM g1 (k) 7e(sfr)A(k)ei(k,a:)|2+/ dre(tr)A(k)e(tr)A(k)>
eELm s
§mi Z U dr(2|et MAR) _ (=) AK) |2 g 9] els=n) (k>(ei<k,y>,ei<k,x>)|2)
eLm
/ Qe t—)AGK) (¢ rmm]
v ~
<. (28\A(k)l2\t—SI2+2SIy—xl2+It—sl)7 (2.26)

ke,

where the last inequality uses the following inequality:
le*t — e*?| < max{|e*|, |e®*|} - |21 — 22|, V 21,20 € C, (2.27)

and Assumption 2.3 (4). Now we use (2.26) with z = y, Assumption 2.3 (1), and the fact
that the fourth moment of a centered, real-valued Gaussian with variance o2 is given by
30*. Hence, for any T € (0, 00), we can find Cs g and € > 0 such that

SU%E[ ¢ (z) — C;"(x)|4] < Conglt—s|'™, VO<s<t<T, x€Z. (2.28)
me

A calculation similar to (2.26) shows the equicontinuity of {n™(z);m € N} for all z €
Z2. Hence, by Kolmogorov’s criterion [20, Theorem XIII.1.8], we obtain the weakly
relative compactness of the sequence of laws of ¢ (x) for every fixed » € Z2. By [10,
Proposition 3.2.4], an extension to the sequence of laws of ¢ applies. Then (2.20) and
(2.21) follow from (2.22) and (2.25), respectively.

Next, we show that £*° admits an extension to a jointly continuous Gaussian pro-
cess. The extension after recentering, called (*°, can be obtained from the standard
reproducing kernel argument for the following family of functions in Ly(Ry x T2 drdk):

(r k) —> ;ﬁ]l[o,s] (r)e(s_r)g(k)e“k’m), (s,2) € Ry x R2. (2.29)
T

A jointly continuous modification of (*° follows since an argument similar to (2.26) gives

E[|¢°(y) - ¢ (@)]]

—~ (2.30)
< 21 a2 2 _
< Gy /de <23\A(k)| [t — s|? + 2sly — x|? + |t s|)

forall 0 < s <t < oo and z,y € R?. Hence, an analogue of (2.28) holds. The proof is
complete. |
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3 The main theorem

3.1 Setup

Fix v € (0,00) and d > 1. Let A satisfy Assumption 2.3 and p € ¢, (Z%) with Fourier
transform

k) =Y p(x)e ) e g(TY). (3.1)

z€Z

We consider a real-valued Gaussian process {£°(z); x € Z¢} with initial condition y. Its
mean function and covariance function are given by the following generalizations of
(2.20) and (2.21): Forall0 < s <t < oo and z,y € Z%,

1
(2m)? Jpa

Cov[£° (2); €7 (y)] = (;)T)d/o dr/w Alee (5= AK) i (k) (t—1) A(=k) y—i(k.y) (3.3)

B¢ ()] = dket AW e k) (k) (3.2)

The proof of Proposition 2.8 shows that £°° exists and allows for a jointly continuous
version on R x R4,
To state the following theorem, we define

U = iVA(0) (3.4)
and let V be the square root of —Q~! so that
Q=—(V"H2 (3.5)

Here, U € R¢ by Assumption 2.3 (2) and Q is real and strictly negative definite by Assump-
tion 2.3 (3). Also, write S(R?) for the space of real-valued Schwartz functions on R? and
S’(R?) for the space of bounded linear functionals over R on S(R?) [19, Section V.3]. By
convention, S'(R?) is equipped with the weak topology. Given {1°}s¢(0,1) C ¢*(Z%), con-
sider £€>°9 satisfying (3.2) and (3.3) with ¢ and x replaced by £°-% and p’, respectively.
Then we define S’(R?)-valued processes X° by

X3(¢p) & 55 /R €2 (07Ut + 672V 12])p(2), ¢ € S(RY). (3.6)

The growth exponent ‘%2 of the Edwards-Wilkinson equation is applied in (3.6) [1,
(5.16)]. Our goal is to prove the convergence of X% as § — 0+ to the solution of a
stochastic heat equation under suitable assumptions on the initial conditions &;° % The

main result is stated in the following theorem.

Theorem 3.1 (Main theorem). Letv € (0,00) and d > 1. Let A satisfy Assumption 2.3
and {M6}5e(0,1} C £1(27) satisfy
d+2

55 WPV yely) —— p(), Vo e S(RY), (3.7)

6—0+
yest/2vzd

for some ;° € S'(R?). If €>° are continuous Gaussian processes subject to 530’5 =,

(3.2) and (3.3), then the processes X° defined by (3.6) satisfy

X‘S%Xo in C(Ry,S(RY).
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Here, the limiting process X° is the pathwise unique solution to the following additive
stochastic heat equation:

0 0 .
L{;‘; :A;( + /ol det (V)] W, XQ = | det(V)[, (3.8)

subject to a (d + 1)-dimensional space-time white noise W on R, x R¢,

Remark 3.2. (1) See [2, 3, 5] for rescaled limits of related growth models in (2 + 1)
dimensions and [16, 11] for results in higher dimensions.

(2) Pathwise explicit solutions for general additive stochastic heat equations can be found
in [24, Theorem 5.1 on page 342]. See also [15] for uniqueness theorems of general
stochastic equations.

(3) Suppose that pd(z) = (5¥@[1(§1/2x) for some ¢ € S(R?). Then the convergence in
(3.7) holds with

5§ o wETPV ey = Y PRV y)e(y)

yes/2vzd yes/2vzd

50+ |det(V)] Rdw(vfly)ﬂy)dy- [ |

3.2 Outline of the proof
For the proof of Theorem 3.1, we decompose the Gaussian process £>°+° according to
its deterministic part and stochastic part as in Section 2:
00,8 00,8 00,8
& (@) =mng (@) + G0 (@) (3.9)

That is, nfo"s(a:) is the mean function of ffo"s(a;) in (3.2) and (> is a centered Gaussian
process with a covariance function given by (3.3). The analogous decomposition of X°(¢)
is defined by:

X[ (9) =Y/ (9)+ Z(¢), &€ SR,
where

def

Y2 (¢) = . den? (071Ut + 672V 12 ))g(2), (3.10)

7)< /R Az (071Ut + 6712V 12 )Y (2). (3.11)

Also, to lighten notation, we use the following notation from now on: for 0~/2T¢ = R¢
and any § € [0, 1],

t t
/ / O(r, k) o W(dr, dk) % / / Re &(r, k)W (dr, dk)
0 J§—1/2Td o J§—1/27d
t
+ / / Tm & (r, k)W2(dr, dk).
0 §—1/21d

Here, W' and W? are independent copies of a space-time white noise. The covariance
measure of W/ is given by drdk:

E (W (¢1)W{ (¢2)] = min{s, t}(¢1, d2) 1, (ma,an)-

In Section 4, we show that the weak limit of the family of laws {Z 5}56(071] as d — 0+
is given by the law of a C'(R, S’ (R?))-valued random element Z° solving the following
additive stochastic heat equation:

Z0(¢) /Ot Z0 <A2¢> ds+\/m/ot /Rd (k)W (dr, dk). (3.13)

(3.12)
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In the preliminary steps of the proof, we explain the choice of the characteristics
in (3.11) (Proposition 4.2). The discussion also shows that Z‘5(¢) admits the following
stochastic integral representation (Proposition 4.2):

t
Vo / / OO (r, k) @ W(dr, dk), (3.14)
0 5—1/2‘]1‘11

where
(I)f('ﬂ k) = 65*1(tf’r’)[2(51/2k)+i<61/2k7U>]

X #
(27)d/2

/ dz¢(z)ei<61/2k,Lé‘lUt+6_1/2V_1zj>7i(61/2k,6_1Ut). (3.15)
Rd

Our proof of the convergence of Z° is based on (3.14). Assumption 2.3 implies

STUA(ESY2k) £ i (6Y2k,UY) = @ + O(8Y2 k%), (3.16)
and so (3.15) shows that
: 5 _ 50 def (t—r)Q(k)/2 1 i(k,V71lz
JAim @)(r, k) = @ (r, k) = e(t=mRK)/ (27r)d/2/R dzg(z)et . (3.17)

Hence, passing § — 0+ in (3.14) yields the following stochastic convolution:

t
290) % o / / cETIRM/2 F g (k) o W(dr, d), (3.18)
0 JRd
where
e 1 ;
R4

In Section 4.1.5, we prove (3.13) by It6’s and Plancherel’s isometries as mentioned in
Section 1.

The main argument of the proof is to show that Z° converges in distribution to Z°
as processes taking values in S’(R%). We use Mitoma’s conditions [17, Theorem 3.11]
for tightness of probability measures on C(R,S’(R%)). This amounts to verifying the
tightness of the family of probability measures of {Z‘s(qzﬁ)}(;e(m] for any fixed ¢ € S(RY).
We decompose the integrands in (3.14) to handle the approximation errors from (3.16)
and the following integrals in (3.15):

dz¢(2)ei<5l/2k‘,L571Ut+571/2V712J>7i<51/2k,571Ut> (3 20)
g . .
Then we proceed as discussed at the end of Section 1.
The main result of Section 5 (Proposition 5.1) shows that Y9 converges to Y0 as
S’(R%)-valued continuous processes. This limit Y satisfies

t
vO(0) = eVt + [ v (52) as. @.21)

- (d) c e .
In summary, writing ﬁ for convergence in distribution as § — 04, we have
—0+

X6:Y6+Z6 (d) Y0+Z0:XO
§—0+ '
Moreover, we obtain from (3.13) and (3.21) that X° solves the additive stochastic heat

equation defined in (3.8).
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4 Convergence of the stochastic parts

In this section, we prove the convergence of 7 % defined in (3.11). First, we start with
some preliminary results.

Proposition 4.1. For any § € (0,1], the stochastic part (> in (3.9) continuously
extended to R, x R? satisfies the following growth bounds:

2r

E | sup sup  sup |(t°°’6(y)‘ < oo, Vre(df2 0). (4.1)

weza 1+ ||x||oc t€[0,T] yex+[0,1)4

Hence, for every § € (0,1], Z° takes values in D(R,,S’(R%)) almost surely.

Proof. We partition Z¢\ {0} according to the level sets E,, = {z € Z%;2" ! < ||z]o < 2"}
for n > 1. Since [{x € Z¢;||z|| = n}| < Cqn?~* for some constant C,; depending only on
the dimension d, we have |E,| < 232:;}_1 Cy79=1 < C4- 274, Tt follows that for r > d/2,

2r
E | sup sup sup Cm’é(y)
Lezd L+ (12125 sef0,7] yeat(o,1) | ! ’

1 5.\ 12
+Y E|sup sup  sup |G (y)[*"
Z LeEn L+ (=25 t€[0,T] yez+[0,1)¢ K

<E| sup sup |Ct |2T
te[0,T] ye[0,1)4

—  Cq-2m
= <1+Zl+22r(n 1)>IE

Here, in the second inequality, we use the spatial translation invariance of (> from
(3.3). By an analogue of (2.30), the Gaussian property of ¢ 0.9 and Kolmogorov’s criterion
for continuity [20, Theorem 1.2.1], we deduce that the expectation in (4.2) is finite. We
have proved (4.1). The required property of Z° then follows from the almost surely
polynomial growth of (*°+° implied by (4.1). |

sup  sup |Ctoc’6(y)|2’“] < 0. (4.2)
t€[0,T] ye[0,1)¢

Next, we explain the choice of the characteristics in (3.6). Under the diffusive scaling
(6=/2k,671r) of space and time, we consider the covariance function of the process ¢>°
defined by (3.3): for any a,b € Z¢,

B[ ()¢5, (b)]
51 ~ ~
U) / ar dkeafl(sfar)A(k) (k) o8 (t—67) A(— k) —1(h.D)

(27r
/ dr/ di e (=) AR L3(6Y/ 2K a)
§5—1/2Td

6_1(t r)A(— 61/2k) (612K b)

by changing variables to §'/2k’ = k and § '/ = r. To elicit a Laplacian via the quadratic
form (k, Qk)/2 in (3.16), we write the last equality as

E[(7,(a)C5%), (b)]

S —~
dr' dk,/e(S*l(s—r’)[A(él/zk/)+i(61/2k’,U>]ei(él/zk’,a)—6’lsi(61/2k’,U>

§—1/2Td (4.3)
66’1(t—r/)[g(—élmk’)—i(él/zk’,U)]e—i(él/zk’,b>+6’1ti(61/2k’,U>

Note that an additional factor (¢ for ¢ = e~ '7'#3"*k".U) ig introduced.
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To get a nontrivial limit from (4.3), it is necessary to remove the scaling factor
§“%". Also, we need to choose a,b € Z¢ to remove the large terms 6~ 'si(6/2k’, U) and
6~1i(6Y/2k',U) in the exponents. The chosen a,b need to induce the Edwards-Wilkinson
limit (recall (3.17)). Taking all these into account, the reader can see that one choice of
(a,b) is

a=[0"Ws+6"V2v 7z, b= o"tUt+ 0"V

This leads to the definition of Z°% in (3.11).
From (4.3), we get

B[Z20)Z0)] = [ d20() [ 420l (e, 2), @.4)
where

S
v e D INTA(SI/ 200N s (51/27.0
Hg t(za Z/) _ y dr’ dk/eé (s—=r")[A(6"“k")+i(6 /K", U)]
’ (2me J, §—1/2Td
5 61(51/2k’,[6*1Us+5*1/2V*12j>76*151(61/2k’,U)
% 66_1(tfr’)[2(751/2k’)7i(61/2k’,U>]

% 6—1(61/2k/,[6*1Ut+6’1/2V*1z’j>+6’1ti<61/2k’,U>

For our purpose below, it is more convenient to rewrite (4.4) by the following change-of-
variable operator Ty on S(R?):

dv(2) = Tv(z) & | det(V)|6(V2) € SRY). (4.5)

We summarize this discussion in the following proposition.
Proposition 4.2. For any fixed ¢ € S(R?) and 6 € (0,1], Z°(¢) defined by (3.11) has the
same law as the process
t —~
Z}(¢) = ﬁ/ / O UDIAE G IR U 68 (k) o W(dr,dk)  (4.6)
0 5—1/2']1‘(1

in D(R,,R). Here, ¢} is a transformation of ¢ given by

def 1 (5172 -1 —1/2 1y _j(st/2 -1
AU /R [ dzgy (z)etl® TR0 TUER R TR0, 4.7)

where ¢y is defined in (4.5).

Proof. By (4.4) and (4.5), the Gaussian processes Z5(¢) and Z‘S(qﬁ) have the same covari-
ance function. Since they have cadlag paths, they have the same law in D(R{,R). H

Henceforth, we identify 7/ ‘5(¢) with the stochastic integral defined in (4.6).

4.1 Tightness
4.1.1 A semi-discrete integration by parts formula
We write

. 162 k/2 (6151/2k/2 _ 6—151/%/2)

Ss(k) = i , ke V2T, 5 e (0,1). (4.8)

EJP 24 (2019), paper 36. http://www.imstat.org/ejp/
Page 14/33


https://doi.org/10.1214/19-EJP289
http://www.imstat.org/ejp/

Rescaled Whittaker driven SDEs converge to the additive SHE

This sine-like function S5 will be used repeatedly in the rest of this paper, along with the
following two properties:

2
k| < |Ss(k)| < |k, Y ke s V2T,
& (4.9)

Jm Ss(k) =k, VEkeR

The first property in (4.9) follows from Jordan’s inequality.
Proposition 4.3. Forany f € ¢,(Z),n € Z,, 5 € (0,1] and k; € 6~ /2T \ {0}, we have

i6Y %k a (=" 162k 21 on
e W (1) = ———x e e f(xy), (4.10)
ajlzez ' (185(1‘71)) g;lzez ’ '

where S; is defined in (4.8) and Vs is the ordinary (backward) difference operator defined
by

flx1) = flz1 = 1)
5172 :

Vsf(r1) = (4.11)

Proof. It suffices to prove (4.10) for n = 1. The case of general n follows from iteration.
Now, summation by parts gives

it/ x
>R ()
x1EZL
N 1/2 s i 1/2
=Jim 7 TR AN) = 30 X TR+ 1) = fa)):
r1=—N r1=—N m=—N

Since k; € 6~ /2T \ {0}, we have

z1 eid" ki (wi41) _ o—i8"/ 2k N

Z ei0!Phim _
N ei51/2k‘1 _ 1
m=—

Then by a telescoping sum argument and the assumption that f € ¢1(Z), we get from the
last two equalities that

S e )

T1EZL

© o102k (2141)

=— > <6151/2k1_1> [f(z1+1) = f(z1)]

r1=—00
0o

~1 S e fo) = o =1)

= 101 /7h1 /21077 ki /2 _ o=167/7k1/2)§5-1/2 51/2

r1=—00

Applying the notations Ss; and Vs to the last equality proves (4.10) for n = 1. This
completes the proof. |

To state the next result, we introduce a few more notations. First, |z;]s. ; denotes
the nearest point in 6'/2Z — §~1/2U;t to the left of z; € R and

def
12)5t = ([21)660s [22)60.2, 5 |2d)6.0a)s 2= (21,22, ,24) € R (4.12)
We also write
def
lzlsts = Lzilots-
EJP 24 (2019), paper 36. http://www.imstat.org/ejp/
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Then the following inequalities hold:
0<z—|zjlsje <0V VzeR, §€(0,1],1<j<d, tcR,. (4.13)
Also, we define a partial difference operator Vs by

déf ¢(Zl7227"' 7Zd) _¢(Zl - 51/27227" . 7Zd)

Vis10(2) 5172 (4.14)

The operators Vs ; for 2 < j < d are similarly defined. Note that in contrast to V; defined
in (4.11), a scaling of space by §'/2 is now in the definitions of the V ;s

Proposition 4.4. Let § € (0,1], ¢ € S(RY) and 1 < j < d. Then for all n € Z,, multi-
indices a € Z4, and k € 6=1/2T¢ with k; # 0 when n > 0, it holds that

o~ /Rd et (8" 2R, 187 U6 22 )) —a (8 28U

oke (4.15)
(=)riled i (k ’
= dzetF:lzls)gn (1. z),
(ng(kj)) Rd 6,](LJ(5,1‘,¢)( )
where |a| = Z;l:l aj and z* = ]_[;1 y 2,7 forall z € RY.
Proof. The integral on the left-hand side of (4.15) can be written as
651;0/ dZei(él/zk,|_6_1Ut+6_1/2zj>7i<§1/2k,6_1Ut)¢(Z)
_ i\a|5\a|/2/ dZGi(él/Qk,L6‘1Ut+6_1/2zj)71(61/2k,6_1Ut) (4.10)
]Rd

x (071Ut +67122] — 571U) " ¢(2).

Below we prove the required formula (4.15) for j = 1 in the form (4.16).
Now, we partition R? by the semi-closed cubes Q3, for x ranging over Z¢,

where

r—86—1/2Ut

d
Q) =lyy+ o)™ Hywy] +6'2), yeR™ (4.17)

These cubes Q51/2 are chosen such that

x—6—1/2Ut
67Ut + (5_1/2zj =z, Vze€ le/Qwi(;_l/QUt, z e 7%

Then by the foregoing display, the right-hand side of (4.16) can be written as

allglel/2 [ gt @RI ) SR (5 1y 72 - 508 6 )
Rd

(512K o —i(sY/ - _

— jlelglal/2 Z 61(61 2k,x)/ dze i(6Y/2k,6 lUt)(w -5 1Ut)a¢(z>

z€Z4 le/%fs*l/?w

= /
< 51/2 . —1

= glolglol/z N et0 Tl =0 N @ (ay), (4.18)

r1=—00
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where

def

(1)6(5(51) =

8125, —6—1/2U t+6%/2
/ le
5

1/2.’131—(571/2(]11‘/
61/2x2_571/2U2t+61/2

11/22 2— -t 2
T 0 hatras Ut)/ Az - - (4.19)

— §1/225—6-1/2Ust

62wy —6" 12Ut 462

Z 6161/2kd(9cd—671Udt)/ dzd(l‘ — 5_1Ut)a¢(z)'

PV=y/ 51/232(1—(571/21](11:

By Proposition 4.3, (4.16) and (4.18), we get
681501 | dzet(8 2187 VL6122 )) —5(6 2k 8T gy
(,1)nila|5|a\/2 °

_ i51/2k1(I176_1U1t)vn@
= e s(z1), VnelZy.
(iSs (k1)) 2 0

(4.20)

Tr1=—00
Our next step is to rewrite the last sum as an integral. We claim that, foralln € Z,,

o0

Z ei61/2k1(:v176—1U1t)VgL(I)5(x1):57|a\/2/ dzei<k’LZJ5’t>V:{1(L'Jgt¢)(z), (4.21)

d
xr1=—00 R

where || and V;, are defined in (4.12) and (4.14), respectively.
We first show by an induction on n that

1+61/2

Yy
Vi®s(xq) :§7|O“/2/ dz; / dzgeth2lz2lorz
Y1 R (4.22)
X /Rdzdeimzd“ﬂ»‘ivgﬁl(L-Jf{tqb)(z), VneZy,
where the following change of variables for = € Z? is in use:
y =62z — 67 V2Ut € 61274 — 57120t (4.23)

First, (4.21) for n = 0 follows immediately from the definition (4.19) of ®;:

y1461/2 ] y2+61/2
¢5(x1):5—|a\/2/ dz, T eky/ dzy -
Y

v Y2 €61/2Z—§—1/2Ust 2

) ya+o8t/?
S e [T dao)
Y.

Ya€8Y/2Z—6-1/2U,t d
y14+61/2 ) )
:6"@‘/2/ dZ1/d,zzelkﬂzﬂ‘*t”~--/(izdelk‘ﬂz‘”‘;’t‘d [2]5.0(2),  (4.24)
Y1 R R

where the last equality uses the definition in (4.12). In general, if (4.22) holds for some
n € Zy, we write

V?Jrlq)(l‘l)
_ Vi®s(z1) — VEPs(z1 — 1)
- §1/2

s-lal/2 puatst/? . .
= W/ dzlfRszel 222]5,t,2 "'/Rdzdel d\_ZdJ&,t,dvgll(L.Jgt¢)(zl,22)
a8
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§—lel/2 y1481/2 4 .
_ 5173 / dz ‘/Rdzzelkfz[zﬂa,tg .. '/RdzdeldeZd“'t’dvgl(L'J&a,t¢)(zl - 51/2’22)
Y1

i) y1+51/2
a8

which gives (4.22) for n replaced by n + 1. Hence, by mathematical induction, (4.22)
holds for alln € Z,..
In summary, from (4.22) and the definition in (4.12), we get

dzl/Rszeikﬂzﬂ“ﬂ---/Rdzdeikdtzdb’t’dvg’—fl(L'J?jd))(»’«%

o0
i51/2 _s—1
E 615 kl(ml 5 Ult)vg.(pé(xl)
xr1=—00
y14381/2
— 5*|04\/2 / dzleikl [21]6,6.1

yleél/QZ 5—1/2U4t

X/dZZGikngzja,t,z,,,/dzdeidezdé,t,dvg’l(L.Jgt¢)(2)
R R
_ -lal/2 /]R dzet L5072 (112,6)(2),

which gives the required identity in (4.21). The proof of (4.15) with j = 1 is complete
upon combining (4.20) and (4.21). |

4.1.2 Decomposition

Now we introduce decompositions of Z°(¢) which will be used for the rest of Section 4.
We start with the following representations of the function ¢f defined by (4.7). Note that
these representations show the precise decay rate of qb?.

Lemma 4.5. Form € N, let {T'y,--- ,T,,,} be a partition of R? by Borel subsets, (ny,--- ,
Nm) € 27, and (j1,--- ,jm) € {1,2}"™ such that kj, # 0 for all k = (k1,ka,--- ,kq) € 'y
whenever n, > 0. Then for any § € (0,1] and t € R, the function ¢! defined on §~'/>T¢
by (4.7) can be written as

e i . L=s,0)

¢} (k) dmZIm /dzw Vit ov(2) (4.25)

51/%1—5 V2Uy st/ 612w g—8 1 2U 46112
dzy / dzqg
5

Z /51/%1—61/2U1t

z€L4
on
(Z ]ng (k)¢6l/gw75—l/2Ut7z’jg (k)> )
(=1

where ¢y and S are defined in (4.5) and (4.8), respectively, and

/24, —6-1/2U4t

(4.26)

sn def 1 (=1retkv)
¢y}z,j(k) = (271_)(1/2 (lgé(kJ))n vé,j¢V(z)~ (4.27)

Proof. For all n € Z, and k = (ki,ko, - ,kq) € 6 1/2T? with k; # 0 if n > 0, the first
integral in the definition (4.7) of #)(k) can be written as

1 1(51/2 —1 —1/2 1y i1/ 2.5~
(%)d/z/ dzet 02k 37 U671 2 1 (0 ho T U (o
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1 = / ik, 250 on
_ deeilh Lzl g 4.28
@) (185(ky))" s ze 5;0v(2) (4.28)

by (4.15) with a = (0,0, -- ,0). It follows that

S _ 1 (—1)nei<k7LZJ5,t>
WO Je VP (sSath))

re (27w
- /d S gyt (k).

y€es/2zd—5-1/2Ut

Vs iov(2)

where Q5 and d)y . J( ) are defined by (4.17) and (4.27), respectively. The last display is

enough for both (4.25) and (4.26). [ |
Assumption 4.6. Set '} = [-1,1]4, j; = 1, n; = 0and ny = --- = n,, = d + 10. Fix
a choice of (possibly infinite) rectangles I's,--- ,T',,, and ja, -+, jm € {1,2,---,d}"™ for
some m > 2 such that k = (ki, ko, --- ,kq) — |kj,| is bounded away from zero on Iy, for
all2 </ <m,and {I'y,---,I,,} is a partition of R

For every § € (0, 1], we decompose the function qu, defined by (4.7), according to
(4.25) as follows:

¢ (k) = ™1 (k) + ¢7%(k), keo /2T, (4.29)
where

4, 1 1 o ( 1)n[61<k 2) n

1 N S - ¢
o) = o Z r(8) [ s, Gy VoV ) (4.30)

5 2 1 m (_1)ng (ei<k,|_zjg,t) _ ei(k:,z}) -
O = Gy 2 ek / A T GRS
n
We also set

S0 Ak + (k) - A @32)

and
f’?’(r, k) = o~ (t=1)Q(k) /2 (65’1(tfr)[X(él/zk)+i(51/2k,U)] _ e(tfr)Q(k)/Q) ¢g(k)
= ¢0(k) (¢SGR _q), (4.33)

Remark 4.7. (1) We stress that the function ¢571 defined in (4.30) does not depend on ¢.
The modified time-dependent floor function |-]|s; is used only in ngf’Q.

(2) Under Assumption 4.6,

C
ax{ sup sup |¢2(k)|, sup [¢"'(k)|, sup sup |67°(k)|p < —1oos  (4.34)
teR4 6€(0,1] 5€(0,1] teR+ 5€(0,1] 1+ k|
by (4.9) and the choice of n,. |

With the definitions of ¢*!, ¢ and ¢** in (4.30), (4.31) and (4.33), we define

I, k) = e(PIRW/240 (1), (4.35)
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13,2(7"7 k) = e(t*T)Q(k)/%f»?(k)7 (4.36)
L2 (r k) = ARG k). (4.37)

Then we decompose Z°(¢) by
Z)(9) = 21 (9) + 27 (¢) + 2,7 (9), (4.38)

using the notation in (3.12) and the representation in (4.6), where

t
7z (¢) = ﬁ/o /ﬁuw D (r k) e W(dr,dk), 1<j<3. (4.39)

Proposition 4.8. Recall the process Z° defined in (3.18). Then Z%'(¢) converges in
distribution to Z°(¢) in C(R,,R) as § — 0+.

Proof. Forany0 < s<t<T,
E||Z34(9) - 2 (0)["]

= /S dfr/ dk|e(57’r)Q(l€)/2¢5$1(k) — e(tf"")Q(k‘)/Qd)(s,l(k)F
0 Rd
t
+U/ dr/ dk|e(t—7')Q(’f>/2¢571(k)’2
s Rd

T
< (t—s)%/o dr/Rd dkem®®|Q(k) /22|21 (K)|? + v(t — s) /Rd dk|¢®L (k)2 (4.40)

by (2.27) and the nonpositivity of Q(k) (Assumption 2.3 (3)). Hence, by Remark 4.7
(2), the proposition follows from the last inequality, Kolmogorov’s criterion for weak
compactness [20, Theorem XIII.1.8], (3.18) and [10, Theorem 3.7.8 (b)]. [ |

4.1.3 Tightness by regularity of covariance functions

Recall that Z%7 (¢) for j = 2,3 are defined in (4.38). In this section, we discuss the Holder
continuity of their covariance functions. We define metrics p®7 on R, as follows: for
0<s<t <o,

p* (s, 1)
=E[|239(9) — 207 (9)[] (4.41)

s ) t .
:v/ dr/ Ak|I%9 (r, k) — I (r, k)\2+v/ dr/ dk| I3 (r, k)|2.
0 §—1/2Td s §—1/2Td

Observe that the following bounds for Q(k), R(k) and S(k) (defined by (4.32)) follow
from Assumption 2.3: For constants Cy 42 € (0,1] and Cy 43 > 0,

—CLlE? < min{Q(k), R(k)} < max{Q(k), R(k)} < —Cylk|?>, VkeT!  (4.42)

and
|S(K)| < Cyas|k?, VEeT? (4.43)
Proposition 4.9. For all T € (0,00), we can find C, 44 > 0 depending only on ($, A,v,T)
such that
521(10p1] max {p6’2(s,t)2,p5’3(s,t)2} <Cyaals—t], VO<s<t<T. (4.44)
EJP 24 (2019), paper 36. http://www.imstat.org/ejp/
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Proof. First, we observe a differentiation rule. For z € Z¢ and 1 < j < d, write
y;(a) = 6'/2x; — 671/2U;a. Then for a ¢'-function ®(b, 2) on R x R,

d y1(a)+6'/? y2(a)+8/2 ya(a)+5'/?
d—/ dzl/ dzo - / dzg® (0~ 2a, 2)
@ Jy(a) y2(a) ya(a)

can be written as the sum of a; + a». Here,

y1(a)+51/?

d
5—1/220‘]_/ le
j=1

y1(a)

yj—1(a)+6'/2 yjr1(a)+6'/? ya(a)+6/2
X / de,1 / de+1 e / dZd
) Y

yj—1(a) j+1(a) a(a)
X [@(571/2%21, oz, yila) + 51/2,2],_|r17 e ,Zd)
- @(571/20" 21yt aZj—layj(a‘)7 241yt 7Zd>]
and

y1(a)+61/2 y2(a)+5'/2 ya(a)+6/2
oy = 5_1/2/ dzq / dzg - - / dzd8b<l>(6_1/2a, z).
y1(a) y2(a) ya(a)

It follows that

d yi(a)+6'/? y2(a)+6"/? ya(a)+6'/?
d—/ dzl/ dzg - / dzd@(5*1/2a,z)
@ Jy(a) y2(a) ya(a)

y1(a)+5'/2 y2(a)+48'/2 ya(a)+6'/2
:5*1/2/ dzl/ d22~~/ dzq
y1(a) y2(a) yj(a)

i (4.45)
_ Lz L2 —1/2
;U] 7z + % O™ 4a, ).

We are ready to bound p%2(s, ). Recall the definition (4.31) of ¢>2 and note that an
expression similar to (4.26) applies to qﬁgg. Hence, by (4.45), we get

d

—I2%(r,k

da/ a (r’ )

= QR)el* W2 (k)

5§12, —6 12U, t451/2 Y25, -5~/ 20U 14612
d21 /
)

T elanQW 5712 3 / dzg
g arza 51z Y2y —5-1/2Ut
1 zm:]l ) (1) (120, Ukjer®2) — i(k,U)e <k,5“2r75*”2Ua>) o)
P SRVID) r 4 :
(2m)d/2 yoet ¢ (155(]?“))"[ 6”

Here, we can kill the factor §~!/2 in the second term since for z such that §'/%z; —
5_1/2th <z < (51/2.13j — 5_1/2th + 51/2 for all 1 <j<d,

d
i Z Ujkjei<k’z> o i<k, U>ei<k,51/2m75_1/2Ua> < |</€, U>|51/2
by (2.27). Hence, by (4.41), (4.42) and Remark 4.7 (2),
C
5,2 4.46
sup p>?(s,t)? < wls —t|? /dr/Rddk TR

5€(0,1]
/dr/ dk Ca.a6 VO<s<t<T
Rd ‘k|d+10) — - -

(4.46)
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for some constant Cj 46 depending only on (¢, A, T).
To bound p®3(s,t)?, we need more estimates. For the first integral in (4.41), observe
that given a € [s,t], r € [0, s] and functions As(k), Bs(k) and f5(a, k), we have

o [(651/2(“’”’45(’“) — 8P mnIBs () (g, k)ﬂ

da
< (|51/2A5(k)e‘Sl”(“—")Aé(’f)| - |51/235(k)e51/2(a—v~>35<k>|) | f3(a, k)|
+ max {|e51/2(a—7w)A5(k)|7 |e§1/2(a—r)B(;(k)|} (4.47)

x (a—7)|As(k) = Bs(k)| - 16" f3(a, k)],
where fj(a,k) = (0/0a)fs(a,k). Then we apply (4.47) with the following choice of
functions in k € 6~ /2T¢:
As(k) = 6732[A(=62k) — 1 (YK, U)),
Bs(k) = 673/2Q(6Y%k) /2, (4.48)
fsla,k) = o (k).
Here, Red'/2A;5(k) = 6-'R(—6'/?k)/2 can be bounded by (4.42) and (4.43): for all
ke s1/2Td,
~Ciilk® < Re6"245(k) < —CuazlkI?, (4.49)
|As (k)| < Cuso (6716 2K [ + 0710 2K|3) = Cuso(|K]* + 6/2|k[*), (4.50)

where Cy 50 = max{C} 1, C4.43} depends only on A. The same bound (4.49) is satisfied
by §'/2B;s. Also, (4.43) shows that

|A5(k) - B(S(k)| S 04.43“{/"3, Vke 6_1/2Td,

By Remark 4.7 (2), (4.45), and the choice of f5(a,k) = ¢J(k) in (4.48) represented
according to (4.26), we deduce that

C
sup  sup |82 fi(a, ) < s

| < V ke s V2T, (4.51)
5€(0,1] a€[0,T] 1

for some constant C} 51 depending only on (¢, A).
To bound the metric p6’3 defined by (4.41), we apply (4.49), (4.50) and (4.51) to (4.47).
Also, recall (4.41) and Remark 4.7 (2). It follows that

s C
sup p&g(S,t)Q < U|S - t‘Q/ dr dkﬁ
6€(0,1] . (4.52)
dr [ dk——22 ___ v0<s<t<T
/ T/Rd 1+ [gjarioy TU=S=E=

for some constant Cj 52 depending only on (¢, A, T).
The required inequality in (4.44) for p‘;’j for j = 2, 3 follows from (4.46) and (4.52). B

Proposition 4.10. For j = 2,3, the processes Z%7(¢) defined in (4.38) converge to zero
in distribution in C(R4,R) as § — 0+.

Proof. By dominated convergence, it follows from (2.27), (4.42) and (4.43) that Zf’j(gb)
converge to zero in Ly(P) for all ¢ € Ry. Then we use Kolmogorov’s criterion [20,
Theorem XIII.1.8], Proposition 4.9 and [10, Theorem 3.7.8 (b)]. |
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4.1.4 Tightness by approximate factorizations

Now we provide a different method to prove Proposition 4.10, aiming to show conver-
gence to zero of expectations of the following form:

E| sup e(t=mRK)/ 2y, (kYW (dr, d)

t€[0,71NQ

p
] , pE[l,o00), (4.53)
§—1/2Td

where W (dr, dk) is a space-time white noise on R, x R¢. This setup is chosen for the
process Zf’] (¢) defined by (4.39) in view of the explicit form of 107, for j = 2,3. Indeed,
we can write

I%(r, k)
1
_ (t—r)Q(k) r, (k
‘ d/QZ 185 )

by (4.31) and (4.36), and

If’g(r, k) = e(tfr)Q(k)/Qd)f(k) (65—1@4)3(51/%) . 1)

nl

(4.54)

/R dzet BV by (2) (e 2= 12l 1)

by (4.33) and (4.37).
Our plan below can be outlined as follows. We use e¢* = ZZO:O a™/n! to expand the

differences
e—ilkz=lzlst) _ 1 gpd 0 (t-mSEVR) _q

in If’j for 5 = 2,3. (These differences are “small” due to (4.13) and (4.43).) Since
[—i(k,z—|2]s.+)]™ and [6 1 (t—7)S(0'/2k)]" are polynomials in (k, | z|s) orin (¢, 7, S(6'/%k)),
the expansions separate ¢t and (r, k). This yields true stochastic convolutions without an
interference of ¢ from v; in terms of the general form in (4.53). Hence, the factorization
method [8, Section 5.3.1] can be generalized to accommodate the present setup to bound
the suprema of those stochastic convolutions. If we undo the series expansions after
using the factorization method, then the convergence to zero of sup,¢jo r 229 ()] is
attributable to a limit of the following form: For a square-integrable function ¢ and a
constant C' > 0,

/t dr/ dke20e=mRW) ()2 (OO PIRD* _ 1) — ¢ (4.55)

§—1/2Td 6—0
since @ is strictly negative definite by Assumption 2.3 (3). Here, the additional term
e~2 for some a € (0, %) arises from the factorization method.

We carry out the above steps in the rest of Section 4.1.4. First, we adapt the
factorization method to a Fourier setting as follows. We write (¢g:(w1,w2))t>o for the
transition densities of a d-dimensional Brownian motion with covariance matrix —Q.
We also write ¢;(w) = ¢;(0,w). Then for a € (0,1) and Borel measurable functions
u(s,wy) : Ry x RY = Rand v(r, k) : Ry x 6~'/2T¢ — R, we define two integral operators
Jo bt and J_,:

. t
Johu(t) e M/ ds [ dwi(t — )" g (wr)u(s, wy), (4.56)
o 0 Rd
J_qv(s,w1) o / / (s — )t Fwn+ =R /2y (r kYW (dr, dk) (4.57)
§—1/2Td

s—r) ¢ . dwsaqs_r (w1, w 6i<k’w2>)
/ /ww </R 20o=r {1, 2) (4.58)

x v(r, k)W (dr, dk).
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See [8] and [18, Appendix A] for analogous integral operators in the standard setting of
the factorization method.

Lemma 4.11 (Factorization). Let a € (0,1) and t € (0,00). For v(r,k) such that

sup,co,q [v(r, k)| € La(67Y/2T4, dk), J_,u(s,w1) is a well-defined integral a.s. for all
(s,wy) and, as a function of (s,w), is a.s. in Ly([0,t] x R, drdk). Moreover, we have

t
JN u(t) = / / et=MQW/ 2y (1 YW (dr, dk). (4.59)
§5—1/2Td
Proof. By [t6’s isometry, the integrability assumption on v, and the choice a € (0, %)
it holds that supg .. e(o,xre EllJ-av(s,w1)[?] is finite. Hence, the first two assertions

hold. It remains to prove (4.59). By the definition of (¢;) and the Chapman-Kolmogorov
equation, we can write

LE=TQR) /2 _ / dwgs_p (w)e ) (4.60)
R4
:/ dwlqt,s(wl)/ dwgqs,r(wl,wg)ei<k’w2>, Vo<r<s<t. (4.61)
R4 R4

Note that (4.60) gives

t
/ / eEmMRK 2y (r kYW (dr, dk)
0 6—1/2'H‘d

¢
:// </ dwei<k’“’>qt_,,(w))v(r,k)W(dr,dk).
0 Js-1/21d \JRd

On the other hand, it follows from (4.56) and (4.58) that

T u(t) = sin(ma) / ds/ dws (t — $)" gy (w1)
7T R4
X / (s—r) < dwzqs—r(w1,w2)€i<k’w2>) v(r, k)W (dr, dk)
0 1/2'[[‘d Rd

></ dwiqs— S(wl)/ dwags—r(wy,wa)e i<k’w2>> v(r, k)W (dr, dk)

/ / (/ dwer* g, (w )> v(r, K)W (dr, dk), (4.63)
§—1/2Td Rd

where the second equality follows from the stochastic Fubini theorem (see [24, Theo-
rem 2.6 on page 296]) and the third equality follows from the identity:

(4.62)

T VO<r<t ac(01)

[ aste =y e =

and (4.61). The last term in (4.63) is the same as the right-hand side of (4.62). The
required identity (4.59) is proved. ]

sin(ra)

The next two lemmas give bounds for J* 1.

Lemma 4.12. Let (a,p,) be such that
1 1+d/2
0<a<; and p*>+7/>2. (4.64)
a
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For any T, A € (0,00) and Borel measurable function (s,w) — u(s,w;), we have
t
|Jo tu(t) [P < c4_65/ ds/ dwy|u(s,wy)|Pre= Ml v i e 0,1, (4.65)
0 R

where Cy g5 depends only on (a, p.), Q, T and \. In particular, given a family (u:)c(o,7)n0-

T
sup | JO (1) P < 04_65/ ds/ dw;  sup  |ug(s,wy)[Pre vl (4.66)
t€[0,T1NQ 0 Rd te[s, TINQ

Proof. The proof of (4.65) is the same as the proof of a similar bound in [18, Lemma A.3].
We include it here for completeness. Write C for a constant depending only on (a,p.), @,
T and A, which may change from line to line. By (4.56), it holds that

|7 ()]

<c / ds(t — 5)°-1 / dwr ey (w1)|u(s, )|

2/p
< C’/ ds(t —s)* ! (/ dw1qtfs(w1)ek\w1\/2 ) |u(s,w1)|p*/26—/\“’1/2>

l/p,( 1/?*
C/ ds(t —s)*! (/ dwlé]ts(m)QeM“’l) (/ dw1|u(s,w1)|p*e_k|“’1|>
0 R4 Rd
¢ d 1/p«
C/ ds(t — s)*" ' 7r (/ dw1|u(s,w1)p*e’\|“’1|>
0
¢ d 1/17*
C(/ ds(t—s)<a7172p* e 1) (/ ds/ dwy |u(s,wy)Pe Awl)
Rd
1/p«
< </ ds/ dwy |u(s,wy)[P*e ’\|“’1|> .
0 R

Here, the second, the third and the fifth inequalities follow from Holder’s inequality. The
last inequality uses (4.64) so that the first integral in the fifth inequality is finite. The
last inequality proves (4.65). [ |

IN

IN

IN

We prove the required convergence of Z 5’2(¢) first. Now we use the particular form
of I’2.

Lemma 4.13. Foranyd € (0,1], p € [1,00) and T € (0, 00), it holds that

sup sup E
wy €RY 5€[0,T]

1/2 2 1/2
T —2a rQ(k)( [61/2K)2 _ 1)
T € e
<C d dk
S Cuer (/0 7‘/571/2“1 1+ ‘k|d+1o

for C4.¢7 depending only on p, ¢, d and the parameters fixed in Assumption 4.6.

1/p
sup [T a0y (s, wl)l”l
te(s, TINQ

(4.67)

Proof. Let 0 < s <t < T, and recall the definition (4.31) of ¢f’2. By the stochastic
Fubini theorem [24, Theorem 2.6 on page 296], we can write

J_ad? (s, w01) d/g Z/ dzV§’ ov(z)

EJP 24 (2019), paper 36. http://www.imstat.org/ejp/
Page 25/33


https://doi.org/10.1214/19-EJP289
http://www.imstat.org/ejp/

Rescaled Whittaker driven SDEs converge to the additive SHE

/ / (s — r)=eets=nQu)2 L D™ sph oy
§5—1/2T4d (ng(kﬂ))

e—1<k z=lzlse) _ )W(dr, dk). (4.68)
To proceed, we write

e—i(k,z—l_z]a,t) -1

d
Z ki(z — 2i)s.4)

n

n=1
oy n (2= Lzilens | 512 )b (4.69)
_Z n! Z L, g H T2 ( i) .
n=1 Lit1+tLg=n ’ ? j=1

Combining the last two displays gives the following equation where the series on the
right-hand side converges absolutely in Ly (P):

EESE R () Lo [T ()

(=1 n=1 T tig=n ’ j=1

~ /S / (S _ T)—n,e(s—r)Q(k’)/2 ]lf.‘z (k)(_l):j ei(k,(wﬁ-z)} (4.70)
o Jo-1/2ma (185 (k;,))

d
< [](8"/2k;) W (dr, dk),

where ¢ ranges over Zi. By the Minkowski inequality and the Burkholder-Davis—-Gundy
inequality [20, Theorem IV.4.1], we get

E
te[s,T1NQ

504.71§:§:% > (M )(/ dz| V55, ov )I)

(=1n=1"" ti1++qa=n

1/p
sup |J_a¢f"2 (s, wl)p‘|

4 1/2 (4.71)

T
a4 Ir,(
d’)”// dk(r' 2aer Q(k) e 61/2k 2¢5
A Btz WH

In more detail, for (4.71), Cy 71 is a constant depending only on p, and we change
variables by ' = s — r. Let C,.7; absorb the finite constant

sup sup dz|V5 % ov(2)].
5€(0,1) te{1,--- ,m}
Then the required inequality (4.67) follows from (4.71) upon applying the Cauchy-
Schwarz inequality with respect to the counting measure f >, L (L1 " Ld)f(E, n,t)
and then undoing series expansions. The proof is complete. |

Proposition 4.14. The laws of the processes Z“(d)) defined in (4.38) converge weakly
to zero in the space of probability measures on C(R;,R) as 6 — 0+.

Proof. Let (a,p,) satisfy (4.64). It is enough to show that sup;c(g 1 |Z22(¢)| converges
to zero in L, (P) as 6 — 0+ for every T € (0, c0).
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Recalling (4.36), (4.38) and the notation fffI)odW in (3.12), we can use Lemma 4.11 to
rewrite the stochastic integral defining Zf ’2(¢) with respect to ¢ as a linear combination
of Jo1J_,¢22(t) and J* 1 J_,¢>%(t) with W replaced by W, for ¢ = 1,2. Since a € (0, 1)
by (4.64), it follows from Lemma 4.13 that, for any p € [1,00),

lim sup sup E

1/p
5,2 P
sup  |J_q¢y" (s, w1) =0.
5~>0+w1€Rd s€[0,T | art |

t€[s,TINQ

Then applying these two properties to Lemma 4.12 with u; (s, w1 )(w) = J_a¢22 (s, w1 ) (w),
we obtain from dominated convergence that

lim E

a—1 6,2
_a®; (T
Jim B| sup [0

t€[0,T]NQ

p*} =0. (4.72)

The same limit holds with ¢ replaced by ¢ since J_,¢22 (s, —w1) = J_a¢)%(s,w1).

Note that Z%2(¢$) has continuous paths by (4.26), (4.31), (4.36) and (4.38). Then by the
limits obtained in the previous paragraph, we deduce that, as § — 0+, supc( 1y | Z22 ()]
converges to zero in L, (P), as required.

Almost the same argument can be used to prove the required convergence of Z%3(¢).

Proposition 4.15. The laws of the processes Z%3(¢) defined in (4.38) converge weakly
to zero in the space of probability measures on C'(R;,R) as § — 0+.

Proof. We prove an analogue of Lemma 4.13 for gbf’Q replaced by ¢f’3. By (4.33),

53(r, k) Z — Z( ) (t— )" (s —r)I[615(8"2k)]".

Recall the uniform bound of gbf in Remark 4.7. Then as a counterpart of (4.67), we have
the following: for any p € [1,00) and w; € R?,

1/p
E| sup |J_a¢?*3<s,w1>1’]

te(s,T)

1/2
<Oy 73Zn' Z( )Tn J (/ dr/é s dkr—2a 7Q(k) 2]|5 15«(51/2k)|2n> (4.73)

o /Td/ dkr—2aerQ(k)(e(T+T2)|6’1S(61/2k)|2_1) 1/2
SOyg.73 ; r s 1/2ma 1+|k‘d+10

for a constant C} 73 depending only on p, ¢, d and the parameters fixed in Assumption 4.6.
Thanks to (4.43), the last term tends to zero as § — 0+. The rest follows similarly as in
the proof of Proposition 4.14. |

4.1.5 Characterization of limits

By Propositions 4.1, 4.8, 4.14 and 4.15 (or Proposition 4.10 in place of Propositions 4.14
and 4.15), we have verified conditions in Mitoma’s theorem [17, Theorem 3.1] and proved
that {Z°}¢(0,1) converge in distribution to Z° in C(R;, S'(R?)). Recall that Z° is defined
by (3.18). Our goal here is to show that 79 solves (3.13).

In the following, we apply Duhamel’s principle to get a preliminary SPDE satisfied by
79, Then we apply Fourier inversions to transform the SPDE to (3.13).
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Lemma 4.16. Recall that we write 0~/2T¢ for R%. For any § € [0, 1) and any bounded
continuous complex-valued function ¢ defined on §~/2T¢,

t
_ (t=)QUK) /25 (1) o
Z:(6) = Vo /0 /&WB 6(k) o W(dr, dk)

solves the following SPDE:

Zi(¢) = /Ot Z, <Q2¢> dr + ﬁ/ot /&uzw o(k) e W(dr,dk). (4.74)

Proof. We write out the right-hand side of (4.74) and then use the stochastic Fubini
theorem [24, Theorem 2.6 on page 296] in the second equality below. These give

/ <Q¢> d5+f/ /(S I/W k) e W(dr, dk)
— o / / /5 o g €T (k) o W(dr, ks + Vo /O t /5 L, OUR) $ W (dr, )

= L (s—m)Q(k)/2 . t .
_ﬁ/o /Hmw/r 5 dso(k) W(dr,dk)—i—\/ﬂ/o /6_1/2W¢(k) W(dr, dk)
= ' t—r)Q(k)/2 _ . t .

Vv /O /5 apa© 1)p(k) @ W(dr, dk) + /v /O /5 g O) © W(dr, dR)

t
N \/E/O /5—1/2’11‘d e(tir)Q(k)mQS(k) * W(dr’ dk)

= Zt(¢),

which is (4.74). ]

Proposition 4.17. The unique distributional limit Z° defined in (3.18) of 7% asé — 0+
solves the following SPDE: for some space-time white noise W (dr, dk) with covariance
measure drdk on R, x RY,

t
Z2(¢) = / z° (?) ds + /v det(V)|/ / d(k)W(dr,dk), ¢ e SR?Y).  (4.75)
0 JRrd
Proof. Recall ¢y and Ty defined in (4.5). We define Z by

Z,(FTvo) < Z°(¢), ¢ € SRY).

By the bijectivity of 7 and Ty on S(RY), Z has a domain given by S(R?) and is well-
defined. Then Lemma 4.16 implies that

t
Z(FTy ¢) —/ Z, (QZTm) ds, 0<t< oo, (4.76)
0

is a continuous centered Gaussian process. Its covariance across times 0 < s <t < 0o is
given by

2497, —17.y]2
sv/Rd | FTvo(k)| dkfsv/Rd | Fo(V™1k)|"dk
:sv|det(V)|/ | Fo(k)|?dk’
R4
:sv|det(V)|/ lp(k") >k’
Rd
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Here, the first two equalities follow from the change of variables V2’ = z and k¥’ = V 'k,
respectively, and the last equality follows from Plancherel’s identity. Note that we use
the normalization of Fourier transforms as in [19, Section IX.1]. To rewrite the Riemann-
integral term in (4.76) in terms of ¢, we recall V = \/—Q~! and then change variables
to get

Q(k)

—(V71k, V1E)
2

FTyé(k) = 5 Fo(V k)

=F (A;S) (V1K)

= FTy (Af) (k).

From the last three displays, we deduce that, for a space-time white noise W with
covariance measure drdk,

\/m/ot/R(b(k)W(dr,dk) Zt(]-"Tvgb)/Ot Z, <Qf2TV¢> ds

[ 1 (1 (32) o
-2~ | 20 (Af) s,

as required in (4.75). |

5 Convergence of the deterministic parts

Recall that Y? is defined by (3.10). In this section, we prove the convergence of V&
as § — 0-+.

Proposition 5.1. Let {;°}sc(0,1) C (1(Z7) satisfy (3.7) and (P;) denote the semigroup of
the d-dimensional standard Brownian motion. Then Y° takes values in C(R,S'(R%)) for
every § € (0,1] and

YO — =Y inC(Ry,S'(RY), (5.1)
where
Y2(¢) € | det(V)|u°(P.g). (5.2)

Proof. We divide the proof into the following steps.

Step 1. We compute the explicit form of Y,9(¢) first. We use (3.2) to write
el (671Ut + 672V ~12))

1 “1LA(k) i -1 —1/2y -1,y %
— (27_(_)d Ad dke‘s tA(k)e (k, |67 " Ut+6 14 J>ﬂ5(k)
1 —1, 7 itk i -1 —1/2y,-1,
— Z M&(z) (27T)d /Td dk66 tA(k:)6 (k, >6 (k,[67 " Ut+6 V=iz)])
T€Z?

9

_ 5t Z P (6712 1y) / dke® HAGY2R) ik V1Y) 148V 2R, 57 U2V )
d

yes1/2vzd (27) §-1/2md
where we use (3.1) and the assumption that ;% € ¢,(Z%) in the second equality. By the
definition (3.10) of Y5(¢) and the last equality, we can write
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Yo(¢) =6 > paPvly)

yesl/2vizd

y / dked LAGM ) $1(5Y k5T UL) ik V) (5.3)
o—1/2Td

1
X g dz(er)d

ei<51/2k,L5*1Ut+5*1/2v*1zj>—i<51/2k,5*1w>¢(2)7 Ve S(Rd).

By the weak topology on &’(R?), Lemma 4.5 and (4.42), Y° takes values in C'(R,S’(R%)).

Step 2. By Mitoma’s theorem [17, Theorem 3.1], (5.1) follows if we show that for all
¢ € S(RY),

Y0) 55 Yi(9) in C(Ry,R), (5.4)

where YV is defined in (5.2). To this end, we first show in Step 3 that the following
convergence holds in S(R?) for functions of ( = V~1y: for all t € R, and sequences
R+ Sts — t,

/ dkeé‘lt(;g(cil/Qk)Jri(él/Qk}é_lUtg)efi<k7c)
§—1/2md

x/ P (LR L5 Ut 48V ) 161 28 ) )
]Rd

(2m)d
o 1QUR) /2—1(k,0) / kv 1)
50+ (2m)d /]Rd dke Rd dze #(2). (5.5)

In Step 4, we show that the limit of Y,?(¢) coincides with Y;°(¢) defined in (5.2). Then we
put the results in Steps 3-4 together for the proof of (5.4) in Step 5.

Step 3. Observe that the integrands with respect to dk in (5.3) depend on ¢ only
through e~ Hk.C) Recall the notation ¢y in (4.5). Hence, (5.5) follows if we can show that
for any multi-indices 3,y € Z<,

K°(¢) o K°(¢) uniformly in ¢ € R?, (5.6)

where

K°(¢)=¢” / dk (meé1taﬁ<6”2k)+i<51/2k,51Ut5>
§—1/2Td

1
X g dZ(QW)d

K =¢ [

R

ei(él/zk,[é1Ut5+61/2zj)—i(61/2k,5lUt5)¢V(Z)> e—i(k,Q’ 5€(0,1],

1 ; )
) dk(kvefWW /Rd dzi(%r)del<k’z>¢v(Z))e_l<k’<>.

In formulating these functions, we introduce ( Pk to (5.5) after a change of variable in z.

For the proof of (5.6), we handle the growth of (? by integration by parts with
respect to k; multiple times, for all j € {1,---,d}. (The assumption Aeg> (R?) from
Assumption 2.3 (1) is now used.) This argument also uses the fact that whenever (; # 0,
Oy 2RO /(—1¢))] = em2K0),

In more detail, we apply integration by parts to K° for any fixed § € [0, 1] inductively
as follows. Suppose that (8;,, -, 5;,) are the nonzero entries of 5 for i; < iy < -+ < iy.
We integrate by parts with respect to k;, first. This yields three terms, two of them being
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boundary terms, and then the next stage applies integration by parts to each of the three
terms in the following way. The two boundary terms are integrated by parts with respect
to k;, and the remaining term is integrated by parts with respect to k;, again if 5;, > 1
and with respect to k;, otherwise. In summary, this procedure focuses on exhausting ¢”
in the non-boundary terms by multiple integration by parts with respect to variables in
the order k;,, ki,, - - , ki,

In this way, we obtain the decomposition

K°(Q) =) K™()+K*(¢), deo1].

beB

Here, K%, b € B, range over terms as the boundary terms in applying the above multiple
integration by parts for K°(¢). The finite index set B has a size depending only on 3.
Note that K% = 0 for all b € B by (4.42). (For § > 0, it is possible that K" is a nonzero
integral since the integration with respect to k; in K % is only over a bounded domain.
Therefore, the uniform convergence K° — K as § — 0+ follows if we show the uniform
convergence of

K% 50, VbeB, and K% — K% asd — 0+. (5.7)

Thanks to domination from (4.42) and (4.43) in passing the limits, all the convergences
in (5.7) can be obtained by the following bounds: For any m,n € Z, and T € (0, 0),

(0% —~
T s A(8Y 2 k) +1(6Y/ 2k, 61U s)

sup sup sup sup oo

< o0 (5.8)
a€Zl:lal=m d€(0,1] s€[0,T] kes—1/2Td

and

sup sup sup
a:|lal=m §€(0,1] s€[0,T]

0% 1 i(sl/2 —lpygyg—1/2 (12 51
— /Rddz(zw)de<6 k6 Us+622])—i(6Y/%k,6 Us) gy (2)

(5.9)

Gso_  yp e o1/,

< ;
1+ |k|m

for a constant C59 > 0.

We prove (5.8) and (5.9) now. First, the Taylor expansion of g(k) + i(k,U) around
k = 0 has the lowest order term (k, Qk)/2 by Assumption 2.3 (3). Hence, (5.8) follows
upon using (4.42). To see (5.9), we apply the alternative forms (4.15) of the derivatives
of the integrals in (5.9). Then we still need to bound V7§ ,(|-|§ ;¢v)(2) as in (4.15) by an
integrable function independent of «, J, s. For this property, we first apply the following
discrete Leibniz rule for Vs defined by (4.14):

Vi) =3 () V6 X Vi@ - 62 2, Yoz 610
=0

and its analogue for with respect to zs, - - - , z4. By these rules, we can expand the partial
difference V§ ;(||§,¢v) as in (4.15) into sums of products of Vf;’jqbv and V([;’J |-]s,s,; for
1<j<dand 0 </{,¢; <n. Observe that the partial differences Vﬁfj L-J,;’S,j =1ifly =1
by the definition (4.12) of |- | 5,s,; and so = 0 whenever ¢, > 2. We have proved (5.9) since
|2]s,s,; grows at most linearly in |z| and the partial derivatives of ¢y of all fixed orders
are rapidly decreasing.

Step 4. The limiting integral in (5.5) with respect to k& over R? can be simplified as
follows: with the change of variables k = Vj/\/t,
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1
2

(2m) 34472 Jga

_ldet(n)] oy of?
(2nt)d/2 o )

/dket@(k)/2—i<k,v*1y>+i<k,v*z>_ [detWV)L [ semlsl? 2200/ VD +i5.2/vD
R4

It follows that

1 . -1 . -1
- dZQS(z)W/Rd dketRF) 2=V y k) +i(k, V™ z) _ |det(V)|Pt¢(y), (5.11)

where (F;) is the semigroup of the d-dimensional standard Brownian motion.

Step 5. Note that all the functionals in (3.7) are S’'(R%)-valued since ;° € ¢1(Z?). Also,
the convergence in (3.7) holds uniformly on compact subsets of S (Rd). Indeed, the
convergence in (3.7) is with respect to the weak topology of S’(Rd) [19, Section V.3] so
that [19, Theorems V.8 and V.9] apply. Hence, by (5.3), (5.5) and (5.11), we deduce the
uniform convergence of Y’ (¢) to |det(V)|u°(P:$) on compacts in t. This completes the
proof of (5.4). ]

6 List of frequent notations for Sections 3-5

F$(k): the Fourier transform of ¢ with a normalization defined in (3.19).

If’j(r, k): the integrands of stochastic integrals defined in (4.35)- (4.37).

J%~1: the integral operator defined in (4.56).

J_q4: the stochastic integral operator defined in (4.58).

Q: the 2 x 2 strictly negative definite matrix defined in Assumption 2.3 (3).

Q(k): the function (k, Qk) defined in Assumption 2.3 (3).

R(k): twice the real part of A(k) defined in (2.4).

S(k): a remainder function of ﬁ(k) defined in (4.32).

Ss(k): the sine-like function defined in (4.8).

U: the two-dimensional real vector defined in (3.4).

V': the square root of —Q‘l defined in (3.5).

X9: the rescaled S’(R4)-valued process defined in (3.6).

Y. the deterministic part of X? defined in (3.10).

Z9: the stochastic part of X? defined in (3.11).

Vs,1: the partial difference operator defined in (4.14).

(k) = ¢ (k) +¢f’2(k): the auxiliary function defined in (4.7) and decomposed in (4.29).
d)f’?’(r, k): the auxiliary function defined in (4.33).

ov(z) = Ty ¢(z): the change-of-variable transformation of ¢ defined in (4.5).

[ [@(r, k) e W(dr,dk): the sum of stochastic integrals of Re ® and Im ® defined in (3.12).
|2]6.t5 [ 2]6.t,55 | 2j]6.,;: the modified floor functions on rescaled lattices defined in (4.12).
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