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Can the stochastic wave equation with strong drift hit
zero?”
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Abstract

We study the stochastic wave equation with multiplicative noise and singular drift:
atu(tv x) = Au(tv LE) + uia(t7 l‘) + g(u(t7 .’IL‘))W(t, LL‘)
where z lies in the circle R/JZ and «(0,z) > 0. We show that
(1) If 0 < & < 1 then with positive probability, u(t,z) = 0 for some (¢, x).
(ii) If @ > 3 then with probability one, u(t,x) # 0 for all (¢, z).
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1 Introduction

One of the classic questions about stochastic processes is whether they can hit a
given set. That is, for a process X; taking values in a space S, and for A C S, do we have

P(X; € A for some t) > 0.

For example, consider the Bessel process R; with parameter n, which satisfies

n—1

dR = R

dt +dW

where W (¢) is a one-dimensional Brownian motion and we assume that Ry > 0. It is well
known that if we allow n to take nonnegative real values, then R; can hit 0 iff n < 2.
For Markov processes such as R;, harmonic functions and potential theory are powerful
tools which have led to rather complete answers to such questions; see [6] or most other
books in Markov processes.
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Can the wave SPDE hit zero?

For stochastic partial differential equations (SPDE), potential theory becomes less
tractible due to the infinite-dimensional state space of solutions, and hitting questions
have not been as thoroughly studied. To be specific, solutions u(t, 2) usually depend on
a time parameter ¢ and a spatial parameter z. So for a fixed time ¢, the solution u(¢, x)
is a function of z, and the state space of the process is an infinite dimensional function
space.

Nonetheless, hitting questions have been studied for certain SPDE, see [2, 3, 4, 7, 11]
among others. These papers deal with the stochastic heat and wave equations either
with no drift or with well behaved drift.

As for SPDE analogues of the Bessel process, the only results known to the authors
are in Mueller [8] and Mueller and Pardoux [9]. Here we assume that u(t,z) is scalar
valued, and as before ¢ > 0. But now we let z lie in the unit circle [0, 1] with endpoints
identified. We also assume that «(0, ) is continuous and strictly positive. Here and
throughout the paper we write W(t, x) for two-parameter white noise. Suppose u satisfies
the following SPDE.

Opu(t,x) = Au(t,x) + u=“(t,x) + g(u(t, z))W(t, z)

where there exist constants 0 < ¢y < Cp < oo for which ¢y < g(u) < Cp for all values
of u. Let 7 be the first time at which u hits 0, and let 7 = oo if u does not hit 0. Then
P(r < o0) > 0if o < 3, see [8] Corollary 1.1. Also, P(7 < co) = 0 if @ > 3, see Theorem 1
of [MP99].

The situation for vector-valued solutions u(¢,z) of the stochastic heat equation is
unclear. Indeed, the curve z — u(¢,x) may wind around 0, and perhaps then v will
contract to 0 in cases where it would ordinarily stay away from O.

The purpose of this paper is to study hitting question for the stochastic wave equation
with scalar solutions and with strong drift. As is well known, there are crucial differences
between the heat and wave equations. For example, the heat equation satisfies a
maximum principle while the wave equation does not. The same holds for the comparison
principle, which states that if the stochastic heat equation has two solutions with the
first solution initially larger than the second, then the first solution will almost surely
remain larger than the second as time goes on. So while certain arguments from the
heat equation case carry over, new ideas are required.

Here is the setup for our problem. Again, we let ¢ > 0, and x lies in the circle

I=10,J]

with endpoints identified. We study scalar-valued solutions u(¢,z) to the following
equation.

DPu(t,x) = Au(t,z) +u=*(t, z) + g(u(t,z))W(t, z) (1.1)
u(0,2) = uo(x)
Owu(0, ) = uq(z).

As usual, u© and our two-parameter white noise W depend on a random parameter w
which we suppress. As for z taking values in higher-dimensional spaces, it is well known
that (1.1) is well-posed only in one spatial dimensions. Indeed, in two or more spatial
dimensions we would expect that the solution u only exists as a generalized function,
but then it is hard to give meaning to nonlinear terms such as u~® or g(u).

Next, we define the first time that « hits 0. Let

Too = inf {t >0: inf infu(t,z) = 0}

0<s<txz€l
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and let 7., = oo if the set in the above definition is empty.
Before stating our main theorems, we give some assumptions.

Assumptions

(i) wo is Holder continuous of order 1/2 on I.

(ii) There exist constants 0 < ¢y < Cy < oo such that ¢y < ugp(z) < Cp forall z € L.
(iii) u; is Holder continuous of order 1/2 on I and hence bounded.
(iv) There exist constants 0 < ¢, < Cy < oo such that ¢, < g(y) < Cy forall y € R.

Here are our main theorems.

Theorem 1.1. Suppose that u(t, z) satisfies (1.1), and that the above assumptions hold.
Then o > 3 implies
P(7o0 < 00) =0.

That is, u does not hit 0.

Theorem 1.2. Suppose that u(t,z) satisfies (1.1), and that above assumptions hold.
Then 0 < o < 1 implies

P (700 < 00) > 0.
That is, w can hit 0.

Here is the plan for the paper. In Section 2 we give a rigorous formulation of (1.1);
in particular, the solution is only defined up to the first time ¢ that u(¢,z) = 0 for some
x, since u~%*(t,x) blows up there. The same is true for the stochastic heat equation
discussed earlier. In Section 3 we prove Theorem 1.1, and in Section 4 we prove Theorem
1.2.

Note the gap between a < 1 and a > 3. Since there is no comparison principle for
the wave equation, we cannot be certain that there exists a critical value o such that «
can hit 0 for a < ag but not for o > «y. We strongly believe in the existence of such a
critical value, but we leave the existence and identification of o as an open problem.

2 Technicalities

2.1 Rigorous formulation of the wave SPDE

For the most part we follow Walsh [13] although we could also use the formulation
found in Da Prato and Zazbczyk [1].
First we recall the definition the one-dimensional wave kernel on z € R.

S(t,) = 31(] < 1)

See [5] for this classical material. If we regard S(¢,x) as a Schwartz distribution, then
for t > 0 we can write

1 1
0 S(t,x) = 56(95 —t)+ 5(5(37 +1).
From now on, we interpret such expressions as Schwartz distributions.

Now we switch to the circle « € I, as defined earlier. It is also a classical result that
for z € I, the wave kernel Sy and its time derivative are given by

Si(t,x) = Z S(t,x 4+ nJ)

neEZ

8uSi(t, ) = % 3 ((5(nJ+ z—t)+o(n +xz+ t)).
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Again, we regard 0,5t as a Schwartz distribution.
Let w(t, z) be the solution of the linear deterministic wave equation on z € I, with
the same initial data as u. That is,

with periodic boundary conditions, so that

J
wita) = [ (0Sita = wuolo) + Silta = s () dy

J
= %/0 (uo(x —t—y)tuo(z+t—y)+ Si(t,x —y)ul(y))dy

where expressions such as x —y and x —t—y are interpreted using arithmetic modulo J. We
note that by Assumptions (i) and (iii), we can conclude that w(¢, «) is Hélder continuous
of order 1/2 in (¢, z) jointly.

Using Duhamel’s principle, if ©~* and g(u(s, y))W were smooth, we could write

t
0

J
u(t,z) =w(t,x) + / / St(t — s,z —y)u(s,y)” “dyds (2.1)

0
t J
+/0 /0 Si(t— s,z — y)g(u(s,y))W (dyds).

If v~ had no singularities, we could use this mild form to give rigorous meaning to
(1.1), where we define final double integral using Walsh’s theory of martingale measures,
see [13]. One could also use the Hilbert space theory given in Da Prato and Zabczyk [1].

To deal with the singularity of =%, we use truncation and then take the limit as the
truncation is removed. For N = 1,2, ... define uy (¢, z) as the solution of

un (t, ) =w(t,x) + /Ot /OJ Si(t — s,z —y) [UN(s,y) v (l/N)} _adyds

t J
+/0 /0 Si(t — s,z —y)g(un (s, y))W(dyds). (2.2)

Here a V b = max(a,b). Note that if « > 0, then [u V (1/N)]~ is a Lipschitz function of w.
It is well known that SPDE such as (2.2) with Lipschitz coefficients have unique strong
solutions valid for all time, see [13], Chapter III. It follows for each N = 1,2, ... that (2.2)
has a unique strong solution uy valid for all ¢t > 0,z € [0, J].
Now let
Tn = inf {t >0: inf un(tz) < 1/N}.
z€[0,J]

From the definition, we see that almost surely
upn, (t, ) = un, (¢, )

forallt € [0,7n, ATn,) and x € I. Here a A b = min(a, b). It also follows that 7} < 75 < ---
and so we can almost surely define

T =Sup7n.
N

We allow the possibility that 7 = co. Note that this definition of 7 is consistent with the
definition given in the introduction.
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So, fort < 7 and z € I, we can define
u(t,z) = lim upn(t,x)
N—oo

since for ¢t < 7 and z € I the sequence u; (¢, ), us(t, z), ... does not vary with N after a
finite number of terms. It follows that (¢, z) satisfies (2.1) for 0 <t < 7.
Finally, we define (¢, z) for all times ¢ by defining

u(t,x) = A
for t > 7. Here A is a cemetary state.

2.2 Multi-parameter Girsanov theorem

The proof of Theorem 1.2 is based on Girsanov’s theorem for two-parameter white
noise. This approach was used earlier in Mueller and Pardoux [9] for the stochastic heat
equation, but we need to do some work to adapt the argument to the stochastic wave
equation. Girsanov’s theorem will allow us to remove the drift from our equation (1.1),
at least up to time 7. If this Girsanov transformation gives us an absolutely continuous
change of probability measure, then we only need to verify that the stochastic wave
equation (1.1) without the drift has a positive probability of hitting 0.

Assume that our white noise W (¢, 2) and hence also u(t, x) is defined on a probability
space (Q, F,P). As in Walsh [13], we define W (¢, z) in terms of a random set function
W (A,w) on measurable sets A C [0,00) x L. Let (F;);>0 be the filtration defined by

Fo=o(W(A): Ac 0,4 xI).

Nualart and Pardoux [10] give the following version of Girsanov’s theorem.

Theorem 2.1. Let T > 0 be a given constant, and define the probability measure Pp
to be P restricted to sets in Fp. Suppose that W is a space-time white noise random
measure on [0,7] x R with respect to Pr, and that h(t, ) is a predictable process such
that the exponential process

En(t) = exp </Ot/Rh(s7y)W(dyds) ;/Ot/Rh(s,y)2dyds>

is a martingale fort € [0, T]. Then the measure
W (dzdt) = W (dzdt) — h(t,z) dedt (2.3)

is a space-time white noise random measure on [0,T] x R with respect to the probability
measure Qr, where Qr and Pt are mutually absolutely continuous and

dQr = &,(T) dPy. (2.4)

We recall Novikov’s sufficient condition for &,(t) to be a martingale.

Proposition 2.2. Let h(t,z) be a predictable process with respect to the filtration

(Ft)eepo,m)- If
1 /T )
exp f/ / h(s,y)*dyds | | < oo (2.5)
2Jo Jr

then &, (t) is a uniformly integrable F;-martingale for 0 <t <T.

E
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2.3 Holder continuity of the stochastic convolution

For an almost surely bounded predictable process p(t, z), we define the stochastic
convolution as follows.

Ny(t,z) = // Si(t — s,z —y)p(s,y)W(dyds).

Note that the double integral in (2.1) is equal to Ny, (t,z) for t < 7. We conveniently
define g(A) = 0, so that N, (t,z) is defined for all time.

The proofs of both main theorems depend on the Holder continuity of Ny, (t, z).
Although such results are common in the SPDE literature, unfortunately we could not
find the exact result we needed. So for completeness, we state it here.

Theorem 2.3. Let p(t,x) be an almost surely bounded predictable process. For any
T > 0 and 8 < 1/2, there exists a random variable Y with finite expectation, with E|Y|
depending only on 8 and T, such that

IN,(t + h,x + k) — N,(t,z)| <Y (h” + kP) (2.6)

almost surely for all h, k where t,t + h € [0, T].

We will prove Theorem 2.3 in the appendix.

3 Proof of Theorem 1.1

3.1 Outline and preliminaries

We write the mild solution to (1.1) in the following form:
u(tvl‘) :Vu(t7x)+Du(t7x)+Nu(t7x) (3.1)
where

J
Valt.x) = S (u (:c+t)+uo(x—t))+/ L()Si(t @ — y)dy

u(t, @) // u(s,y)"*S1(t — s,z — y)dyds

W) // u(s,9))S(t — 5,3 — y)W (dyds).

We will prove Theorem 1.1 by contradiction. First, we assume that 7 < oo with
positive probability. Then, on the sample paths where this is the case (i.e., all u(w) such
that 7(w) < c0), we go backwards in time from where v hits zero. The upward drift term
D, (t,z) will then push downwards, since we are going backwards in time. We show
that this downward push must overwhelm the modulus of continuity of the N, (¢, z) term,
implying the existence of another time 7; < 7 such that « hits zero at ;. However, this
contradicts the minimality of 7, thus proving the theorem.

3.2 A regularity lemma
Let A = {7 < oo}. By assumption, P(A) > 0. We then show the following:

Lemma 3.1. On the event A, V,,(t,z) + N,(t, z) is almost surely 5-Hélder continuous on
[0,7) x [0, J] for any B8 < 1/2. The Hélder constant is a random variable depending only
on 8 and w.
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Proof. Let § < 1/2 be given. Then by (2.6) we know that N, (¢, z) is almost surely S-
Holder continuous on [0, 7) x [0, J], with random Holder constant Y depending only on
and 7. Since u; is continuous on I, the Riemann integral

J x+t
/ i (y)Si(t, — y)dy = / i (y)dy
0 x

—t

is jointly differentiable (and thus S-Holder continuous) on (¢,z) € [0,7) x [0, J] as well.
Finally, from assumption, ug is S-Holder continuous on [0, J], so it follows that 3 (ug(z +
t) + uo(xz —t)) is continuous as well.

Thus V,,(t,x) + Ny (¢, x) is almost surely 5-Holder continuous on [0,7) x [0, J]. As the
Holder constant of V,, depends only on ug and wu;, the Holder constant of V,, + N, is a
random variable depending only on 3. O

3.3 The backwards light cone
Given (t,z) € R4 x R, define the backwards light cone as

L(t,z) ={(s,y) : |x —y| < t—s}.

Note that the light cone cannot include points (s,y) for which s > ¢. It follows that
D, (t,z) can be rewritten as

t J
Du(t,) = / / w(s, )~ Se(t — 5,7 — y)dyds
0 0

t

= / / u(s,y*) " S(t —s,x — y)dyds (3.2)

0o JR
= // u (s, y")" " dyds
L(t,x)
where
y* =y mod J. (3.3)

and y* € [0, J].

Lemma 3.2. Let (¢t,z) € [0,7) x [0, J]. Then for any (s,y) € L(¢t,z), we have
D, (s,y) — Dy(t,z) < 0.

Proof. Since u(s,y) > 0on [0, 7), using (3.2) the result follows from the fact that L(s, y)
L(t, x). O

3.4 Theorem 1.1, conclusion
Since a > 3 by assumption, define ¢ € (0,1/2) sufficiently small such that

3 —
TO‘ +e(a+1)<0.
Using Lemma 3.1, on the event A we define Y to be a (random) 1/2 — ¢ Holder
constant of V, (¢, x) + N, (¢, x), depending only on €. By our choice of ¢, the exponent of R
in the expression

—1l—«a
Y 359 te(atl)
20+2

is negative. Hence, on A we can pick a sufficiently small random R > 0, depending on ¢
and Y, such that both
e e
Wif 35u47(

e BT 51 and R< (3.4)
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Finally, on A we pick a random § > 0 sufficiently small such that both

0 < min < inf uo(x),YRé_e) (3.5)
z€[0,J]
and
Tg:inf{t>0: inf u(t,x)<(5} >Z7 (3.6)
z€]0,J] 2

which is possible since since u(¢,z) is continuous in ¢ for ¢ < 7. Here, 7; need not
be a stopping time. Note that 75 is the first time that u(¢,x) reaches §, and that by
continuity of u(¢, x) in z, there exists some x5 € [0, J] such that u (75, 25) = §. We define
the differences

AV (t,x) =V, (t,x) — V, (75, Ts)

AD(t,z) = Dy(t,x) — Dy, (75, 25)

AN (t,x) = Ny(t,x) — Ny (75, z5)

and for all (¢,z) € L(7s,x5), we decompose

u(t,z) = u(t,x) —u(rs,25) + 6

3.7
= AV (t,z) + AD(t,xz) + AN(t,x) + 0. @7

We recall that by construction,
AV(t,2) + AN(t,z) < Y |(t,2) — (15, 26)] /¢ (3.8)

almost surely on A with E[Y; A] < co. From Lemma 3.2, we find that
AD(t,z) <0
almost surely. Hence, for all (¢,z) € L (75, xs) we obtain the bound
u(t,z) = AV (t,z) + AD(t,x) + AN(t,x) + 9

< AV (t,x) + AN(t,x) + 6 (3.9)

<Y |(t,x) = (7, 25)[ V2 46
almost surely on A. We define the sector

Br ={(t,x) € L(7s,2s5) : |(5,25) — (t,z)| < R},

noting from (3.4) and (3.6) that ¢ > 0 on Br. We then denote the curved part of the
boundary of Bpr by

OBr = {(t,x) € Bg : |(15,25) — (t,x)| = R}.
Then for all (¢,x) € OBg, using (3.2), (3.9), and (3.5) we find that

AD(t,z) = 7// u(s,y*) " dyds
L(7s,z5)\L(t,z)

< f// u(s,y*)” " dyds
Br

<~ |Ba| (YRE™ +5)7a

(3.10)
—
< —|Bpg| (2YR%*€)
TR (1.
= —WY aR (2 )
_ Ty “ R27 %76)&
2a+2
EJP 24 (2019), paper 14. http://www.imstat.org/ejp/
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on the event A. Recall that on 9Bp,
(3.10) we find that for all (¢,z) € OBg,

(t,z) — (15,25)] = R. Hence from (3.7), (3.8), and

Y-«
(t,z) < YRE™ — Wng R (3-¢)a
—1l—«
— YR € <1_ %32—(5—5)“—(5—6)) (3.11)
—1l-«
— YR%*E (1 _ 7TY +2 R3;a+€(a+l))
20{

almost surely on A. From (3.4) and (3.11) it then follows that u(¢,z) < 0 for all (¢,z) €
0Bpg, almost surely on A.

Since P(A) > 0 by assumption, the event that u(¢,z) < 0 for all (¢,2) € dBg occurs
with positive probability. However, since R > 0, we know that ¢t < 75 < 7 for all
(t,z) € OBR, which is a contradiction, since 7 is defined to be the first hitting time for
u(t,z) < 0. Hence we conclude that P(A) = 0.

This finishes the proof of theorem 1.1.

4 Proof of Theorem 1.2

4.1 Equation without the drift

Now we use Proposition 2.2 to prove Theorem 1.2. Consider the stochastic wave
equation with initial conditions identical to (1.1) but without drift:

Ou(t,z) = Au(t,z) + g(v(t,z))W(t, z) (4.1)
v(0,2) = ug(z)
0(0,2) = uy ().

Here z € [0, J], as before. Since there are no singular terms in (4.1), we can give this
equation rigorous meaning using the mild form:

¢ pJd
v(t,x) =w(t,z) + /0 /0 S1(t — s,z —y)g(v(s,y))W (dyds). (4.2)

where w(t, z) is as before, the solution to the deterministic wave equation.
First we verify that v(¢, z) can hit 0.

Lemma 4.1. Suppose that v(t, x) is a solution to (4.2). Then
P(v(t,xz) = 0 for somet > 0, z € [0,J]) > 0.

Proof. Let V(t) = foJ v(t, z)dz. By the almost sure continuity of v(¢,z) (see [13]) Chapter
I1I, it suffices to show that
P(V(t) <0)>0. (4.3)

Since foJ Si(t,x — y)dy = t by the definition of the one-dimensional wave kernel, and
since foJ 2 (wo(z +t) +ug(x —t))de = foJ ug(x)dz,

J oJ topd
V(t):/o uo(z)doert/O ul(z)doer/U /0 (t —s)g(v(s,y))W (dyds).

Here we have used the stochastic Fubini theorem (see [13], Theorem 2.6) to change the
order of integration in the double integral. Let us define N, (t) as the double integral:
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t J
No(t) = / / (t — $)g(v(s,1))W (dyds).

The question would be easy if g = 1, as N,(¢) would be a Gaussian variable, with a
positive probability of taking values below any desired level. Since this is not necessarily
the case, we use another Girsanov transformation to bound N, (¢) by a Gaussian process.

Fix t > 0. Choose K sufficiently large so that

JKt2 J J
S 5~ / uo(x)dx — t/ uy(x)dz > 0. (4.4)
0 0

Using Theorem 2.1, we define W as a P white noise, where P and P are equivalent and

W (dyds) = W(dyds) — Kdyds.
Decompose N, (t) = Nv(l)(t) ~ NP (t), where
t o R
NO® = [ = (s, (dyas)
o Jo
t pJd
NEO = [ [t s)ato(s, ) Ky
o Jo
Since g(v(s,y)) is bounded below by ¢, > 0, we have:
NP () >

cg JKt?
—
Hence to show (4.3), it suffices to prove that
JKt? 7 J
P (ngl)(t) < CGT _/ uo(x)dx—t/ ui(z)dz | >0
0 0

and since P and P are equivalent, we can show instead that

2 J J
P (Nél)(t) < % —/ uo(x)dx — t/ ul(x)dx> > 0. (4.5)
0 0

We define the process

r J
My(r) = / / (t — 8)g(v(s, 9)W (dyds).

Since g is bounded, M,(r) is an F,-martingale in r, for » < ¢. Hence, from Theorem V.1.6
in Revuz and Yor [12], there exists a one-dimensional standard Brownian motion B such
that M;(r) = B (7(r)), where the time change 7(r) is given by the predictable process:

r J
() = / / (t — )0 (u(s,y))dyds

T J
< 092/ / (t — s)%dyds
0o Jo
czy, CJ

= t—r)3.
3 g (=)
Then let )
L= —Cg‘]t?’
3
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so we have 7(¢) < L. Using this, we find that:

N{V(t) = My(t) = B(7(t)) < oquLB(Q)'

Due to (4.4), we can use the reflection principle to find that

~ Kt2 J J
P ( sup B(q) > ¢ —/ ug(z)dz —t/ ul(x)dx>
0<q<L 2 0 0

5 2 J J
<2P (B(L) > cg Kt —/ uo(x)dr — t/ uy (z)dx
0 0

2
<1 (since B(L) ~ N(0,L))
from which (4.5) follows, and the proof of Lemma 4.1 is complete. O

4.2 Removing the drift term

To finish the proof of Theorem 1.2, it suffices to show that up to the first time 7 that «
and v hit 0, these two processes induce equivalent probability measures on the canonical
paths consisting of continuous functions f(¢,z) on [0, 7(f)] x [0, J].

Given a (possibly random) function f : [0,00) x [0, J] — R, define the hitting times

paep) :mf{t>0: inf f(t,$)<0}

z€[0,J]

t
oY) = inf {t >0: /0 /0 f(s,2)"**dxds > m}

and for a constant 17" > 0, let
Tn(f) =7 N AT

Then define the truncated function f7m() by:

It 2) = f(t, )<, (1))

Let PLm(") pI(*) pe the measures on path space C ([0, 00) x [0, J], R) induced by
uTm (W (t, 1), Tm(”)(t,x) respectively, and let
LS ifr#£0
hry =90 BT a (4.6)
0 ifr=20.

We then obtain the following Girsanov transformation:

Lemma 4.2. For each m € N, the measures P2 and P7"") are equivalent, with

PTm T () m (V)
d ()—exp</ /h (t,x)) dxdt—f/ /h (t,z)) dxdt)
dP T (v

Proof. First, we note that h(v”™(")(t, z)) satisfies the Novikov condition given in (2.5).
Then, define the probability measure Q”~(*) by the derivative

d T (v) 2
QT Ty = oXp </ / T’"(” )) (dzxdt) — 7/ / m (V) (¢ x)) dxdt)
dP,™"

(v)

:eXp(/OTm(v 0 h(v(t,x))W(dxdt)—§/0 " 0 h(v(t,x))2dxdt>.
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Then, from Theorem 2.1, it follows that

W (dwdt) = W (dzdt) — h (va(W (t, x)) dzdt

is a space-time white noise random measure under Q7 (%), Note that Q7 (") is the
measure on C ([0, 00) x [0, J], R) induced by f7(f)(t, z) where f(t, ) satisfies

1 J
flt,z) = i(uo(x—kt) + ug(z —t)) +/0 up(y)Si(t, x — y)dy
t pJ
[ [ oS = s - W agas)
1

J
:i(uo(fc—kt)—kuo(m—t))—k/o u1(y)St(t, x — y)dy

t pJ
—|—/O /0 fls,y)"*St(t — s,x — y)dxdt
t pJ
[ [ sttt = 5.0 — o)W (ayas)

where the last term is a Walsh integral with respect to the underlying measure Q7 (*).
However, these are just the paths of 7= (%) (¢, z), so the measure Q7= () = PL™(") Then
Lemma 4.2 follows. O

Now we wish to apply Lemma 4.2 with h as defined in (4.6). This depends on the
finiteness of a,,(f) for some m. Thus 1.2 follows from the following lemma, which we
prove by using the regularity of the stochastic wave equation.

Lemma 4.3. For any constantT > 0,

TOAT T
/ / v(t, z)"**dxdt < oo 4.7)
0 0

almost surely.

4.3 Proof of Lemma 4.3

For this entire section, we let v(t, z) be as given in (4.2).

4.3.1 A rectangular grid

For each K > 0 define the event:

A(K) = sup v(t,z) < K ;. (4.8)
(t,2)€[0,T]x[0,J]

Since (t,z) — v(t, z) is almost surely continuous, the above supremum is almost surely
finite, so

Jim P{A(K)} =1.

We split the interval (0, K] into dyadic subintervals

o0
0,K=J @2 'K2"K] (4.9)
n=0
EJP 24 (2019), paper 14. http://www.imstat.org/ejp/
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and observe that on the event A(K),

TOINT
/ /v(t,x)_mdxdt
0 0
rOIAT T
/ /U(t,.73)_2a1{2—¢L—1K<v(t’x)Sg—n}(}dl‘dt
AL 0

TIAT pT
e 4.10
[22 ( +1)K 2 / 1{2_n_1K<U<t’w)g2_n1{}dxdt] ( )
0 0

ol

n

e

3
Il

0

M

|:22(x(n+1)K—2(x

3
Il
=

X 1t ({(t,x) c [o,T(v) A T} % [0,7]: 27K < w(t,z) < 2_”K}) }

where p denotes Lebesgue measure.
Define a constant € > 0 such that

0<2<]l—-a
and for each n € N, consider the rectangle
Dy, = {(t,z) € [0,An] x [0,2A,]} (4.11)

where
Ap = 271720, (4.12)
As far as the optimality of this choice of )\, the real issue is why the same factor applies
to both ¢ and x. This is because the stochastic wave equation with white noise has the
same regularity in both ¢ and x, namely it is Holder 1/2 — ¢. So we do not believe that
the result for o < 1 can be improved by better choosing A, .
Next, for each (¢,x) € D,,, define the grids of points:

L(t,z) =

[0,7] x [0, J]] Nl Uy (t kAT wn)

k4eN

T,(t,z) = UO,TW] X [O,J]] Tl ).

Let # denote the number of points in a set, and define the strip
Tn = {(t,2) € [0,\n] x [0,7] : 27" 'K <w(t,z) <27"K}.
Then we have

" ({(t,x) e [077“’) /\T} % [0,J]: 27" UK < w(t,x) < 2—"K}) (4.13)

S//Dn#{(s’y)EF”(t’x):U(S’y)32_"K}dxdt+u(Jn),

Since v(t,r) is continuous on [0,7] x [0,J] and inf,cp, jjuo(x) > 0, we have that
w (Jp) = 0 for sufficiently large random n. Hence,

o0

S {QQM"“)K—MM(J,I)] < 00 (4.14)
n=0

almost surely. We now place a bound on

#{(s,y) €Tn(t,2) s v(s,y) <27"K}

in the upcoming lemmas.

EJP 24 (2019), paper 14. http://www.imstat.org/ejp/
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4.3.2 The shifted equation

Let (t,x) be an arbitrary point in D,,, as defined in (4.11), and let 6 be the time shift
operator, defined by 0, W (dzdt) = W (dzd(t + s)).
Then for given (s,y) € T',,(¢, z), define

5, =85— An.

Now, we take the approach of considering W as a cylindrical Wiener process, as de-
scribed in [1]. Furthermore, by Theorem 9.15 on page 256 of Da Prato and Zabczyk [1],
there is a version of our solution ®, which is a strong Markov process with respect to
the Brownian filtration (F;)>o.

Using the strong Markov property of solutions, we restart the equation at time s, :

(v(s;,y—k)\n)—i—v(sg,y—)\n))
ov , _
/SI Y — )8t( z)dz (4.15)

+/O /0 St(An—ry—2)g(v(s, +r2))0,-W(dzdr).

v(s,y) =

DN =

Here, g’t’ is regarded as a Schwartz distribution.

We analyze (4.15) term by term. Decompose
U(S, y) = Vn(57 y) + Nn(sa y) + En(s; y)

where

1 Ov
Vn(say):7(U(S;7y+)‘n)+v(sr_my_An / SI ny Y — ) ot ( Z)dZ

2

An
No(s,y) = / / St O = 1y — 2) g(0(s7,1))0,- W (dzdr)
0 {lz=yl<An}
En(s,y) = —Na(s,y) + / /sI W=y — 2)g(v(sy + 7, 2))0,- W (dzdr).

More specifically,

« First, we take V,, to be the first two terms, representing the contribution to v(s,y)
from the shifted initial conditions (both position and velocity).

* Next, we realize the stochastic term as the sum of a conditionally Gaussian term
and an error term. The former is the stochastic term integrated over the light
cone contained in the square {(s,y) + D, }, with the diffusion coefficient g frozen
at v(s;,;,y). We call this term the noise term, N,,.

* Finally, as mentioned above the error term F,, is the difference between the
stochastic term of v(s,y) minus the noise term defined above.

As alluded to above, the noise term can be rewritten as:

Noa(s.9) = g(v(s.) / y St (M — 1oy — 2) 0, W (dzdr)
" {lz=yl<An) (4.16)
= 9(v(s,,9))en
EJP 24 (2019), paper 14. http://www.imstat.org/ejp/
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where ¢? is the quadratic variation of the above double integral and Z is a standard
normal random variable. Moreover, for sufficiently small \,, relative to J, we have:

/ / (r,y — z)dzdr
{lz—yl<xn }

:2—2(1 2e)n— 2

(4.17)

4

4.3.3 A regularity lemma

Now, we find bounds for F, and N,, by using Holder continuity of v. Define the events

Bn - { sup |En(say)| S 2_n}

(s,y)EFn(t,z)
C,= sup [Ny (s,y)] < 270739
(s,y)€T, (t,2)
A,=AK)nB,NC,.
Then we assert the following:

Lemma4.4.) ~ P(Bf)<ocoand) - P(C) < oo

To prove this lemma, we first establish a bound on the error term FE,,. Recall its
definition:

n=1

E, = —N,( / / St(An =1y —2) g(v(s, +r,2))0,-W(dzdr)
- / St (An =1y = 2) 9(v(s51, )0, W (dzdr)
0 J{lz=yl<An}

A pd
+ / / St (An =1y —2) g(v(s,, +1,2))0,-W(dzdr)
o Jo

Note that in the integrals above, St(\, —r,y — z) = 0 outside of the light cone |z —y| < A,,.
Thus, we restrict the domain of integration of z:

>\n
_ / / St (A — 1,y — 2) g(0(s5 )0, W (dzdr)
0 J{lz—yl<ra) "

An
+ / / St(An — 1y — 2)g(v(s, +, z))GS;W(dzdr)
{lz=y|<An} '

/ / n 77‘33—/7’2)
{lz— 1/\<)\,L}

x [g(v(sy +1,2)) = g(v(s,,y))] O, W (dzdr)
We define the rectangle

An(say):{T€R+v'z€ [Ovj] : "I”—S| S)‘n’|z_y‘ S)‘N}

and let p be a positive integer. Then it follows that

E2p = (/ / —T,y—Z)
{lz— y\<>\“}

< [g(o(sy +7:2)) — g(o(s,9))] esnwwzdr))

EJP 24 (2019), paper 14. http://www.imstat.org/ejp/
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and since the integrand above is continuous in ),,, we can use the Burkholder-Davis-
Gundy inequality to obtain:

S, +An
E [E2] 5pE</ / St (An = (r=s2),y—2)
s JUevisaad

x [g(v(r, 2)) = g(v(s5,y)]” dzd?")

S
SZ,E</ / Sf(s—r,y—z)
Sn {‘Z_y|g)\n}

xw@vw»gw@mym2wm>.

As usual, the notation a(z) <, b(z) means that a(z) < Cpb(z).
Since g is Lipschitz and since (s;,,y) € A, (s,y),

l9(0(r,2)) = g(v(sy )2 < L2 [o(r,2) = v (s, ) |
< L527 (2 lo(r, z) — v(s,y)\2 +2 |v(s,y) —v (sg,y) |2)

2
< 4L§ sup \U(T, z) — ’U(Szy)‘
(r,2)EAL(s,y)

With this bound, we get:

E[E?] <E

swp [lo(r,2) = v(s, )] (4.18)
(Tvz)eAn(S:y)

s P
x(/ / S%(s—r,y—z)dzdr) .
Sn {\z—y|§)\n}

Recall that v(s,y) is almost surely S-Holder continuous for any f < % Setting
11 X
B =35 — 5;, we obtain
E| s [jo(nz) - v(sy)”] (4.19)

(T‘,Z)EAH(S,?])

1_1 1_1\2p
Sep swp (Ir—siTE |z oy )
(r,2)€EAL(s,Y)

1 1

S_,g,p ()\721 2p) _ )\ﬁ_l _ 2—(1—25)71(1)—1)'

Recalling (4.12), we then bound the integral:

An P
(/ / SE(r,y — z)dzdr)
0 {lz=yl<An}
1 3
= (4/0 / 1{|y_z<r}dzdr> (4.20)
{lz=yl<An}

2
S
< 272(172e)np

so by (4.18), (4.19), and (4.20), we obtain a bound on the error term:

E [EF] Sgp 27 172900070, (4.21)
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Proof of Lemma 4.4. Recalling that # {T',,(¢t,z)} < A2 = 249" we find:

PB:)=P sup |En(s,y)| >27"
(s,9)€ln(t,x)

< Y P{E.(syl>2"}

(s,9)ET (t,2)
< 2@ p LB, (s,y)] > 27"} .

By Markov’s inequality, we can continue as follows,
P (sz) 5 2(274e)n+2np E [Eip}
after which we use (4.21) to obtain the bound:
P (B;) < 2(3—65)n—(1—66)np.

3—6¢
1—-6¢€¢"

Thus, the summation )7 | P (B) converges when p >
With a similar decomposition, we obtain:

P (C;) S 20719 P{|N, (s, )] > 2707}
Recalling (4.16) and (4.17), this implies:

P (C(T:L) S 2(474e)n P {|g (U (S;,y)) Z’ > 2(172e)n27(173e)n}
g 2(4—4e)n P {|Z| > Cg—12en}

where Z is a standard normal random variable. Now, we use a standard tail estimate for
the normal (often called the Chernoff bound) to conclude

P{|Z] > C; ' 2} < 2exp (—C; % 22 1)

and it follows that ) > | P (C¢) converges. O

4.3.4 A counting lemma

Lemma 4.5. For each K > 0 there exists a constant cx such that for every n € N and
(t,x) € Dy, B
E [# {(s,y) el(t,z) 1 v(s,y) < 2_"K} ;An] <cg.

The proof of Lemma 4.5 will require several preliminary steps.

We fix (¢,2) and order the points in T',(¢,2) lexicographically, calling the ith point
(si,y;) for some ¢ € Z(t,x) = {1,2,...,#{(t,z)}} - ie, if i < j then s; < s; and if
s; = s;, then z <z; < z; mod J. For given (¢, z), we define the set A" (s, y) as follows:

[0,s,] xI y=ux
(0,5, ] x DU ([sn, 8] x [z = Ay = Aa]) y#a

where the interval [z — \,,, ¥y — A,] on I is taken modulo J, wrapping around whenever
x — A\p >y — A,. (Note that this is not the same as the previously defined A,, (s, y)).

Let 7 be the o-algebra generated by W in the set A" (s;,y;). Then V,, (s;, ;) is
F'-measurable for all - € IN. Recall from (4.16) that

A”(87 y) = {

Ny (sisyi) =g (v ((si); y)) cnZi (4.22)

EJP 24 (2019), paper 14. http://www.imstat.org/ejp/
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where ¢, = 2717291 and Z; ~ N(0,1) is F7*, -measurable but independent of F}".
Let P} denote the conditional probability with respect to 7' and let § > 1 be a
constant depending only on K. Define

En(S,y) = Vn(87y) + Nn(s’y)

We now prove the following lemma:
Lemma 4.6. There exists dix > 0 such that for all i € Z(t,z),

P? |:§n (S,‘,, yz) S *2771

T (51,5:) < 27K + 1)} > dy (4.23)

almost surely on the event {V,,(s;,y;) < 62~ (179"},

Proof. From the definition of conditional probability, the left hand side of (4.23) is:

H:=P} {@n (55,41) < =27" | On (85,9:) <27"(K + 1)}
~ PP (si ) < 27 (K + 1))
PN (i) £ 27— Vi (s )}

Using (4.22), we find that

P} {g (U ((Si); ﬁ%‘)) CnZi < =27"=Vy (5i>yi)}
H=
Rl (o)) =]

and using (4.17), we find that

P? {g (U ((Sz); 7?/1‘)) Z; < —2172n _ol+(1=29ny, (g, y%)}
H J—

- P? {g (v ((sl); ,yz)) Z; < 2172en(K 1) — 21+(1-20)ny], (sl,yl)}

Then define p,,; = 2g(v((si);;,y:))"'. Note that p, ; is almost surely bounded above by
2C, and below by 20;1 > 0, both uniformly in n and :. Plugging this into the above
equation, we find:

P {Z; < —pni (2727 + 207297, (5, 9,)) )

H= . 4.24
PP {Zi < —pui (—2720(K + 1) + 207297V, (51, 57)) } 2

Now we examine H in two cases. The first case is on the event
{72*26"(1( +1) + 20729y, (55, 41) < 0} . (4.25)

Since the denominator in (4.24) is less than or equal to 1, we can bound H below by its
numerator:

H>P} {Zi < —Pnji (2_26” + 20729y, (Szayz)) } :
Using the decomposition
97 2en 4 9(1=29ny, (g 0)
= (2727(K +2)) + (—2727(K + 1) + 207297V, (s5,1))
< (277K +2))

EJP 24 (2019), paper 14. http://www.imstat.org/ejp/
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and the assumption in (4.25), we find
H>P!{Z; < —pni2 *(K +2)}. (4.26)

Since p, ; < 2C, for all n, we note that for all K > 0, pMQ—ZE”(K +2)—>0asn —oco. So
for sufficiently large n (depending on K), H > 1/3. Hence in the case given by (4.26),
Lemma 4.6 follows.

The second case is on the event

{—2—26"(1( +1) + 2072V, (s, 41) > 0} : (4.27)

Here, we use the following inequality from Lemma 8 of Mueller and Pardoux [9]: For
a,b > 0 and Z a standard normal random variable,

P{Z > a} Ve aby B2
< 14+ — 2.
P{Z>atb) ~2P{Z>1) " ( T et bbe

Let a = p,i(—272" (K + 1) + 207297V, (s;,;)) and b = p,, ;272" (K + 2). Recalling that
from our given conditions, V,,(s;,y;) < 62~ (1=9n almost surely, we find that:
(a+b)b=p;; (2*2671 +20729my, (s, yi)) (K +2)27%"
<pp (2727 4 27%6) (K 4 2)272"
= pp (0 + 1)K +2)27%n
< 2,6+ (K +2)

and

b

< ppi (—(0.5K)27%" 4 2726) (K + 2)27>"
= p (6 — 0.5K) (K +2)27 %"
< pp (6 —05)(K +2) (recalling that K > 1)
almost surely. Using these results with (4.24), we find:
- P{Z < —(a+10)}
- P{Z< —-da}
 P{Z>a+0b}
- P{Z>a}

-1

> Pz > ) A (14 Y et )

—1
> (2P{Z > 1}) A (1+ : ﬁ_lpii(aﬂ)(KH)ePi,i(ﬁ0~5><K+2>> .
— e ?

Since p,, ; is almost surely uniformly bounded away from 0 in n and 4, there exists ¢y s > 0
such that p? ; > 4¢, 5. So:

\/é 2 2 (6-0.5)(K+2) -1
L+ 2 (6 4+ (K + 2)era0

-1
= ( bV 2)669,5@0.5)(1“2))
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and since 0 depends only on K, the right hand side above is bounded below by some
YK,g > 0. Then H is bounded above by

dg = QP{Z > 1} NVK,g > 0
in the case given by (4.27) as well. Hence Lemma 4.6 follows in both cases. O

Proof of Lemma 4.5. Define
& = E[#{(s:9) € Tu(t,2) : v(s,y) 27K }1 A, ).
From the definitions of A,, and T, it follows that &, is bounded by:

& < E[#{(S,y) eT,(t,z):0 <v(s,y) <27"K,

|Ba(s,9)] <277 [Ny (s, )] < 2720739 1],

Recall that by definition, T, = V;,(s,y) + Nn(s,y) = v(s,y) — En(s,y). Thus, we obtain the
bound

£, < E[#{(&y) €T, (tz): — 27" < Tn(s,y) < 27"(K +1),

[Ba(s,y)] < 27" [Na(s,y)| < 27207397 ],

Note that if V,,(s,y) + N,(s,y) < 27(K + 1) and |N,(s,y)| < 27217397 then for some
§ > 1 depending on K, e we have V,,(s,y) < 62~ (19", So we can write:

£, < E[#{(s,y) ETa(t,z): —27" < Tp(s,y) < 27"(K + 1), Va(s,y) < 52—“—6)”}]

Let {0, (k)}rew be the sequence of indices i € Z, in lexicographical order, such that
both 7, (s;, ;) < 27"(K + 1) and V,,(s;, ;) < 62~ 1=,

Out of the set of points on I',, such that 7, < 27"(K + 1), one looks at the points
where v,, < —27", which would force v to be negative. Thus we define the event

Dy, = {n (8,00 Youk) < =277}
and for k € IN, we define the indicator random variable
I, =1p,.
From Lemma 4.6, it is clear that
P{L =1} >dk

and moreover, since V; and N, are ]:f-measurable for all + < j, we can also use Lemma
4.6 to find that
P[Ik -1 ‘ 11,...,1k_1] > dy

for k > 1. Finally, let
o, =inf {k; I, = 1}.

Since v(s,y) > 0 for all (s,y) € T, it follows that &, < Ez,,.
Note that the Ij’s are not independent. We couple {I;;} with a sequence of inde-
pendent random variables {Y;} as follows: Let {Uy},., be a sequence of mutually
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independent random variables that are globally independent of the [;’s and have uniform
law on [0,1]. Then define

0 if I, = 0 or U, >dK/P[Ik:1 ‘ 11,.‘.,1,6,1]

Y =
1 if I, = 1 and U, gdK/P[Ik:1 ‘ 11,...,1,6,1}

for k > 1. Then clearly,
Y < I

and for k > 1,
P[Yk —1 ‘ Yl,...,Yk_l] :P{Yk —1 ‘ Il,...,Ik_l}
so {Y}%} is a sequence of i.i.d. random variables. Let ¢ = inf {k; Y}, = 1}. Then

o, = 1Ist ksuch that [, =1
0 =1stksuchthatY, =1

and since Y} < I, it follows that 7,, < 5. So
Ez, < Eé =dg'. O

4.4 Lemma 4.3, conclusion
Finally, we cite a measure-theoretic result related to the Borel-Cantelli Lemma:

Lemma 4.7. Let {X,,} be a sequence of [0, c0)-valued random variables, and {F, } be a
sequence of events, such that both:

i P(F;) <
n=0
i E[X,;F,] < 0
n=0

Then ) " , X, < co almost surely.

Proof. Let F = {}> ° X, = +oo}. Then on the event F N (liminfF,), we have
> o Xnlp, = +oc. So from the second condition, we get P(F Nliminf F,) = 0. How-
ever, from the first condition and Borel-Cantelli, we find:

P (limsupF;) =0= P (liminfF,) =1
Implying that P(F) = 0, which is our desired result. O

Proof of Lemma 4.3. From equations (4.10) and (4.13), we have:

(AT
1A(K)/ /v(t,x)_m dxdt
0 I

< lak) Z {22(1(”“)[(‘2“
0

{(t,x) e [O,T(U) /\T] x1: 27"V K < w(t,z) < 2‘"K}) }

N3

X p
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Now consider the above expression u(---). First, we can bound this expression above by
dropping the inequality 27"~ 'K < v(t¢, ), which enlarges the set under consideration.
Secondly, we note that

U T,(t,x)

(t,xz)€Dy

covers the entire (¢, z)-plane, because T',, (¢, z) consists of the corners of rectangles which
are translations of D, further translated by (¢, ). So we can continue as follows.

FO) AT
1A(K)/ / t Z‘ —2a dxdt

<1A(K)Z[22a"+1K 2“// #{(s,y) €Tn(t,x) 1 v(s,y) <27"K} da?dt}

n=0

+1ax) Z |:220¢(n+1)K72a (o) ]
n=0

Now consider the summation of expectations

> E {1AK>22°‘("“K 2"‘// #{(s,y) € Tu(t,z) : v(s,y) <27 "K} dadt; B, mc}

n=0

i [22an+1)K 2a// #{sy €Tt ) v(s,y) < Z”K}dxth}

Recalling that a < 1, and that D,, was defined in (4.11), we note that:

// dedt = 2—(2—4e)n+1
D,

so using Lemma 4.5, we find:

ZE[22°‘(”+1)K ZQ// #{(s,y) eTp(t, @) 1 v(s,y) <27 "K} dadt; A,

n=0

_222‘1”+1)K 2“// #{ s,y) € Thl(t, x):v(s,y)ﬁQinK};An] dxdt

< Z 22a(n+1)K72acK // drdt
n=0 Dn

S
— Z CKK—2a22a+12(2a—2+46)n
n=0

and since a < 1 — 2¢, the summation converges. Thus from using Lemma 4.4, Lemma
4.7, and (4.14), we have

AT
Lacr) / / v(t,z) "2 *dxdt < oo (4.28)
0 0
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almost surely. Observe that (4.8) and (4.28) imply (4.7) since

T AT
/ /Iv(t,:z:)*hd:cdt
0
AT 2O AT
= 1A(K>/O /Iv(t’x)’zadde 1A(K)C/0 /Iv(t,x)*%dxdt
AT AT
< 1A(K)/ /U(t,x)_Q“dxdt+/ /K_Qad;pdt
0 I 0 1
< 00

almost surely. Indeed, on A(K)° one knows that v(¢t,z) > K for (¢,z) € [0,T] x [0, J], so
v=2(t, ) < K2 in this situation. O
A Proof of Theorem 2.3

Proof. For the remainder of this section we will simply write N(t, z) instead of N, (¢, z).
Fix T' > 0 and consider the space and time differences, given respectively by |N (¢, z +
k) — N(t,z)| and [N (t + h,x) — N(t,z)|. Without loss of generality, let &, k € [0, 3].

A.1 Space difference
To bound N (¢,x + k) — N (¢, z) we first write

Aﬁ:E[|N(tx+k)—N(tx)|”]
SIt—sx+k y) — SI(ts,zy))W(dyds)]

and note that for all r, the following stochastic integral is a martingale over t:

t J
[ [ otsn(sitr= st k=) = Sitr 5.0 = ) Widyds).
0 0

We fix p > 2 and use Burkholder’s inequality to find a constant C;, such that
pl

t
\/ 150 1810 = s, b =) = il = 5, — ) dyds
0 S

p(s,y) (Si(r — s,z +k —y) = Si(r — 5,2 —y)) W(dyds)

< C,E

p/Z]

for all r. As C), does not depend on r, we can set r =t to obtain

p/2

t pJ
Ai SCPE ’/ / |p(87y)|2|SI(t_va+k_y)_Sl(t_‘S?x_y)'Qdyds
0 Jo

Now we use Hélder’s Inequality with exponents £ and ﬁ

AP <C, ( / / (s,y pdyds)

t o p/2—1
/ / |51(t—s,x+k—y)—Sl(t—s,x—y)|2p/(pQ)dyds] .
o Jo
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Since p is almost surely bounded, the expectation E fot fs p(s,y)Pdyds is bounded by a
constant depending on 7" and p. So we obtain:

t J p/2—1
AV <, 1 [/ / |SI(t—s7x+k—y)—SI(t—s7x—y)|2p/(p72) dyds}
o Jo

[t pd p/2=1
= / / |S1(s,z + Kk —y) —Sl(s,x—y)|2p/(p_2) dyds]
o Jo

[t 1 1 2p/(p—2) p/2-1
= / / Z 51{‘m+k*y+m.]|<s} - Z 51{|l’7y+m‘l\<s} dyds
L 070 |mez meZ
1 tord 2p/(p—2) p/2-1
EZ / / Z (1{|w+k_y+m‘]|<s} o 1{\$—y+mJ|<s}) dyds
070 me7Z

Here and in the next few estimates, the infinite sum over m € Z is really finite, because

the indicator functions will be zero for all but finitely many values of m.

p
We use the inequality (25:1 an) <oy N a? to get:

1|t 2p/(p—2) e
A} Spr o /o /o Z Lt keytmai<sy = Liz—ytmij<s] dyds
meZ

1 t p/2-1
=5 VO /O > [Lgask-yrmii<s) = Liomysmai<sy | dyd%

me7Z

1 t
QPUO /]R!lﬂwwfyks}—1{\wfy|<s}|dyds

1 2—1 —
27(2%)?/ <pr KPP

:|p/2—1

IN

A.2 Time difference

As in the last section, we can use Burkholder’s inequality to find:

E[|N(t+ h,z) — N(t,z)|"]
P p/2
<GE |// o5, )P St + b — 5,2 — ) — Su(t — 5,2 — )| dyds
0 0

p/2

t+h J 9 5
+OB [ [l Sule+ h— 5.0 = )P dyds
t 0

The first term is handled like the space difference:

t pJ /2
E||[ [ oo ISu(e+ b s.o—y) = Silt = s - ) dyds

0 JO
t J

S (B[ [ ots.vragas
0 JO
t pJ p/2-1

x / / |Sl<t+h—s,x—y)—Sl(t—s,x—y>|2p/“"2’dyds] :
0 JO
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P
Using the inequality (Zn 1 an) <p.v N 4P, we can continue the above inequality

t p/2-1
< S hor—vy)— S _ )2/ 0=2) g
ST 151(s + h,z — y) = Si(s, 2 —y)| yds

o Jo

. 2/(r-2) e
/ / ]-{\z y+mlJ|<s+h} — Z 51{|x—y+mJ\<s}
mEZ meZ

dyds
S o 2p {/ / |1{\z yl<s+h} — L{|ze y<s}‘dyds}

1
_2p

For the second term, we start with Holder’s inequality again:

p/2—-1
(2th)*/?7 <, p hP/27T

t+h p/2

p(s,9)) 2 1S1(t + h — s,z — y)[* dyds

t+h  pJ
<G, <E/ / p(s,y)”dyd5>
t 0
t+h  pJ p/2=1
X [/ / |SI(t+hfs,xfy)|2p/(p_2) dyds] .
t 0

Using the inequality (Zn 1 a ) Sp,N Z _, ab one last time, we continue the inequality:

t+h  pJ p/2-1
Spr [ / / Gt +h — s, —y)P/ 77 dyds]
t 0
p/2—1
[/ / |SI ‘QP/(P 2) dde‘|
hopd 2p/(p—2) p/2=1
= / / dyds
o Jo

1 /2—1 _
=g, ()" 5w

31 {la—yl<s}

A.3 Conclusion

Putting together the space and time differences, we obtain for h, k:
E[|N(t+h,x+ k) — N(t,2)["] Spor h?/271 4 kP21
p/2—1
SpT (\/h2 + k2) .

Finally, we recall Kolmogorov’s continuity theorem for multiparameter processes
[13], Corollary 1.2.

Theorem A.1 (Kolmogorov). Let R be a rectangle in R™ and {X;,t € R} be a real-valued
stochastic process. Suppose there exist a,b, K all positive such that for all s,t € R

E|X; — X,|* < K|t — s|"T.

Then,
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1. X has a continuous realization;
2. there exist a constant C depending only on a,b,n and a random variable Y such
that with probability one,

X, — X | <Y|t—s|"* (V)s,teR
and E[Y°) < CK;
3. if E[|X;|"] < oo for some t € R then

E {sup Xt|a} < 00.
teER

Setting a = p and b = p/2 — 3, we obtain
b/a
NG+ b+ k) = N o) <V (ViE+ 12)
<y (h1/273/p i k1/273/p)

where E[Y] < oo and depends only on p and 7. Then since 5 < 1/2, we can set p = 1—6213

and the conclusion follows. O
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