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We study the absolute continuity with respect to the Lebesgue measure
of the distribution of the nodal volume associated with a smooth, nondegen-
erate and stationary Gaussian field (f(x), x € Rd). Under mild conditions,
we prove that in dimension d > 3, the distribution of the nodal volume has an
absolutely continuous component plus a possible singular part. This singular
part is actually unavoidable bearing in mind that some Gaussian processes
have a positive probability to keep a constant sign on some compact domain.
Our strategy mainly consists in proving closed Kac—Rice type formulas al-
lowing one to express the volume of the set { f = 0} as integrals of explicit
functionals of (f, V f, Hess(f)) and next to deduce that the random nodal
volume belongs to the domain of a suitable Malliavin gradient. The cele-
brated Bouleau—Hirsch criterion then gives conditions ensuring the absolute
continuity.

1. Introduction. Nodal sets, that is, vanishing loci of functions, are central objects in
mathematics. They are, for example, at the very definition of algebraic varieties and, thus,
the main object of algebraic geometry, but they also appear naturally in analysis, differential
geometry and mathematical physics. Understanding the main features of a purely determin-
istic nodal set is generally out of reach, as illustrated by several celebrated open problems,
such as Hilbert’s sixteenth problem [27] or else Yau’s conjecture [28]. In order to capture
the typical behavior of an object, one is thus tempted to randomize which reduces here to
consider nodal sets associated with random functions. Computing expected values, variances
or else fluctuations around the mean of the considered nodal functionals and, in particular,
understanding their asymptotic behavior as the amount of noise goes to infinity is then a true
wealth of information about the possible deterministic behaviors. Besides, randomization of
nodal sets is also strongly motivated by deep physical insights, such as the celebrated Berry’s
conjecture as explained in [7].

Let d > 1 be an integer, K a compact hypercube of R? and f a smooth function from R¢
to R, which is nondegenerate on K in the sense that

2
20

(1) xmeilrgnf(x) >0 where nf(x):= \/fz(x) + |V f(x)]

where || - ||» denotes the Euclidean norm in R?. In virtue of the implicit function theorem,
the nodal set {f = 0} N K is then a smooth submanifold of dimension d — 1. One of the
simplest nodal observable is then the nodal volume HAT({ f=0}NK),thatis, thed — 1
Hausdorff measure of the zero set in K. Undoubtedly, the most important tool in studying
such functionals is the so-called Kac—Rice formula

_ . 1
@) I =00 K) = lim o [ 1< [V S )] Ha(d).

When f is a smooth random Gaussian field, one can then naturally take the expectation
in equation (2) and get rather easily the exact value of E[HY1({ f=0}NK)]. It is also
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possible to compute higher moments with similar formulas, which in that case can become
more intricate. We refer the reader to the book [6] for a rather exhaustive exposition of Kac—
Rice type methods and applications.

In the framework of random Gaussian fields, another salient tool is the so-called Wiener-
chaotic expansion of the random variable HAL({ f =0} N K). This tool has shown recently
its great efficiency in order to establish limit theorems, both central and noncentral, regarding
the random nodal volume. The literature on this topic is growing, and the reader can consult
the following nonexhaustive list of related works [2, 4, 5, 11, 16, 17, 19, 22] as well as
the nice survey [25] for an overview. For each of the aforementioned models, it is indeed
possible to compute explicitly the expansion into Wiener chaoses, which can be seen formally
as the infinite dimensional analogue of the Hermite polynomials. The exact computation of
the chaotic expansions enables one to use the so-called Nualart—Peccati criterion [21] as
well as Peccati—Tudor Theorem [24] which both provide efficient criteria ensuring central
convergence.

In this article we provide a new tool enabling to study the probabilistic properties of the
nodal volume associated with a smooth stationary Gaussian field, that is, a Gaussian field
whose distribution is invariant under translations. Namely, we first exhibit some determinis-
tic closed Kac—Rice type formulas for the nodal volume of nondegenerate functions. Then,
we deduce that, under mild conditions, the random nodal volume associated with a smooth
stationary Gaussian field belongs to the domain of a Malliavin derivative operator. The Malli-
avin derivative has shown to be an efficient tool for proving the existence of densities for the
law of random variables which belong to the domain of the Malliavin gradient. This theory
is mainly due to P. Malliavin, who used it to give an alternative proof of the hypoellipticity
criterion of Hormander. Aside from this emblematic consequence of Malliavin theory, the
reader is referred to [20] or [18] for many other applications of Malliavin calculus. In this ar-
ticle, we will rely on the so-called Bouleau—Hirsch criterion of existence of densities; see, for
example, [8], p. 42. This criterion is more general, compared to the Malliavin criterion, since
it requires less nondegeneracy; however, it does not give any information on the regularity of
the density.

Let us describe in more details our strategy and the organization of the paper. The first
step, which is the object of the whole Section 2 below, consists in rewriting the deterministic
formula (2) as an explicit closed formula taking the form of an integral of a simple functional
of both the function f and its derivatives. To the best of our knowledge, this above mentioned
closed formula and its variants seem to be new and are of independent interest. Section 2.1 to
2.3 are devoted the one-dimensional framework, whereas Sections 2.4 and 2.5 deal with the
higher dimensional setting. To give to the reader a foretaste of the closed formulas we have
in mind, if f is a smooth, nondegenerate, periodic function from T4 = R4 / 74 to R, we will
prove, for example, in Proposition 7 below that

Lf ()]

d
a3

HITH(f=0)) = —% L F@Ar0 = [V I])

1 dx
-5 /Td;f(x)|(||Hessx(f) = Tr(Hessx(f))z)W

30 1@
4 Jrd 3 (x)

(AFG(V f (), Vb)) = V. f (x)* Hess, fVn}(x)) dax.

Compared to the classical Kac—Rice formula (2), the suppression of the limit in this last
formula, and the fact that each of the three integrands is a Lipschitz functional of the vector
(f, V f,Hess(f)), will allow us to deploy the rich properties of stability of the domain of
the Malliavin gradients in the case where the field f is random and Gaussian. One can also
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use this formula to provide moment estimates for the nodal volume. Relying on the proof
d+1

of Lemma 5, we may infer that H~'({f = 0}) has a moment of any order less than =,
provided that the Gaussian process is of class C?(T?, R) and nondegenerate. Interestingly,
this observation complements Theorem 5 from [3] which basically asserts that the nodal
volume of a suitable C°° Gaussian field has moments of every order. Our formula establishes
that, under the assumption of two derivatives, the integrability of the nodal volume increases
as the dimension increases; see Remark 10.

Section 3, which may be of independent interest, is devoted to establishing mild sufficient
conditions which ensure that the nodal volume H?~!({ f = 0} N K) associated to a smooth
stationary Gaussian field f is not almost surely constant. Namely, we prove the following

result:

THEOREM 1. Let f be a stationary Gaussian field of class C' in R?, whose spectral
measure (L ¢ admits two moments, and such that V f(0) is a nondegenerate Gaussian vector.
We further assume that iy is not of the form % Let P = ]_[flzl lai, bi] some hypercube

with a; < b;, then the random variable H 1 ({f =0} N P) is not almost surely constant.

REMARK 1. The Gaussian process f(x) = Gicos(x) + Gasin(x), with G, G> being
two independent standard Gaussian random variables, has a number of roots constant equal

to two on any interval of length 2. Indeed, one has f(x) = ,/G% + G% cos(x + ¢) with

G] G2
JG1+G3 JG1+G3
This explains why one needs to impose that p ¢ # % in the assumptions of the previous
theorem.

cos(¢) = sin(¢p) =

Finally, Section 4 is devoted to the precise study of the absolute continuity of the random
nodal volume. In Section 4.1 we give a self-contained introduction to Malliavin calculus and
Malliavin derivatives, and in Section 4.2 we state and prove our main results concerning
absolute continuity. We establish that the nodal volume of a suitable Gaussian field is in
the domain of the Malliavin derivative (see conclusion (i) below) and that its distribution is
not singular with respect to the Lebesgue measure. For more precise explanations about the
domain D!-? of the Malliavin derivative, which appears in the statement (i) below, we refer
the reader to Section 4.1.

THEOREM 2. Let d > 3 be an integer and (f(x)),c1d be a periodic and stationary
Gaussian field which is of class C*(T¢,R), with the convention that B[ f(0)*] = 1. Let us
assume that the Gaussian vector V f(0) has a density. Then, we have the two conclusions:

() M (f =0p e DM
(ii) the distribution of H?~'({ f = 0}) has a nonzero component which is absolutely con-
tinuous with respect to the Lebesgue measure.

The previous statement also holds true without periodicity conditions on the Gaussian field
[, as illustrated by our next main result. Let us stress here that we have separated the periodic
and nonperiodic frameworks because the absence of boundary terms in the integrations by
parts used in the proof of Theorem 2 makes it more transparent in the periodic setting.
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THEOREM 3. Let d > 3 be an integer and (f(x)) crd be a stationary Gaussian
field which is of class Cz(Rd, R), normalized such that E[f(O)Z] =1.Let ay <bj,ar <
by, ...,aq < by be some real numbers, and set K = ]_[f":l[ai, b;]. Let us assume that the
Gaussian vector V f(0) has a density. Then, we have the two conclusions:

() HIN(f =0y nK) e DI,
(i) the distribution of H~'({f =0} N K) has a nonzero component which is absolutely
continuous with respect to the Lebesgue measure.

REMARK 2. Throughout the whole article, unless otherwise stated, we will assume that
the considered Gaussian fields f, which in our case will be indexed by R4 or T4, are almost
surely nondegenerate in the sense of (1), that is, almost surely no zeros of f are critical
points. When dealing with a stationary Gaussian field, the nondegeneracy holds true if the
(d + 1)-dimensional Gaussian vector (f(x), V f(x)) has a density with respect to Lebesgue
measure. Using the stationarity and hence the independence of f(0) and V f(0), condition
(1) simply reduces to the assumption on V f(0) of the previous theorems. This last condition
is very weak since it is not satisfied only if the underlying Gaussian field is constant along
some direction.

REMARK 3. Self-evidently, if a function f has a constant sign on some domain K, its
nodal set has volume zero. Hence, if f is a Gaussian process which has positive probability
to keep a constant sign on K, the distribution of the random variable H¢~!({ f =0} N K) has
an atom at zero and cannot be absolutely continuous with respect to the Lebesgue measure.
In this sense, the conclusions (ii) of the two above theorems are sharp. To illustrate this
observation, let us consider P; the random trigonometric polynomial of degree 3 x 3 in T?
of the form

1 n
Pi(x,y,2):=hao+—5 D akemcos(kx)cos(ly)cos(mz), (x,y,z) €T’
n ke,m=1

where ag and the ai ¢, are independent standard Gaussian variables and where A > 0 is a
positive parameter. When A is zero, the random polynomial is spatially centered and neces-
sarily vanishes. The nodal volume is then expected to be fully absolutely continuous which
is consistent with Figure 1. When A gets higher, the probability for the Gaussian field to keep
a constant sign increases and a Dirac mass appears. The latter is illustrated in red.

REMARK 4. Belonging to the domain of the Malliavin derivative is a true wealth of infor-
mations concerning the distribution. In addition to the celebrated Bouleau—Hirsch criterion,
which provides conditions ensuring the existence of densities, it is proved in [20], Prop. 2.1.7,
p. 106, that a random vector whose components belong to the domain of the Mallavin deriva-
tive has a distribution whose topological support is connected. In the previous diagrams the
nodal volume appears to be supported on intervals of the form [0, M] if A > 0 and of the form
[My, M>] with 0 < M| < My when A = 0.

2. Closed Kac—Rice type formulas. In this section, starting from the classical Kac—Rice
formula and using simple integrations by parts, we establish some exact closed formulas for
the nodal volume associated with nondegenerate functions.

2.1. A closed formula in dimension one. Let us first consider a periodic function f €
C%(T,R) which is supposed to be nondegenerate in the sense (1). In this one-dimensional
and periodic setting, the celebrated Kac—Rice formula (2) for the number of zeros of f in
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FI1G. 1. Empirical histograms (based on Monte-Carlo Method and the integral representation of Proposition 5
below) of the nodal volume associated with the random trigonometric polynomial P)_for the different choices
A =0,0.3,0.5,0.6,0.7, 1 (from left to right, top to bottom).

[0, 277 ] simply reads
2

3) HO((f = 0})—11m A I se](f(x))|f(x)|_

The presence of the limit in ¢ in the formula (3) is an important drawback since one needs
to track the speed of convergence in the Kac—Rice in order to get accurate estimates of the
number of roots. We shall remove the limit and write the number of roots as a simple integral
of an explicit functional of (f, f/, f”). The price to pay is to require two derivatives whereas
the formula (3) only needs one.

PROPOSITION 1. If f € C*(T,R) is nondegenerate, then we have

fI
Ty (x T

1 r2n
H(S=0)==5 | (/"0 f ) = f'@))

PROOF. By hypothesis, since f is nondegenerate, we have 17 1= infyc[o,271 77 (x) > 0,
so that we can write

1 2 2
|f (x)] —|f/(x)|:\/|f(x)|2+|f’(x)|2—|f/(x)|— |f(x)|
JIF@PR+ 10 JIF@PR+ 1))
1 (02 WP

ORI ORIl @R+ @R
and, in particular, we get
|f @) 2f(x)2

'J|f<x)|2 102

GIE
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For all ¢ > 0, if we set
2n |f @) dx
183:/(; 1[78,8](][()‘:)) /

JF@R+ IR 2

2 , dx
[T teatr@lF el

we then have
2 f(x)2 dx _2me
28 Tony
In particular, lim,_, g I, = 0 so that the Kac—Rice formula (3) can be rewritten as
0P dx
JF@P+ 1R 2

2
|1 | EA ]l[ 88](f(x))

2
HO({f=0}) = eli_r)%Ng where N, :=/(; Li—ee1(f (X))

For all ¢ > 0, let us now consider the function ¢, defined as

-1 ifx <—g,

Oe(x) := [x/e if —e<x<sg,

1 ifx >e¢.
Since f is periodic, integrating by parts, we get that
27 ’(x)
Ne=3 [ (Gtimeatros ) —= dx
JIF@PR+ 1P

2 !
(be o () ——L
JIF@PR+ 100

o f(x))( S )/dx

dx

2 Jo JF@P+1xP
1w FOOU" @) f() = f1(02)
=5 | @orw) e d

Since |¢.| is bounded by one uniformly in €, by the dominated convergence theorem we
deduce that

FOU" @ f) = @)% J

HO({f =0}) = lim N, = 1 /2” sign(f (x))
e—0 2 Jo (x)3
| f ()]

1 2 i /
=3 U(@ﬂm—f@))()3x 0

2.2. Understanding the formula and generalizations. In this subsection we shall observe
that the previous procedure hides a simple phenomenon which allows us to derive a family
of analogue formulas. Let F be a C! function on R such that

lim F(x)=-1, lim F(x)=1.
x—>—+00

X—>—00

The reader can keep in mind the examples

F(x)=

2
F(x) = —arctan(x) or F=2G—1,
b4

X
\/l—i-xz’

where G is the cumulative distribution function of any continuous random variable.
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P1f@3) = =
7'/f@7) = =0

0 / \ 2

F'/f(af) = +oo J'/f(23) = +o0

FI1G. 2. Values of the logarithmic derivative at the successive zero crossings.

PROPOSITION 2. If f € C*(T, R) is nondegenerate, then we have

S

PROOF. Let us first remark that since f is nondegenerate, it has a finite number of zeros
in [0, 27]. Moreover, if f does not vanish, then the integrand in the right-hand side of equa-
tion (4) has no singularity and the integral is indeed equal to zero by periodicity. To simplify
the expressions, set N := HO({f = 0}) and denote by x| <--- < xp the zeros of f in [0, 2],
and set xy+1 := x1. We can then decompose the integral in equation (4) as the sum

G e B W ) ()

() ()

=2

N.

Indeed, as illustrated in Figure 2, each zero crossing contributes to a factor —2, since F takes
values 1 at +o00. [

Applying Proposition 2 with F = %arctan, we obtain in particular the following simple
formula which has the advantage to express the number of roots as an integral of a simple
rational function of (f, f’, f”). It might be of particular interest when dealing with analytic
functions since the integrand in the next equation (5) remains analytic even in degenerate
settings, id est when 71 ¢ vanishes.

COROLLARY 1. IffeC 2(”]I', R) is nondegenerate, then we have

L7 o2 = fof'w)
— X
wlo )+ ()

Such a formula, or its analogue for other choices of input functions F, can, for example,
be used in order to bound the number of real roots in term of various reformulations of
the nondegeneracy assumption that f and f’ do not vanish simultaneously. Starting from
equation (5), one gets for instance the following immediate estimate

0/ r_ 1 2”|f”(x)|d h <2 I lloo !
’H({f—O})Sn/O e x + 5( ” +>.

(5) HO({f =0}) =

2.3. Extension to the nonperiodic setting. Whereas it is particularly convenient to deal
with periodic functions as boundary terms vanish when performing integrations by parts, the
above approach involving the logarithmic derivative of f allows also to deal with nonperiodic
functions on any interval. Namely, we have
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PROPOSITION 3. Let f be nondegenerate C? function on R, and let F be a C' function
on R such that

lim F(x)=-1, Iim F(x)=1.
X—+00

X—>—00

Fix a < b, and suppose, for simplicity, that f (a) f (b) # 0. Then, we have the formula
/! /! ECAVRMCIAN
r=onte =3[ r(Zo) - r(F@) - [P (5 (75) o]
G D= 2 f f a fx) /X fx)
In particular, if a and b are the loci of local extrema of f, then we have
1 / / /
2 f@x) /X fx)
PROOF. As above, let us denote by x| < --- < xx the consecutive zeros of f in [a, D].
We can decompose the integral as

=) () @
=[G ) e o () (i) o
N-1 /

2 [0S ) o

i=1 i

=)o) e r () ()

i=1

/ /

= F<L(b)> — (L(a)> —2x N,
f f

hence, the first formula. If a and b are the loci of local extrema of f, we have f(a) f(b) #0

(since f is nondegenerate) and f’'(a) = f'(b) =0 so that f'/f(a) = f'/f(b) =0, and the

boundary terms vanish, hence, the second formula. [

that is,

=2

Let us now generalize the previous results to functions which possibly exhibit double, or
higher order zeros. The next proposition shows that the formula obtained in Proposition 3
actually holds for functions with nonflat zeros, in particular, for the large class of quasi-
analytic functions. We stress that the forthcoming formulas hold for the number of roots
without counting multiplicity.

PROPOSITION 4. Let f be a C* function on R which does not have flat zero, namely, if
f(x) =0 for x € R, then there exists r € N such that £ (x) #0. Let F be a C" function on
R such that

lim F(x)=—1, lim F(x)=1.
X—>—00 X—>+00

Fix a < b such that f (a) f (b) # 0. Then, the number of zeros of f in |a, b] is finite, and it is
given by the formula

wr=omam=o(5w)-# (o) [ #(2) () )
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PROOF. As in the proof of Proposition 2 above, let us first note that if f does not vanish
on [a, b], then the right-hand side of the last equation vanishes since the integrand is smooth
on the whole interval. Now, if f(x) =0 and r := infren{k, f®(x) # 0} > 2, performing a
Taylor expansion, we have for 4 small enough

O OVR"
focti =10 140y,
(r) W 1
flx+h) = %( +0(1)),
(r) hr—2
Froatm="_ (r(i)2)! ~(1+o(1)).

In particular, f has only one zero in a small open neighborhood V, of x. Being compact in
[a, b], the nodal set of f can be covered by a finite number of the V,, hence, it is finite. As
above, let us denote by x; < --- < xp the consecutive zeros of f in [a, b]. If x is one of these
zeros, we have for 2 small enough

]}((;Cii:))=%(1+0(1)) and, thus,  lim 2T

h—0% f(x + h)
Moreover, for 4 small enough we have also

Sfa+mfo+h) = fPa+h) 1

e+ + f2a+h 4

)

(14 o(D)),

so that the ratio is locally bounded and, hence, locally integrable. As in the proof of Proposi-
tion 3, we can thus decompose the integral

=L
- (fF/(b)> (L/(a)> ; < )—F(?(x;r))

=2
- (f%(b)) <f7/(a)> —2x N,

hence, the result. [

Applying Proposition 4 with the choice of counting function F = % arctan, we thus get the
analogue of formula (5) of Corollary 1 for nonperiodic functions with nonflat zeros, namely:

COROLLARY 2. Let f be a C* function on R which does not have flat zero, and let
a < b such that f(a) f(b) # 0. Then, the number of zeros of f in la, b] is finite, and it is
given by the formula

/ 1 b £2 _ "
J'(b) f(a)+/ S0 = f0) ) dx]

— arctan fz(x) i f/2(x)

HO({f =0)N[a,b]) = l[arctan
7 f(b) f(a)

REMARK 5. Note that the hypotheses on the auxiliary function F imply that it is
bounded so that the boundary terms in Proposition 3 and 4 are bounded. Therefore, these
boundary terms are not annoying if we have in mind some applications where the number
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FI1G. 3. A sample path of an approximation of the sine cardinal process f, obtained via the spectral represen-
tation method [26], and the corresponding renormalized zero counting function T +—> T_IHO({ f=01NI[0,T]).
The red horizontal line corresponds to the theoretical limit 1/m~/3 ~ 0.184.

of zeros becomes large in a certain regime. Suppose, for example, that the spectral measure
associated to f has no atom. By Maruyama theorem [13], p. 76, it is then ergodic, and, using
Corollary 2 in conjunction with the ergodic theorem, one easily recovers; see [12] p. 238, that

almost surely and in LYasT goes to infinity, we have
VELf2(0)]
- .

The next figure illustrates this convergence for the Gaussian process f whose covariance
function is given by the sinus cardinal, as illustrated in Figure 3.

lim 2 HO{F=0)N[0,T]) =
pam o X ({f=0yN[0,T]) =

2.4. Closed formulas in higher dimensions. Using the exact same approach as above, that
is, using simple integrations by parts starting from the standard Kac—Rice formula (2), let us
now exhibit analogue closed Kac—Rice type formulas in a higher-dimensional framework.

PROPOSITION 5. Let f be a C? periodic function on T¢ which is nondegenerate. Then,
the volume of the total nodal set is given by

HIZ((f =0))
=—z _ 2\ [ f(x0)]
=3 | (fCOAL(x) = |VF)] )nf(x)3 dx
— 5 L@l vl - Vf(X)*Hessx(f)Vf(X))%'

REMARK 6. Note that in dimension d = 1, the second term on the right-hand side van-
ishes so that the expression is consistent with the one given in Proposition 1. Moreover, the
formula is homogeneous, that is, invariant under f <> Af, as it should.

PROOF. The proof follows the same lines as its one dimensional analogue. Namely, as in
dimension one, the classical Kac—Rice formula

K (=0 = lim [ 1 a7V @IS,
can be rewritten as
IVf@I*  dx
Jrer+vrz2e

HIN((f=0)) = 31_1310 Ve where Vg := /Td Ti—ee1(f (X))
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We have then
4 2
,- i 3 fOP  dx
V. = Z V. where V, := /d L—e.e1(f (X)) 2l 26"
- T JFOR+Iv 2 2%

As in dimension one, an integration by parts in the ith variable yields
-1 9
Vizs [ @ o) (——L2— ) ax
T JIF@PR V72
1 d;
=-3 d(¢eof(x))ai< S >dx
T JIF@R IV S
FR5f = F@ )+ FIVIIF =0 f Y, 3jf3,'2jf) e

1
-2 Td(gﬁeof(x))( nf(x)3
where ¢, is the function introduced in the proof of Proposition 1. We deduce that
_ 1t o 2 _ 2 dx
Ve=—3 L (@e 0 FO)(fZ)ASf ) = )|V f ) )W(x)3
2 * dx
=3 Jr (¢e o fFNAF V™=V f(x) Hessx(f)Vf(X))W-
Letting ¢ go to zero, one deduces that
HH((r = 0))
1 ~ 2 1 @)
=75 J (fOAf) = [V )nf(X)3 dx
. 2 * dx
=5 ) sign(f ())(Af |V F )" =V fx) Hessx(f)Vf(X))—nf(x)3- O

With a slight variation of the proof, it is possible to obtain a more concise expression.

PROPOSITION 6. Let f be a C? periodic function on T¢ which is nondegenerate. Then,
the volume of the total nodal set is given by
J(x)

1
d—1 _ _ - :
H({f=0})= 3 sign(f (x)) x A(—nf(x))dx.

As in the proof of Proposition 5, we have

PROOF.
IVF@I*  dx

HITN({(f=0) = lim | Lo (f(x) —.
tm NP +IV P2

In other words,
0i f (x)

d L1 (f (X))
H =0 =3 tim | (S
t [ (P55 >¢| R+ V17

i=I

dx.

Now, we have also

wio = o) ()
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and, since

‘ L) (f (X))

2¢ Xf’il

by dominated convergence, we deduce

. IL[—s,s](f(x)) _ ) ( 1 ) _
lim /T d(izg 3 f(x) ) f(x)9; @ dx =0.
We thus get

2L —0) th/ (M ,f(x)>ai<7£(&))>dx

As in the proof of Proposition 5, an integration by parts associated with the dominated con-
vergence theorem then yields the desired result. [J

REMARK 7. Note that this last formula is compact but it has the disadvantage of having
a sign(f(x)) in it, and Laplacian of the ratio implicitly involves third derivatives of f which
is not the case of the formula of Proposition 5.

2.5. A nonsingular formula for the nodal volume. The main drawback of the closed for-
mulas for the nodal volume obtained in Propositions 5 and 6 is the presence of the term
sign(f) which is not a Lipschitz functional of f. Indeed, we have in mind to use these for-
mulae associated with Malliavin calculus, and the latter requires Lipschitz regularity. In order
to bypass this problem, one needs to perform an additional integration by parts which will
require, in turn, three derivatives for f. Nevertheless, as we will see just below, the deriva-
tives of order 3 will cancel out in the computations. As a result, without additional regularity
assumptions, a less singular formula holds for the nodal volume which is the content of the
next proposition.

PROPOSITION 7. Let f € C2(’IF’1, R), which is nondegenerate, then we have

s =0y =3 B If(X)I
e on -2

3 If(X)I

4 f(

(AF @IV F (0, Vi3 (0) = V£ () Hesse f V03 (0) dx

PROOF. Our starting point is the formula established in Proposition 5. We focus on the
singular term, that is, the one containing sign( f), that we will call A. Let us first suppose that
f € C3(T¢, R), and perform the following integrations by parts:

A= [ ()BT @I V70" Hess (V7)o

/ AF V] £ 00| -V f ) —

()3

/d|f<x>+w<x>-v<m;;§z>dx

LB.P.

- [ @arw)lrw ( .

1
5 LI ) B 4 ol sen)- v (s )as
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Now, we compute

d d
A(VF@) =223 0% F(0)3; £ () +2 Z 2 f)?
i=1j=1

i,j=1

d
=2V/(x)-V(Af() +2 Y (83 £ )%

i,j=l1

Substituting this equality in the previous equations, we get

1
a=—[ (s el f [F@[AFOV () V( f(x)3>dx

b [l Y @ oo

i,j=1

3 [ @V s@I) (n;(x))dx

dx
- fT | £ (0] ([Hess ()[* — Tr(Hess. (f ))2)W
3
ol |f(x)| Z 07 f ()9 f ()3, (7 (x)) dx
3 J ()]

. (2
-5 ) nf( )”218 j ()8 f ()8 (7 (x)) dx

= [ 1700l (IHess () Tr(Hess. f))z)%
30 1@
2 J1d 3 (x)
As a result, under the assumptions of f € C3(T¢, R) we have established the desired formula

|f(x)|
(x)3

(A OV F(x), V7 (x)) = V f (x)* Hess, £V} (x)) dx

1
HEN =0 =3 [ F@ar@ = [Vrm])

dx

I
-3 Ad|f(x)}(||Hessx(f) = Tr(Hessx(f))Q)W

3w & ,
Y wZ( (O3 £ () = 82 £ 003 £ (1)) (03 (x)) dx

Now, assume that f € C?(T¢, R) is nondegenerate. One may approximate f in the space
C%(T“, R) equipped with the norm N (f) = sup,cpa (| £ (x)| + |V f(x)]| + || Hess, f]) by a
sequence (g,)n>1 of functions belonging to C3(T¢, R). Since the right-hand side of the last
equation does not have any term with a derivative of f of order 3, one may pass to the limit
under the integral. Besides, since f is nondegenerate, the nodal volume being a continuous
functional for the weaker C! topology as established in [1], one also has H¢~ ! ({g, = 0}) —
HA=1({f =0}) as n goes to infinity. Hence, we get that the last formula indeed holds for
feC¥ T, R). O

REMARK 8. The previous formulae dealing with nodal volume on tori were recently
extended to the general framework of Riemannian manifolds and intrinsic volumes, or cur-
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vature measures; see [15]. This includes as special cases the Euler—Poincaré characteristic of
sublevel sets and the nodal volumes of functions defined on Riemannian manifolds.

3. On the nonconstancy of the nodal volume associated with a Gaussian field. In this
section we shall give the proof of Theorem 1 stated in the Introduction, which asserts that
under mild conditions on its spectral measure, the nodal volume associated to a stationary
Gaussian field f is not almost surely constant. The proof will require the following lemmas:

LEMMA 1. Let us introduce the topological support of the random variable f in C'(P):

Sp.p={¢ € C'(P)Ve > 0.P(If = $llcip) <€) > 0}.

Then, Sy, p is a closed vector space for the norm || - || 1.

PROOF. First, since f aw f, we obtain
(6) peSrp = —¢peSyp.

Next, we give us ¢ and ¢> in Sy, p as well as f; and f>, two independent copies of the
Gaussian field f. For every ¢ € [0, 1], we have

(WA +VT=1f) = Vigr +VT=1¢2)| 1 (p) < (V1 + T = 1€}
D {lILfi = dillcrpy <€} N{llf2—d2llcrpy <€}
We deduce that
P(| (Vi fi +VT=1f2) = Wig1 +VT=1¢2)| 1 (py < W1+ VT =1)e)
>P({llf2 = d2llcrpy <€}) X P({Ifi = 1llcipy < €}) >0.
It follows that
(N Vi1 + 1T —t¢r €Sy p.

By choosing ¢; = ¢, we get that Wt + V1=t € Sy,p for every t € [0, 1] which
ensures that for every A € [1, \/E], A1 € Sy, p. Hence, as every A > 1 is a finite product of
elements of [1, ﬁ], we get that

(8) peSrp = VYrAx1, ip1eSyp.

If one now chooses ¢; = —¢», we obtain that for every ¢ € [0, 1], Wt—=+1=1)¢ € Sy p
which ensures that

)] $peSrp = VA1, ip1€Syp.

Gathering properties (6), (7), (8) and (9) ensures that Sy, p is a vector space. Finally, it is a
standard fact that Sy, p is closed; see, for instance, [23], Theorem 2.1, p. 27. [

LEMMA 2. Let A be the topological support of the spectral measure i y:
Ay =l eRIVe > 0, u({x|llx — £]| <€}) > 0}.
Then, it holds that
(10) Span(cos((-, &), sin((-, §))|§ € A,) C Sy.p.
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PROOF. We shall proceed by contradiction. Let assume for instance that for some &y € A,
the mapping cos((-, &0)) does not belong to Sy, p. The geometric version of Hahn-Banach
theorem (see, e.g., [10], Thm. 1.7) asserts that for any normed vector space E, any closed
convex set A and any disjoint compact convex set B one may find a continuous linear form
L and o € R such that

V(x,y)€Ax B, L(x)<aoa<L(y).

In our case we set E = C1(P), endowed with the norm ||¢||C1(P) = maXyep ¢ (x)| +
2. 10i¢p(x)|, A= Sy p and B = {cos((-,&0))}. Sy, p is a closed vector space, according to
Lemma 1, and {cos({-,£))} is compact and disjoint by our assumption. We can use Hahn—
Banach in the aforementioned form and get for some continuous linear form L and some real
number o that

Vo €St p, L(¢) <a < L(cos((-,&))).
Let us also notice that, for every ¢ € Sy p, we get L(¢p) < o which implies for every

t € Rthat L(t¢) =tL(¢) <« and, necessarily, L(¢) = 0. Let us now observe that CY(P)is
isometric to a closed linear subspace of C?(P)¢*+!. Indeed, it suffices to consider the mapping

cl(p)— cO(pyt!
fe(fof,....8af)

which is clearly isometric. In particular, we derive that T(C'(P)) is a closed subspace of
CO(P)4+!. Then, for every u = T(f) belonging T(C (P)), one can set L(u) = L(f) which
is a continuous linear form on T (C'(P)). Besides, L can be extended to a continuous linear
form on C?(P)“4*! thanks to the standard form of Hahn-Banach theorem ([10], Cor. 1.2). In
virtue of Riesz representation theorem, we can find vy, v1, V2, ..., Vg, which are real Radon
measures on P, such that

T :

d
(11) L(g) = ; /P 8 (x) dvi (x) + /P () dvo(x).

On the other hand, the space C l(P) is separable, and one can use, for instance, [23],
Thm. 2.1, to infer that P(f € Sy,p) = 1. Since it has been previously observed that L =0 on
Sy, p, we deduce that L(f) = 0 almost surely. Setting dyp = Id for convenience we get

0=E[L(f)*]

E[9; f (x)3; f ()] dvi(x)dv;(y)

I
M&
o
X
~

<.
Il
S

a 0

o 3y 5 B DO duy )

Il
.M&
\

0

i,J

- Z/p L0 pyduirdv ()

i.j=0"FxP Ay 8y/

=/ L E)Pdp s ).

The assumption of a second spectral moment justifies the interchanges of derivatives and
integrals in the above computations. Moreover, for any &) € A, the latter implies
1

~ 1({1IE =&l <eh Jie—go)<e

(LN dur @) > L)
50
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Finally, we get L(et{6o-)y = L(cos({&o, -))) +iL(sin({&p, -})) = 0. This is contradictory since,
by definition of L, one should have L(cos({&p,-))) > a >0. U

LEMMA 3. Let (G, Gy) two independent standard Gaussian r.v. and & and & two
vectors of R? such that

2
(12) vt € [0, 1], E(H\/ZGlEl + V1 —1Ga2&|2) = \/7

T
Then, we have ||&11l2 = [I521l2 = 1 and §1 = & or §1 = —&).
PROOF. First of all, choosing t =0 or t = 1, we get ||§1]]2 = [|&2]lo = 1 because

E[G]] = \/g Next, using Box—Muller representation, (G, G;) = R(cos(6), sin(f)) with

R? being exponential random variable of parameter % and 6 being an independent random
variable uniformly distributed on [0, 277 ]. Using the aforementioned independence, equation
(12) becomes

V2

Vi €[0,1], E[|vicos(®)& + 1 —1sin(0)&|,] = JTEIR]

Choosing ¢ = % in the above equation leads to

2
~ JmE[R]

On the other hand, taking into account that ||&1]|2 = ||&2]]2 = 1, a simple calculation gives
| cos(9)&1 + sin(0)&r |2 = +/1 + sin(20) (&1, &>). Let us now introduce the function

1 2
a:[—1,1] -5 E[yT+sin@0)a]=— | I+asin(x)dx,
T Jo

which is even and strictly concave, since

(13) E[]cos(0)&; + sin(0)& |, ]

1 2 02 1 27

\Il”(a):——/ %dx<0, \D'(O):—/ sin(x)dx = 0.
4 Jo (1 +asin(x))2 27 Jo

Hence, W is increasing on [—1, 0] and decreasing on [0, 1]. To conclude, we note that equa-

tion (13) yields W ((&1, &) = m and that equation (12) holds in the cases &1 = &, or

&1 = —&;. Therefore, we must have W ({1, &) = ¥ (1) = ¥(—1) from which we deduce
that (§1, &) € {—1,1}. [

PROOF OF THEOREM 1. Again, we proceed by contradiction, and for some C >
0 we assume that almost surely H¢~!({f = 0} N P) = C. We start the proof by the
following observation. Take any ¢ € Sy p which is nondegenerate in the sense that
mineep [¢(x)| + [V (x)| > 0, then HY~'({p = 0} N P) = C. Indeed, by definition of Sy, p,
for all € > 0, P(|| f — ¢llc1 <€) > 0, and one can find a sequence of realizations of f
having nodal volume C inside P and converging to the nondegenerate mapping ¢ for the
norm || - ||1. Using the continuity of the nodal volume with respect to the C! topology at
nondegenerate functions (see [1]), one gets the announced claim.

The covariance matrix of V £(0) is given by (/e &&; dit(€))1<i, j<a and, by our assump-
tion, is positive. Besides, the spectral measure u r can be weakly approximated by symmetric
atomic probability measures whose atoms lie into A ;. Hence, for m > 2 sufficiently large,

. .. e +O_¢.
one can find &i,...,§, € A, and some convex linear combination v = l’»":] ti(%)



ON THE ABSOLUTE CONTINUITY OF RANDOM NODAL VOLUMES 2161

which generates a Gaussian field g such that Vg(0) is again a nondegenerate Gaussian vec-
tor. The fact that m > 2 in the above statement is ensured by the assumption that u ¢ # %.
Without loss of generality, we may also assume that for every 1 <i <m, t; > 0 and that, up
to the sign, (&;)1<i<m are pairwise distinct. One has then the following explicit representation
for g:

g(x) =Y V1 (Gicos((&, x)) + G sin((&;, x))),
i=1

where (G;)1<i<m and (Gi)lfifm are two independent and standard Gaussian vectors. Since
Vg(0) is nondegenerate, we get that almost surely minycp |g(x)| 4 ||Vg(x)| > 0. The Gaus-
sian vector (G, Gi)lfifm admitting a positive density with respect to the Lebesgue measure
on R2" Lebesgue almost all linear combinations of (cos({(§;, x)), sin({(§;, x)))1<i<m are non-
degenerate. Let us denote by D the set of such linear nondegenerate combinations. Relying
on Lemma 2 and the previous observation, for every (s;)1<;j<m of positive real numbers of
sum one, the Gaussian field

m
h(x) =) /si(Gicos((:, x)) + Gisin((&;, x))),
i=1
takes value in the set D N Sy, p. Hence, under the assumption that nodal volume associated to
f is almost surely constant, we would also have HA=1'({h =0} N P) = C almost surely. Now,

applying the Kac—Rice formula to the field &, we would obtain that E[[|VA(0)[[] = S¥Z5 for

all choices of positive (s;)1<i<m. Since m > 2, oncan lets; — ¢,50 - 1 —¢ and 5; — 0 for
3 <i < m (in the case m > 2) in the previous equation. Noticing that in that case Vi (0) =
ﬁélé 1+ /1= tézéz, one can properly renormalize and use Lemma 3 to get §; = &> or
&1 = —& which is contradictory. Indeed, we recall that (§)1<;<» have been chosen pairwise
distinct up to the sign. [J

4. On the absolute continuity of the nodal volume. In this last section we give the
proof of our main absolute continuity results, namely, Theorems 2 and 3 stated in the Intro-
duction. In order to keep the article as self-contained as possible, we first recall in the next
subsection the basics of Malliavin calculus and Bouleau—Hirsch criterion.

4.1. A quick and self-contained introduction to Malliavin calculus. The purpose of this
section is to introduce, in a self-contained way, the necessary material from Malliavin cal-
culus theory that we will use in the sequel. All results presented here are classical. We nev-
ertheless chose a particular gradient, called the sharp operator, which has been previously
introduced by N. Bouleau; see [9], page 135, or [8], p. 80. This choice of gradient is some-
times convenient since it preserves in some sense the Gaussian structure of the objects with
opposition with the standard choice of the literature to introduce an auxiliary Hilbert space
of the form I.2([0, T']). Among others, in our case we take benefit from this specific gradient
in the proof of Proposition 6, because the gradient of the underlying Gaussian field is itself
continuous ensuring the convergence of Riemann sums.

4.1.1. The sharp operator and its domain. Let us give (X;);>1 an i.i.d. sequence of stan-
dard Gaussian random variables and the underlying probability space (€2, F, IP). Without loss
of generality, we shall assume that F = o (X;;i > 1). We will also need a copy (fz, F, ]}AD) of
this probability space as well as (X i)i>1 a corresponding i.i.d. sequence of standard Gaussian
such that F = o(f( i;i>1). Forany m > 1 and any F € CII,OI(R’", R), the set of functions
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of C!(R™, R), whose gradient has a polynomial growth, one may define the following sharp
operator:

m
(14) FX1ooo Xm) =Y i F(X1, ..., Xm) Xi.

i=1

Notice that the previous expression is in ) p=1 LP(Q, L2 (I@’)) thanks to the fact that V F has
a polynomial growth and that the Gaussian distribution has moments of any order. Let us
introduce now,

(15) P:={F(X1,..., Xn)|F € Cpo(R™,R); m > 1}.

For any F := F(X1, ..., X;n) € P, we define the so-called Malliavin norm
A po 1
(16) |Fll.p = (E[IFIP]+E[E[(*F)*]])7,

where £ represents the expectation with respect to P and [ denotes the expectation for P.
Again, the fact that the gradient of F has a polynomial growth (hence, so does F') implies
that the quantity || F[|1,, is well defined. We are now in position to extend the domain of the
sharp operator to the set

p
(17) Dy p 1= {X € LP®)[3(F)nz1 € P, Fy —— X and (Fy)=1 is Cauchy for | - |1}

which is the completion of the vector space P with respect to the norm | - ||1, ,. Now, for any
X € Dy, it remains to say what is 1X. Since X € D1, p, one can find (F)p>1 € PN which
converges toward X and is a Cauchy sequence for the norm || - |1, ,. In particular, we get
A 2 P

Besides, in virtue of the definition (14), conditionally to the sigma-field F, the random
variables *F,, — F,, are Gaussian. Since all L” norms are equivalent for Gaussian random
variables, the latter condition turns out to be equivalent to

E[E[|*F, — *Fn|"]] —— 0.
n,m— o0

Hence, °F, —*F,, is a Cauchy sequence in L? (P ® ]f”) which is a Banach space. The limit,
denoted by ?X € L”(P @ P), defines the sharp operator of the random variable X. Since
E[E[|*F, —*X|P]] = 0, one can extract a subsequence such that P-a.s., E[|*F,, —*X|P] — 0.
Since ?F,, is Gaussian conditionally to the sigma field F, the same property holds for X.
Relying again on the equivalence of IL” norms for Gaussian distribution, one also gets that
1X e LP(Q2,L*(P)) as well as the two useful facts

(18) tp, L) ux ana tE, LOLO) oy
n— oo n— oo

4.1.2. Closability of the sharp operator. 'We must then show that this definition is unam-
biguous. Concretely, we must prove that *X does not depend on the chosen Cauchy sequence
(for the norm || - ||1,,) approximating X. This procedure consists in proving that the sharp
operator is closable, namely,

LP(P)
Fir e ! ) = Z=0.
3Z e LP(Q,L2(®)) s.t. E[R[(*F, — 2)*]?] — 0
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To do so, we take 6 : R™ — R which belongs to the Schwartz class and xjs a smooth and
compactly supported approximation of 1;_s pr]. We have the following integration by parts
formula:

19 E[6(X1, ..., X;)xu XOE[FF X ] =E[0(X1, ..., X)) xmr (Xi) X F]
—E[FEF[OX1, ..., Xm)xu(XD]Xi]]-
By construction, s (X;)X; is bounded; 6(X1, ..., X,;) is also bounded, hence, we have
E[6(X1,..., Xm)xm (X)X F,] — 0.

Moreover, we have by the standard chain rule,

O, X)) (X)) =F[0CX 1, - Xo) ] (X0) + [ (XD]O(X 1. -, Xom)

m
= 0;0(X1, ... X)X jxm (Xi) +0(X1, ..., X)) X3y (X) Xi.
j=1

Hence we get,

E[FEFOX1, .., X xu (XD]Xi]] = E[Fadi0 (X1, .., Xo) x (X0)]

+E[F0(X1, .., X)Xy (X0)].
Similarly, since ||0||co + |VO|loo + | xasllco + ||)(1/‘,1||OO < oo and F, — 0in L?(P), we get
E[FE[[0(X1. ... Xm)xu (X)]X:]] = 0.

We now treat the left-hand side of the equation (19), we have

[E[OX1. ... Xu) xur XDE[ F Xi]] — E[0(X1. ... X xur (XDE[ZX1]]|

<E[0X1, .., Xm)xm XD|R[*F, - Z[1Xi1]]

CE0X1. ... X XDWE[CF, — 2)]),

which tends to zero, since 6(-) xps(+) is bounded and since

B[(F, — 2)?] —— 0,

n—o00o

by assumption and, thus, in L.!. Gathering all theses facts and passing to the limit in the
equation (19) entails that

E[60(X1..... Xm)xu(XDE[ZX;]] =0.

Letting first M — oo and using dominated convergence (since 0 < xj < 1) entails that, for
any 6 € S(R™, R), we have

E[6(X1, ..., Xm)E[ZX;]] =0.
Taking the conditional expectation with respect to F,, := o (X1, ..., X;) yields to
E[6(X1, ..., Xm)E[E[ZX;1|Fn]] =0,

which, by density arguments, yields to P-a.s., IE[IAE[Z)Z illFm] = 0. Letting m — oo and re-
minding that F = o (X;;i > 1) implies that P-a.s., E[ZX;] = 0. The latter being valid for
any i > 1, we deduce that Vn > 1, P-a.s., E[Z?F,] = 0. But ?F,, tends to Z in L?(Q, L2(P)),
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hence, up to extracting a subsequence we may assume that P-a.s., IAE[(Z —%F,)?1— 0. On
the other hand, using Cauchy—Schwarz inequality, we also have

B[22 - ZR)| < VR[22V E[(Z - 2F)?] - 0.
Finally, we obtain that P-a.s. we have ]E[Zz] =0and P® I@’—a.s., Z=0.
REMARK 9. Based on the definition (14), one has the following formal interpretation

of #. Take & := ®(X1,..., X;,...) some functional of the sequence (X;);>1 which belongs
to D7 for some p > 1. Then, one has formally

OX;+eX(,.... X;+eX;, .. )—dX1,.... X;. ...
(20) jch:hI% X1+€Xy iteXi,..)—PX, i)
€E—> €

In some sense, the sharp operator represents the directional derivative along an independent
copy of the input.

Main properties of the sharp operator. In this paragraph we gather the main properties of
the sharp operator that we will use in our proof of the existence of densities for the nodal
volumes. The following property may be seen as an analogue of the usual chain rule for the
sharp operator .

PROPOSITION 8. Let (Xy,...,Xy) in the domain Dl.p for some p > 1. Let ¥ €
C g (R™,R), that is, to say V is continuously differentiable with a bounded gradient. Then,
WU(X1,..., X)) €DVP and we have

m
(21) WX, X)) =) WX, X)X
i=1

PROOF. Coming back to our definition of the gradient and the convergence properties

(18), for each i € {1,...,m}, one can find a sequence (F, ;),>1 in the space P which
converges towards X; for the norm || - ||1,,. Moreover, since W € Cg (R™,R), we also get
V(Fy1,..., Fym) € P, and the usual chain rule of differential calculus asserts that

m
I:I\'Il(Fn,ly ) Fn,m) = Zaiw(Fn,l, ) Fn,m)ﬁFn,i-
i=1
Up to extracting a subsequence we may assume that F;, ; — X; almost surely for every i €

{1,...,m}. Besides, ° F, ;i converges towards iX; in LP(Q, ]Lz(]P’)) (as well as in L? (P ® IP’)
since these norms are equivalent in our framework), and VW is bounded and continuous. This
ensures that

“ LP (2,12 ()
Do HV(En s Fyn) Foi — Za WXy, ..., Xm) X

i=1 i=1
Relying on the global Lipschitz property of W, we also have

LP(P)
lIJ(Fn,l’--- nm)—>\IJ(X1»---,Xm)

which achieves the proof. [

The cornerstone of our approach is the next criterion of density which is due to N. Bouleau.
Originating from Dirichlet forms theory, it is customarily called the property of density of the
energy image.
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THEOREM 4. Forany p > 1 and any X € DLP, we have

(22) X.(VE[(FX)*]dP) < A,

where u < v means that |4 is absolutely continuous with respect to v and A stands for the
Lebesgue measure on R.

PROOF. We reproduce here, using our notations, the original proof of Nicolas Bouleau
which has been taken from [8], p. 42, and which we slightly adapt. Take A a Borel set with

zero Lebesgue measure, and denote by u the probability X, (y/ IAE[(ﬁX )2]dP). The key idea is
to consider a sequence ¢, of continuous functions such that 0 < ¢, < 1 and which converge
towards 14 almost surely for the mixed positive measure A + . The existence of such a
sequence of functions is ensured by the density of continuous compactly supported functions
in the space ! (A 4 ). Now, one sets ®,(x) = 13 @n(t) dt. We shall prove that ®,(X) is a
Cauchy sequence in the space D!-?. First, we notice that ®,, is one-Lipschitz and vanishes at
zero, hence |®, (X)| < |X|. Besides, using dominated convergence we have

X X
d)n(X)=/0 ¢,,(t)dtmf0 14(t)dr =0.

Gathering these two facts ensure that E[|®, (X)|?] — 0. On the other hand, one has by the
usual chain rule that a.s.

VE[E(@, 00 = 0u(0)?] = [0 — duCOE[(X)?]
2 [0 — LOYE[EX)?]
= 0

Recall that ¢, is uniformly bounded and that \/IAE((ﬁX )2) is in P (P), one can use again
dominated convergence. It follows that

E[E[(5(®0(X) — 0 (X)))?] ] —— 0.

n,m— 00

As a result, ®,(X) is a Cauchy sequence in the Banach space D'-?, and the limit has to be
zero since it tends to zero in IL”. It remains to says that

= P X
E[VE[(@u(X)2] ] —— E[LiOVE[EX)]]
which is necessarily zero, since ® (X) tends to zero in Dlr, O

We end our introduction by the following chain rule criterion for Lipschitz regularity. It
is important in our framework since it will allow us to take the Malliavin derivative of the
absolute value of a Gaussian process. The reader will find a proof of the next result in [8],
Proposition III.15, p. 41.

PROPOSITION 9.  Let us assume here that p > 1. Take X € D7 and ¥ a globally Lips-
chitz function, then W (X) € DVP and we have
(23) o (X) = @' (X)FX,

where @' is any Borelian representation of the derivative of ®, which exists Lebesgue almost
everywhere, according to the Rademacher theorem.
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4.2. Computing the Malliavin derivative of the nodal volume. Let us now describe how
the closed Kac—Rice formulas established in Section 2 associated with the Bouleau—Hirsch
criterion allow to derive the absolution continuity of the nodal volume.

4.2.1. Generating Gaussian processes on suitable probability spaces. On a probability
space (€2, G, P), we consider a continuous Gaussian process (X;),cp«. The very first step of
our approach is the standard Karhunen—Loeve decomposition, which consists in generating
(Xt);eTae 1n a probability space (2, F,P) where 7 = o (Y;;i > 1) and where (Y;);>1 is an
i.i.d. sequence of standard Gaussian random variables; see [14]. Relying on the continuity,
(X¢);cTa 1s also measurable with respect to the sigma-field 7 := o (X;;t € Qd). Moreover,
using Gram—Schmidt procedure, one can find an i.i.d. sequence of standard Gaussian (Y;);>1
such that the IL2-closures coincide: Adhy a2 (Vect(Y;; i > 1)) = Adhy2(Vect(X;; t € Qd)) and,
necessarily, o (Y;;i > 1) = F. Hence, the claim follows. Now, in order to use the tools of
Malliavin calculus introduced in Section 4.1, we give us a copy of the previous probability
space, namely, (Q, ﬁ, I@’) with F = a(f’i;i > 1). For any t € T, there exists («; ))i>1 €
12(N*) such that

2 A 2 A
X £ a;(0)Y;, and, similarly, X, = ;1)

i>1 i>1

It follows that (X;)pa Lav (X t)setd - Besides, up to a modification, we shall always assume
that the process ()A( 1);ete has the same regularity as (X;),cp«. Without loss of generality,
we shall assume that the various Gaussian processes considered below are generated on a
suitable probability space and that we can deploy the Malliavin calculus tools introduced in
Section 4.1.

4.2.2. Some technical lemmas. The next lemmas are essentially technical and will be
used in the computations of the Malliavin derivatives of the nodal volume. For the sake of
clarity, we introduce the two followings domains:

pt>:= D", D' = (| D'
p=1 I=g<p
LEMMA 4. Letp>1l,leta>0and (Xy1,..., Xm, Xm+1) € D%, Let us assume that:
1) P-as., X411 >0,
X X,--- X
(i) " eLP(P),
X(X
m+1
# H];ﬁz m+1 p
(iii) Z|X| 1_[|X| ceLP(PQP).
m+1 m+1
Then, we get that % e D7 as well as the formula
24 [ X1 X2 - ix, 1_[]7&1 Xm+1 X;.
(24) T Z - Xa—l—l H
m—+1 m+1 m+1 i=1
PROOF. Setb.(x) := ﬁ, and let x s be a smooth function satisfying
x24e

xm(x)=x on[-M,M], xmM =2M on[2M,+o0l,
xm=—2M on]—o0, —2M], lxm@)| <|x| VxeR.
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One can use the content of Proposition 8 and get that 0 (X,,+1) [172; xm (Xi) € D! together
with the formula

jj|:1_[ XM (Xi)0e (Xm-l-l):|

i=1

=3 x50 (T X )8

i=1 j#i

+ (l_[ XM(Xi))% (Xm—&-l)nXm-H-

i=1
Let us notice that:

SUPxeR, M>0 ”X//\/](x)Hoo < 400,
Vx e R, [xpm ()| < |xl,

Vx >0, |0 (x)] < &,

Vx >0,|0/(x)| < =&

Then, one may use the dominated convergence theorem (with domination given by the
above estimates and our assumptions (ii)—(iii)) to ensure that

e T X
1‘[ X (X0 (Xim41) — =,
i 00,6—0 Xm+1
L? (PeP) s Wiz Xi P X
[Txm(Xi )&(Xmm] —>Z Xi — . 1‘[X
[l 1 €20 5 Xont1 XZL i=1
The result follows from the completeness of Dl’p with respect to the norm || - [[1,,. U

LEMMA 5. We will assume here that f € C*(T%,R) is a stationary Gaussian process,
and we make here the crucial assumption that the covariance matrix of the Gaussian vector
(f, V f) is nondegenerate. Then, for any d >3 and any x € T¢, we have:

@ Uare -V e
®) |f<x>|<||Hessx<f>||2—Tr(Hessx<f>)2>nf.<lx)3e L
SOl S .
© 5 2 S 0 £ =0, £ (0)d; (7 () €D
f i,j=1

PROOF. Let us fix x € T¢; the stationarity ensures us that the forthcoming computations
do not depend on x. Recall that ny Z(x) = fz(x) + IVf ()c)||2 is almost surely positive in
virtue of [6], p. 132, Prop. 6.12, and denote by X the covariance matrix of the (d + 1)-

dimensional Gaussian vector (f(x), V f(x)) which is assumed to be invertible. Set © the
minimum eigenvalue of X, one has

X X | —
1T Ja TR (=3 Q)4+ det 3

o T
< ———exp| —=pu|X||7 | —=
R+ [ X3 2 [ (27 pu)d+!1
1 © 1
=T fsd/o —ﬁe_%rzrddrda(u).
V @Qmw)
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This quantlty is finite if and only if d > 38 — 1 orelse 8 < d“ .Asaresult,for 1 < < J3r1

on has n> f e LA. In order to treat the cases (a)—(b)—(c), one must notice that | f| < ny and
that for all i € {1,...,d} we have also [0; f| < ns. Next, for each term appearing on the
expressions involved in cases (a)—(b)—(c), one must count n| the number of factors in the set
{f, V f} appearing at the numerator and the power n; of ny at the denominator. The worst
case possible is given by n, — n = 2, which requires the integrability of 17]73 after derivation
(and 1, 2 before), and gives the threshold d +1 , according to the previous computation. Hence
all the integrability conditions will be satlsﬁed, and one can apply Lemma 4. As a matter of

fact, all terms (a), (b) and (c) actually belong to Db d%l_. ]

REMARK 10. The previous proof shows that the Malliavin derivative of Hd l( =0

d+1

has moment of any order less than 5= which gives the announced domain D5 If one

is only interested in the integrability of H¢~1(f = 0), the latter holds as soon as 17 f
integrable. Hence, we have

HIV(F=0) e LT —(P).

As noticed in the Introduction, the integrability of the nodal volume thus increases with the
dimension d, under the sole regularity C?.

LEMMA 6. Under the assumptions of the previous lemma, for any d > 3 we have
HITN(f=0) € D5, and we have

HL((f =0))

_ ; [(f(x)Af(x) IV [

| f ()] }a’x
ny(x)3

1 g 2 2 1
- /T 7N Hess, (DI = Tr(Hess. () )nf(xp}dx

(25)

['f )l Z (02 F(x)d; £ (x) — ,-f(x)a,-f<x))8j(n§v<x>)] dx
a2

PROOF. The proof consists in approximating the integrals by Riemann sums. Indeed, by
assumption, expressions (a)—(b)—(c) are continuous almost surely, hence, their Riemann sums
converge almost surely. Besides, all the expressions (a)—(b)—(c) are bounded in I for every
B < %, hence, so do the Riemann sums. Theses two facts ensure that the Riemann sums
converge in IL? for every g < ﬁ On the other hand, if one applies the sharp operator to
theses Riemann sums, one obtalns in turn the Riemann sum of the sharp operator applied to
the expressions (a)—(b)—(c) which are also both continuous in x and bounded in LA for every
B < d%l. Hence the same reasoning holds. The completeness of the domains D'? endowed
with their natural norm || - ||1,, gives the desired claim. []

4.3. On the nondegeneracy of the Malliavin derivative. Let us begin with the following
well-known result of Malliavin calculus. Again, in order to remain self-contained, we sketch
a proof.

LEMMA 7. Let X € DL-P for p > 1, and we assume that P ® P-a.s. we have X = 0.
Then, the random variable X is constant.
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PROOF. Set M > 0 and xpr a C* function satisfying x»(x) = x on [—M, M] and
xmu(x)=M-+1on[M+1,00[ and —M — 1 on ]—00, —M — 1]. One has yx;(X) € D2 and
the Poincaré inequality coupled with the usual chain rule ensures that

Var(xpu (X)) < E[x3,(X)*E[*x?]] = 0.

As aresult, y37(X) is a constant random variable which tends almost surely to X. Hence, X
is constant, as it was expected. [

Besides, based on Lemma 6, one knows that the nodal volume belongs to some Malliavin
spaces D17, Thus, if one can prove that the nodal volume is not a constant random variable,
we can derive that its Malliavin derivative is not almost surely zero. Relying on Theorem 4,
it implies that the distribution of X :=H(f = 0) is not singular with respect to the Lebesgue
measure. Indeed, assume that the distribution of X is singular, one can find a Borel set A,
negligible with respect to the Lebesgue measure, such that P(X € A) = 1. The statement (22)
ensures that

E[14(X)E[*Xx%]] =0,
which in turn gives that
E[E[*x2]] =0.

Hence, the Malliavin derivative would be almost surely zero and the nodal volume constant.

4.4. Understanding the singularity. In this subsection we will seek for conditions im-
plying that #¢~!({ f = 0}) has a density. One very likely condition is that the nodal volume
is absolutely continuous, conditionally to the fact that f vanishes. Indeed, as discussed in
Remark 3, we recall that the nodal volume distribution has an atom on zero if the underly-
ing Gaussian field can be strictly positive on T¢. Our strategy consists in proving that f has
a constant sign if the Malliavin derivative is zero. The computations reveal a second order
differential operator whose kernel contains both 1 and sign( f)). Therefore, if this kernel is of
dimension one, one deduces the desired nondegeneracy.

We giveus 1 < p < % which exists as soon as d > 3. The forthcoming computations
will hold in the domain D!-?. Relying on the property of the energy image density (22), one
is left to show that

(26) P-as., R[[FH({(f =0})]*] 0.
To do so, we fix some w € 2 such that
E[[*H((f =0)]=0.

Combining the equation (24) with Lemma 6, one may compute in an explicit way the
Malliavin derivative of the nodal volume which is given by “H¢~1({f = 0}). Indeed, us-
ing the chain rule property of the sharp operator, one may find some explicit processes W,
(Wii<i<d> (Wi j)1<i,j<d, Which are all of the form

L Py L P; L P
27) Wy :=sign(f)—, i :=sign(f)—, W jr=sign(f)—-,
Ty Ty Ty

with (Po, (Pi)1<i<d, (P, j)1<i, j<a) some polynomial functionals of (f, V f, sz) which sat-
isfy

d d
28) P-as., [E ) (lIJO(x) FO+DW@Ef )+ D W () f(x)) dx =0.
i=1

i,j=1
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4.4.1. Step 1: Interpreting the conditions via the spectral measure. We denote by u the
spectral measure associated with the Gaussian process f and which is a probability measure
on R¢ supported on Z? because our process is assumed to be periodic. We recall that the
correlation function p is defined via its spectral measure by

(29) E[f)fDM]=py—x) =Y 094
kezd
By computing the variance of the equation (28) with respect to P and substituting the

correlations functions by their spectral representation (29), one can rewrite the equation (28)
in the following way:

d d . 2
30) Pas, Y Mk< / (lIfo(x)—i—Zi\I!,-(x)ki— 3 kik; ¥, j(x))eik-x dx) —0.

kezd i=1 i,j=1

In order to understand the information contained in the equation (30), we make the stronger
assumptlon that the support of 4 is the whole lattice Z?. In particular, we get that for every

P-a.s. and every ke 74,

(31) / (‘lfo(x)-i-Zl\I’ (x)k; — Z kik; lplj(x)> AR gy =0,
i=1 i,j=1
Now, taking 6 € C2° (T9), one deduces from (31) that
(32) f (\Ilo(x)e(x) + > Wi (0)9:0(x) + Z ;i (x)d;, ,e(x)) dx =0.
i=1 i,j

4.4.2. Step 2: Reasoning on the set of positive values of f. We take a test function in
COO(Td) but which is supported in the open set {f > 0}. Recalling the specific form of
Wo, (Wi)i>1, (V; J), j=1 which is given by the equation (27), one obtains for all i € {1, ..., d}
and all (k,1) € {1, ...,d}?* that

Py P; k
Yol = — ;0,60 = —73,-0, Wy 10k.10 = —73k 10.
ny ny Ty

As aresult, from the equation (31), one derives that
Po(x) i (x) Py 1(x)
33 ( + 0;60(x) + 0; 10 (x )d =
(33) /Tdn%)()lzl}() ()Zf(),()x

as soon as 6 is supported on the open set { f > 0}. In order to fix the ideas, we make the
stronger assumption that our process is of class C° which implies, in turn, that the following

functions (P?Ex ; ( ((’;)))p 1 (P’%’((;))),-, j=1) are of class C*. Performing two integrations by

parts, equatlon (33) leads to

Po(x) [Pz«x)} u [Pk,mx)])
34 + 0; + 0i il ———=1]0(x)dx =0.
Y /Td(n}m R LTS ,,,.Z=1 I )70

Due to the polynomial nature of (Pp), (P;), (P;, ;) the expression between parenthesis in the
previous equation can be written in the form

R (f, (9; f)l’(aljf)l]’(aljkf)l]k (811klf)l]kl)
T,ll
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where Rj is some explicit multivariate polynomial function. For the sake of simplicity, we
shall simply write

Ri:=Ri(f, @i i, Bij [ijs @i jk i jikes Bijok i i jokeot)-

The equation (34) being valid for any test function supported on { f > 0} one deduces that R
is zero on { f > 0}. The same reasoning holds for the set { f < 0} and leads also to R =0.
Moreover, the set { f = 0} is of empty interior, and each root of f is in the adherence of
{f > 0} U {f < 0}. Finally, the continuity of R entails that R; = 0 on T¢. Now, coming
back to the equation (34) and performing again two integrations by parts, one gets that for
every # € C*®(T¢, R), without any support restriction,

Po(x) P;i(x) Py 1(x)
35 0 ———0;0 ———0; 0 dx =0.
N d<n} 70+ T e + D ) dx

4.4.3. Step 3: A partial differential equation. Introduce now the partial differential oper-
ator,
C®(T?,R) — C®(T%, R)
d d

0 —> Wo(x)0(x) + ) Wi(x)3;0(x) + Y Wi j(x)d; j0(x).
i=1 i,j=1

Denoting by £*, the adjoint of the operator £, the combination of equations (31) and (35)
leads to

{1,sign(f)} C Ker(L").

As aresult, one has the next corollary:

COROLLARY 3. Ifdim(Ker(L*)) = 1 and the Malliavin derivative of the nodal volume
vanishes, namely,

E[[*14" ({1 =0N]*] =0,

then f has constant sign.

Due to the involved form of the coefficients of L, it seems unclear for the authors whether
there is an ellipticity property on the operator £. As a result, we were not able to prove that
dim(Ker(L*)) = 1. Such a conclusion would have implied that f has a constant sign on T4
if and only if the Malliavin derivative of the nodal volume is zero which is a very natural
statement.

4.5. Extension to the nonperiodic setting. In this section we briefly explain how to extend
the content of Theorem 2 to a nonperiodic setting and to obtain the announced Theorem 3.
We give us a C2 and nonperiodic stationary Gaussian field on some domain P := [aj, b1] x
-+ X [ag, bg] € R¥. One is only left to show that the nodal volume HA=1( f =0) is also in
the domain of the Malliavin operator . The main difference is that the lack of periodicity
creates many boundary terms when performing integrations by parts, and one has to check
that theses boundary terms belong also to the domain of the Malliavin derivative.
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4.5.1. A closed formula for the nodal volume involving boundary terms. Our starting
point is the proof of Proposition 5 and from which we keep the notations. Let us fix some i €
{1,...,d} and denote by P the Cartesian product of intervals [a;, b ;] where the coordinate

i has been removed and by dx® the associated Lebesgue measure.
FRAf = F@ )+ fIVIIP—af Y, 3jf3i2jf) i
ny(x)3

e 1
vi=—3 P(¢e<>f(X))<

3l )(hf(x;jf?wfu)dxmf'

1

W
It still possible to let € tend to zero and use the dominated convergence theorem. One
recovers, after summation on the indexes i € {1, ..., d}, that
(f()Af(x) — IIVf(X)II )
= [Jrw S
1 . 2 . dx
3 PSlgn(f(x))(Af(X)HVf(X)H -V HeSSx(f)Vf(X))W
! 8 f (x) (,)}
2;[/ el
Wi

As in the proof of formula of Proposition 7, one has to remove the singular terms sign( f).
To do so, a supplementary integration by parts is required. The first singular term

2[ sign(f (0))(Af )|V £ )| = V.f ()" Hess, ())V f () —— ( 5
can be handled as in the proof of Proposition 7. Nevertheless, the boundary terms do not
vanish anymore, and one get the supplementary terms

Af )3 f @) =524 0@ f () 1
[/ JF@)l : Ll dxm] .
! nf(x) a;
In order to handle the other singular terms, W;, we need some preliminary observa-

tions. Recall that our Gaussian field is such that (f(x), V f(x)) has a density. Fix some
ief{l,...,d},ae€la;,b;], and consider

8i(X) 1= i (X1, X2, ooy Xim 1, Xif 1y o v ey Xd) = [ (X1, o ooy Xiol, @, Xit1, .00y X)),
the Gaussian field on R¢~! obtained by setting the ith coordinate equal to a. Then, we infer
that (g; (x), Vgi(x)) has a density on R4=1 Indeed, gi s self-evidently a stationary Gaussian
process, and its covariance matrix X, is obtained by removing the row and line i from the
covariance matrix X ¢ of (f, V f). The Sylvester criterion ensures us that X, is invertible. As
a consequence, 1y, > 0 for every i € {1,...,d}. Denote by §, the Dirac measure on a; for
writing convenience we shall write the boundary terms occurring in the integrations by part
as integrals with respect to tensor products of Lebesgue and Dirac measures. We have

Zf(/<> (f0) lf<( >)d (l))‘” g
=5 [ et HE S 0 .

n2 (s (x)
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Since we integrate the ith coordinate with respect to §,, we deduce that

QU
f/() f( ) W 8a (x;)

af( )8i (x) NG )
_//P(I) 2( ) f( )d Sa(xl)

d
3jlgi ()98 ()& f(xX) | iye
* . Z / /;D(i) ngi(x)n%(x) dx38q(x;) -

Zl,j

Integrating by parts leads to

o 0j1gi(x)]9;gi(x)0; f(x)
Zi] _/ _/po)

dx D8, (x;
2o o e

_ Igz(x)lajgl(x)a f(x) R L |
_A;z /;)(i,]) ng (x)nf(x) (Sa(xt)((sbj(xj) 5aj(xj))

j8i (x)0; f(x):| @) _
f/()‘gz( )| |: 2( )Ylf() x84 (xp).

Checking the integrability conditions for the sharp operator. Clearly, the terms in common
with the formula corresponding to the periodic case produce the same integrability restric-
tions. One is only left to study each border term occurring the previous computations. First,
the terms of the form

d .
[ nfx) u

requires that n7! € D'P which holds true whenever p < d%l; see the proof of Lemma 5.

One has to focus on the quantities Z; ;. First, the terms of the form
0; f (x)gi(x)
n2, () (x)

are already bounded and taking the sharp operator requires a pth moment for the quantity
Mg, ! which holds whenever p < d and a fortiori p < d“ . As for the last integrand,

o jgi(x)aif(x)]
l&: | ’[ 2 Comt ()

|gi (x)]

it requires that n;l € D'? which in turn requires that r;giz has a moment of order p. Following
the same lines as in the proof of Lemma 4 and noticing that (g;, Vg;) is a d-dimensional
Gaussian Vector one can take the polar coordinates to get the conditiond — 1 —2p > —1,
and so p < 2 Finally, we notice that dgrl % as soon as d > 3 which explains why in both

periodic and nonperiodic frameworks, the integrability conditions are the same.
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